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Preface 


The  present  volume  is  an  outgrowth  of  a  Conference  on  Mathematical  Tables 
held  at  Cambridge,  Mass.,  on  September  15-16,  1954,  under  the  auspices  of  the 
National  Science  Foundation  and  the  Massachusetts  Institute  of  Technology.  The 
purpose  of  the  meeting  was  to  evaluate  the  need  for  mathematical  tables  in  the  light 
of  the  availability  of  large  scale  computing  machines.  It  was  the  consensus  of 
opinion  that  in  spite  of  the  increasing  use  of  the  new  machines  the  basic  need  for 
tables  would  continue  to  exist. 

Numerical  tables  of  mathematical  functions  are  in  continual  demand  by  scien- 
tists and  engineers.  A  greater  variety  of  functions  and  higher  accuracy  of  tabula- 
tion are  now  required  as  a  result  of  scientific  advances  and,  especially,  of  the  in- 
creasing use  of  automatic  computers.  In  the  latter  connection,  the  tables  serve 
mainly  for  preliminary  surveys  of  problems  before  programming  for  machine  operation. 
For  those  without  easy  access  to  machines,  such  tables  are,  of  course,  indispensable. 

Consequently,  the  Conference  recognized  that  there  was  a  pressing  need  for  a 
modernized  version  of  the  classical  tables  of  functions  of  Jahnke-Emde.  To  imple- 
ment the  project,  the  National  Science  Foundation  requested  the  National  Bureau 
of  Standards  to  prepare  such  a  volume  and  established  an  Ad  Hoc  Advisory  Com- 
mittee, with  Professor  Philip  M.  Morse  of  the  Massachusetts  Institute  of  Technology 
as  chairman,  to  advise  the  staff  of  the  National  Bureau  of  ^Standards  during  the 
course  of  its  preparation.  In  addition  to  the  Chairman,  the  Committee  consisted 
of  A.  Erdelyi,  M.  C.  Gray,  N.  Metropolis,  J.  B.  Rosser,  H.  C.  Thacher,  Jr.,  John 
Todd,  C.  B.  Tompkins,  and  J.  W.  Tukey. 

The  primary  aim  has  been  to  include  a  maximum  of  useful  information  within 
the  limits  of  a  moderately  large  volume,  with  particular  attention  to  the  needs  of 
scientists  in  all  fields.  An  attempt  has  been  made  to  cover  the  entire  field  of  special 
functions.  To  carry  out  the  goal  set  forth  by  the  Ad  Hoc  Committee,  it  has  been 
necessary  to  supplement  the  tables  by  including  the  mathematical  properties  that 
are  important  in  computation  work,  as  well  as  by  providing  numerical  methods 
which  demonstrate  the  use  and  extension  of  the  tables. 

The  Handbook  was  prepared  under  the  direction  of  the  late  Milton  Abramowitz, 
and  Irene  A.  Stegun.  Its  success  has  depended  greatly  upon  the  cooperation  of 
many  mathematicians.  Their  efforts  together  with  the  cooperation  of  the  Ad  Hoc 
Committee  are  greatly  appreciated.  The  particular  contributions  of  these  and 
other  individuals  are  acknowledged  at  appropriate  places  in  the  text.  The  sponsor- 
ship of  the  National  Science  Foundation  for  the  preparation  of  the  material  is 
gratefully  recognized. 

It  is  hoped  that  this  volume  will  not  only  meet  the  needs  of  all  table  users  but 
will  in  many  cases  acquaint  its  users  with  new  functions. 

Allen  V.  Astin,  Director. 

Washington,  D.C. 
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Foreword 


This  volume  is  the  result  of  the  cooperative  effort  of  many  persons  and  a  number 
of  organizations.  The  National  Bureau  of  Standards  has  long  been  turning  out 
mathematical  tables  and  has  had  under  consideration,  for  at  least  10  years,  the 
production  of  a  compendium  like  the  present  one.  During  a  Conference  on  Tables, 
called  by  the  NBS  Applied  Mathematics  Division  on  May  15,  1952,  Dr.  Abramo- 
witz  of  that  Division  mentioned  preliminary  plans  for  such  an  undertaking,  but 
indicated  the  need  for  technical  advice  and  financial  support. 

The  Mathematics  Division  of  the  National  Research  Council  has  also  had  an 
active  interest  in  tables;  since  1943  it  has  published  the  quarterly  journal,  "Mathe- 
matical Tables  and  Aids  to  Computation"  (MTAC),  editorial  supervision  being 
exercised  by  a  Committee  of  the  Division. 

Subsequent  to  the  NBS  Conference  on  Tables  in  1952  the  attention  of  the 
National  Science  Foundation  was  drawn  to  the  desirability  of  financing  activity  in 
table  production.  With  its  support  a  2-day  Conference  on  Tables  was  called  at  the 
Massachusetts  Institute  of  Technology  on  wSeptember  15-16,  1954,  to  discuss  the 
needs  for  tables  of  various  kinds.  Twenty-eight  persons  attended,  representing 
scientists  and  engineers  using  tables  as  well  as  table  producers.  This  conference 
reached  consensus  on  several  conclusions  and  recommendations,  which  were  set 
forth  in  the  published  Report  of  the  Conference.  There  was  general  agreement, 
for  example,  "that  the  advent  of  high-speed  computing  equipment  changed  the 
task  of  table  making  but  definitely  did  not  remove  the  need  for  tables".  It  was 
also  agreed  that  "an  outstanding  need  is  for  a  Handbook  of  Tables  for  the  Occasional 
Computer,  with  tables  of  usually  encountered  functions  and  a  set  of  formulas  and 
tables  for  interpolation  and  other  techniques  useful  to  the  occasional  computer". 
The  Report  suggested  that  the  NBS  undertake  the  production  of  such  a  Handbook 
and  that  the  NSF  contribute  financial  assistance.  The  Conference  elected,  from  its 
participants,  the  following  Committee:  P.  M.  Morse  (Chairman),  M.  Abramowitz, 
J.  H.  Curtiss,  R.  W.  Hamming,  D.  H.  Lehmer,  C.  B.  Tompkins,  J.  W.  Tukey,  to 
help  implement  these  and  other  recommendations. 

The  Bureau  of  Standards  undertook  to  produce  the  recommended  tables  and  the 
National  Science  Foundation  made  funds  available.  To  provide  technical  guidance 
to  the  Mathematics  Division  of  the  Bureau,  which  carried  out  the  work,  and  to  pro- 
vide the  NSF  with  independent  judgments  on  grants  for  the  work,  the  Conference 
Committee  was  reconstituted  as  the  Committee  on  Revision  of  Mathematical 
Tables  of  the  Mathematics  Division  of  the  National  Research  Council.  This,  after 
some  changes  of  membership,  became  the  Committee  which  is  signing  this  Foreword. 
The  present  volume  is  evidence  that  Conferences  can  sometimes  reach  conclusions 
and  that  their  recommendations  sometimes  get  acted  on. 


VI 


FOREWORD 


Active  work  was  started  at  the  Bureau  in  1956.  The  overall  plan,  the  selection 
of  authors  for  the  various  chapters,  and  the  enthusiasm  required  to  begin  the  task 
were  contributions  of  Dr.  Abramowitz.  Since  his  untimely  death,  the  effort  has 
continued  under  the  general  direction  of  Irene  A.  Stegun.  The  workers  at  the 
Bureau  and  the  members  of  the  Committee  have  had  many  discussions  about 
content,  style  and  layout.  Though  many  details  have  had  to  be  argued  out  as  they 
came  up,  the  basic  specifications  of  the  volume  have  remained  the  same  as  were 
outlined  by  the  Massachusetts  Institute  of  Technology  Conference  of  1954. 

The  Committee  wishes  here  to  register  its  commendation  of  the  magnitude  and 
quality  of  the  task  carried  out  by  the  staff  of  the  XBS  Computing  Section  and  their 
expert  collaborators  in  planning,  collecting  and  editing  these  Tables,  and  its  appre- 
ciation of  the  willingness  with  which  its  various  suggestions  were  incorporated  into 
the  plans.  We  hope  this  resulting  volume  wiU  be  judged  by  its  users  to  be  a  worthy 
memorial  to  the  vision  and  industry  of  its  chief  architect,  Milton  Abramowitz. 
We  regret  he  did  not  live  to  see  its  publication. 

P.  M.  Morse,  Chairman. 

A.  Erdelyi 

M.  C.  Gray 

N.  C.  Metropolis 

J.  B.  ROSSER 

H.  C.  Thacher.  Jr. 
John  Todd 
C.  B.  Tompkins 
J.  W.  Tukey. 
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1.     Introduction 


The  present  Handbook  has  been  designed  to 
provide  scientific  investigators  with  a  compre- 
hensive and  self-contained  summary  of  the  mathe- 
matical functions  that  arise  in  physical  and  engi- 
neering problems.  The  well-known  Tables  of 
Functions  by  E.  Jahnke  and  F.  Emde  has  been 
invaluable  to  workers  in  these  fields  in  its  many 
editions'  during  the  past  half -century.  The 
present  volume  extends  the  work  of  these  authors 
by  giving  more  extensive  and  more  accurate 
numerical  tables,  and  by  giving  larger  collections 
of  mathematical  properties  of  the  tabulated 
functions.  The  number  of  functions  covered  has 
also  been  increased. 

The  classification  of  functions  and  organization 
of  the  chapters  in  this  Handbook  is  similar  to 
that  of  An  Index  of  Mathematical  Tables  by 
A.  Fletcher,  J.  C.  P.  Miller,  and  L.  Rosenhead.^ 
In  general,  the  chapters  contain  numerical  tables, 
graphs,  polynomial  or  rational  approximations 
for  automatic  computers,  and  statements  of  the 
principal  mathematical  properties  of  the  tabu- 
lated functions,   particularly   those  of  computa- 


tional importance.  Many  numerical  examples 
are  given  to  illustrate  the  use  of  the  tables  and 
also  the  computation  of  function  values  which  lie 
outside  their  range.  At  the  end  of  the  text  in 
each  chapter  there  is  a  short  bibliography  giving 
books  and  papers  in  which  proofs  of  the  mathe- 
matical properties  stated  in  the  chapter  may  be 
found.  Also  listed  in  the  bibliographies  are  the 
more  important  numerical  tables.  Comprehen- 
sive lists  of  tables  are  given  in  the  Index  men- 
tioned above,  and  current  information  on  new 
tables  is  to  be  found  in  the  National  Research 
Council  quarterly  Mathematics  of  Computation 
(formerly  Mathematical  Tables  and  Other  Aids 
to  Computation). 

The  mathematical  notations  used  in  this  Hand- 
book are  those  commonly  adopted  in  standard 
texts,  particularly  Higher  Transcendental  Func- 
tions, Volumes  1-3,  by  A.  Erdelyi,  W.  Magnus, 
F.  Oberhettinger  and  F.  G.  Tricomi  (McGraw- 
Hill,  1953-55).  Some  alternative  notations  have 
also  been  listed.  The  introduction  of  new  symbols 
has  been  kept  to  a  minimum,  and  an  effort  has 
been  made  to  avoid  the  use  of  conflicting  notation. 


2.     Accuracy  of  the  Tables 


The  number  of  significant  figures  given  in  each 
table  has  depended  to  some  extent  on  the  number 
available  in  existing  tabulations.  There  has  been 
no  attempt  to  make  it  uniform  throughout  the 
Handbook,  which  would  have  been  a  costly  and 
laborious  undertaking.  In  most  tables  at  least 
five  significant  figures  have  been  provided,  and 
the  tabular  intervals  have  generally  been  chosen 
to  ensure  that  linear  interpolation  will  yield  four- 
or  five-figure  accuracy,  which  suffices  in  most 
physical     applications.     Users    requiring    higher 


'  The  most  recent,  the  sixth,  with  F.  Loesch  added  as  co-author,  was 
published  in  1960  by  McGraw-Hill,  U.S.A.,  and  Teubner,  Germany. 

'  The  second  edition,  with  L.  J.  Comrie  added  as  co-author,  was  published 
in  two  volumes  in  1962  by  Addison- Wesley,  U.S.A.,  and  Scientific  Com- 
puting Service  Ltd.,  Great  Britain. 


precision  in  their  interpolates  may  obtain  them 
by  use  of  higher-order  interpolation  procedures, 
described  below. 

In  certain  tables  many-figured  function  values 
are  given  at  irregular  intervals  in  the  argument. 
An  example  is  provided  by  Table  9.4.  The  pur- 
pose of  these  tables  is  to  furnish  "key  values"  for 
the  checking  of  programs  for  automatic  computers; 
no  question  of  interpolation  arises. 

The  maximum  end-figure  error,  or  "tolerance" 
in  the  tables  in  this  Handbook  is  Yio  of  1  unit 
everywhere  in  the  case  of  the  elementary  func- 
tions, and  1  unit  in  the  case  of  the  higher  functions 
except  in  a  fesv  cases  where  it  has  been  permitted 
to  rise  to  2  units. 


IX 


ESTRODUCTION 


3.     Auxiliary  Functions  and  Arguments 


One  of  the  objects  of  this  Handbook  is  to  pro- 
vide tables  or  computing  methods  which  enable 
the  user  to  evaluate  the  tabulated  functions  over 
complete  ranges  of  real  values  of  their  parameters. 
In  order  to  achieve  this  object,  frequent  use  has 
been  made  of  auxiliary  functions  to  remove  the 
infinite  part  of  the  original  functions  at  their 
singularities,  and  auxiliary  arguments  to  cope  with 
infinite  ranges.  An  example  w\]l  make  the  pro- 
cedure clear. 

The  exponential  integral  of  positive  argument 
is  given  by 


-du 

-ooU 


=  7  +  lnx  +  ^+^,+^,-h 


e'V       V     2'     3'  "I 


(X^co) 


The  logarithmic  singularity  precludes  direct  inter- 
polation near  x=0.  The  functions  Ei(a;)— In  x 
and  a;~^[Ei(x)— In  x—y],  however,  are  well- 
behaved  and  readily  interpolable  in  this  region. 
Either  will  do  as  an  auxiliary  function;  the  latter 
was  in  fact  selected  as  it  yields  slightly  higher 
accuracy  when  Ei(x)  is  recovered.  The  function 
x~HEi(x)— In  X— 7]  has  been  tabulated  to  nine 
decimals  for  the  range  0<x<^.  For  \<x<2, 
Ei(x)  is  sufficiently  well-behaved  to  admit  direct 
tabulation,  but  for  larger  values  of  x,  its  expo- 
nential character  predominates.  A  smoother  and 
more  readily  interpolable  function  for  large  x  is 
x€~-'Ei(x);  this  has  been  tabulated  for  2<x<10. 
Finally,  the  range  10  <x<oo  is  covered  by  use  of 
the  inverse  argument  x~^  Twenty-one  entries  of 
X€~^Ei(x),  corresponding  to  x~^  =  .l(— .005)0,  suf- 
fice to  produce  an  interpolable  table. 


4.    Interpolation 


The  tables  in  this  Handbook  are  not  provided 
with  differences  or  other  aids  to  interpolation,  be- 
cause it  was  felt  that  the  space  they  require  could 
be  better  employed  by  the  tabulation  of  additional 
functions.  Admittedly  aids  could  have  been  given 
without  consuming  extra  space  by  increasing  the 
intervals  of  tabiilation,  but  this  would  have  con- 
flict-ed  with  the  requirement  that  linear  interpola- 
tion is  accurate  to  foiu-  or  five  figures. 

For  applications  in  which  linear  interpolation 
is  insufficiently  accurate  it  is  intended  that 
Lagrange's  formula  or  Aitken's  method  of  itera- 
tive linear  interpolation^  be  used.  To  help  the 
user,  there  is  a  statement  at  the  foot  of  most  tables 
of  the  maximum  error  in  a  linear  interpolate, 
and  the  number  of  function  values  needed  in 
Lagrange's  formula  or  Aitken's  method  to  inter- 
polate to  full  tabular  accuracy. 

As  an  example,  consider  the  following  extract 
from  Table  5.1. 


X 

xe'Ei{x) 

X 

xe'Eiix) 

7.5 

.  89268  7854 

8.0 

.  89823  7113 

7.6 

.  89384  6312 

8.  1 

.  89927  7888 

7.7 

.  89497  9666 

8.2 

.90029  7306 

7.8 

.  89608  8737 

8.3 

.  90129  60^3 

7.9 

.89717  4302 

8.4 

.  90227  4695 

['-%'] 


The  numbers  in  the  square  brackets  mean  that 
the  maximum  error  in  a  linear  interpolate  is 
3X  10~^  and  that  to  interpolate  to  the  full  tabular 
accuracj'  five  points  must  be  used  in  Lagrange's 
and  Aitken's  methods. 

'  A.  C.  Aitken,  On  interpolation  bv  iteration  of  proportional  parts,  with- 
out the  use  of  differences,  Proc.  Edinburgh  Math.  Soc.  3,  56-76  (1932). 


Let  us  suppose  that  we  wish  to  compute  the 
value  of  xe^Ei{x)  for  x=7.9527  from  this  table. 
We  describe  in  turn  the  application  of  the  methods 
of  linear  interpolation,  Lagrange  and  Aitken,  and 
of  alternative  methods  based  on  differences  and 
Tajdor's  series. 

(1)  Linear  interpolation.  The  formula  for  this 
process  is  given  by 

where  Jq,  /i  are  consecutive  tabular  values  of  the 
function,  corresponding  to  arguments  Xq,  Xi,  re- 
spectively; p  is  the  given  fraction  of  the  argument 
interval 

p=(x— Xo)/(xi— Xo) 

and  jp  the  required  interpolate.  In  the  present 
instance,  we  have 

/o=.89717  4302         /i  =  .89823  7113  ^=.527 

The  most  convenient  way  to  evaluate  the  formula 
on  a  desk  calculating  machine  is  to  set  /o  and  /i 
in  turn  on  the  keyb6ard,  and  carry  out  the  multi- 
plications by  l—p  and  p  cumulativel}";  a  partial 
check  is  then  provided  by  the  multipHer  dial 
reading  unity.     We  obtain 

/52,=  (1_.527)(.89717  4302)  +  .527(.89823  7113) 
=  .89773  4403. 

Since  it  is  known  that  there  is  a  possible  error 
of  3X10~^  in  the  Imear  formula,  we  round  off  this 
result  to  .89773.  The  maximum  possible  error  in 
this  answer  is  composed  of  the  error  committed 


INTRODUCTION 


XI 


by  the  last  rounding,   that  is,   .4403  X10~^  plus 
3X10"^  and  so  certainly  cannot  exceed  .8X10"^. 
(2)  Lagrange's  formula.     In  this  example,  the 
relevant  formula  is  the  5-point  one,  given  by 

Tables  of  the  coefficients  A^{p)  are  given  in  chapter 
25  for  the  range  p=0(.01)l.  We  evaluate  the 
formula  for  p=.52,  .53  and  .54  in  turn.  Again, 
in  each  evaluation  we  accumulate  the  Ak{p)  in  the 
multiplier  register  since  their  sum  is  unity.  We 
now  have  the  following  subtable. 


X 

7.952 
7.953 
7.954 


x&'Eiix) 
.89772  9757 

.89774  0379 

.89775  0999 


10622 
10620 


-2 


The  numbers  in  the  third  and  fourth  columns  are 
the  first  and  second  differences  of  the  values  of 
xe'^Eiix)  (see  below);  the  smallness  of  the  second 
difference  provides  a  check  on  the  three  interpola- 
tions. The  required  value  is  now  obtained  by 
linear  interpolation : 

/;,=.3(.89772  9757)  +  .7(.89774  0379) 

=  .89773  7192. 

In  cases  where  the  correct  order  of  the  Lagrange 
polynomial  is  not  known,  one  of  the  preliminary 
interpolations  may  have  to  be  performed  with 
polynomials  of  two  or  more  different  orders  as  a 
check  on  their  adequacy. 

(3)  Aitken's  method  of  iterative  linear  interpola- 
tion. The  scheme  for  carrying  out  this  process 
in  the  present  example  is  as  follows : 


x„      y„=xe'Ei(x) 


8.  0 

7.  9 

8.  1 

7.  8 

8.  2 

7.  7 


89823  7113 
89717  4302 
89927  7888 
89608  8737 
90029  7306 
89497  9666 


2/0,  n 

.  89773  44034 

.  89774  48264 

2  90220 

4  98773 

2  35221 


2/0,1, 


89773  71499 
2394 
1216 
2706 


1/0,1.2,  n 


.  89773  71938 
16 
43 


2/0,1.2,3.  n  X„  —  X 

.0473 

-.  0527 

.  1473 

-. 1527 

89773  71930  .  2473 

30       -.  2527 


Here 


yo.n- 


yo.i.r 


1 

Xn  —  Xo 

yo 

Vn 

Xq  —  X 
Xn-X 

1 

Xn  —  X 

1 

2/0.1 

2/0, n 

xx- 

Xn- 

-X 

2/0.1. 


2/0.1. 
2/0.1. 


' ,  m—X  ,m 
• ,  m— 1  ,n 


x„—x 


If  the  quantities  Xn—x  and  Xm—x  are  used  as 
multipliers  when  forming  the  cross-product  on  a 
desk  machine,  their  accumulation  {Xn—x)  —  {Xm—x) 
in  the  multiplier  register  is  the  divisor  to  be  used 
at  that  stage.  An  extra  decimal  place  is  usually 
carried  in  the  intermediate  interpolates  to  safe- 
guard against  accumulation  of  roimding  errors. 

The  order  in  which  the  tabular  values  are  used 
is  immaterial  to  some  extent,  but  to  achieve  the 
maximum  rate  of  convergence  and  at  the  same 
time  minimize  accumulation  of  rounding  errors, 
we  begin,  as  in  this  example,  with  the  tabular 
argument  nearest  to  the  given  argument,  then 
take  the  nearest  of  the  remaining  tabular  argu- 
ments, and  so  on. 

The  number  of  tabular  values  required  to 
achieve  a  given  precision  emerges  naturally  in 
the  course  of  the  iterations.  Thus  in  the  present 
example  six  values  were  used,  even  though  it  was 
known  in  advance  that  five  would  suffice.  The 
extra  row  confirms  the  convergence  and  provides 
a  valuable  check. 

(4)  Difference  formulas.  We  use  the  central 
difference  notation  (chapter  25), 


Xi 
X2 
Xz 
Xi 


/o 

/l 
/2 

h 


5/l/2 
5/3/2 
5/5/2 
5/7/2 


5^/1 
52/2 
52/3 


5'/3/2 
5^5/2 


5</2 


Here 


5/1/3— /i—/o>  5/3/2— /2—/1,  •   •   •  ). 

5^1  =  5/3/2  -  5/1/2  =/2  -  2/1  +/o 
5^3/2  -  52/2  -  5  Vi  =/3  -  3/2 + 3/,  -/o 

5^/2  =  5»/5/2  -  5?/3/2  =U  -  4/3  +  6/2  -  4/,  +/o 

and  so  on. 

In  the  present  example  the  relevant  part  of  the 
difference  table  is  as  follows,  the  differences  being 
written  in  units  of  the  last  decimal  place  of  the 
function,  as  is  customarJ^  The  smallness  of  the 
high  differences  provides  a  check  on  the  function 
values 


X 

xe-EAx) 

52/ 

5^/ 

7.9 

.  89717  4302 

-2  2754 

-34 

8.0 

.  89823  7113 

-2  2036 

-39 

Applying,  for  example,  Everett's  interpolation 
formula 

fr=i^-P)fo+E2ip)5'fo+Eiip)&*fo+    .    .    . 

and  taking  the  numerical  values  of  the  interpola- 
tion coefficients  Eiip),  Ei{p),  Fiip)  and  Fi{p) 
from  Table  25.1,  we  find  that 


xn 
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10«/.si7=. 473(8971 7  4302) +  .061 196(2  2754) -.012(34) 

+  .527(89823  7113) +  .063439(2  2036) -.012(39) 
=  89773  7193. 

We  may  notice  in  passing  that  Everett's 
formula  shows  that  the  error  in  a  Hnear  interpolate 
is  approximately 

Et{p)S'fo+  F2{p)S^fi «  h[E2ip)  +  F2(p)][62/o+52/,] 

Since  the  maximmn  value  of  \E2(p)-\-F2(p)\  in  the 
range  0<Cp<Cl  is  %,  the  maximum  error  in  a  linear 
interpolate  is  approximately 

^l52/o+5*/.l,  that  is,^|/2-/,-/o+/-,|. 

(5)  Taylor's  series.  In  cases  where  the  succes- 
sive derivatives  of  the  tabulated  function  can  be 
computed  fairly  easily,  Taylor's  expansion 


f(x)=fixo)  +  ix-Xo) 


f'ixo) 
1! 


+  (x-Xoy 


f'ixo) 
2! 


+  (._.,ar|^+ 


can  be  used.  We  first  compute  as  many  of  the 
derivatives  f^^^ixo)  as  are  significant,  and  then 
evaluate  the  series  for  the  given  value  of  x. 
An  advisable  check  on  the  computed  values  of  the 
derivatives  is  to  reproduce  the  adjacent  tabular 
values  by  evaluating  the  series  for  x=x_i  and  Xi. 

In  the  present  example,  we  have 


f{x)=xe'Ei{x) 
/'(x)  =  (l+x->)/(x)- 

/"(x)=(i+x-')r(x)- 

/"'(x)  =  (l+x-')/"(x) 


■x-^m 

-2x-2/'(x)+2x-3/(x). 


With  Xo=7.9  and  x— a;o=0527  our  computations 
are  as  follows;  an  extra  decimal  has  been  retained 
in  the  values  of  the  terms  in  the  series  to  safeguard 
against  accumulation  of  rounding  errors. 


/<«(xo)/fc! 
.89717  4302 
.01074  0669 
-.00113  7621 
.00012  1987 


(x-xo)*/<'>(xo)/A:! 
.89717  4302 
.00056  6033  3 
.00000  3159  5 
.00000  0017  9 

.89773  7194 


5.     Inverse  Interpolation 


With  linear  interpolation  there  is  no  difference 
in  principle  between  direct  and  inverse  interpola- 
tion. In  cases  where  the  linear  formula  provides 
an  insufficiently  accurate  answer,  two  methods  are 
available.  We  may  interpolate  directly,  for 
example,  by  Lagrange's  formula  to  prepare  a  new 
table  at  a  fine  interval  in  the  neighborhood  of  the 
approximate  value,  and  then  apply  accurate 
inverse  linear  interpolation  to  the  subtabulated 
values.  Alternatively,  we  may  use  Aitken's 
method  or  even  possibly  the  Taylor's  series 
method,  with  the  roles  of  function  and  argument 
interchanged. 

It  is  important  to  realize  that  the  accuracy  of 
an  inverse  interpolate  may  be  very  different  from 
that  of  a  direct  interpolate.  This  is  particularly 
true  in  regions  where  the  function  is  slowly 
varying,  for  example,  near  a  maximum  or  mini- 
mum. The  maximum  precision  attainable  in  an 
inverse  interpolate  can  be  estimated  with  the  aid  of 
the  formula 

in  which  A/  is  the  maximum  possible  error  in  the 
function  values. 

Example.  Given  xe'Ei(x)  =  .9,  find  x  from  the 
table  on  page  X. 

(i)  Inverse  hnear  interpolation.  The  formula 
for  p  is 

p=a.-/o)/c/i-/o). 

In  the  present  example,  we  have 

^    ■9-.89927  7888    ^72  2112  _  -f.„o„ 
^  .90029  7306-. 89927  7888~"101  9418~ 


The  desired  x  is  therefore 

x=xo+p(xi-xo)  =  8.1 +  .708357(.l)  =  8.17083  57 

To  estimate  the  possible  error  in  this  answer, 
we  recall  that  the  maximum  error  of  direct  linear 
interpolation  in  this  table  is  A/=3X10~®.  An 
approximate  value  for  df/dx  is  the  ratio  of  the 
first  difference  to  the  argument  interval  (chapter 
25),  in  this  case  .010.  Hence  the  maximum  error 
inxis  approximately  3X10-V(.010),  that  is,  .0003. 

(ii)  Subtabulation  method.  To  improve  the 
approximate  value  of  x  just  obtained,  we  inter- 
polate directly  for  ^  =  .70,  .71  and  .72  with  the  aid 
of  Lagrange's  5-point  formula, 


-2 


Inverse  linear  interpolation  in  the  new  table 
gives 

.9-. 89999  3683 


X 

xe*£:i(i) 

S 

170 

.  89999  3683 

1  0151 

171 

.  90000  3834 

1  0149 

172 

.  90001  3983 

^     "    .00001  0151 
Hence  x=8. 17062  23. 


■  =  .6223 


An  estimate  of  the  maximimi  error  in  this  result 


is 


axio- 


^^ixio:!^ 

■"dx       .010 


(iii)  Aitken's  method.     This  is  carried  out  in  the 
same  manner  as  in  direct  interpolation. 
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n 

y„  =  xe'Eiix) 

Xn 

Xo.» 

2^).i.fi 

a^.i.2.» 

akj.ijj.i. 

y»—y 

0 
1 
2 
3 
4 
5 

.  90029  7306 
.  89927  7888 
.  90129  6033 
.  89823  7113 
.  90227  4695 
.  89717  4302 

8.2 
8.  1 
8.  3 
8.  0 
8.4 
7.9 

8.  17083  5712 
8.  17023  1505 
8.  17113  8043 
8.  16992  9437 
8.  17144  0382 

8.  17061  9521 
2  5948 

1  7335 

2  8142 

8.  17062  2244 
415 
231 

8.  17062  2318 
265 

.  00029  7306 
-.  00072  2112 

.  00129  6033 
-.00176  2887 

.  00227  4695 
-.  00282  5C98 

xm 


The  estimate  of  the  maximum  error  in  this 
result  is  the  same  as  in  the  subtabulation  method. 
An  indication  of  the  error  is  also  provided  by  the 


discrepancy  in   the  highest  interpolates, 
case  Xo  .1 J  J  ,4 ,  and  Xo  ,i  .2 .3 ,5- 


in   this 


6.  Bivariate  Interpolation 


Bivariate  interpolation  is  generally  most  simply 
performed  as  a  sequence  of  univariate  interpola- 
tions. We  carry  out  the  interpolation  in  one 
direction,  by  one  of  the  methods  already  described, 
for  several  tabular  values  of  the  second  argument 
in  the  neighborhood  of  its  given  value.  The 
interpolates    are    differenced    as    a    check,    and 


interpolation  is  then  carried  out  in   the  second 
direction. 

An  alternative  procedure  in  the  case  of  functions 
of  a  complex  variable  is  to  use  the  Taylor's  series 
expansion,  provided  that  successive  derivatives 
of  the  function  can  be  computed  without  much 
difficulty. 


7.     Generation  of  Functions  from  Recurrence  Relations 


Many  of  the  special  mathematical  functions 
which  depend  on  a  parameter,  called  their  index, 
order  or  degree,  satisfy  a  linear  difference  equa- 
tion (or  recm-rence  relation)  with  respect  to  this 
parameter.  Examples  are  furnished  by  the  Le- 
gendre  function  P„(x),  the  Bessel  function  t7„(x) 
and  the  exponential  integral  E„(x),  for  which  we 
have  the  respective  recurrence  relations 

(n+l)P„+i-(2n+l)iP„  +  nP„-i-0 

Jn+l </n4-  Jn-l  =  0 

X 

nEn+i+xEn=e-'. 

Particularly  for  automatic  work,  recurrence  re- 
lations provide  an  important  and  powerful  com- 
puting tool.  If  the  values  of  Pn(x)  or  Jn{x)  are 
known  for  two  consecutive  values  of  n,  or  E„(x) 
is  known  for  one  value  of  n,  then  the  function  may 
be  computed  for  other  values  of  n  by  successive 
applications  of  the  relation.  Since  generation  is 
carried  out  perforce  with  rounded  values,  it  is 
vital  to  know  how  errors  may  be  propagated  in 
the  recurrence  process.  If  the  errors  do  not  grow 
relative  to  the  size  of  the  wanted  function,  the 
process  is  said  to  be  stable.  If,  however,  the 
relative  errors  grow  and  will  eventually  over- 
whelm the  wanted  function,  the  process  is  unstable. 

It  is  important  to  reahze  that  stability  may 
depend  on  (i)  the  particular  solution  of  the  differ- 
ence equation  being  computed;  (ii)  the  values  of 
X  or  other  parameters  in  the  difference  equation; 


(iii)  the  direction  in  which  the  recurrence  is  being 
apphed.     Examples  are  as  follows. 

Stability — increasing  n 

p.(x),  p:(x) 

Qnix),  Q:{X)    (X<1) 

r.(x),  K.(x) 

J_„_h(z),  7-,-h(x) 
£,(i)  (n<x) 

Stability — decreasing  n 

p,(x),  P:(x)  (x<i) 

<?,(x).  Q:(x) 

Mx),  Ux) 

Jn+aix),  7,+h(x) 

En(x)  (n>x) 

F»(ri,  p)  (Coulomb  wave  function) 

Illustrations  of  the  generation  of  functions  from 
their  recurrence  relations  are  given  in  the  pertinent 
chapters.  It  is  also  shown  that  even  in  cases 
where  the  recurrence  process  is  unstable,  it  may 
stUl  be  used  when  the  starting  values  are  known 
to  sufficient  accuracy. 

Mention  must  also  be  made  here  of  a  refinement, 
due  to  J.  C.  P.  Miller,  which  enables  a  recurrence 
process  which  is  stable  for  decreasing  n  to  be 
applied  without  any  knowledge  of  starting  values 
for  large  n.  Miller's  algorithm,  which  is  well- 
suited  to  automatic  work,  is  described  in  19.28, 
Example  1. 
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MATHEMATICAL    CONSTANTS 


TABLE  1.  1.    MATHEMATICAL  CONSTAJNTS 


n  (prime) 

rn 

2 

1. 

4142 

13562 

37309 

50488 

10»/» 

3.  1622 

77660 

16837 

93320 

3 

1. 

7320 

50807 

56887 

72935 

IQI/S 

2.  1544 

34690 

03188 

37219 

5 

2. 

2360 

67977 

49978 

96964 

10»/« 

1.  7782 

79410 

03892 

28012 

7 

2. 

6457 

51311 

06459 

05905 

IQI/S 

1.  5848 

93192 

46111 

34853 

11 

3. 

3166 

24790 

35539 

98491 

1001/3 

4  6415 

88833 

61277 

88924 

* 

13 

3. 

6055 

51275 

46398 

92931 

100' « 

2.  5118 

86431 

50958 

01112 

17 

4. 

1231 

05625 

61766 

05498 

1000'/* 

5.  6234 

13251 

90349 

08040 

19 

4. 

3588 

98943 

54067 

35522 

10001/5 

3.  9810 

71705 

53497 

25077 

* 

23 

4. 

7958 

31523 

31271 

95416 

2»/3 

1.  2599 

21049 

89487 

31648 

29 

5. 

3851 

64807 

13450 

40313 

3i/» 

1.  4422 

49570 

30740 

83823 

31 

5. 

5677 

64362 

83002 

19221 

2'/* 

1.  1892 

07115 

00272 

10667 

37 

6. 

0827 

62530 

29821 

96890 

31/4 

1.  3160 

74012 

95249 

24608 

* 

41 

6. 

4031 

24237 

43284 

86865 

2-1/2 

( 

-  1) 

7.  0710 

67811 

86547 

52440 

43 

6. 

5574 

38524 

30200 

06523 

3-1/2 

(- 

-  1) 

5.  7735 

02691 

89625 

76451 

47 

6. 

8556 

54600 

40104 

41249 

5-1/2 

( 

-  1) 

4.4721 

35954 

99957 

93928 

53 

7. 

2801 

09889 

28051 

82711 

59 

7. 

6811 

45747 

86860 

81758 

61 

7. 

8102 

49675 

90665 

43941 

e»/2 

4.  8104 

77380 

96535 

16555 

67 

8. 

1853 

52771 

87244 

99700 

e'/* 

2.  1932 

80050 

73801 

54566 

71 

8. 

4261 

49773 

17635 

86306 

g-r/2 

(- 

-  1) 

2.  0787 

95763 

50761 

90855 

73 

8. 

5440 

03745 

31753 

11679 

g-T/4 

(- 

-  1) 

4.  5593 

81277 

65996 

23677 

79 

8. 

8881 

94417 

31558 

88501 

el/2 

1.  6487 

21270 

70012 

81468 

83 

9. 

1104 

33579 

14429 

88819 

e-1/2 

( 

-  1) 

6.  0653 

06597 

12633 

42360 

89 

9. 

4339 

81132 

05660 

38113 

ei/3 

1.  3956 

12425 

08608 

95286 

97 

9. 

8488 

57801 

79610 

47217 

g-1/3 

( 

-  1) 

7.  1653 

13105 

73789 

25043 

n 

1 

2. 

7182 

81828 

45904 

52353 

60287 

n 

1 

( 

-  1) 

3.  6787 

e' 
94411 

71442 

32159 

55238 

2 

7. 

3890 

56098 

93065 

02272 

30427 

2 

( 

-  1) 

1.  3533 

52832 

36612 

69189 

39995 

3 

(  1) 

2. 

0085 

53692 

31876 

67740 

92853 

3 

( 

-  2) 

4  9787 

06836 

78639 

42979 

34242 

4 

(  1) 

5. 

4598 

15003 

31442 

39078 

11026 

4 

( 

-  2) 

1.  8315 

63888 

87341 

80293 

71802 

5 

(  2) 

1. 

4841 

31591 

02576 

60342 

11156 

5 

( 

-  3) 

6.  7379 

46999 

08546 

70966 

36048 

6 

(  2) 

4. 

0342 

87934 

92735 

12260 

83872 

6 

( 

-  3) 

2.  4787 

52176 

66635 

84230 

45167 

7 

(  3) 

1. 

0966 

33158 

42845 

85992 

63720 

7 

( 

-  4) 

9.  1188 

19655 

54516 

20800 

31361 

8 

(  3) 

2. 

9809 

57987 

04172 

82747 

43592 

8 

( 

-  4) 

3.  3546 

26279 

02511 

83882 

13891 

9 

(  3) 

8. 

1030 

83927 

57538 

40077 

09997 

9 

( 

-  4) 

1.  2340 

98040 

86679 

54949 

76367 

10 

(  4) 

2. 

2026 

46579 

48067 

16516 

95790 

10 

( 

-  5) 

4  5399 

92976 

24848 

51535 

59152 

n 

1 

(  1) 

2. 

3140 

69263 

gnr 

27792 

69006 

n 

1 

(■ 

-  2) 

4  3213 

e~ 
91826 

37722 

49774 

2 

(  2) 

5. 

3549 

16555 

24764 

73650 

2 

( 

-  3) 

1.  8674 

42731 

70798 

88144 

3 

(  4) 

1. 

2391 

64780 

79166 

97482 

3 

( 

-  5) 

8.  0699 

51757 

03045 

99239 

4 

(  5) 

2. 

8675 

13131 

36653 

29975 

4 

( 

-  6) 

3.  4873 

42356 

20899 

54918 

5 

(  6) 

6. 

6356 

23999 

34113 

42333 

5 

( 

-  7) 

1.  5070 

17275 

39006 

46107 

6 

(  8) 

1. 

5355 

29353 

95446 

69392 

6 

( 

-  9) 

6.  5124 

12136 

07990 

07282 

7 

(  9) 

3. 

5533 

21280 

84704 

43597 

7 

( 

-10) 

2.  8142 

68457 

48555 

27211 

8 

(10) 

8. 

2226 

31558 

55949 

95275 

8 

( 

-11) 

1.  2161 

55670 

94093 

08397 

9 

(12) 

1. 

9027 

73895 

29216 

12917 

9 

( 

-13) 

5.  2554 

85176 

00644 

85552 

10 

(13) 

4.4031 

50586 

06320 

29011 

10 

( 

-14) 

2.  2711 

01068 

32409 

38387 

e« 

(  1) 

1. 

5154 

26224 

14792 

64190 

€-' 

( 

-  2) 

6.  5988 

03584 

53125 

37077 

e'' 

1. 

7810 

72417 

99019 

79852 

€-■' 

( 

-  1) 

5.  6145 

94835 

66885 

16982 

n 

In  n 

n 

log 

10  n 

2 

0. 

6931 

47180 

55994 

53094 

172321 

2 

'-1) 

3.  0102 

99956 

63981 

19521 

37389 

3 

1. 

0986 

12288 

66810 

96913 

952452 

3 

( 

;-i) 

4  7712 

12547 

19662 

43729 

50279 

4 

1. 

3862 

94361 

11989 

06188 

344642 

4 

:-i) 

6.  0205 

99913 

27962 

39042 

74778 

5 

1. 

6094 

37912 

43410 

03746 

007593 

5 

:-i) 

6.  9897 

00043 

36018 

80478 

62611 

6 

1. 

7917 

59469 

22805 

50008 

124774 

6 

;-i) 

7.  7815 

12503 

83643 

63250 

87668 

7 

1. 

9459 

10149 

05531 

33051 

053527 

7 

:-i) 

8.  4509 

80400 

14256 

83071 

22163 

8 

2. 

0794 

41541 

67983 

59282 

516964 

8 

:-i) 

9.  0308 

99869 

91943 

58564 

12167 

9 

2. 

1972 

24577 

33621 

93827 

904905 

9 

:-i) 

9.  5424 

25094 

39324 

87459 

00558 

10 

2. 

3025 

85092 

99404 

56840 

179915 

10 

1.  0000 

00000 

00000 

00000 

00000 

11 

2. 

3978 

95272 

79837 

05440 

619436 

11 

1.  0413 

92685 

15822 

50407 

50200 

13 

2. 

5649 

49357 

46153 

67360 

534874 

13 

1.  1139 

43352 

30683 

67692 

06505 

17 

2. 

8332 

13344 

05621 

60802 

495346 

17 

1.  2304 

48921 

37827 

39285 

40170 

19 

2. 

9444 

38979 

16644 

04600 

090274 

19 

1.  2787 

53600 

95282 

89615 

36333 

23 

3. 

1354 

94215 

92914 

96908 

067528 

23 

1.  3617 

27836 

01759 

28788 

67777 

29 

3. 

3672 

95829 

98647 

40271 

832720 

29 

1.  4623 

97997 

89895 

60873 

32847 

31 

3. 

4339 

87204 

48514 

62459 

291643 

31 

1.  4913 

61693 

83427 

26796 

66704 

37 

3. 

6109 

17912 

64422 

44443 

680957 

37 

1.  5682 

01724 

06699 

49968 

08451 

41 

3. 

7135 

72066 

70430 

78038 

667634 

41 

1.  6127 

83856 

71973 

54945 

09412 

43 

3. 

7612 

00115 

69356 

24234 

728425 

43 

1.  6334 

68455 

57958 

65264 

05088 
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MATHEMATICAL    CONSTANTS 

TABLE  1.1.     MATHEMATICAL  CONSTANTS— Continued 


n 

In  n 

n 

lop 

!io  n 

47 

3.  8501 

47601 

71005 

85868 

209507 

47 

1.  6720 

97857 

93571 

74644 

14219 

53 

3.  9702 

91913 

55212 

18341 

444691 

53 

1.  7242 

75869 

60078 

90456 

32992 

59 

4.  0775 

37443 

90571 

94506 

160504 

59 

1.  7708 

52011 

64214 

41902 

60656 

61 

4.  1108 

73864 

17331 

12487 

513891 

61 

1.  7853 

29835 

01076 

70338 

85749 

67 

4.  2046 

92619 

39096 

60596 

700720 

67 

1.  8260 

74802 

70082 

64341 

49132 

71 

4.  2626 

79877 

04131 

54213 

294545 

71 

1.  8512 

58348 

71907 

52860 

92829 

73 

4.  2904 

59441 

14839 

11290 

921089 

73 

1.  8633 

22860 

12045 

59010 

74387 

79 

4.  3694 

47852 

46702 

14941 

729455 

79 

1.  8976 

27091 

29044 

14279 

94821 

83 

4.  4188 

40607 

79659 

79234 

754722 

83 

1.  9190 

78092 

37607 

39038 

32760 

89 

4.4886 

36369 

73213 

98383 

178155 

89 

1.  9493 

90006 

64491 

27847 

23543 

97 

4.  5747 

10978 

50338 

28221 

167216 

97 

1.  9867 

71734 

26624 

48517 

84362 

\nw 

1.  1447 

29885 

84940 

01741 

43427 

logioir 

(-1) 

4.  9714 

98726 

94133 

85435 

12683 

\nyJ2T         (- 

-1) 

9.  1893 

85332 

04672 

74178 

03296 

logioe 

(-1) 

4.  3429 

44819 

03251 

82765 

11289 

n 

nln  10 

n 

nx 

1 

2.  3025 

85092 

99404 

56840 

17991 

1 

3.  1415 

92653 

58979 

32384 

62643 

2 

4.  6051 

70185 

98809 

13680 

35983 

2 

6.  2831 

85307 

17958 

64769 

25287 

3 

6.  9077 

55278 

98213 

70520 

53974 

3 

9.  4247 

77960 

76937 

97153 

87930 

4 

9.  2103 

40371 

97618 

27360 

71966 

4 

(   1) 

1.  2566 

37061 

43591 

72953 

85057 

5    ( 

1) 

1.  1512 

92546 

49702 

28420 

08996 

5 

(   1) 

1.  5707 

96326 

79489 

66192 

31322 

6    ( 

1) 

1.  3815 

51055 

79642 

74104 

10795 

6 

(   1) 

1.  8849 

55592 

15387 

59430 

77586 

7    ( 

1) 

1.  6118 

09565 

09583 

19788 

12594 

7 

(   1) 

2.  1991 

14857 

51285 

52669 

23850 

8    ( 

1) 

1.  8420 

68074 

39523 

65472 

14393 

8 

(   1) 

2.  5132 

74122 

87183 

45907 

70115 

9    ( 

1) 

2.  0723 

26583 

69464 

11156 

16192 

9 

(   1) 

2.  8274 

33388 

23081 

39146 

16379 

n 

1 

3.  1415 

92653 

IT" 

58979 

32384 

62643 

n 

1    ( 

-1) 

3.  1830 

98861 

—  n 

83790 

67153 

77675 

2 

9.  8696 

04401 

08935 

86188 

34491 

2    ( 

-1) 

1.  0132 

11836 

42337 

77144 

38795 

3    ( 

1) 

3.  1006 

27668 

02998 

20175 

47632 

3    ( 

-2) 

3.  2251 

53443 

31994 

89184 

42205 

4    ( 

1) 

9.  7409 

09103 

40024 

37236 

44033 

4    ( 

-2) 

1.  0265 

98225 

46843 

35189 

15278 

5    ( 

2) 

3.  0601 

96847 

85281 

45326 

27413 

5    ( 

-3) 

3.  2677 

63643 

05338 

54726 

28250 

6    ( 

2) 

9.  6138 

91935 

75304 

43703 

02194 

6    ( 

-3) 

1.  0401 

61473 

29585 

22960 

89838 

7    ( 

3) 

3.  0202 

93227 

77679 

20675 

14206 

7    ( 

-4) 

3.  3109 

36801 

77566 

76432 

59528 

8    ( 

3) 

9.  4885 

31016 

07057 

40071 

28576 

8    ( 

-4) 

1.  0539 

03916 

53493 

66633 

17287 

9    ( 

4) 

2.  9809 

09933 

34462 

11666 

50940 

9    ( 

-5) 

3.  3546 

80357 

20886 

91287 

39854 

10    ( 

4) 

9.  3648 

04747 

60830 

20973 

71669 

10    ( 

-5) 

1.  0678 

27922 

68615 

33662 

04078 

x/2 

1.  5707 

96326 

79489 

66192 

31322 

3W2 

4.  7123 

88980 

38468 

98576 

93965 

x/3 

1.  0471 

97551 

19659 

77461 

54214 

47r/3 

4.  1887 

90204 

78639 

09846 

16858 

7r/4       (- 

-1) 

7.  8539 

81633 

97448 

30961 

56608 

^(2)'/2 

4.  4428 

82938 

15836 

62470 

15881 

^1/2 

1.  7724 

53850 

90551 

60272 

98167 

7r-i/2      ( 

—  1) 

5.  6418 

95835 

47756 

28694 

80795 

^1/3 

1.  4645 

91887 

56152 

32630 

20143 

7r-i/3      ( 

—  1) 

6.  8278 

40632 

55295 

68146 

70208 

Ifl/* 

1.  3313 

35363 

80038 

97127 

97535 

ir-^l*              ( 

—  1) 

7.  5112 

55444 

64942 

48285 

87030 

^/3 

2.  1450 

29397 

11102 

56000 

77444 

^-2/3      ( 

—  1) 

4.  6619 

40770 

35411 

61438 

19885 

»3/< 

2.  3597 

30492 

41469 

68875 

78474 

7r-3/^      ( 

—  1) 

4.  2377 

72081 

23757 

59679 

10077 

^/2 

5.  5683 

27996 

83170 

78452 

84818 

^-3/2        ( 

—  1) 

1.  7958 

71221 

25166 

56168 

90820 

( 

1) 

2.  2459 

15771 

83610 

45473 

42715 

TT-O           ( 

—  2) 

4.  4525 

26726 

69229 

06151 

35273 

(2^)1/2 

2.  5066 

28274 

63100 

05024 

15765 

(27r)-'/2    ( 

—  1) 

3.  9894 

22804 

01432 

67793 

99461 

(W2)'/2 

1.  2533 

14137 

31550 

02512 

07883 

(2/x)'/2   ( 

—  1) 

7.  9788 

45608 

02865 

35587 

98921 

ir(2)-i/2 

2.  2214 

41469 

07918 

31235 

07940 

2i/2/7r     ( 

—  1) 

4.  5015 

81580 

78553 

03477 

75996 

Ir 

57.  2957 

79513 

08232 

08767 

98155° 

1' 

0.  0002 

90888 

20866 

57215 

96154r 

1° 

0.  0174 

53292 

51994 

32957 

69237r 

1" 

0.  0000 

04848 

13681 

10953 

59936r 

y 

0.  5772 

15664 

90153 

28606 

06512 

In  y 

- 

-0.  5495 

39312 

98164 

48223 

37662 

r(i/2) 

1.  7724 

53850 

905516 

i/r(i/2) 

0.  5641 

89583 

547756 

r(i/3) 

2.  6789 

38534 

707748 

i/r(i/3) 

0.  3732 

82173 

907395 

r(2/3) 

1.  3541 

17939 

426400 

i/r(2/3) 

0.  7384 

88111 

621648 

r(i/4) 

3.  6256 

09908 

221908 

i/r(i/4) 

0.  2758 

15662 

830209 

r(3/4) 

1.  2254 

16702 

465178 

i/r(3/4) 

0.  8160 

48939 

098263 

r(4/3) 

0.  8929 

79511 

569249 

i/r(4/3) 

1.  1198 

46521 

722186 

r(5/3) 

0.  9027 

45292 

950934 

i/r(5/3) 

1.  1077 

32167 

432472 

r(5/4) 

0.  9064 

02477 

055477 

i/r(5/4) 

1.  1032 

62651 

320837 

r(7/4) 

0.  9190 

62526 

848883 

i/r(7/4) 

1.  0880 

65252 

131017 

In  r(l/3) 

0.  9854 

20646 

927767 

In  r(4/3) 

- 

-0.  1131 

91641 

740343 

In  r(2/3) 

0.  3031 

50275 

147523 

In  r(5/3) 

- 

-0.  1023 

14832 

960640 

In  r(l/4) 

1.  2880 

22524 

698077 

In  r(5/4) 

- 

-0.0982 

71836 

421813 

In  r(3/4) 

0.  2032 

80951 

431296 

In  r(7/4) 

— 

-0.  0844 

01121 

020486 
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2.  Phvsical  Constants  and  Conversion  Factors 


The  tables  in  this  chapter  supply  some  of 
the  more  commonly  needed  physical  con- 
stants and  conversion  factors. 

All  scientific  measurements  in  the  fields  of 
mechanics  and  heat  are  based  upon  four  in- 
ternational arbitrarily  adopted  units,  the 
magnitudes  of  which  are  fixed  by  four  agreed 
on  standards: 

Length  — the  meter  — fixed  by  the  vacuum 
wavelength  of  radiation  corresponding  to  the 
transition  2Pi„  — 5D-,  of  krypton  86 

(1  meter- 1650763.73a). 

Mass  — the  kilogram  — fixed  by  the  interna- 
tional kilogram  at  Sevres,  France. 

Time -the  second -fixed  as  1/31,556,925.9747 
of  the  tropical  year  1900  at  12''  ephemeris 
time,  or  the  duration  of  9,192,631,770  cycles 
of  the  hyperfine  transition  frequency  of  cesi- 
um 133. 

Temperature  — the  degi'ee  — fixed  on  a  ther- 
modynamic basis  by  taking  the  temperature 
for  the  triple  point  of  natural  water  as  273.16 
°K.  (The  Celsius  scale  is  obtained  by  adding 
—  273.15  to  the  Kelvin  scale.) 

Other  units  are  defined  in  terms  of  them  by 
assigning  the  value  unity  to  the  proportion- 
ality constant  in  each  defining  equation.  The 
entire  system,  including  electricity  units,  is 
called  the  Systeme  International  d'Unites 
(SI).  Taking  the  1/100  part  of  the  meter  as 
the  unit  of  length  and  the  1/1000  part  of  the 
kilogram  as  the  unit  of  mass,  similarly,  gives 


rise  to  the  CGS  system,  often  used  in  physics 
and  chemistry. 

Table  2.1.  Common  Units  and  Conversion 
Factors 


Quantity- 

SI 
name 

CGS 
name 

SI  unit/ 
CGS  unit 

Force,  F 
Energy',  W 
Power,  P 

newton 

joule 

watt 

dyne 
erg 

105 
10' 
10" 

The  SI  unit  of  electric  current  is  the  ampere 
defined  by  the  equation  2r,„/i/2/47r  =  F  giving 
the  force  in  vacuo  per  unit  length  between 
two  infinitely  long  parallel  conductors  of  in- 
finitesimal cross-section.  If  F  is  in  newtons, 
and  r,„  has  the  numerical  value  47rXlO"', 
then  /]  and  /^  are  in  amperes.  The  custom- 
ary equations  define  the  other  electric  and 
magnetic  units  of  SI  such  as  the  volt,  ohm, 
farad,  henry,  etc.  The  force  between  elec- 
tric charges  in  a  vacuum  in  this  system  is 
given  by  QiQil^-Ver-^F,  Te  having  the  nu- 
merical value  10747rc-  where  c  is  the  speed 
of  light  in  meters  per  second  (rr  =  8.854 
X  10-12). 

The  CGS  unrationalized  system  is  obtained 
by  deleting  A-  in  the  denominators  in  these 
equations  and  expressing  F  in  dynes,  and  /• 
in  centimeters.  Setting  T,,,  equal  to  unity  de- 
fines the  CGS  unrationalized  electromagnetic 
system  (emu).  Ye  then  taking  the  numerical 
value  of  l/c^.  Setting  Ye  equal  to  unity  de- 
fines the  CGS  unrationalized  electrostatic 
system  (esu),  Ym  then  taking  the  numerical 
value  of  1/c-. 


Table  2.2.  Names  and  Conversion  Factors  for  Electric  and  Maenetic  Units 


Quantity 


SI 

name 


emu 
name 


esu 

name 


SI  unit/ 
emu  unit 


SI  unit/ 
esu  unit 


Current 

Charge 

Potential 

Resistance 

Inductance 

Capacitance 

Magnetizing  force 

Magnetomotive  force 
Magnetic  flux 
Magnetic  flux  density 
Electric  displacement 


ampere 

abampere 

statampere 

coulomb 

abcoulomb 

statcoulomb 

volt 

abvolt 

statvolt 

ohm 

abohm 

statohm 

henry 
farad 

centimeter 

centimeter 

amp.  turns/ 
meter 

oersted 

amp.  turns 
weber 

gilbert 
maxwell 

tesla 

gauss 

10-' 

-^3X10' 

10-' 

~3X10« 

10' 

~(l/3)  X  10-» 

10» 

~(l/9)X10-» 

10« 

~(1/9)X10-" 

io-« 

~9X10i» 

4tX10-3* 

~3X10«* 

4irX10-'* 

~3/10«* 

IQs 

~(l/3)X10-2 

10* 

~(l/3)X10-« 

10-5* 

~3X105* 

Example:   If  the  value  assigned  to  a  current  is  100  amperes  its  value  in  abamperes  is  100X10  '  =  10. 
*Divide  this  number  by  47t  if  unrationalized  system  is  involved;  other  numbers  are  unchanged. 
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The  adjusted  values  of  constants  given  in  Table  2.3  are  those  recommended  by  the  National  Academy  of  Sciences-National 
Research  Council  Committee  on  Fundamental  Constants  in  1963.  The  error  limits  are  three  times  the  standard  errors  estimated 
from  the  experimental  data  included  in  the  adjustment.  Values,  where  pertinent,  are  based  on  the  unified  scale  of  atomic  masses 
in  which  the  atomic  mass  unit  (u)  is  defined  at  1/12  of  the  mass  of  the  atom  of  the  '^C  nuclide. 

Table  2.3  Adjusted  values  of  constants 


Constant 


Spe«d  of  light  in  vacuum. 
Elementary  charge 

Avogadro  constant 

Electron  rest  mass 

Proton  rest  mass 

Neutron  rest  mass 

Faraday  constant 

Planck  constant 

Fine  structure  constant .  . 


Charge  to  mass  ratio  for  electron 
Quantum-charge  ratio 


Compton  wavelength  of  electron.  . 

Compton  wavelength  of  proton.  .  . 

Rydberg  constant 

Bohr  radius 

Electron  radius 


Thomson  cross  section 

Gyroinagnetic  ratio  of  proton  . 


(uncorrected     for     diamagnetism, 
H2O) 

Bohr  magneton 

Nuclear  magneton 

Proton  moment 

(uncorrected  for  diamagnetism,  HjO) 
Anomalous  electron  moment  corrn. 

Zeeman  splitting  constant 

Gas  constant 

Normal  volume  perfect  gas 

Boltzmann  constant 

*Firsl  radiation  constant   (27r/ic*)  .  .  . 

Second  radiation  constant 

Wien  displacement  constant 

Stefan-Boltzmann  constant 

Gravitational  constant 


Symbol 


h 

H 

a 
1/a 

a/2ir 

a* 

elm, 

hie 

Xc 

Xc.  p 
Xc.  p/2Tr 

OO 

re 
r\ 
8Tr^/3 

7 

7/2ir 
7' 
772x 

MA- 
Mp 

1^'  vIl^S 
(m./mo)- 
tJ'Blhc 
R 

r« 
k 

C\ 

<•■> 
b 

a 
G 


Value 

Est.  t 
error 
limit 

Unit 

Systeme     International 

(MKSA) 

Centimeter-gram-second 

(CGS) 

2. 997925 
1.60210 
4.  80298 

3 

7 

20 

28 

4 

9 

X10« 
10-i» 

m  8"' 

c 

XlO'o 

io-» 

10-10 
10» 

io-*« 
io-« 

cm  8-' 
cm'/*g'/*  • 
cm'/*g'/*8-'  t 
mol"' 

g 
u 

6.  02252 

9.1091 

5.48597 

10» 
10-" 

io-« 

mol~' 

kg 
u 

1.67252 
1.  00727663 

8 

24 

10-" 
100 

kg 
u 

10-" 
10» 

e 

u 

1.  67482 
1.0086654 

8 
13 

10-" 
10« 

kg 
u 

10-" 
100 

g 

u 

9. 64870 

16 

10* 

C  mol-' 

w 

cm'/*g"*mol-'  • 

2. 89261 

5 

5 

7 

10 

19 

16 

14 

19 

6 

12 

10'< 

10-" 

10-" 

10-' 

10* 

io-» 

10-* 
10' 

10" 
10-' 

cm'/*g'/*s-'mo|-'  t 
erg  8 
erg  s 

cni'/*g-"*  • 
cm'/«g-'/*s-'  t 
cm'/*gi/«8-'  * 

6.  6256 
1. 05450 
7. 29720 

io-» 

10-" 
10-' 
10* 

io-» 

10-5 

lO'i 



Js 

Js 

1.  370388 

1. 161385 

5. 32492 

1. 758796 

5. 27274 

Ckg-' 

4. 13556 

10-«5 

JsC-' 

1. 37947 

4 

10-" 

cm"*g"*  t 
cm 

2.42621 

6 

io-'» 

m 

10-10 

3.86144 

9 

io-'» 

m 

10-" 

cm 

1.32140 

4 

10-'* 

m 

io-» 

cm 

2. 10307 

6 

io-«» 

m 

io-'« 

cm 

1.0973731 

3 

10' 

m-' 

10* 

cm"' 

5. 29167 

7 

io-i» 

m 

io-« 

cm 

2. 81777 

11 

lO-'s 

m 

10-" 

cm 

7.  9398 

6 

10-30 

m» 

io-*« 

cm' 

6.6516 

5 

io-»» 

m» 

10-** 

cm* 

2.67519 

2 

10« 

rad  s-'T-' 

10< 

rad  s-'G-'  • 

4.  25770 

3 

10' 

HzT' 

103 

s-'G-'  • 

2.67512 

2 

10« 

rad  s-'  r-' 

10< 

rad  s-'G-'  * 

4.  25759 

3 

10' 

HzT-' 

10» 

s-'G-'  * 

9. 2732 
5.  0505 
1.41049 
2. 79276 

6 

4 
13 

7 
7 

io-« 

10-" 

io-»« 

100 
100 

JT-' 
J  T-' 
J  T-' 

10-*' 

io-« 
io-*=> 

100 
100 

erg  G-'  • 
erg  G-'  • 
erg  G-'  • 

2. 79268 

1. 159615 

15 

io-» 

10-' 

4. 66858 

4 

10' 

m-'T-' 

10-5 

cm-'G-'  * 

8.3143 

12 

100 

J  °K-'  mol-' 

10' 

erg  °K-'  mol-' 

2.24136 

30 

10-' 

m'  mol-' 

10^ 

cm'  mo|-' 

1.38054 

18 

io-» 

J  °K-' 

lO-'" 

erg  °K-' 

3.  7415 
1.43879 

3 
19 

io-'« 

10-* 

W  m* 
m  °K 

10-5 

100 

erg  cm'  s-' 
cm  °K 

2.8978 

4 

io-» 

m  °K 

10-' 

cm  °K 

5.6697 

29 

io-« 

W  m-»  °K-« 

10-5 

erg  cm"'  s"'  °K'* 

6.670 

15 

10-" 

N  m'  kg-» 

1       10-" 

dyn  cm'  g"' 

tBased  on  3  std.  dev)  applied  to  last  digi 
C — coulomb         J — joule  Hz- 

•See  page  n. 


ts  in  preceding  column, 
—hertz  W — v^att  N- 


'Electromagnelic  system. 
— newton  T — tesla 


tElectrostatic  system. 
G — gauss 
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Table  2.4.  Miscellaneous  Conversion  Factors 


Standard  gravity  ^o 

Standard  atmospheric  pressure  Pq 

1  Thermodynamic  calorie  ^  calj 
I  I  T  calorie  ^  cal, 
1  liter  1 

o 

1  Angstrom  unit  A 
1  Bar 

1  Gal 


=  9.80665  m  sec'^ 

=  1.013250X10^  newtons  m'^ 

10^  dynes  cm"^ 
=4.1840  joules 
=4.1868  joules 
=  1  X  10-3  jn3    * 
=  10-1"  m 

=  10^  newtons  m  -    * 
10^  dynes  cm--    * 


1  Astronomical  unit  a.u. 
1  Light  year 
1  Parsec 


1  cm  sec  ^ 
=  1.49598x10"  m     * 
=  9.46X10'5m 
=  3.08X10^«m 
=3.26  light  years 
1  Curie,  the  quantity  of  radioactive  material  undergoing  3.700X10'°  disintegrations  sec~^ 
1  Roentgen,  the  exposure  of  x-  or  gamma  radiation   which   produces   together  with  its   secondaries 
2.082X10^  electron-ion  pairs  in  0.001293  gm  air. 

Formula  for  index  of  refraction  of  atmosphere  for  radio  waves  (/<3X10"')(n— 1)10^=  (77.6/ T)(p+ 
4810g/7^,  where  n  is  refractive  index;  T  temperature  °K;  p  total  pressure  in  millibars,  e  water  vapor 
partial  pressure  in  millibars. 


Factors  for  converting  the  customary  United 
States  units  to  units  of  the  metric  system  are  given 
in  Table  2.5. 

Table  2.5.   Factors  for  Converting  Customary 
U.S.  Units  to  Metric  Units 


1  yard 

0.9144  meter 

1  foot 

0.3048  meter 

1  inch 

0.0254  meter 

1  statute  mile 

1609.344  meters     * 

1  nautical  mile  (inter- 

1852 meters 

national) 

1  pound  (avdp.) 

0.45359237  kilogram 

1  oz.  (avdp.) 

0.0283495  kilogram     * 

1  pound  force 

4.44822  newtons     * 

1  slug 

14.5939  kilograms 

1  poundal 

0.138255  newtons 

1  foot  pound 

1.35582  joules 

Temperature 

32+ (9/5)   temperature 

(Fahrenheit) 

Celsius 

1  British  thermal  unit  * 

1055  joules 

Geodetic  constants  for  the  international  (Hay- 
ford)  spheroid  are  given  in  Table  2.6.  The 
gravity  values  are  on  the  basis  of  the  old  Potsdam 
value  and  have  not  been  corrected  for  more 
recent  determinations.  They  are  probably  about 
13  parts  per  million  too  great.  They  are  calcu- 
lated for  the  surface  of  the  geoid  by  the  inter- 
national formula. 

Table  2.6.  Geodetic  Constants 

a=6,378,388  m;/=  1/297;  6  =  6,356,912  m 


Latitude 

Length 

Length  of  1'  of 

g 

of  r  of  parallel 

meridian 

Meters 

Meters 

Metersjsec- 

0° 

1,855.398 

1,  842.  925 

9.  780490 

15 

1,  792.  580 

1,844.  170 

9.  783940 

30 

1,  608.  174 

1,847.580 

9.  793378 

45 

1,314.  175 

1,852.256 

9. 806294 

60 

930.  047 

1,856.951 

9.819239 

75 

481.  725 

1,860.401 

9.  828734 

90 

0 

1,861.666 

9.  832213 

^  Used  principally  by  chemists. 
'  Used  principally  by  engineers. 

*  Various  definitions  are  given  for  the  British  thermal  unit, 
none  of  the  more  important  definitions  by  more  than    3  in  lO. 


This  represents  a  rounded  mean  value  differing  from 


*See  page  ii. 
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3.  Elementary  Analytical  Methods 


3.1.  Binomial  Theorem  and  Binomial  Coeffi- 
cients; Arithmetic  and  Geometric  Progres- 
sions; Arithmetic,  Geometric,  Harmonic  and 
Generalized  Means 

Binomial  Theorem 

3.1.1 

(a+6)"=a-+(j)a'-»6+(2)  a--'b' 

(n  a  positive  integer) 

Binomial  Coefficients  (see  chapter  24) 


3.1.2 


,,     n(n—l)  .  .  .  {n—k+l)_      n! 


,    /^\_  r-' _ 

Table  of  Binomial  Coefficients  (  >   ) 


3.1.4 
3.1.5 
3.1.6  1 


3.1.8 


N^ 

0 

1 

2 

3 

4 

5 

6 

/ 

8 

9 

10 

11 

12 

n      ^ 

1 

1 

2 

2 

1 

3 

3 

3 

1 

4 

4 

6 

4 

1 

5 

5 

10 

10 

5 

1 

6 

6 

15 

20 

15 

6 

1 

7 

7 

21 

35 

35 

21 

7 

1 

8 

8 

28 

56 

70 

56 

28 

8 

1 

9 

9 

36 

84 

126 

126 

84 

36 

9 

1 

10 

10 

45 

120 

210 

252 

210 

120 

45 

10 

1 

11 

11 

55 

165 

330 

462 

462 

330 

165 

55 

11 

1 

12 

12 

66 

220 

495 

792 

924 

792 

495 

220 

66 

12 

1 

For  a  more  extensive  table  see  chapter  24. 


♦See  page  11. 
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3.1.9 

Sum  of  Arithmetic  Progression  to  n  Terms 

aiia-\-d)-\-(a-\-2d)-\-  .  .  .  +(a+(n-l)rf) 

1  n 

=7ui-{-^n(n—\)d=^  (a-\-l), 

last  term  in  series=^— a+(n— l)c? 

Sum  of  Geometric  Progression  to  n  Terms 


3.1.10 


-a-\-ar-\-ai^-}'  .  .  .  -\-ar 


„_,_a(l-r") 
1— r 


3.1.11 


lim  s„=a!{l-r)         (-l<r<l) 

n->oD 
Arithmetic  Mean  of  n  Quantities  A 

.     ai+a2+  .  .  .  +a„ 


Geometric  Mean  of  n  Quantities  G 

3.1.12     G={a,a2...any"'        (at>0,  t=l,  2,  .  .  .,  n) 

Harmonic  Mean  of  n  Quantities  H 

3.1.13 

^=K;r+;r+ •  •  • +;r)     {a.>o,k^\,2,  ...,n) 

H     n  \ai     (Li  dnJ 

Generalized  Mean 

/I     "         \^" 

3.1.14  M(0=(^Z:aij 

3.1.15  M(0=0(«<0,  somea*  zero) 

3.1.16  lim  iV/(0=niax.         (01,02,  ■  •  •,  an)=max.  a 

3.1.17  limM(0  =  niin.         (01,00, .  .  .,o„)=min.  a 

t-»— CO 


3.1.18 
3.1.19 
3.1.20 


lim  M  (0  =  6? 

M{\)=A 

M{-\)=H 

3.2.  Inequalities 


Relation  Between  Arithmetic,  Geometric,  Harmonic 
and  Generalized  Means 

3.2.1 

A>  G>H,  equality  if  and  only  if  01=02==  .  .  .  =a„ 
3.2.2  min.  o<iV/(0<iniiX.  a 
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3.2.3  min.  a<6'<max.  a 

equality  holds  if  all  a*  are  equal,  or  t<iQ 
and  an  a*  is  zero 

3.2.4  M{t)<CM{s)  if  t<C.s  unless  all  a*  are  equal, 

or  s<0  and  an  a^  is  zero. 


Triangle  Inequalities 

3.2.5  |ai|  — |a2|<|ai+«2|<ki|  +  |a2| 


3.2.6 


*=1 


k  =  \ 


Chebyshev's  Inequality 

Ifax>a2>a3>    .  .  .   >a„ 
bi>b2>h>   .  .  .  >bn 


3.2.7 


k=i      \k=i  /  \fc=i  / 

Holder's  Inequality  for  Sums 


^^l+\=^'P>^'^>^ 


3.2.8   z:iaAi<(z;wO  (j:w)  ; 
k=i       \fc=i     /  \k=i     / 

equality  holds  if  and  only  if  |6ji;|=c|ajfc|^~*  (c=con- 
stant>0).     If  p=q—2  we  get 


3.2.9 


Cauchy's  Inequality 

\~  n  "1 2        7t  n 

S  «*ftfc     <X)  «ft  X)  ^ft  (equality  for  ak^cb^, 

Lk  =  l  J         A  =  l  *=! 

c  constant) . 

Holder's  Inequality  for  Integrals 

3.2.10 

J^  \J{x)g{x)\dx<y^^  \J{x)\Hx^     [J^  l^(2;)|'(ixj 

equality    holds    if    and    only    if    \g(x)\—c\fix)\^~^ 
(c=constant>0). 
If  2?=g=2  we  get 


3.2.11 


Schwarz's  Inequality 


[£/(x)y(x)(/x]'<£  L/(x)Na;£  [g{x)]Hx 


Minkowski's  Inequality  for  Sums 

If  2>>1  and  Oft,  6t>0  for  all  ^, 
3.2.12 

/  n  \\lp       /  n  \l/p      /  n  \l/p 

(g(«.+6.)')  <(z:<)  +(s6f)  , 

equality   holds   if   and   only   if   hk=cak   (c=con- 
stant^O). 

Minkowski's  Inequality  for  Integrals 


3.2.13 


i/p 


aft  \i/p     /  c"  \i 

\J{x)+g{x)\r'dx'j     <y^  |/(a:)|'G?a;j 

a  6  \l/p 

equality  holds  if  and  only  if  g{x)=cj{x)  (c=con- 
stant>0). 

3.3.  Rules  for  Differentiation  and  Integration 

Derivatives 


3.3.1 


3.3.2 


3.3.3 


3.3.4 


3.3.5 


-r-  (cu)=c  -r-y  c  coustaut 


d  .     ,    .     du  ,  dv 


d   ,     ._    dv       du 
dx  dx       dx 


d  ,   ,  .     vduldx—udvldx 

di(^M= ^2 


A.  ( \_^^ 

dx  dv  dx 


«  «  ^  d  ,  r\       „  /'^  du  ,  ,        dv\ 

3.3.6  rfiM=«'(-E+lnu5-J 

Leibniz's  Theorem  for  Differentiation  of  an  Integral 

3.3.7 

—  j{x,c)dx 

dcjaic) 

C^"''   ^  ^/      Nj    1  ^/j.    \db      .,      .dxL 
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Leibniz's  Theorem  for  Differentiation  of  a  Product 

3.3.8 

d'^'^u  dv    .  /n\  d'^'H  dh) 


d"  ,         <^"u       /n\d"-^udv      /nXd^-^u 
(ix"  ^'^^^~dx^  ^^\\)  dx"-'  dx  +V2/  dx"-'  dx^ 


/n\d"~'ud'v 
Xr/dx^-'dx' 


3.3.9 


3.3.10 


3.3.11 


3.3.12 


+  ...+ 


dy       dx 

d^x_—d^y  fdyV 
dy^      dx^    \dx/ 


+  ...+u 


d"v 
dx" 


__mdy       /dWl/dy\- 
IdT^dx       Kdx'J  JKdxJ 

Integration  by  Parts 

vdu 


I  udv=uv—  I  \ 

3.3.13  j'uz;c?x=(   l-u^f^jz;— j(   Xudxy^dx 

Integrals  of  Rational  Algebraic  Functions 

(Integration  constants  are  omitted) 

3.3.14  r(ax+6)'»dx=^^^±tT^        (w?^-!) 
J  a(n+l) 

3.3.15  r-^=lln  |ax+6| 


The  following  formulas  are  useful  for  evaluating 

JP{x)dx 
(n^i^h^j^An  w^®^®  ^(^)  is  a  polynomial   and 


(ax^+6x+c) 
w>l  is  an  integer 
3.3.16 

dx 


J  {a 


x^+ix+c)     (4ac-62)i 


arctan 


2ax+6 


3.3.17 

3.3.18 
3.3.19 

J  ai 


1 


(62-4ac)i 
-2 


In 


(4ac-62)i 

(62-4ac<0) 
2ax+6-(62-4ac)i 


2ax+6+(62-4ac)* 

(62-4ac>0) 


2ax+6 


(62-4ac=0) 


X(/x 


ix^+6a;+c    2a 
3.3.20 

rfx 


=^r-  In  \ax^-\-hx-\-c 


J< 


c?x 


J(a- 


1 


In 


2a  J  ax^-\-hx-\-c 
c-\-dx 


a-\-bx 


dx     _\  hx 

7W^~^  arctan  - 


i-\-hx){c-{-dx)     ad— he 
3.3.21  f- 

a+6x 


(cw/  7^  he) 


xdx 


1 


3.3.23 


a—bx 


2+6V    262 

Jc?x     _  1    , 
a2_6V~2^ 


2a2(x2-a2)^4«= 


In 


a-{-x 


a—x 


3.3.26 
3.3.27 
3.3.28 
3.3.29 
3.3.30 


J  [(a 


dx 


Integrals  of  Irrational  Algebraic  Functions 

2 


-1 


\-hd)"^ 
2 


arctan    -^r? — r 

.    /2hdx+ad+he 
arcsm  f 


+  6x)T/2 
+  dx)  J 


J  (a-^-bx 


dx 


{bd)"^ 
2 


\       be— ad      J 

In  |[6d(rt4-6x)]»/2+6(c  +  (^a;)i^2 


(6(/<0) 
(6>0,  c?<0) 
(6(^>0) 


:)i/2(c+rfx)     [d{bc-ad)Y'^ 


arctan 


rd{fl±hxfV'^ 

\_{he-ad)\ 


{diad-bc)<0) 


1 


In 


\d{a-i-bxy''-[d{ad-he)Y"' 


[d(ad-hc)Y''      \d(a-i-bxy^'-^[d{ad-hc)Y'' 


(d{ad-be)>0) 


3.3.31 
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^[{a+hx){c+dx)Y'Hx 

(ad-bc)-\-2b(c-\-dx) 


4bd 


[(a-hbx)(c+dx)Y^' 


(ad- bey 


J  [(a- 


dx 


11/2 


Sbd      J  [(a-\-bx){c+dx)Yf' 
3.3.32 

_(ad—bc)    r 
26       Jk^ 

3.3.33 

dx 

iax^-\-bx-^cy 

=a-^'^ In  \2a}'\ax'-^bx^cy'^+2ax-^b\{a>Qi) 


dx 

',+  bx){c+dx)Y'^ 


J 


3.3.34 

3.3.35 
3.3.36 

3.3.37 


-a  ^''^  arcsinh  ti 


{2ax+b) 


{^ac-b^y^ 

(a>0,  4ac>62) 

=a-i/2ijj  I2ax+6|(a>0,  62=4^) 

,      .J,,         .       {2ax+b) 
=  -i-a)   ^/^  arcsrn  ^^^-^^^, 

(a<0,  62>4a^,  |2aa;+6|<(62-4cw)i/2) 


r(aa;2+6x+c)i/2^x=?^|i^  (ax'+bx+cY^^ 


Aac—b^ 


3.3.38 


J^ 


c^x 


'      8a      J  (a2;2+6x+c)^/2 
1.38 

J  z(a224-6a:+c)i/2=-J  («+ 6^ +0^^)1/2 where  f  =  l/x 


z(a224-6a:+c)i/2 
3.3.39 

(ax2+62+cy^ 


J 


=-  {ax^-\-bx-\-c 
a 


:)1/2_1     f. 

^        2a  J  ( 


c?x 


(ax2+6x+c)'/2 


3.3.41 


((x'±a'ydx=^  (x'±a'y±j\n  \x+{x^±a'y\ 


3.3.42 


J: 


:=-^ln 


a+(a:2+a2)* 


o  o  Ao  C       dx  1  a 

0.3.43  I  —-5 ?ri=-  arccos  - 

J  a;(a;^— a-^ji     a  x 

Jdx  X 

7-5 5ri=arcsin  - 
(a^—x^p  a 

3.3.45      r(a2-x2)y2;=|  (^a'-x'y+^  arcsin  ^ 


3.3.46 

3.3.47 
3.3.48 


J  2;(a 


J 


c?x        _     1 


In 


a+(a2-x2)i 


(2aa;-a;2)i 


=arcsm 


x—a 


f  {2ax-x'ydx=^^^  (2ax-x')i+^ 


arcsin 


x—a 


a 


3.3.49 


J 


<ix 


{ax'-]-b)icx'^dy 
1 


[6(a^-6c)]i 


3.3.50 


x{ad—bcy         /    7\t  N 
arctan  777 — ^  ,    ,,,.         {ad>oc) 
[6(ca;^+a)]* 

[6(cx2+^]i+x(6c-a<^)i 


2[6(6c-a<f)P 


In 


[6(cx2+^)]i-a;(6c-a</)* 
(6c>-a</) 


3.4.  Limits,  Maxima  and  Minima 
Indeterminate  Forms  (L'HospitaPs  Rule) 

3.4.1     Let  j{x)  and  g{x)  be  differen liable  on  an 
interval  a<x<Cb  for  which  ^'(x)?^0. 

If 

lim/(x)=0  and  lim  $r(x)=0 

x-^b—  x-^- 


or  if 


and  if 


lim  /(x)  =  00  and  lim  g(x)=  m 

x-*b—  x-*b  — 


lim  —rrr—l  then  lim  -^-7^=^. 
^^t- g  {x)  x^b- g{x) 


■  g{x) 

Both  b  and  I  may  be  finite  or  infinite. 
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Maxima  and  Minima 

3.4.2  (1)  Functions  of  One  Variable 

The  function  y=j{x)  has  a  maximum  at  x=Xq 
if  /'(Xo)=0  and  /"(xoXO)  and  a  minimiim  at 
x=Xo  if  /'(a-o)=0  and  /"(a:o)>0.  Points  Xq  for 
which /'(a;o)=0  are  called  stationary  points. 

3.4.3  (2)  Functions  oj  Two  Variables 

The  function /(x,  y)  has  a  maximum  or  minimum 
for  those  values  of  (xq,  2/o)  for  which 

bx      '  dy      ' 


and  for  which 


dj/dxby        dj/dx^ 


(a)  /(x,  2/)  has  a  maximum 


<0; 


bx^ 
(b)  j{x,y)  has  a  minimum 


if  3:f2<0  and  ^<0  at  (xo,2/o), 


dy. 


3.5.  Absolute  and  Relative  Errors 

(1)  If  Xo  is  an  approximation  to  the  true  value 
of  X,  then 

3.5.1     (a)  the  absolute  error  of  Xq  is  Ax=Xo— x, 
X— Xq  is  the  correction  to  x. 


3.5.2     (b)  the  relative  error  of  Xq  is  5x= 


Ax_Ax 

X  Xq 


3.5.3  (c)  the  percentage  error  is  100  times  the 
relative  error. 

3.5.4  (2)  The  absolute  error  of  the  sum  or 
difference  of  several  numbers  is  at  most  equal  to 
the  sum  of  the  absolute  errors  of  the  individual 
numbers. 

3.5.5  (3)  If  /(xi,  X2,  .  .  .,  x„)  is  a  function  of 
Xi,  X2,  .  .  .,  x„  and  the  absolute  error  in  x^ 
(■1  =  1,  2,  .  .  .  n)  is  AXf,  then  the  absolute  error 
in /is 

A/«^^  Axi+^  AX2+  .  .  .  4-^  Ax„ 
•'     dxi      ^     dx2  dx„      " 

3.5.6  (4)  The  relative  error  of  the  product  or 
quotient  of  several  factors  is  at  most  equal  to  the 
sum  of  the  relative  errors  of  the  individual  factors. 

3.5.7 

Av     /'  (x) 
(5)  If  y=j{x),  the  relative  error  5y=-^     IT^  ^^ 


Approximate  Values 

lf|*l«i,hl«i,K<«. 

3.5.8  (a+6)*«a*+Jta*-»6 

3.5.9  (l+c)(l  +  r,)«l  +  e  +  77 
1+e 


3.5.10 


3.6.1 


1_L        -l+«  — ■^ 

3.6.  Infinite  Series 
Taylor's  Formula  for  a  Single  Variable 


/(x+/.)=/(x)+^/'(x)+|y"(x) 


+ 


h^ 


-I 


(n-1)! 


/^»-^'(a:)+i?n 


3.6.2 


n! 


A« 


R^=^^j'^\x+eji)=j-^^^{\-d,Y-'J'''\x+d,h) 


{n-\)\ 


3.6.3 


3.6.4 


(0<^,,2(x)<l) 


J{x)=j{a)  +  ^^^f'{a)JrK^J"{o)^. 


1! 


2! 


+^0^'/<-^(a)+fi. 


3.6.5 


^n=-^^:r?^/<"^(l) 


n\ 


ia<^<x) 


Lagrange's  Expansion 

If  y=f(x),  yo=fixo),f{xo)  9^0,  then 
3.6.6 


X — Xo~r  /  I 

/c=l 


(y-yoY  rd"  '  ;  x-xo_^ti 


k\ 


W-iV(x)-?/o' 


3.6.7 

^(x)  =  y(xo) 


+s 


«:  =  1 


A:! 


where  g{x)  is  any  function  indefinitely  differenti- 
able. 

Binomial  Series 

3.6.8 


(1  + 


^>"=S© 


X* 


(-l<x<l) 


3.6.9 

(l+a;)''=l+aj;- 
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t(a — 1)    2  .  a{a — l){a — 2) 


X^+  . 


(-1<X<1) 


2!  '  3! 

3.6.10 

3.6.11 

i,i-rx;      i-r^     g-r^g    128^256     1024^ 

(-l<a;<l) 
3.6.12 

{l-j-x)     -1     2+  g       16  "^128      256 
,  231x« 


1024 


(-l<x<l) 


3.6.13 

{l+x)i^l-\.^x-lx'-\-^j^ 


10 


"^729^ 


9"    '  81 
154 


6561 


243 

x'+  .  .  . 


(-l<i;<l) 


729     "^6561  •  •  • 


Asymptotic  Expansions 


(-1<X<1) 


3.6.15     A  series  ^  a;fe2  *  is  said  to  be  an  asymp- 


k=0 


totic  expansion  of  a  function /(x)  if 

n-l 

/(a:)— y^,  afcX~*=0(a;~")  as  x^oo 

fc=0 

for  everyri=l,2,  ....     We  write 

CO 

/(a;)~Z)«t2;-*. 

it=0 

The  series  itself  may  be  either  convergent  or 
divergent. 


Operations  With  Series 

Let  Si  =  l-\-aiX-\-a2X^-\-azX^-\-aiX*-\-  .  .  , 
S2=l  +  &ia;+62X^+63X^  +  64X*+  .  .  , 

S3=l+CiX  +  C2X^  +  C3X^  +  C4X*+    .    .    . 


Operation 

Cl 

C2 

C3 

Ci 

3.6.16 

S3=sr' 

-fll 

af  —  Cz 

2aia2  — 03  — a? 

20103  —  3o?02  —  04  +  01  +  0} 

3.6.17 

S3=sr^ 

-2ai 

3a? -202 

60102  —  203  —  4o? 

601O3+ 3oi  -  2o4  -  12a?02+ 5ot 

3.6.18 

S3  =  S,« 

1 
2°' 

1          1   2 
202-30? 

1         1         1    1    3 
203-40102+^^0? 

1        1           1  2  ,    3    J          5     , 
20.     4O1O3     -^al+^^a^a,     ^^^at 

3.6.19 

S3=«r^ 

1 
-20> 

3  ,     1 
8"'-2'^^ 

3            1          5    3 
|Oi02-203-ygaf 

3         ,3^1        15  ,     ,    35   , 
40103  +  gOi     -0,     160102+ j28ot 

3.6.20 

sz  =  s1 

noi 

2(n— l)ciai  +  na2  * 

Ci02(n— 1) 

+  icio!(n-l)(n-2)  * 

0                                 +7103 

no4  +  Ci03(n— l)  +  -n(n  — 1)02 

+  2(n-l)(n-2)ciOi02 
+  ^(n-l)(n-2)(n- 

-3)c,a? 

3.6.21 

S3  =  SiS2 

ai  +  bi 

62  +  0161  +  02 

63  +  0162  +  0261  +  03 

64  +  0163 + 0262  +  0361  +  a« 

3.6.22 

S3  =  Si/S2 

ai  —  bi 

02  -  (61C1  +  62) 

03-(6lC2  +  62Ci  +  63) 

04  -  (61C3  +  62C2  +  63C1  +  64) 

3.6.23 

S3  =  exp  (si-1) 

Ol 

^1  2 
O2  +  2OI 

03+0102+70? 

04  +  ai03 + 2O2  +  202a?  +  24O1 

3.6.24 

S3=l  +  ln  Si 

Ol 

1 
02  — 2O1C1 

03-2(0201  +  20102) 

1 

04  — 2(a3Ci  +  2o2C2  +  3oiC3)      * 

•See  page  n. 
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Reversion  of  Series 

3.6.25  Given 

y=a.i  +  hx'-\-C3?-\-dx^+ex^-^jj*^-(ri'+   .   .  . 

then 

where 
aA=l 

a?B=-h 

a'C=2b'-a€ 

a~D=5ahc—a^d—ob^ 

a'E=6a'bd+3a'c'+Ub^-a^e-2\ah'c 

a."F=  Ta^Je + 7ahd  -|-  84a  b^c  -  </" 

-2'^a^b&-^2¥-2%d?bH 

a'^G=8a^bf-^8a*ce+Aa^d^-\-120a'b^d 

-TlS0a^b'^c^-^\32b^-a'g-36a^bh 

-12a?bcd-  12aV-330o6*c 

Kummer's  Transformation  of  Series 

3.6.26  Let  ^  Gi=s  be  a  given  convergent  series  and 

CD 

y^  C;=c  be  a  given  convergent  series  with  known 

sum  c  such  that  lim  — =X5^0. 
Then 

fc=0   V  O;./ 

Euler's  Transformation  of  Series 

3.6.27  If  S  (— l)*ai.=ao— Oi+Qo—  .  .  .  is  a  con- 

/:=0 

vergent  series  with  sum  s  then 

^=±  ^^°.  A'«.=S  (-D-f^) «.- 
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Polar  Form 

3.7.2  2=re'*=r(cos  d^i  sin  6) 

3.7.3  Modulus:  \z\  =  (r'-]-y^)^=r 


Euler-Maclaurin  Summation  Formula 


3.6.28 


'^J.=£mdk-l  [/(0)+/(n.)]+^  [/'(^)-/'(0)] 


1 


[fvm(n)-fviT^(Q)]+, 


3.7.1 


1209600 

3.7.  Complex  Numbers  and  Functions 
Cartesian  Form 

z=x-riy 


3.7.4  Ar/jument:   arg    2=arctan    {ylx)  —  d    (other 
notations  for  arg  z  are  am  z  and  ph  z). 

3.7.5  Real  Part:  £=^z=r  cos  9 

3.7.6  Imaginary  Part:  y=J^z=r  sin  ^ 

Complex  Conjugate  of  z 

3.7.7  z=x—iy 

3.7.8  |i|  =  |2| 

3.7.9  arg  r=— arg  2 
Multiplication  and  Di^~ision 

If  Zi=^xi~iyi,  Z2=X2+iy3,  then 

3.7.10  ziZ2=XiX2—yiy2-hiixiy2+X2yi) 

3.7.11  |2i22|  =  |2i||22| 

3.7.12  arg  (2i22)  =  arg  2i+arg  Zo 


3.7.13 
3.7.14 

3.7.15 


2i     2iZ2     Xix.2-ryiy2+i{x2yi—xiy2) 


22  22 


a:|+2/i 


— 

22 


|2i| 

I22I 


arg 


©= 


arg  2i— arg  22 

Powers 


3.7.16     z''=r''e*" 
3.7.17 


=  7-"  cos  nd-rir"  sm  n5 

(7l=0,:rl.r:2,...) 

22=x^-^+i(2a-y) 


z^=x^-3xf+i{Sx'y-f) 
2^=x*-6xy+^+i(4j^2/-4a-?/3) 


3.7.18 

3.7.19 

3.7.20 

3.7.21     z'=x'-10j^y'-{-oxy^+i{ox*^y-lOxy^y') 

3.7.22 

a'-=[x''-Q)x''-y+Qa:'-y-  .  .  .] 

-\-i[(j)x'^-y-Q)x''-y^...], 

{n  =  l,2,...) 
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If  z'^^Un-^iVn,  then  2"+i=w„+,+w„+i  where 

3.7.23    Un+i=xun—yvn;  Vn+i=xVn-\-yu„ 

^2"  and  ^z"  are  called  harmonic  polynomials. 


3.7.24 
3.7.25 


z  _x—vy_ 


1        2" 

2»       UP"       ^         ^ 


Roots 


3.7.26  2*=V2=^«*"=^  cos  \e-\-ir^  sin  \e 

If  —  7r<0<x  this  is  the  principal  root.  The 
other  root  has  the  opposite  sign.  The  principal 
root  is  given  by 

3.7.27  z^^  =  [h{r-\-x)]^±i[h{r—x)y'-=u±w  where 
2uv=^y  and  where  the  ambiguous  sign  is  taken  to 
be  the  same  as  the  sign  of  y. 

3.7.28  2i/''=ri^"e'«/'',  (principal  root  if  -ir<d<ir). 
Otherrootsareri/V^''+2T»)/n  (^^;i^2,3,  .  .  .,n-l). 


3.7.29 


'2l|-   22 


Inequalities 


<|2l±22|<|2i|  +  |22| 


Complex  Functions,  Cauchy-Riemann  Equations 

f{z)  =f{x-\-iy)=u{x,  y)-\-iv{x,  y)  whereu(a-,  y),v{x,  y) 
are  real,  is  analytic  at  those  points  z=x-\-iy  at 
which 

bu    dv    du        dy 
bx 


3.7.30 

If  2=re*^, 
3.7.31 


dx    dy    dy 

dw_l  dv    1  dit 
dr    r  dd'  r  dd' 


dv 
dr 


Laplace's  Equation 

The    functions    u(x,  y)    and    v(;x,y)   are  called 
harmonic  functions  and  satisfy  Laplace's  equation: 


3.7.32 


Cartesian  Coordinates 


bx^^by'^'~bx^^bf 


Polar  Coordinates 


3.7.33      r 


brbu 
br  \    br 


\     d^_     b_ 

r  bd'     ^  br 


VbrrbB^-'' 


3.8.  Algebraic  Equations 
Solution  of  Quadratic  Equations 

3.8.1     Given  02^+62+0=0, 


2i,  2 


=  -(^a)±^5*'2=^'-^^' 


2i  +  22=— 6/a,  ZxZi=c\a 

If  g>0,  two  real  roots, 
2=0,  two  equal  roots, 
2-<0,  pair  of  complex  conjugate  roots. 

Solution  of  Cubic  Equations 

3.8.2     Given  2^+022^+^12+00=0,  let 

S=3  fli— g  a|;  ^=g  (oiOa— Soo)— 2^  o^- 

If  g^+r^>0,  one  real  root  and  a  pair  of  complex 
conjugate  roots, 

23-|_y^=0,  all  roots  real  and  at  least  two  are 
equal, 

g^+r^<CO,  all  roots  real  (irreducible  case). 


Let 

then 


Si=[/-+(2'+r2)i]*,  S2=[r-(5^+r2)i]l 


2l=(Si+S2)— ^ 

22=-2  (si+S2)— 3-+^  (si-i>-2) 

1  .  .     02     iV3  /  X 

23=— 2  (si+«2)— 3 — 2~  ^^i"*'^-)- 

If  2i,  22,  23  are  the  roots  of  the  cubic  equation 

21  +  22+23=— 02 

2i22  +  2i23 +  2223  =  01 

2x2223=       Oo 
Solution  of  Quartic  Equations 

3.8.3     Given  2*+a32^+022^+Oi2+Oo=0,  find   the 
real  root  Ux  of  the  cubic  equation 

w^ — 02U^  +  (OiOs — 4oo)w  —  (o? + OoOa — 40002) = 0 

and  determine  the  four  roots  of  the  quartic  as 
solutions  of  the  two  quadratic  equations 
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If  all  roots  of  the  cubic  equation  are  real,  use  the 
value  of  «i  which  gives  real  coefficients  in  the  quad- 
ratic equation. 

If 

then 

Pi-\-pi=a^, PiP!-^qi-^q2=0ii, Piai-^P2ii=0i,  2i22=ao- 
If  2i,  Si,  S3,  Zi  are  the  roots, 

22,2^=02,  ZiZiZzZi^Oo- 

3.9.   Successive  Approximation  Methods 
General  Comments 

3.9.1  Let  jr=Ji  be  an  approximation  to  x=^ 
where  /(|)=0  and  both  Xi  and  |  are  in  the  interval 
a<x<b.     We  define 

Jr,+i=J',— f J(J-,)         (n=l,2,  .  .  .)• 

Then,  if  f'(x)>0  and  the  constants  c„  are 
negative  and  bounded,  the  sequence  Xn  converges 
monotonicAlly  to  the  root  |. 

If  <'„=tf=constant<0  and  /'(a;)>0,  then  the 
process  convCTges  but  not  necessarily  monotoni- 
cally. 

Degree  of  CanTet^gence   of  an   Approximation   Process 

3.9.2  Let  Ti,  X2,  Xs,  .  .  .  be  an  infinite  sequence 
of  approximations  to  a  number  |.     Then,  if 
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Method  of  Iteration  (Successive  Substitution) 


!n^:-f<^>„-||*. 


(n=l, 


.) 


where  A  and  k  are  independent  of  n ,  the  sequence 
is  said  to  have  convergence  of  at  most  the  kth 
d^ree  (or  order  or  index)  to  |.  If  i=l  and 
A<C^  the  convergence  is  linear;  if  k=2  the  con- 
vergence is  quadratic. 

Rc^nla  Falsi  (False  Position) 

3.9.3  Given  y=fix)  to  find  ^  such  that  /(^)=0, 
choose  Xo  and  Xi  such  that  /(xo)  and  f{xi)  have 
opposite  signs  and  compute 


1        ■^-o)    y  ^Jl^-0~JoJ^l 


Then  continue  with  x^  and  either  of  Xo  or  Xi  for 
which /(xo^  or/(xi)  is  of  opposite  sign  to/Cx,). 

Regula  falsi  is  equivalent  to  inverse  linear  inter- 
polation. 


3.9.4  The  iteration  scheme  Xt+i=F(x<^)  will 
converge  to  a  zero  of  x=F(x)  if 

(1)  l^'(^)l<2<lfora<x<6, 

(2)  a<Xo±l^?Mz:^<6. 

1—q 

Nevton's  Method  of  Successive  Approximations 

3.9.5 

Newton's  Rule 

If  x=Xt  is  an  approximation  to  the  solution 
2=1  of  /(x)=0  then  the  sequence 

will  converge  quadra tically  to  x=|:  (if  instead  of 
the  condition  (2)  above), 

(1)  Monoionic  convergence,  /(xo)/"(xo)>0 
and  fix),  fix)  do  not  change  sign  in  the 
interval  (x^,  |),  or 

(2)  Oscillatory  convergence,  /(x^)/"  (xq) <C0 
and  S'{x),  fix)  do  not  change  sign  in  the 
interval  (xo,  Xj),  Xo<|<Xi. 

Newton's  Method  AppUed  to  Real  nth  Roots 

3.9.6  Given  x"=A',  if  Xt  is  an  approximation 
x=A'^  "  then  the  sequence 

will  converge  quadra  tically  to  x. 
Ifn=2,x..,=i(-^+r.), 

If..=3,i.+,=i(j|+2jr.)- 

-Aitken's  S^-Process  for  Acceleration  of  Sequences 

3.9.7  If  Xt,  Xjt+i,  Xt+2  are  three  successive  iterates 
in  a  sequence  convei^ing  with  an  error  which  is 
approximately  in  geometric  progression,  then 


-  —        (a— J't-i)^_-r^J-t^;— -Tt-i. 


A^x, 


A2xt=Xt— 2xt^i-fXt+2 


is  an  improved  estimate  of  x.    In  fact,  if  x^—xn- 
0(X*)thenx=x-0(X*). 
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Definitions 


3.10.1 

(1)     Let 


^='»+6;t^ 


62+^3 


=  bc 


63+  ■■ 


61+  b.2+  63+ 


If  the  number  of  terms  is  finite,  /  is  called  a 
terminating  continued  fraction.  If  the  number 
of  terms  is  infinite,/ is  called  an  infinite  continued 
fraction  and  the  terminating  fraction 

Jn--^-Oo^j^^^  6,+  •  •  •  6„ 

is  called  the  nth  convergent  of/. 

(2)     If  lim  -—■  exists,  the  infinite  continued  frac- 

tion/  is  said  to  be  convergent.     If  a<  =  l  and  tlie 
hi  are  integers  there  is  alwa3s  convergence. 

Theorems 

(1)  If  tti   and    6<    are    positive    tJien  jm^jin^i, 

(2)  If/.=4^, 

ATi=^hnAn-\-\-(lnAn-i 
B  n=hnB  n-X^dnB  n-i 

where  y4_i  =  l,  .^0=^0,  ^-i  =  0,  Bq=\. 


(3) 


-a: 

A-n-i 

A.n-2 

-hrT 

.Bn. 

_5,_, 

Bn-2. 

-dn. 

(4)  AnBn-X-Ar,.,Bn={-\Y-'     H     tt, 

fc  =  l 

(5)     For  every  /i>0, 


/«=6o+ 


C161+  C262+  C363+ 
(6)     l  +  6,+6,63+  .  .  .  +6263.  .  .6„ 
1         b-2  h. 


Cnhn 
K 


^  +  ^  + 


1-    62+1-    63+1- 
1  1 


u\ 


Ul-i 


1 


X' 


Oo    ao<Zi     aoQiai 


2.0 


W/z        ^^l—   W1  +  W2 

...+(-1)" 


—  Un-l-\-Un 


X" 


1 


fln-lX 


ao+  fli  — a:+  02  — j+  "       +a„  — x 


.4         .6         .8         1.0        12        1.4         1.6        1.8       2.0 

Figure  3.1.     y^x". 
±n=0,|,  ^.  1,2,  5. 


Numerical  Methods 
3.11.  Use  and  Extension  of  the  Tables 


Example  1.     Compute  x^^    and  x*^    for    j:  =  29 
using  Table  3.1. 


=  (1.45071  4598- 10»^) (4.20707  2333- lO^*) 
=  6.10326  1248-10" 

=  (1.25184  9008-10^^)729 
=  5.40388  2547-10^ 

Example  2.     Compute  x'^^*  for  x  =  9. 19826. 

(9.19826)'/''=  (919.826/100)1'*=  (919.826)''V105 

273-888  0-67— 3 


Linear  interpolation  in  Table  3.1  gives 
(919.826)i'*~5.507144. 

By  Newton's  method  for  fourth  roots  with 
iV=919.826, 

Repetition  yields  the  same  result.     Thus, 

xi'*  =  5.50714  3845/10^=1.74151  1796, 

x-'"*=xyx=.l89-S-6  05683. 

3.12.  Computing  Techniques 

Example  3.  Solve  the  qviadratic  equation 
x=^— 18.2/  +  .056  given  the  coeflicients  as  18.2±.l, 


♦See  page  ii. 
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.056 ±.001.     From  3.8.1  the  solution  is 

x=5(18.2±[(18.2)2-4(.056)]') 

=h(i8.2-hmimm=h(\8.2±  18.1939) 

=  18.1969,  .003 

The  smaller  root  may  be  obtained  more  accurately 
from 
*  .056/18. 1969  =  . 0031  ±.0001. 

Example  4.     Compute  (-3  +  . 0076i)^. 
From  3.7.26,  {-3-\-m7Qi)i=u-\-iv  where 

Thus 

r=[(-3)2+(.0076)2]i=(9.0000o776)i=3.00000  9627 
.00000  9627- (-3)' 


r3.( 


_y_ 


2 

.0076 


']  = 


1.73205  2196 
00219  392926 


2v    2(1.73205  2196) 

We  note  that  the  principal  square  root  has  been 
computed. 


Example  5.  Solve  the  cubic  equation x^—  18.1x 
-34.8=0. 

To  use  Newton's  method  we  first  form  the 
table  of /(x)=  2^-1 8. la- -34. 8 

X  fix) 

4  -43.2 

5  -     .3 

6  72.6 

7  181.5 

We  obtain  by  linear  inverse  interpolation: 

-o=5+^|=^)=5.004. 

Using  Newton's  method, /'(a;)  =  3x^—18.1  we  get 
Xi~Xo—f(xo)/r{xo) 

,„„.     (-.07215  9936)     .  ^^.„. 
""•^^^ 57.020048      -5.00526. 

Repetition  yields  a;i  =  5.00526  5097.  Dividing 
fix)  by  x-5.00526  5097  gives  x^^ 5.00526  5097x 
+  6.95267  869  the  zeros  of  which  are  —2.50263  2549 
±.83036  800i. 


Example  6.     Solve  the  quartic  equation 

x''-2.37752  4922x^  +  6.07350  5741x2 

-11.17938  023X  +  9.05265  5259  =  0. 

Resolution  Into  Quadratic  Factors 

(j2  +  p,J  -f  ^i)  (2:2  4-  pjj  J^  g.^) 

by  Inverse  Interpolation 

Starting  with  tlie  trial  value  5i  =  l  we  compute 
successivelv 


9i 

0,-037, 

P2  =  a3  — Pi 

yiqi)-' 

=  9l  +  92  +  PlP2 

Pi  — 

?2-gi 

-02 

1 
2 
2.2 

9.053 
4.526 
4.  115 

- 1.  093 
-2.  543 
-3.  106 

- 1.  284 
.  165 
.  729 

5.383 

.032 

-  2.  023 

We  seek  that  value  of  gi  for  which  y(qi)=0. 
Inverse  interpolation  in  y(qi)  gives  y{qi)^0  for 
51=^2.003.     Then, 


9i 

92 

Pi 

P2 

y(9i) 

2.  003 

4.  520 

-  2.  550 

.  172 

.  Oil 

Inverse   interpolation   between   51  =  2.2   and   ^r 
2.003  gives  91  =  2. 0041,  and  thus. 


9i 

92 

Pi 

P2 

J/(9i) 

2.  0041 
2.  0042 
2.  0043 

4.  51706  7640 
4.  51684  2260 
4.  51661  6903 

-2.  55259  257 
-2.  55282  851 
-  2.  55306  447 

. 17506  765 
.  17530  358 
.  17553  955 

. 00078  552 

. 00001  655 

-.  00075  263 

Inverse  interpolation  gives  §1  =  2.00420  2152,  and  we  get  finally, 


9i 

92 

Pi 

P2 

yiqi) 

2.  00420  2152 

4.  51683  7410 

-  2.  55283  358 

.  17530  8659 

-.  00000  0011 

•See  page  n. 
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Double    Precision    Multiplication    and    Division    on    a 
Desk  Calculator 

Example?.  Multiply M=20243  97459  71664  32102 
by  m  =  69732  82428  43662  95023  on  h  10X10X20 
desk  calculating  machine. 

Let  Afo=20243  97459,  Mi  =  71664  32102,  mo= 
69732  82428,  Wi  =  43662  95023.  Then  Mm  = 
iVfoWol02o+(Momi+Mimo)10^°+Mim,. 

(1)  Multiply  Mimi=31290  75681  96300  28346 
and  record  the  digits  96300  28346  appearing  in 
positions  1  to  10  of  the  product  dial. 

(2)  Transfer  the  digits  31290  75681  from  posi- 
tions 11  to  20  of  the  product  dial  to  positions  1  to 
10  of  the  product  dial. 

(3)  Multiply  cumulatively  Mimo+Momi  +  31290 
75681  =  58812  67160  12663  25894  and  record  the 
digits  12663  25894  in  positions  1  to  10. 

(4)  Transfer  the  digits  58812  67160  from  posi- 
tions 11  to  20  to  positions  1  to  10. 

(5)  Multiply  cumulatively  MoWo+58812  67160 
=  14116  69523  40138  17612.  The  results  as  ob- 
tained are  sliown  below, 

96300  28346 
12663  25894 

14116  69523  40138  17612 

14116  69523  40138  17612  12663  25894  96300  28346 

If  the  product  Mm  is  wanted  to  20  digits,  only 
the  result  obtained  in  step  5  need  be  recorded. 
Further,  if  the  allowable  error  in  the  20th  place  is 
a  unit,  the  operation  MiWi  may  be  omitted. 
Wlien  either  of  the  factors  M  or  m  contains  less 
than  20  digits  it  is  convenient  to  position  the 
numbers  as  if  they  both  had  20  digits.  This 
multiplication  process  may  be  extended  to  any 
higher  accuracy  desired. 

Example  8.  Divide  A^=  14116  69523  40138  17612 
by  (/=20243  97459  71664  32102. 
Method  (1) — linear  interpolation. 

Ar/20243  97459- 10'"=. 69732  82430  90519  39054 
A^/20243  97460-10'°=. 69732  82427  46057  26941 
Difference  =  3  44462  12113. 

Difference  X.71664  32102  =  24685  644028-10-2° 
(note  this  is  an  11X10  multiplication). 

Quotient= 

(69732  82430  90519  39054-246856  44028)- lO'^" 
=  .69732  82428  43662  95026 

There  is  an  error  of  3  units  in  the  20th  place  due 
to  neglect  of  the  contribution  from  second  differ- 
ences. 


Method  (2) — If  A^  and  d  are  numbers  each  not 
more  than  19  digits  let  N=Ni-^NolO\  d=di-{- 
dolO^  where  No  and  do  contain  10  digits  and  A^i 
and  di  not  more  than  9  digits.     Then 


Here 


d       dolO^+d 


1      rfolO«L  do   J 


A^=  14116  69523  40138  1761, 

(f=20243  97459  71664  3210 
A^o=14116  69523,  c?o=20243  97459, 

(fi  =  71664  3210 

(1)  AVi  =  10116  63378  42188  8830  (product dial). 

(2)  (A^oC?i)/c?o=49973  55504  (quotient  dial). 

(3)  A— (AV/i)/c?o=14116  69522  90164  62106 
(product  dial). 

(4)  [N-{N4i)/do]/doW=  .69732  82428=fiTst  10 
digits  of  quotient  in  quotient  dial.  Remainder 
=  r=08839  11654,  in  positions  1  to  10  of  product 
dial. 

(5)  r/(c?olO^)  =  .43662  9502-10-^''=next9  digitsof 
quotient.  N/d^. 69732  82428  43662  9502.  This 
method  may  be  modified  to  give  the  quotient  of 
20  digit  numbers.  Method  (1)  may  be  extended 
to  quotients  of  numbers  containing  more  than  20 
digits  by  employing  higher  order  interpolation. 

Example  9.  Sum  the  series  5=1  —  ^+3  —  4 
+   ...  to  5 D  using  the  Euler  transform. 

The  sum.  of  the  first  8  terms  is  .634524  to  6D. 
If  u„=lln  we  get 

n  u„  Au„  A^Un         A^Un  A*Un 

9      .  mill 

-11111 

10  .  100000  2020 

-9091  -505 

11  .090909  1515  156 

-7576  -349 

12  .083333  1166 

-6410 

13  . 076923 

From  3.6.27  we  then  obtain 

(-.000505)  .000156 
2*         "*"  2^ 

=-. 634524+. 055556+.002778+. 000253 

+  .000032-1- .000005 
=  .693148 

(5=  In  2=. 6931472  to  7D). 
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sin  X 


tegral  I 


dx 


=^  to  4D  using  the  Euler  transform. 


'(t+Dir 


sin  X 


Jo        2;  k=o  J k-r  ^ 

_"     psin(^7r+0 

A:=0  Jo  kv-^t 


dx 


dt=^{-\ 


fc=0 


.  n  sin^ 
^  Jo   kir+t 


dt. 


Evaluating    the    integrals    in    the    last    sum    by 
numerical  integration  we  get 


k 

f  sint    , 
; dt 

Jo    kw-\-t 

0 

1.  85194 

1 

. 43379 

2 

. 25661 

3 

. 18260 

A 

A2 

A3 

A* 

4 

. 14180 

-2587 

5 

. 11593 

-1788 

799 

-321 

6 

. 09805 

-1310 

478 

-168 

153 

7 

. 08495 

-1000 

310 

8         I     .  07495 

The   sum    to   ^  =  3   is    1.49216.     Applying  the 
Euler  transform  to  the  remainder  we  obtain 

\  (.14180)-^  (-.02587)+^  (.00799) 

-^(-.00321)+^  (.00153) 

=  .07090  +  .00647  +  .00100  +  .00020 

+  .00005 
=  .07862 

We  obtain  the  value  of  the  integral  as  1.57078  as 
compared  with  1.57080. 

Example  11.     Sum  the  series  ]2  k  ^=—  using 

fc  =  l  D 

the  Eider-Maclaurin  summation  formula. 
From  3.6.28  we  have  for  n=  » , 


z)^-'=2:^-'+z;(^+io) 


ik  =  l 


«;  =  1 


k  =  \ 


=s  *-'+ri(*)*4^«-i^/« 


^720-^° 


where/(^)  =  (^+10)-2.     Thus, 


X)  ^"'=1-54976  7731 +  .1 

Jt=i 

-.005 +.0001 6  6667 -.00000  0333 
=  1.64493  4065, 


as  compared  with  —=1.64493  4067. 
b 


Example  12.     Compute 

x     x^    4:x'  9x^ 


arctana;= 


1+  3+  5+  7  + 


to  5D  for  x=.2.  Here  ai=x,  a„=(n— 1)V  for 
n>l,  6o=0,  b„=2n-l,  ^_i=l,  5_,=0,  ^o  =  0, 
Bo=l. 


For  n>  1 


._5n_. 


'An-l-An-2 
Bn-lBn-2 


271-1 

_(n-l)V_ 


-AC 

0 

1 

1 

.2 

B,_ 

1 

0 

.2 

1 

-A,^ 

.2 

0 

3 

.6 

B,, 

1 

1 

.04 

3.04 

-A,- 

.6 

.2 

5 

3.032 

.B,_ 

3.04 

1 

.16 

15.36 

-a: 

3.032 

.6 

7 

21.440 

.B,_ 

15.36 

3.04 

.36 

108.6144 

^0 

B, 
B, 


=0 


=  .2 


A, 
B, 

^3 
^3 

=  .197368 


=  .197396 


4^=.  197396 
Hi 


Note  that  in  carrying  out  the  recurrence  method 
for  computing  continued  fractions  the  numerators 
An  and  the  denominators  B„  must  be  used  as 
originally  computed.  The  numerators  and  de- 
nominators obtained  by  reducing  A„/Bn  to  lower 
terms  must  not  be  used. 
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Table  3.1 

POWER! 

5  AJND  KOUIS 

«fc 

k 

1 
2 

See  Examples  1- 

-5  for  use 

nl=                  2 
n2=                    4 

3 

9 

4 
16 

3 
4 

of  the  table. 

«?-                    8 
nf=                  16 

27 
81 

64 
256 

5 

n5=                  32 

243 

1024 

6 
7 

Floating  decimal  notation: 

rfi=                  64 

729 
2187 

4096 
16384 

8 
9 

910  34867  84401 

n8=                256 
n9=                512 

6561 
19683 

65536 
2  62144 

10 

nlO=              1024 

59049 

10  48576 

24 

^(9)3.4867  84401               „24=       157  77216 

(11)2.8242   95365 

(14)2.8147  49767 

1/2 

nl/2= 

1.4142  13562 

1.7320  50808 

2.0000  00000 

1/3 

nl/3= 

1.2599  21050 

1.4422   49570 

1.5874   01052 

1/4 

nl/4= 

1.1892   07115 

1.3160  74013 

1.4142  13562 

1/5 

nl/5= 

1.1486  98355 

1.2457  30940 

1.3195  07911 

1 

5 

6 

7 

8 

9 

2 

25 

36 

49 

64 

81 

3 

125 

216 

343 

512 

729 

4 

625 

1296 

2401 

4096 

6561 

5 

3125 

7776 

16807 

32768 

59049 

6 

15625 

46656 

1   17649 

2  62144 

5  31441 

7 

78125 

2   79936 

8  23543 

20  97152 

47  82969 

8 

3  90625 

16  79616 

57  64801 

167  77216 

430  46721 

9 

19  53125 

100  77696 

403   53607 

1342  17728 

3874   20489 

10 

97   65625 

604  66176 

2824  75249 

(    9)1.0737  41824 

(    9)3.4867  84401 

24 

(16)5.9604   64478 

(18)4.7383  81338 

(20)1.9158  12314 

(21)4.7223   66483 

(22)7.9766  44308 

1/2 

2.2360   67977 

2.4494   89743 

2.6457  51311 

2.8284  27125 

3.0000  00000 

1/3 

1.7099   75947 

1.8171   20593 

1.9129  31183 

2.0000  00000 

2.0800   83823 

1/4 

1.4953   48781 

1.5650   84580 

1.6265  76562 

1.6817  92831 

1.7320  50808 

1/5 

1.3797  29662 

1.4309  69081 

1.4757  73162 

1.5157  16567 

1.5518  45574 

1 

10 

11 

12 

13 

14 

2 

100 

121 

144 

169 

196 

3 

1000 

1331 

1728 

2197 

2744 

4 

10000 

14641 

20736 

28561 

38416 

5 

1   00000 

1  61051 

2  48832 

3  71293 

5  37824 

6 

10  00000 

17   71561 

29   85984 

48  26809 

75  29536 

7 

100  00000 

194   87171 

358  31808 

627  48517 

1054  13504 

8 

1000  00000 

2143   58881 

4299  81696 

8157  30721 

(    9)1.4757   89056 
10)2.0661   04678 

9 

(    9)1.0000  00000 
(10)1.0000  00000 

(    9)2.3579  47691 
(10)2.5937  42460 

(    9)5.1597  80352 
(10)6.1917  36422 

(10)1.0604  49937 
(11)1.3785  84918 

10 

(11)2.8925  46550 

24 

(24)1.0000   00000 

(24)9.8497   32676 

(25)7,9496   84720 

(26)5.4280  07704 

(27)3.2141   99700 

1/2 

3.1622   77660 

3.3166   24790 

3.4641    01615 

3.6055  51275 

3.7416   57387 

1/3 

2.1544   34690 

2.2239  80091 

2.2894  28485 

2.3513   34688 

2.4101   42264 

1/4 

1.7782    79410 

1.8211   60287 

1.8612   09718 

1.8988  28922 

1.9343   36420 

1/5 

1.5848  93192 

1.6153   94266 

1.6437   51830 

1.6702   77652 

1.6952   18203 

1 

15 

16 

17 

18 

19 

2 

225 

256 

289 

324 

361 

3 

3375 

4096 

4913 

5832 

6859 

4 

50625 

65536 

83521 

1   04976 

1  30321 

5 

7   59375 

10  48576 

14  19857 

18  89568 

24  76099 

6 

113   90625 

167   77216 

241   37569 

340  12224 

470  45881 

7 

1708   59375- 

2684   35456 

4103   38673 

6122   20032 

8938  71739 

8 

(    9)2.5628  90625 
(10)3.8443   35938 

(    9)4.2949   67296 

(    9)6.9757   57441 
(11)1.1858  78765 

(10)1.1019  96058 
(11)1.9835   92904 

(10)1.6983   56304 
(11   3.  2268   76978 

9 

(10)6.8719   47674 

10 

(11)5.7665   03906 

(12)1.0995   11628 

(12)2.0159   93900 

(12)3.5704   67227 

(12)6.1310  66258 

24 

(28)1.6834   11220 

(28)7.9228   16251 

(29)3.3944   86713 

(30)1.3382   58845 

(30)4.8987   62931 

1/2 

3.8729   83346 

4. 0000   00000 

4.1231    05626 

4.2426   40687 

4.3588   98944 

1/3 

2.4662   12074 

2.5198   42100 

2.5712   81591 

2.6207   41394 

2.6684   01649 

1/4 

1.9679   89671 

2.0000   00000 

2.0305   43185 

2.0597   67144 

2. 0877   97630 

1/5 

1.7187   71928 

1.7411    01127 

1.7623   40348 

1.7826   02458 

1.8019   83127 

1 

20 

21 

22 

23 

24 

2 

400 

441 

484 

529 

576 

3 

8000 

9261 

10648 

12167 

13824 

4 

1    60000 

1    94481 

2   34256 

2    79841 

3  31776 

5 

32   00000 

40  84101 

51    53632 

64   36343 

79  62624 

6 

640   00000 

857   66121 

1133   79904 

1480   35889 

1911    02976 

7 

(    9)1.2800   00000 

(    9)1.8010   88541 
(10)3.7822   85936 

(    9)2.4943   57888 
(10   5, 4875   87354 

(    9)3.4048   25447 

(    9)4.5864   71424 

8 

(10)2.5600   00000 

(10)7.8310   98528 

(11)1.1007   53142 

9 

(11)5.1200  00000 

(11)7.9428   00466 

(12    1.2072   69218 

(12)1.8011    52661 
(13)4.1426   51121 

(12    2.6418   07540 
(13)6.3403   38097 

10 

(13)1.0240   00000 

(13)1.6679   88098 

(13)2.6559   92279 

24 

(31)1.6777   21600 

(31)5.4108  19838 

(32)1.6525   10926 

(32)4.8025   07640 

(33)1.3337   35777 

1/2 

4.4721   35955 

4.5825  75695 

4.6904   15760 

4.7958   31523 

4.8989   79486 

1/3 

2.7144   17617 

2.7589   24176 

2.8020   39331 

2.8438   66980 

2.8844   99141 

1/4 

2.1147   42527 

2.1406  95143 

2.1657   36771 

2.1899   38703 

2.2133   63839 

1/5 

1.8205  64203 

1.8384   16287 

1.8556  00736 

1.8721    71231 

1.8881   75023 
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POWERS  AND  ROOTS  n^ 


Table  3.1 


k 
1 

25 

26 

27 

28 

29 

2 

625 

676 

729 

784 

841 

3 

15625 

17576 

19683 

21952 

24389 

4 

3 

90625 

4  56976 

5  31441 

6 

14656 

7 

07281 

5 

97 

65625 

118  81376 

143  48907 

172 

10368 

205 

11149 

6 

2441 

40625 

3089  15776 

3874  20489 

4818 

90304 

5948 

23321 

7 

(  9)6.1035 

15625 

(  ''} 

8.0318  10176 

10 

1.0460  35320 

(10)1.3492 

92851 

(10)1.7249 

87631 

8 

(11)1.5258 

78906 

n! 

2.0882  70646 

(11) 

2.8242  95365 

(11)3.7780 

19983 

(11)5.0024 

64130 

9 

(12)3.8146 

97266 

(12)5.4295  03679 

(12)7.6255  97485 

(13)1.0578 

45595 

13)1.4507 

14598 

10 

(13)9.5367 

43164 

(14)1.4116  70957 

(14) 

2.0589  11321 

(14)2.9619 

67667 

(14)4.2070 

72333 

24 

(33)3.5527 

13679 

(33) 

9.1066  85770 

(34) 

2.2528  39954 

(34)5.3925 

32264 

(35)1.2518 

49008 

1/2 

5.0000 

00000 

5.0990  19514 

5.1961  52423 

5.2915 

02622 

5.3851 

64807 

1/3 

2.9240 

17738 

2.9624  96068 

3.0000  00000 

3.0365 

88972 

3.0723 

16826 

1/4 

2.2360 

67977 

2.2581  00864 

2.2795  07057 

2.3003 

26634 

2.3205 

95787 

1/5 

1.9036 

53939 

1.9186  45192 

1.9331  82045 

1.9472 

94361 

1.9610 

09057 

1 

30 

31 

32 

33 

34 

2 

900 

961 

1024 

1089 

1156 

3 

27000 

29791 

32768 

35937 

39304 

4 

8 

10000 

9  23521 

10  48576 

11 

85921 

13 

36336 

5 

243 

00000 

286  29151 

335  54432 

391 

35393 

454 

35424 

6 

7290 

00000 

8875  03681 

(  9 

1.0737  41824 

(  9)1.2914 

67969 

(  9)1.5448 

04416 

7 

(10)2.1870 

00000 

(10 

2.7512  61411 

(10' 

3.4359  73837 

(10)4.2618 

44298 

(10)5.2523 

35014 

8 

1  11)6.5610 
1  13)1.9683 

00000 

(11 

8.5289  10374 

(12) 

1.0995  11628 

(12)1.4064 
(13)4.6411 

08618 

(12)1.7857 

93905 

9 

00000 

(13) 

2.6439  62216 

(13) 

3.5184  37209 

48440 

(13)6.0716 

99277 

10 

(14)5.9049 

00000 

(14)8.1962  82870 

(15) 

1.1258  99907 

(15)1.5315 

78985 

(15)2.0643 

77754 

24 

(35)2.8242 

95365 

(35)6.2041  26610 

(36) 

1.3292  27996 

(36)2.7818 

55434 

(36)5.6950 

03680 

1/2 

5.4772 

25575 

5.5677  64363 

5.6568  54249 

5.7445 

62647 

5.8309 

51895 

1/3 

3.1072 

32506 

3.1413  80652 

3.1748  02104 

3.2075 

34330 

3.2396 

11801 

1/4 

2.3403 

47319 

2.3596  11062 

2.3784  14230 

2.  3967 

81727 

2.4147 

36403 

1/5 

1.  9743 

50486 

1.9873  40755 

2.0000  00000 

2.0123 

46617 

2.0243 

97459 

1 

35 

36 

37 

38 

39 

2 

1225 

1296 

1369 

1444 

1521 

3 

42875 

46656 

50653 

54872 

59319 

4 

15 

00625 

16  79616 

18  74161 

20 

85136 

23 

13441 

5 

525 

21875 

604  66176 

693  43957 

792 

35168 

902 

24199 

6 

(  9)1.8382 

65625 

(  9) 

2.1767  82336 

(  ''! 

2.5657  26409 

(  9)3.0109 

36384 

(  9)3.5187 

43761 

7 

(10)6.4339 

29688 

10 

7.8364  16410 

loi 

9.4931  87713 

(11)1.1441 

55826 

(11)1.3723 

10067 

8 

(  12)2.2518 
1  13)7.  8815 

75391 

(121 

2.8211  09907 

(12)3.5124  79454 

(12)4.3477 

92138 

(12)5.3520 

09260 

9 

63867 

(14) 

1.0155  99567 

(14)1,2996  17398 

(14)1.6521 

61013 

(14)2.0872 

83612 

10 

(15)2.7585 

47354 

(15)3.6561  58440 

(15) 

4.8085  84372 

(15)6.2782 

11848 

(15)8.1404 

06085 

24 

(37)1.1419 

13124 

(37)2.2452  25771 

(37) 

4.3335  25711 

(37)8.2187 

60383 

(38)1.5330 

29700 

1/2 

5.9160 

79783 

6.  OOOC  00000 

6.0827  62530 

6.1644 

14003 

6.  2449 

97998 

1/3 

3.2710 

66310 

3.3019  27249 

3.3322  21852 

3.  3619 

75407 

3.  3912 

11443 

1/4 

2.4322 

99279 

2.4494  89743 

2.4663  25715 

2.  4828 

23796 

2.  4989 

99399 

1/5 

2.0361 

68005 

2.0476  72511 

2.0589  24137 

2.  0699 

35054 

2.0807 

16549 

1 

40 

41 

42 

43 

44 

2 

1600 

1681 

1764 

1849 

1936 

3 

64000 

68921 

74088 

79507 

85184 

4 

25 

60000 

28  25761 

31  11696 

34 

18801 

37 

48096 

5 

1024 

00000 

1158  56201 

1306  91232 

1470 

08443 

1649 

16224 

6 

(  9)4.0960 

00000 

(  9)4.7501  04241 

(  '^ 

5.4890  31744 

(  9)6.3213 

63049 

(  9)7.2563 

13856 

7 

(11)1.6384 

00000 

(11 

1.9475  42739 

(11 

2.3053  93332 

(11)2.7181 

86111 

(11)3.1927 

78097 

8 

(12)6.5536 

00000 

(12 

7.9849  25229 

(12)9.6826  51996 

(13)1.1688 

20028 

(13)1.4048 

22363 

9 

(14)2.6214 

40000 

(14 

3.2738  19344 

(14 

4.0667  13838 

(14)5.0259 

26119 

(14)6.1812 

18395 

10 

(16)1.0485 

76000 

(16)1.3422  65931 

(16 

1.7080  19812 

(16)2.1611 

48231 

(16)2.7197 

36094 

24 

(38)2.8147 

49767 

(38)5.0911  10945 

(38 

9.0778  49315 

(39)1.5967 

72093 

(39)2.7724 

53276 

1/2 

6.3245 

55320 

6.4031  24237 

6.4807  40698 

6.5574 

38524 

6.6332 

49581 

1/3 

3.4199 

51893 

3.4482  17240 

3.4760  26645 

3.5033 

98060 

3.5303 

48335 

1/4 

2.5148 

66859 

2.5304  39534 

2.5457  29895 

2.5607 

49602 

2.5755 

09577 

1/5 

2.  0912 

79105 

2.1016  32478 

2.1117  85765 

2.1217 

47461 

2.1315 

25513 

1 

45 

46 

47 

48 

49 

2 

2025 

2116 

2209 

2304 

2401 

3 

91125 

97336 

1  03823 

1 

10592 

1 

17649 

4 

41 

00625 

44  77456 

48  79681 

53 

08416 

57 

64801 

5 

1845 

28125 

2059  62976 

2293  45007 

2548 

03968 

2824 

75249 

6 

(  9)8.3037 

65625 

(  9 

) 9. 4742  96896 
)  4.  3581  76572 

(10)1.0779  21533 

(10)1.2230 

59046 

(10)1.3841 

28720 

7 

(11)3.7366 

94531 

(11 

(11)5.0662  31205 

(11)5.8706 

83423 

(11)6.7822 

30728 

8 

(13)1.6815 

12539 

(13)2.0047  61223 

(13)2.3811  28666 

(13)2.8179 

28043 

(13)3.3232 

93057 

9 

(14)7.5668 

06426 

(14)9.2219  01627 

(15 

)  1.1191  30473 

(15)1.3526 

05461 

(15)1.6284 

13598 

10 

(16)3.4050 

62892 

(16)4.2420  74748 

(16 

5.2599  13224 

(16)6.4925 

06211 

(16)7.9792 

26630 

24 

(39)4.7544 

50505 

(39)8.0572  70802 

(40)1.3500  46075 

(40)2.2376 

37322 

(40)3.6703 

36822 

1/2 

6.  7082 

03932 

6.7823  29983 

6.8556  54600 

6.9282 

03230 

7.0000 

00000 

1/3 

3.5568 

93304 

3.5830  47871 

3.6088  26080 

3.6342 

41186 

3.6593 

05710 

1/4 

2.  5900 

20064 

2.6042  90687 

2.6183  30499 

2.6321 

48026 

2.6457 

51311 

1/5 

2.1411 

27368 

2.1505  60013 

2.1598  30012 

2.1689 

43542 

2.1779 

06425 

1 

n- 

(-4)31 
8 

n' 

■(-*)!]    ; 

[(-5)91 
8 

1 
n' 

[(-5)71 
6 

The  numbers  in  square  brackets  at  the  bottom  of  the  page  mean  that  the  maximum 
error  In  a  linear  Interpolate  is  a  X  lO-'  (p  In  parentheses),  and  that  to  Interpolate  to 
the  full  tabular  accuracy  m  points  must  be  used  in  Lagrange's  and  .\ltkens  methods  for 
the  respective  functions  n^"'.     * 


•See  page  ii. 
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Table  3.1 


POWERS  AND  ROOTS  n^ 


k 
1 

50 

5] 

I 

52 

53 

54 

2 

2500 

260] 

L 

2704 

2809 

2916 

3 

1  25000 

1 

3265] 

L 

1 

40608 

1 

48877 

1  57464 

4 

62  50000 

67 

6520] 

73 

11616 

78 

90481 

85  03056 

5 

3125  00000 

3450 

2525] 

3802 

04032 

4181 

95493 

4591  65024 

6 

(10)1.5625  00000 

(10 

1.7596 

2878C 

(10 

1.9770 

60966 

(10) 

2.2164 

36113 

(10 

)  2.  4794  91130 

7 

(11  7.8125  00000 

W 

8.9741 

06779   ( 12 

1.0280 

71703 

(12 

1.1747 

11140 

(12 

11.3389  25210 

8 

(13)3.9062  50000 

(13 

4.  5767 

94457   (13 

5.3459 

72853 

(13) 

6.  2259 

69041 

(13 

)  7.  2301  96134 

9 

(15)1.9531  25000 

11? 

2.  3341 

65173   (15 

2.7799 

05884 

(15 
(17) 

3.  2997 

63592 

(15 

) 3. 9043  05912 

10 

(16)9.7656  25000 

1.1904 

24238   (17 

11.4455 

51059 

1.  7488 

74704 

(17)2.1083  25193 

24 

(40)5.9604  64478 

(40 

9.  5870 

3309C 

)   (41)1.5278 

48342 

(41)2.4133 

53110 

(41)3.7796  38253 

1/2 

7.0710  67812 

7.1414 

2842-: 

7.2111 

02551 

7.2801 

09889 

7.3484  69228 

1/3 

3.6840  31499 

3.7084 

29769 

3.7325 

11157 

3.  7562 

85754 

3.7797  63150 

1/4 

2.6591  47948 

2.6723 

45118 

2.  6853 

49614 

2.  6981 

67876 

2.7108  06011 

1/5 

2.1867  24148 

2.1954 

0189" 

r 

2.2039 

44575 

2.2123 

56822 

2.2206  43035 

1 

55 

56 

57 

58 

59 

2 

3025 

3136 

3249 

3364 

3481 

3 

1  66375 

1 

75616 

1 

85193 

1 

95112 

2  05379 

4 

91  50625 

98 

34496 

105 

56001 

113 

16496 

121  17361 

5 

5032  84375 

5507 

31776 

6016 

92057 

6563 

56768 

7149  24299 

6 

(10)2.7680  64063 

(10)3.0840 

97946   (10 

13.4296 

44725 

\ll\ 

3.  8068 

69254 

(10 

4.2180  53364 

7 

(12  1.5224  35234 

12 

1.7270 

9485C 

)    12 

)  1.9548 

97493 

2.2079 

84168 

(12 

2.4886  51485 

8 

i  13)8.3733  93789 

(13 

9.6717 

31157   (14 

)  1.  1142 

91571 

(14) 

1.2806 

30817 

(14 

1.4683  04376 

9 

15)4.6053  66584 

^5 

5.  4161 

69448   ( 15 

)  6.  3514 

61955 

(151 

7.4276 

58740 

(15 

8.6629  95819 

10 

(17)2.5329  51621 

(17 

3.  0330 

5489] 

L   (17 

)  3.  6203 

33315 

(17) 

4.  3080 

42069 

(17 

15.1111  67533 

24 

(41)5.8708  98173 

(41)9.0471 

67858   (42)1.3835 

55344 

(42) 

2.1002 

54121 

(42)3.1655  43453 

1/2 

7.4161  98487 

7.4833 

1477^ 

1 

7.5498 

34435 

7.6157 

73106 

7.6811  45748 

1/3 

3.8029  52461 

3.8258 

62366 

3.  8485 

01131 

3.8708 

76641 

3.8929  96416 

1/4 

2.7232  69815 

2.7355 

6480C 

) 

2.7476 

96205 

2.7596 

69021 

2.7714  88002 

1/5 

2.2288  07384 

2.  2368 

5382= 

) 

2.2447 

86134 

2.2526 

07878 

2,2603  22470 

1 

60 

6] 

L 

62 

63 

64 

2 

3600 

3721 

3844 

3969 

4096 

3 

2  16000 

2 

2698] 

L 

2 

38328 

2 

50047 

2  62144 

4 

129  60000 

138 

4584] 

L 

147 

76336 

157 

52961 

167  77216 

5 

7776  00000 

8445 

96301 

9161 

32832 

9924 

36543 

(  '5) 

1.0737  41824 

6 

(10)4.6656  00000 

(10)5.1520 

37436   (10 

) 5.  6800 

23558 

(10) 
(12) 

6.2523 

50221 

(10 

6.8719  47674 

7 

(12)2.7993  60000 

12 

3.1427 

42836   (12 

)  3.  5216 

14606 

3.  9389 

80639 

(12 

4.3980  46511 

8 

(14)1.6796  16000 

(14 

1.9170 

73130    14)2.1834 

01056 

(14 
(16) 

2.4815 

57803 

(14 

2.8147  49767 

9 

(16)1.0077  69600 

(16 

1.1694 
7.1334 

14609   (16 

1.3537 

08655 

1.  5633 

81416 

(16 

1.8014  39851 

10 

(17)6.0466  17600 

(17 

29117   (17 

8.  3929 

93659 

(17) 

9.  8493 

02919 

(18) 

1.1529  21505 

24 

(42)4.7383  81338 

(42 

7.  0455 

68477   (43)1.0408 

79722 

(43)1.5281 

75339 

(43)2.2300  74520 

1/2 

7.7459  66692 

7.8102 

49676 

7.8740 

07874 

7.9372 

53933 

8.0000  00000 

V3 

3.9148  67641 

3.9364 

97183 

3.9578 

91610 

3.  9790 

57208 

4.  0000  00000 

1/4 

2.7831  57684 

2.7946 

82393 

2.8060 

66263 

2.8173 

13247 

2.8284  27125 

1/5 

2.2679  33155 

2.2754 

43032 

> 

2.2828 

55056 

2.2901 

72049 

2.2973  96710 

1 

65 

66 

67 

68 

69 

2 

4225 

4356 

4489 

4624 

4761 

3 

2  74625 

2 

87496 

3 

00763 

3 

14432 

3  28509 

4 

178  50625 

189 

74736 

201 

51121 

213 

81376 

226  67121 

5 

(  9)1.1602  90625 

{  9)1.2523 

32576   (  9 

)  1.3501 
9.0458 

25107 

(  9)1.4539 

33568 

(11 

1.5640  31349 

6 

(10)7.5418  89063 

(10)8.2653 

95002   (10 

38217 

(10 

9.  8867 

48262 

1.0791  81631 

7 

(12)4.9022  27891 

(12 

15.4551 

60701   (12 
06063   (14 

6.  0607 

11605 

(12 

b.  7229 

88818 

(12 

7.4463  53253 

8 

(14)3.1864  48129 
(16)2.0711  91284 

(14 

3.6004 

)  4.  0606 

76776 

(14) 

».  5716 

32397 

(14) 

5.1379  83744 

9 

(16 

2.  3762 

68001   (16 

2.7206 

53440 

(16) 
(18) 

3.1087 

10030 

(16 

3.5452  08784 

10 

(18)1.3462  74334 

(18 

)  1.  5683 

3688] 

L    (18 

1.8228 

37805 

2.1139 

22820 

(18) 

2.4461  94061 

24 

(43)3.2353  44710 

(43)4.6671 

78950   (43 

)  6.  6956 

88867 

(43) 

?.  5546 

30685 

(44)1.3563  70007 

1/2 

8.0622  57748 

8.  1240 

38405 

8.1853 

52772 

3.  2462 

11251 

8.3066  23863 

1/3 

4.0207  25759 

4.0412 

40021 

4.0615 

48100 

4.0816 

55102 

4.1015  65930 

1/4 

2.8394  11514 

2.8502 

69883 

2.8610 

05553 

2.8716 

21711 

2.8821  21417 

1/5 

2.3045  31620 

2,3115 

79249 

2.3185 

41963 

2.3254 

22030 

2.3322  21626 

1 

70 

71 

72 

73 

74 

2 

4900 

5041 

5184 

5329 

5476 

3 

3  43000 

3 

57911 

3 

73248 

3 

89017 

4  05224 

4 

240  10000 

254 

11681 

268 

73856 

283 

98241 

299  86576 

5 

(  9)1.6807  00000 

(  9 

)  1.8042 

29351   (  9 

)  1.9349 

17632 

!n! 

2.0730 

-71593 

(  '') 

2.2190  06624 

6 

(11)1.1764  90000 

(11 

1.2810 

02839   (11 

)  1.3931 

40695 

1.5133 

42263 

(11) 

1.6420  64902 

7 

(12)8.2354  30000 

{12 

)  9.  0951 

20158   (13 

)  1.0030 

61300 

(13) 

1.1047 

39852 

(13) 

1.2151  28027 

8 

(14)5.7648  01000 

(14 

6.4575 

35312   (14 

17.2220 

41363 

(14) 

3.  0646 

00919 

(14) 

8.9919  47402 

9 

(16)4.0353  60700 

(16 

4.5848 

50072   (16 

)  5. 1998 

69781 

(16) 

5.  8871 

58671 

(16) 

6.6540  41078 

10 

(18)2.8247  52490 

(18 

13.2552 

43551   (18 

)  3.  7439 

06243 

(isi 

4.2976 

25830 

(18) 

4.9239  90397 

24 

(44)1.9158  12314 

(44 

)  2.  6927 

76876   (44 

)  3.  7668 

63772 

(44)5.2450 

38047 

(44) 

7.2704  49690 

1/2 

8.3666  00265 

8.4261 

49773 

8.4852 

81374 

3.  5440 

03745 

8.6023  25267 

1/3 

4.1212  85300 

4.1408 

17749 

4.1601 

67646 

4.1793 

39196 

4.1983  36454 

1/4 

2.8925  07608 

2.9027 

83108 

2.9129 

50630 

2.9230 

12786 

2.9329  72088 

1/5 

2.3389  42837 

2.  3455 

87669 

2.3521 

58045 

2.3586 

55818 

2.3650  82769 

Jr(-5)s 

r 

I 
n3 

\{-5)4 

_- 

Jr( 

-5)3] 

„k( 

-5)2" 

6 

. 

6 

5 

5 

ELEMENTARY    ANALYTICAL    METHODS 
P0\^  ERS  AND  ROOTS  nk 


27 


Table  3.1 
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Table  3.1 
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5088] 

1169 

85856 

5 

(10)1.0000 

00000 

(10  1.0510 

1005C 

)   (10)1.1040  80803 

(10)1.1592 

7407< 

(10)1.2166 

52902 

6 

(12)1.0000 

00000 

(12)1.0615 

20151 

(12)1.1261  62419 

(12  1.1940 

5229" 

'     12)1.2653 

19018 

7 

(14)1.0000 

00000 

(14)1.0721 

35352 

(14  1.1486  85668 

(14  1.2298 

73865 

(14)1.3159 

31779 

8 

(16)1.0000 

00000 

(16)1.0828 

5670f 

)   (16)1.1716  59381 

(16)1.2667 

7008] 

(16)1.3685 

69050 

9 

18)1.0000 

00000 

(18)1.0936 

8527; 

>   (18)1.1950  92569 

(18)1.3047 

73184    (18)1.4233 

11812 

10 

(20)1.0000 

00000 

(20)1.1046 

22125 

(20)1.2189  94420 

(20)1.3439 

1637= 

'    (20)1.4802 

44285 

24 

(48)1.0000 

00000 

(48)1.2697 

3464= 

(48)1.6084  37249 

(48)2.0327 

94106 

)    (48)2.5633 

04165 

1/2 

(  1)1.0000 

00000 

(  1)1.0049 

87562 

(  1)1.0099  50494 

(  1)1.0148 

8915- 

'    (  1)1.0198 

03903 

1/3 

4.6415 

88834 

4.  6570 

0950E 

i       4.6723  28728 

4.6875 

48148       4.7026 

69375 

1/4 

3.  1622 

77660 

3.  1701 

5388C 

)       3.1779  71828 

3.  1857 

3250] 

3.  1934 

36868 

1/5 

2.5118 

86432 

2.5168 

9022<: 

2.5218  54548 

2.5267 

80083       2.5316 

67508 

1 

105 

106 

>             107 

108 

109 

2 

11025 

11236 

,            11449 

1166^ 

I 

11881 

3 

11 

57625 

11 

91016 

>          12  25043 

12 

59712 

12 

95029 

4 

1215 

50625 

1262 

47696 

1310  79601 

1360 

48896         1411 

58161 

5 

(10)1.2762 
(12)1.3400 

81563 

(10)1.3382 

2557£ 

1   (10)1.4025  51731 

(10)1.4693 

2807" 

'    (10)1.5386 

23955 

6 

95641 

(12  1.4185 

19112 

(12)1.5007  30352 

(12)1.5868 

74323    (12)1.6771 

00111 

7 

(14)1.4071 

00423 

(14)1.5036 

3025'; 

(14)1.6057  81476 

(14)1.7138 

24269    (14)1.8280 

39121 

8 

(16)1.4774 

55444 

(16)1.5938 

48075 

(I6  1.7181  86180 

16)1.8509 

30210     16  1.9925 

62642 

9 

(18  1.5513 

28216 

18)1.6894 

7895' 

»   (18  1.8384  59212 

(18)  1.9990 

04627    (18)2.1718 

93279 

10 

(20)1.6288 

94627 

(20)1.7908 

4769- 

(20)1.9671  51357 

(20)2.1589 

24997    (20)2.3673 

63675 

24 

(48)3.2250 

99944 

(48)4.0489 

3464] 

(48)5.0723  66953 

(48)6.3411 

80737    (48)7.9110 

83175 

1/2 

(  1)1.0246 

95077 

(  1)1.0295 

6301-: 

\        (  1)1.0344  08043 

(  1)1.0392 

30485    (  1)1.0440 

30651 

1/3 

4.7176 

93980 

4.7326 

23491 

4.7474  59398 

4.  7622 

03156       4.7768 

56181 

1/4 

3.2010 

85873 

3.2086 

80436 

.       3.2162  21453 

3.2237 

09795       3.2311 

46315 

1/5 

2.5365 

17482 

2.5413 

30642 

2.5461  07613 

2.  5508 

49001       2.5555 

55397 

1 

110 

11] 

112 

113 

114 

2 

12100 

1232] 

12544 

12769 

12996 

3 

13 

31000 

13 

6763] 

14  04928 

14 

42897           14 

81544 

4 

1464 

10000 

1518 

0704] 

1573  51936 

1630 

47361         1688 

96016 

5 

(10)1.6105 

10000 

(10)1.6850 

5815: 

(10)1.7623  41683 

(10)1.8424 

35179    (10)1.9254 

14582 

6 

(12)1.7715 

61000 

(12  1.8704 

14552 

(12)1.9738  22685 

(l2  2.  0819 

51753    (l2  2.  1949 

72624 

7 

(14)1.9487 

17100 

(14)2.0761 

60152 

(14)2.2106  81407 

(14)2.3526 

05480     14)2.5022 

68791 

8 

(16)2.1435 

88810 

(16)2.3045 

3777C 

)   (16  2.  4759  63176 

(16)2.6584 

44193    (16)2.8525 

86422 

9 

(18)2.3579 

47691 

(18)2.5580 

3692^ 

\        (I8  2.  7730  78757 

(18)3.0040 

41938    (18)3.2519 

48521 

10 

120)2.5937 

42460 

(20)2.8394 

20986 

(20)3.1058  48208 

(20)3.3945 

67390    (20)3.7072 

21314 

24 

(48)9.8497 

32676 

(49)1.2239 

15656 

)   (49)1.5178  62893 

(49)1.8788 

0905] 

L    (49)2.3212 

20685 

1/2 

(  1)1.0488 

08848 

(  1)1.0535 

65375 

(  1)1.0583  00524 

(  1)1.0630 

14581    (  1)1.0677 

07825 

1/3 

4.7914 

19857 

4.8058 

9553< 

4.8202  84528 

4.  8345 

88127       4.  8488 

07586 

1/4 

3.  2385 

31840 

3.2458 

6718C 

3.2531  53123 

3.2603 

90439       3.2675 

79877 

1/5 

2,  5602 

27376 

2.  5648 

6549= 

2.5694  70314 

2.5740 

42354       2.5785 

82140 

1 

115 

116 

117 

118 

119 

2 

13225 

13456 

)            13689 

13924 

14161 

3 

15 

20875 

15 

60896 

)          16  01613 

16 

43032 

!           16 

85159 

4 

1749 

00625 

1810 

63936 

)        1873  88721 

1938 

77776         2005 

33921 

5 

(10)2.0113 

57188 

(10)2.1003 

41656 

(10)2.1924  48036 

(10)2.2877 
(12)2.6995 

57757    (10)2.3863 

53660 

6 

(12  2.3130 

60766 

(12)2.4363 

9632: 

i   (12)2.5651  64202 

54153     12)2.8397 

60855 

7 

(14)2.6600 

19880 

( 14  2.8262 

1973^ 

\        (14)3.0012  42116 

(14)3.1854 

73901    (14)3.3793 

15418 

8 

(16)3.0590 

22863 

(16)3.2784 

14892 

16)3.5114  53276 

(16)3.7588 

59203    (16)4.0213 

85347 

9 

(18)3.5178 

76292 

(18)3.8029 

61275 

>   (I8  4.1084  00333 

(18  4.  4354 

53859     18)4.7854 

48563 

10 

(20)4.0455 

57736 

(20)4.4114 

3507= 

>        (20)4.8068  28389 

(20)5.2338 

35554    (20)5.6946 

83790 

24 

(49)2.8625 

17619 

(49)3.5236 

4170^ 

1   (49)4.3297  28675 

(49)5.3109 

00627    (49)6.5031 

99444 

1/2 

(  1)1.0723 

80529 

(  1)1.0770 

3296] 

(  1)1.0816  65383 

(  1)1.0862 

78049    (  1)1.0908 

71211 

1/3 

4.  8629 

44131 

4.  8769 

9896] 

4.8909  73246 

4.9048 

68131       4.9186 

84734 

1/4 

3.  2747 

22171 

3.2818 

18035 

3.2888  68168 

3.2958 

73252       3.3028 

33952 

1/5 

2.5830 

90178 

2.5875 

6696^ 

\                2.5920  12982 

2.  5964 

28703       2.6008 

14587 

1 

120 

12] 

122 

123 

124 

2 

14400 

1464] 

14884 

15129 

15376 

3 

17 

28000 

17 

7156] 

18  15848 

18 

60867           19 

06624 

4 

2073 

60000 

2143 

5888] 

2215  33456 

2288 

8664] 

L         2364 

21376 

5 

(10)2.4883 

20000 

(10)2.5937 

4246( 

)   (10)2.7027  08163 

(10)2.8153 

05684    (10)2.9316 

25062 

6 

(12)2.9859 

84000 

12)3.1384 

2837- 

f       (12)3.2973  03959 

12)3.4628 

25992 

12  3.6352 

15077 

7 

14)3.5831 

80800 

(14)3.7974 

98336 

)   (14)4.0227  10830 

(14)4.2592 

75970    (14)4.5076 

66696 

8 

(16)4.2998 

16960 

(16)4.5949 

72986 

>   (16)4.9077  07213 

(16)5.2389 

09443    (16)5.5895 

06703 

9 

(18)5.1597 

80352 

18)5.5599 

173i: 

>   (18)5.9874  02800 

(18)6.4438 

58615    (18)6.9309 

88312 

10 

(20)6.1917 

36422 

(20)6.7274 

9994c 

)   (20)7.3046  31415 

(20)7.9259 

46096    (20)8.5944 

25506 

24 

(49)7.9496 

84720 

(49)9.7017 

23376 

i   (50)1.1820  50242 

(50)1.4378 

80104    (50)1.7463 

06393 

1/2 

(  1)1.0954 

45115 

(  1)1.1000 

OOOOC 

)   (  1)1.1045  36102 

(  1)1.1090 

5365] 

(  1)1.1135 

52873 

1/3 

4.  9324 

24149 

4.9460 

8744: 

S      4.9596  75664 

4.9731 

89833       4.9866 

30952 

1/4 

3.3097 

50920 

3.  3166 

2479C 

)      3.'3234  56186 

3.  3302 

45713       3.3369 

93965 

1/5 

2.6051 

71085 

2.  6094 

98635 

2.6137  97668 

2.6180 

68602 

2.6223 

11847 

"f 

-5)31 
4 

1 

[(-5)11 
5 

1 
n^ 

[(-6)81 
5 

1 

r(-6)5i 

4 
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FOWE 

KS  A 

^D  ROO 

TS  nk 

Table  3.1 

k 

1 

125               126 

127               128               129 

2 

15625             15876 

16129             16384             16641 

3 

19  53125          20  00376 

20  48383          20  97152           21  46689 

4 

2441  40625         2520  47376 

2601  44641         2684  35456         2769  22881 

5 

(10)3.0517  57813    (10)3.1757  96938 

(10)3.3038  36941   (10)3.4359  73837    (10)3  5723  05165 

6 

(12  3.  8146  97266    (12)4.0015  04141 

12  4.  1958  72915    12)4.3980  46511    ( 12  4.  6082  73663 
(14)5.3287  58602   (14)5.6294  99534    (14)5.9446  73025 

7 

(14)4.7683  71582    (14)5.0418  95218 

8 

(16)5.9604  64478    (16)6.3527  87975 

16  6.7675  23424   (16)7.2057  59404     16  7. 6686  28202 

9 

(18)7.4505  80597    (18)8.0045  12848 
(20)9.3132  25746    (21)1.0085  68619 

(18)8.5947  54749   (18)9.2233  72037    (18)9.8925  30381 

10 

(21)1.0915  33853   (21)1.1805  91621    (21)1.2761  36419 

24 

(50)2.1175  82368   (50)2.5638  52774 

(50)3.0994  83316   (50)3.7414  44192    (50)4.5097  56022 

1/2 

(  1)1.1180  33989    (  1)1.1224  97216 

(  1)1.1269  42767   (  1)1.1313  70850    (  1)1.1357  81669 

1/3 

5.0000  00000       5.  0132  97935 

5.0265  25695 

)       5.  0396  84200       5.  0527  74347 

1/4 

3.3437  01525       3.3503  68959 

3.3569  96823       3.3635  85661       3^3701  36005 

1/5 

2.6265  27804       2.6307  16865 

2.6348  79413       2.6390  15822       2.6431  26458 

1 

130               131 

132 

133               134 

2 

16900             17161 

1742^ 

1              17689              17956 

3 

21  97000          22  48091 

22  99968          23  52637           24  06104 

4 

2856  10000         2944  99921 

3035  9577f 

)         3129  0072] 

L          3224  17936 

5 

(10)3.7129  30000    (10)3.8579  48965 
(12)4.8268  09000    (12)5.0539  13144 

(10)4.0074  64243   (10)4.1615  79589    f  lOU.  3204  00342 

6 

(12)5.2898  5280] 

12)5.5349  00854     12  5.  7893  36459 

7 

(14)6.2748  51700    (14)6.6206  26219 

14)6.9826  0569" 

(14)7.3614  18136    (14)7.7577  10855 

8 

(16)8.1573  07210    (16)8.6730  20347 

(16)9.2170  3952] 

(16)9.7906  86120    (17)1.0395  33255 

9 

(19  1.0604  49937    (19)1.1361  65665 

(19  1.2166  4921" 

(19)1.3021  61254    ( 19  1.  3929  74561 

10 

(21)1.3785  84918    (2l)l.  4883  77022 

(21)1.6059  7696( 

(21)1.7318  74468    (21)1.8665  85912 

24 

(50)5.4280  07704    (50)6.5239  57088 

(50)7.8302  26935 

(50)9.3851  10346    (51)1.1233  50184 

1/2 

(  1)1.1401  75425    (  1)1.1445  52314 

(  1)1.1489  12529 

(  1)1.1532  56259    (    lU.  1575  83690 

1/3 

5.0657  97019       5.0787  53078 

5.0916  4337C 

5.1044  68722 

5.1172  29947 

1/4 

3.3766  48375       3.3831  23282 

3.3895  61224 

3.3959  6269C 

3.4023  28159 

1/5 

2.6472  11681       2.6512  71840 

2.6553  0728C 

2.6593  1833" 

2.6633  05339 

1 

135               136 

137 

13£ 

139 

2 

18225             18496 

18769 

19041 

19321 

3 

24  60375          25  15456 

25  71353 

26  28072 

26  85619 

4 

3321  50625         3421  02016 

3522  75361 

3626  73936 

3733  01041 

5 

(10)4.4840  33438    (10)4.6525  87418 

(10)4.8261  72446 

(10)5.0049  00317 

(10)5.1888  84470 

6 

(12)6.0534  45141    (12)6.3275  18888 

(12)6.6118  56251 

(12)6.9067  62437 

(12)7.2125  49413 

7 

(14)8.1721  50940    (14)8.6054  25688 

(14)9.0582  43063 

(14)9.5313  32163 

(15)  1.0025  44368 

8 

17)1.1032  40377    (17)1.1703  37894 

(17)1.2409  79300 

(17)1.3153  23839 

(17)1.3935  36672 

9 

(19)1.4893  74509    (19)1.5916  59535 

(19)1.7001  41641 

(19)1.8151  46897 

(19)1.9370  15974 

10 

(21)2.0106  55587    (21)2.1646  56968 

(21)2.3291  94048 

(21)2.5049  02716 

(21)2.6924  52204 

24 

(51)1.3427  97252    (51)1.6030  01028 

(51)1.9111  44882 

(51)2.2756  11258 

(51)2.7061  70815 

1/2 

(  1)1.1618  95004    (  1)1.1661  90379 

(  1)1.1704  69991 

(  1)1.1747  34012 

(  1)1.1789  82612 

1/3 

5.1299  27840       5.1425  63181 

5.1551  36735 

5.1676  49252 

5.1801  01467 

1/4 

3.4086  58099       3.4149  52970 

3.4212  13222 

3.4274  39296 

3.4336  31623 

1/5 

2.6672  68608       2.6712  08461 

2.6751  25206 

2.6790  19145 

2.6828  90577 

1 

140               141 

142 

143 

144 

2 

19600             19881 

20164 

20449 

20736 

3 

27  44000          28  03221 

28  63288 

29  24207 

29  85984 

4 

3841  60000         3952  54161 

4065  86896 

4181  61601 

4299  81696 

5 

(10)5.3782  40000    (10)5.5730  83670 

(10)5.7735  33923 

(10)5.9797  10894 

(10)6.1917  36422 

6 

(12)7.5295  36000    (12)7.8580  47975 

(12)8.  1984  18171 

(12)8.5509  86579 

(12)8.9161  00448 

7 

(15)1.054135040    (15)1.1079  84764 

(15)1.1641  75380 

(15)1.2227  91081 

(15)1.2839  18465 

8 

(17)1.4757  89056    17)1.5622  58518 

(17)1.6531  29040 

(17)1.7485  91246 

17)1.8488  42589 

9 

(19)2.0661  04678   (19)2.2027  84510 

(19)2.3474  43237 
(21)3.3333  69396 

19)2.5004  85481 

(19)2.6623  33328 

10 

(21)2.8925  46550    (21)3.1059  26159 

(21)3.5756  94238 

(21)3.8337  59992 

24 

(51)3.2141  99700    (51)3.8129  28871 

(51)4.5177  29930 

(51)5.3464  42484 

(51)6.3197  48715 

1/2 

(  1)1.1832  15957    (  1)1.1874  34209 

(  1)1.1916  37529 

(  1)1.1958  26074 

(  1)1.2000  00000 

1/3 

5.1924  94102 

>       5.2048  27863 

5.2171  03446 

5.2293  21532 

5.2414  82788 

1/4 

3.4397  90628       3.4459  16727 

3.4520  10326 

3.4580  71824 

3.4641  01615 

1/5 

2.6867  39790       2.6905  67070 

2.6943  72696 

2.6981  56943 

2.7019  20077 

1 

145               146 

147 

148 

149 

2 

21025 

>             21316 

21609 

21904 

22201 

3 

30  48625          31  12136 

31  76523 

32  41792 

33  07949 

4 

4420  50625 

4543  71856 

4669  48881 

4797  85216 

4928  84401 

5 

(10)6.4097  3406: 

>    (10)6.6338  29098 

(10)6.8641  48551 

(10)7.1008  21197 

(10)7.3439  77575 

6 

(12)9.2941  1439] 

(12)9.6853  90482 

13)1.0090  29837 

(13)1.0509  21537 

(13)1.0942  52659 

7 

(15)1.  3476  4658" 

'    (15)1.4140  67010 

(15)1.4832  73860 

(15)1.5553  63875 

(15)1.6304  36461 

8 

(17)1.9540  8755] 

(17)2.0645  37835 

(17)2.1804  12575 

(17)2.3019  38535 

(17)2.4293  50327 

9 

(19)2.8334  26948    (19)3.0142  25239 

(19)3.2052  06485 

(19)3.4068  69032 

(19)3.6197  31988 

10 

(21)4.  1084  69075 

.    (21)4.4007  68850 

(21)4.7116  53533 

(21)5.0421  66167 

(21)5.3934  00662 

24 

(51)7.4616  0154^ 

1    (51)8.7997  13625 

(52)1.0366  11527 

(52)1.2197  79049 

(52)1.4337  40132 

1/2 

(  1)1.2041  59458   (  1)1.2083  04597 

(  1)1.2124  35565 

(  1)1.2165  52506 

(  1)1.2206  55562 

1/3 

5.2535  87872 

5.2656  37428 

5.2776  32088 

5.2895  72473 

5,3014  59192 

1/4 

3.4701  00082 

3.4760  67602 

3.4820  04545 

3.4879  11275 

3.4937  88147 

1/5 

2.7056  62363 

2. 7093  84058 

2.7130  85417 

2.7167  66686 

2.7204  28110 

1 
«2 

r(-5)2i 

4 

nf 

-6)91 
5 

1 

[(-6)51 
4 

1 

[(-6)31 
4 
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Table 

3.1 

POWERS  AND  ROOTS 

nt' 

1 

150 

151 

152 

153 

154 

2 

22500 

22801 

23104 

23409 

23716 

3 

33 

75000 

34 

42951 

35 

11808 

35 

81577 

36 

52264 

4 

5062 

50000 

5198 

85601 

5337 

94816 

5479 

81281 

5624 

48656 

5 

(10)7.5937 

50000 

(10)7.8502 

72575 

(10)8.1136 

81203 

(10) 

8.  3841 

13599 

(10)8. 
(13)1. 

6617 

09302 

6 

(13)1.1390 

62500 

(13)1.1853 

91159 

(13)1.2332 

79543 

(13) 

1.2827 

69381 

3339 

03233 

7 

(15)1.7085 
(17)2.5628 

93750 

(15)1.7899 

40650 

(15)1.8745 

84905 

(15) 

1,9626 

37152 

(15)2, 
(17)3, 

0542 

10978 

8 

90625 

(17)2.7028 

10381 

(17)2.8493 
(19)4,3310 

69056 

(17 

3,0028 

34843 

1634 

84906 

9 

(19)3.8443 

35938 

(19)4.0812 

43676 

40965 

19 

4.5943 

37310 

(19)4. 

8717 

66756 

10 

(21)5.7665 

03906 

(21)6.1626 

77950 

(21)6,5831 

82267 

(21) 

7.0293 

36085 

(21)7, 

5025 

20804 

24 

(52)1,6834 

11220 

(52)1.9744 

52704 

(52)2,3133 

75387 

(52)2,7076 

61312 

(52)3. 

1659 

00782 

1/2 

(  1)1.2247 

44871 

(  1)1.2288 

20573 

(  1)1,2328 

82801 

(  1)1.2369 

31688 

(  1)1. 

2409 

67365 

1/3 

5.3132 

92846 

5.3250 

74022 

5.  3368 

03297 

5.  3484 

81241 

5. 

3601 

08411 

1/4 

3.4996 

35512 

3.  5054 

53712 

3.5112 

43086 

3,5170 

03963 

3. 

5227 

36670 

1/5 

2.7240 

69927 

2.7276 

92374 

2.7312 

95679 

2,  7348 

80069 

2, 

7384 

45765 

1 

155 

156 

157 

158 

159 

2 

24025 

24336 

24649 

24964 

25281 

3 

37 

23875 

37 

96416 

38 

69893 

39 

44312 

40 

19679 

4 

5772 

00625 

5922 

40896 

6075 

73201 

6232 

01296 

6391 

28961 

5 

(10)8.9466 

09688 

(10)9.2389 

57978 

(10)9.5388 

99256 

(10)9,8465 

80477 

(11)1. 

0162 

15048 

6 

(13)1.3867 

24502 

(13)1.4412 
(15)2.2483 

77445 

(13)1.4976 

07183 

(13)1,5557 

59715 

(13)1. 

6157 

81926 

7 

(15)2.1494 

22977 

92813 

(15)2.3512 

43278 

(15)2.4581 

00350 

(15)2. 

5690 

93263 

8 

(17)3.3316 

05615 

(17)3.5074 

92789 

(17)3.6914 

51946 

(17)3,8837 

98553 

(17  4, 

0848 

58288 

9 

(19)5.1639 

88703 

(19)5.4716 

88751 

(19)5.7955 

79555 

(19)6,1364 

01714 

(19)6. 

4949 

24678 

10 

(21)8.0041 

82490 

(21)8.5358 

34451 

(21)9.0990 

59901 

(21)9,6955 

14709 

(22)1, 

0326 

93024 

24 

(52)3.6979 

47627 

(52)4.3150 

94990 

(52)5.0302 

74186 

(52)5,8582 

79483 

(52)6. 

8160 

22003 

1/2 

(  1)1.2449 

89960 

(  1)1.2489 

99600 

(  1)1.2529 

96409 

(  1)1,2569 

80509 

(  1)1. 

2609 

52021 

1/3 

5.3716 

85355 

5.  3832 

12612 

5.  3946 

90712 

5,4061 

20176 

5. 

4175 

01515 

1/4 

3.  5284 

41525 

3.5341 

18843 

3.  5397 

68931 

3,5453 

92093 

3. 

5509 

88625 

1/5 

2.7419 

92987 

2.7455 

21947 

2.  7490 

32856 

2.7525 

25920 

2. 

7560 

01343 

1 

160 

161 

162 

163 

164 

2 

25600 

25921 

26244 

26569 

26896 

3 

40 

96000 

41 

73281 

42 

51528 

43 

30747 

44 

10944 

4 

6553 

60000 

6718 

98241 

6887 

47536 

7059 

11761 

7233 

94816 

5 

(11)1.0485 

76000 

(11)1.0817 

56168 

(11)1.1157 

71008 

(11) 

1,1506 

36170 

m\: 

1863 

67498 

6 

(13)1.6777 

21600 

(13  1.7416 

27430 

(13)1.8075 

49033 

(13) 

1,8755 

36958 

9456 

42697 

7 

(15)2.6843 

54560 

(15)2.8040 

20163 

(15)2.9282 

29434 

(17) 

3,0571 

25241 

(15)3, 

1908 

54023 

8 

(17)4.2949 

67296 

(17)4.5144 

72463 

(17)4.7437 

31683 

4,  9831 

14143 

(17)5, 

2330 

00598 

9 

(19)6.8719 
(22)1.0995 

47674 

(19)7.2683 

00665 

(19)7,6848 

45327 

(19)8,1224 

76053 

(19)8, 

5821 

20981 

10 

11628 

(22)1.1701 

96407 

(22)1,2449 

44943 

(22)1.3239 

63597 

(22)1. 

4074 

67841 

24 

(52)7.9228 

16251 

(52)9.2007 

03274 

(53)1,0674 

81480 

(53)1,2373 

78329 

(53)1, 

4330 

20335 

1/2 

(  1)1.2649 

11064 

(  1)1.2688 

57754 

(  1)1.2727 

92206 

(  1)1.2767 

14533 

(  1)1. 

2806 

24847 

1/3 

5.  4288 

35233 

5.4401 

21825 

5,4513 

61778 

5,4625 

55571 

5, 

4737 

03675 

1/4 

3.  5565 

58820 

3.5621 

02966 

3,5676 

21345 

3,  5731 

14235 

3, 

5785 

81908 

1/5 

2.7594 

59323 

2.7629 

00056 

2,7663 

23734 

2,  7697 

30547 

2. 

7731 

20681 

1 

165 

166 

167 

168 

169 

2 

27225 

27556 

27889 

28224 

28561 

3 

44 

92125 

45 

74296 

46 

57463 

47 

41632 

48 

26809 

4 

7412 

00625 

7593 

33136 

7777 

96321 

7965 

94176 

8157 

30721 

5 

(11)1.2229 
13)2.0179 

81031 

(11  1.2604 

93006 

(11)1,2989 

19856 

(11)1.3382 

78216 

(11)1. 

3785 

84918 

6 

18702 

(13  2.0924 

18390 

(13)2,1691 

96160 

(13 

2,2483 

07402 

(13  2. 

3298 

08512 

7 

(15)3.3295 

65858 

(15)3.4734 

14527 

(15)3,6225 

57587 

(15) 

3,7771 

56436 

(15)3. 

9373 

76386 

8 

(17)5.4937 

83665 

(17)5.7658 

68114 

(17)6,0496 

71170 

(17)6.3456 

22812 

(17)6, 

6541 

66092 

9 

(19)9.0647 

43047 

(19)9.5713 

41070 

( 20)1.0102 

95085 

(20) 

1,  0660 

64632 

(20)1. 

1245 

54070 

10 

(22)1.4956 

82603 

(22)1.5888 

42618 

(22)1,6871 

92792 

(22) 

1.7909 

88583 

(22)1. 

9004 

96377 

24 

(53)1.6581 

15050 

(53)1.9168 

76411 

(53)2.2140 

90189 

(53)2.5551 

87425 

(53)2. 

9463 

26763 

1/2 

(  1)1.2845 

23258 

(  1)1.2884 

09873 

(  1)1.2922 

84798 

(  1)1.2961 

48140 

(  1)1. 

3000 

00000 

1/3 

5.  4848 

06552 

5.4958 

64660 

5.  5068 

78446 

5,5178 

48353 

5. 

5287 

74814 

1/4 

3.  5840 

24634 

3.  5894 

42676 

3.5948 

36294 

3,  6002 

05744 

3. 

6055 

51275 

1/5 

2.  7764 

94317 

2.  7798 

51635 

2.7831 

92813 

2,  7865 

18023 

2. 

7898 

27436 

1 

170 

171 

172 

173 

174 

2 

28900 

29241 

29584 

29929 

30276 

3 

49 

13000 

50 

00211 

50 

88448 

51 

77717 

52 

68024 

4 

8352 

10000 

8550 

36081 

8752 

13056 

8957 

45041 

9166 

36176 

5 

(11)1.4198 

57000 

(11)1,4621 

11699 

(11)1.5053 

66456 

(11) 

1,  5496 

38921 

(11)1. 

5949 

46946 

6 

(13)2.4137 

56900 

(13)2.5002 

11004 

(13)2.5892 

30305 

(13) 

2,  6808 

75333 

(13)2. 

7752 

07686 

7 

(15  4. 1033 

86730 

(15)4.2753 

60818 

(15)4.4534 

76124 

iBi 

4.6379 

14326 

(15)4. 
(17)8. 

8288 

61374 

8 

(17)6.9757 

57441 

(17)7.3108 
(20)1.2501 

66998 

(17)7.6599 

78934 

8,0235 

91785 

4022 

18792 

9 

(20)1.1858 
(22)2.0159 

78765 

58257 

(20)1.3175 

16377 

(20) 

1.  3880 

81379 

(20)1 

4619 

86070 

10 

93900 

(22)2.1377 

70619 

(22)2.2661 

28168 

(22) 

2.4013 

80785 

(22)2. 

5438 

55761 

24 

(53)3.3944 

86713 

(53)3.9075 

68945 

(53)4.4945 

13878 

(53)5.1654 

29935 

(53)5. 

9317 

37979 

1/2 

(  1)1.3038 

40481 

(  1)1,3076 

69683 

(  1)1,3114 

87705 

(  1)1.3152 

94644 

(  1)1. 

3190 

90596 

1/3 

5.5396 

58257 

5,  5504 

99103 

5,5612 

97766 

5.5720 

54656 

5 

5827 

70172 

1/4 

3.6108 

73137 

3,  6161 

71571 

3,6214 

46817 

3.6266 

99110 

3. 

6319 

28683 

1/5 

2.7931 

21220 

] 

2.7963 

99540 

1 

2,7996 

62559 

1 

2.8029 

10436 

2, 

8061 

43329 

n^' 

(-5)21 

-6)7] 

-6)4] 

1 

r(-6)3] 

4 

4 

4 

4 
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POW 

ERS  AND  ROOTS  n^ 

Table  3.1 

fc 
1 

175 

176 

177 

178 

179 

2 

30625 

30976 

31329 

31684 

32041 

3 

53  59375 

54  51776 

55  45233 

56  39752 

57  35339 

4 

9378  90625 

9595  12576 

9815  06241 

(  9)1 

.0038  75856 

(  9)1,0266  25681 
ll)  1.8376  59969 

5    ( 

11)1.6413  08594 

(11)1.6887  42134 

(11  1.7372  66047 

(11)1 

.7868  99024 

6 

13)2.8722  90039 

(13)2,9721  86155 

(13)3.0749  60902 

13)3 

,1806  80262 

(13)3.2894  11344 

7 

15)5.0265  07568 

15)5.2310  47634 

(15)5.4426  80797 

(15)5 

,6616  10867 

(15)5.8880  46307 

8 

17  8. 7963  88245 

(17  9.  2066  43835 

17)9.6335  45011 

18  1 

,0077  66734 

(18)1.0539  60289 

9    ( 

20)1.5393  67943 

(20)1.6203  69315 

(20  1.7051  37467 

(20)1 

,7938  24787 

(20)1.8865  88917 

10    ( 

22)2.6938  93900 

(22)2.8518  49994 

(22)3.0180  93317 

(22)3 

,1930  08121 

(22)3.3769  94162 

24    (53)6.8063  32613 

(53)7.8037  62212 

(53)8.9404  29702 

(54)1 

,0234  81638 

(54)1.1707  73122 

1/2    { 

1)1.3228  75656 

(  1)1.3266  49916 

(  1)1.3304  13470 

(  1)1 

.3341  66406 

(  1)1.3379  08816 

1/3 

5.5934  44710 

5.6040  78661 

5.6146  72408 

5 

.6252  26328 

5.6357  40794 

1/4 

3.6371  35763 

3.6423  20574 

3.6474  83337 

1 

.6526  24271 

3.6577  43589 

1/5 

2.8093  61392 

2.8125  64777 

2.8157  53634 

2 

.8189  28111 

2.8220  88352 

1 

180 

181 

182 

183 

184 

2 

32400 

32761 

33124 

33489 

33856 

3 

58  32000 

59  29741 

60  28568 

61  28487 

62  29504 

'*    ( 

9)1.0497  60000 

(  9)1.0732  83121 

(  9)1.0971  99376 

(  9)] 

.1215  13121 

(  9)1.1462  28736 

5    ( 

11)1.8895  68000 

(11)1.9426  42449 
(13)3.5161  82833 
(15)6.3642  90927 

11)  1.9969  02864 

(11  2 

.0523  69011 

11)2.1090  60874 

6    1 

13)3.4012  22400 

(13)3,6343  63213 

13  : 

.7558  35291 

(13)3.8806  72009 

7    1 

15)6.1222  00320 

(15)6,6145  41048 

(15  6 

.8731  78582 

15)7.1404  36496 

8    ( 

18)1.1019  96058 

(18  1.1519  36658 

(18)1.2038  46471 

(18)] 

.2577  91681 

18  1.3138  40315 

9    (20)1.9835  92904 
10    (22)3.5704  67227 

(20  2. 0850  05351 

20)2.1910  00577 

(20)2 

.3017  58775 

(20  2.4174  66180 

(22)3.7738  59685 

(22)3.9876  21050 

(22)4 

,2122  18559 

(22)4.4481  37771 

24    (54)1.3382  58845 

(54)1.5285  71637 

(54)1.7446  70074 

(54)] 

. 9898  76639 

(54)2.2679  20111 

1/2    ( 

1)1.3416  40786 

(  1)1.3453  62405 

(  1)1.3490  73756 

(  1)1 

.3527  74926 

(  1)1.3564  65997 

1/3 

5.6462  16173 

5.6566  52826 

5.6670  51108 

C 

).  6774  11371 

5.6877  33960 

1/4 

3.6628  41501 

3.6679  18217 

3.6729  73940 

3.6780  08871 

3.6830  23210 

1/5 

2.8252  34501 

2.8283  66697 

2.8314  85080 

i 

1.8345  89786 

2.8376  80950 

1 

185 

186 

187 

188 

189 

2 

34225 

34596 

34969 

35344 

35721 

3 

63  31625 

64  34856 

65  39203 

66  44672 

67  51269 

4    ( 

9)1.1713  50625 

(  9)1.1968  83216 

(  9)1.2228  30961 

(  9)] 

L.2491  98336 

(  9)1.2759  89841 

5    ( 

11)2.1669  98656 

(11  2.2262  02782 

(11)2.2866  93897 

(11); 

>.  3484  92872 

(11)2.4116  20799 

6    ( 

13)4.0089  47514 

13  4. 1407  37174 

13)4.2761  17588 

(13^ 

1.4151  66599 

(13)4.5579  63311 

7    ( 

15)7.4165  52901 

15)7.7017  71144 

(15)7.9963  39889 

(15  8.  3005  13206 

15)8.6145  50658 

8 

18  1.3720  62287 

18)1.4325  29433 

(I8  1.4953  15559 

(18  ] 

L.  5604  96483 

(18)1,6281  50074 

9    1 

20)2.5383  15230 

(20)2.6645  04745 

20)2.7962  40096 

(20  ; 

>.9337  33387 

(20)3.0772  03640 

10 

22)4.6958  83176 

(22)4.9559  78826 

(22)5.2289  68979 

(22)5.5154  18768 

(22)5.8159  14881 

24    ( 

54)2.5829  82606 

(54)2.9397  51775 

(54)3.3434  78670 

(54). 

5.8000  41874 

(54)4.3160  18526 

1/2    ( 

1)1.3601  47051 

(  1)1.3638  1817C 

(  1)1.3674  79433 

(  1)] 

L.3711  30920 

(  1)1.3747  72708 

1/3 

5.6980  19215 

5.7082  67473 

5.7184  79065 

5.7286  54316 

5.7387  93548 

1/4 

3.6880  17151 

3.6929  90888 

3.  6979  44609 

5.7028  78502 

3.7077  92751 

1/5 

2.8407  58702 

2.8438  23171 

2.8468  74493 

' 

?,8499  12786 

2.8529  38178 

1 

190 

191 

192 

193 

194 

2 

36100 

36481 

36864 

37249 

37636 

3 

68  59000 

69  67871 

70  77888 

71  89057 

73  01384 

4 

9)1.3032  10000 

(  9)1.3308  63361 

(  9)1.3589  54496 

(  9) 

L,3874  88001 

(  9)1.4164  68496 

5 

11)2.4760  99000 

(11)2.5419  4902C 

(11)2.6091  92632 

(11)- 

>.  6778  51842 

11)2.7479  48882 

6 

13)4.7045  88100 

(13)4.8551  22627 

(13  5.  0096  49854 

13 

3.1682  54055 

(13)5.3310  20832 

7 

15)8.9387  17390 

(15)9.2732  8421E 

15  9.  6185  2772C 

15 

).9747  30326 

(16)1.0342  18041 

8 

18)1.6983  56304 

(18)1.7711  97286 

(18)1.8467  57322 

18) 

L.9251  22953 

(18)2.0063  83000 

9 

.20)3.2268  76978 

(20  3.3829  86816 

)   (20  3.5457  74059 

(20 

3.7154  87299 

(20)3.8923  83020 

10 

22)6.1310  66258 

(22)6.4615  0481E 

(22)6.8078  86193 

(22) 

7.1708  90487 

(22)7.5512  23059 

24 

54)4.8987  62931 

(54)5.5564  93542 

(54)6.2983  8913C 

(54) 

7.  1346  95065 

(54)8.0768  40718 

1/2 

[  1)1.3784  04875 

(  1)1.3820  27496 

)   (  1)1.3856  40646 

(  1) 

1.3892  44399 

(  1)1.3928  38828 

1/3 

5.7488  97079 

5.7589  6522C 

5.7689  98281 

5.7789  96565 

5.7889  60372 

1/4 

3.7126  87538 

3.7175  6304] 

3.7224  19436 

3.7272  56899 

3.7320  75599 

1/5 

2.8559  50791 

2.8589  50746 

)       2.8619  38162 

2.8649  13156 

2.8678  75844 

1 

195 
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1   (22)9,7393  67736 

24 
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rS  nk 

fc 
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200 

201 

202 

203 

204 

2 

40000 

40401 

40804 

41209 

41616 

3 

80 

00000 

81 

20601 

82 

42408 

83 

65427 

84 

89664 

4    ( 

9)1.6000 

00000 

(  9)1.6322 
(11)3.2808 

40801 

(  9)1.6649 

66416 

(  9)1.6981 

81681 

(  9)1- 
11  3. 

7318 

91456 

5    1 

11)3.2000 

00000 

04010 

(11)3.3632 

3216C 

(11)3.4473 
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5330 
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fc    ( 
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(13)6.5944 

16060 

13)6.7937 
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13)6.9980 
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(13  7. 
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39483 

7 

16  1.2800 
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16)1.3254 

77628 
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33251 

16)1.4206 
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17655 

8 

18)2.5600 
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10032 

(18)2.7721 
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(18)2,8838 
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(18)2. 
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48015 

9 
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20  5.  3550 
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(20)5.5996 

68596 

(20)5.8541 
>   (23)1.1883 

56674 

(20)6. 
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73951 

10    ( 

23)1.0240 

00000 

(23)1.0763 

67495 

(23)1.1311 

33056 
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(23)1. 

2482 

50286 

24    (55)1.6777 

21600 

(55)1.8910 

60303 

(55)2,1302 

61246 

>   (55)2.3983 

07745 

(55)2. 

6985 
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1/2    ( 

1)1.4142 
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(  1)1.4212 
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1/3 

5.  8480 

35476 

5.8577 

66003 

5.  8674 
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(       5.8771 

30659 

5. 

8867 

65317 

1/4 

3.  7606 

03093 

3.7652 
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3.  7699 
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3.7746 
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3. 
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66709 

1/5 

2.8853 

99812 

2.  8882 

79458 

2.  8911 

47666 

2.  8940 

04537 

2, 

8968 
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1 
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206 
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208 
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2 

42025 

42436 

4284S 

43264 

43681 

3 

86 

15125 

87 

41816 

88 

69742 

89 

98912 

91 
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4    ( 

9)1.7661 

00625 

(  9)1.8008 

14096 

(  9)1.8360 

36801 

(  9)1.8717 

73696 

(  9)1. 

9080 

29761 

5 

11)3.6205 

06281 

11)3.7096 

77038 

11)3.8005 

96178 

(11)3.8932 

89288 

(11)3. 

9877 

82200 

6 

13)7.4220 

37877 

(13)7.6419 

34698 

13)7.8672 

3408=: 

(13)8.0980 

41718 

(13)8. 

3344 

64799 

7 
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(16)1.5742 
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17456 
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(16)1, 
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8    1 

18)3.1191 
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18)3.2429 
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18)3,3710 
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6405 
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20  6.  3941 
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3444c 

(20)7.2873 

56480 
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6088 
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(23)1.3761 
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53131 
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(23)1. 

5902 

40688 
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55)3.0345 

38594 

(55)3.4104 
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(55)3,8307 

89522 

(55)4.3005 

10765 

(55)4. 

8251 

50531 

1/2    ( 

1)1.4317 

82106 

(  1)1.4352 

70009 

(  1)1,4387 

4945" 

(  1)1.4422 

20510 

(  1)1. 

4456 

83229 

1/3 

5.8963 

6854G 

5.9059 

40584 

5.9154 

8170C 

5.  9249 

92137 

5. 

9344 

72140 

1/4 

3.  7838 

89674 

3.  7884 

95756 

3.7930 

8509' 

3.7976 

57844 

3. 

8022 

14131 

1/5 

2.  8996 

84668 

2.9025 

08125 

2.9053 

20638 

2.9081 

22302 

2. 

9109 

13212 

1 

210 

211 
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213 
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2 

44100 

44521 

44944 

45369 

45796 

3 

92 
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93 

93931 

95 

28128 

96 

63597 

98 

00344 
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9)1.9448 
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19441 

(  9)2.0199 
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.   (  9)2.0583 
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(  9)2. 

0972 
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11  4.  0841 

01000 
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(11)4.2823 

21848 

(11)4.3842 
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4881 

65538 

6 

13)8.5766 

1210c 

(13  8.8245 

93963 

(13)9.0785 

22318 

(13)9.3385 
( 16)  1,9891 

10698 

(13)9. 

6046 

74252 

7    ( 
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88541 

16)1.8619 

89326 

(16)1.9246 
(18)4.0802 

46732 

02779 

(16)2. 

0554 

00290 

8 

18  3.7822 

85936 

18)3.9287 

97478 

51071 

(18)4,2367 

88919 

(18)4. 

3985 

56620 
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20)7.9428 

00466 

(20)8.2897 

62679 

(20)8.6501 

3227C 

20)9,0243 

60396 

(20)9. 

4129 

11168 

10    ( 

23)1.6679 

88098 

(23  1.7491 

39925 

(23)1.8338 

28041 

(23)1,9221 

88764 

(23)2. 

0143 

62990 

24    ( 

55)5.4108 

19838 

(55)6.0642 

75557 

(55)6.7929 

85105 

(55)7.6051 
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(55)8. 

5100 
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1)1.4491 

37675 
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83905 
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(  1)1.4594 
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4628 

73884 
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5.9439 

21953 

5.9533 

41813 

5.9627 

31958 
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92620 

5. 

9814 

24030 
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3.  8067 

54096 

3.8112 

77876 

3.8157 
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77414 

3. 

8247 

53435 
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2.9136 

93459 

2.9164 
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2.9192 
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2. 
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1 
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218 
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2 
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47524 

47961 
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99 
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03459 
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82336 
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5 
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(11)4.7018 

49846 
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14)1.0733 
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26510 

7 

16)2.1235 

82899 

(16)2.1936 

95064 

(16)2.2657 
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)   (16)2.3398 

90075 

(16)2. 

4160 

66056 

8 

18)4.5657 

03233 

(18)4.7383 

81338 

(18)4.9167 

47106 

)   (18)5.1009 

60363 

(18)5. 

2911 

84663 

9 

20  9.8162 

61952 

(21  1.0234 

90369 

(21)  1.0669 

34122 

(21  1.1120 

09359 

(21)1. 

1587 

69441 

10 

23)2.1104 

9632C 

(23)2.2107 

39197 

(23)2.3152 

47045 

(23)2.4241 

80403 

(23)2. 

5377 

05076 

24 

55)9.5175 

03342 

(56)1.0638 

73589 

(56)1.1885 

94216 

)   (56)1.3272 

59512 

(56)1. 

4813 

53665 

1/2 

1)1.4662 

8783C 

(  1)1.4696 

93846 

(  1)1.4730 
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(  1)1.4764 

82306 

(  1)1. 

4798 

64859 

1/3 

5.9907 

26415 

6.0000 

00000 

6.  0092 

4500" 

6.0184 

61655 

6. 

0276 

50160 

1/4 

3.8292 

13796 

3.8336 

58625 

3,8380 

88048 

i       3.8425 

02187 

3. 

8469 

01167 

1/5 

2.9274 

37906 

2.9301 

56052 

2,9328 
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2.9355 

62280 

2. 
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50529 

1 
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2 

4840C 

48841 

49281 

49729 
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3 
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93861 
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89567 
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39424 

4 
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43281 

(  9)2,4289 

12656 

(  9)2.4729 

73441 

(  9)2. 
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30976 

5 

11  5.  1536 
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29651 
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6 
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7 
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72201 

8 
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9 

21)  1.2072 
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10 
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24 
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6. 

0731 
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3. 

8686 
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1 
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Table  3.1 
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1 

225 

226 

227              228               229 

2 

50625 

51076 

51529             51984             52441 

3 

113  90625 

115  43176 

116  97083         118  52352          120  08989 

4 

(  9)2.5628  90625 

(  9)2.6087  57776 

(  9)2.6552  37841   (  9)2.7023  36256    (  9)2.7500  58481 

5 

(11)5.7665  03906 

(11)5.8957  92574 

11)6.0273  89899   (11)6.1613  26664    (11)6.2976  33921 

6 

1  14)1.2974  63379 

(14)1.3324  49122 

14)1.3682  17507    14  1.4047  82479    (14)1.4421  58168 

7 

1  16)2.9192  92603 

16)3.0113  35015 

(16)3.1058  53741   (16)3.2029  04053    ( 16)  3.  3025  42205 

8 

(18  6.5684  08356 

18)6.8056  17134 

(18)7.0502  87992   (18)7.3026  21240    ( 18)  7.  5628  21649 

9 

(21)1.4778  91880 

21)1.5380  69472 

(21)1.6004  15374   (21)1.6649  97643    (21)1.7318  86158 

10 

(23)3.3252  56730 

23)3.4760  37007 

(23)3.6329  42900   (23)3.7961  94626    (23)3.9660  19301 

24 

(56)2.8338  73334 

(56)3.1521  18526 

(56)3.5044  55686   (56)3.8943  62082    (56)4,3256  51988 

1/2 

(  1)1.5000  00000 

(  1)1.5033  29638 
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1/3 

6.0822  01996 

6.0911  99349 

6,1001  70200       6,1091  14744       6,1180  33173 

Vt 

3.8729  83346 

3.8772  79507 

3,8815  61435       3,8858  29238       3,8900  83026 

1/5 
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2.9567  98218 

2.9594  10235       2.9620  13062       2,9646  06773 

1 

230 
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'              233               234 

2 

52900 

53361 

53824             54289             54756 

3 
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123  26391 
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4 

9)2.7984  10000 

(  9)2.8473  96321 
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9)2.8970  22976   (  9)2.9472  95521    (  9)2,9982  19536 

5 
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11)6,7210  9330-: 

1    11  6.8671  98564     11  7.  0158  33714 

6 

14)1.4803  58890 

(14)1.5193  99151 

14)1.5592  93647   ( 14h.  6000  57265    (14)1,6417  05089 

7 

16)3.4048  25447 

16)3,5098  12038 

16)3.6175  6126C 

)   (16)3.7281  33428    (16)3.8415  89909 

8 

18)7.8310  98528 

18  8.  1076  65809 

18  8.3927  4212: 

>    18)8,6865  50888     18)8,9893  20386 

9 

21  1.8011  52661 

21)1.8728  70802 
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(21)2.0239  66357    (21)2,1035  00970 

10 

(23)4.1426  51121 

23)4.3263  31552 

23)4.5173  0952] 

(23)4.7158  41612    (23)4.9221  92271 

24 

(56)4.8025  07640 

56)5.3295  12896 

56)5,9116  8979£ 
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1/2 

(  1)1.5165  75089 
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K5 

6.1269  25675 

6.1357  92440 

6.1446  33651 
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3.8985  48980 
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1/5 
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1 
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2 
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3 
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4 
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5 
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6 
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(14)1,8174  46947     14)1.8637  48924 

7 
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8 
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9 
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21)2.3590  38964 
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10 

23)5.3594  47607   ( 
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(23)5.8313  56201    (23)6.0810  56093 
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56)8,9102  12697   ( 

56)9.8618  93410 

(57)1.0910  55818    (57)1.2065  61943 

1/2    ( 

1)1.5329  70972    ( 

1)1.5362  29150    ( 

1)1.5394  80432 

(  1)1.5427  24862 

>         (  1)1.5459  62483 

1/3 
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6.1797  46606 

6.1884  62762 

6.1971  54435 

,       6.2058  21795 

V,t 

3.9153  17320 

3.9194  75921 

3.9236  21327 

3.9277  53635 

,       3.9318  72942 

1/5 

2.9799  81531 

2.9825  13380 

2,9850  36660 

2,9875  51438       2.9900  57776 

1 

240 

241 

242 

24: 

(               244 

2 

57600 

58081 

58564 

5904' 

»             59536 

3 

138  24000 

139  97521 

141  72488 

143  4890' 

r                         145  26784 

4    ( 

9)3.3177  60000    ( 

9)3.3734  02561    ( 

9)3.4297  42096 

(  9)3.4867  84401 

(  9)3.5445  35296 

5    ( 

11)7.9626  24000    ( 

11)8.1299  00172    ( 

11)8,2999  75872 

(11)8.4728  8609^ 

\         (11)8.6486  66122 

6 

14)1.9110  29760    ( 

14)1.9593  05941    ( 

14)2.0085  94161 

14)2.0589  1132] 

(14)2.1102  74534 

7 

16)4.5864  71424    ( 

16)4.7219  27319    ( 

16)4.8607  97870 

(16)5.0031  5451C 

)    (16)5,1490  69863 

8 

19)1.1007  53142    ( 

19  1.1379  84484   ( 

19)1.1763  13085 

(19)1.2157  6654f 

,     19)1.2563  73046 

9 

21)2.6418  07540    ( 

21)2.7425  42606    ( 

21)2.8466  77665 

(21)2.9543  1270" 

(21)3.0655  50233 

10    1 

23)6.3403  38097    ( 

23)6.6095  27681    ( 

23)6.8889  59948 

(23)7.1789  79871 

r    (23)7.4799  42569 

24    ( 

57)1,3337  35777    ( 

57)1.4736  99791    ( 

57)1.6276  79087 

(57)1.7970  1030C 

)    (57)1.9831  51223 

1/2    ( 

1)1.5491  93338   ( 

1)1.5524  17470    ( 

1)1.5556  34919 

(  1)1,5588  45727 

(  1)1,5620  49935 

1/3 

6.2144  65012 

6.2230  84253 

6.2316  79684 

6.2402  51469 

6.2487  99770 

1/4 

3.9359  79343 

3.9400  72930 

3.9441  53798 

3.9482  2203S 

3.9522  77742 

1/5 

2.9925  55740 

2.9950  45390 

2.9975  26790 

3.0000  OOOOC 

3.0024  65081 

1 

245 

246 

247 

24£ 

249 

2 

60025 

60516 

61009 

61504 

62001 

3 

147  06125 

148  86936 

150  69223 

152  52992 

154  38249 

'^          i 

9)3.6030  00625    ( 

9)3.6621  86256   ( 

9)3.7220  98081 

(  9)3.7827  42016 

(  9)3.8441  24001 

5    1 

11)8.8273  51531    ( 

11  9. 0089  78190    ( 

11)9.1935  82260 

(11)9.3812  0020C 

(11)9.5718  68762 

6 

14)2.1627  01125    ( 

14)2.2162  08635    ( 

14  2.2708  14818 

14)2.3265  3765C 

(14)2.3833  95322 

7 

16)5.2986  17757 

16)5.4518  73241 

16  5.6089  12601 

(16)5.7698  13371 

(16)5.9346  54351 

8 

19  1.2981  61350    ( 

19)1.3411  60817 

19  1.3854  01412 

(19)1.4309  13716 

(19)1.4777  28934 

9 

21)3.1804  95308    ( 

21  3.  2992  55611    ( 

21  3.4219  41489 

(21)3.5486  66016 

(21)3.6795  45044 

10    ( 

23)7.7922  13506    ( 

23)8.1161  68802    ( 

23)8.4521  95477 

(23)8.8006  91719 

(23)9.1620  67161 

24    ( 

57)2.1876  91225    ( 

57)2.4123  62509    ( 

57)2,6590  52293 

(57)2.9298  15956 

(57)3.2268  91257 

1/2    ( 

1)1.5652  47584    ( 

1)1.5684  38714    ( 

1)1.5716  23365 

(  1)1.5748  01575 

{  1)1.5779  73384 

1/3 

6.2573  24746 

6.2658  26556 

6.2743  05357 

6.2827  61305 

6.2911  94552 

1/4 

3.9563  20998 

3,9603  51896 

3.9643  70523 

3.9683  76966 

3.9723  71312 

1/5 

3.0049  22094 

1 

3,0073  71096 

3.0098  12147 

3.0122  45305 

3.0146  70627 

'fl 

09- 

r(-6 

4 

)3- 

1 

[(-6)21 
4 

1 

r(-6)ii 

4 

34 


ELEMEXTARY    ANALYTICAL    METHODS 


Table  3.1 

POWERS  Ai\D  ROOTS 

nk 

k 
1 

250 

251 

252 

253 

254 

2 

62500 

63001 

63504 

64009 

64516 

3 

156 

25000 

158 

13251 

160 

03008 

161 

94277 

163  87064 

4  1 

5  ( 

9)3.9062 

50000 

(  9)3.9691 

26001 

(  9)4.0327 

58016 

(  9)4.0971 
(12)1.0365 

52081 

(  9)4,1623  14256 

11)9.7656 

25000 

(11)9.9625 
(14)2.5005 

06263 

(12)1.0162 

55020 

79476 

(12)1.0572  27821 

6    1 

14)2.4414 

06250 

89072 

(14)2.5609 

62650 

(14)2.6225 

46076 

(14)2.6853  58665 
(16)6.8208  11010 

7 

16)6.1035 

15625 

(16)6.2764 

7857C 

(16)6.4536 

25879 

(16)6.6350 

41571 

B    1 

19)1.5258 

78906 

(19)1.5753 

96121 

(19)1.6263 

13722 

(19)1.6786 

65517 

(19)1.7324  85997 

9 

21)3.8146 

97266 

(21  3.  9542 

44264 

(21)4.0983 

10578 

(21)4.2470 

23759 

21)4.4005  14431 

10 

23)9.5367 

43164 

(23)9.9251 

53103 

(24)1.0327 

74266 

(24)1.  0744 

97011 

(24)1.1177  30666 

24    (57)3.5527 

13679 

(57)3.9099 

33001 

(57)4.3014 

31179 

(57)4.7303 

41643 

(57)5.2000  70108 

1/2    < 

1)1.5811 

38830 

(  1)1.5842 

97952 

(  1)1.5874 

50787 

(  1)1.5905 

97372 

(  1)1,5937  37745 

1/3 

6.2996 

05249 

6.  3079 

93549 

6.  3163 

59598 

6,  3247 

03543 

6.3330  25531 

1/4 

3.9763 

53644 

3.9803 

24047 

3.9842 

82604 

3.  9882 

29397 

3.9921  64507 

V5 

3.  0170 

88168 

3.  0194 

97986 

3.0219 

00136 

3,  0242 

94671 

3.0266  81647 

1 

255 

256 

257 

258 

259 

2 

65025 

65536 

66049 

66564 

67081 

3 

165 

81375 

167 

77216 

169 

74593 

171 

73512 

173  73979 

4    ( 

9)4.2282 

50625 

(  9)4.2949 

67296 

(  9)4,3624 
(12)1.1211 

70401 

(  9)4.4307 

66096 

(  9)4.4998  60561 

5    (12)1.0782 

03909 

(12)1.0995 

11628 

54893 

(12  1.1431 

37653 

(12)1,1654  63886 

6    (14)2.7494 

19969 

(14)2.8147 

49767 

(14)2.8813 

68075 

(14)2.9492 

95144 

(14)3.0185  51463 
(16)7.8180  48289 

7    1 

16)7.0110 

20921 

(16)7.2057 

59404 

(16)7.4051 

15953 

(16)7.6091 

81472 

8    I 

19)1.7878 

10335 

(19)1.8446 

74407 

19)1.9031 

14800 

(19)1.9631 

68820 

(19)2.0248  74507 

9 

21)4.5589 

16354 

(21)4.7223 

66483 

(21)4.8910 
(24)1.2569 

05036 

(21  5.0649 

75555 

(21)5.2444  24973 

10 

24)1.1625 

23670 

(24)1.2089 

25820 

88294 

(24)1.3067 

63693 

(24)1.3583  06066 

24    ( 

57)5.7143 

17018 

(57)6.2771 

01735 

(57)6.8927 

88615 

(57)7,5661 

15089 

(57)8.3022  21920 

1/2    ( 

1)1.5968 

71942 

(  1)1.6000 

00000 

(  1)1.6031 

21954 

(  1)1.6062 

37840 

(  1)1.6093  47694 

1/3 

6.  3413 

25705 

6.  3496 

04208 

6.  3578 

61180 

6.  3660 

96760 

6.3743  11088 

1/4 

3.  9960 

88015 

4.0000 

00000 

4.  0039 

00541 

4.  0077 

89716 

4.0116  67601 

1/5 

3.  0290 

61117 

3.  0314 

33133 

3.0337 

97748 

3.0361 

55014 

3.0385  04982 

1 

260 

261 

262 

263 

264 

2 

67600 

68121 

68644 

69169 

69696 

3 

175 

76000 

177 

79581 

179 

84728 

181 

91447 

183  99744 

4    ( 

9)4.5697 

60000 

(  9)4.6404 
12)1.2111 

70641 

(  9)4.7119 

98736 

(  9)4,7843 
(12  1.2582 

50561 

(  9)4.8575  32416 

5    ( 

12)1.1881 

37600 

62837 

(12)1.2345 

43669 

84198 

(12)1.2823  88558 

6    { 

14)3.0891 

57760 

(14)3.1611 

35005 

(14)3.2345 

04412 

(14)3.3092 

87440 

(14)3.3855  05793 

7    1 

16)8.0318 

10176 

(16)8.2505 

62364 

(16)8.4744 

01560 

(16)8.7034 

25966 

(16)8.9377  35293 

8 

19)2.0882 

70646 

(19)2.1533 

96777 

(19)2.2202 

93209 

(19)2.2890 

01029 

19)2.3595  62117 

9 

21  5.4295 

03679 

(21)5,6203 

65588 

(21  5.8171 

68207 

(21)6.0200 

72706 

(21)6.2292  43990 

10 

24)1.4116 

70957 

(24)1.4669 

15418 

(24)1.5240 

98070 

(24)1.5832 

79122 

(24)1.6445  20413 

24    ( 

57)9.1066 

85770 

(57)9.9855 

54265 

(58)1.0945 

38372 

(58)1.1993 

27974 

(58)1.3136  94086 

1/2    ( 

1)1.6124 

51550 

(  1)1.6155 

49442 

(  1)1.6186 

41406 

(  1)1.6217 

27474 

(  1)1.6248  07681 

1/3 

6.3825 

04299 

6.3906 

76528 

6.3988 

27910 

6.  4069 

58577 

6.4150  68660 

1/4 

4.0155 

34273 

4.  0193 

89807 

4,0232 

34278 

4.0270 

67760 

4.0308  90325 

1/5 

3.  0408 

47703 

3.  0431 

83226 

3.  0455 

11602 

3.  0478 

32879 

3.0501  47105 

1 

265 

266 

267 

268 

269 

2 

70225 

70756 

71289 

71824 

72361 

3 

186 

09625 

188 

21096 

190 

34163 

192 

48832 

194  65109 

4    ( 

9)4.9315 

50625 

(  9)5.0064 

11536 

(  9)5.0821 

21521 

(  9)5.1586 

86976 

(  9)5.2361  14321 
(12)1.4085  14752 

5 

12)1.3068 

60916 

(12)1.3317 

05469 

(12)1.3569 
(14)3.6229 

26446 

(12)1.3825 

28110 

6 

14)3.4631 

81426 

(14)3.5423 

36546 

93611 

(14)3.7051 

75334 

(14)3.7889  04684 

7 

16)9.1774 
19)2.4320 

30780 

(16)9.4226 

15213 

(16)9.6733 

92942 

(16)9.9298 

69894 

(17  1.0192  15360 

8 

19157 

(19)2.5064 

15647 

(19)2.5827 

95915 

(19)2.6612 

05132 

(19)2.7416  89318 

9 

21)6.4448 

50765 

(21)6.6670 

65620 

(21)6.8960 

65094 

(21)7.1320 

29753 

(21)7.3751  44266 

10 

24)1.7078 

85453 

(24)1.7734 

39455 

(24)1.8412 

49380 

(24)1.9113 

83974 

(24)1.9839  13808 

24 

58)1.4384 

70548 

(58)1.5745 

60235 

(58)1.7229 

40472 

(58)1.8846 

68868 

(58)2.0608  89564 

1/2 

1)1.6278 

82060 

(  1)1.6309 

50643 

(  1)1.6340 

13464 

(  1)1.6370 

70554 

(  1)1.6401  21947 

1/3 

6.4231 

58289 

6.4312 

27591 

6.4392 

76696 

6.  4473 

05727 

6.4553  14811 

1/4 

4.  0347 

02045 

4.  0385 

02994 

4.0422 

93240 

4.  0460 

72854 

4.0498  41906 

1/5 

3.  0524 

54329 

3.  0547 

54599 

3.  0570 

47961 

3.0593 

34462 

3.0616  14147 

1 

270 

271 

272 

273 

274 

2 

72900 

73441 

73984 

74529 

75076 

3 

196 

83000 

199 

02511 

201 

23648 

203 

46417 

205  70824 

4 

(  9)5.3144 

10000 

(  9)5.3935 

80481 

(  9)5.4736 

32256 

(  9)5.5545 

71841 

(  9)5.6364  05776 

5 

12)1.4348 

90700 

(12)1.4616 
(14)3.9610 

60310 

(12)1.4888 

27974 

(12)1.5163 

98113 

(12)1.5443  75183 

6 

14)3.8742 

04890 

99441 

(14)4.0496 

12088 

(14)4.1397 

66847 

(14)4.2315  88000 

7 

17)1.0460 

35320 

(17)1.0734 

57949 

(17)1.1014 

94488 

(17)1.1301 

56349 

(17)1.1594  55112 

8 

19)2.8242 

95365 

19)2.9090 

71041 

(19)2.9960 

65007 

(19)3.0853 

26834 

(19)3.1769  07007 

9 

21)7.6255 

97485 

(21)7.8835 

82520 

(21)8.1492 

96820 

(21)8.4229 

42256 

21)8.7047  25200 

10 

24)2.0589 

11321 

(24)2.1364 

50863 

(24)2.2166 

08735 

(24)2.2994 

63236 

(24)2.3850  94705 

24 

[58)2.2528 

39954 

(58)2.4618 

57897 

(58)2.6893 

89450 

(58)2.9369 

97176 

(58)3.2063  69049 

1/2 

[  1)1.6431 

67673 

(  1)1.6462 

07763 

(  1)1.6492 

42250 

(  1)1.6522 

71164 

(  1)1.6552  94536 

1/3 

6.4633 

04070 

6.4712 

73627 

6.  4792 

23603 

6.4871 

54117 

6.4950  65288 

1/4 

4.0536 

00464 

4.0573 

48596 

4.0610 

86370 

4.  0648 

13851 

4.0685  31106 

1/5 

3.  0638 

87063 

1 

3.  0661 

53254 

3.  0684 

12765 

3,0706 

65640 

3.0729  11923 

-6)8] 

I 

[(-6)31 

Jr( 

-6)21 

I 

(-6)11 

4 

4 

4 
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Table  3.1 

Ic 

1 

275 

276 

27" 

278 

279 

2 

75625 

76176 

7672S 

77284 

77841 

3 

207 

96875 

210 

24576         212 

53933 

214 

84952 

217  17639 

4 

[  9)5.7191 

40625 

(  9)5.8027 

82976   (  9)5.8873 

39441 

(  9)5.9728 

16656 

9 

6.0592  21281 

5 

12)1.5727 

63672 

(12)1.6015 

68101   (12)1.6307 

93025 

(12)1.6604 

43030 

12 

1.6905  22737 

6 

14)4.3251 

00098 

(14)4.4203 

27960   (14)4.5172 

9668C 

>   (14)4.6160 

31624 

14 

4.7165  58437 

7 

17)1.1894 

02527 

(  17)1.2200 

10517   (17)1.2512 

9118C 

1   (17)1.2832 

56792 

17 

1.3159  19804 

8 

19)3.2708 

56949 

(19)3.3672 

29027   (19)3.4660 

7656^ 

(19)3.5674 

53881 

19 

3.6714  16253 

9 

21)8.9948 

56609 

(21)9.2935 

52114    21)9.6010 

3209^ 

'   (21)9.9175 

21788 

22 

1.0243  25135 

10 

24)2.4735 

85568 

(24)2.5650 

20383   (24)2.6594 

8589] 

(24)2.7570 

71057 

24 

2.8578  67126 

24 

[58)3.4993 

28001 

(58)3.8178 

42160   (58)4.1640 

3582£ 

1   (58)4.5402 

01230 

58)4.9488  11121 

1/2 

1)1.6583 

12395 

(  1)1.6613 

24773   (  1)1.6643 

3169£ 

1   (  1)1.6673 

33200 

1)1.6703  29309 

1/3 

6.5029 

57234 

6.5108 

30071       6. 5186 

83915 

6.  5265 

18879 

6.5343  35077 

1/4 

4.  0722 

38199 

4.0759 

35196       4. 0796 

2216] 

4.  0832 

99156 

4.0869  66245 

1/5 

3.  0751 

51657 

3.  0773 

84885       3. 0796 

1165C 

3.  0818 

31992 

3.0840  45954 

1 

280 

281 

282 

283 

284 

2 

78400 

78961 

7952< 

80089 

80656 

3 

219 

52000 

221 

88041         224 

2576£ 

226 

65187 

229  06304 

4 

9)6.1465 

60000 

(  9)6,2348 

3952] 

L    (  9)6.3240 

66576 

>   (  9)6.4142 

47921 

9 

6.5053  90336 

5 

12)1.7210 

36800 

(12  1.7519 

8990! 

i        (12)1.7833 

86774 

(12)1.8152 

32162 

12 

1.8475  30855 

6 

14)4.8189 

03040 

(14  4.9230 

9163^ 

\        (14)5.0291 

50704 

(14  5.1371 

07017 

14 

5.2469  87629 

7 

17)1.3492 

92851 

(17  1.3833 

8874< 

)   (17)1.4182 

20496 

1   (17)1.4538 

01286 

17 

1.4901  44487 

8 

19)  3.  7780 

19983 

( 19)  3.  8873 

2238! 

;        (19)3.9993 

8180( 

>   (19)4.1142 

57639 

19 

4.2320  10342 

9 

22)1.0578 

45595 

(22)1.0923 

3759( 

)   (22  1.1278 

2566"; 

(22)1.1643 

34912 

22 

1.2018  90937 

10 

24)2.9619 

67667 

(24)3.0694 

6862' 

)   (24)3.1804 

68387 

(24)3.2950 

67801 

24 

3.4133  70262 

24 

58)5.3925 

32264 

(58)5.8742 

3988! 

j   (58)6.3970 

33126 

.   (58)6.9642 

51599 

58 

)  7.  5794  93086 

1/2 

1)1.6733 

20053 

(  1)1.6763 

0546] 

L    (  1)1.6792 

85562 

(  1)1.6822 

60384 

1)1.6852  29955 

1/3 

6.  5421 

32620 

6.  5499 

1162( 

)       6. 5576 

72186 

>       6. 5654 

14427 

6.5731  38451 

1/4 

4,  0906 

23489 

4.  0942 

7095( 

)       4. 0979 

0868"; 

4.1015 

36766 

4.1051  55240 

1/5 

3.  0862 

53577 

3.  0884 

5490] 

L       3. 0906 

49967 

3.  0928 

38815 

3.0950  21484 

1 

285 

28( 

287 

288 

289 

2 

81225 

8179( 

8236S 

82944 

83521 

3 

231 

49125 

233 

9365( 

'         236 

39903 

238 

87872 

241  37569 

4    ( 

9)6.5975 

00625 

(  9)6.6905 

8561( 

>   (  9)6.7846 

52161 

(  9)6.8797 

07136    ( 

9 

16.9757  57441 

5    ( 

12)1.8802 

87678 

(12)1.9135 

0748( 

5   (12  1.9471 

9517C 

(12)1.9813 

55655 

12 

2.0159  93900 

6 

14)5.3588 

19883 

i  14)5.4726 

3141( 

)    (14  5.5884 

5013£ 

1   (14)5.7063 

04287 

14 

5.8262  22372 

7    I 

17  1.5272 

63667 

(17)1.5651 

7258. 

5    17)1.6038 

8519C 

17)  1.  6434 

15635 

17 

1.6837  78266 

8 

19)4.3527 

01450 

(19)4.4763 

9358' 

}           19  4.6031 

50495 

(19)4.7330 

37028 

19 

4.8661  19188 

9 

22)1.2405 

19913 

(22)1.2802 

4856( 

,   (22)1.3211 

04192 

(22)1.3631 

14664 

22 

1.4063  08445 

10 

24)3.5354 

81753 

(24)3.6615 

1090C 

)    (24)3.7915 

6903] 

(24)3.9257 

70232    ( 

24 

4.0642  31407 

24    ( 

58)8.2466 

32480 

(58)8.9698 

4203' 

>   (58)9.7536 

13O40 

(59)1.0602 

77893 

59 

1.1522  54005 

1/2    ( 

1)1.6881 

94302 

(  1)1.6911 

5345; 

i        (  1)1.6941 

07435 

(  1)1.6970 

56275    ( 

1)1.7000  00000 

1/3 

6.  5808 

44365 

6.5885 

3227f 

,       6. 5962 

02284 

6.  6038 

54498 

6.6114  89018 

1/4 

4, 1087 

64171 

4.1123 

6361J 

5       4.1159 

53637 

4. 1195 

34288 

4.1231  05626 

1/5 

3.  0971 

98013 

3.0993 

6844] 

L       3. 1015 

32807 

3. 1036 

91148 

3.1058  43502 

1 

290 

29] 

L 

292 

293 

294 

2 

84100 

8468] 

L 

85264 

85849 

86436 

3 

243 

89000 

246 

4217] 

L         248 

9708£ 

1         251 

53757 

254  12184 

4    ( 

9)7.0728 

10000 

(  9)7.1708 

7176] 

L    (  9)7.2699 

49696 

(  9)7.3700 
(12)2.1594 

50801    ( 

9 

7.4711  82096 

5 

12)2.0511 

14900 

(12)2.0867 

23682 

!    (12)2.1228 

2531] 

24885 

12 

2.  1965  27536 

6    1 

14)5.9482 

33210 

(14)6.0723 

659K 

,    (14)6.1986 

49909 

(14)6.3271 

14912 

14 

6.4577  90956 

7 

17)1.7249 

87631 

(17)1.7670 
(19)5.1421 

5848J 

'    (17)1.8100 

05773 

(17)1.8538 

44669    1 

17 

1.8985  90541 

8 

19)5.0024 

64130 

4018] 

L    (19)5.2852 

1685£ 

1   (19)5.4317 

64881    1 

19 

5.5818  56191 

9 

22)1.4507 

14598 

(22)1.4963 

6279: 

i        (22)1.5432 

83323 

(22)1.5915 

07110 

22 

1.6410  65720 

10    ( 

24)4.2070 

72333 

(24)4.3544 

1572" 

r    (24)4.5063 

87302 

(24)4.6631 

15833    1 

24 

4.8247  33217 

24    ( 

59)1.2518 

49008 

(59)1.3596 

6442t 

J   (59)1.4763 

46962 

(59)1.6025 

91698    ( 

59] 

1.7391  45550 

1/2    ( 

1)1.7029 

38637 

(  1)1.7058 

7221] 

L    (  1)1.7088 

0074= 

(  1)1.7117 

24277   ( 

1 

1.7146  42820 

1/3 

6.6191 

05948 

6.  6267 

0538' 

r       6. 6342 

87437 

6.  6418 

52195 

6.6493  99761 

1/4 

4. 1266 

67707 

4.  1302 

2058J 

}       4.  1337 

64325 

4.1372 

98970 

4.1408  24580 

1/5 

3.1079 

89906 

3.1101 

3039( 

)       3.1122 

65011 

3.1143 

93785 

3.1165  16755 

1 

295 

29< 

> 

297 

298 

299 

2 

87025 

8761( 

> 

8820' 

88804 

89401 

3 

256 

72375 

259 

3433f 

,         261 

98073 

264 

63592 

267  30899 

?     i 

9)7.5733 
12)2.2341 

50625 

(  9)7.6765 

63456 

,    (  9)7.7808 

27681 

(  9)7.8861 

50416   ( 

9 

7.9925  38801 

38434 

(12)2.2722 

62782 

(    (12)2.3109 

0582] 

(12  2.3500 

72824    I 

12 

2.3897  69101 

5    i 

14)6.5907 

08381 

(14)6.7258 

9783J 

i    (14)6.8633 

9028<: 

(14)7.0032 

17015    1 

14 

7.1454  09613 

17)1.9442 

58973 

(17)1.9908 

6576C 

(17)2.0384 

26916 

>   (l7  2.0869 

58671    1 

17 

2.1364  77474 

8    1 

19)5.7355 

63969 

19)5.8929 

6264': 

I    (19)6.0541 

2794C 

(19)6.2191 

36838 

19 

6.3880  67649 

9    ( 

22)1.6919 

91371 

(22)1.7443 

1694^ 

1    (22)1.7980 

7599£ 

1   (22)1.8533 

02778   1 

22 

1.9100  32227 

10    ( 

24)4.9913 

74544 

(24)5.1631 

78155 

,    (24)5.3402 

85715 

(24)5.5228 

42278   1 

24 

5.7109  96358 

24    ( 

59)1.8868 

10930 

(59)2.0464 

4965- 

r   (59)2.2189 

8713] 

(59)2.4054 

16789    ( 

59) 

2.6068  04847 

1/2    ( 

1)1.7175 

56404 

(  1)1.7204 

6505: 

1    (  1)1.7233 

68794 

(  1)1.7262 

67650    1 

1) 

1.7291  61647 

1/3 

6.  6569 

30232 

6.  6644 

43703 

6.6719 

40272 

6.  6794 

20032 

6.6868  83077 

1/4 

4.1443 

41207 

4.1478 

4890< 

4.1513 

47726 

4.1548 

37723 

4.1583  18947 

1/5 

3.1186 

33956 

3.1207 

4542; 

(       3.1228 

51191 

3.  1249 

51295 

1 

3.1270  45768 

"f" 

-6)71 

1 

r(-6)2] 

1 

n4 

r(-6)ii 

7)J 

3" 

4 

4 

4 

i 

. 

273-888  0-67— 4 
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Table  3.1 

P 

OWERS 

)   AI 

SD  R 

001 

rS  nk 

k 
1 

300 

301 

302 

303 

304 

2 

90000 

90601 

91204 

\ 

91809 

92416 

3 

270 

00000 

272 

70901 

275 

43608         278 

18127 

280  94464 

4 

(  9)8.1000 
(12  2.  4300 

00000 

(  9)8.2085 

41201   ( 

9)8.3181 

696ie 

)    (  9)8.4288 

92481 

(  9)8.5407  17056 

5 

00000 

(12)2.4707 

70902   ( 

12  2.5120 

87224 

(12)2.5539 

54422 

(12)2.5963  77985 

6 

(14)7.2900 

00000 

(14)7.4370 

20414   ( 

14)7.5865 

0341" 

r   (14)7.7384 

81898 

(14)7.8929  89074 

7 

(17)2.1870 

00000 

(17  2.2385 

43144   ( 

17  2.2911 

24032 

(17  2.  3447 

60015 

(17)2.3994  68679 

8 

(19)6.5610 

00000 

(19)6.7380 

14865   I 

19)6.9191 

94576    (19)7.1046 

22846 

(19)7.2943  84783 

9 

(22)1.9683 

00000 

(22  2.0281 

42474   I 

22)2.0895 

96762    (22)2.1527 

00722 

(22  2. 2174  92974 

10 

(24)5.9049 

00000 

(24)6.1047 

08848   ( 

24)6.3105 

8222] 

(24)6.5226 

83188 

(24)6.7411  78641 

24 

(59)2.8242 

95365 

(59)3.0591 

15639   (59)3.3125 

81949    (59)3,5861 

05682 

(59)3.8811  99856 

1/2 

{  1)1.7320 

50808 

(  1)1,7349 

35157   ( 

1)1.7378 

14720    (  1)1.7406 

89519 

(  1)1.7435  59577 

1/3 

6.6943 

29501 

6,7017 

59395 

6.7091 

72852 

>       6.7165 

69962 

6.7239  50814 

1/4 

4,1617 

91450 

4,1652 

55283 

4. 1687 

10496       4.1721 

57138 

4.1755  95260 

1/5 

3.1291 

34645 

3,1312 

17958 

3.1332 

95743       3.1353 

68030 

3.1374  34853 

1 

305 

306 

307 

308 

309 

2 

93025 

93636 

94249 

94864 

95481 

3 

283 

72625 

286 

52616 

289 

34443         292 

18112 

295  03629 

4 

(  9)8.6536 

50625 

(  9)8.7677 

00496   ( 

9)8.8828 

74001    (  9)8.9991 

78496 

(  9)9.1166  21361 

5 

(12  2.6393 

63441 

(12)2.6829 

16352   ( 

12)2.7270 

42318    (12)2.7717 

46977 

(12  2.8170  36001 

6 

(14)8.0500 

58494 

(14)8.2097 

24036   ( 

14)8.3720 

19917    (14)8,5369 

80688 

(14)8,7046  41242 

7 

(17)2.4552 

67841 

17)2.5121 

75555   ( 

17)2.5702 

10115    17)2,6293 

90052 

(17)2.6897  34144 

8 

19)7.4885 

66914 

(19)7.6872 

57199 

19)7.8905 

45052    (19)8.0985 

2136C 

(19)8.3112  78504 

9 

(22)2.2840 

12909 

(22)2.3523 

00703   ( 

22)2.4223 

97331    22)2.4943 

44579 

22  2.5681  85058 

10 

(24)6.9662 

39372 

(24)7.1980 

40151   ( 

24)7.4367 

59806    (24)7.6825 

81303 

(24)7.9356  91828 

24 

(59)4.1994 

86063 

(59)4.5427 

01868   ( 

59)4.9127 

08679    (59)5.3115 

00125 

(59)5.7412  10972 

1/2 

(  1)1.7464 

24920 

(  1)1.7492 

85568   ( 

1)1.7521 

41547    (  1)1.7549 

92877 

(  1)1.7578  39583 

1/3 

6,7313 

15497 

6.  7386 

64101 

6.7459 

96712       6.7533 

13417 

6.7606  14302 

1/4 

4.1790 

24910 

4,1824 

46136 

4.  1858 

58988       4,1892 

63512 

4,1926  59756 

1/5 

3,1394 

96244 

3.  1415 

52236 

3. 1436 

02859       3,1456 

48146 

3.1476  88127 

1 

310 

311 

312 

313 

314 

2 

96100 

96721 

97344 

97969 

98596 

3 

297 

91000 

300 

80231 

303 

71328         306 

64297 

309  59144 

4 

(  9)9,2352 

10000 

(  9)9.3549 

51841 

9)9.4758 
12)2.9564 

54336   (  9)9.5979 

24961 

(  9)9.7211  71216 

5 

(12)2.8629 

15100 

(12)2.9093 

90023 

66553   (12)3.0041 

50513 

(12)3.0524  47762 

6 

(14)8.8750 

36810 

(l4  9.0482 

02970 

14)9.2241 

75645    (14)9.4029 

91105 

(14)9.5846  85972 

7 

(17)2.7512 

61411 

17)2.8139 

91124 

17  2.8779 

42801   (17)2.9431 

36216 

17)3.0095  91395 

8 

(19  8.5289 

10374 

(19)8.7515 

12395 

19)8.9791 

81540   (19  9.2120 

16356 

19)9.4501  16981 

9 

(22  2.  6439 

62216 

(22  2.7217 

20355 

22)2.8015 
24)8.7406 

04640   (22)2.8833 

61119 

22)2.9673  36732 

10 

(24)8.1962 

82870 

(24)8.4645 

50303 

94478   (24)9.0249 

20304 

(24)9.3174  37339 

24 

(59)6.2041 

26610 

(59)6.7026 

93132 

59)7.2395 

28072    (59)7.8174 

31800 

(59)8.4393  99655 

1/2 

(  1)1.7606 

81686 

(  1)1,7635 

19209 

1)1.7663 

52173   (  1)1.7691 

80601 

(  1)1.7720  04515 

1/3 

6.  7678 

99452 

6,7751 

68952 

6.7824 

22886       6.7896 

61336 

6.7968  84386 

1/4 

4.1960 

47767 

4, 1994 

27591 

4.2027 

99273       4.2061 

62861 

4.2095  18398 

1/5 

3. 1497 

22833 

3,1517 

52295 

3.1537 

76544       3.1557 

95609 

3.1578  09519 

1 

315 

316 

317 

318 

319 

2 

99225 

99856 

1 

00489           1 

01124 

1  01761 

3 

312 

55875 

315 

54496 

318 

55013         321 

57432 

324  61759 

4 

(  9)9.8456 

00625 

(  9)9,9712 

20736 

10)1,0098 

03912   (10)1.0226 

06338 

(10)1.0355  30112 
(12)3.3033  41058 
(15)1.0537  65797 

5 

(12)3,1013 

64197 

(12)3,1509 

05753 

12  3.2010 

78401   (12)3.2518 

88154 

6 

(14)9.7692 

97220 

(14)9.9568 

62178 

15)1.0147 

41853    15)1.0341 

00433 

7 

(17)3.0773 

28624 

(l7  3. 1463 

68448 

17)3.2167 

31675    17)3.2884 

39376 

(17  3.  3615  12894 

8 

19)9.6935 

85167 

(19)9.9425 

24297 

20)1.0197 

03941    20)1.0457 

23722 

(20  1.0723  22613 

9 

(22  3.  0534 

79328 

(22  3.1418 

37678 

22)3.2324 

61493   (22  3.  3254 

01435 

(22)3.4207  09136 

10 

(24)9.6184 

59882 

(24  9.9282 

07062 

25)1.0246 

90293   (25)1,0574 

77656 

(25)1.0912  06214 

24 

(59)9.1086 

34822 

(59)9.8285 

62028 

[60)1.0602 

84208   (60)1,1435 

38734 

(60)1.2330  37808 

1/2 

(  1)1.7748 

23935 

(  1)1.7776 

38883 

1)1.7804 

49381   (  1)1.7832 

55450 

(  1)1.7860  57110 

1/3 

6.8040 

92116 

6.8112 

84608 

6.8184 

61941       6,8256 

24197 

6.8327  71452 

1/4 

4.2128 

65931 

4.2162 

05502 

4.2195 

37156       4,2228 

60938 

4.2261  76889 

1/5 

3.1598 

18306 

3.1618 

21997 

3.1638 

20622       3.1658 

14209 

3.1678  02787 

1 

320 

321 

322 

323 

324 

2 

1 

02400 

1 

03041 

1 

03684           1 

04329 

1  04976 

3 

327 

68000 

330 

76161 

333 

86248         336 

98267 

340  12224 

4 

(10)1.0485 
(12)3.3554 

76000 

(10)1.0617 

44768 

(10)1.0750 

37186   (10)1.0884 

54024 

(10)1.1019  96058 

5 

43200 

(12)3.4082 

00706 

12  3.  4616 

19738   (12)3,5157 

06498 

(12)3.5704  67227 

6 

(15)1.0737 
(17)3.4359 

41824 

(15)1.0940 

32426 

15)1,1146 

41556   (15)1.1355 

73199 

15)1.1568  31381 

7 

73837 

17)3.5118 

44089 

17)3.5891 

45809   (17)3.6679 

01432 

(17)3.7481  33676 

8 

(20)1.0995 

11628 

(20)1.1273 

01953 

20)1.1557 

04950   (20)1.1847 

32163 

(20)1.2143  95311 

9 

(22)3.5184 
(25)1.1258 

37209 

22)3.6186 

39268 

(22)3.7213 

69940   (22  3.8266 

84885 

(22)3,9346  40808 

10 

99907 

(25)1.1615 

83205 

(25)1.1982 

81121   (25)1.2360 

19218 

(25)1.2748  23622 

24 

(60)1.3292 

27996 

(60)1.4325 

86248 

(60)1.5436 

21862   (60)1.6628 

78568 

(60)1.7909  36736 

1/2 

(  1)1.7888 

54382 

(  1)1.7916 

47287 

(  1)1.7944 

35844   (  1)1.7972 

20076 

(  1)1.8000  00000 

1/3 

6.8399 

03787 

6.8470 

21278 

6.8541 

24002       6.8612 

12036 

6.8682  85455 

1/4 

4.2294 

85054 

4.2327 

85474 

4.2360 

78192       4.2393 

63249 

4.2426  40687 

1/5 

3.1697 

86385 

1 

3.1717 

65030 

3.1737 

38749       3.1757 

07571 

3,1776  71523 

1 

n2 

[(-6)61 
4 

5)21 
1 

1 

[(-6)1] 
4 

1 

4 
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POWERS 

AND  R 

OOTS  f 

»fc 

Table  3.1 

k 
1 

325 

326 

327 

328 

329 

2 

1  05625 

1  06276 

1 

06929 

1  07584 

1 

08241 

3 

343  28125 

346  45976 

349 

65783 

352  87552 

356 

11289 

4    ( 

10)1.1156  64063   ( 
12)3.6259  08203   i 

10)1.1294  58818   ( 

10  1.1433 

81104   ( 

10)1.1574  31706   ( 

10)1.1716 

11408 

5    1 

12)3.6820  35745 

12)3.7388 

56210   1 

12  3.7963  75994 

12)3.8546 

01533 

6    ( 

15)1.1784  20166   ( 

15)1.2003  43653 

15)1.2226 

05981   1 

15)1.2452  11326    I 

15)1.2681 

63904 

7    ( 

17)3.8298  65540   ( 

17)3.9131  20309 

17)3.9979 

21557 

17)4.0842  93150 

17)4.1722 

59245 

8 

20)1.2447  06300   | 

20)1.2756  77221 

20)1.3073 

20349   1 

20)1.  3396  48153 

20)1.  3726 

73292 

9    1 

22)4.0452  95476   ( 

22)4.1587  07739 

22)4.2749 

37542   1 

22  4. 3940  45942    ( 

22)4.5160 

95129 

10    1 

25  1.  3147  21030   ( 

25)1.3557  38723 

25)  1.  3979 

04576   ( 

25)1.4412  47069 

25)1.4857 

95298 

24    (60)1.9284  15722    (60)2.0759  76350   ( 

60)2.2343 

23554   (60)2.4042  09169    ( 

60)2.5864 

34894 

1/2    ( 

1)1.8027  75638   ( 

1)1.8055  47009   ( 

1)1.8083 

14132   ( 

1)1.8110  77028    ( 

1)1.8138 

35715 

1/3 

6.8753  44335 

6.8823  88750 

6.  8894 

18774 

6.8964  34481 

6.9034 

35942 

1/4 

4.2459  10547 

4.2491  72871 

4.2524 

27697 

4.2556  75067 

4.2589 

15020 

V5 

3.1796  30632 

3.1815  84924 

3. 1835 

34426 

3.1854  79164 

3. 1874 

19165 

1 

330 

331 

332 

333 

334 

2 

1  08900 

1  09561 

1 

10224 

1  10889 

1 

11556 

3 

359  37000 

362  64691 

365 

94368 

369  26037 

372 

59704 

4    1 

10)1.1859  21000   ( 

10)1.2003  61272 

10)1.2149 

33018   ( 

10)1.2296  37032 

10)1.2444 

74114 

5    I 

12)3.9135  39300 

12)3.9731  95811 

12)4.0335 

77618   1 

12)4.0946  91317    ( 

12)4.1565 

43539 

6    1 

15)1.2914  67969 

15  1.3151  27813 

15)1.3391 

47769   1 

15)1.3635  32209 

15)1.3882 

85542 

7    1 

17)4.2618  44298 

17)4.3530  73062 

17)4.4459 

70594   1 

17)4.5405  62254 

17)4.6368 

73711 

8 

20)1.4064  08618   i 

20)1.4408  67184 

20)  1.4760 

62237   1 

20  1.5120  07231 

20)1.  5487 

15819 

9 

22)4.6411  48440 

22)4.7692  70378 

22)4.9005 

26628 

22  5.0349  84078 

22)5.1727 

10837 

10    ( 

25)1.5315  78985   ( 

25)1.5786  28495 

25)1.6269 

74840   1 

25)1.6766  49698 

25)1.7276 

85420 

24    ( 

60)2.7818  55434   ( 

60)2.9913  81825 

60)  3.  2159 

84959   (60)3.4566  99320 

60)3.7146 

26935 

1/2    ( 

1)1.8165  90212   ( 

1)1.8193  40540 

1)1.8220 

86716   ( 

1)1.8248  28759 

1)1.8275 

66688 

1/3 

6.9104  23230 

6.9173  96417 

6.  9243 

55573 

6.9313  00768 

6.  9382 

32074 

1/4 

4.2621  47595 

4.2653  72832 

4.  2685 

90770 

4.2718  01446 

4.  2750 

04899 

1>5 

3.1893  54454 

3.1912  85058 

3. 1932 

11001 

3.1951  32308 

3.1970 

49006 

1 

335 

336 

337 

338 

339 

2 

1  12225 

1  12896 

1 

13569 

1  14244 

1 

14921 

3 

375  95375 

379  33056 

382 

72753 

386  14472 

389 

58219 

4    ( 

10)1.2594  45063   ( 

10)1.2745  50682 
12)4.2824  90290 

10)1.2897 

91776   ( 

10)1.3051  69154 

10)1.3206 
12)4.4771 

83624 

5    1 

12)4.2191  40959    ( 

12)4.3465 

98285 

12)4.4114  71739 

17486 

6    1 

15)1.4134  12221   i 

15)1.4389  16737 

15)1.4648 

03622   ( 

15)1.4910  77448 

15)1.5177 

42828 

7    1 

17)4.7349  30942 

17)4.8347  60238 

17)4.9363 

88207 

17)5.0398  41774 

17)5.1451 

48186 

8 

20)1.5862  01865   ( 

20)1.6244  79440 

20)  1.6635 

62826 

20)1.7034  66520 

20)1.7442 

05235 

9 

22)5.3137  76249 

22)5.4582  50918 

22)5.6062 

06723   ( 

22)5.7577  16836 

22)5.9128 

55747 

10    ( 

25)1.7801  15044 

25)1.8339  72309 

25)1.8892 

91666 

25)1.9461  08291 

(25)2.0044 

58098 

24    ( 

60)3.9909  41565   ( 

60)4.2868  93134 

[60)4.6038 

12427 

60)4.9431  16051 

[60)5.3063 

11693 

1/2    ( 

1)1.8303  00522   ( 

1)1.8330  30278 

[  1)1.8357 

55975    { 

1)1.8384  77631 

[  1)1.8411 

95264 

1/3 

6.9451  49558 

6.9520  53290 

6.  9589 

43337 

6.9658  19768 

6.9726 

82649 

1/4 

4.2782  01166 

4.2813  90286 

4.  2845 

72295 

4.2877  47230 

4.  2909 

15128 

1/5 

3.1989  61118 

3.2008  68669 

3.  2027 

71684 

3.2046  70186 

3.2065 

64201 

1 

340 

341 

342 

343 

344 

2 

1  15600 

1  16281 

1 

16964 

1  17649 

1 

18336 

3 

393  04000 

396  51821 

400 

01688 

403  53607 

407 

07584 

4    ( 
5 

10)1.3363  36000 

10)1.3521  27096 

(10  1.3680 

57730 

10)1.3841  28720 

(10)1.4003 

40890 

12  4.5435  42400 

12)4.6107  53398 

12  4.6787 

57435 

12)4.7475  61510 

(12)4.8171 

72660 

6 

15)1.5448  04416 

15)1.5722  66909 

15  1.6001 

35043 

15)1.6284  13598 

15)1.6571 

07395 

7 

17)5.2523  35014 

17)5.3614  30158 

17)5.4724 

61847 

17  5.5854  58641 

(17)5.7004 

49439 

8 

20)1.7857  93905 

20)  1.8282  47684 

20  1.8715 

81952 

20)  1.9158  12314 

20)1.  9609 

54607 

9 

22)6.0716  99277 

22)6.2343  24602 

22)6.4008 

10274 

22  6.5712  36236 

22)6.7456 

83848 

10 

25)2.0643  77754 

25)2.1259  04689 

25)2.1890 

77114 

25)2.2539  34029 

(25)2.3205 

15244 

24 

60)5.6950  03680 

60)6.1108  98859 

(60)6.5558 

12822 

[60)7.0316  76479 

(60)7.5405 

43015 

1/2 

1)1.8439  08891 

1)1.8466  18531 

(  1)1.8493 

24201 

[  1)1.8520  25918 

(  1)1.8547 

23699 

1/3 

6.9795  32047 

6.9863  68028 

6.  9931 

90657 

7.0000  00000 

7.0067 

96121 

1/4 

4.2940  76026 

4.2972  29958 

4.  3003 

76961 

4.3035  17071 

4.  3066 

50321 

1/5 

3.2084  53751 

3.2103  38860 

3.2122 

19552 

3.2140  95850 

3.2159 

67776 

1 

345 

346 

347 

348 

349 

2 

1  19025 

1  19716 

1 

20409 

1  21104 

1 

21801 

3 

410  63625 

414  21736 

417 

81923 

421  44192 

425 

08549 

4 

[10)1.4166  95063 
[12)4.8875  97966 

[10)1.4331  92066 

(10)1.4498 

32728 

10)1.4666  17882 

(10  1.4835 
12)5.1775 

48360 

5 

12)4.9588  44547 

•12  5.  0309 

19567 

12)5.1038  30228 

83777 

6 

15)1.6862  21298 

15)1.7157  60213 

'15)1.7457 

29090 

15)1.7761  32919 

15)1.8069 

76738 

7 

17)5.8174  63479 

17)5.9365  30338 

17)6.0576 

79941 

17)6.1809  42559 

(17)6.3063 

48816 

8 

20)2.0070  24900 

20)2.0540  39497 

(20)2.1020 

14939 

20)2.1509  68011 

20  2.2009 

15737 

9 

'22)6.9242  35905 

22  7.1069  76659 
25)2.4590  13924 

(22  7.2939 

91840 

22)7.4853  68677 

22)7.6811 

95921 

10 

(25)2.3888  61387 

(25)2.5310 

15168 

125)2.  6049  08300 

25)2.6807 

37377 

24 

(60)8.0845  95243 

(60)8.6661  53376 

(60)9.2876 

83235 

(60)9.9518  04932 

(61)1.0661 

30203 

1/2 

(  1)1.8574  17562 

(  1)1.8601  07524 

(  1)1.8627 

93601 

(  1)1.8654  75811 

(  1)1.8681 

54169 

1/3 

7.0135  79083 

7.0203  48952 

7.0271 

05788 

7.0338  49656 

7.0405 

80617 

1/4 

4.  3097  76748 

4.3128  96386 

4.3160 

09269 

4.3191  15431 

4.  3222 

14906 

1/5 

3.2178  35355 

3.2196  98608 

3.2215 

57557 

3.2234  12226 

J 

3.2252 

62636 

"^['1 

1)5]        Jr(-( 

5)2] 

"t' 

6)1]      n^(- 
*     J 

7)6" 

4 
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Table  3.1 

P 

OWERS 

A>D  ROOTS  ti 

k 

k 

1 

350 

351 

352 

353 

354 

2 

1  22500 

1 

23201 

1  23904 

1  24609 

1 

25316 

3 

428  75000 

432 

43551 

436  14208 

439  86977 

443 

61864 

4 

(10)1.5006  25000 

(10)1.5178 
12)5.3276 

48640    ( 

10)1.5352  20122   ( 

10)1.5527  40288    (10)1.5704 

09986 

5 

(12)5.2521  87500 

48727    ( 

12)5.4039  74828 

12)5.4811  73217    ( 

12)5.5592 
15)1.9679 

51349 

6 

(15)1.8382  65625 

(15)1.8700 

04703    ( 

15)1.9021  99139    ( 

15)1.9348  54146 

74978 

7 

(17)6.4339  29688 

(17)6.5637 

16508 

17  6.6957  40971    ( 

17)6.8300  35134 

17)6.9666 

31421 

8 

(20)2.2518  75391 

(20)2.3038 

64494 

20)2.3569  00822    ( 

20)2.4110  02402 

20)2.4661 

87523 

9 

(22)7.8815  63867 

(22)8.0865 

64375 

22)8.2962  90893    ( 

22)8.5108  38480    ( 

22)8.7303 

03831 

10 

(25)2.7585  47354 

(25)2.8383 

84096   ( 

25)2,9202  94394   ( 

25)3.0043  25983    (25)3,0905 

27556 

24 

(61)1.1419  13124 

(61)1.2228 

43263    (61)1.3092  54042    (61)1.4014  99442    (61)1,4999 

55202 

1/2 

(  1)1.8708  28693 

(  1)1.8734 

99400    ( 

1)1,8761  66304   ( 

1)1,8788  29423    ( 

1)1.8814 

88772 

1/3 

7.0472  98732 

7.0540 

04063 

7.0606  96671 

7.0673  76615 

7,  0740 

43955 

1/4 

4.3253  07727 

4.3283 

93928 

4.3314  73541 

4.3345  46600 

4.3376 

13137 

1/5 

3.2271  08809 

3.2289 

50768 

3.2307  88532 

3.2326  22125 

3.2344 

51567 

1 

355 

356 

357 

358 

359 

2 

1  26025 

1 

26736 

1  27449 

1  28164 

1 

28881 

3 

447  38875 

451 

18016 

454  99293 

458  82712 

462 

68279 

4 

(10)1.5882  30063 
(12)5.6382  16722 

(10)1.6062 

01370    ( 
76876 

10)1.6243  24760 

10)1.6426  01090   ( 

10)1,6610 

31216 

5 

(12)5.7180 

12)5.7988  39394 

12  5.8805  11901   i 

12)5,9631 

02066 

6 

(15)2.0015  66936 

(15)2.0356 

35368 

15)2.0701  85663 

15)2.1052  23260 

15)2.1407 

53642 

7 

(17)7.1055  62624 

(17)7,2468 

61909 

17)7.3905  62819 

17)7.5366  99273   ( 
20)2,6981  38340   ( 

17)7.6853 

05573 

8 

(20  2.  5224  74731 

20)2.5798 

82840 

20)2.6384  30926 

20)2.7590 

24701 

9 

(22)8.9547  85297 

(22)9.1843 

82909 

22)9.4191  98407 

22)9,6593  35256   ( 

22  9.  9048 

98676 

10 

(25)3.1789  48780 

(25)3.2696 

40316 

25)3,3626  53831 

25)3,4580  42022 

25)3.5558 

58625 

24 

(61)1.6050  20092 

(61)1.7171 

17251 

61)1,8366  95605 

61)1,9642  31355   ( 

61)2.1002 

29556 

1/2 

(  1)1.8841  44368 

(  1)1.8867 

96226 

1)1,8894  44363 

1)1.8920  88793 

1)1.8947 

29532 

1/3 

7.0806  98751 

7.0873 

41061 

7,0939  70945 

7.1005  88459 

7.1071 

93661 

1/4 

4.3406  73183 

4.3437 

26771 

4,3467  73933 

4.3498  14700 

4.3528 

49104 

1/5 

3.2362  76880 

3.2380 

98084 

3,2399  15199 

3.2417  28247 

3.2435 

37249 

1 

360 

361 

362 

363 

364 

2 

1  29600 

1 

30321 

1  31044 

1  31769 

1 

32496 

3 

466  56000 

470 

45881 

474  37928 

478  32147 

482 

28544 

4 

(10)1.6796  16000 

(10)1.6983 

56304 

(10)1.7172  52994 

(10)1.7363  06936   ( 

10)1.7555 

19002 

5 

(12)6.0466  17600 

(12)6.1310 

66258 

(12  6,2164  55837 

12)6.3027  94178 

12  6.3900 

89166 

6 

(15)2.1767  82336 

(15)2.2133 

14919 

15)2.2503  57013 

15)2.2879  14287 

15)2.3259 

92456 

7 

(17  7.8364  16410 

(17  7.  9900 

66858 

17  8.1462  92387 

17)8.3051  28860 

17)8.4666 

12541 

8 

(20)2,8211  09907 

(20)2.8844 

14136 

20)2.9489  57844 

20)3.0147  61776 

20)3.0818 

46965 

9 

(23)1.0155  99567 

(23)1.0412 

73503 

(23)1.0675  22740 

(23)1.0943  58525 

23)1,1217 

92295 

10 

(25)3.6561  58440 

(25)3.7589 

97346 

25)3.8644  32317 

(25)3.9725  21445 

25)4.0833 

23955 

24 

(61)2.2452  25771 

(61)2.3997 

87825 

(61)2.5645  17652 

(61)2.7400  53237 

61)2.9270 

70667 

1/2 

(  1)1.8973  66596 

(  1)1.9000 

00000 

(  1)1.9026  29759 

(  1)1.9052  55888 

1)1.9078 

78403 

1/3 

7.1137  86609 

7.1203 

67359 

7.1269  35967 

7.1334  92490 

7,1400 

36982 

1/4 

4.  3558  77175 

4.3588 

98944 

4.3619  14441 

4.3649  23697 

4,  3679 

26743 

1/5 

3.2453  42223 

3.  2471 

43191 

3.2489  40172 

3,2507  33187 

3.2525 

22254 

1 

365 

366 

367 

368 

369 

2 

1  33225 

1 

33956 

1  34689 

1  35424 

1 

36161 

3 

486  27125 

490 

27896 

494  30863 

498  36032 

502 

43409 

4 

(10)1.7748  90063 

(10)1.7944 

20994 

(10)1.8141  12672 
(12)6,6577  93507 

(10)1,8339  65978 

10)1.8539 

81792 

5 

(12)6.4783  48728 

(12)6.5675 

80837 

(12)6.7489  94798 

12)6.8411 

92813 

6 

(15)2.3645  97286 
(17)8.6307  80093 

15)2.4037 

34586 

15)2.4434  10217 

15)2.4836  30086 

15  2.5244 

00148 

7 

(17)8.7976 

68585 

(17)8.9673  15496 

17)9.1397  58715 

17)9.3150 

36546 

8 

(20  3. 1502  34734 

(20  3,2199 

46702 

(20)3,2910  04787 

20)3.3634  31207 

20)3.4372 

48485 

9 

(23  1.1498  35678 

(23)1.1785 

00493 

(23)1,2077  98757 

23)1.2377  42684 

23  1.2683 

44691 

10 

(25)4.1969  00224 

(25)4.3133 

11804 

125)  4.  4326  21438 

25)4.5548  93078 

25)4,6801 

91910 

24 

(61)3.1262  86296 

(61)3.3384 

59019 

(61)3.5643  92671 

61)3.8049  38558 

61)4,0609 

98114 

1/2 

(  1)1.9104  97317 

(  1)1.9131 

12647 

(  1)1,9157  24406 

1)1.9183  32609    ( 

1)1.9209 

37271 

1/3 

7.1465  69499 

7.1530 

90095 

7.1595  98825 

7.1660  95742 

7.1725 

80900 

1/4 

4.  3709  23607 

4.  3739 

14319 

4.3768  98909 

4.3798  77406 

4.3828 

49839 

1/5 

3.2543  07394 

3.2560 

88625 

3.2578  65967 

3,2596  39439 

3.2614 

09059 

1 

370 

371 

372 

373 

374 

2 

1  36900 

1 

37641 

1  38384 

1  39129 

1 

39876 

3 

506  53000 

510 

64811 

514  78848 

518  95117 

523 

13624 

4 

(10)1.8741  61000 

(10)1.8945 

04488 

(10)1,9150  13146 

10)1,9356  87864 

10)1.9565 

29538 

5 

(12)6.9343  95700 

(12)7.0286 
15)2.6076 

11651 

12)7.1238  48902 

12  7, 2201  15733 

12)7,3174 

20471 

6 

(15)2.5657  26409 

14922 

(15)2.6500  71791 

15)2.6931  03168 

15  2,7367 

15256 

7 

17)9.4931  87713 

(17)9.6742 

51362 

(17)9,8582  67064 

18)1,0045  27482 

18)1,0235 

31506 

8 

(20)3.5124  79454 

(20)3.5891 

47255 

20)3.6672  75348   ( 

20)3,7468  87507 

20)3,8280 

07832 

9 

(23)1.2996  17398 

(23  1.3315 

73632 

(23)1.3642  26429 

23)1,3975  89040 

23)1,4316 

74929 

10 

(25)4.8085  84372 

(25  4.9401 

38174 

(25)5,0749  22317 

25)5.2130  07120 

25)5,3544 

64234 

24 

(61)4.3335  25711 

(61)4,6235 

31606 

(61)4,9320  85051   ( 

61)5.2603  17567    ( 

61)5,6094 

26383 

1/2 

(  1)1.9235  38406 

(  1)1.9261 

36028 

(  1)1.9287  30152   < 

1)1,9313  20792 

1)1,9339 

07961 

1/3 

7.1790  54352 

7.1855 

16151 

7.1919  66348 

7,1984  04996 

7,2048 

32147 

1/4 

4.3858  16237 

4.  3887 

76627 

4. 3917  31039 

4.3946  79501 

4.  3976 

22040 

1/5 

3.2631  74848 
1 

3.2649 

36822 

3.2666  95001 

3.2684  49404 

7)81      Jr(-' 

3,2702 

00047 

[(-6)51 

Jr(- 

6)2]       „ir(- 

7)51 

4 

4  J       [ 

4  J       [  ' 
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P 

0\X1 

^RS  AND  R 

OOT 

S  nk 

Table  3.1 

fc 

1 

375 

376 

377 

378 

379 

2 

1 

40625 

1 

41376 

1 

42129 

1 

42884 

1 

43641 

3 

527 

34375 
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8 
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60744 
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63671 
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9 
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24 
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78067    ( 
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7.2176 
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4.4064 

14397 

4,4093 
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(15)3.1072 
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55826 
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91794 
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1/4 

4.4151 
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29497 

(23)1.9471 
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57941 

(25)7.7324 
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3.2909 
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3.2943 

24265 
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392 

393 
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1 
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1 
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1 
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597 

76471 

602 

36288 

606 

98457 

611 

62984 

4 

10)2.3134 

41000 

(10)2.3372 

60016 

(10)2.3612 

62490 

(10)2.3854 

49360 

(10)2.4098 

21570 

5 

12)9.0224 

19900 

12)9.1386 

86663 

(12)9.2561 

48959 

(12)9.3748 

15985 

12)9.4946 

96984 

6 

15  3.  5187 

43761 

15)3.5732 

26485 

(15)3.6284 

10392 

(15)3.6843 

02682 

(15)3.7409 

10612 

7 

18)1.3723 

10067 

18)1.3971 

31556 

(18)1.4223 

36874 

(18)1.4479 

30954 

(18)1.4739 

18781 

8 

20)5.3520 
23)2.0872 

09260 

20)5.4627 

84383 

(20)5.5755 

60545 

20)5.6903 

68650 

(20)5.8072 

39997 

9 

83612 

23)2.1359 

48694 

(23  2. 1856 
(25)8.5676 

19734 

23)2.2363 

14879 

(23)2.2880 

52559 

10 

25)8.1404 

06085 

(25)8.3515 

59392 

29356 

(25)8.7887 

17476 

(25)9.0149 

27082 

24 

62)1.5330 

29700 

(62)1.6302 

04837 

(62)1.7332 

67559 

(62)1.8425 

58176 

(62)1.9584 

35730 

1/2 

1)1.9748 

41766 

(  1)1.9773 

71993 

(  1)1.9798 

98987 

(  1)1.9824 

22760 

(  1)1.9849 

43324 

1/3 

7.3061 

43574 

7.3123 

82812 

7.3186 

11420 

7.  3248 

29445 

7.3310 

36930 

1/4 

4.  4439 

19178 

4.4467 

65109 

4.4496 

05586 

4.4524 

40634 

4,4552 

70277 

1/5 

3.  2977 

13494 

3.2994 

02898 

3.3010 

88848 

3.  3027 

71361 

3,  3044 

50453 

1 

395 

396 

397 

398 

399 

2 

1 

56025 

1 

56816 

1 

57609 

1 

58404 

1 

59201 

3 

616 

29875 

620 

99136 

625 

70773 

630 

44792 

635 

21199 

4 

10)2.4343 

80063 

(10)2.4591 

25786 

(10)2.4840 

59688 

(10)2.5091 

82722 

(10)2.5344 

95840 

5 

12)9.6158 

01247 

(12)9.7381 

38111 

(12  9.  8617 

16962 

12  9.  9865 

47232 

(13)1,0112 

63840 

6 

15)3.7982 

41493 

(15)3.8563 

02692 

(15)3.9151 

01634 

(15)3.9746 

45798 

(15)4.0349 

42722 

7 

18  1.5003 

05390 

(18)1.5270 

95866 

(18)1.5542 

95349 

(I8  1.5819 

09028 

(18  1.6099 

42146 

8 

20)5.9262 

06289 

(20)6.0472 

99629 

(20)6.1705 

52534 

(20)6.2959 

97930 

20)6.4236 

69163 

9 

23)2.3408 

51484 

(23)2.3947 

30653 

(23)2.4497 

09356 

(23)2.5058 

07176 

(23)2.5630 

43996 

10 

25)9.2463 

63362 

(25)9.4831 

33387 

(25)9.7253 

46143 

(25)9.9731 

12562 

(26)1.0226 

54554 

24 

62)2.0812 

78965 

(62)2.2114 

87364 

(62)2.3494 

82217 

(62)2.4957 

07762 

(62)2.6506 

32365 

1/2 

(  1)1.9874 

60691 

(  1)1.9899 

74874 

(  1)1.9924 

85885 

(  1)1.9949 

93734 

(  1)1.9974 

98436 

1/3 

7,3372 

33921 

7.3434 

20462 

7.  3495 

96597 

7.3557 

62368 

7.3619 

17821 

1/4 

4.4580 

94538 

4.4609 

13443 

4.4637 

27013 

4.  4665 

35273 

4.4693 

38246 

1/5 

3.  3061 

26138 

3.3077 

98433 

3.  3094 

67354 

3,3111 

32914 

3.3127 
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k 
1 

400 

401 

402 

403 

404 

2 

1 

60000 

1 

60801 

1 

61604 

1 

62409 

1 

63216 

3 

640 

00000 

644 

8120] 

649 

64808 

654 

50827 

659 

39264 

4 

(10)2. 

5600 

00000 

(10)2.5856 
(13)1.0368 

9616C 

)   (10)2. 

6115 

85282 

(10)2. 

6376 

68328 

(10)2. 

6639 

46266 

5 

(13)1. 

0240 

00000 

6416C 

13)1. 

0498 

57283 

13)1. 

0629 

80336 
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0762 

34291 

6 

(15)4. 

0960 

00000 

(15)4.1578 

25282 

(15)4. 

2204 

26278 

(15)4. 

2838 

10755 

3479 

86537 

7 

(18)1. 

6384 

00000 

(18)1.6672 

8793E 

(18)1. 

6966 

11364 

(18)1. 

7263 

75734 

(18)1. 

7565 

86561 

8 

(20)6. 

5536 

00000 

(20)6.6858 

24632 

(20)6. 

8203 

77683 

(20)6. 

9572 

94209 

20)7. 

0966 

09706 

9 

(23  2. 

6214 

40000 

(23)2.6810 

1567E 

(23)2. 

7417 

91829 

(23  2. 

8037 

89566 

23  2. 

8670 

30321 

10 

(26)1. 

0485 

76000 

(26)1.0750 

87281 

(26)1. 

1022 

00315 

(26)l. 

1299 

27195 

(26)l 

1582 

80250 

24 

(62)2. 

8147 

49767 

(62)2.9885 

80393 

(62)3. 

1726 

72718 

(62)3. 

3676 

04703 

(62)3. 

5739 
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1/2 

(  1)2. 
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00000 

(  1)2.0024 

9843') 

(  1)2. 

0049 

93766 

(  1)2. 

0074 

85990 

(  1)2. 

0099 

75124 

1/3 

7. 

3680 

62997 

7,  3741 

9794C 

7. 

3803 

22692 

7. 

3864 

37295 

7. 

3925 

41792 

1/4 

4. 

4721 

35955 

4.4749 

2842: 

I       4. 

4777 

15674 

4. 

4804 

97729 

4. 

4832 

74611 

1/5 

3. 

3144 

54017 

3.  3161 

0959C 

3. 

3177 

61862 

3. 

3194 

10850 

3. 

3210 

56568 

1 

405 

40^ 

407 

408 

409 

2 

1 

64025 

1 

6483« 

1 

65649 

1 

66464 

1 

67281 

3 

664 

30125 

669 

23416 
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19143 

679 

17312 

684 

17929 

4 

mi: 

6904 

20063 

(10)2.7170 

9069C 

(10)2. 

7439 

59120 

(10)2. 
(13)1. 
(15)4. 

7710 

26330 

(10)2 

7982 

93296 

5 

0896 

20125 

(13)1.1031 

3882C 

13)1. 

1167 

91362 

1305 

78742 

13  1. 

1445 

01958 

6 

115)4. 

4129 

61508 

(15)4.4787 

4360'5 

15)4. 

5453 

40843 

6127 

61269 

(15)4. 

6810 

13009 

7 

(18)1. 

7872 

49411 

(18)1.8183 

69905 

(18)1. 

8499 

53723 
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(20)7. 

8820 

06598 

(18  1. 

9145 

34321 

B 

(20)7. 

2383 

60113 

(20)7.3825 

81816 

(20)7. 
(23)3. 

5293 

11653 

6785 

86919 

(20)7. 

8304 

45371 

9 

(23)2. 
(26)1. 

9315 

35846 

(23)2.9973 
(26)1.2169 

2821-/ 

0644 

29843 

(23)3. 
(26)l. 

1328 

63463 

(23)3. 

2026 

52157 

10 

1872 

72017 

15256 

(26)1. 

2472 

22946 

2782 

08293 

(26)1. 

3098 

84732 

24 

(62)3. 

7924 

56055 

(62)4.0236 
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'   (62)4. 

2684 

06980 

(62)4. 

5273 

48373 

(62)4. 

8013 

06073 
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1   (  1)2. 
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(  1)2. 

0199 

00988 
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0223 

74842 

1/3 

7. 

3986 

36223 

7.  4047 

2063C 

7. 

4107 

95055 

7. 

4168 

59539 

7. 

4229 

14120 

1/4 

4. 

4860 

46344 

4.  4888 

12948       4. 

4915 

74446 

4. 

4943 

30860 

4. 

4970 

82211 

1/5 

3. 

3226 

99030 

3.3243 

38251 

3. 

3259 

74245 

3. 

3276 

07026 

3. 

3292 

36609 

1 

410 

411 

412 

413 

414 

2 

1 

68100 

1 

6892] 

1 

69744 

1 

70569 

1 

71396 

3 

689 

21000 

694 

2653] 

699 

34528 

704 

44997 

709 

57944 

4 

nut 

8257 

61000 

(10)2.8534 

30424 

(10)2. 

8813 

02554 

(10)2. 

9093 

78376 

(10)2. 
(13)1. 
(15)5. 

9376 

58882 

5 

1585 

62010 

(13)1.1727 

59904 

13  1. 

1870 

96652 

(13)1. 

2015 

73269 

2161 

90777 

6 

( 15)  4. 

7501 

04241 

(15)4.8200 

4320-i 

15)4. 

8908 

38207 

(15)4. 

9624 

97602 

0350 

29817 

7 

(18)1. 

9475 

42739 

(18)1.9810 

3775E 

(18)2. 

0150 

25341 

(18)2. 
(20)8. 

0495 

11510 

(18)2. 

0845 

02344 

8 

(20)7. 

9849 

25229 

(20)8.1420 

65185 

(20)8. 

m. 

3019 

04405 

4644 

82535 

(20)8. 

6298 

39705 

9 

(23)3. 

2738 

19344 

(23)3.3463 

8879] 

4203 

84615 

23)3. 
(26)1. 

4958 

31287 

(23)3. 
(26)l. 

5727 

53638 

10 

(26)1. 

3422 

65931 

(26)1.3753 

65793 

4091 

98461 

4437 

78322 

4791 

20006 

24 

(62)5. 

0911 

10945 

(62)5,3976 

37632 

(62)5. 

7218 

06738 

( 62)  6. 

0645 

87127 

(62)6. 

4269 

98328 

1/2 

(  1)2. 

0248 

45673 

(  1)2.0273 
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(  1)2. 

0297 

78313 

(  1)2. 

0322 

40143 

(  1)2. 

0346 

98995 

1/3 

7. 

4289 

58841 

7.  4349 

93742 

7. 

4410 

18861 

7, 

4470 

34238 

7. 

4530 

39914 

1/4 

4. 

4998 

28522 

4.  5025 

69814 
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5053 

06108 

4. 

5080 

37426 

4. 

5107 

63788 

1/5 

3. 

3308 

63008 

3.3324 

86236 

)       3. 

3341 

06308 

3. 

3357 

23237 

3. 

3373 

37037 

1 

415 

416 

417 

418 

419 

2 

1 

72225 

1 

73056 

) 

1 

73889 

1 

74724 

1 

75561 

3 

714 

73375 

719 

91296 

725 

11713 

730 

34632 

735 

60059 

4 

(10)2. 

9661 

45063 

(10)2.9948 
(13)1.2458 

37914 

(10)3. 
(13)1. 

0237 

38432 

(10)3. 

0528 

47618 

(10)3. 
(13)1. 

0821 

66472 

5 

(13  1. 

2309 

50201 

52572 

2608 

98926 

(13)1. 
(15)5. 
(18)2. 

2760 

90304 

2914 

27752 

6 

15)5. 
(16)2. 

1084 

43334 

(15)5.1827 

4670C 

15)5. 

2579 

48522 

3340 

57471 

15  5. 

4110 

82280 

7 

1200 

03984 

(18)2.1560 

22627 

18)2. 

1925 

64534 

2296 

36023 

(18)2. 

2672 

43475 

8 

( 20)  8. 

7980 

16532 

(20)8.9690 
(23)3.7311 

5412'! 

(20)9. 

1429 

94106 

20)9. 

3198 

78576 

(20)9. 

4997 

50162 

9 

(23)3. 
(26)1. 

6511 

76861 

2651E 

(23)3. 

8126 

28542 

(23)3. 

8957 

09245 

(23)3. 

9803 

95318 

10 

5152 

38397 

(26)1.5521 

48631 

(26)1. 

5898 

66102 

(26)1. 

6284 

06464 

(26)1. 

6677 

85633 

24 

(62)6. 

8101 

13045 

(62)7.2150 

59801 

(62)7. 

6430 

25690 

(62)8. 

0952 

59269 

(62)8. 

5730 

73581 

1/2 

(  1)2. 

0371 

54879 

(  1)2.0396 

07805 

(  1)2. 

0420 

57786 

(  1)2. 

0445 

04830 

(  1)2. 

0469 

48949 

1/3 

7. 

4590 

35926 

7.4650 

22314 

7. 

4709 

99115 

7. 

4769 

66370 

7. 

4829 

24114 

1/4 

4. 

5134 

85215 

4.5162 

0172= 

4. 

5189 

13349 

4. 

5216 

20097 

4. 

5243 

21992 

1/5 

3. 

3389 

47722 

3.  3405 

55305 

3. 

3421 

59799 

3. 

3437 

61218 

3, 

3453 

59575 

1 

420 

421 

422 

423 

424 

2 

1 

76400 

1 

7724] 

1 

78084 

1 

78929 

1 

79776 

3 

740 

88000 

746 

1846] 

751 

51448 

756 

86967 

762 

25024 

4 

(10)3. 
(13)1. 

1116 

96000 

(10)3.1414 
(13)1.3225 

37208 

(10)3. 
(13)1. 

1713 

91106 

(10)3. 

2015 

58704 

( 10)  3. 

2319 

41018 

5 

3069 

12320 

45065 

3383 

27047 

(13)1. 

3542 

5W32 

(13)1. 

3703 

42991 

6 

(15)5. 

4890 

31744 

(15)5.5679 

14722 

(15)5. 

6477 

40136 

15)5. 
(18)2. 

7285 

16974 

(15)5. 

8102 

54284 

7 

18)2. 

3053 

93332 

(18)2.3440 

92096 

(18  2. 

3833 

46338 

4231 

62680 

(18)2. 

4635 

47816 

8 

(20)9. 

6826 

51996 

(20)9.8686 

27732 

(21  1. 

0057 

72154 

21)1. 
(23)4. 

0249 

97814 

(21)1. 
(23)4. 

0445 

44274 

9 

(23)4. 

0667 

13838 

(23)4.1546 

92275 

(23)4. 

2443 

58492 

3357 

40751 

4288 

67722 

10 

(26)1. 

7080 

19812 

(26)1.7491 

25448 

•(26)1. 

7911 

19284 

(26)1. 

8340 

18338 

(26)1. 

8778 

39914 

24 

(62)9. 

0778 

49315 

(62)9.6110 

38126 

(63)1. 

0174 

16609 

(63)1. 

0768 

83734 

(63)1. 

1396 

73784 

1/2 

(  1)2. 

0493 

90153 

(  1)2.0518 

28453 

(  1)2. 

0542 

63858 

(  1)2. 

0566 

96380 

(  1)2. 

0591 

26028 

1/3 

7, 

4888 

72387 

7.4948 

11226 

7. 

5007 

40668 

7. 

5066 

60749 

7. 

5125 

71508 

1/4 

4. 

5270 

19056 

4.5297 

11307 

4. 

5323 

98767 

4. 

5350 

81455 

4. 

5377 

59390 

1/5 

3. 

3469 

54883 

3.  3485 

47155 

3. 

3501 

36405 

3. 

3517 

22644 

3. 

3533 

05887 

Jr< 

-6)4' 

1 
n3 

[(-6)11 

Jr(-7)'n 

1 

(-7)4] 

4 

4 

4  J 

4 
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Table  3.1 


1 

425 

426 

427 

428 

429 

2 

1 

80625 

1 

81476 

1 

82329 

1 

83184 

1 

84041 

3 

767 

65625 

773 

08776 

778 

54483 

784 

02752 

789 

53589 

4    ( 

10  3.2625 

39063 

(10)3.2933 

53858 

(10)3.3243 

86424 

(10)3.3556 

37786 

(10)3.3871 

08968 

5    ( 

13)1.3865 

79102 

(13)1.4029 

68743 

1   13)1.4195 

13003 

(13  1.4362 

12972 

13)1.4530 

69747 

6    ( 

15  5.8929 
18)2.5045 

61182 

(15)5.9766 

46847 

(15)6.0613 

20523 

15)6.1469 

91521 

15)6.2336 

69216 

7 

08502 

(18)2.5460 

51557 

(18)2.5881 

83863 

(18)2,6309 

12371 

18)2.6742 

44094 

8 

21)1.0644 

16113 

(21)1.  0846 

17963 

(21)1.1051 

54510 

(21)1. 1260 

30495 

(21  1,1472 

50716 

9    ( 

23)4.5237 

68482 

(23)4.6204 

72523 

(23)4.7190 

09756 

23)4.8194 

10518 

(23)4,9217 

05572 

10    ( 

26)1.9226 

01605 

(  26)1.9683 

21295 

(26)2.0150 

17166 

(26)2,0627 

07702 

(26)2.1114 

11691 

24    ( 

63)1.2059 

63938 

(63)1.2759 

40370 

(63)1.3497 

96685 

(63)1.4277 

44370 

(63)1.5099 

93273 

1/2    ( 

1)2.0615 

52813 

(  1)2.0639 

76744 

(  1)2.0663 

97832 

(  1)2.0688 

16087 

(  1)2.0712 

31518 

1/3 

7,5184 

72981 

7.5243 

65204 

7.5302 

48212 

7.5361 

22043 

7.5419 

86732 

1/4 

4.5404 

32593 

4.5431 

01082 

4.5457 

64877 

4.5484 

23998 

4.5510 

78463 

1/5 

3.3548 

86145 

3.3564 

63431 

3,3580 

37758 

3.  3596 

09138 

3.3611 

77583 

1 

430 

431 

432 

433 

434 

2 

1 

84900 

1 

85761 

1 

86624 

1 

87489 

1 

88356 

3 

795 

07000 

800 

62991 

806 

21568 

811 

82737 

817 

46504 

4    ( 

10)3.4188 

01000 

(10)3.4507 

14912 

(10)3.4828 

51738 

(10)3.5152 

12512 

(10)3.5477 

98274 

5 

13)1.4700 

84430 

13)1.4872 

58127 

(13)1.5045 

91951 

13)1.5220 

87018 

(13)1.5397 

44451 

6 

15)6.3213 

63049 

(15)6.4100 

82528 

1  15)6.4998 

37227 

(15)6.5906 

36787 

(15)6.6824 

90916 

7    I 

18)2.7181 

86111 

18)2.7627 

45570 

(18)2.8079 

29682 

(18)2,8537 

45729 

(18)2.9002 

01058 

8    ( 

2l)  1.1688 

20028 

(21)1. 1907 

43340 

21)1.2130 

25623 

(21)1.2356 

71901 

(21)1.2586 

87259 

9 

23)5.0259 

26119 

23  5. 1321 

03797 

(23)5.2402 

70690 

(23)5.3504 

59329 

23  5.4627 

02704 

10    1 

26)2.1611 

48231 

(26)2.2119 

36737 

(26)2.2637 

96938 

(26)2.3167 

48890 

(26)2.3708 

12974 

24    ( 

63)1.5967 

72093 

(63)1.6883 

18906 

(63)1.7848 

83700 

(63)1.8867 

28946 

(63)1.9941 

30189 

1/2    ( 

1)2.0736 

44135 

(  1)2.0760 

53949 

(  1)2.0784 

60969 

(  1)2.0808 

65205 

(  1)2.0832 

66666 

1/3 

7.5478 

42314 

7.5536 

88825 

7.5595 

26299 

7.5653 

54772 

7.5711 

74278 

1/4 

4.5537 

28292 

4.5563 

73502 

4.5590 

14114 

4.5616 

50145 

4.5642 

81614 

1/5 

3.3627 

43107 

3.  3643 

05720 

3,  3658 

65436 

3.  3674 

22267 

3.  3689 

76223 

1 

435 

436 

437 

438 

439 

2 

1 

89225 

1 

90096 

1 

90969 

1 

91844 

1 

92721 

3 

823 

12875 

828 

81856 

834 

53453 

840 

27672 

846 

04519 

4    ( 

10)3.5806 

10063 

(10)3.6136 

48922 

(10  3.6469 

15896 

(10)3.6804 

12034 

(10)3.7141 
(13)1. 6305 

38384 

5     ( 

13)1.5575 

65377 

13  1.5755 

50930 

(13)1.5937 

02247 

13  1.6120 

20471 

06751 

6 

15)6.7754 

09391 

(15  6.  8694 

02054 

(15  6.9644 

78818 

(15)7.0606 

49662 

(15)7.1579 

24635 

7    1 

18)2.9473 

03085 

(18  2.9950 

59296 

(18  3.0434 

77243 

(18)3.0925 

64552 

(18)3.1423 

28915 

8    ( 

21)1.2820 

76842 

(21)1. 3058 

45853 

21)1.3299 

99555 

(21)1.3545 

43274 

(21)1.3794 

82394 

'^           { 

23)5.5770 

34263 

23)5.6934 

87918 

(23)5.8120 

98057 

23)5.9328 

99539 

(23)6.0559 

27708 

10    i 

26)2.4260 

09904 

(26)2.4823 

60732 

(26)2.5398 

86851 

(26  2.5986 

09998 

(26)2.6585 

52264 

24    ( 

63)2.1073 

76666 

(63)2.2267 

71952 

(63)2.3526 

34640 

(63)2.4852 

99040 

(63)2.6251 

15920 

1/2     ( 

1)2.0856 

65361 

(  1)2.0880 

61302 

(  1)2.0904 

54496 

(  1)2.0928 

44954 

(  1)2.0952 

32684 

1/3 

7.5769 

84852 

7.5827 

86527 

7.  5885 

79338 

7.5943 

63318 

7.6001 

38502 

1/4 

4.5669 

08540 

4.5695 

30941 

4.5721 

48834 

4.5747 

62238 

4.5773 

71171 

1/5 

3.3705 

27318 

3.3720 

75562 

3,  3736 

20969 

3.3751 

63549 

3.3767 

03314 

1 

440 

441 

442 

443 

444 

2 

1 

93600 

1 

94481 

1 

95364 

1 

96249 

1 

97136 

3 

851 

84000 

857 

66121 

863 

50888 

869 

38307 

875 

28384 

4    ( 

10)3.7480 

96000 

(10)3.7822 

85936 

(10)3,8167 

09250 

(10)3.8513 

67000 

(10)3.8862 

60250 

5 

13)1.6491 

62240 

(13)1.6679 

88098 

(13)1.6869 

85488 

(13)1.7061 

55581 

(13)1.7254 

99551 

^    ( 

15)7.2563 

13856 

(15  7.  3558 

27511 

(15)7.4564 

75858 

(15)7.5582 

69224 

15)7.6612 

18006 

7     ( 

18)3.1927 

78097 

(18)3.2439 

19933 

(18)3.2957 
(21)1,  4567 

62329 

(18  3.  3483 

13266 

18)3.4015 

80795 

8 

21  1.4048 

22363 

21)1.4305 

68690 

26950 

(21  1.4833 

02777 

(21)1.5103 

01873 

9     ( 

23)6.1812 

18395 

(23)6.3088 

07924 

(23)6.4387 

33117 

(23)6.5710 

31302 

(23)6.7057 

40315 

10    ( 

26)2.7197 

36094 

(26)2.7821 

84294 

(26)2.8459 

20038 

(26)2.9109 

66867 

(26)2.9773 

48700 

24 

63)2,7724 

53276 

(63)2.9276 

97132 

(63)3.0912 

52385 

(63)3.2635 

43677 

(63)3.4450 

16313 

1/2 

1)2.0976 

17696 

(  1)2.1000 

00000 

(  1)2.1023 

79604 

(  1)2.1047 

56518 

(  1)2.1071 

30751 

1/3 

7,6059 

04922 

7.6116 

62611 

7.6174 

11603 

7.6231 

51930 

7.6288 

83626 

1/4 

4.5799 

75651 

4.5825 

75695 

4.5851 

71321 

4.5877 

62546 

4.5903 

49388 

1/5 

3.  3782 

40276 

3.  3797 

74445 

3.3813 

05834 

3.3828 

34454 

3.  3843 

60316 

1 

445 

446 

447 

448 

449 

2 

1 

98025 

1 

98916 

1 

99809 

2 

00704 

2 

01601 

3 

881 

21125 

887 

16536 

893 

14623 

899 

15392 

905 

18849 

4 

10)3,9213 

90063 

(10)3.9567 

57506 

(10)3.9923 

63648 

(10)4.0282 

09562 

(10)4.0642 

96320 

5 

13)1.7450 

18578 

(13)1.7647 

13847 

(13)1.7845 

86551 

(13)1.  8046 

37884 

(13)1.8248 

69048 

6 

15)7.7653 

32671 

(15)7.8706 

23760 

(15)7.9771 

01882 

(15)8.0847 

77719 

(15)8.1936 

62024 

7 

18  3.4555 

73039 

(18)3.5102 

98197 

(18)3.5657 

64541 

18)3.6219 

80418 

(18)3.6789 

54249 

8 

21)1.5377 

30002 

21)  1.5655 

92996 

(21)1.5938 
23)7.1247 

96750 

21)1.  6226 

47227 

(21)1. 6518 

50458 

9 

(23)6.8428 

98510 

(23  6.  9825 

44761 

18472 

(23)7.2694 

59578 

(23)7.4168 

08555 

10 

(26)3.0450 

89837 

(26)3.1142 

14964 

(26)3.1847 

49157 

(26)3.2567 

17891 

(26)3.3301 

47041 

24 

(63)3.6361 

37215 

(63)3.8373 

95917 

(63)4.0493 

05610 

(63)4.2724 

04226 

(63)4.5072 

55570 

1/2 

(  1)2.1095 

02311 

(  1)2.1118 

71208 

(  1)2.1142 

37451 

(  1)2.1166 

01049 

(  1)2.1189 

62010 

1/3 

7,6346 

06721 

7.6403 

21250 

7.  6460 

27242 

7.6517 

24731 

7.6574 

13748 

1/4 

4.5929 

31864 

4.5955 

09991 

4.5980 

83787 

4.6006 

53268 

4.6032 

18450 

1/5 

3.3858 

83431 

3.  3874 

03811 

3.  3889 

21465 

3,  3904 

36406  1 

3.  3919 

48644 

1 

[(-6)41 
4 

1 

[(  6)11 
4 

1 

r(  7)61 
4 

II' 

[(  7)41 
4 
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Table  3.1 


POWERS  AIVD  ROOTS  n^ 


1 

2 
3 
4 
5 
6 
7 
8 
9 
10 

24 

1/2 
1/3 
1/4 
1/5 


2 

911 
(10)4.1006 
(13)1.8452 
(15)8.3037 
18)3.7366 
21)1.6815 
(23)7.5668 
(26)3.4050 


450 
02500 
25000 
25000 
81250 
65625 
94531 
12539 
06426 
62892 


(63)4.7544  50505 

(  1)2.1213 
7.  6630 
4.6057 
3.  3934 


20344 
94324 
79352 
58190 


76058 
66491 
35988 
65055 


(10)4. 
13  1. 


452 

2  04304 

923  45408 

1740  12442 

8866  53624 

(15)8.5276  74379 

(18)3.8545  08819 

(21)1.7422  37986 

(23)7.8749  15698 

(26)3-5594  61895 

(63)5.2883  77338 

(  1)2.1260  29163 

7.6744  30279 

4.6108  88377 

3.3964  69249 


453 

2  05209 

929  59677 

(10)4.2110  73368 

(13)1.9076  16236 

(15)8.6415  01548 

(18)3.9146  00201 

21)1.7733  13891 

(23)8.0331  11927 

(26)3.6389  99703 

(63)5.5764  37619 

(  1)2.1283  79665 

7.6800  85719 

4.6134  36534 

3.3979  70784 


454 

2  06116 

935  76664 

'10)4.2483  80546 

13)1.9287  64768 

15)8.7565  92045 

18)3.9754  92789 

21)1.8048  73726 

23)8.1941  26716 

[26)3.7201  33529 

(63)5.8795  01000 

(  1)2.1307  27575 

7.6857  32843 

4.6159  80476 

3.3994  69669 


1 
2 

3 

4 
5 
6 
7 
8 
9 
10 

24 

1/2 
1/3 
1/4 
1/5 


2 

941 
(10)4.2859 
(13)1.9501 
(15)8.8729 
(18  4.  0371 
21)1.8369 
(23)8.3580 
(26)3.8028 


455 
07025 
96375 
35063 
00453 
57063 
95464 
23936 
03909 
91778 


456 
2  07936 
948  18816 
10)4.3237  38010 
'13)1.9716  24532 
'15)8.9906  07868 
'18)4.0997  17188 
'21)1.8694  71038 
'23)8.5247  87931 
26)3.8873  03297 


(63)6.1983  13235    (63)6.5336  55383 


(  1)2.1330 
7.6913 
4.  6185 
3.4009 


72901 
71681 
20218 
65915 


(  1)2.1354  15650 

7.6970  02263 

4.6210  55778 

3.4024  59532 


2 
960 
4000 
0152 
2298 
2272 
9360 
8672 
0612 


458 
09764 
71912 
93570 
42855 
12275 
54022 
82342 
57127 
03764 


459 

2  10681 

967  02579 

(10)4.4386  48376 

(13)2.0373  39605 

(15)9.3513  88785 

(18)4.2922  87452 

(21)1.9701  59941 

(23  9.  0430  34128 

(26)4.1507  52665 

(63)7.6472  35292 

(  1)2.1424  28529 

7.7138  44772 

4.6286  37519 

3.4069  24718 


1 
2 

3 
4 
5 
6 
7 
8 
9 
10 

24 

1/2 
1/3 
1/4 
1/5 


,1447  61059 
,7194  42629 
,6311  56507 
,4084  07924 


2 
979 
(10)4.5165 
(13)2.0821 
(15  9.  5985 
(18)4.4249 
(21  2.  0398 
(23  9.  4039 
(26)4.3352 

(63)8.4883 

(  1)2.1470 
7.7250 
4.  6336 
3.  4098 


461 
12521 
72181 
17544 
14588 
48250 
30743 
93073 
07065 
01157 


91055 
32380 
71390 
88554 


462 
2  13444 
986  11128 
10)4.5558  34114 
'13)2.1047  95360 
'15)9.7241  54565 
1 18)  4.  4925  59409 
■21)2.0755  62447 
'23)9.5890  98505 
;  26)  4.  4301  63510 


29103   (63)8.9414  38903 


(  1)2.1494  18526 

7.7306  14052 

4.6361  82186 

3.4113  66616 


1517  43479 
,7361  87677 
,6386  88909 

4128  42121 


464 

2  15296 

998  97344 

(10)4.6352  36762 

(13)2.1507  49857 

(15)9.9794  79338 

(18  4.  6304  78413 

(21)2.1485  41984 

(23  9.  9692  34804 

(26)4.6257  24949 

(63)9.9181  69666 

(  1)2.1540  65923 

7.7417  53281 

4.6411  91574 

3.4143  15079 


1 
2 

3 
4 
5 
6 
7 
8 
9 
10 

24 

1/2 
1/3 
1/4 
1/5 

1 
2 

3 

4 
5 
6 
7 
8 
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POWERS  AND  ROOTS  nk 
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(10)6 

.8184 

17664 

(10)6.8719 
(13)3.5184 

47674 

(10)6.9257 

92256 

(10)6.9799 

52642 

5 

(13)3.4502 

52510 

(13)3 

.4842 

11426 

37209 

(13)3.5529 

31427 

(13)3.5876 

95658 

6 

(16)1.7596 

28780 

(16)1 

.7804 

32039 

(16)1.8014 

39851 

(16)1.8226 

53822 

(16  1.8440 

75568 

7 

(18)8.9741 

06779 

(18)9 

.0980 

07719 

(18)9.2233 

72037 

(18)9.3502 

14108 

18)9.4785 

48420 

8 

(21)4.5767 

94457 

(21)4 

.6490 

81944 

(21)4.7223 

66483 

(21  4.  7966 

59837 

(21)4.8719 

73888 

9 

(24)2.3341 

65173 

(24}  2 
(27)1 

.3756 

80873 

(24)2.4178 

51639 

(24  2.  4606 

86497 

(24  2.5041 

94578 

10 

(27)1.1904 

24238 

.2139 

72926 

(27)1.2379 

40039 

(27)1.2623 

32173 

(27)1.2871 

56013 

24 

(64)9.5870 

33090 

(65)1 

.0048 

50848 

(65)1.0531 

22917 

(65)1.1036 

12886 

(65)1.1564 

18034 

1/2 

(  1)2.2583 

17958 

(  1)2 

.2605 

30911 

(  1)2.2627 

41700 

(  1)2.2649 

50331 

(  1)2,2671 

56810 

1/3 

7.9895 

69740 

.9947 

88272 

8.0000 

00000 

8.0052 

04946 

8.  0104 

03133 

1/4 

4.7521 

76299 

4 

.7545 

04087 

4.7568 

28460 

4.7591 

49431 

4.  7614 

67011 

1/5 

3.  4794 

77522 

' 

.4808 

40954 

3.  4822 

02253 

3.4835 

61427 

3.  4849 

18483 

1 

515 

516 

517 

518 

519 

2 

2 

65225 

2 

66256 

2 

67289 

2 

68324 

2 

69361 

3 

1365 

90875 

1373 

88096 

1381 

88413 

1389 

91832 

1397 

98359 

4 

(10)7.0344 

30063 

(10)7 

.0892 

25754 

(10)7.1443 

40952 

(10)7.1997 

76898 

(10)7.2555 

34832 

5 

(13)3.6227 

31482 

(13)3 

.6580 

40489 

(13)3.6936 

24272 

(13)3.7294 

84433 

(13)3.7656 

22578 

6 

(16)1.8657 

06713 

(16)1 

.8875 

48892 

16)1.9096 

03749 

(16  1.9318 

72936 

(16)1.9543 

58118 

7 

(18)9.6083 

89574 

(18)9 

.7397 

52284 

(18)9,8726 

51381 

(19)1.0007 

10181 

19)1.0143 

11863 

8 

(21)4.9483 

20630 

(21)5 

.0257 

12179 

(21)5.1041 

60764 

(21)5.1836 

78738 

(21)5.2642 

78570 

9 

(24)2.5483 

85125 

(24)2 

.5932 

67484 

(24)2.6388 

51115 

(24)2.6851 

45586 

24)2.7321 

60578 

10 

(27)1.3124 

18339 

(27)1 

.3381 

26022 

(27)1.3642 

86026 

(27)1.3909 

05414 

(27)1.4179 

91340 

24 

(65)1.2116 

39706 

(65)1 

.2693 

83471 

(65)1.3297 

59294 

(65)1.3928 

81704 

(65)1.4588 

69982 

1/2 

(  1)2.2693 

61144 

(  1)2 

.2715 

63338 

(  1)2.2737 

63400 

(  1)2.2759 

61335 

(  1)2.2781 

57150 

1/3 

8.  0155 

94581 

8 

.0207 

79314 

8.0259 

57353 

8.0311 

28718 

8.  0362 

93433 

1/4 

4.7637 

81212 

4 

.7660 

92045 

4.  7683 

99522 

4.  7707 

03654 

4.7730 

04452 

1/5 

3.  4862 

73428 

■; 

.4876 

26271 

3.  4889 

77017 

3.4903 

25675 

3.4916 

72252 

1 

520 

521 

522 

523 

524 

2 

2 

70400 

2 

71441 

2 

72484 

2 

73529 

2 

74576 

3 

1406 

08000 

1414 

20761 

1422 

36648 

1430 

55667 

1438 

77824 

4 

(10)7.3116 

16000 

(10)7 
(13)3 

.3680 

21648 

(10)7.4247 

53026 

(10)7.4818 

11384 

(10)7.5391 

97978 

5 

(13)3.8020 

40320 

.8387 

39279 

(13  3.  8757 

21079 

(13)3.9129 

87354 

(13)3.9505 

39740 

6 

(16)1.9770 
19)1.0280 

60966 

(16  1 

.9999 

83164 

(16)2.0231 

26403 

(16)2.0464 

92386 

(16)2.0700 

82824 

7 

71703 

(19  1 

.0419 

91229 

(19)1.0560 

71983 

19)1.0703 

15518 

(19)1.0847 

23400 

8 

(21)5.3459 

72853 

(21)5 

.4287 

74301 

(21)5.5126 

95749 

(21)5.5977 

50159 

(21)5.6839 

50615 

9 

(24)2.7799 

05884 

(24)2 

.8283 

91411 

24)2.8776 

27181 

(24)2.9276 
(27)1.5311 

23333 

(24)2.9783 

90122 

10 

(27)1.4455 

51059 

(27)1 

.4735 

91925 

(27)1.5021 

21389 

47003 

(27)1.5606 

76424 

24 

(65)1.5278 

48342 

(65)1 

.5999 

46126 

(65)1.6752 

98008 

(65)1.7540 

44200 

(65)1.8363 

30669 

1/2 

(  1)2.2803 

50850 

(  1)2 

.2825 

42442 

(  1)2.2847 

31932 

(  1)2.2869 

19325 

(  1)2.2891 

04628 

1/3 

8.0414 

51517 

8 

.0466 

02993 

8.0517 

47881 

8.0568 

86203 

8.  0620 

17979 

1/4 

4.7753 

01928 

4 

.7775 

96092 

4.7798 

86957 

4.7821 

74532 

4.7844 

58829 

1/5 

3.4930 

16754 

1 

■ 

.4943 

59190 
1 

3.4956 

99566 

3.4970 

37889 

3.  4983 

74167 

"f 

-6)3" 

(-7)91 

1 

[(-7)51 

1 

r(-7)3] 

3 

4 

3 

3 
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p 

OWER« 

>  AND  R 

OOTS  nfc 

Table  3.1 

k 
1 

525 

526 

527 

528 

529 

2 

2 

75625 

2 

76676 

2 

77729 

2 

78784 

2 

79841 

3 

1447 

03125 

1455 

31576 

1463 

63183 

1471 

97952 

1480 

35889 

4    ( 

10)  7.  5969 
13)3.9883 

14063    ( 

10)7.6549 

60898 

10)7.7133 

39744   ( 

10  7.7720 

51866 

,10)7.8310 

98528 

5 

79883    1 

13)4.0265 

09432 

^  13)  4,  0649 

30045   1 

13)4.1036 

43385 

13)4.1426 

51121 

6    1 

16)2.0938 
19)1.0992 

99438   1 

16)2,1179 

43961 

16)2,1422 

18134   1 

16)2.1667 

23707 

16  2.1914 

62443 

7    I 

97205   1 

1911.1140 

38524 

'19)1,1289 

48957 

19)1.1440 

30117 

19  1.1592 

83632 

8 

21)5.7713 

10327   1 

21)5.8598 

42634 

21)5,9495 

61001   1 

21)6.0404 

79020 

21  6.1326 

10416 

9    1 

24)  3.  0299 

37922   1 

24)  3.  0822 

77226 

24)3,1354 

18647 

24)3.1893 

72923 

24  3.2441 

50910 

10 

27)1.5907 

17409   1 

27)1.6212 

77821 

27)1,6523 

65627 

27)1.6839 

88903 

27)1.7161 

55831 

24    1 

65)1.9223 

09365   (65)2,0121 

38448 

65)2,1059 

82534   (65)2.2040 

12944 

[65)2.3064 

07963 

1/2    ( 

1)2.2912 

87847   ( 

1)2.2934 

68988 

1)2,2956 

48057   ( 

1)2.2978 

25059 

1)2.3000 

00000 

1/3 

8.  0671 

43230 

8.  0722 

61977 

8.0773 

74241 

8.  0824 

80041 

8.0875 

79399 

1/4 

4.  7867 

39859 

4.7890 

17632 

4.7912 

92160 

4.7935 

63454 

4.  7958 

31523 

1/5 

3.  4997 

08406 

3.  5010 

40614 

3.  5023 

70797 

3.  5036 

98962 

3,  5050 

25117 

1 

530 

531 

532 

533 

534 

2 

2 

80900 

2 

81961 

2 

83024 

2 

84089 

2 

85156 

3 

1488 

77000 

1497 

21291 

1505 

68768 

1514 

19437 

1522 

73304 

^    ( 

10)7.8904 

81000   ( 

10)7.9502 

00552 

10)8.0102 

58458   ( 

10)8,0706 

55992 

[10)8,1313 

94434 

5    1 

13)  4. 1819 

54930 

13)4.2215 

56493 

13)4.2614 

57499   I 

13)4.3016 

59644 

13)4,3421 

64628 

6    1 

16)2.2164 

36113   1 

16)2.2416 

46498 

16)2,2670 

95390 

16)2.2927 

84590 

16)2,3187 

15911 

7    1 

19)  1. 1747 

11140   1 

19)1,1903 

14290 

19)1,2060 

94747    1 

19  1.2220 

54187 

19)1,2381 

94297 

8 

21)6.2259 

69041    1 

21)6,3205 

68882 

21  6,4164 

24056   1 

21)6.5135 

48814 

21)6.6119 

57543 

9 

24)  3.  2997 

63592   1 

24)  3.  3562 

22076 

24)3.4135 

37598   1 

24)3.4717 
27)1.8504 

21518 

[24)3.5307 

85328 

10    1 

27)  1.  7488 

74704   1 

27)1.7821 

53922 

27)1.8160 

02002    1 

27569 

27)1.8854 

39365 

24    I 

65)2.4133 

53110    ( 

65)2.5250 

41417 

65)2.6416 

73716   (65)2.7634 

58943 

[65)2.8906 

14446 

1/2    ( 

1)2.3021 

72887   ( 

1)2.3043 

43724 

1)2.3065 

12519   ( 

1)2.3086 

79276 

[  1)2.3108 

44002 

1/3 

8.  0926 

72335 

8.  0977 

58868 

8.1028 

39019 

8,  1079 

12808 

8.1129 

80255 

1/4 

4.7980 

96379 

4.8003 

58033 

4,8026 

16494 

4.  8048 

71774 

4.8071 

23882 

1/5 

3.  5063 

49267 

3.5076 

71420 

3.  5089 

91583 

3.5103 

09762 

3.5116 

25964 

1 

535 

536 

537 

538 

539 

2 

2 

86225 

2 

87296 

2 

88369 

2 

89444 

2 

90521 

3 

1531 

30375 

1539 

90656 

1548 

54153 

1557 

20872 

1565 

90819 

*    ( 

10)8.1924 

75063   ( 

10)8.2538 

99162 

10)8.3156 

68016   ( 

10)8.3777 

82914 

[10)8.4402 

45144 

5    ( 

13)4.3829 

74158   1 

13)4.4240 

89951 

13  4.4655 

13725 

13)4.5072 

47208 

13)4.5492 

92133 

6    1 

16)  2.  3448 

91175 

16)2.3713 

12214 

16)2.3979 

80870    1 

16)2.4248 

98998 

16)2.4520 

68460 

7    I 

19)1.2545 

16778 

19)1.2710 

23346 

19)1.2877 

15727 

19)1.3045 

95661 

19  1.3216 

64900 

8    1 

21)6.7116 

64765   1 

21)6.8126 

85137 

21)6.9150 

33455    1 

21)7.0187 

24655 

21)7.1237 

73809 

9    1 

24)  3.  5907 

40649   ( 

24)3.6515 

99233 

24)3.7133 

72966    ( 

24)3.7760 

73864 

24)3.8397 

14083 

10    1 

27)1.9210 

46247   ( 

27)1.9572 

57189 

27)1.9940 

81282    ( 

27)2.0315 

27739 

(27)2.0696 

05891 

24    1 

65)3.0233 

66304   ( 

65)3.1619 

49669 

65)3,3066 

09101    ( 

65)3.4575 

98937 

[65)3.6151 

83652 

1/2    ( 

1)2,3130 

06701 

1)2.3151 

67381 

1)2.3173 

26045    ( 

1)2.3194 

82701 

[  1)2.3216 

37353 

1/3 

8.1180 

41379 

8.1230 

96201 

8.1281 

44739 

8.1331 

87014 

8.1382 

23044 

1/4 

4.  8093 

72829 

4.8116 

18626 

4.8138 

61283 

4.8161 

00810 

4.8183 

37217 

1/5 

3.  5129 

40196 

3.  5142 

52463 

3.5155 

62774 

3.5168 

71134 

3.5181 

77550 

1 

540 

541 

542 

543 

544 

2 

2 

91600 

2 

92681 

2 

93764 

2 

94849 

2 

95936 

3 

1574 

64000 

1583 

40421 

1592 

20088 

1601 

03007 

1609 

89184 

4    ( 

10)8.5030 

56000   ( 

10)8.5662 

16776 

[10)8.6297 

28770   ( 
12993 

10  8.6935 

93280 

[10)8.7578 

11610 

5    1 

13)4.5916 

50240   1 

13)4.6343 

23276 

'l3  4.6773 

13)4.7206 

21151 

13)4.7642 

49516 

6 

16)2.4794 

91130 

16)2.5071 

68892 

16)2.5351 

03642 

16)2.5632 

97285 

16)2.5917 

51736 

7    I 

19)1.3389 

25210 

19)1.3563 

78371 

19)1.3740 

26174 

19)1.3918 

70426 

19)1.4099 

12945 

8 

21)7.2301 

96134 

21)7.3380 

06986 

21)7.4472 

21864 

21)7.5578 

56412 

21  7.6699 

26419 

9 

24)3.9043 

05912 

24)3.9698 

61779 

24)4,0363 

94250    ( 

24)4.1039 
27)2,2284 

16032 

24)4.1724 

39972 

10 

27)2.1083 

25193   ( 

27)2.1476 

95223 

27)2,1877 

25684 

26405 

[27)2.2698 

07345 

24 

65)3.7796 

38253   ( 

65)3.9512 

48669 

65)4.1303 

12169 

65)4.3171 

37789 

[65)4.5120 

46770 

1/2 

1)2.3237 

90008 

1)2,3259 

40670 

1)2.3280 

89345 

1)2.3302 

36040 

[  1)2.3323 

80758 

1/3 

8.  1432 

52850 

8. 1482 

76449 

8.1532 

93862 

8.1583 

05107 

8.1633 

10204 

1/4 

4.  8205 

70514 

4.  8228 

00711 

4.8250 

27819 

4.8272 

51847 

4.8294 

72806 

1/5 

3.  5194 

82029 

3.5207 

84576 

3.5220 

85199 

3.5233 

83903 

3.5246 

80696 

1 

545 

546 

547 

548 

549 

2 

2 

97025 

2 

98116 

2 

99209 

3 

00304 

3 

01401 

3 

1618 

78625 

1627 

71336 

1636 

67323 

1645 

66592 

1654 

69149 

4 

[10)8.8223 

85063 

10)8.8873 

14946 

10)8,9526 

02568 

,10)9.0182 

49242 

10)9.0842 

56280 

5 

13)4.8081 

99859 

13)4.8524 

73960 

13)4.8970 

73605 

13)4.9420 

00584 

13)4.9872 

56698 

6 

16)2.6204 

68923 

16)2.6494 
'19)1.4466 

50782 

16)2.6786 

99262 

16)2.7082 

16320 

16)2.7380 

03927 

7 

19)1.4281 

55563 

00127 

19)1.4652 

48496 

19)1.4841 

02543 

19)1.5031 

64156 

8 

21)7.7834 

47819 

21)7.8984 

36694 

21)8.0149 

09274 

21)8.1328 

81938 

21)8.2523 

71216 

9 

24)4.2419 

79061 

24)4.3125 

46435 

24)4.3841 

55373 

24)4.4568 

19302 

24)4.5305 

51798 

10 

27)2.3118 

78588 

[27)2.3546 

50354 

27)2.3981 

32989 

27)2.4423 

36978 

27)2.4872 

72937 

24 

65)4.7153 

73024 

[65)4.9274 

63602 

(65)5.1486 

79188 

[65)5.3793 

94612 

65)5.6199 

99369 

1/2 

(  1)2.3345 

23506 

[  1)2.3366 

64289 

(  1)2.3388 

03113 

1)2.3409 

39982 

(  1)2.3430 

74903 

1/3 

8.  1683 

09170 

8,  1733 

02026 

8.  1782 

88788 

8.1832 

69477 

8.  1882 

44110 

1/4 

4,  8316 

90704 

4.8339 

05553 

4.8361 

17361 

4.8383 

26138 

4.8405 

31895 

1/5 

3.  5259 

75582 

3.5272 

68570 

3.  5285 

59664 

3.5298 

48871 

3.5311 

36198 

1 

6)31 
3 

J[(- 

7)81 
i 

c 

041 
1 

J[(- 

7)3" 

3 
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Table  3.1 

POWERS 

AND  ROOTS  nk 

k 

1 

550 

551 

552 

553 

554 

2 

3  02500 

3 

03601 

3 

04704 

3 

05809 

3  06916 

3 

1663  75000 

1672 

84151 

1681 

96608 

1691 

12377 

1700  31464 

4    ( 

10)9.1506  25000    ( 

10)9,2173 
13)5,0787 

56720 

10)9.2844 

52762    ( 

10)9.3519 

14448 

(10)9.4197  43106 

5 

13)5.0328  43750 

63553   ( 

13)5.1250 

17924 

13)5.1716 

08690 

(13)5.2185  37681 

6    ( 

16)2.7680  64063    ( 

16)2.7983 

98718 

16)2.8290 

09894    ( 

16)2.8598 

99605 

16)2.8910  69875 

7    1 

19  1.5224  35234 

19  1.5419 

17693 

19)1.5616 

13462    ( 

19)1.5815 

24482 

(19)1.6016  52711 

8    ( 

21  8.  3733  93789    ( 

21)8.4959 

66491 

21)8.6201 

06308   1 

21)8.7458 

30384 

(21)8.8731  56018 

9 

24  4.  6053  66584    ( 

24)4.6812 

77536 

24)4.7582 

98682 

24)4.8364 

44203 

(24)4.9157  28434 

10    ( 

27)2.5329  51621    j 

27)2.5793 

83922 

27)2.6265 

80873   ( 

27)2,6745 

53644 

(27)2.7233  13552 

24    (65)5.8708  98173    ( 

65)6.1325 

11516 

65)6,4052 

76258   (65)6.6896 

46227 

(65)6.9860  92851 

1/2    ( 

1)2.3452  07880    ( 

1)2.3473 

38919 

1)2,3494 

68025    ( 

1)2,3515 

95203 

(  1)2,3537  20459 

1/3 

8, 1932  12706 

8.1981 

75283 

8.2031 

31859 

8,2080 

82453 

8,2130  27082 

1/4 

4.8427  34641 

4.  8449 

34384 

4.8471 

31136 

4.8493 

24905 

4.8515  15700 

1/5 

3.5324  71650 

3.5337 

05234 

3.5349 

86956 

3.5362 

66821 

3.5375  44836 

1 

555 

556 

557 

558 

559 

2 

3  08025 

3 

09136 

3 

10249 

3 

11364 

3  12481 

3 

1709  53875 

1718 

79616 

1728 

08693 

1737 

41112 

1746  76879 

4    ( 

10)9.4879  40063    ( 

10)9.5565 
13)5.3134 

06650 

10)9.6254 

44200    ( 

10)9.6947 

54050 

(10)9.7644  37536 

5 

13)5.2658  06735    ( 

17697 

13)5.3613 

72419   1 

13)5.4096 

72760 

(13  5.  4583  20583 

6 

16)2.9225  22738    ( 

16)2.9542 

60240 

,16)2.9862 

84438 

16)3.0185 

97400 

(16)3.0512  01206 

7    ( 

19)1.6220  00119    ( 

19)1.6425 

68693 

19)1.6633 

60432    ( 

19)1.6843 

77349 

(19)1.7056  21474 

8    ( 

21)9.0021  00663 

21  9.1326 

81934 

21  9.  2649 

17605    I 

21  9.  3988 

25608 

(21)9.5344  24040 

9 

24)4.9961  65868    ( 

24)5.0777 

71156 

24)5.1605 

59106 

24)5.2445 

44689 

(24)5,3297  43038 

10    ( 

27)2,7728  72057    ( 

27)2.8232 

40762 

(27)2.8744 

31422    ( 

27)2.9264 

55937 

(27)2,9793  26358 

24    ( 

65)7.2951  05803 

65)7,6171 

93672 

65)7.9528 

84664    (65)8.3027 

27311 

(65)8,6672  91224 

1/2    ( 

1)2,3558  43798    ( 

1)2,3579 

65225 

1)2.3600 

84744    ( 

1)2.3622 

02362 

(  1)2.3643  18084 

1/3 

8.2179  65765 

8,2228 

98519 

8.2278 

25361 

8.2327 

46311 

8.2376  61384 

1/4 

4.8537  03532 

4,8558 

88409 

4.8580 

70341 

4.  8602 

49337 

4.8624  25407 

1/5 

3.5388  21007 

3,5400 

95340 

3.5413 

67840 

3.5426 

38514 

3.5439  07368 

1 

560 

561 

562 

563 

564 

2 

3  13600 

3 

14721 

3 

15844 

3 

16969 

3  18096 

3 

1756  16000 

1765 

58481 

1775 

04328 

1784 

53547 

1794  06144 

4    ( 

10)9.8344  96000    ( 
13)5.5073  17760 

10)9,9049 

30784 

(10)9,9757 

43234    ( 

11)1,0046 

93470 

(11)1.0118  50652 

5    ( 

13)5,5566 

66170 

13)5.6063 

67697    ( 

13)5,6564 

24234 

(13  5.  7068  37678 

6    ( 

16)3.0840  97946 

16)3,1172 

89721 

16)3.1507 

78646 

16)3,1845 

66844 

(16)3.2186  56450 

7    ( 

19)1.7270  94850 

19)1,7487 

99534 

(19)1.7707 

37599    ( 

19)1,7929 

11133 

19)1.8153  22238 

8    ( 

21)9.6717  31157 

21  9,8107 

65384 

(21)9.9515 

45306 

22  1.0094 

08968 

(22)1.0238  41742 

9    ( 

24  5.4161  69448 

24)5.5038 

39380 

24)5,5927 

68462    ( 

24)5.6829 

72489 

(24)5.7744  67426 

10 

27)3.0330  54891 

27)3.0876 

53892 

(27)3.1431 

35876 

27)3.1995 

13511 

(27)3.2567  99629 

24    ( 

65)9.0471  67858 

65)9.4429 

71309 

(65)9.8553 

39138   ( 

66)1.0284 

93323 

(66)1.0732  44065 

1/2    ( 

1)2.3664  31913    ( 

1)2.3685 

43856 

(  1)2.3706 

53918 

1)2.3727 

62104 

(  1)2.3748  68417 

1/3 

8.2425  70600 

8.2474 

73974 

8.2523 

71525 

8.2572 

63270 

8.2621  49226 

1/4 

4.8645  98558 

4.  8667 

68801 

4.8689 

36145 

4.8711 

00598 

4.8732  62170 

1/5 

3.5451  74407 

3.5464 

39637 

3.5477 

03064 

3.  5489 

64695 

3.5502  24533 

1 

565 

566 

567 

568 

569 

2 

3  19225 

3 

20356 

3 

21489 

3 

22624 

3  23761 

3 

1803  62125 

1813 

21496 

1822 

84263 

1832 

50432 

1842  20009 

4 

11)1.0190  46006 

11)1,0262 

79667 

11)1.0335 

51771 

11)1.0408 

62454 

(11)1.0482  11851 

5 

13)5,7576  09935 

13)5,8087 

42917 

13)5.8602 

38543 

13)5.9120 

98737 

(13  5.9643  25433 

6 

16)3,2530  49613 

16)3.2877 

48491 

16)3.3227 

55254 

16)3.3580 

72083 

(16)3.3937  01172 

7 

19)1.8379  73032 

19  1.8608 

65646 

19)1.8840 

02229 

19)1.9073 

84943 

(19  1.9310  15967 

8 

22)1.0384  54763 

22)1,0532 

49956 

22)1.0682 

29264 

22)1.0833 

94648 

(22)1.  0987  48085 

9 

24)5.8672  69410 

24)5,9613 

94749 

24)6.0568 

59926 

24)6.1536 

81599 

24  6.2518  76604 

10 

27)3.3150  07217 

27)3,3741 

49428 

27)3.4342 

39578 

27)3.4952 

91148 

(27)3.5573  17788 

24 

66)1.1198  57461 

66)1,1684 

07534 

(66)1.2189 

71112 

66)1.2716 

27927 

(66)1.3264  60719 

1/2 

1)2.3769  72865 

1)2.3790 

75451 

(  1)2.3811 

76180 

1)2.3832 

75058 

(  1)2.3853  72088 

1/3 

8.2670  29409 

8,2719 

03838 

8.2767 

72529 

8,2816 

35499 

8.2864  92764 

1/4 

4.8754  20869 

4,  8775 

76704 

4,8797 

29685 

4,8818 

79820 

4.8840  27117 

1/5 

3,5514  82586 

3,5527 

38859 

3,5539 

93358 

3,  5552 

46087 

3,5564  97054 

I 

570 

571 

572 

573 

574 

2 

3  24900 

3 

26041 

3 

27184 

3 

28329 

3  29476 

3 

1851  93000 

1861 

69411 

1871 

49248 

1881 

32517 

1891  19224 

4 

(11)1.0556  00100 

11)1.0630 

27337 

(11)1.0704 

93699 

11)1,0779 

99322 

(11)1,0855  44346 

5 

13)6.0169  20570 

.13)6.0698 

86093 

13)6.1232 

23956 

13  6. 1769 

36117 

(13  6,2310  24545 

6 

16)3.4296  44725 

16)3.4659 

04959 

16  3.5024 

84103 

16  3,5393 

84395 

(16  3.  5766  08089 

7 

19  1.9548  97493 

19)1.9790 

31732 

'19)2.0034 

20907 

19)2.0280 

67258 

(19)2.0529  73043 

e 

22)1.1142  91571 

22)1.1300 

27119 

22)1.1459 

56759 

22)1.1620 

82539 

(22)1.1784  06527 

9 

24)6.3514  61955 

24)6.4524 

54848 

24)6.5548 

72660 

24)6.6587 

32949 

24)6.7640  53463 

10 

27)3.6203  33315 

27)3.6843 

51718 

(27)3.7493 

87161 

27)3.8154 

53980 

(27)3.8825  66688 

24 

(66)1,3835  55344 

66)1.4430 

00887 

(66)1.5048 

89774 

66)1.5693 

17896 

(66)1.6363  84728 

1/2 

(  1)2,3874  67277 

1)2.3895 

60629 

(  1)2.3916 

52149 

1)2.3937 

41841 

(  1)2.3958  29710 

1/3 

8.2913  44342 

8.2961 

90248 

8.3010 

30501 

8.3058 

65115 

8.3106  94107 

1/4 

4,8861  71586 

4.8883 

13236 

4. 8904 

52074 

4.8925 

88109 

4.8947  21351 

1/5 

3.5577  46263 

3.5589 

93720 

3.5602 

39430 

3.5614 

83400 

3.5627  25633 

J[(- 

6)2" 
3 

J[(- 

7)81 

4 

i 

7)41 
3 

1 

[(-7)21 
3 
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POWERS  AND  ROOTS  nk 

Table  3.1 

k 

1 

575 

576 

577 

578 

579 

2 

3 

30625 

3 

31776 

3 

32929 

3  34084 

3  35241 

3 

1901 

09375 

1911 

02976 

1921 

00033 

1931  00552 

1941  04539 

4    ( 

11)1.0931 

28906    ( 

11)1.1007 

53142 

(11)1.1084 

17190 

(11)1.1161  21191    ( 
1  13)6.  4511  80481    ( 

11)1.1238  65281 

5 

13)6.2854 

91211 

13)6.3403 

38097 

(13)6.3955 

67189 

13)6.5071  79976 

6    I 

16)3.6141 

57446 

16  3.6520 

34744 

(16)3.6902 

42268 

(16)3.7287  82318    ( 

16)3.7676  57206 

7 

19)2.0781 

40532 

19  2.1035 

72012 

19)2.1292 

69789 

(19)2.1552  36180    ( 

19)2.1814  73522 

8    i 

22  1.1949 

30806 

22)1.2116 

57479 

(22  1.2285 

88668 

22)1.2457  26512 

22)1.2630  73169 

9    ( 

24)6.8708 

52133    ( 

24)6.9791 

47080 

(24)7.0889 

56614 

24  7.  2002  99239    ( 

24)7.3131  93651 

10    ( 

27)3.9507 

39976 

27)4.0199 

88718 

(27)4.0903 

27966 

(27)4.1617  72960    ( 

27)4.2343  39124 

24    ( 

66)1.7061 

93459 

66)1.7788 

51122 

(66)1.8544 

68735 

(66)1.9331  61432    (66)2.0150  48620 

1/2    ( 

1)2.3979 

15762    ( 

1)2.4000 

00000 

(  1)2.4020 

82430 

(  1)2.4041  63056    ( 

1)2.4062  41883 

1/3 

8.3155 

17494 

8.3203 

35292 

8.  3251 

47517 

8.3299  54185 

8.3347  55313 

1/4 

4.  8968 

51807 

4,  8989 

79486 

4.9011 

04396 

4.9032  26546 

4.9053  45944 

1/5 

3.5639 

66137 

3.5652 

04916 

3.  5664 

41976 

3.5676  77321 

3.5689  10958 

1 

580 

581 

582 

583 

584 

2 

3 

36400 

3 

37561 

3 

38724 

3  39889 

3  41056 

3 

1951 

12000 

1961 

22941 

1971 

37368 

1981  55287 

1991  76704 

4    ( 

11)1.1316 

49600 

11)1.1394 

74287 

(11)1.1473 

39482 

(11)1.1552  45323    ( 
(13)6.7350  80234    ( 

11)1.1631  91951 

5    ( 

13)6.5635 

67680    ( 

13)6.6203 

45609 

13)6.6775 

15784 

13)6.7930  40996 

6    I 

16)  3.  8068 

69254 

16)  3.  8464 

20799 

( 16)  3.  8863 

14186 

(16)3.9265  51777    ( 

16)3.9671  35942 

7 

19)2.2079 

84168    ( 

19)2.2347 

70484 

(19)2.2618 

34856 

19)2.2891  79686    ( 

19)2.3168  07390 

8    ( 

22)1.2806 

30817 

22)1.2984 

01651 

(22)1.3163 

87886 

22)1.3345  91757 

22)1.3530  15516 

9    ( 

24)7.4276 

58740    ( 

24)7.5437 

13594 

24  7.6613 

77499 

(24)7.7806  69942    ( 

24)7.9016  10612 

10    ( 

27)4.3080 

42069    ( 

27)4.3828 

97598 

(27)4.4589 

21704 

(27)4.5361  30576    ( 

27)4.6145  40597 

24    ( 

66)2.1002 

54121 

66)2.1889 

06331 

(66)2.2811 

38380 

(66)2.3770  88299    ( 

66)2.4768  99188 

1/2    ( 

1)2.4083 

18916    ( 

1)2.4103 

94159 

(  1)2.4124 

67616 

(  1)2,4145  39294    ( 

1)2.4166  09195 

1/3 

8.3395 

50915 

8.3443 

41009 

8.3491 

25609 

8,3539  04732 

8.3586  78393 

1/4 

4.  9074 

62599 

4,9095 

76518 

4.9116 

87710 

4.9137  96184 

4.9159  01946 

1/5 

3.5701 

42892 

3.5713 

73127 

3.5726 

01670 

3.5738  28526 

3.5750  53698 

1 

585 

586 

587 

588 

589 

2 

3 

42225 

3 

43396 

3 

44569 

3  45744 

3  46921 

3 

2002 

01625 

2012 

30056 

2022 

62003 

2032  97472 

2043  36469 

4    ( 

11)1.1711 

79506    ( 

11)1.1792 

08128 

(11)1.1872 

77958 

(11)1.1953  89135    ( 

11)1.2035  41802 

5    ( 

13  6.  8514 

00112 

13)6.9101 

59631 

(13)6.9693 

21611 

(13)7.0288  88116 

13)7.0888  61216 

6    ( 

16)4.0080 

69065    ( 

16)4.0493 

53544 

(16  4.0909 

91786 

(16)4.1329  86212 

16)4.1753  39256 

7 

19)2.3447 

20403    ( 

19)2.3729 

21177 

(19)2.4014 

12178 

(19)2.4301  95893 

19)2.4592  74822 

8    ( 

22)1.3716 

61436 

22)1.3905 

31810 

(22)1.4096 

28949 

(22)1.4289  55185 

22)1.4485  12870 

9    ( 

24)8.0242 

19400 

24)8.1485 

16404 

(24)8.2745 

21928 

(24)8.4022  56487 

24)8.5317  40805 

10    ( 

27)4.6941 

68349    ( 

27)4.7750 

30613 

(27)4.8571 

44372 

(27)4.9405  26815 

27)5.0251  95334 

24    ( 

66)2.5807 

19397 

66)  2.  6887 

02707 

(66)2.8010 

08521 

(66)2.9178  02055 

66)3.0392  54545 

1/2    ( 

1)2.4186 

77324    ( 

1)2.4207 

43687 

(  1)2.4228 

08288 

(  1)2.4248  71131 

1)2.4269  32220 

1/3 

8.  3634 

46607 

8.  3682 

09391 

8.3729 

66760 

8.3777  18728 

8.3824  65312 

1/4 

4.9180 

05007 

4.9201 

05372 

4.9222 

03051 

4.9242  98052 

4.9263  90382 

1/5 

3.5762 

77194 

3.5774 

99018 

3.5787 

19175 

3.5799  37670 

3.5811  54508 

1 

590 

591 

592 

593 

594 

2 

3 

48100 

3 

49281 

3 

50464 

3  51649 

3  52836 

3 

2053 

79000 

2064 

25071 

2074 

74688 

2085  27857 

2095  84584 

4 

11)1.2117 

36100 

11)1.2199 

72170 

(11)1.2282 

50153 

(11)1.2365  70192 

11)1.2449  32429 

5 

13)7.1492 

42990 

13)7.2100 

35522 

(13)7.2712 

40906 

(13)7.3328  61239 

13)7.3948  98628 

6 

16)4.2180 

53364 

16)4.2611 

30994 

16  4.3045 

74616 

(16)4.3483  86715 

16)4.3925  69785 

7 

19)2.4886 

51485 

19)2.5183 

28417 

(19)2.5483 

08173 

(19)2.5785  93322 

19)2.6091  86452 

8 

22)1.4683 

04376 

22)1.4883 

32095 

22)1.5085 

98438 

(22)1.5291  05840 

22)1.5498  56753 

9 

24)8.6629 

95819 

24)8.7960 

42679 

(24)8.9309 

02754 

(24)9.0675  97630 

(24)9.2061  49111 
'27)5.4684  52572 

10 

27)5.1111 

67533 

27)5.1984 

61223 

(27)5.2870 

94431 

(27)5.3770  85394 

24 

66)3.1655 

43453 

66)3.2968 

52680 

(66)3,4333 

72793 

(66)3.5753  01250 

66)3.7228  42640 

1/2 

1)2.4289 

91560 

1)2.4310 

49156 

(  1)2,4331 

05012 

(  1)2.4351  59132 

1)2.4372  11521 

1/3 

8.  3872 

06527 

8.3919 

42387 

8.  3966 

72908 

8.4013  98104 

8.4061  17992 

1/4 

4.9284 

80050 

4.9305 

67063 

4.9326 

51429 

4.9347  33156 

4.9368  12252 

1/5 

3.  5823 

69695 

3.  5835 

83235 

3.  5847 

95134 

3.5860  05396 

3.5872  14026 

1 

595 

596 

597 

598 

599 

2 

3 

54025 

3 

55216 

3 

56409 

3  57604 

3  58801 

3 

2106 

44875 

2117 

08736 

2127 

76173 

2138  47192 

2149  21799 

4 

[11)1.2533 

37006 

11)1,2617 

84067 

(11)1.2702 
13)7,5835 

73753 

(11)1.2788  06208 
(13)7.6472  61125 

(11)1.2873  81576 

5 

13)7.4573 

55187 

13)7.5202 

33037 

34304 

(13)7.7114  15640 

6 

16)4.4371 

26336 

(16)4.4820 

58890 

(16)4,5273 

69980 

16)4.5730-62153 

(16)4.6191  37969 

7 

(19)2.6400 

90170 

(19)2.6713 

07098 

(19)2,7028 

39878 

(l9  2.7346  91167 

19)2.7668  63643 

8 

22)1.5708 

53651 

(22)1.5920 

99031 

(22)1.6135 

95407 

(22)1,6353  45318 

22)1.6573  51322 

9 

(24)9.3465 

79225 

(24)9.4889 

10223 

(24  9,  6331 

64580 

(24)9,7793  65002 

'24)9.9275  34420 

10 

(27)5.5612 

14639 

(27)5.6553 

90493 

(27)5.7509 

99254 

(27)5.8480  60271 

:  27)  5.  9465  93118 

24 

(66)3.8762 

08928 

(66)4.0356 

19703 

(66)4.2013 

02448 

(66)4.3734  92798 

(66)4.5524  34829 

1/2 

(  1)2.4392 

62184 

(  1)2.4413 

11123 

(  1)2.4433 

58345 

(  1)2,4454  03852 

(  1)2.4474  47650 

1/3 

8.4108 

32585 

8.4155 

41899 

8,4202 

45948 

8,4249  44747 

8.4296  38310 

1/4 

4.9388 

88725 

4.9409 

62581 

4.9430 

33830 

4.9451  02478 

4.9471  68534 

1/5 

3.  5884 

21030 

3.5896 

26411 

3.  5908 

30176 

3.5920  32329 

3.5932  32875 

S)21 

1 

[(-7)71 
4 

1 

[(-7)41 
3 

nf- 

7)21 

3 
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Table 

3.1 

P 

OWERS  AND  ROOTS  n^ 

k 
1 

600 

601 

602 

603 

604 

2 

3  60000 

3 

61201 

3 

62404 

3 

63609 

3  64816 

3 

2160  00000 

2170 

81801 

2181 

67208 

2192 

56227 

2203  48864 

4 

(11)1.2960  00000 
(13)7.7760  00000 

(11)1.3046 
(13)7.8410 

61624 

(11)1.3133 
(13)7.9064 

66592 

(11)1.3221 

15049 

f  11)  1.3309  07139 

5 

16360 

66885 

(13  7.9723 

53744 

(13)8.0386  79117 

6 

(16)4.6656  00000 
(19)2.7993  60000 

(16)4.7124 

19)2.8321 

122)1.7021 

50833 

(16)4.7596 

93065 

(16  4.8073 

29308 

(16)4.8553  62187 

7 

82950 

(19)2.8653 

35225 

(19)2.8988 

19573 

(19)2.9326  38761 

8 

(22)1.6796  16000 

41953 

(22)1.7249 

31805 

(22)1.7479 

88202 

(22)1.7713  13811 

9 

(25)1.0077  69600 

(25)1.0229 

87314 

(25)1.0384 

08947 

(25)1.0540 

36886 

(25)1.0698  73542 

10 

(27)6.0466  17600 

(27)6.1481 

53756 

(27)6.2512 

21860 

(27)6.3558 

42422 

(27)6.4620  36194 

24 

(66)4.7383  81338 

(66)4.9315 

94142 

(66)5.1323 

44384 

(66)5.3409 

12849 

(66)5.5575  90288 

1/2 

(  1)2.4494  89743 

(  1)2.4515 

30134 

(  1)2.4535 

68829 

(  1)2.4556 

05832 

(  1)2.4576  41145 

1/3 

8.4343  26653 

8.4390 

09789 

8.  4436 

87734 

8.4483 

60500 

8.4530  28104 

1/4 

4,9492  32004 

4.9512 

92896 

4.9533 

51218 

4.  9554 

06978 

4.9574  60182 

1/5 

3.5944  31819 

3.5956 

29165 

3.5968 

24918 

3.5980 

19083 

3.5992  11665 

1 

605 

606 

607 

608 

609 

2 

3  66025 

3 

67236 

3 

68449 

3 

69664 

3  70881 

3 

2214  45125 

2225 

45016 

2236 

48543 

2247 

55712 

2258  66529 

4 

(11)1.3397  43006 

(11)1.3486 

22797 

(11)1.3575 

46656 

(11)1.3665 

14729 

(11)1.3755  27162 

5 

(13  8.1054  45188 

(13  8.1726 

54150 

(13)8.2403 

08202 

(13)8.3084 

09552 

(13)8.3769  60414 

6 

116)4.9037  94339 

(16)4.9526 

28415 

(16)5.0018 

67079 

(16)5.0515 

13008 

(16)5.1015  68892 

7 

(19)2.9667  95575 

(19)3.0012 
(22  1.8187 

92819 

(19)3.0361 
(22)1.8429 

33317 

(19)3.0713 

19909 

f  19)  3. 1068  55455 

8 

(22  1.7949  11323 
(25)1.0859  21350 

83448 

32923 

(22)1.8673 

62504 

(22)1.8920  74972 

9 

(25  1.1021 
(27  6.6792 

82770 

(25)1.1186 

60284 

25)1.1353 

56403 

(25  1.1522  73658 

10 

(27)6.5698  24169 

27585 

(27)6.7902 

67926 

(27)6.9029 

66929 

(27)7.0173  46578 

24 

(66)5.7826  77757 

(66)6.0164 

86963 

(66)6.2593 

40623 

(66)6.5115 

72833 

(66)6.7735  29447 

1/2 

(  1)2.4596  74775 

(  1)2.4617 

06725 

(  1)2.4637 

36999 

(  1)2.4657 

65601 

(  1)2.4677  92536 

1/3 

8.4576  90558 

8.4623 

47878 

8.4670 

00076 

8.4716 

47168 

8.4762  39168 

1/4 

4.9595  10838 

4.9615 

58954 

4.9636 

04536 

4.  9656 

47592 

4.9676  88130 

1/5 

3.6004  02669 

3.6015 

92098 

3.6027 

79959 

3.6039 

66255 

3.6051  50991 

1 

610 

611 

612 

613 

614 

2 

3  72100 

3 

73321 

3 

74544 

3 

75769 

3  76996 

3 

2269  81000 

2280 

99131 

2292 

20928 

2303 

46397 

2314  75544 

4 

(11)1.3845  84100 

(11)1.3936 

85690 

(11)1.4028 

32079 

(11)1.4120 

23414 

(11)1.4212  59840 

5 

(13)8.4459  63010 

(13)8.5154 

19568 

(13)8.5853 

32326 

(13)8.6557 

03525 

(13)8.7265  35419 

6 

16)5.1520  37436 

(16)5.2029 

21356 

(16)5.2542 

23383 

(16)5.3059 

46261 

(16)5.3580  92747 

7 

(19)3.1427  42836 

(19)3.1789 

84949 

(19)3.2155 

84711 

(19  3.2525 
(22)1.9938 

45058 

(19)3.2898  68947 
(22)2.0199  79533 

8 

(22)1.9170  73130 

(22)1.9423 

59804 

(22)1.9679 

37843 

10121 

9 

(25)1.1694  14609 
(27)7.1334  29117 

(25)1.1867 
(27)7.2512 

81840 

(25)1.2043 

77960 

(25)1.2222 

05604 

(25)1.2402  67433 

10 

37043 

(27)7.3707 

93114 

(27)7.4921 

20352 

(27)7.6152  42041 

24 

(66)7.0455  68477 

(66)7.3280 

60494 

(66)7.6213 

89047 

(66)7.9259 

51097 

(66)8.2421  57465 

1/2 

(  1)2.4698  17807 

(  1)2.4718 

41419 

(  1)2.4738 

63375 

(  1)2.4758 

83681 

(  1)2.4779  02339 

1/3 

8.4809  26088 

8.  4855 

57944 

8.4901 

84749 

8.4948 

06516 

8.4994  23260 

1/4 

4.9697  26156 

4.9717 

61679 

4.  9737 

94704 

4.  9758 

25239 

4.9778  53291 

1/5 

3.6063  34171 

3.  6075 

15802 

3.  6086 

95885 

3.  6098 

74428 

3.6110  51433 

1 

615 

616 

617 

618 

619 

2 

3  78225 

3 

79456 

3 

80689 

3 

81924 

3  83161 

3 

2326  08375 

2337 

44896 

2348 

85113 

2360 

29032 

2371  76659 

4 

(11)1.4305  41506 

(11)1.4398 

68559 

(11)1.4492 

41147 

(11)1.4586 

59418 

(11)1.4681  23519 
(13)9.0876  84584 

5 

(13)8.7978  30263 

(13)8.8695 

90326 

(13)8.9418 
(16)5.5171 

17878 

(13)9.0145 

15202 

6 

(16)5.4106  65612 

(16)5.4636 

67641 

01631 

(16)5.5709 

70395 

(16)5.6252  76757 

7 

(19)3.3275  59351 

(19)3.3656 

19267 

(19)3.4040 
(22)2.1002 

51706 

(19)3.4428 

59704 

(19)3.4820  46313 
(22)2.1553  86668 

8 

(22)2.0464  49001 

(22)2.0732 

21468 

99903 

(22)2.1276 

87297 

9 

(25  1.2585  66136 

(25)1.2771 

04424 

(25)1.2958 

85040 

(25)1.3149 

10750 

(25)1.3341  84347 
(27)8.2586  OHIO 

10 

(27)7.7401  81734 

(27)7.8669 

63254 

(27)7.9956 

10697 

(27)8.1261 

48432 

24 

(66)8.5704  33286 

(66)8.9112 

18488 

(66)9.2649 

68280 

(66)9.6321 

53659 

(67)1.0013  26192 

1/2 

(  1)2.4799  19354 

(  1)2.4819 

34729 

(  1)2.4839 

48470 

(  1)2.4859 

60579 

(  1)2.4879  71061 

1/3 

8.5040  34993 

8.5086 

41730 

8.5132 

43484 

8.5178 

40269 

8.5224  32097 

1/4 

4.9798  78868 

4.9819 

01975 

4.9839 

22621 

4.9859 

40813 

4,9879  56556 

1/5 

3.6122  26906 

3.6134 

00850 

3.6145 

73271 

3.6157 

44173 

3.6169  13560 

1 

620 

621 

622 

623 

624 

2 

3  84400 

3 

85641 

3 

86884 

3 

88129 

3  89376 

3 

2383  28000 

2394 

83061 

2406 

41848 

2418 

04367 

2429  70624 

4 

(11)1.4776  33600 

(11)1.4871 

89809 

(11)1.4967 

92295 

(11)1.5064 

41206 

(11)1.5161  36694 

5 

I  13  9.1613  28320 

(13)9.2354 

48713 

(13)9.3100 

48072 

(13)9.3851 

28716 

(13)9.4606  92969 

6 

1  16  5.6800  23558 

(16  5.7352 

13651 

(16)5.7908 

49901 

(16)5.8469 
(19)3.6426 

35190 

(16)5.9034  72413 

7 

19)3.5216  14606 

(19  3.  5615 

67677 

(19)3.6019 

08638 

40623 

(19)3.6837  66786 

8 

1  22)2.1834  01056 

(22)2.2117 

33527 

(22)2.2403 

87173 

(22)2.2693 

65108 

(22)2.2986  70474 

9 

25)1.3537  08655 

(25  1.3734 

86521 

(25  1.3935 

20822 

(25)1.4138 

14463 

(25)1.4343  70376 

10 

27)8.3929  93659 

(27)8.5293 

51293 

(27)8.6676 

99511 

(27)8.8080 

64101 

(27)8.9504  71145 

24 

(67)1.0408  79722 

(67)1.0819 

28109 

(67)1.1245 

25305 

(67)1.1687 

27115 

(67)1.2145  91262 

1/2 

(  1)2.4899  79920 

(  1)2.4919 

87159 

(  1)2.4939 

92783 

(  1)2.4959 

96795 

(  1)2.4979  99199 

1/3 

8.5270  18983 

8.  5316 

00940 

8.  5361 

77980 

8.  5407 

50116 

8.  5453  17363 

1/4 

4.9899  69859 

4.9919 

80728 

4.9939 

89170 

4.  9959 

95191 

4.9979  98799 

1/5 

3.6180  81437 

3.6192 

47808 

3.  6204 

12677 

3.6215 

76049 

3.6227  37928 

J[( 

-6)21 
3 

1 

(-7)71 
4 

1 

r(-7)3] 

3 

1 

(-7)21 
3 
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P 

OWE 

:rs  ai> 

JD  R 

OOT 

S  nfc 

Table  3.1 

k 

1 

625 

626 

627 

628 

629 

2 

3 

90625 

3 

91876 

3 

93129 

3 

94384 

3 

95641 

3 

2441 

40625 

2453 

14376 

2464 

91883 

2476 

73152 

2488 

58189 

4 

5    ( 

11)1.5258 

78906    (11)1.5356 

67994 

(11)1.5455 

04106 

(11)1.5553 

87395 

11)1.5653 

18009 

13)9.5367 

43164    ( 

13)9.6132 

81641 

(13  9,  6903 

10747 

13)9.7678 

32838 

13)9.8458 

50275 

6    ( 

16  5.  9604 

64478    ( 

16)6.0179 

14307 

(16)6,0758 

24838 

(16)6.1341 

99022 

16)6.1930 

39823 

7    ( 

19)3.7252 

90298    ( 

19  3.  7672 

14356 

(19)3,8095 

42174 

19)3.8522 

76986 

19  3. 8954 

22049 

8    ( 

22  2.  3283 

06437 

22)2.3582 

76187 

(22)2.3885 

82943 

22)2.4192 

29947 

22)2.4502 

20469 

9    ( 

25)1.4551 

91523    ( 

25)1.4762 

80893 

(25)1.4976 

41505 

(25  1.5192 
(27)9.5410 

76407 

25)1.5411 

88675 

10 

27)9.0949 

47018    (27)9.2415 

18391 

(27)9:3902 

12238 

55835 

27)9.6940 

76765 

24 

67)1.2621 

77448    (67)1.3115 

47419 

(67)1.3627 

65028 

(67)1.4158 

96309 

67)1.4710 

09545 

1/2    ( 

1)2.5000 

00000    ( 

1)2.5019 

99201 

(  1)2.5039 

96805 

(  1)2.5059 

92817 

(  1)2.5079 

87241 

1/3 

8.  5498 

79733 

8.  5544 

37239 

8.  5589 

89894 

8.  5635 

37711 

8.  5680 

80703 

1/4 

5.0000 

00000 

5.0019 

98801 

5.0039 

95209 

5.0059 

89230 

5.  0079 

80871 

1/5 

3.6238 

98318 

3.  6250 

57224 

3.  6262 

14650 

3.6273 

70600 

3.6285 

25079 

1 

630 

631 

632 

633 

634 

2 

3 

96900 

3 

98161 

3 

99424 

4 

00689 

4 

01956 

3 

2500 

47000 

2512 

39591 

2524 

35968 

2536 

36137 

2548 

40104 

4    ( 

11)1.5752 

96100    ( 

11)1.5853 

21819 

(11)1.5953 

95318 

(11)1.6055 

16747 

(11)1.6156 

86259 

5 

13)9.9243 

65430    ( 

14)1.0003 

38068 

(14  1.0082 

89841 

( 14)  1,0162 

92101 

14)1.0243 

45088 

6    ( 

16)6.2523 

50221    ( 

16)6,3121 

33209 

(16)6.3723 

91794 

(16  6.  4331 

28999 

16)6.4943 

47861 

7    ( 

19)3.9389 

80639    ( 

19)3,9829 

56055 

(19)4.0273 

51614 

(19)4.0721 

70657 

19  4.  1174 

16544 

8    ( 

22)2.4815 

57803    ( 

22)2.5132 

45270 

(22)2.5452 

86220 

22)2.5776 

84026 

22)2.6104 

42089 

9    ( 

25  1.5633 

81416    ( 

25)1.5858 

57766 

(25)1.6086 

20891 

(25)1.6316 

73988 

(25)1.6550 

20284 

10    ( 

27)9.8493 

02919    ( 

28)1.0006 

76250 

(28)1.0166 

48403 

(28)1.0328 

49635 

(28)1.0492 

82860 

24 

67)1.5281 

75339    ( 

67)1.5874 

66692 

(67)1.6489 

59081 

(67)1.7127 

30535 

(67)1.7788 

61719 

1/2    ( 

1)2.5099 

80080    ( 

1)2,5119 

71337 

{  1)2.5139 

61018 

(  1)2.5159 

49125 

(  1)2.5179 

35662 

1/3 

8.  5726 

18882 

8,5771 

52262 

8.5816 

80854 

8.5862 

04672 

8.5907 

23728 

1/4 

5.0099 

70139 

5.0119 

57040 

5.0139 

41581 

5.0159 

23768 

5.0179 

03608 

1/5 

3.6296 

78090 

3.  6308 

29638 

3.6319 

79727 

3.6331 

28361 

3.6342 

75544 

1 

635 

636 

637 

638 

639 

2 

4 

03225 

4 

04496 

4 

05769 

4 

07044 

4 

08321 

3 

2560 

47875 

2572 

59456 

2584 

74853 

2596 

94072 

2609 

17119 

4    ( 

11  1.6259 
14)1.0324 

04006    ( 

11)1.6361 

70140 

(11)1.6464 

84814 

(11)1.6568 

48179 

(11)1.6672 

60390 

5    ( 

49044 

14  1.0406 

04209 

(14)1.0488 

10826 

(14)1.0570 

69138 

(14)1.0653 

79389 

6    ( 

16)6,5560 

51429    ( 

16)6.6182 

42770 

(16)6.6809 
(19)4.2557 

24963 

(16)6.7441 

01103 

16)6.8077 

74299 

7    ( 

19)4.1630 

92658    ( 

19)4.2092 

02402 

49202 

(19)4.3027 

36504 

(19)4.3501 

67777 

8 

22)2.6435 

63838    ( 

22)2.6770 

52728 

(22  2.  7109 

12241 

(22)2.7451 

45889 

22  2.  7797 

57209 

9    ( 

25)1.6786 

63037    ( 

25)1.7026 

05535 

25)1.7268 

51098 

(25)1.7514 

03077 

25)1.7762 

64857 

10    ( 

28)1.0659 

51028    ( 

28)1.0828 

57120 

(28)1.1000 

04149 

(28)1.1173 

95163 

(28)1.1350 

33244 

24    ( 

67)1.8474 

36020    ( 

67)1,9185 

39634 

(67)1.9922 

61654 

(67)2,0686 

94164 

(67)2.1479 

32334 

1/2    ( 

1)2.5199 

20634 

1)2,5219 

04043 

(  1)2.5238 

85893 

(  1)2.5258 

66188 

(  1)2.5278 

44932 

1/3 

8.5952 

38034 

8,  5997 

47604 

8.  6042 

52449 

8.  6087 

52582 

8.6132 

48015 

1/4 

5.0198 

81108 

5,0218 

56273 

5.0238 

29110 

5.0257 

99626 

5.0277 

67827 

1/5 

3.6354 

21280 

3,  6365 

65574 

3.6377 

08430 

3.6388 

49851 

3.6399 

89842 

1 

640 

641 

642 

643 

644 

2 

4 

09600 

4 

10881 

4 

12164 

4 

13449 

4 

14736 

3 

2621 

44000 

2633 

74721 

2646 

09288 

2658 

47707 

2670 

89984 

4    ( 

11)1.6777 

21600   ( 

11)1,6882 

31962 

(11)1.6987 

91629 

(11)1,7094 

00756 

(11)1.7200 

59497 

5 

14)1.0737 

41824    ( 

14)1.0821 

56687 

(14  1.0906 

24226 

(14)1.  0991 

44686 

14)1.1077 

18316 

6 

16)6.8719 

47674 

16  6,  9366 

24366 

(16)7.0018 

07530 

(16)7.0675 

00332 

16)7.1337 

05955 

7 

19  4.  3980 

46511    ( 

19)4.4463 

76219 

19)4.4951 

60434 

(19)4.5444 

02713 

(19)4.5941 

06635 

8 

22)2.8147 

49767    ( 

22)2.8501 

27156 

(22)2.8858 

92999 

(22)2.9220 

50945 

(22)2.9586 

04673 

9 

25)1.8014 
28)1.1529 

39851 

25)1,8269 

31507 

(25)1.8527 

43305 

(25  1.8788 

78757 

25)1.9053 

41409 

10 

21505    ( 

28)1,1710 

63096 

(28)1.1894 

61202 

(28)1.2081 

19041 

(28)1.2270 

39868 

24 

67)2.2300 

74520    ( 

67)2,3152 

22362 

(67)2.4034 

80891 

(67)2.4949 

58638 

(67)2,5897 

67740 

1/2 

1)2,5298 

22128 

1)2.5317 

97780 

(  1)2.5337 

71892 

(  1)2.5357 

44467 

(  1)2,5377 

15508 

1/3 

8.6177 

38760 

8,6222 

24830 

8.  6267 

06237 

8.6311 

82992 

8.  6356 

55108 

1/4 

5.0297 

33719 

5,0316 

97308 

5,0336 

58602 

5.0356 

17605 

5,0375 

74325 

1/5 

3.6411 

28406 

3.  6422 

65548 

3.  6434 

01272 

3.6445 

35581 

3.6456 

68481 

1 

645 

646 

647 

648 

649 

2 

4 

16025 

4 

17316 

4 

18609 

4 

19904 

4 

21201 

3 

2683 

36125 

2695 

86136 

2708 

40023 

2720 

97792 

2733 

59449 

4 

11)1.7307 

68006 

11)1.7415 

26439 

(11)1.7523 

34949 

(11)1.7631 

93692 

11)1.7741 

02824 

5 

14)1.1163 

45364 

14)1.1250 

26079 

(14)1.1337 

60712 

14)1.1425 

49513 

14)1.1513 

92733 

6 

16)7.2004 

27598 

16)7.2676 

68472 

(16)7.3354 

31806 

1  16)7.4037 

20841 

16  7.4725 

38836 

7 

19)4.6442 

75801 

19)4.6949 

13833 

(19)4.7460 

24378 

(l9  4.  7976 

11105 

19)4.8496 

77704 

8 

22)2.9955 

57891 

22)3.0329 

14336 

(22)3.0706 

77773 

(22)3.1088 

51996 

22)3.1474 

40830 

9 

25)1.9321 

34840 

25)1.9592 

62661 

(25)1.9867 

28519 

(25)2.0145 

36093 

25)2.0426 

89099 

10 

[28)1.2462 

26972 

28)1.2656 

83679 

(28)1.2854 

13352 

(28)1.3054 

19389 

28)1.3257 

05225 

24 

(67)2.6880 

24057 

67)2,7898 

47292 

(67)2.8953 

61105 

(67)3.0046 

93247 

67)3.1179 

75679 

1/2 

1)2.5396 

85020 

1)2.5416 

53005 

(  1)2.5436 

19468 

(  1)2.5455 

84412 

1)2.5475 

47841 

1/3 

8.6401 

22598 

8.  6445 

85472 

8.  6490 

43742 

8.6534 

97422 

8.6579 

46522 

1/4 

5.0395 

28767 

5.0414 

80939 

5.0434 

30845 

5.0453 

78492 

5.0473 

23886 

1/5 

3.  6467 

99973 

3.6479 

30063 

3.6490 

58755 

3.6501 

86051 

3.6513 

11957 

Jr(- 

6)21 

1 

[(-7)61 

1 

[(-7)31 

7)21 

3 

4 

3 

t 

3 
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Tabl 

e  3.1 

POWERS  AND  ROOTS  n^ 

k 

1 

650 

651 

652 

653 

654 

2 

4 

22500 

4 

23801 

4 

25104 

4 

26409 

4 

27716 

3 

2746 

25000 

2758 

94451 

2771 

6780E 

2784 

45077 

2797 

26264 

4 

sai: 

7850 

62500 

(11)1.7960 

72876 

(11)1.8071 

3410E 

(11)1.8182 

46353 

(11)1 

.8294 

09767 

5 

1602 

90625 

(14)1.1692 

43442 

(14)1.1782 

51439 

(14)1.1873 

14868 

(14)1 

.1964 

33987 

6 

(16)7. 

5418 

89063 

(16)7.6117 

74809 

(16)7.6821 

99379 

(16)7.7531 

66091 

(16)7 

.8246 

78277 

7 

19)4. 

9022 

27891 

(19)4.9552 

65401 

(19)5.0087 

93995 

(19)5.0628 

17457 

(19)5 

.1173 

39593 

8 

(22)3. 

1864 

48129 

(22)3.2258 

77776 

(22)3.2657 

33685 

(22  : 

J.  3060 

19800 

(22)3 

.3467 

40094 

9 

\ll\l: 

0711 

91284 

(25)2.1000 

46432 

(25)2.1292 

58363 

(25)2.1588 

30929 

(25  2 
(28)l 

.1887 

68021 

10 

3462 

74334 

(28)1,3671 

30227 

(28)1.3882 

76452 

(28)] 

L.  4097 

16597 

,4314 

54286 

24 

(67)3. 

2353 

44710 

(67)3.3569 

41134 

(67)3.4829 

10364 

(67)3.6134 

02582 

(67)3 

.7485 

72888 

1/2 

(  1)2. 

5495 

09757 

(  1)2.5514 

70164 

(  1)2.5534 

29067 

(  1)2.5553 

86468 

(  1)2 

.5573 

42371 

1/3 

8. 

6623 

91053 

8.  6668 

31029 

8.  6712 

6646C 

8.6756 

97359 

8 

.6801 

23736 

1/4 

5. 

0492 

67033 

5.0512 

07939 

5.0531 

46611 

5.0550 

83054 

^ 

.0570 

17274 

1/5 

3. 

6524 

36476 

3.6535 

59612 

3.  6546 

81368 

3.  6558 

01749 

■: 

,6569 

20758 

1 

655 

656 

657 

658 

659 

2 

4 

29025 

4 

30336 

4 

31649 

4 

32964 

4 

34281 

3 

2810 

11375 

2823 

00416 

2835 

93393 

2848 

90312 

2861 

91179 

4 

(11)1. 

8406 

24506 

(11)1.8518 

90729 

(11  1.8632 

08592 

(11)1.8745 

78253 

(11)1 

.8859 

99870 

5 

(14)1. 

2056 

09052 

(14)1.2148 

40318 

(14)1.2241 

28045 

(14)] 

L.2334 

72490 

(14)1 

.2428 

73914 

6 

16)7. 

8967 

39288 

(16)7.9693 

52487 

(16)8.0425 

21255 

(16)8.1162 

48987 

(16  8 

.1905 

39094 

7 

(l'')5. 

1723 

64234 

(19)5.2278 

95232 

(19)5.2839 

36465 

19)5.3404 

91834 

(19)5 

,3975 

65263 

8 

(22)3. 

3878 

98573 

(22)3.4294 

99272 

(22)3.4715 

46257 

(22)3.5140 

43626 

(22  3 

.5569 

95508 

9 

(25)2. 

2190 

73565 

(25)2.2497 

51522 

(25)2.2808 

05891 

(25): 

'3122 

40706 

(25)2 

.3440 

60040 

10 

(28)1. 

4534 

93185 

(28)1.4758 

36999 

(28)1.4984 

89470 

(28)1.5214 

54385 

(28)1 

.5447 

35566 

24 

(67)3. 

8885 

81447 

(67)4.0335 

93654 

(67)4.1837 

80288 

(67)4.3393 

17689 

(67)4 

.5003 

87920 

1/2 

(  1)2. 

5592 

96778 

(  1)2.5612 

49695 

(  1)2.5632 

01124 

(  1)2.5651 

51068 

(  1)2 

.5670 

99531 

1/3 

8. 

6845 

45603 

8.  6889 

62971 

8.  6933 

75853 

8.  6977 

84260 

6 

.7021 

88202 

1/4 

5. 

0589 

49277 

5.  0608 

79069 

5.0628 

06656 

5 

>.  0647 

32044 

.0666 

55239 

1/5 

3. 

65S0 

38399 

3.  6591 

54676 

3.  6602 

69592 

3.  6613 

83152 

■; 

.6624 

95358 

1 

660 

661 

662 

663 

664 

2 

4 

35600 

4 

36921 

4 

38244 

4 

39569 

4 

40896 

3 

2874 

96000 

2888 

04781 

2901 

17528 

2914 

34247 

2927 

54944 

4 

(11)1. 

8974 

73600 

(11)1.9089 
(14)1.2618 

99602 

(11)1.9205 

78035 

(11)] 

L.9322 

09058 

(11)1 

(14)1 

.9438 

92828 

5 

(14)1. 

2523 

32576 

48737 

(14)1.2714 

22659 

(14)] 

..2810 

54605 

.2907 

44838 

6 

(16)8. 

2653 

95002 

(16)8.3408 

20153 

(16)8.4168 

18005 

(16  8.4933 

92032 

(16)8 

.5705 

45724 

7 

(19)5. 

4551 

60701 

(19)5.5132 

82121 

(19)5.5719 

33519 

(19)5.6311 

18918 

(19)5 
(22)2 

.6908 

42360 

8 

(22)3. 

6004 

06063 

(22)3.6442 

79482 

(22)3.6886 

19990 

(22): 

(.7334 

31842 

.7787 

19327 

9 

(25)2. 

3762 

68001 

(25)2.4088 

68738 

(25)2.4418 

66433 

(25)2 

.4752 

65311 

(25)2 

.5090 

69633 

10 

(28)1. 

5683 

36881 

(28)1.5922 

62236 

(28)1.6165 

15579 

(28)] 

L.  6411 

00901 

(28)1 

.6660 

22237 

24 

(67)4. 

6671 

78950 

(67)4.8398 

84834 

(67)5.0187 

05901 

(67)5 

>.  2038 

48947 

(67)5 

.3955 

27431 

1/2 

(  1)2. 

5690 

46516 

(  1)2.5709 

92026 

(  1)2.5729 

36066 

(  1)2 

.5748 

78638 

(  1)2 

.5768 

19745 

1/3 

8. 

7065 

87691 

8.7109 

82739 

8.7153 

73356 

8.7197 

59553 

8 

.7241 

41343 

1/4 

5. 

0685 

76246 

5.  0704 

95071 

5.0724 

11720 

5 

.0743 

26200 

c 

.0762 

38514 

1/5 

3. 

6636 

06215 

3.  6647 

15727 

3.  6658 

23896 

- 

S.  6669 

30727 

'. 

.6680 

36224 

1 

665 

666 

667 

668 

669 

2 

4 

42225 

4 

43556 

4 

44889 

4 

46224 

4 

47561 

3 

2940 

79625 

2954 

08296 

2967 

40963 

2980 

77632 

2994 

18309 

4 

(11)1. 

9556 

29506 

(11)1.9674 

19251 

(11)1.9792 

62223 

(11)1 

.9911 

58582 

(11)2 
(14)l 

.0031 

08487 

5 

(14)1. 

3004 

93622 

(14)1.3103 

01221 

(14)1.3201 

67903 

(14  ] 

.3300 

93933 

.3400 

79578 

6 

(16)8. 

6482 

82584 

(16)8.7266 

06135 

(16)8.8055 

19912 

(16)E 

i.8850 

27470 

(16  8 

.9651 

32376 

7 

19)5. 

7511 

07918 

(19)5.8119 

19686 

(19)5.8732 

81781 

(19)f 

.9351 

98350 

(19  £ 

.9976 

73560 

8 

(22)3. 

8244 

86766 

(22)3.8707 

38511 

(22)3.9174 

78948 

22): 

!.  9647 

12498 

(22)4 

.0124 

43612 

9 

(25)2. 

5432 

83699 

(25)2.5779 

11848 

(25)2.6129 

58458 

(25)2 

.6484 

27948 

(25)2 

.6843 

24776 

10 

(28)1. 

6912 

83660 

(28)1.7168 

89291 

(28)1.7428 

43292 

(28)] 

.7691 

49870 

(28)l 

.7958 

13275 

24 

(67)5. 

5939 

61683 

(67)5.7993 

79113 

(67)6.0120 

14426 

(67)6 

).  2321 

09844 

(67)6 

.4599 

15340 

1/2 

(  1)2. 

5787 

59392 

(  1)2.5806 

97580 

(  1)2.5826 

34314 

(  1)2 

.5845 

69597 

(  1)2 

.5865 

03431 

1/3 

8. 

7285 

18735 

8.  7328 

91741 

8.  7372 

60372 

i 

i.7416 

24639 

8 

.7459 

84552 

1/4 

5. 

0781 

48670 

5,  0800 

56673 

5.  0819 

62528 

C 

.0838 

66242 

c 

.0857 

67819 

1/5 

3. 

6691 

40389 

3.  6702 

43226 

3.6713 

44740 

' 

.6724 

44934 

-; 

.6735 

43810 

1 

670 

671 

672 

673 

674 

2 

4 

48900 

4 

50241 

4 

51584 

4 

52929 

4 

54276 

3 

3007 

63000 

3021 

11711 

3034 

64448 

3048 

21217 

3061 

82024 

4 

(11)2. 
1  14)1. 

0151 

12100 

(11)2.0271 

69581 

(11)2.0392 

81091 

(11)2 

.0514 

46790 

mi 

.0636 

66842 

5 

3501 

25107 

(14)1.3602 

30789 

(14)1.3703 

96893 

(14)1 

.3806 

23690 

.3909 

11451 

6 

(16)9. 

0458 

38217 

(16)9.1271 

48592 

(16)9.2090 
(19)6.1884 

67120 

(16)"= 

.2915 

97433 

(16)  "5 

.3747 

43182 

7 

(19)6. 

0607 

11605 

(19)6.1243 

16705 

93105 

(19)6 

>.2532 

45073 

(l9)6 

.3185 

76905 

8 

(22)4. 

0606 

76776 

(22)4.1094 

16509 

(22)4.1586 

67366 

{22)  i 

.2084 

33934 

22)4 

.2587 

20834 

9 

(25)2. 

7206 

53440 

(25)2.7574 

18478 

(25)2.7946 

24470 

(25)2 

.8322 

76038 

(25)2 

.8703 

77842 

10 

(28)1. 

8228 

37805 

(28)1.8502 

27799 

(28)1.8779 

87644 

(28)1 

.9061 

21773 

(28)1 

.9346 

34665 

24 

(67)6 

6956 

88867 

(67)6.9396  96605 

(67)7.1922 

13208 

(67)7 

.4535 

22063 

(67)7 

.7239 

15552 

1/2 

(  1)2. 

5884 

35821 

(  1)2.5903 

66769 

(  1)2.5922 

96279 

(  1)2 

.5942 

24354 

(  1)2 

.5961 

50997 

1/3 

8. 

7503 

40123 

8.7546 

91362 

8.7590 

38280 

£ 

!.  7633 

80887 

8 

,7677 

19196 

1/4 

5. 

0876 

67266 

5.  0895 

64588 

5.0914 

59790 

.  0933 

52878 

c 

.0952 

43858 

1/5 

3. 

6746 

41374 

1 

3.6757 

37627 

3.  6768 

32575 

■: 

.6779 

26219 

3 

.6790 

18565 

uf 

-6)2] 
.3 

1 

n3 

[(-7)61 
4 

1 

[(-7)3- 
3 

1 

[(-7)21 
3 
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k 

1 

POWERS  AND  ROOTS 

n'' 

Table  3.1 

675 

676 

677 

678 

679 

2 

4  55625 

4  56976 

4 

58329 

4  59684 

4  61041 

3 

3075  46875 

3089  15776 

3102 

88733 

3116  65752 

3130  46839 

4 

(11)2.0759  41406 

(11)2.0882  70646 

(11)2.1006 

54722 

(11)2.1130  93799 

(11)2.1255  88037 

5 

(14)1.4012  60449 

(14  1.4116  70957 

(14)1.4221 

43247 

(14  1.4326  77595 

(14)1.4432  74277 

6 

16)9.4585  08032 

(16  9.  5428  95666 

(16)9.6279 

09783 

(16)9.7135  54097 

(16)9.7998  32341 

7 

(19)6.3844  92922 

(19)6.4509  97470 

(19)6.5180 

94923 

(19)6.5857  89678 

(19)6.6540  86159 

8 

(22)4.3095  32722 

(22)4.3608  74290 

(22)4.4127 

50263 

(22)4.4651  65402 

(22)4.5181  24502 

9 

(25)2.9089  34587 

(25)2.9479  51020 

(25)2.9874 

31928 

(25)3.0273  82142 

(25)3.0678  06537 

10 

(28)1.9635  30847 

(28)1.9928  14890 

(28)2.0224 

91415 

(28)2.0525  65092 

(28)2.0830  40639 

24 

(67)8.0036  95322 

(67)8.2931  72571 

(67)8.5926 

68325 

(67)8.9025  13744 

(67)9.2230  50418 

1/2 

(  1)2.5980  76211 

(  1)2.6000  00000 

(  1)2.6019 

22366 

(  1)2.6038  43313 

(  1)2.6057  62844 

1/3 

8.7720  53215 

8.7763  82955 

8.7807 

08428 

8.7850  29644 

8.7893  46612 

1/4 

5.0971  32735 

5.0990  19514 

5.  1009 

04200 

5.  1027  86801 

5.1046  67319 

1/5 

3.6801  09614 

3.6811  99371 

3.  6822 

87840 

3.6833  75023 

3.6844  60923 

1 

680 

681 

682 

683 

684 

2 

4  62400 

4  63761 

4 

65124 

4  66489 

4  67856 

3 

3144  32000 

3158  21241 

3172 

14568 

3186  11987 

3200  13504 

4 

(11)2.1381  37600 

(11)2.1507  42651 

(11)2.1634 

03354 

(11)2.1761  19871 

(11)2.1888  92367 

5 

(14)1.4539  33568 

(14)1.4646  55745 

(14)1.4754 

41087 

14)1.4862  89872 

(14)1.4972  02379 

6 

(16)9.8867  48262 

(16)9.9743  05627 

(17)1.0062 

50822 

(17)1.0151  35983 

17)1.0240  86427 

7 

(19)6.7229  88818 

(19)6.7925  02132 

(19)6.8626 
(22)4.6803 

30603 

(19  6.  9333  78761 

19)7.0047  51164 

8 

(22)4.5716  32397 

(22)4.6256  93952 

14071 

22)4.7354  97694 

(22  4.7912  49796 

9 

(25)3.1087  10030 

(25)3.1500  97581 

(25)3.1919 

74196 

25)3.2343  44925 

25)3.2772  14860 

10 

(28)2.1139  22820 

(28)2.1452  16453 

(28)2.1769 

26402 

(28)2.2090  57584 

(28)2.2416  14965 

24 

(67)9.5546  30685 

(67)9.8976  17949 

(68)1.0252 

38701 

(68)1.0619  32441 

(68)1.0998  82878 

1/2 

(  1)2.6076  80962 

(  1)2.6095  97670 

(  1)2.6115 

12971 

(  1)2.6134  26869 

(  1)2.6153  39366 

1/3 

8.7936  59344 

8.7979  67850 

8.8022 

72141 

8.8065  72225 

8.8108  68115 

1/4 

5.1065  45762 

5.1084  22134 

5.1102 

96441 

5.1121  68688 

5.1140  38880 

1/5 

3.6855  45546 

3.6866  28893 

3.6877 

10968 

3.6887  91774 

3.6898  71315 

1 

685 

686 

687 

688 

689 

2 

4  69225 

4  70596 

4 

71969 

4  73344 

4  74721 

3 

3214  19125 

3228  28856 

3242 

42703 

3256  60672 

3270  82769 

4 

(11)2.2017  21006 

(11)2.2146  05952 

(11)2.2275 

47370 

(11)2.2405  45423 

(11)2.2536  00278 

5 

(14)1.5081  78889 

(14)1.5192  19683 

(14)1.5303 

25043 

(14  1.5414  95251 
(17)1.0605  48733 

(14)1.5527  30592 

6 

(17)1.0331  02539 

(17)1.0421  84703 

(17  1.0513 

33304 

17)1.0698  31378 

7 

19)7.0767  52393 

(19)7.1493  87060 

(19)7.2226 

59802 

(19)7.2965  75282 

(19)7.3711  38193 

8 

(22)4.8475  75389 

22  4. 9044  79523 

(22)4.9619 

67284 

(22  5.  0200  43794 

22  5. 0787  14215 

9 

(25)3.3205  89142 

(25  3.  3644  72953 

(25)3.4088 

71524 

(25)3.4537  90130 

(25)3.4992  34094 

10 

(28)2.2746  03562 

(28)2.3080  28446 

(28)2.3418 

94737 

(28)2.3762  07610 

(28)2.4109  72291 

24 

(68)1.1391  31118 

(68)1.1797  19551 

(68)1.2216 

91886 

(68)1.2650  93189 

(68)1.3099  69927 

1/2 

(  1)2.6172  50466 

(  1)2.6191  60171 

(  1)2.6210 

68484 

(  1)2.6229  75410 

(  1)2.6248  80950 

1/3 

8.8151  59819 

8.8194  47349 

8.8237 

30714 

8.8280  09925 

8.8322  84991 

1/4 

5.1159  07022 

5.1177  73120 

5.1196 

37179 

5.1214  99204 

5.1233  59200 

1/5 

3.69.09  49595 

3.6920  26615 

3.6931 

02381 

3.6941  76894 

3.6952  50159 

1 

690 

691 

692 

693 

694 

2 

4  76100 

4  77481 

4 

78864 

4  80249 

4  81636 

3 

3285  09000 

3299  39371 

3313 

73888 

3328  12557 

3342  55384 

4 

(11)2.2667  12100 

(11)2.2798  81054 

(11)2.2931 

07305 

(11)2.3063  91020 

(11)2.3197  32365 

5 

(14)1.5640  31349 

(14)1.5753  97808 

(14)1.5868 

30255 

14)1.5983  28977 

(14)1.6098  94261 

6 

(17)1.0791  81631 

(17)1.0885  99885 

(17)l.  0980 

86536 

(17)1.1076  41981 

(17)1.1172  66617 

7 

(19)7.4463  53253 

(19)7.5222  25208 

(19  7.5987 

58832 

(l9  7.  6759  58928 

(19)7.7538  30324 

8 

(22)5.1379  83744 

(22  5.  1978  57619 

(22)5.2583 

41112 

22)5.3194  39537 

(22)5.3811  58245 

9 

(25)3.5452  08784 

(25)3.5917  19614 

(25)3.6387 

72050 

(25)3.6863  71599 

(25)3.7345  23822 
(28)2.5917  59533 

10 

(28)2.4461  94061 

(28)2.4818  78254 

(28)2.5180 

30258 

(28)2.5546  55518 

24 

(68)1.3563  70007 

(68)1.4043  42816 

(68)1.4539 

39271 

(68)1.5052  11857 

(68)1.5582  14678 

1/2 

(  1)2.6267  85107 

(  1)2.6286  87886 

(  1)2.6305 

89288 

(  1)2.6324  89316 

(  1)2.6343  87974 

1/3 

8.8365  55922 

8.8408  22729 

8.8450 

85422 

8.8493  44010 

8.8535  98503 

1/4 

5.1252  17173 

5.1270  73128 

5.1289 

27069 

5.1307  79001 

5.  1326  28931 

1/5 

3.6963  22179 

3.6973  92956 

3.6984 

62494 

3.  6995  30796 

3.7005  97866 

1 

695 

696 

697 

698 

699 

2 

4  83025 

4  84416 

4 

85809 

4  87204 

4  88601 

3 

3357  02375 

3371  53536 

3386 

08873 

3400  68392 

3415  32099 

4 

(11)2.3331  31506 

(11)2.3465  88611 

(11)2.3601 
(14)1.6449 

03845 

(11)2.  3736  77376 

(11)2.3873  09372 

5 

(14)1.6215  26397 

(14)1.6332  25673 

92380 

(14)1.6568  26809 

(14)1.6687  29251 

6 

(17)1.1269  60846 

(17)1.1367  25068 

(17)1.1465 

59689 

17)1.1564  65112 

(17)1.1664  41746 
19)8.1534  27808 

7 

(19)7.8323  77878 

(19)7.9116  06476 

(19)7.9915 

21031 

(19)8.0721  26484 

8 

(22)5.4435  02625 
(25)3.7832  34325 

(22)5.5064  78107 

22)5.5700 

90158 

22)5.6343  44286 

(22  5.  6992  46038 

9 

(25)3.8325  08763 

25)3.8823 

52840 

25)3.9327  72312 

(25  3.9837  72980 

10 

(28)2.6293  47856 

(28)2.6674  26099 

(28)2.7059 

99930 

(28)2.7450  75074 

(28)2.7846  57313 

24 

(68)1.6130  03502 

(68)1.6696  35809 

(68)1.7281 

70846 

(68)1.7886  69670 

(68)1.8511  95210 

1/2 

(  1)2.6362  85265 

(  1)2.6381  81192 

(  1)2.6400 

75756 

(  1)2.6419  68963 

(  1)2.6438  60813 

1/3 

8.8578  48911 

8.8620  95243 

8.  8663 

37511 

8.8705  75722 

8.8748  09888 

1/4 

5.  1344  76863 

5.1363  22801 

5.1381 

66751 

5.1400  08719 

5.1418  48708 

1/5 

3.7016  63707 

3.7027  28321 

3.7037 

91713 

3.7048  53884 

1 

3.7059  14839 

"'[ 

(-6)21 
3 

1 

(-7)51 
4 

"f 

-7)3]         „:, 

(-7)21 
3 

273-888  0-67— 5 
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Table  3.1 

POWERS  AND  ROOTS 

wfc 

fc 
1 

700 

701 

702 

703 

704 

2 

4  90000 

4 

91401 

4 

92804 

4 

94209 

4 

95616 

3 

3430  00000 

3444 

72101 

3459 

48408 

3474 

28927 

3489 

13664 

4    ( 

11)2.4010  00000 

11)2.4147 

49428   ( 

11)2.4285 
14)1.7048 

57824 

(11)2.4424 

25357 

(11)2.4563 

52195 

5 

14)1,6807  00000 

14)1.6927 

39349   I 

47593 

14)1.7170 

25026 

(14)1.7292 

71945 

6    1 

17)1.1764  90000 

17)1.1866 

10284   ( 

17)1.1968 

03010 

17  1.2070 

68593 

(17)1.2174 

07449 

7    1 

19)8.2354  30000 

19  8.3181 

38089   ( 

19)8.4015 

57130 

19)8.4856 

92210 

(19)8.5705 

48443 

8 

22)5.7648  01000 

22)5.8310 

14800   1 

22)5.8978 

93105 

22)5.9654 

41624 

(22)6.0336 

66104 

9    1 

25)4.0353  60700 

25)4.0875 

41375    ( 

25)4.1403 
28)2.9065 

20960 

[25)4.1937 

05461 

25)4.2477 

00937 

10    ( 

28)2.8247  52490 

28  2.8653 

66504 

05314 

(28)2.9481 

74939 

(28)2.9903 

81460 

24    (68)1.9158  12314 

[68)1.9825 

87808   (68)2.0515 

90555 

(68)2.1228 

91511 

(68)2.1965 

63787 

1/2    ( 

1)2.6457  51311 

1)2.6476 

40459   ( 

1)2.6495 

28260 

(  1)2.6514 

14717 

(  1)2.6532 

99832 

1/3 

8.8790  40017 

8.  8832 

66120 

8.  8874 

88205 

8.8917 

06283 

8.  8959 

20362 

1/4 

5.1436  86724 

5.  1455 

22771 

5.1473 

56856 

5.1491 

88981 

5. 1510 

19154 

1/5 

3.7069  74581 

3.  7080 

33112 

3.  7090 

90435 

3.7101 

46554 

3.7112 

01473 

1 

705 

706 

707 

708 

709 

2 

4  97025 

4 

98436 

4 

99849 

5 

01264 

5 

02681 

3 

3504  02625 

3518 

95816 

3533 

93243 

3548 

94912 

3564 

00829 

"    ( 

11)2.4703  38506 

11)2.4843 

84461    ( 

11)2.4984 

90228 

(11)2.5126 
(14)1.7789 

55977 

(11)2.5268 

81878 

5    1 

14)1.7415  88647 

14)1.7539 

75429 

14)1.7664 

32591 

60432 

(14)1.7915 

59251 

6    1 

17)1.2278  19996 

17)1.2383 

06653 

17)1.2488 

67842 

17)1.2595 

03986 

(17)1.2702 
(19)9.0058 

15509 

7    ( 

19)8.6561  30972 

19)8.7424 

44971 

19)8.8294 

95643 

19  8.9172 

88218 

27960 

8    ( 

22)6.1025  72335 

22)6.1721 

66150   ( 

22)6.2424 

53419 

(22)6.3134 

40059 

(22)6.3851 

32023 

9    ! 

25)4.3023  13497 

25)4.3575 

49302 

25)4.4134 

14568 

25)4.4699 

15561 

(25)4.5270 

58605 

10    ( 

28)3.0331  31015 

28)3.0764 

29807 

28)3.1202 

84099 

128)3.1647 

00218 

(28)3.2096 

84551 

24    ( 

68)2.2726  82709 

[68)2.3513 

25887   ( 

68)2.4325 

73275 

(68)2.5165 

07242 

(68)2.6032 

12640 

1/2    ( 

1)2.6551  83609 

[  1)2.6570 

66051   ( 

1)2.6589 

47160 

(  1)2.6608 

26939 

(  1)2.6627 

05391 

1/3 

8.9001  30453 

8.9043 

36564 

8.  9085 

38706 

8.9127 

36887 

8.9169 

31117 

1/4 

5.1528  47377 

5.1546 

73657 

5. 1564 

97998 

5.  1583 

20404 

5.  1601 

40881 

1/5 

3.7122  55193 

3.  7133 

07718 

3.7143 

59051 

3,  7154 

09195 

3.7164 

58153 

1 

710 

711 

712 

713 

714 

2 

5  04100 

5 

05521 

5 

06944 

5 

08369 

5 

09796 

3 

3579  11000 

3594 

25431 

3609 

44128 

3624 

67097 

3639 

94344 

4    ( 

11)2.5411  68100 

[11)2.5555 

14814 

11)2.5699 

22191 

(11)2.5843 
(14)1.8426 

90402 

(11)2.5989 

19616 

5 

14)1.8042  29351 

14)1.8169 

71033 

14)1.8297 

84600 

70356 

(14)1.8556 

28606 

6    ( 

17  1.2810  02839 

17)1.2918 

66404 

17)1.3028 

06635 

(17)1.3138 

23964 

(17)1.3249 

18825 

7 

19  9. 0951  20158 

19)9.1851 

70136 

19)9.2759 

83244 

(19)9.3675 

64864 

(19  9,4599 

20408 

8 

22)6.4575  35312 

22)6.5306 

55967 

22)6.6045 

00070 

'22)6.6790 

73748 

(22)6.7543 

83171 

9    ( 

25)4.5848  50072 

25)4.6432 

96392 

25)4.7024 

04050 

25)4.7621 

79582 

(25)4.8226 

29584 

10 

28)3.2552  43551 

(28)3.3013 

83735 

28)3.3481 

11683 

(28  3.3954 

34042 

(28)3.4433 

57523 

24    ( 

68)2.6927  76876 

(68)2.7852 

89985 

68)2.8808 

44702 

(68)2.9795 

36544 

(68)3.0814 

63889 

1/2    ( 

1)2.6645  82519 

(  1)2.6664 

58325 

1)2.6683 

32813 

(  1)2.6702 

05985 

(  1)2.6720 

77843 

1/3 

8.9211  21404 

8.9253 

07760 

8.  9294 

90191 

8.9336 

68708 

8.9378 

43321 

V4 

5.1619  59433 

5.  1637 

76065 

5. 1655 

90782 

5.1674 

03588 

5,  1692 

14489 

1/5 

3.7175  05928 

3.7185 

52523 

3.7195 

97942 

3.7206 

42186 

3.7216 

85260 

1 

715 

716 

717 

718 

719 

2 

5  11225 

5 

12656 

5 

14089 

5 

15524 

5 

16961 

3 

3655  25875 

3670 

61696 

3686 

01813 

3701 

46232 

3716 

94959 

4 

11)2.6135  10006 

(11)2.6281 

61743 

11)2.6428 

74999 

(11)2.6576 

49946 

(11)2.6724 

86755 

5 

14)1.8686  59654 

14)1.8817 

63808 

14)1.8949 

41374 

14)1.9081 

92661 

14  1.9215 

17977 

6 

17)1.3360  91653 
19)9.5530  55319 

(17)1.3473 

42887 

17  1.3586 

72965 

17)1.3700 

82331 

(17)1.3815 

71425 

7 

19)9.6469 

75069 

19)9.7416 

85162 

19  9.8371 

91134 

(19)9.9334 

98549 

8 

22  6.8304  34553 

(22)6.9072 

34149 

22)6.9847 

88261 

(22)7.0631 

03234 

(22)7.1421 

85457 

9 

25)4.8837  60705 

;  25)  4.  9455 
(28)3.5410 

79651 

25  5.  0080 

93183 

25  5.0713 

08122 

25)5.1352 

31343 

10 

28  3.4918  88904 

35030 

28)3.5908 

02813 

(28)3.6411 

99232 

(28)3.6922 

31336 

24 

68)3.1867  28051 

(68)3.2954 

33372 

68)3.4076 

87302 

(68)3.5236 

00491 

( 68)  3.  6432 

86875 

1/2 

1)2.6739  48391 

(  1)2.6758 

17632 

1)2.6776 

85568 

(  1)2.6795 

52201 

(  1)2.6814 

17536 

1/3 

8.9420  14037 

8.  9461 

80866 

8.9503 

43817 

8.9545 

02899 

8.9586 

58122 

1/4 

5.1710  23488 

5.  1728 

30591 

5.1746 

35801 

5.1764 

39125 

5.  1782 

40566 

1/5 

3.7227  27165 

3.7237 

67905 

3.7248 

07483 

3.7258 

45902 

3.7268 

83164 

1 

720 

721 

722 

723 

724 

2 

5  18400 

5 

19841 

5 

21284 

5 

22729 

5 

24176 

3 

3732  48000 

3748 

05361 

3763 

67048 

3779 

33067 

3795 

03424 

4 

11)2.6873  85600 

(11)2.7023 

46653 

(11)2.7173 

70087 

11)2.7324 

56074 

(11)2.7476 

04790 

5 

14)1.9349  17632 

14)1.9483 

91937 

(14)1.9619 

41202 

14)1.9755 

65742 

(14)1.9892 

65868 

6 

17)1.3931  40695 

17)1.4047 

90586 

17)1.4165 

21548 

17)1.4283 

34031 

(17)1.4402 

28488 

7 

20)1.0030  61300 

20)1.0128 

54013 

(20)1.0227 

28558 

'20  1.0326 

85505 

(20)1.0427 

25426 

8 

(22)7.2220  41363 

(22)7.3026 

77432 

22)7.3841 

00187 

22)7.4663 

16199 

22  7.  5493 

32081 

9 

25)5.1998  69781 

25  5.2652 

30428 

(25)5.3313 

20335 

25)5.3981 

46612 

(25  5.4657 

16426 

10 

(28)3.7439  06243 

(28  3.7962 

31139 

(28)3.8492 

13282 

(28)3.9028 

60000 

(28)3.9571 

78693 

24 

(68)3.7668  63772 

(68)3.8944 

51981 

(68)4.0261 

75870 

(68)4.1621 

63488 

(68)4.3025 

46659 

1/2 

(  1)2.6832  81573 

(  1)2.6851 

44316 

(  1)2.6870 

05769 

(  1)2.6888 

65932 

(  1)2.6907 

24809 

1/3 

8.9628  09493 

8.  9669 

57022 

8.  9711 

00718 

8.9752 

40590 

8.  9793 

76646 

1/4 

5.1800  40128 

5. 1818 

37817 

5.  1836 

33637 

5. 1854 

27593 

5,  1872 

19688 

1/5 

3.7279  19273 

1 

3.  7289 

54232 

Jr(-' 

3.  7299 

88042 

3.7310 

20708 

3,  7320 

52232 

nf- 

6)21 

7)5] 

Jr(- 

7)21 

Jr(-'^2i 

3 

i 
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POWERS  AND  ROOTS 

«'' 

Tahl 

c  3,1 

fc 

1 

725 

726 

727 

728 

729 

2 

5 

25625 

5 

27076 

5 

28529 

5 

29984 

5 

31441 

3 

3810 

78125 

3826 

57176 

3842 

40583 

3858 

28352 

3874 

20489 

4 

11)2.7628 

16406 

(11)2 

.7780 

91098 

(11)2.7934 

29038 

(11)2,8088 

30403 

(11)2,8242 

95365 

5 

14)2.0030 

41895 

(14)2 
17)1 

.0168 

94137 

(14  2.  0308 

22911 

14)2.  0448 

28533 

(14)2.0589 

11321 

6 

17)1.4522 

05374 

.4642 

65143 

(17)1.4764 

08256 

17)1.4886 

35172 

(17)1.5009 

46353 

7 

20)1.0528 

48896 

(20)1 

.0630 

56494 

(20)1.0733 

48802 

(20)  1.0837 

26405 

(20)1.0941 

89891 

8 

22)7.6331 

54495 

(22)7 

.7177 

90147 

(22)7.8032 

45793 

22)7.8895 

28230 

(22)7.9766 

44308 

9 

25)5.5340 

37009 

25  5 

.6031 

15647 

(25)5.6729 

59691 

25)5.7435 

76552 

(25)5.8149 

73700 

10 

28)4.0121 

76831 

(28)4 

.0678 

61960 

(28)4.1242 

41696 

(28)4.1813 

23730 

(28)4.2391 

15828 

24 

68)4.4474 

61095 

(68)4 

.5970 

46501 

(68)4.7514 

46686 

(68)4.9108 

09683 

(68)5.0752 

87861 

1/2 

1)2.6925 

82404 

1)2 

.6944 

38717 

(  1)2.6962 

93753 

1)2.6981 

47513 

(  1)2.7000 

00000 

1/3 

8.9835 

08896 

8 

.9876 

37347 

8.9917 

62009 

8.9958 

82891 

9.0000 

00000 

1/4 

5.1890 

09928 

c 

.1907 

98317 

5.1925 

84860 

5.1943 

69560 

5.1961 

52423 

1/5 

3.7330 

82616 

3 

.7341 

11864 

3.7351 

39979 

3.  7361 

66963 

3.7371 

92819 

1 

730 

731 

732 

733 

734 

2 

5 

32900 

5 

34361 

5 

35824 

5 

37289 

5 

38756 

3 

3890 

17000 

3906 

17891 

3922 

23168 

3938 

32837 

3954 

46904 

4    ( 

11)2.8398 

24100 

(11)2 

.8554 

16783 

(11)2.8710 

73590 

11)2.8867 

94695 

(11)2.9025 

80275 

5    ( 

14  2.  0730 

71593 

14)2 

.0873 

09669 

(14)2.1016 

25868 

14)2.1160 

20512 

(14)2.1304 

93922 

6    ( 

17)1.5133 

42263 

'l7  1 

.5258 

23368 

(17)1.5383 
(20)1.1261 

90135 

17)1.5510 

43035 

(17  1.5637 

82539 

7    ( 

20  1.1047 

39852 

20)1 

.1153 

76882 

01579 

.20)1.1369 

14545 

(20)1. 1478 

16384 

8    ( 

22)8.0646 

00919 

22)8 

.1534 

05006 

(22)8.2430 

63558 

22)8.  3335 

83612 

(22)8.4249 

72255 

9    ( 

25)5.8871 

58671 

25  5 

.9601 

39059 

(25)6.0339 

22524 

.25  6. 1085 

16788 

25  6. 1839 

29635 

10    ( 

28)4.2976 

25830 

28)4 

.3568 

61652 

(28)4.4168 

31288 

28)4.4775 

42805 

(28)4.5390 

04352 

24    ( 

68)5.2450 

38047 

68)5 

.4202 

21655 

(68)5.6010 

04807 

68)5.7875 

58467 

(68)5.9800 

58576 

1/2    ( 

1)2.7018 

51217 

1)2 

.7037 

01167 

(  1)2.7055 

49852 

1)2.7073 

97274 

(  1)2.7092 

43437 

1/3 

9.0041 

13346 

9 

.0082 

22937 

9.0123 

28782 

9.0164 

30890 

9.0205 

29268 

1/4 

5.1979 

33452 

5 

.1997 

12653 

5.2014 

90029 

5,2032 

65584 

5.2050 

39324 

1/5 

3.7382 

17550 

3 

.7392 

41158 

3,7402 

63647 

3,7412 

85019 

3.7423 

05277 

1 

735 

736 

737 

738 

739 

2 

5 

40225 

5 

41696 

5 

43169 

5 

44644 

5 

46121 

3 

3970 

65375 

3986 

88256 

4003 

15553 

4019 

47272 

4035 

83419 

"^    ( 

11)2.9184 

30506 

11)2 

.9343 

45564 

(11)2.9503 

25626 

11)2.9663 

70867 

(11)2.9824 

81466 

5    i 

14)2.1450 

46422 

14)2 

.1596 

78335 

(14)2,1743 

89986 

(14)2.1891 

81700 

fl4)2.2C40 

53804 

6    < 

17)1.5766 

09120 

17)1 

.5895 

23255 

17)1.6025 

25420 

17)1.6156 

16095 

(17)1.6287 

95761 

7    ( 

20  1.1588 

07703 

20)1 

.1698 

89115 

(20)1.1810 

61234 

20)1.1923 

24678 

(20  1.2036 

80067 

8 

22)8.5172 

36620 

22)8 

.6103 

83890 

(22)8.7044 

21297 

22)8.7993 

56123 

(22)8.8951 

95697 

9    1 

25)6.2601 

68916 

25)6 

.3372 

42543 

(25)6.4151 

58496 

25)6.4939 

24819 

(25)6.5735 

49620 

10    ( 

28)4.6012 

24153 

28)4 

.6642 

10512 

(28)4.7279 

71812 

28)4.7925 

16516 

(28)4.8578 

53170 

24    ( 

68)6.1786 

86185 

68)6 

.3836 

27605 

(68)6.5950 

74542 

68)6.8132 

24254 

(68)7.0382 

79698 

1/2    { 

1)2.7110 

88342 

1)2 

.7129 

31993 

(  1)2.7147 

74392 

1)2.7166 

15541 

(  1)2.7184 

55444 

1/3 

9.  0246 

23926 

9 

.0287 

14871 

9.0328 

02112 

9,0368 

85658 

9.0409 

65517 

1/4 

5.2068 

11253 

5 

.2085 

81374 

5.2103 

49693 

5,2121 

16213 

5.2138 

80938 

1/5 

3.7433 

24423 

3 

.7443 

42461 

3.7453 

59393 

3.7463 

75222 

3.7473 

89950 

1 

740 

741 

742 

743 

744 

2 

5 

47600 

5 

49081 

5 

50564 

5 

52049 

5 

53536 

3 

4052 

24000 

4068 

69021 

4085 

18488 

4101 

72407 

4118 

30784 

"    { 

11)2.9986 

57600 

11)3 

.0148 

99446 

(11)3.0312 

07181 

11)3.0475 

80984 

(11)3.0640 

21033 

5    ( 

14)2.2190 

06624 

14  2 

.2340 

40489 

(14)2.2491 
(17)1.6688 

55728 

14)2.2643 

52671 

(14)2.2796 

31649 

6 

17)1.6420 

64902 

17)1 

.6554 

24002 

73550 

17)1.6824 

14035 

(17)1.6960 

45947 

7    ( 

20)1.2151 

28027 

20)1 

.2266 

69186 

20)1.2383 

04174 

20)1.2500 

33628 

(20)1. 2618 

58184 

8    1 

22)8.9919 

47402 

22)9 

.0896 

18667 

(22)9.1882 

16974 

22)9.2877 

49854 

(22  9.  3882 

24890 

9    1 

25)6.6540 

41078 

25)6 

.7354 

07432 

(25)6.8176 

56995 

25)6.9007 

98142 

(25)6.9848 

39318 

10    ( 

28)4.9239 

90397 

28)4 

.9909 

36907 

(28)5.0587 

01490 

28)5.1272 

93019 

(28)5.1967 

20453 

24    ( 

68)7.2704 

49690 

68)7 

.5099 

49065 

(68)7.7569 

98844 

(68)8.0118 

26396 

(68)8.2746 

65623 

1/2    ( 

1)2.7202 

94102 

1)2 

.7221 

31518 

(  1)2.7239 

67694 

1)2.7258 

02634 

(  1)2.7276 

36339 

1/3 

9.0450 

41696 

9 

.0491 

14206 

9.0531 

83053 

9.0572 

48245 

9.0613 

09792 

1/4 

5.2156 

43874 

5 

.2174 

05023 

5.2191 

64391 

5.2209 

21982 

5.2226 

77799 

1/5 

3.  7484 

03580 

3 

.7494 

16115 

3.7504 

27557 

3.7514 

37909 

3.7524 

47174 

1 

745 

746 

747 

748 

749 

2 

5 

55025 

5 

56516 

5 

58009 

5 

59504 

5 

61001 

3 

4134 

93625 

4151 

60936 

4168 

32723 

4185 

08992 

4201 

89749 

4    ( 

11)3.0805 

27506 

11  3 

.0971 

00583 

(11)3.1137 

40441 

(11)3.1304 

47260 

(11)3.1472 

21220 

5    ( 

14  2.  2949 

92992 

14)2 

.3104 

37035 

(14)2.3259 

64109 

14)2.3415 

74551 

(14)2.3572 

68694 

b          ( 

17  1.7097 

69779 

17)1 

.7235 

86028 

(17)1.7374 

95190 

17  1.7514 

97764 

17)1.7655 

94252 

7 

20)1.2737 

78485 

20)1 

.2857 

95177 

20)1.2979 

08907 

20  1.3101 

20327 

(20)1.3224 

30094 

8    ( 

22)9.4896 

49717 

22)9 

.5920 

32018 

(22)9.6953 

79533 

'22)9.7997 

00049 

(22  9.9050 

01408 

9    ( 

25)7.0697 

89039 

25)7 

.1556 

55886 

(25  7.2424 

48511 

(25)7.3301 

75636 

25)7.4188 

46054 

10    ( 

28  5.2669 

92834 

28)5 

.3381 

19291 

(28)5.4101 

09038 

(28)5.4829 

71376 

(28)5.5567 

15695 

24    ( 

68)8.5457 

57129 

68)8 

.8253 

48404 

(68)9.1136 

94019 

(68)9.4110 

55807 

(68)9.7177 

03069 

1/2 

1)2.7294 

68813 

1)2 

.7313 

00057 

(  1)2.7331 

30074 

(  1)2.7349 

58866 

(  1)2.7367 

86437 

1/3 

9.0653 

67701 

9 

.0694 

21981 

9.0734 

72639 

9.0775 

19683 

9.0815 

63122 

1/4 

5,2244 

31847 

5 

.2261 

84131 

5.2279 

34653 

5,2296 

83419 

5.2314 

30432 

1/5 

3.7534 

55355 

3 

.7544 

62453 

3.7554 

68472 

3,  7564 

73415 

3.7574 

77282 

Jr(- 

6)21 

Jr(-'7)5i 

"f" 

7)21 

J[< 

-7)11 

3 

4  J 

3 

3 
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ELEMENTARY    ANALYTICAL    METHODS 


Table  3.1 

PO^  ERS  AND  ROOTS  nk 

k 

1 

750 

751 

752 

753 

754 

2 

5 

62500 

5 

64001 

5 

65504 

5 

67009 

5 

68516 

3 

4218 

75000 

4235 

64751 

4252 

59008 

4269 

57777 

4286 

61064 

4 

(11)3.1640 

62500 

(11)3.1809 
(14)2.3889 

71280 

(11)3,1979 

47740   (11)3, 

2149 

92061 

(11)3. 

2321 

04423 

5 

(14)2.3730 
(17  1.7797 

46875 

09431 

(14)2.4048 
(17)1.8084 

56701   (14  2. 

4208 

89022 

(14)2. 

4370 

06735 

6 

85156 

(17)1.7940 
(20)1.3473 

70983 

52239   (17  1, 

8229 

29433 

(17  1. 

8375 

03078 

7 

(20)1.3348 

38867 

47308 

(20)1.3599 

56084   (20)1. 

3726 

65863 

(20  1. 

3854 

77321 

8 

(23)1.0011 

29150 

(23)1.0118 
(25)7.5990 

57828 

(23)1.0226 
(25)7.6906 

86975   (23)1. 

0336 

17395 

23)1. 

0446 

49900 

9 

(25)7.5084 

68628 

52291 

06051   (25)7, 

7831 

38985 

(25)7. 

8766 

60245 

10 

(28)5.6313 

51471 

(28)5.7068 

88271 

(28)5.7833 

35750   (28)5. 

8607 

03656 

(28)5, 

9390 

01825 

24 

(69)1.0033 

91278 

(69)1.0359 

96977 

(69)1.0696 

16698   (69)1. 

1042 

80565 

(69)1. 

1400 

19555 

V2 

(  1)2.7386 

12788 

(  1)2.7404 

37921 

{  1)2.7422 

61840   (  1)2. 

7440 

84547 

(  1)2. 

7459 

06044 

1/3 

9.  0856 

02964 

9.  0896 

39217 

9.  0936 

71888       9. 

0977 

00985 

9. 

1017 

26517 

1/^ 

5.2331 

75697 

5,2349 

19217 

5.2366 

60997       5. 

2384 

01041 

5, 

2401 

39353 

1/5 

3.  7584 

80079 

3,  7594 

81806 

3.  7604 

82467       3. 

7614 

82064 

3. 

7624 

80599 

1 

755 

756 

757 

758 

759 

2 

5 

70025 

5 

71536 

5 

73049 

5 

74564 

5 

76081 

3 

4303 

68875 

4320 

81216 

4337 

98093 

4355 

19512 

4372 

45479 

4 

(11)3.2492 
(14)2.4532 

85006 

(11)3.2665 

33993 

(11)3.2838 

51564   (11)3, 

3012 

37901 

(11)3. 

3186 

93186 

5 

10180 

(14)2.4694 
(17)1.8669 

99699 

(14)2.4858 

75634   (14)2. 
07855   (17)1, 

5023 

38329 

(14)2. 

5188 

88128 

6 

(17)1,8521 

73686 

41772 

(17)1.8818 

8967 

72453 

(17)1. 
(20)1. 

9118 

36089 

7 

(20)1.3983 

91133 

(20)1.4114 

07980 

(20)1.4245 

28546   (20)1. 

4377 

53520 

4510 

83592 

8 

(23)1.0557 

85305 

(23)1.0670 

24433 

(23)1.0783 

68109   (23)1. 

0898 

17168 

(23)1. 

1013 

72446 

9 

(25)7.9711 

79054 

(25)8.0667 

04711 

(25)8.1632 

46588   (25)8. 

2608 

14132 

(25  8. 

3594 

16865 

10 

(28)6.0182 

40186 

(28)6.0984 

28762 

(28)6.1795 

77667   (28)6. 

2616 

97112 

(28)6. 

3447 

97401 

24 

(69)1.1768 

65520 

(69)1.2148 

51214 

(69)1.2540 

10313   (69)1. 

2943 

77441 

( 69)  1. 

3359 

88198 

1/2 

(  1)2.7477 

26333 

(  1)2.7495  45417 

(  1)2.7513 

63298   (  1)2, 

7531 

79980 

(  1)2. 

7549 

95463 

1/3 

9,1057 

48491 

9.1097 

66916 

9.1137 

81798       9, 

1177 

93146 

9. 

1218 

00968 

V4 

5.2418 

75936 

5.2436 

10795 

5.  2453 

43934       5. 

2470 

75356 

5. 

2488 

05067 

1/5 

3.  7634 

78075 

3.7644 

74495 

3.  7654 

69862       3. 

7664 

64176 

3. 

7674 

57442 

1 

760 

761 

762 

• 

763 

764 

2 

5 

77600 

5 

79121 

5 

80644 

5 

62169 

5 

83696 

3 

4389 

76000 

4407 

11081 

4424 

50728 

4441 

94947 

4459 

43744 

4 

(11)3.3362 

17600 

(11)3,3538 
1  14)2.5522 

11326 

(11)3.3714 

74547   (11)3. 

3892 

07446 

(11)3. 

4070 

10204 

5 

(14)2.5355 

25376 

50419 

(14)2.5690 

63605   (14)2. 

5859 

65281 

(14)2. 

6029 

55796 

6 

(17)1.9269 

99286 

(17)1.9422 

62569 

(17)1.9576 

26467   (17)1. 

9730 

91509 

(17)1. 

9886 

58228 

7 

(20)1.4645 

19457 

(20)  1.4780 

61815 

(20)1.4917 

11368   (20)1. 

5054 

68822 

(20)1. 

5193 

34886 

B 

(23)1.1130 

34787 

(23)1.1248 
(25)8.5597 

05041 

(23)1.1366 

84062   (23)1, 

1486 

72711 

(23)1. 

1607 

71853 

9 

(25)8.4590 
(28)6.4288 

64385 

66364 

(25)8.6615 

32555   (25)8. 

7643 

72784 

(25)8. 

8682 

96958 

10 

88932 

(28)6.5139  82203 

(28)6.6000 

87807   (28)6. 

6872 

16435 

(28)6. 

7753 

78876 

24 

(69)1.3788 

79182 

(69)1.4230 

88020 

(69)1.4686 

53390   (69)1. 

5156 

15056 

(69)1. 

5640 

13890 

1/2 

(  1)2.7568 

09750 

(  1)2.7586 

22845 

(  1)2.7604 

34748   (  1)2. 

7622 

45463 

(  1)2. 

7640 

54992 

V3 

9,1258 

05271 

9.1298 

06063 

9,1338 

0335] 

L       9. 

1377 

97144 

9. 

1417 

87449 

1/4 

5,2505 

33069 

5.  2522 

59366 

5,2539 

83963       5. 

2557 

06863 

5. 

2574 

28071 

1/5 

3.  7684 

49662 

3.7694 

40838 

3.  7704 

30972 

!       3. 

7714 

20068 

3. 

7724 

08126 

1 

765 

766 

767 

768 

769 

2 

5 

85225 

5 

86756 

5 

88289 

5 

89824 

5 

91361 

3 

4476 

97125 

4494 

55096 

4512 

17663 

4529 

84832 

4547 

56609 

4 

(11)3.4248 
(14)2.6200 

83006 

(11)3.4428 

26035 

(11)3.4608 

3947f 

>    (11)3. 

4789 

23510 

(11)3. 
(14)2. 

4970 

78323 

5 

35500 

(14)2.6372 

04743 

(14)2.6544 

63877   (14)2. 

6718 

13255 

6892 

53231 

6 

(17)2.0043 

27157 

(17)2.0200 

98833 

(17)2.0359 

73794   (17)2. 

0519 

52580 

(17)2. 

0680 

35734 

7 

(20)1.5333 

10275 

(20)1.5473 

95706 

(20)  1.5615 

91900   (20)1. 

5758 

99582 

(20  1. 

5903 

19480 

8 

(23)1.1729 

82361 

(23)1.1853 

05111 

(23)1.1977 

40987   (23)1. 
73373   (25)9, 

2102 

90879 

(23)1. 

2229 

55680 

9 

(25)8.9733 

15059 

( 25)  9.  0794 

37150 

(25)9.1866 

2950 

33948 

(25)9. 

4045 

29178 

10 

(28)6,8645 

86020 

(28)6.9548 

48857 

(28)7.0461 

78477   (28)7. 

1385 

86072 

(28)7. 

2320 

82938 

24 

(69)1.6138 

91907 

(  69)  1.  6652 

92289 

(69)1,7182 

59425   (69)1. 

7728 

38934 

(69)1. 

8290 

77701 

1/2 

(  1)2.7658 

63337 

(  1)2.7676 

70501 

(  1)2,7694 

76485   (  1)2. 

7712 

81292 

(  1)2. 

7730 

84925 

1/3 

9.1457 

74274 

9.1497 

57625 

9,1537 

37512 

!       9. 

1577 

13940 

9. 

1616 

86919 

1/4 

5,2591 

47590 

5.2608 

65424 

5,  2625 

81576       5, 

2642 

96052 

5. 

2660 

08854 

1/5 

3,  7733 

95151 

3.  7743 

81144 

3.  7753 

66108       3. 

7763 

50045 

3. 

7773 

32958 

1 

770 

771 

772 

773 

774 

2 

5 

92900 

5 

94441 

5 

95984 

5 

97529 

5 

99076 

3 

4565 

33000 

4583 

14011 

4600 

99648 

4618 

89917 

4636 

84824 

4 

(11)3,5153 

04100 

(11)3.5336 

01025 

(11)3,5519 
(14)2.7421 

69283   (11)3. 
20286   (14)2. 

5704 

09058 

(11)3. 

5889 

20538 

5 

14)2.7067 

84157 

(14)2.7244 
(17)2.1005 

06390 

7599 

26202 

(14)2. 

7778 

24496 

6 

(17)2.0842 

23801 

17327 

(17)2.1169 

1686] 

L   (17)2. 

1334 

22954 

(17)2. 

1500 

36160 

7 

(20)1.6048 

52327 

(20)1.6194 

98859 

(20)  1.6342 

59817   (20)1. 

6491 

35944 

(20  1. 

6641 

27988 

8 

(23)1,2357 

36292 

(23)1.2486 

33620 

(23)1.2616 

48578   (23)1. 
27025   (25)9. 

2747 

82084 

(23)1. 

2880 

35063 

9 

(25)9.5151 

69445 

f  25)  9.  6269 

65212 

(25)9,7399 

8540 

65513 

(25)9. 

9693 

91385 

10 

(28)7.3266 

80473 

(28)7.4223 

90179 

(28)7.5192 

2366/ 

I   (28)7. 

6171 

92641 

(28)7. 

7163 

08932 

24 

(69)1.8870 

23915 

(69)1,9467 

27094 

(69)2.0082 

38127   (69)2. 

0716 

09310 

(69)2. 

1368 

94378 

1/2 

(  1)2.7748 

87385 

(  1)2.7766 

88675 

(  1)2,7784 

88798   (  1)2. 

7802 

87755 

(  1)2. 

7820 

85549 

1/3 

9,1656 

56454 

9.  1696 

22555 

9,1735 

8522- 

J                 9. 

1775 

44479 

9. 

1815 

00317 

1/4 

5,  2677 

19986 

5.  2694 

29452 

5.2711 

37257       5. 

2728 

43403 

5 

2745 

47894 

1/5 

3,  7783 

14849 

1 

3,  7792 

95720 

3.7802 

7557; 

(       3. 

7812 

54412 

3. 

7822 

32239 

-6)2- 

nk( 

-7)5] 

1 

[(-7)2-1 

1 

(-7)11 

3 

3 

3 
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F 

•OWE 

RS  AND  ROOTS  nfc 

Table  3.1 

fc 

1 

775 

776 

777 

778 

779 

2 

6 

00625 

6 

02176 

6 

03729 

6 

05284 

6 

06841 

3 

4654 

84375 

4672 

88576 

4690 

97433 

4709 

10952 

4727 

29139 

4 

(lip. 
(14)2. 

6075 

03906 

(11)3. 

6261 

59350 

(11)3.6448 

87054 

(11)3. 

6636 

87207 

(11  3.6825 

59993 

5 

7958 

15527 

(14)2. 

8138 

99655 

(14)2.8320 

77241 

(14)2. 

8503 

48647 

(14)2.8687 

14234 

6 

(IV  2. 

1667 

57034 

(17)2. 

1835 

86133 

(17  2.  2005 

24016 

(17)2. 

2175 

71247 

(17)2.2347 

28389 

7 

(20h. 

6792 

36701 

(20)1. 

6944 

62839 

(20)1.7098 

07161 

(20)1. 

7252 

70430 

(20)  1.7408 

53415 

8 

(23)1. 

3014 

08443 

(23)1. 

3149 

03163 

(23)1.3285 

20164 

23)  1. 

3422 

6C395 

(23  1.3561 

24810 

9 

26)1. 

0085 

91544 

26)1. 

0203 

64854 

(26)1.0322 
(28)8.0206 

60167 

26  1. 

0442 

78587 

(26)1.0564 

21227 

10 

(28)7. 

8165 

84463 

(28)7. 

9180 

31271 

61501 

(28  8. 

1244 

87408 

(28)8.2295 

21359 

24 

(69)2. 

2041 

48547 

(  69)  2. 

2734 

28553 

(69)2.3447 

92689 

(69)2. 

4183 

00846 

(69)2.4940 

14558 

1/2 

(  1)2. 

7838 

82181 

(  1)2. 

7856 

77655 

(  1)2.7874 

71973 

(  1)2. 

7892 

65136 

(  1)2,7910 

57147 

1/3 

9. 

1854 

52750 

9. 

1894 

01784 

9.1933 

47428 

9. 

1972 

89687 

9.2012 

28569 

1/4 

5. 

2762 

50735 

5. 

2779 

51928 

5.2796 

51478 

5. 

2813 

49388 

5.2830 

45663 

1/5 

3. 

7832 

09055 

3. 

7841 

84864 

3.7851 

59667 

3. 

7861 

33467 

3,  7871 

06266 

1 

780 

781 

782 

783 

784 

2 

6 

08400 

6 

09961 

6 

11524 

6 

13089 

6 

14656 

3 

4745 

52000 

4763 

79541 

4782 

11768 

4800 

48687 

4818 

90304 

4 

(11)3. 

7015 

05600 

m-. 

7205 

24215 

(11)3.7396 

16026 

(11)3. 

7587 

81219 

(11)3.7780 

19983 

5 

(14)2. 
(17)2. 

8871 

74368 

9057 

29412 

(14)2.9243 

79732 

(14  2. 

9431 

25695 

(14)2.9619 

67667 

6 

2519 

96007 

(17)2. 

2693 

74671 

(17)2.2868 

64951 

(17  2. 

3044 

67419 

(17)2.3221 

82651 

7 

(20)1. 

7565 

56885 

(20)1. 

7723 

81618 

(20)1.7883 

28391 

(20)l. 

8043 

97989 

(20)  1.8205 

91198 

8 

(23  1. 

3701 

14371 

23)1. 

3842 

30044 

23)1.3984 

72802 

(23  1. 

4128 

43625 

(23)1.4273 

43499 

9 

(26)1. 

0686 

89209 

(26)1. 

0810 

83664 

(26)1.0936 

05731 

(26)1. 

1062 

56559 

(26  1.1190 

37304 

10 

(28)8. 

3357 

75831 

(28)8. 

4432 

63416 

(28)8.5519 

96818 

(28)8. 

6619 

88854 

(28)8.7732 

52460 

24 

(69)2. 

5719 

97041 

(69)2. 

6523 

13239 

(69)2.7350 

29868 

(69)2. 

8202 

15463 

(69)2.9079 

40422 

1/2 

(  1)2. 

7928 

48009 

(  1)2. 

7946 

37722 

(  1)2.7964 

26291 

(  1)2. 

7982 

13716 

(  1)2.8000 

00000 

1/3 

9. 

2051 

64083 

9. 

2090 

96233 

9.2130 

25029 

9. 

2169 

50477 

9.2208 

72584 

1/4 

5. 

2847 

40305 

5. 

2864 

33318 

5.2881 

24706 

5. 

2898 

14473 

5.2915 

02622 

1/5 

3. 

7880 

78066 

3. 

7890 

48871 

3.  7900 

18681 

3. 

7909 

87500 

3.7919 

55329 

1 

785 

786 

787 

788 

789 

2 

6 

16225 

6 

17796 

6 

19369 

6 

20944 

6 

22521 

3 

4837 

36625 

4855 

87656 

4874 

43403 

4893 

03872 

4911 

69069 

4 

(11)3. 

7973 

32506 

(11)3. 

8167 

18976 

(11)3.8361 

79582 

(11)3. 

8557 

14511 

(11)3.8753 

23954 

5 

(14)2. 

9809 

06017 

14)2. 
(17)2. 

9999 

41115 

(14)3.0190 

73331 

(14)3. 

0383 

03035 

(14)3.0576 

30600 

6 

(17)2. 

3400 

11224 

3579 

53717 

17)2.3760 
(20)  1.8699 

10711 

17)2. 

3941 

82792 

(17)2.4124 

70543 

7 

(20)1. 

8369 

08811 

(2on. 

8533 

51621 

20430 

(20)1. 

8866 

16040 

(20)1.9034 

39259 

8 

(23)1. 

4419 

73416 

(23)1. 

4567 

34374 

(23)1.4716 

27378 

23)l. 

4866 

53439 

(23)1.5018 

13575 

9 

26)1. 

1319 

49132 

(26)1. 

1449 

93218 

(26  1.1581 

70747 

26)  1. 

1714 

82910 

(26)1.1849 

30911 

10 

(28)8. 

8858 

00685 

(28)8. 

9996 

46695 

(28)9.1148 

03776 

(28)9. 

2312 

85332 

(28)9.3491 

04886 

24 

(69)2. 

9982 

77060 

(  69)  3. 

0912 

99652 

(69)3.1870 

84488 

(69)3. 

2857 

09926 

(69)3.3872 

56439 

1/2 

(  1)2. 

8017 

85145 

(  1)2. 

8035 

69154 

(  1)2.8053 

52028 

(  1)2 

8071 

33770 

(  1)2.8089 

14381 

1/3 

9. 

2247 

91357 

9. 

2287 

06804 

9.2326 

18931 

9. 

2365 

27746 

9.2404 

33255 

1/4 

5. 

2931 

89157 

5. 

2948 

74081 

5,2965 

57399 

5. 

2982 

39113 

5.2999 

19227 

1/5 

3. 

7929 

22172 

3. 

7938 

88029 

3.  7948 

52904 

3 

7958 

16799 

3.7967 

79716 

1 

790 

791 

792 

793 

794 

2 

6 

24100 

6 

25681 

6 

27264 

6 

28849 

6 

30436 

3 

4930 

39000 

4949 

13671 

4967 

93088 

4986 

77257 

5005 

66184 

4 

(11)3. 

8950 

08100 

(11)3. 

9147 

67138 

(11)3.9346 

01257 

(11)3. 
(14)3. 

9545 

10648 

(11)3.9744 

95501 

5 

(14)3. 

0770 

56399 

(14)3. 

0965 

80806 

(14)3.1162 

04196 

1359 

26944 

(14  3.  1557 

49428 

6 

(17)2. 

4308 

74555 

(17)2. 

4493 

95417 

(17)2.4680 

33723 

(17)2. 

4867 

90066 

(17)2.5056 

65046 

7 

(20  1. 

9203 

90899 

(20)1. 

9374 

71775 

20)1.9546 

82708 

(20)1. 

9720 

24523 

(20)1.9894 

98046 

8 

(23)1. 

5171 

08810 

(23)1. 

5325 

40174 

(23)1.5481 

08705 

(23)1. 

5638 

15447 

(23)1.5796 

61449 

9 

(26  1. 

1985 

15960 

26)1. 

2122 

39278 

(26)1.2261 

02094 

(26)1. 

2401 

05649 

(26)1.2542 

51190 

10 

(28)9. 

4682 

76083 

(28)9. 

5888 

12687 

(28)9.7107 

28588 

(28)9, 

8340 

37797 

(28)9.9587 

54451 

24 

(69)3. 

4918 

06676 

(  69)  3. 

5994 

45514 

(69)3.7102 

60118 

(69)3. 

8243 

39997 

(69)3.9417 

77065 

1/2 

(  1)2. 

8106 

93865 

(  1)2. 

8124 

72222 

(  1)2.8142 

49456 

(  1)2. 

8160 

25568 

(  1)2.8178 

00561 

1/3 

9. 

2443 

35465 

9. 

2482 

34384 

9.2521 

30018 

9 

2560 

22375 

9.2599 

11460 

1/4 

5. 

3015 

97745 

5. 

3032 

74670 

5.  3049 

50005 

5. 

3066 

23755 

5.3082 

95923 

1/5 

3. 

7977 

41656 

3. 

7987 

02623 

3.7996 

62619 

3 

8006 

21646 

3.8015 

79705 

1 

795 

796 

797 

798 

799 

2 

6 

32025 

6 

33616 

6 

35209 

6 

36804 

6 

38401 

3 

5024 

59875 

5043 

58336 

5062 

61573 

5081 

69592 

5100 

82399 

4 

(11)3 

9945 

56006 

(11)4. 

0146 

92355 

(11)4.0349 

04737 

(11)4. 

0551 

93344 

(11)4.0755 

58368 

5 

14)3. 

1756 

72025 

(14)3. 

1956 

95114 

(14)3.2158 

19075 

(14)3 

2360 

44289 

(14)3.2563 

71136 

6 

(17  2. 

5246 

59260 

(17  2. 

5437 

73311 

(17)2.5630 

07803 

(17)2. 

5823 

63342 

(17)2.6018 

40538 

7 

20)2 

0071 

04112 

(20)2. 

0248 

43555 

(20)2.0427 

17219 

(20)2 
(23)1. 

0607 

25947 

(20)2.0788 

70590 

8 

(23)1 

5956 

47769 

(23)1. 

6117 

75470 

(23)1.6280 

45624 

6444 

59306 

(23)1.6610 

17601 

9 

(26  1 

2685 

39976 

(26)1. 

2829 

73274 

(26)1.2975 

52362 

26)1 

3122 

78526 

(26)1.3271 

53063 

10 

(29h 

0084 

89281 

(29)1. 

0212 

46726 

(29)1.0341 

49232 

(  29)  1 

0471 

98264 

(29)1.0603 

95298 

24 

(69)4 

0626 

65702 

(69)4. 

1871 

02820 

(69)4.3151 

87922 

(69)4 

4470 

23172 

(69)4.5827 

13463 

1/2 

(  1)2 

8195 

74436 

(  1)2. 

8213 

47196 

(  1)2.8231 

18843 

(  1)2 

8248 

89378 

(  1)2.8266 

58805 

1/3 

9 

2637 

97282 

9. 

2676 

79846 

9.2715 

59160 

9 

2754 

35230 

9.2793 

08064 

1/4 

5 

3099 

66512 

5. 

3116 

35526 

5.3133 

02968 

5 

3149 

68841 

5.3166 

33150 

1/5 

3 

8025 

36800 

3. 

8034 

92932 

3.8044 

48104 

3 

8054 

02317 

3.  8063 

55574 

Jr( 

-6)21 

nf-v^^ 

1 

r(-7)2] 

nk< 

-7)11 

3 

3  J 

3 

3 
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Tabic 

3.1 

POWERS  AND  ROOTS 

«fc 

fc 

1 

800 

801 

802 

803 

804 

2 

6 

40000 

6 

41601 

6 

43204 

6 

44809 

6 

46416 

3 

5120 

00000 

5139 

22401 

5158 

49608 

5177 

81627 

5197 

18464 

4 

m. 

0960 

00000 

(11)4. 
(14)3. 

1165 

18432 

(11)4.1371 
(14)3.3179 

13856 

(11)' 

(.1577 

86465 

(11)4. 

1785 

36451 

5 

2768 

00000 

2973 

31264 

65313 

(14)3.3387 

02531 

(14)3. 

3595 

43306 

6 

(17)2. 

6214 

40000 

(17)2 
(20)2. 

6411 

62342 

(17)2.6610 

08181 

(17)2.6809 

78133 

(17)2. 

7010 

72818 

7 

(20)2. 

0971 

52000 

1155 

71036 

(20)2.1341 

28561 

(20): 

?.  1528 

25440 

inii: 

1716 

62546 

8 

23)1. 
(26)1. 

6777 

21600 

(23  1 
(26)1 

6945 

72400 

(23)1.7115 

71106 

(23 

L.  7287 

18829 

7460 

16687 

9 

3421 

77280 

3573 

52492 

(26)1.3726 

80027 

(26  ] 

L.3881 

61219 

(26  1. 
(29)1. 

4037 

97416 

10 

(29)1. 

0737 

41824 

(29)1. 

0872 

39346 

(29)1.1008 

89382 

(29^ 

L.  1146 

93459 

1286 

53123 

24 

(69)4. 

7223 

66483 

(69)4. 

8660 

92789 

(69)5.0140 

05879 

(69)5.1662 

22264 

(69)5. 

3228 

61548 

1/2 

(  1)2. 

8284 

27125 

(  1)2. 

8301 

94340 

(  1)2.8319 

60452 

(  1)2.8337 

25463 

(  1)2. 

8354 

89376 

1/3 

9. 

2831 

77667 

9. 

2870 

44047 

9.2909 

07211 

( 

h  2947 

67164 

9. 

2986 

23915 

1/4 

5. 

3182 

95897 

5. 

3199 

57086 

5.3216 

16720 

5.  3232 

74803 

5. 

3249 

31338 

1/5 

3. 

8073 

07877 

3. 

8082 

59229 

3.  8092 

09631 

5.8101 

59085 

3. 

8111 

07593 

1 

805 

806 

807 

808 

809 

2 

6 

48025 

6 

49636 

6 

51249 

6 

52864 

6 

54481 

3 

5216 

60125 

5236 

06616 

5255 

57943 

5275 

14112 

5294 

75129 

4 

(11)4. 

1993 

64006 

(11)4. 

2202 

69325 

(11)4.2412 

52600 

(11)4.2623 

14025 

(11)4. 

2834 

53794 

5 

(14)3. 

3804 

88025 

(14)3. 

4015 

37076 

(14)3.4226 

90848 

(14) 

}.  4439 

49732 

(14  3. 

4653 

14119 

6 

(17)2. 

7212 

92860 

(17)2. 

7416 

38883 

(17)2.7621 

11515 

(17)2.7827 

11384 

(17)2. 

8034 

39122 

7 

(20)2. 

1906 

40752 

(20)2. 

2097 

60940 

(20)2.2290 

23992 

(20)2.2484 

30798 

(20)2. 

2679 

82250 

8 

1  23)1. 

7634 

65806 

(23)1. 

7810 

67318 

(23)1.7988 

22362 

(23)] 

I.  8167 

32085 

23)1. 

8347 

97640 

9 

(26)1. 

4195 

89974 

26)1. 
(29)1. 

4355 

40258 

(26)1.4516 

49646 

(26  ] 

L.  4679 

19524 

1   26)1. 

4843 

51291 

10 

(29)1. 

1427 

69929 

1570 

45448 

(29)1.1714 

81264 

(29)1.1860 

78976 

(29)1. 

2008 

40194 

24 

(69)5. 

4840 

46503 

(69)5. 

6499 

03151 

(69)5.8205 

60843 

(69)5.9961 

52346 

(69)6. 

1768 

13927 

1/2 

(  1)2. 

8372 

52192 

(  1)2. 

8390 

13913 

(  1)2.8407 

74542 

(  1)2.8425 

34081 

(  1)2. 

8442 

92531 

1/3 

9. 

3024 

77468 

9. 

3063 

27832 

9.3101 

75012 

9.  3140 

19016 

9. 

3178 

59849 

1/4 

5. 

3265 

86329 

5. 

3282 

39778 

5.3298 

91690 

5.  3315 

42067 

5. 

3331 

90912 

1/5 

3. 

8120 

55159 

3. 

8130 

01783 

3.8139 

47468 

3.8148 

92216 

3. 

8158 

36029 

1 

810 

811 

812 

813 

814 

2 

6 

56100 

6 

57721 

6 

59344 

6 

60969 

6 

62596 

3 

5314 

41000 

5334 

11731 

5353 

87328 

5373 

67797 

5393 

53144 

4 

(11)4. 

3046 

72100 

(11)4. 

3259 

69138 

(11)4.3473 

45103 

(11)4.3688 
(14)3.5518 

00190 

(11)4. 

3903 

34592 

5 

(14)3. 

4867 

84401 

(14)3. 

5083 

60971 

(14)3.5300 

44224 

34554 

14  3. 

5737 

32358 

6 

(17)2. 

8242 

95365 

(17)2. 
(20)2. 

8452 

80748 

(17)2.8663 

95910 

(17)2 

!.  8876 

41493 

(17)2. 

9090 

18139 

7 

(20)2. 

2876 

79245 

3075 

22686 

(20)2.3275 

13479 

(20)2.3476 

52533 

(20)2. 

3679 

40765 

8 

(23)1. 

8530 

20189 

23)1. 

8714 

00899 

(23)1.8899 

40945 

(23  ] 

L.9086 

41510 

(23)1. 

9275 

03783 

9 

(26)1. 

5009 

46353 

(26)1. 

5177 

06129 

(26)1.5346 

32047 

(26)] 

L.  5517 

25547 

(26)1. 

5689 

88079 

10 

(29)1. 

2157 

66546 

(29)1. 

2308 

59670 

(29)1.2461 

21222 

(29)] 

.2615 

52870 

(29)1. 

2771 

56297 

24 

(69)6. 

3626 

85441 

( 69)  6. 

5539 

10420 

(69)6.7506 

36166 

(69)6.9530 

13847 

(69)7. 

1611 

98588 

1/2 

(  1)2. 

8460 

49894 

(  1)2. 

8478 

06173 

(  1)2.8495 

61370 

(  1)2 

-.8513 

15486 

(  1)2. 

8530 

68524 

1/3 

9. 

3216 

97518 

9. 

3255 

32030 

9.3293 

63391 

C 

>.  3331 

91608 

9. 

3370 

16687 

1/4 

5. 

3348 

38230 

5. 

3364 

84023 

5.3381 

28295 

5.3397 

71049 

5. 

3414 

12288 

1/5 

3. 

8167 

78910 

3. 

8177 

20859 

3.8186 

61880 

.8196 

01974 

3. 

8205 

41144 

1 

815 

816 

817 

818 

819 

2 

6 

64225 

6 

65856 

6 

67489 

6 

69124 

6 

70761 

3 

5413 

43375 

5433 

38496 

5453 

38513 

5473 

43432 

5493 

53259 

4 

(11)4. 

4119 

48506 

(11)4. 

4336 

42127 

(11)4.4554 
(14)3.6400 

15651 

(11)^ 

k4772 

69274 

(11)4. 
(14)3. 

4992 

03191 

5 

14)3. 

5957 

38033 

(14)3. 

6178 

51976 

74587 

(14): 

i.  6624 

06266 

6848^  47414 

6 

17)2. 
(20)2. 

9305 

26497 

(17)2. 

9521 

67212 

(17  2.  9739 
(20)2.4297 

40938 

17)2 

-.9958 

48326 

(17  3. 

0178 

90032 

7 

3883 

79095 

(20)2. 

4089 

68445 

09746 

(20)2 

.4506 

03930 

(20)2. 

4716 

51936 

8 

(23)1. 

9465 

28962 

(23)1. 

9657 

18251 

(23)1.9850 
(26)1.6218 

72863 

(23)2 

.0045 

94015 

(23)2. 

0242 

82936 

9 

(26)1. 

5864 

21104 

(26U. 

6040 

26093 

04529 

(26  1 

.6397 

57904 

(26)1. 

6578 

87724 

10 

(29)1. 

2929 

33200 

(29)1. 

3088 

85292 

(29)1.3250 

14300 

(29)] 

.3413 

21966 

(29)l. 

3578 

10046 

24 

(69)7. 

3753 

49576 

(69)7. 

5956 

30157 

(69)7.8222 

07941 

(69)8.0552 

54907 

(69)8. 

2949 

47511 

1/2 

(  1)2. 

8548 

20485 

(  1)2. 

8565 

71371 

(  1)2.8583 

21186 

(  1)2 

.8600 

69929 

(  1)2. 

8618 

17604 

1/3 

9. 

3408 

38634 

9. 

3446 

57457 

9.  3484 

73160 

c 

.3522 

85752 

9. 

3560 

95237 

1/4 

5. 

3430 

52016 

5. 

3446 

90236 

5.  3463 

26950 

c 

.3479 

62163 

5. 

3495 

95877 

1/5 

3. 

8214 

79391 

3. 

8224 

16717 

3.  8233 

53125 

• 

.8242 

88616 

3. 

8252 

23193 

1 

820 

821 

822 

823 

824 

2 

6 

72400 

6 

74041 

6 

75684 

6 

77329 

6 

78976 

3 

5513 

68000 

5533 

87661 

5554 

12248 

5574 

41767 

5594 

76224 

4 

(11)4. 
i  14)3. 

5212 

17600 

(11)4. 

5433 

12697 

(11)4.5654 

88679 

(11)1 

.5877 

45742 

(11)4. 

6100 

84086 

5 

7073 

98432 

(14)3. 

7300 

59724 

(14)3.7528 

31694 

(14)3 

.7757 

14746 

(14)3. 

7987 

09287 

6 

(17)3. 

0400 

66714 

(17)3. 

0623 

79033 

(17)3.0848 

27652 

(17)3 

.1074 

13236 

(17  3. 

1301 

36452 

7 

(20)2. 

4928 

54706 

(20)2. 

5142 

13186 

(20  2.5357 

28330 

(20)2 
(23)2 

.5574 

01093 

(20)2. 

5792 

32437 

8 

(23)2. 

0441 

40859 

mt 

0641 

69026 

(23)2.0843 

68687 

.1047 

41100 

(23)2. 

1252 

87528 

9 

(26)1. 

6761 

95504 

6946 

82770 

(26)1.7133 

51061 

(26)1 

.7322 

01925 

(26)1. 

7512 

36923 

10 

(29)1. 

3744 

80313 

(29)1. 

3913 

34555 

(29)1.4083 

74572 

(29)1 

.4256 

02184 

(29)1. 

4430 

19224 

24 

(69)8. 

5414 

66801 

(69)8. 

7949 

98523 

(69)9.0557 

33244 

(69)'= 

.3238 

66467 

(69)9. 

5995 

98755 

1/2 

(  1)2. 

8635 

64213 

(  1)2. 

8653 

09756 

(  1)2.8670 

54237 

(  1)2 

.8687 

97658 

(  1)2. 

8705 

40019 

1/3 

9. 

3599 

01623 

9. 

3637 

04916 

9. 3675 

05121 

9 

.3713 

02245 

9. 

3750 

96295 

1/4 

5. 

3512 

28095 

5. 

3528 

58822 

5.3544 

88059 

c 

.3561 

15810 

5. 

3577 

42079 

1/5 

3. 

8261 

56858 

3. 

8270 

89612 

3.8280 

21458 

3 

.8289 

52397 

3. 

8298 

82432 

Jr(-6)ii 

I  3  . 

■^['T] 

"tr] 

n^ 

[(-7)11 
3 
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F 

•OWEP 

tS  AND  R 

OOT* 

>  flfc 

Table  3.1 

fc 

1 

825 

826 

827 

828 

829 

2 

6 

80625 

6 

82276 

6 

83929 

6 

85584 

6 

87241 

3 

5615 

15625 

5635 

59976 

5656 

09283 

5676 

63552 

5697 

22789 

4 

(11)4.6325 
(14)3.8218 

03906   (11)4. 

6550 

05402 

(11)4.6775 

88770 

(11)4.7002 

54211 

(11)4.7230 

01921 

5 

15723    14  3. 

8450 

34462 

(14)3.8683 

65913 

(14)3.8918 

10486 

(14)3.9153 

68592 

6 

(17)3.1529 

97971    (17)3. 

1759 

98465 

17)3.1991 

38610 

(17  3.  2224 

19083 

(17)3.2458 

40563 

7 

(20)2.6012 

23326   (20  2. 

6233 

74732 

20)2.6456 

87631 

(20)2.6681 

63000 

(20)2.6908 

01827 

8 

(23)2.1460 

09244   (23  2. 

1669 

07529 

(23)2.1879 

83671 

(23)2.2092 

38964 

(23)2.2306 

74714 

9 

26)1.7704 

57626   (26  1. 
27542   (29)1. 

7898 

65619 

(26)1.8094 

62496 

(26)1.8292 

49863 

26)1.8492 
(29)1.5330 

29338 

10 

(29)1.4606 

4784 

29001 

(29)1.4964 

25484 

(29)1.5146 

18886 

11121 

24 

(69)9.8831 

35853   (70)1. 

0174 

68882 

(70)1.0474 

47415 

(70)1.0782 

71392 

(70)1.1099 

63591 

1/2 

(  1)2.8722 

81323   (  1)2. 

8740 

21573 

(  1)2.8757 

60769 

(  1)2.8774 

98914 

(  1)2.8792 

36010 

1/3 

9.3788 

87277       9. 

3826 

75196 

9.3864 

60060 

9.  3902 

41873 

9,3940 

20643 

1/4 

5,  3593 

66869       5. 

3609 

90182 

5.3626 

12021 

5.  3642 

32391 

5.  3658 

51293 

1/5 

3.  8308 

11564       3. 

8317 

39795 

3.8326 

67128 

3.8335 

93565 

3.8345 

19107 

1 

830 

831 

832 

833 

834 

2 

6 

88900 

6 

90561 

6 

92224 

6 

93889 

6 

95556 

3 

5717 

87000 

5738 

56191 

5759 

30368 

5780 

09537 

5800 

93704 

4 

(11)4.7458 

32100   (11)4. 

7687 

44947 

(11)4.7917 

40662 

(11)4.8148 

19443 

(11)4.8379 

81491 

5 

'14)3.9390 

40643   (14  3. 

9628 

27051 

(14)3.9867 

28231 

14)4.0107 

44596 

(14  4.  0348 

76564 

6 

17)3.2694 

03734    (17)3. 

2931 

09279 

(17)3.3169 

57888 

(17)3.3409 

50249 

17)3.3650 

87054 

7 

'20  2.  7136 

05099   (20)2. 

7365 

73811 

(20  2.7597 

08963 

20)2.7830 

11557 

20)2.8064 

82603 

8 

'23)2.2522 

92232 

!    23  2. 

2740 

92837 

23  2.  2960 

77857 

(23)2.3182 

48627 

(23)2.3406 

06491 

9 

'26)1.8694 

02553    (26)1. 

8897 

71148 

(26)1.9103 

36777 

(26)1.9311 
(29)1.6086 

01106 

(26)1.9520 

65814 

10 

(29  1.5516 

04119    (29)1. 

5703 

99824 

(29)1.5894 

00198 

07222 

(29)1.6280 

22889 

24 

(70)1.1425 

4737f 

'    (70)1. 

1760 

46709 

(70)1.2104 

86167 

(70)1.2458 

90957 

(70)1.2822 

86929 

1/2 

(  1)2.8809 

72058   (  1)2. 

8827 

07061 

(  1)2.8844 

41020 

(  1)2.8861 

73938 

(  1)2,8879 

05816 

1/3 

9.3977 

96375       9. 

4015 

69076 

9.4053 

38751 

9.4091 

05407 

9.4128 

69049 

1/4 

5.3674 

6873] 

5. 

3690 

84709 

5.  3706 

99229 

5.3723 

12294 

5.3739 

23907 

1/5 

3.  8354 

43756       3. 

8363 

67514 

3.8372 

90383 

3,  8382 

12366 

3.  8391 

33463 

1 

835 

836 

837 

838 

839 

2 

6 

97225 

> 

6 

98896 

7 

00569 

7 

02244 

7 

03921 

3 

5821 

82875 

5842 

77056 

5863 

76253 

5884 

80472 

5905 

89719 

4 

11)4.8612 

27006    (11)4. 

8845 

56188 

(11)4.9079 

69238 

(11)4.9314 

66355 

(11)4.9550 
(14)4.1572 

47742 

5 

14)4.0591 

2455C 

)    (14)4. 

0834 

88973 

14)4.  1079 

70252 

(14)4.1325 

68806 

85056 

6 

(17)3.3893 

6899' 

'    17)3. 

4137 

96782 

(17)3.4383 

71101 

(17)3.4630 

92659 

(17)3.4879 

62162 

7 

20)2.8301 

23115 

>    (20)2. 

8539 

34109 

(20)2.8779 

16611 

(20)2.9020 

71648 

20)2.9264 

00254 

8 

23)2.3631 

5280] 

23)2. 

3858 

88916 

(23)2.4088 

16204 

(23)2.4319 

36041 

(23)2.4552 

49813 

9 

[26)1.9732 

3258": 

'    (26)1. 

9946 

03133 

(26)2.0161 

79163 

(26)2.0379 

62403 

(26)2.0599 

54593 

10 

(29)1.6476 

4921] 

(29)1. 

6674 

88220 

(29)1.6875 

41959 

(29)1.7078 

12493 

(29)1.7283 

01904 

24 

70)1.3197 

00595 

(70)1. 

3581 

59133 

(70)1.3976 

90431 

(70)1.4383 

23072 

(70)1.4800 

86372 

1/2 

1)2.8896 

36655 

(  1)2. 

8913 

66459 

(  1)2.8930 

95228 

(  1)2.8948 

22965 

(  1)2.8965 

49672 

1/3 

9.4166 

29685       9. 

4203 

87319 

9.4241 

41957 

9.4278 

93606 

9.4316 

42272 

1/4 

5.3755 

3407] 

5. 

3771 

42790 

5.  3787 

50067 

5.3803 

55904 

5.3819 

60304 

1/5 

3.8400 

5367- 

'       3. 

8409 

73010 

3.8418 

91464 

3.  8428 

09040 

3.8437 

25741 

1 

84C 

841 

842 

843 

844 

2 

7 

0560C 

7 

07281 

7 

08964 

7 

10649 

7 

12336 

3 

5927 

0400C 

5948 

23321 

5969 

47688 

5990 

77107 

6012 

11584 

4 

11)4.9787 

1360C 

(11)5. 

0024 

64130 

(11)5.0262 

99533 

(11)5.0502 

20012 

(11)5.0742 

25769 

5 

14  4.  1821 

19421 

(14)4. 

2070 

72333 

(14)4.2321 

44207 

(14)4.2573 

35470 

(14  4.  2826 

46549 

6 

17)3.5129 

80316 

'    17)3. 

5381 

47832 

(17)3.5634 

65422 

(17)3.5889 

33801 

(17)3.6145 

53687 

7 

20)2.9509 

03466    (20)2. 

9755 

82327 

(20)3.0004 

37885 

(20)3.0254 

71195 

(20)3.0506 

83312 

8 

23)2.4787 

5891] 

(23)2. 

5024 

64737 

(23)2.5263 

68700 

(23  2.  5504 

72217 

(23  2.5747 

76715 

9 

26)2.0821 
29)1.7490 

57485 

26)2. 

1045 

72844 

26  2.1272 

02445 

(26  2,  1500 

48079 

(26)2.1731 

11548 

10 

12288    (29)1. 

7699 

45762 

(29)1.7911 

04459 

(29)1.8124 

90531 

(29)1.8341 

06146 

24 

70)1.5230 

1038£ 

i    (70)1. 

5671 

25939 

(70)1.6124 

64626 

(70)1.6590 

58848 

(70)1.7069 

41821 

1/2 

(  1)2.8982 

7534<: 

(  1)2. 

9000 

00000 

(  1)2.9017 

23626 

(  1)2.9034 

46228 

(  1)2.9051 

67809 

1/3 

9.4353 

8796] 

9. 

4391 

30677 

9.4428 

70428 

9.4466 

07220 

9.4503 

41057 

1/4 

5.3835 

6327] 

5. 

3851 

64807 

5.  3867 

64916 

5.3883 

63600 

5. 3899 

60862 

1/5 

3.8446 

4156f 

i       3. 

8455 

56523 

3.  8464 

70609 

3.8473 

83826 

3.  8482 

96177 

1 

845 

846 

847 

848 

849 

2 

7 

14025 

7 

15716 

7 

17409 

7 

19104 

7 

20801 

3 

6033 

51125 

6054 

95736 

6076 

45423 

6098 

00192 

6119 

60049 

4 

(11)5.0983 

17006    (11)5. 

1224 

93927 

(11)5.1467 

56733 

(11)5.1711 

05628 

(11)5,1955 

40816 

5 

14  4.  3080 

7787C 

)    (14)4. 

3336 

29862 

(14)4.3593 

02953 

14)4.3850 

97573 

(14)4.4110 

14153 

6 

17)3.6403 

2580C 

(17)3. 

6662 

50863 

(17)3.6923 

29601 

(17)3.7185 

62742 

(17)3.7449 
(20)3.1794 

51016 

7 

20)3.0760 

7530] 

20  3. 

1016 

48230 

(20)3.1274 

03172 

(20)3.1533 

41205 

63412 

8 

23)2.5992 

8363C 

)    (23)2. 

6239 

94403 

(23)2.6489 

10487 

(23  2.6740 

33342 

(23)2.6993 

64437 

9 

(26)2.1963 
(29)1.8559 

9466- 

'    (26)2. 

2198 

99265 

(26  2.2436 

27182 

(26)2.2675 

80274 

(26)2.2917 

60407 

10 

5349^ 

I    (29)1. 

8780 

34778 

(29)  1.9003 

52223 

(29)1.9229 

08072 

(29)1.9457 

04586 

24 

(70)1.7561 

4760] 

(70)1. 

8067 

11101 

(70)1.8586 

68111 

(70)1.9120 

55324 

(70)1.9669 

10351 

1/2 

(  1)2.9068 

8837] 

(  1)2. 

9086 

07914 

(  1)2,9103 

26442 

(  1)2.9120 

43956 

(  1)2.9137 

60457 

1/3 

9,4540 

71946       9. 

4577 

99893 

9.4615 

24903 

9.4652 

46982 

9.4689 

66137 

1/4 

5.3915 

56705 

)       5. 

3931 

51133 

5.  3947 

44148 

5.  3963 

35753 

5.  3979 

25951 

1/5 

3.  8492 

07661 

I       3. 

8501 

18288 

3.8510 

28051 

3.8519 

36956 

3,8528 

45003 

1 

n2 

[(-6)11 
3 

n^[( 

-7)4] 
3 

j[( 

-7)2] 
3 

1 
n' 

[(-7)11 
3 
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Table 

3.1 

PO\^  ERS  AND  ROOTS  n^ 

fc 

1 

850 

851 

852 

853 

854 

2 

7 

22500 

7 

24201 

7 

25904 

1 

27609 

7 

29316 

3 

6141 

25000 

6162 

95051 

6184 

70208 

6206 

50477 

6228 

35864 

4    1 

11)5.2200 

62500 

(11)5 

2446 

70884 

(11)5.2693 

66172 

(11)5,2941 

48569 

(11)5. 

3190 

18279 

14)4.4370 

53125 

(14)4 

4632 

14922 

(14  4.  4894 

99979 

(14)4.5159 
(17)3.8520 

08729 

(14)4. 

5424 

41610 

6    1 

17)3.7714 

95156 

(17)3 

7981 

95899 

(17  3.  8250 

53982 

70146 

(17)3. 

8792 

45135 

7    ( 

20)3.2057 

70883 

(20)3 

2322 

64710 

(20)3.2589 

45993 

(20)3.2858 
(23)2.8028 

15835 

(20)3. 

3128 

75345 

8    ( 

23)2.7249 

05250 

(23)2 

7506 

57268 

23)2.7766 

21986 

00907 

(23)2. 

8291 

95545 

9    I 

26)2.3161 
29)1.9687 

69463 

(26)2 

3408 

09335 

(26)2.3656 

81932 

(26)2.3907 

89174 

(26  2. 
(29)2. 

4161 

32995 

10    ( 

44043 

(29)1 

9920 

28744 

(29)2.0155 

61006 

(29)2.0393 

43165 

0633 

77578 

24    (70)2.0232 

71747 

(70)2 

0811 

79034 

(70)2.1406 

72719 

(70)2.2017 

94325 

(70)2. 

2645 

86409 

1/2    ( 

1)2.9154 

75947 

(  1)2 

9171 

90429 

(  1)2.9189 

03904 

(  1)2.9206 

16373 

(  1)2. 

9223 

27839 

1/3 

9.4726 

82372 

9 

4763 

95693 

9.  4801 

06107 

9.  4838 

13619 

9. 

4875 

18234 

1/4 

5.  3995 

14744 

5 

.4011 

02137 

5.4026 

88131 

5.  4042 

72729 

5. 

4058 

55935 

1/5 

3.8537 

52195 

3 

8546 

58534 

3,8555 

64021 

3.  8564 

68659 

3. 

8573 

72448 

1 

855 

856 

857 

858 

859 

2 

7 

31025 

7 

32736 

7 

34449 

7 

36164 

7 

37881 

3 

6250 

26375 

6272 

22016 

6294 

22793 

6316 

28712 

6338 

39779 

4    ( 

11)5.3439 

75506 

(11)5 

3690 

20457 

(11)5.3941 

53336 

(11)5.4193 

74349 

(11)5, 
14)4. 

4446 

83702 

5    ( 

14)4.5690 

99058 

(14)4 

5958 

81511 

(14)4.6227 

894C9 

(14)4.6498 

23191 

6769 

83300 

6 

17)3.9065 

79694 

(17)3 

9340 

74574 

(17)3.9617 
(20)3.3952 

30523 

(17)3.9895 

48298 

(17  4. 
20)3. 

0175 

28654 

7 

20)3.3401 

25639 

(20)3 

3675 

67835 

03059 

(20)3.4230 

32440 

4510 

57114 

8 

23)2.8558 

07421 

(23)2 

8826 

38067 

(23  2.  9096 

89021 

(23)2.9369 

61833 

(23)2. 

9644 

58061 

9    ( 

26)2.4417 

15345 

(26)2 

.4675 

38185 

(26)2.4936 

03491 

(26)2.5199 

13253 

(26)2. 

5464 

69474 

10 

29)2.0876 

66620 

(29)2 

1122 

12686 

(29)2.1370 

18192 

(29)2.1620 

85571 

(29)2. 

1874 

17279 

24    ( 

70)2.3290 

92589 

(70)2 

.3953 

57569 

(70)2.4634 

27165 

(70)2.5333 

48329 

(70)2. 

6051 

69182 

1/2    ( 

1)2.9240 

38303 

(  1)2 

.9257 

47768 

(  1)2.9274 

56234 

(  1)2.9291 

63703 

(  1)2, 

9308 

70178 

1/3 

9.4912 

19958 

9 

.4949 

18797 

9.4986 

14756 

9.5023 

07842 

9, 

5059 

98059 

1/4 

5.  4074 

37751 

5 

.4090 

18180 

5.4105 

97225 

5.4121 

74889 

5. 

4137 

51174 

1/5 

3.  8582 

75391 

3 

.8591 

77490 

3.8600 

78746 

3.  8609 

79161 

3. 

8618 

78737 

1 

860 

861 

862 

863 

864 

2 

7 

39600 

7 

41321 

7 

43044 

7 

44769 

7 

46496 

3 

6360 

56000 

6382 

77381 

6405 

03928 

6427 

35647 

6449 

72544 

4 

11)5.4700 

81600 

(11)5 

.4955 

68250 

(11)5.5211 

43859 

(11)5.5468 

08634 

(11)5. 
(14)4. 

5725 

62780 

5 

14)4.7042 

70176 

(14)4 

.7316 

84264 

(14)4.7592 

26007 

(14)4.7868 

95851 

8146 

94242 

6 

17)4.0456 

72351 

(17)4 

.0739 

80151 

(17)4.1024 

52818 

(17)4.1310 

91119 

(17)4. 
(20)3. 

1598 

95825 

7 

20)3.4792 

78222 

(20)3 

.5076 

96910 

(20  3.  5363 

14329 

(20)3.5651 

31636 

5941 

49993 

8 

23)2.9921 

79271 

(23)3 

.0201 

27039 

(23)3.0483 

02952 

(23)3.0767 
(26)2.6551 

08602 

(23)3. 

1053 

45594 

9 

26)2.5732 

74173 

(26)2 

.6003 

29381 

(26)2.6276 

37144 

99523 

(26)2. 

6830 

18593 

10 

29)2.2130 

15789 

(29)2 

.2388 

83597 

(29)2.2650 

23218 

(29)2,2914 

37189 

(29)2. 

3181 

28064 

24 

70)2.6789 

39031 

(70)2 

.7547 

08410 

(70)2.8325 

29097 

(70)2.9124 

54150 

(70)2. 

9945 

37938 

1/2 

1)2.9325 

75660 

(  1)2 

.9342 

80150 

(  1)2.9359 

83651 

(  1)2.9376 

86164 

(  1)2. 

9393 

87691 

1/3 

9.5096 

85413 

9 

.5133 

69910 

9.5170 

51555 

9.5207 

30354 

9. 

5244 

06312 

1/4 

5.4153 

26084 

5 

.4168 

99621 

5.4184 

71787 

5.4200 

42587 

5. 

4216 

12022 

1/5 

3.  8627 

77475 

3 

.8636 

75378 

3.  8645 

72447 

3.  8654 

68684 

3. 

8663 

64090 

1 

865 

866 

867 

868 

869 

2 

7 

48225 

7 

49956 

7 

51689 

7 

53424 

7 

55161 

3 

6472 

14625 

6494 

61896 

6517 

14363 

6539 

72032 

6562 

34909 

4 

11)5.5984 

06506 

(11)5 

.6243 

40019 

(11)5.6503 

63527 

(11)5.6764 

77238 

(11)5. 

7026 

81359 

5 

[14)4.8426 

21628 

(14  4 
(17)4 

.8706 

78457 

(14)4.8988 

65178 

(14)4,9271 

82242 

(14)4. 

9556 

30101 

6 

17)4.1888 

67708 

.2180 

07544 

(17)4.2473 

16109 

(17)4.2767 

94186 

(17)4. 

3064 

42558 

7 

20)3.6233 

70568 

(20  3 

.6527 

94533 

(20)3.6824 

23067 

(20)3.7122 

57354 

(20)3. 

7422 

98583 

8 

23)3.1342 

15541 

23)3 
(26)2 

.1633 

20065 

(23)3.1926 

60799 

(23)3.2222 

39383 

(23)3. 
(26)2. 

2520 

57468 

9 

26)2.7110 

96443 

.7394 

35177 

(26  2.7680 

36913 

(26)2,7969 
(29)2,4277 

03785 

8260 

37940 

10 

[29)2.3450 

98423 

(29)2 

.3723 

50863 

(29)2,3998 

88003 

12485 

(29)2. 

4558 

26970 

24 

(70)3.0788 

36164 

(70)3 

.1654 

05907 

(70)3.2543 

05644 

(70)3,3455 

95291 

(70)3, 

4393 

36231 

1/2 

1)2.9410 

88234 

(  1)2 

.9427 

87794 

(  1)2.9444 

86373 

(  1)2.9461 

83973 

(  1)2. 

9478 

80595 

1/3 

9.5280 

79435 

9 

.5317 

49727 

9.5354 

17196 

9.5390 

81845 

9. 

5427 

43681 

1/4 

5.4231 

80095 

5 

.4247 

46809 

5.4263 

12167 

5,4278 

76171 

5. 

4294 

38824 

1/5 

3.8672 

58668 

3 

.8681 

52418 

3.  8690 

45344 

3,  8699 

37445 

3. 

8708 

28725 

1 

870 

871 

872 

873 

874 

2 

7 

56900 

7 

58641 

7 

60384 

7 

62129 

7 

63876 

3 

6585 

03000 

6607 

76311 

6630 

54848 

6653 

38617 

6676 

27624 

4 

(11)5.7289 

76100 

(11)5 

.7553 

6166S 

(11)5.7818 

38275 

(11)5,8084 
(14)5,0707 

06126 

(11)5. 

8350 

65434 

5 

14)4.9842 

09207 

(14)5 

.0129 

20014 

(14)5.0417 

62975 

38548 

(14)5. 

0998 

47189 

6 

17)4.3362 

62010 

(17)4 

.3662 

53332 

(17)4.3964 

17315 

(17)4,4267 

54753 

(17)4. 

4572 

66443 

7 

(20)3.7725 

47949 

(20)3 

.8030 

06652 

(20)3.8336 

75898 

(20)3.8645 

56899 

(20)3. 

8956 

50871 

8 

;  23)  3.  2821 

16715 

(23)3 

.3124 

18794 

(23  3.  3429 

65383 

(23)3.3737 

58173 

(23  3. 

4047 

98862 

9 

'26)2.8554 

41542 

(26)2 

.8851 

1676S 

(26)2.9150 

65814 

(26)2.9452 

90885 

(26)2. 

9757 

94205 

10 

;  29)  2.  4842 

34142 

(29)2 

.5129 

36706 

(29)2.5419 

37390 

(29)2.5712 

38943 

(29)2. 

6008 

44135 

24 

(70)3.5355 

91351 

(70)3 

.6344 

25075 

(70)3.7359 

03403 

(70)3.8400 

93943 

(70)3. 

9470 

65953 

1/2 

(  1)2.9495 

76241 

(  1)2 

.9512 

70913 

(  1)2.9529 

64612 

(  1)2,9546 

57341 

(  1)2. 

9563 

49100 

1/3 

9.5464 

02709 

9 

.5500 

58931 

9.5537 

12362 

9,5573 

62998 

9. 

5610 

10846 

1/4 

5.4310 

00130 

5 

.4325 

6009C 

5.  4341 

18707 

5.4356 

75984 

5. 

4372 

31924 

1/5 

3.8717 

19185 

3 

.8726 

08827 

3.8734 

97651 

3,  8743 

85661 

3. 

8752 

72857 

1 

n2 

[(-6)11 
3 

1 

[(-7)41 
3 

1 

[(-7)21 
3 

1 

(-7)11 
3 

ELEMENTARY    ANALYTICAL    METHODS 
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1 

875 

876 

877 

878 

879 

2 

7 

65625 

7 

67376 

7 

6912<: 

7 

70884 

7 

72641 

3 

6699 

21875 

6722 

21376 

6745 

2613! 

S         6768 

36152 

6791 

51439 

4 

(11)5.8618 

16406 

(11)5.8886 

59254 

(11)5.9155 

9418f 

)   (11)5.9426 

21415 

(11)5.9697 

41149 

5 

(14)5.1290 

89355 

(14)5.1584 

65506 

(14)5.1879 

76101 

(14  5.  2176 

21602 

14)5.2474 

02470 

6 

17)4.4879 

53186 

(17)4.5188 

15784 

(17)4.5498 

5504] 

(17)4.5810 

71767 

(17)4.6124 

66771 

7 

20)3.9269 

59038 

(20  3.9584 

82626 

(20)3.9902 

2287] 

(20)4.0221 

81011 

(20  4.0543 

53292 

8 

23)3.4360 

89158 

23)3.4676 

30781 

(23)3.4994 

25458   (23)3.5314 

74928 

(23)3.5637 

80938 

9 

(26)3.0065 

78013 

(26)3.0376 

44564 

(26)3.0689 

9612' 

J        (26)3.1006 

34987 

26)3.1325 

63445 

10 

(29)2.6307 

55762 

(29)2.6609 

76638 

(29)2.6915 

0960: 

i   (29)2.7223 

57518 

(29)2.7535 

23268 

24 

(70)4.0568 

90376 

(70)4.  1696 

39882 

(70)4.2853 

8890^ 

I   (70)4.4042 

13682 

(70)4.5261 

92303 

1/2 

(  1)2.9580 

39892 

(  1)2.9597 

29717 

(  1)2.9614 

1857' 

»   (  1)2.9631 

06478 

(  1)2.9647 

93416 

1/3 

9.5646 

55914 

9.5682 

98205 

9.5719 

3772? 

.       9.5755 

74480 

9.5792 

08475 

1/4 

5.4387 

86530 

5.4403 

39803 

5.4418 

9174" 

5.4434 

42365 

5.4449 

91658 

1/5 

3.8761 

59242 

3.8770 

44816 

3.8779 

2958: 

!       3.8788 

13542 

3.8796 

96696 

1 

880 

881 

882 

883 

884 

2 

7 

74400 

7 

76161 

7 

7792': 

7 

79689 

7 

81456 

3 

6814 

72000 

6837 

97841 

6861 

28968         6884 

65387 

6908 

07104 

4 

(11)5.9969 

53600 

(11)6.0242 

58979 

(11)6.0516 

57498   (11)6.0791 

49367 

(11)6.1067 

34799 

5 

(14  5.2773 

19168 

14)5.3073 

72161 

(14)5.3375 

619i: 

(14)5.3678 

88891 

14)5.3983 

53563 

6 

(17)4.6440 

40868 

(17)4.6757 

94874 

(17)4.7077 

2960" 

'   (17)4.7398 

45891 

(17)4.7721 

44549 

7 

20)4.0867 

55964 

(20)4.1193 

75284 

(20)4.1522 

17514   (20)4.1852 

83922 

(20)4.2185 

75782 

8 

(23)3.5963 

45248 

23  3.  6291 

69625 

(23)3.6622 

5584" 

'   (23)3.6956 

05703 

23)3.7292 

20991 

9 

(26  3.  1647 

83818 

(26)3.1972 

98440 

(26)3.2301 

0965" 

'    26)3.2632 

19836 

26)3.2966 

31356 

10 

(29)2.7850 

09760 

(29)2.8168 

19925 

(29)2.8489 

56718   (29)2.8814 

23115 

(29)2.9142 

22119 

24 

(70)4.6514 

04745 

(70)4.7799 

32920 

(70)4.9118 

6071( 

)   (70)5.0472 

74047 

(70)5.1862 

60897 

1/2 

(  1)2.9664 

79395 

(  1)2.9681 

64416 

(  1)2.9698 

4848] 

(  1)2.9715 

31592 

(  1)2.9732 

13749 

1/3 

9.5828 

39714 

9.5864 

68204 

9.5900 

9394E 

i       9.5937 

16954 

9.5973 

37224 

1/4 

5.4465 

39631 

5.4480 

86284 

5.4496 

3162] 

5.4511 

75645 

5.4527 

18358 

1/5 

3.8805 

79047 

3.8814 

60596 

3.8823 

41346 

)       3.8832 

21296 

3.  8841 

00450 

1 

885 

886 

88" 

r 

888 

889 

2 

7 

83225 

7 

84996 

7 

8676": 

7 

88544 

7 

90321 

3 

6931 

54125 

6955 

06456 

6978 

6410: 

>         7002 

27072 

7025 

95369 

4 

(11)6.1344 

14006 

(11)6.1621 

87200 

(11)6.1900 

54594   (11)6.2180 

16399 

(11)6.2460 

72830 

5 

(14)5.4289 

56396 

(14)5.4596 

97859 

(14)5.4905 

78425 

(14  5.5215 

98563 

(14)5.5527 

58746 

6 

(17)4.8046 

26410 

(17)4.8372 

92303 

(17)4.8701 

4306: 

)    17)4.9031 

79524 

17)4.9364 

02525 

7 

20)4.2520 

94373 

(20  4.  2858 

40981 

20  4.  3198 

16896   (20)4.3540 

23417 

20  4.3884 

61845 

8 

23)3.7631 

03520 

23)3.7972 

55109 

(23)3.8316 

7758" 

'   (23)3.8663 

72794 

23)3.9013 

42580 

9 

(26)3.3303 

46615 

(26)3.3643 

68027 

26)3.3986 

9802C 

)   (26)3.4333 

39041 

(26)3.4682 

93554 

10 

(29)2.9473 

56754 

(29)2.9808 

30072 

(29)3.0146 

4514^ 

\        (29)3.0488 

05069 

(29)3.0833 

12969 

24 

(70)5.3289 

11365 

(70)5.4753 

17719 

(70)5.6255 

74442 

(70)5.7797 

78281 

(70)5.9380 

28303 

1/2 

(  1)2.9748 

94956 

(  1)2.9765 

75213 

(  1)2.9782 

54522 

!   (  1)2.9799 

32885 

(  1)2.9816 

10303 

1/3 

9.6009 

54766 

9.6045 

69584 

9.6081 

81682 

9.6117 

91067 

9.6153 

97744 

1/4 

5.4542 

59763 

5.4557 

99862 

5.4573 

3865£ 

i       5.4588 

76153 

5.4604 

12350 

1/5 

3.  8849 

78808 

3.8858 

56373 

3.8867 

33146 

)       3.  8876 

09128 

3.8884 

84321 

1 

890 

891 

892 

893 

894 

2 

7 

92100 

7 

93881 

7 

9566^; 

7 

97449 

7 

99236 

3 

7049 

69000 

7073 

47971 

7097 

3228£ 

i         7121 

21957 

7145 

16984 

4 

(11)6.2742 

24100 

(11)6.3024 

70422 

(11)6.3308 

12009   (11)6.3592 

49076 

(11)6.3877 

81837 

5 

14)5.5840 

59449 

14)5.6155 

01146 

(14  5.  6470 
(17)5.0371 

84312 

(14  5.  6788 

09425 

(14)5.7106 

76962 

6 

(17)4.9698 

12910 

(17)5.0034 

11521 

99206   (17)5.0711 

76816 

(17)5.1053 

45204 

7 

20)4.4231 

33490 

20)4.4580 

39665 

(20  4.4931 

81692 

(20)4.5285 

60897 

(20)4.5641 

78613 

8 

(23  3.  9365 

88806 

23)3.9721 

13342 

(23)4.0079 

1806<: 

'   (23)4.0440 

04881 

(23)4.0803 

75680 

9 

(26)3.5035 

64037 

(26)3.5391 

52987 

(26)3.5750 

6291f 

i   (26)3.6112 

96359 

26)3.6478 

55858 

10 

(29)3.1181 

71993 

(29)3.1533 

85312 

(29)3.1889 

56123   (29)3.2248 

87648 

(29)3.2611 

83137 

24 

(70)6.1004 

25945 

(70)6.2670 

75070 

(70)6.4380 

8201" 

'   (70)6.6135 

55666 

(70)6.7936 

07487 

1/2 

(  1)2.9832 

86778 

(  1)2.9849 

62311 

(  1)2.9866 

3690f 

(  1)2.9883 

10559 

(  1)2.9899 

83278 

1/3 

9.6190 

01716 

9.6226 

02990 

9.6262 

01570       9.6297 

97462 

9.6333 

90671 

1/4 

5.4619 

47252 

5.4634 

80860 

5.4650 

1317' 

5.4665 

44210 

5.4680 

73955 

1/5 

3.  8893 

58728 

3.8902 

32348 

3.8911 

0518f 

)       3.8919 

77239 

3.  8928 

48512 

1 

895 

896 

897 

898 

899 

2 

8 

01025 

8 

02816 

8 

0460' 

)           8 

06404 

8 

08201 

3 

7169 

17375 

7193 

23136 

7217 

34273         7241 

50792 

7265 

72699 

4 

(11)6.4164 

10506 

(11)6.4451 

35299 

(11)6.4739 

56429   (11)6.5028 

74112 

(11)6.5318 

88564 

5 

(14)5.7426 

87403 

(14)5.7748 

41228 

(14  5.  8071 

38917   (14)5.8395 

80953 

(14)5.8721 

67819 

6 

(17  5.1397 

05226 

(17)5.1742 

57740 

(17)5.2090 

03608   (17)5.2439 

43696 

(17)5.2790 

78869 

7 

(20)4.6000 

36177 

(20)4.6361 

34935 

(20)4.6724 

76237   (20)4.7090 

61439 

20  4.  7458 

91904 

8 

(23)4.1170 

32378 

(23)4.1539 

76902 

(23)4.1912 

11184   (23)4.2287 

37172 

(23)4.2665 

56821 

9 

(26)3.6847 

43979 

(26)3.7219 

63304 

(26)3.7595 

16432 

'    26)3.7974 

05980 

26)3.8356 

34582 

10 

(29)3.2978 

45861 

(29)3.3348 

79120 

(29)3.3722 

86240   (29)3.4100 

70570 

(29)3.4482 

35490 

24 

(70)6.9783 

51604 

(70)7.1679 

04854 

(70)7.3623 

86846   (70)7.5619 

20026 

(70)7.7666 

29743 

1/2 

(  1)2.9916 

55060 

(  1)2.9933 

25909 

(  1)2.9949 

95826   (  1)2.9966 

64813 

(  1)2.9983 

32870 

1/3 

9.6369 

81200 

9.6405 

69057 

9.6441 

54244       9.6477 

36769 

9.6513 

16634 

1/4 

5.4696 

02417 

5.4711 

29599 

5.4726 

55504       5.4741 

80133 

5.4757 

03489 

1/5 

3.8937 

19006 

3.8945 

88722 

3.  8954 

57662       3. 8963 

25828 

3.8971 

93220 

1 

n2" 

(-6)11 
3 

Jr 

(-7)31 
3 

1 

[(-7)2- 
3 

1 

n-' 

[(-7)11 
3 

60 
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Table  3.1 

p 

'O^] 

ERS  A> 

»D  ROOTS 

n*" 

k 

1 

900 

901 

902 

903 

904 

2 

8 

10000 

8 

11801 

8 

13604 

8 

15409 

8 

17216 

3 

7290 

00000 

7314 

32701 

7338 

70808 

7363 

14327 

7387 

63264 

4 

(11)6.5610 

00000 

(11)6.5902 

08636 

(11)6. 

6195 

14688 

(11)6.6489 
(14)6.0039 

18373 

(11)6. 

6784 

19907 

5 

(14)5.9049 

00000 

(14)5.9377 

77981 

(14)5. 

9708 

02249 

73291 

(14)6. 

0372 

91596 

6 

(17)5.3144 

10000 

(17)5.3499 

37961 

(17)5. 

3856 

63628 

(17)5.4215 

87881 

(17)5. 

4577 

11602 

7 

(20  4.7829 

69000 

(20)4.8202 

94103 

(20)4. 

8578 

68593 

(20)4.8956 

93857 

(20)4. 

9337 

71289 

8 

(23  4,  3046 

72100 

(23)4.3430 

84987 

(23)4. 

3817 

97471 

(23)4.4208 

11553 

(23)4. 

4601 

29245 

9 

26  3.  8742 

04890 

(26)3.9131 
(29)3.5257 

19573 

(26  3. 

9523 

81319 

(26)3.9919 
(29)3.6047 

92832 

(26)4. 

0319 

56837 

10 

(29)3.4867 

84401 

20735 

(29)3. 

5650 

47949 

69527 

(29)3. 

6448 

88981 

24 

(70)7.9766 

44308 

(70)8.1920 

95066 

(70)8. 

4131 

16465 

(70)8.6398 

46120 

(70)8. 

8724 

24888 

1/2 

(  1)3.0000 

00000 

(  1)3.0016 

66204 

(  1)3. 

0033 

31484 

(  1)3.0049 

95840 

(  1)3. 

0066 

59276 

1/3 

9.  6548 

93846 

9.6584 

68409 

9. 

6620 

40328 

9.  6656 

09608 

9. 

6691 

76254 

1/4 

5.4772 

25575 

5.  4787 

46393 

5. 

4802 

65946 

5.4817 

84235 

5. 

4833 

01264 

1/5 

3.  8980 

59841 

3.  8989 

25692 

3. 

8997 

90774 

3.9006 

55089 

3. 

9015 

18640 

1 

905 

906 

907 

908 

909 

2 

8 

19025 

8 

20836 

8 

22649 

8 

24464 

8 

26281 

3 

7412 

17625 

7436 

77416 

7461 

42643 

7486 

13312 

7510 

89429 

4 

(11)6.7080 

19506 

(11)6.7377 

17389 

(11)6. 

7675 

13772 

(11)6.7974 

08873 

(11)6. 

8274 

02910 

5 

(14)6.0707 

57653 

(14)6.1043 

71954 

m 

1381 

34991 

(14)6.1720 

47257 

(14)6. 

2061 

09245 

6 

(17)5.4940 

35676 

(17)5.5305 
(20)5.0106 

60991 

5672 

88437 

(17)5.6042 

18909 

(17)5. 

6413 

53304 

7 

(20)4.9721 

02287 

88258 

(20)5. 

0495 

30612 

(20)5.0886 

30769 

(20)5. 

1279 

90153 

8 

(23)4.4997 

52570 

(23)4.5396 

83561 

23  4. 

5799 

24265 

(23)4.6204 

76739 

(23)4. 

6613 

43049 

9 

(26)4.0722 

76076 

(26)4.1129 

53307 

(26)4. 

1539 

913C9 

(26)4.1953 

92879 

(26)4. 

2371 

60832 

10 

(29)3.6854 

09848 

(29)3.7263 

35696 

(29)3. 

7676 

70117 

(29)3.8094 

16734 

(29)3. 

8515 

79196 

24 

(70)9.1109 

96943 

(70)9.3557 

09844 

(70)9. 

6067 

14616 

(70)9.8641 

65825 

(71)1. 

0128 

22166 

1/2 

(  1)3.0083 

21791 

(  1)3.0099 

83389 

(  1)3. 

0116 

44069 

(  1)3.0133 

03835 

(  1)3. 

0149 

62686 

1/3 

9.  6727 

40271 

9.6763 

01663 

9. 

6798 

60436 

9.  6834 

16593 

9. 

6869 

70141 

1/4 

5.4848 

17035 

5.4863 

31551 

5. 

4878 

44813 

5.4893 

56824 

5. 

4908 

67587 

1/5 

3.9023 

81426 

3.9032 

43449 

3. 

9041 

04712 

3.9049 

65216 

3. 

9058 

24962 

1 

910 

911 

912 

913 

914 

2 

8 

28100 

8 

29921 

8 

31744 

8 

33569 

8 

35396 

3 

7535 

71000 

7560 

58031 

7585 

50528 

7610 

48497 

7635 

51944 

4 

(11)6.8574 

96100 

(11)6.8876 

88662 

(11)6. 

9179 

80815 

(11)6.9483 

72778 

(11)6. 

9788 

64768 

5 

(14  6.2403 

21451 

(14)6.2746 

84371 

(14)6. 

3091 

98504 

(14)6.3438 

64346 

(14)6. 

3786 

82398 

6 

(17  5.6786 

92520 

(17)5.7162 

37462 

(17)5. 

7539 

89035 

(17)5.7919 

48148 

(17)5. 

8301 

15712 

7 

1  20)5.1676 

10194 

(20)5.2074 
(23)4.7440 

92328 

(20)5. 

2476 

38000 

(20)5.2880 

48659 

(20)5. 

3287 

25761 

8 

(23)4.7025 

25276 

25511 

(23  4. 

7858 

45856 

(23)4.8279 

88426 

(23)4. 

8704 

55345 

9 

1  26)4.2792 

98001 

(26)4.3218 

07241 

(26)4. 

3646 

91421 

(26)4.4079 

53433 

(26)4. 

4515 

96186 

10 

(29)3.8941 

61181 

(29)3.9371 

66396 

(29)3. 

9805 

98576 

(29)4.0244 

61484 

(29)4. 

0687 

58914 

24 

(71)1.0399 

04400 

(71)1.0676 

79852 

(71)1. 

0961 

65476 

(71)1.1253 

78622 

(71)1. 

1553 

37042 

1/2 

(  1)3.0166 

20626 

(  1)3.0182 

77655 

(  1)3. 

0199 

33774 

(  1)3.0215 

88986 

(  1)3. 

0232 

43292 

1/3 

9.6905 

21083 

9.6940 

69425 

9. 

6976 

15172 

9.7011 

58327 

9. 

7046 

98896 

1/4 

5.  4923 

77104 

5.  4938 

85378 

5. 

4953 

92410 

5.  4968 

98203 

5. 

4984 

02760 

1/5 

3.9066 

83951 

3.9075 

42186 

3. 

9083 

99668 

3.  9092 

56397 

3. 

9101 

12376 

1 

915 

916 

917 

918 

919 

2 

8 

37225 

8 

39056 

8 

40889 

8 

42724 

8 

44561 

3 

7660 

60875 

7685 

75296 

7710 

95213 

7736 

20632 

7761 

51559 

4 

(11)7.0094 

57006 

(11)7.0401 

49711 

(11)7. 

0709 

43103 

(11)7.1018 

37402 

(11)7. 

1328 

32827 

5 

(14)6.4136 

53161 

(14)6.4487 

77136 

(14  6. 

4840 

54826 

(14)6.5194 

86735 

(14)6. 

5550 

73368 

6 

(17)5.8684 

92642 

(17)5.9070 

79856 

(17)5. 

9458 

78275 

(17)5.9848 

88823 

(17)6. 

0241 

12425 

7 

(20)5.3696 

70767 

(20)5.4108 

85148 

(20)5. 

4523 

70378 

(20)5.4941 

27939 

(20)5. 

5361 

59319 

8 

23)4.9132 

48752 

(23)4.9563 

70796 

(23)4. 

9998 

23637 

(23)5.0436 

09448 

(23)5. 

0877 

30414 

9 

(26)4.4956 

22608 

(26)4.5400 

35649 

(26)4. 

5848 

38275 

(26)4.6300 

33473 

(26)4. 

6756 

24251 

10 

(29)4.1134 

94687 

(29)4.1586 

72654 

(29)4. 

2042 

96698 

(29)4.2503 

70729 

(29)4. 

2968 

98686 

24 

(71)1.1860 

58902 

(71)1.2175 

62793 

(71)1. 

2498 

67732 

(71)1.2829 

93183 

(71)1. 

3169 

59057 

1/2 

(  1)3.0248 

96692 

(  1)3.0265 

49190 

(  1)3. 

0282 

00786 

(  1)3.0298 

51482 

(  1)3. 

0315 

01278 

1/3 

9.  7082 

36884 

9.7117 

72294 

9. 

7153 

05133 

9.7188 

35404 

9. 

7223 

63112 

1/4 

5.4999 

06083 

5.5014 

08174 

5. 

5029 

09036 

5,  5044 

08671 

5. 

5059 

07081 

1/5 

3.9109 

67606 

3.9118 

22089 

3. 

9126 

75826 

3.9135 

28819 

3. 

9143 

81068 

1 

920 

921 

922 

923 

924 

2 

8 

46400 

8 

48241 

8 

50084 

8 

51929 

8 

53776 

3 

7786 

88000 

7812 

29961 

7837 

77448 

7863 

30467 

7888 

89024 

4 

(11)7,1639 

29600 

(11)7.1951 

27941 

(11)7. 

2264 

28071 

(11)7.2578 

30210 

(11)7. 

2893 

34582 

5 

(14)6.5908 

15232 

(14)6.6267 

12833 

(14)6. 

6627 

66681 

(14)6.6989 

77284 

(14)6. 

7353 

45154 

6 

(17)6.0635 

50013 

(17)6.1032 

0252C 

(17)6. 

1430 

70880 

(17)6.1831 

56033 

17  6. 

2234 

58922 

7 

(20)5.5784 

66012 

(20)5.6210 

49521 

(20)5. 

6639 

11351 

(20)5.7070 

53019 

(20)5. 

7504 

76044 

8 

(23)5.1321 

88731 

(23)5.1769 

86608 

(23)5. 

2221 

26266 

(23)5.2676 

09936 

(23)5. 

3134 

39864 

9 

(26  4.7216 

13633 

(26)4.7680 

04666 

(26)4. 

8148 

00417 

(26)4.8620 

03971 

(26)4. 

9096 

18435 

10 

(29)4.3438 

84542 

(29)4.3913 

3229E 

(29)4. 

4392 

45985 

(29)4.4876 

29665 

(29)4. 

5364 

87434 

24 

(71)1.3517 

85726 

(71)1.3874 

94035 

(71)1. 

4241 

05308 

(71)1.4616 

41363 

(71)1. 

5001 

24518 

1/2 

(  1)3.0331 

50178 

(  1)3.0347 

98181 

(  1)3. 

0364 

45290 

(  1)3.0380 

91506 

(  1)3. 

0397 

36831 

1/3 

9.7258 

88262 

9.7294 

10859 

9. 

7329 

30906 

9,7364 

48410 

9. 

7399 

63373 

1/4 

5.5074 

04268 

5.  5089 

00236 

5. 

5103 

94986 

5.5118 

88520 

5. 

5133 

80842 

1/5 

3.  9152 

32576 

3.9160 

83344 

3. 

9169 

33373 

3.9177 

82664 

3. 

9186 

31220 

Jr( 

-6)11 

1 

[(-7)31 

J\(-T)2^ 

1 

(-7)11 

3 

3 

3  J 

3 
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F 

•owr 

:rs  and  roots  n^ 

Table  3.1 

fc 

1 

925 

926 

927 

928 

929 

2 

8 

55625 

8 

57476 

8 

59329           8 

61184 

8  63041 

3 

7914 

53125 

7940 

22776 

7965 

9798: 

S         7991 

78752 

8017  65089 

4 

11)7.3209 

41406 

(11)7.3526 

50906 

(11)7.3844 
(14)6.8453 

63302 

(11)7.4163 

78819 

(11)7.4483  97677 

5 

14)6.7718 

70801 

(14)6.8085 

54739 

9748] 

L   (14)6.8823 

99544 

(14)6.9195  61442 

6 

17)6.2639 

80491 

(17)6.3047 

21688 

(17  6.  3456 

83465   (17)6.3868 

66776 

(17)6.4282  72579 

7 

20)5.7941 
23)5.3596 

81954 

(20)5.8381 

72283 

20)5.8824 

48572 

(20)5.9270 

12369 

20)5.9718  65226 

8 

18307 

(23  5.  4061 

47534 

(23)5.4530 

29826   (23)5.5002 

67478 

(23)5.5478  62795 

9 

26  4.9576 

46934 

(26)5.0060 

92617 

(26)5.0549 

5864'^ 

»   (26  5. 1042 

48220 

(26)5.1539  64537 

10 

29)4.5858 

23414 

(29)4.6356 

41763 

(29)4.6859 

46668   (29)4.7367 

42348 

(29)4.7880  33055 

24 

71)1.5395 

77607 

(71)1.5800 

23988 

(71)1.6214 

87554   (71)1.6639 

92748 

(71)1.7075  64573 

1/2 

1)3.0413 

81265 

(  1)3.0430 

24811 

(  1)3.0446 

6747C 

)   (  1)3.0463 

09242 

(  1)3.0479  50131 

1/3 

9.7434 

75802 

9.7469 

85700 

9.7504 

93072 

'.                 9.7539 

97922 

9.7575  00256 

1/4 

5.  5148 

71952 

5.5163 

61854 

5.5178 

50550       5.5193 

38042 

5.5208  24332 

1/5 

3.9194 

79042 

3.9203 

26131 

3.9211 

72488       3.9220 

18115 

3.9228  63013 

1 

930 

931 

932 

933 

934 

2 

8 

64900 

8 

66761 

8 

68624           8 

70489 

8  72356 

3 

8043 

57000 

8069 

54491 

8095 

57568        8121 

66237 

8147  80504 

4 

11)7.4805 

20100 

(11)7.5127 

46311 

(11)7.5450 

7653^ 

I   (11)7.5775 

10991 

(11)7.6100  49907 

5 

14)6.9568 

83693 

14)6.9943 

66816 

(14)7.0320 

11329   (14)7.0698 

17755 

(14)7.1077  86613 

6 

17)6.4699 

01834 

(17)6.5117 

55505 

(17)6.5538 

34559   (17)6.5961 

39965 

(17)6.6386  72697 

7 

20)6.0170 

08706 

20)6.0624 

44376 

20)6.1081 

73809   (20)6.1541 

98588 

20  6.  2005  20299 

8 

23)5.5958 

18097 

(23)5.6441 

35714 

(23)5.6928 

17990   (23)5.7418 

67282 

(23  5.  7912  85959 

9 

26)5.2041 

10830 

(26  5.2546 

90349 

(26)5.3057 

06367    26)5.3571 
18334   (29)4.9982 

62174 

(26)5.4090  61086 

10 

29)4.8398 

23072 

(29)4.8921 

16715 

(29)4.9449 

32309 

(29)5.0520  63054 

24 

71)1.7522 

28603 

(71)1.7980 

10997 

(71)1.8449 

38512 

!   (71)1.8930 

38514 

(71)1.9423  38996 

1/2 

1)3.0495 

90136 

(  1)3.0512 

29260 

(  1)3.0528 

6750^ 

I   (  1)3.0545 

04870 

(  1)3.0561  41358 

1/3 

9.7610 

00077 

9.7644 

97390 

9.7679 

9219<: 

»       9.7714 

84510 

9.7749  74326 

1/4 

5.5223 

09423 

5.5237 

93317 

5.5252 

76015       5.5267 

57521 

5.5282  37837 

1/5 

3.9237 

07185 

3.9245 

50630 

3.9253 

9335] 

3.9262 

35348 

3.9270  76625 

1 

935 

936 

937 

938 

939 

2 

8 

74225 

8 

76096 

8 

77969           8 

79844 

8  81721 

3 

8174 

00375 

8200 

25856 

8226 

56953        8252 

93672 

8279  36019 

4 

11)7.6426 

93506 

(11)7.6754 

42012 

(11)7.7082 

95650   (11W.7412 

54643 

(11)7.7743  19218 

5 

14)7.1459 
17)6.6814 

18428 

(14)7.1842 

13723 

(14)7.2226 

73024   (14)7.2612 

96855 

(14)7.3000  85746 

6 

33731 

(17)6.7244 

24045 

(17)6.7676 

44623   (17)6.8110 

96450 

(17)6.8547  80516 

7 

20  6.  2471 

40538 

(20)6.2940 

60906 

(20)6.3412 

83012 

(20)6.3888 

08471 

(20)6.4366  38904 

8 

23)5.8410 

76403 

(23  5.  8912 

41008 

(23)5.9417 

82182 

'    23)5.9927 

02345 

(23)6.0440  03931 

9 

26)5.4614 

06437 

(26)5.5142 

01584 

(26)5.5674 

49905   (26)5.6211 

54800 

(26)5.6753  19691 

10 

29)5.1064 

15018 

(29)5.1612 

92682 

(29)5.2167 

0056] 

(29)5.2726 

43202 

(29)5.3291  25190 

24 

71)1.9928 

68584 

(71)2.0446 

56558 

(71)2.0977 

32860   (71)2.1521 

28115 

(71)2.2078  73640 

1/2 

1)3.0577 

76970 

(  1)3.0594 

11708 

(  1)3.0610 

4557: 

!   (  1)3.0626 

78566 

(  1)3.0643  10689 

1/3 

9.  7784 

61652 

9.7819 

46493 

9.7854 

28852 

9.7889 

08735 

9.7923  86145 

1/4 

5.5297 

16964 

5.5311 

94905 

5.5326 

71662 

>       5.5341 

47239 

5.5356  21636 

1/5 

3.9279 

17180 

3.9287 

57017 

3.9295 

96137       3.9304 

34540 

3.9312  72229 

1 

940 

941 

942 

943 

944 

2 

8 

83600 

8 

85481 

8 

8736^ 

1           8 

89249 

8  91136 

3 

8305 

84000 

8332 

37621 

8358 

96888        8385 

61807 

8412  32384 

4 

11)7.8074 

89600 

(11)7.8407 

66014 

(11)7.8741 

48685 

>   (11)7.9076 

37840 

(11)7.9412  33705 

5 

14  7.  3390 

40224 

(14  7.  3781 

60819 

14)7.4174 

4806] 

(14)7.4569 

02483 

(14)7.4965  24617 

6 

17)6.8986 

97811 

17)6.9428 

49330 

(17)6.9872 

36074   (17)7.0318 

59042 

(17)7.0767  19239 

7 

20  6.  4847 

75942 

(20)6.5332 

21220 

(20)6.5819 

7638] 

(20)6.6310 

43076 

(20)6.6804  22962 

8 

23)6.0956 

89385 

23  6.  1477 

61168 

(23)6.2002 

2175] 

L    23)6.2530 

73621 

23  6.  3063  19276 

9 

26)5.7299 

48022 

(26)5.7850 

43259 

(26)5.8406 

08890   (26)5.8966 

48424 

(26)5.9531  65396 

10 

29)5.3861 

51141 

(29)5.4437 

25707 

(29)5.5018 

53574   (29)5.5605 

39464 

(29)5.6197  88134 

24 

71)2.2650 

01461 

(71)2.3235 

44328 

(71)2.3835 

35733   (71)2.4450 

09921 

(71)2.5080  01911 

1/2 

1)3.0659 

41943 

(  1)3.0675 

72330 

(  1)3.0692 

0185] 

(  1)3.0708 

30507 

(  1)3.0724  58299 

1/3 

9.7958 

61087 

9.7993 

33566 

9.8028 

0358? 

)       9.8062 

71149 

9.8097  36263 

1/4 

5.5370 

94855 

5.5385 

66899 

5.5400 

3777] 

L       5.5415 

07472 

5.5429  76005 

1/5 

3.9321 

09204 

3.9329 

45467 

3.9337 

81020       3.9346 

15863 

3.9354  49998 

1 

945 

946 

947 

948 

949 

2 

8 

93025 

8 

94916 

8 

96809           8 

98704 

9  00601 

3 

8439 

08625 

8465 

90536 

8492 

78123        8519 

71392 

8546  70349 

4 

11)7.9749 

36506 

(11)8.0087 

46471 

(11)8.0426 

63825   (11)8.0766 

88796 

(11)8.1108  21612 

5 

14)7.5363 

14998 

14)7.5762 

74161 

14)7.6164 

02642 

'■        (14  7.  6567 

00979 

(14)7.6971  69710 

6 

17)7.1218 

17673 

(17)7.1671 

55356 

(17)7.2127 

33302 

'    17)7.2585 

52528 

(17)7.3046  14055 

7 

20)6.7301 

17701 

(20)6.7801 

28967 

1  20)6.  8304 

58437   (20)6.8811 

07796 

(20  6.  9320  78738 

8 

23)6.3599 

61228 

(23)6.4140 

02003 

1  23)6.  4684 

44140   (23)6.5232 

90191 

(23)6.5785  42722 

9 

26)6.0101 
29)  5.  6796 

63360 

(26  6.  0676 
(29)5.7399 

45895 

(26  6.  1256 

1660C 

)    26)6.1840 

79101 

26)6.2430  37043 

10 

04376 

93016 

(29)5.8009 

5892] 

(29)5.8625 

06988 

(29  5.9246  42154 

24 

(71)2.5725 

47511 

(71)2.6386 

83331 

(71)2.7064 

46809   (71)2.7758 

76218 

(71)2.8470  10693 

1/2 

(  1)3.0740 

85230 

(  1)3.0757 

11300 

(  1)3.0773 

36511 

I   (  1)3.0789 

60864 

(  1)3.0805  84360 

1/3 

9.8131 

98931 

9.8166 

59156 

9.8201 

16944       9.8235 

72299 

9.8270  25224 

1/4 

5.  5444 

43371 

5.5459 

09574 

5.5473 

74614       5.5488 

38494 

5.5503  01217 

1/5 

3.9362 

83427 

3.9371 

16151 

3.9379 

48170       3.9387 

79487 

3.9396  10103 

1 
«2 

r(-6)ii 

3 

1 

[(-7)3-1 
3 

1 

[(-7)21 
3 

1 

[(-8)91 
3 
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Table  3.1 

PO\i  ERS  AND  ROOTS 

nfc 

k 

1 

950 

951 

952 

953 

954 

2 

9 

02500 

9 

04401 

9 

06304 

9 

08209 

9 

10116 

3 

8573 

75000 

8600 

85351 

8628 

01408 

8655 

23177 

8682 

50664 

4 

(11)8.1450 

62500 

(11)8, 

1794 

11688 

(11)8.2138 

69404 

(11)8.2484 

35877 

(11)8.2831 

11335 

5 

(14)7.7378 
(17)7.3509 

09375 

(14)7. 

7786 

20515 

(14)7.8196 
(17)7.4442 

03673 

(14)7.8607 

59391 

(14)7.9020 

88213 

6 

18906 

(17)7. 
(20)7. 

3974 

68110 

62696 

(17)7.4913 

03699 

(17  7.5385 

92155 

7 

(20)6.9833 

72961 

0349 

92173 

(20)7.0869 

38087 

(20)7.1392 

12425 

(20)7.1918 

16916 

8 

(23)6,6342 
(26)6.3024 

04313 

(23)6. 

6902 

77556 

(23)6.7467 

65059 

(23)6.8036 

69441 

23)6.8609 

93338 

9 

94097 

(26  6. 
(29)6. 

3624 

53956 

(26)6.4229 

20336 

(26)6.4838 

96978 

(26  6.  5453 

87645 

10 

(29)5.9873 

69392 

0506 

93712 

(29)6.1146 

20160 

(29)6.1791 

53820 

(29)6.2442 

99813 

24 

(71)2.9198 

90243 

(71)2. 

9945 

55775 

(71)3.0710 

49109 

(71)3.1494 

12996 

(71)3.2296 

91146 

1/2 

(  1)3.0822 

07001 

(  1)3. 

0838 

28789 

(  1)3.0854 

49724 

(  1)3.0870 

69808 

(  1)3.0886 

89042 

1/3 

9.  8304 

75725 

9. 

8339 

23805 

9.8373 

69469 

9.  8408 

12721 

9.  8442 

53565 

1/4 

5.5517 

62784 

5. 

5532 

23198 

5.  5546 

82461 

5.  5561 

40574 

5.5575 

97541 

1/5 

3.9404 

40019 

3. 

9412 

69236 

3.9420 

97756 

3.9429 

25580 

3.  9437 

52709 

1 

955 

956 

957 

958 

959 

2 

9 

12025 

9 

13936 

9 

15849 

9 

17764 

9 

19681 

3 

a709 

83875 

8737 

22816 

8764 

67493 

8792 

17912 

8819 

74079 

4 

(11)8.3178 

96006 

(11)8. 
(14)7. 

3527 

90121 

(11)8.3877 

93908 

(11)8.4229 

07597 

(11)8.4581 

31418 

5 

(14)7.9435 

90686 

9852 

67356 

(14)8.0271 

18770 

(14  8.0691 

45478 

(14)8.1113 

48029 

6 

(17)7.5861 

29105 

(17)7. 

6339 

15592 

(17)7.6819 

52663 

(17)7.7302 

41368 

(17)7.7787 

82760 

7 

(20)7.2447 

53295 

(20)7. 
(23  6. 

2980 

23306 

(20)7.3516 

28698 

(20)7.4055 

71230 

(20)7.4598 

52667 

8 

(23)6.9187 

39397 

9769 

10280 

(23)7.0355 

08664 

(23)7.0945 

37239 

(23)7.1539 

98708 

9 

(26)6.6073 
(29)6.3100 

96124 

(26)6. 
(29)6. 

6699 

26228 

(26)6.7329 

81792 

(26)6.7965 

66675 

(26)6.8606 

84761 

10 

63299 

3764 

49474 

(29)6.4434 

63575 

(29)6.5111 

10874 

(29)6.5793 

96686 

24 

(71)3.3119 

28238 

(71)3, 

3961 

69948 

(71)3.4824 

62966 

f  71)  3.  5708 

55021 

(71)3.6613 

94899 

1/2 

(  1)3.0903 

07428 

(  1)3, 

0919 

24967 

(  1)3.0935 

41660 

(  1)3.0951 

57508 

(  1)3.0967 

72513 

1/3 

9.  8476 

92005 

9. 

8511 

28046 

9.  8545 

61691 

9.8579 

92945 

9.8614 

21813 

1/4 

5.5590 

53362 

5. 

5605 

08040 

5.5619 

61578 

5.  5634 

13977 

5.  5648 

65240 

1/5 

3.  9445 

79145 

3. 

9454 

04889 

3.  9462 

29943 

3.  9470 

54307 

3.9478 

77983 

1 

960 

961 

962 

963 

964 

2 

9 

21600 

9 

23521 

9 

25444 

9 

27369 

9 

29296 

3 

8847 

36000 

8875 

03681 

8902 

77128 

8930 

56347 

8958 

41344 

4 

(11)8,4934 

65600 

(11)8. 

5289 

10374 

(11)8.5644 

65971 

(11)8.6001 

32622 

(11)8.6359 
(14)8.3250 

10556 

5 

(14)8.1537 

26976 

(14)8. 

1962 

82870 

(14)8.2390 

16264 

(14)8.2819 

27715 

17776 

6 

(17)7,8275 

77897 

(17)7. 

8766 

27838 

(17)7.9259 

33646 

(17)7.9754 

96389 

(17)8.0253 

17136 

7 

(20)7.5144 

74781 

(20)7. 

5694 

39352 

(20)7.6247 

48168 

(20)7.6804 

03023 

(20)7.7364 

05719 

8 

(23)7.2138 
(26)6.9253 

95790 

(23)7. 

2742 

31217 

(23)7.3350 

07737 

(23)7.3962 

28111 

(23)7.4578 

95113 

9 

39958 

(26)6. 

9905 

36200 

(26)7.0562 
(29)6,7881 

77443 

(26)7.1225 

67671 

(26)7.1894 

10889 

10 

(29)6.6483 

26360 

(29)6. 

7179 

05288 

38901 

(29)6.8590 

32667 

(29)6.9305 

92097 

24 

(71)3.7541 

32467 

(71)3. 

8491 

18699 

(71)3.9464 

05693 

(71)4.0460 

46699 

(71)4.1480 

96142 

1/2 

(  1)3.0983 

86677 

(  1)3. 

1000 

00000 

(  1)3.1016 

12484 

(  1)3.1032 

24130 

(  1)3.1048 

34939 

1/3 

9.  8648 

48297 

9. 

8682 

72403 

9.8716 

94135 

9.8751 

13495 

9.8785 

30490 

1/4 

5.  5663 

15367 

5. 

5677 

64363 

5.5692 

12228 

5.5706 

58964 

5.5721 

04575 

1/5 

3.  9487 

00972 

3. 

9495 

23275 

3.9503 

44894 

3.9511 

65831 

3.9519 

86085 

1 

965 

966 

967 

968 

969 

2 

9 

31225 

9 

33156 

9 

35089 

9 

37024 

9 

38961 

3 

8986 

32125 

9014 

28696 

9042 

31063 

9070 

39232 

9098 

53209 

4 

(11)8.6718 
(14)8.3682 

00006 

(11)8. 

7078 

01203 

(11)8.7439 

14379 

(11)8.7801 

39766 

(11)8.8164 

77595 

5 

87006 

(14)8, 

4117 

35962 

(14)8.4553 

65205 

(14)8.4991 

75293 

(14)8.5431 

66790 

6 

(17)8.0753 

96961 

(17)8. 

1257 

36940 

(17)8.1763 

38153 

(17)8.2272 

01684 

(17)8.2783 

28619 

7 

(20)7.7927 

58067 

(20)7. 

8494 

61884 

(20)7.9065 

18994 

(20)7.9639 

31230 

(20)8.0217 

00432 

8 

(23)7.5200 

11535 

ill!?: 

5825 

80180 

(23)7.6456 

03867 

(23)7.7090 

85431 

(23)7.7730 

27719 

9 

(26)7.2568 
(29)7.0028 

11131 

3247 

72454 

(26)7.3932 

98939 

(26  7.4623 

94697 

(26)7.5320 

63859 

10 

22742 

(29)7. 

0757 

30190 

(29)7.1493 

20074 

(29)7.2235 

98067 

(29)7.2985 

69880 

24 

(71)4.2526 

09649 

(71)4, 

3596 

44069 

(71)4.4692 

57504 

(71)4.5815 

09331 

(71)4.6964 

60232 

1/2 

(  1)3.1064 

44913 

(  1)3, 

1080 

54054 

(  1)3.1096 

62361 

(  1)3.1112 

69837 

(  1)3.1128 

76483 

1/3 

9. 8819 

45122 

9. 

8853 

57396 

9.  8887 

67316 

9.8921 

74886 

9.8955 

80110 

1/4 

5.5735 

49061 

5. 

5749 

92425 

5.  5764 

34668 

5.5778 

75794 

5.5793 

15803 

1/5 

3.9528 

05659 

3. 

9536 

24554 

3.  9544 

42771 

3.9552 

60312 

3.9560 

77177 

1 

970 

971 

972 

973 

974 

2 

9 

40900 

9 

42841 

9 

44784 

9 

46729 

9 

48676 

3 

9126 

73000 

9154 

98611 

9183 

30048 

9211 

67317 

9240 

10424 

4 

(11)8.8529 
(14)8,5873 

28100 

(11)8. 

8894 

91513 

(11)8.9261 

68067 

(11)8.9629 

57994 

(11)8.9998 
(14)8.7658 

61530 

5 

40257 

(14)8. 

6316 

96259 

(14)8.6762 

35361 

(14)8.7209 

58129 

65130 

6 

(17  8.3297 
(20)8.0798 

20049 

17)8. 
(20  8. 

3813 

77067 

(17)8.4333 

00771 

(17)8.4854 

92259 

(17)8.5379 

52637 

7 

28448 

1383 

17132 

(20)8.1971 

68349 

(20)8.2563 

83968 

(20)8,3159 

65868 

8 

(23)7.8374 

33594 

(23)7. 

9023 

05936 

(23  7.  9676 

47635 

(23)8.0334 
(26)7.8165 

61601 

(23)8.0997 
(26)7.8891 

50755 

9 

(26)7.6023 

10587 

(26)7. 

6731 

39063 

(26)7.7445 

53501 

58138 

57236 

10 

(29)7.3742 

41269 

(29)7. 

4506 

18031 

(29)7.5277 

06003 

(29)7.6055 

11068 

(29)7.6840 

39148 

24 

(71)4.8141 

72219 

(71)4. 

9347 

08664 

(71)5.0581 

34323 

(71)5.1845 

15371 

(71)5.3139 

19427 

1/2 

(  1)3.1144 

82300 

(  1)3 

1160 

87290 

(  1)3.1176 

91454 

(  1)3.1192 

94792 

(  1)3.1208 

97307 

1/3 

9,  8989 

82992 

9. 

9023 

83537 

9.9057 

81747 

9.9091 

77627 

9.9125 

71181 

1/4 

5,  5807 

54698 

5. 

5821 

92482 

5.5836 

29155 

5.5850 

64719 

5.  5864 

99178 

1/5 

3.9568 

93368 

3 

9577 

08886 

3.  9585 

23732 

3.9593 

37908 

3.9601 

51415 

1 

n2 

(-6)11 

1 

n3 

[(-7)3- 

J  [(-7)21 

1 

r(-8)9] 

3 

3 

3  J 

3 
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P 

OWEl 

?S  AI 

\D  R 
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^S  fifc 

Table  3.1 

k 

1 

975 

976 

977 

978 

979 

2 

9 

50625 

9 

52576 

9 

54529 

9 

56484 

9 

58441 

3 

9268 

59375 

9297 

14176 

9325 

74833 

9354 

41352 

9383 

13739 

4 

(11)9.0368 

78906 

(11)9.0740 

10358 

(11)9.1112 

56118 

(11)9.1486 

16423 

(11)9.1860 

91505 

5 

(14)8.8109 
(17)8.5906 

56934 

(14)8.8562 

34109 

(14)8.9016 

97228 

(14)8.9473 

46861 

(14)8.9931 

83583 

6 

83010 

(17)8.6436 

84491 

(17)8.6969 

58191 

(17)8.7505 

05230 

(17)8.8043 

26728 

7 

(20)8.3759 

15935 

(20)8.4362 

36063 

(20)8.4969 

28153 

(20)8.5579 

94115 

(20)8.6194 

35867 

8 

(23)8.1665 

18037 

(23)8.2337 

66397 

(23)8.3014 

98806 

(23)8.3697 

18245 

(23)8.4384 

27713 

9 

(26)7.9623 
(29)7.7632 

55086 

(26)8.0361 

56004 

(26)8.1105 
(29)7.9240 

64333 

(26)8.1855 
(29)8.0055 

84443 

(26)8.2612 

20731 

10 

96209 

(29)7.8432 

88260 

21353 

01586 

(29)8.0877 

35096 

24 

(71)5.4464 

15584 

(71)5.5820 

74443 

(71)5.7209 

68141 

(71)5.8631 

70383 

(71)6.0087 

56477 

1/2 

(  1)3.1224 

98999 

(  1)3.1240 

99870 

(  1)3.1256 

99922 

(  1)3.1272 

99154 

(  1)3.1288 

97569 

1/3 

9.9159 

62413 

9.9193 

51328 

9.9227 

37928 

9.9261 

22218 

9.9295 

04202 

1/4 

5.5879 

32533 

5.5893 

64785 

5.5907 

95938 

5.5922 

25992 

5.5936 

54950 

1/5 

3.9609 

64254 

3.9617 

76427 

3.9625 

87934 

3.9633 

98776 

3.  9642 

08956 

1 

980 

981 

982 

983 

984 

2 

9 

60400 

9 

62361 

9 

64324 

9 

66289 

9 

68256 

3 

9411 

92000 

9440 

76141 

9469 

66168 

9498 

62087 

9527 

63904 

4 

(11)9.2236 

81600 

(11)9.2613 

86943 

(11)9.2992 

07770 

(11)9.3371 

44315 

(11)9.3751 

96815 

5 

(14)9.0392 

07968 

(14)9.0854 

20591 

(14)9.1318 

22030 

(14)9.1784 

12862 

(14)9.2251 

93666 

6 

(17)8.8584 

23809 

(17)8.9127 

97600 

(17)8.9674 

49233 

(17)9.0223 

79843 

(17)9.0775 

90568 

7 

(20)8.6812 

55332 

(20)8.7434 

54446 

20)8.8060 

35147 

(20)8.8689 

99386 

(20)8.9323 

49119 

8 

(23)8.5076 

30226 

(23)8.5773 

28811 

(23)8.6475 

26515 

(23)8.7182 

26396 

23)8.7894 

31533 

9 

(26)8.3374 

77621 

(26  8.4143 
(29)8.2544 

59564 

(26)8.4918 

71037 

(26)8.5700 
(29)8.4243 

16548 

(26)8.6488 

00628 

10 

(29)8.1707 

28069 

86732 

(29)8.3390 

17359 

26266 

(29)8.5104 

19818 

24 

(71)6.1578 

03365 

(71)6.3103 

89657 

(71)6.4665 

95666 

(71)6.6265 

03443 

(71)6.7901 

96812 

1/2 

(  1)3.1304 

95168 

(  1)3.1320 

91953 

(  1)3.1336 

87923 

(  1)3.1352 

83081 

(  1)3.1368 

77428 

1/3 

9.9328 

83884 

9.9362 

61267 

9.9396 

36356 

9.9430 

09155 

9.9463 

79667 

1/4 

5.5950 

82813 

5.5965 

09584 

5.  5979 

35265 

5.  5993 

59857 

5.6007 

83363 

1/5 

3.9650 

18474 

3.9658 

27331 

3.9666 

35529 

3.9674 

43069 

3.  9682 

49952 

1 

985 

986 

987 

988 

989 

2 

9 

70225 

9 

72196 

9 

74169 

9 

76144 

9 

78121 

3 

9556 

71625 

9585 

85256 

9615 

04803 

9644 

30272 

9673 

61669 

4 

(11)9.4133 

65506 

(11)9.4516 

50624 

(11)9.4900 

52406 

(11)9.5285 

71087 

(11)9.5672 

06906 

5 

(14)9.2721 

65024 

(14)9.3193 

27515 

(14)9.3666 

81724 

(14)9.4142 

28234 

(14)9.4619 

67630 

6 

(17)9.1330 

82548 

(17)9.1888 

56930 

(17)9.2449 

14862 

(17)9.3012 

57495 

(17  9.  3578 

85987 

7 

(20)8.9960 

86310 

(20)9.0602 

12933 

(20)9.1247 

30969 

(20)9.1896 

42406 

(20)9.2549 

49241 

8 

(23)8.8611 

45015 

(23)8.9333 

69952 

(23)9.0061 

09466 

(23)9.0793 

66697 

(23)9.1531 

44799 

9 

(26)8.7282 

27840 

(26)8.8083 

02773 

(26)8.8890 

30043 

(26)8.9704 

14296 

(26  9.  0524 

60206 

10 

(29)8.5973 

04423 

(29)8.6849 

86534 

(29)8.7734 

72653 

(29)8.8627 

69325 

(29)8.9528 

83144 

24 

(71)6.9577 

61406 

(71)7.1292 

84708 

(71)7.3048 

56083 

(71)7.4845 

66822 

(71)7.6685 

10178 

1/2 

(  1)3.1384 

70965 

(  1)3.1400 

63694 

(  1)3.1416 

55614 

(  1)3.1432 

46729 

(  1)3.1448 

37039 

1/3 

9.9497 

47896 

9.9531 

13846 

9.9564 

77521 

9.9598 

38925 

9.9631 

98061 

1/4 

5.6022 

05785 

5.6036 

27123 

5.6050 

47381 

5.  6064 

66560 

5.  6078 

84662 

1/5 

3.9690 

56179 

3.9698 

61752 

3.9706 

66671 

3.9714 

70939 

3.9722 

74555 

1 

990 

991 

992 

993 

994 

2 

9 

80100 

9 

82081 

9 

84064 

9 

86049 

9 

88036 

3 

9702 

99000 

9732 

42271 

9761 

91488 

9791 

46657 

9821 

07784 

4 

(11)9.6059 
(14)9.5099 

60100 

(11)9.6448 

30906 

(11)9.6838 

19561 

(11)9.7229 

26304 

(11)9.7621 

51373 

5 

00499 

(14)9.5580 

27427 

(14)9.6063 

49004 

(14  9.  6548 

65820 

(14  9.  7035 

78465 

6 

(17)9.4148 

01494 

(17)9.4720 

05181 

(17)9.5294 

98212 

(17)9.5872 

81759 

(17)9.6453 

56994 

7 

(20)9.3206 

53479 

(20)9.3867 

57134 

(20)9.4532 

62227 

20)9.5201 

70787 

(20)9.5874 

84852 

8 

(23)9.2274 

46944 

(23)9.3022 

76320 

(23)9.3776 

36129 

23)9.4535 

29591 

23)9.5299 

59943 

9 

(26)9.1351 

72475 

(26)9.2185 

55833 

(26  9.3026 

15040 

(26)9.3873 

54884 

(26  9.  4727 

80183 

10 

(29)9.0438 

20750 

(29)9.1355 

88830 

(29)9.2281 

9412C 

(29)9.3216 

43400 

(29)9.4159 

43502 

24 

(71)7.8567 

81408 

(71)8.0494 

77813 

(71)8.2466 

98779 

(71)8.4485 

45822 

(71)8.6551 

22630 

1/2 

(  1)3.1464 

26545 

(  1)3.1480 

15248 

(  1)3.1496 

03150 

(  1)3.1511 

90251 

(  1)3,1527 

76554 

1/3 

9.9665 

54934 

9.9699 

09547 

9.9732 

6190-1 

9.9766 

12009 

9.9799 

59866 

1/4 

5.6093 

01690 

5.6107 

17644 

5.6121 

32527 

5.6135 

46340 

5.  6149 

59086 

1/5 

3.  9730 

77521 

3.9738 

79839 

3.9746 

81509 

3.9754 

82534 

3.9762 

82913 

1 

995 

996 

997 

998 

999 

2 

9 

90025 

9 

92016 

9 

94009 

9 

96004 

9 

98001 

3 

9850 

74875 

9880 

47936 

9910 

26972 

9940 

11992 

9970 

02999 

4 

(11)9.8014 

95006 

(11)9.8409 
(14)9.8015 

57443 

(11)9.8805 

3892] 

(11)9.9202 

39680 

(11)9.9600 

59960 

5 

(14)9.7524 
(17)9.7037 

87531 

93613 

(14)9.8508 

97304 

(14  9.9003 

99201 

(14)9.9500 

99900 

6 

25094 

(17)9.7623 
(20)9.7233 

87238 

17)9.8213 

44612 

(17)9.8805 

98402 

(17)9.9401 

49800 

7 

(20)9.6552 

06468 

37689 

(20  9.  7918 

8057E 

(    20)9.8608 

37206 

20)9.9302 

09650 

8 

(23)9.6069 

30436 

(23)9.6844 

44339 

(23)9.7625 

0493- 

(23)9.8411 
(26)9.8214 

15531 

(23)9.9202 

79441 

9 

(26  9.5588 

95784 

(26)9.6457 

06561 

(26)9.7332 

17422 

33300 

(26)9.9103 

59161 

10 

(29)9.5111 

01305 

(29)9.6071 

23735 

(29)9.7040 

1776<: 

>   (29)9.8017 

90434 

(29)9.9004 

48802 

24 

(71)8.8665 

35105 

(71)9.0828 

91413 

(71)9.3043 

02025 

(71)9.5308 

79767 

(71)9.7627 

39866 

1/2 

(  1)3.1543 

62059 

(  1)3.1559 

46768 

(  1)3.1575 

3068] 

(  1)3.1591 

13800 

(  1)3.1606 

96126 

1/3 

9.9833 

05478 

9.9866 

48849 

9.9899 

8998; 

>       9.9933 

28884 

9.9966 

65555 

1/4 

5.6163 

70767 

5.6177 

81384 

5.6191 

9093= 

5.6205 

99434 

5.  6220 

06871 

1/5 

3.9770 

82648 

3.9778 

81740 

3.9786 

8019] 

3.9794 

78001 

3.9802 

75173 

1 
•> 

n- 

(-6)11 

Jrc 

-7)31 

1 

[(-7)11 

Jr( 

-8)8" 

3 

3 

3 

3 
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4.  Elementary  Transcendental  Functions 
Logarithmic,  Exponential,  Circular  and  Hyperbolic  Functions 

Mathematical  Properties 

4.1.  Logarithmic  Function 


4.1.1 


Integral  Representation 

In  z- 


■n 


2  =  x  +  iy 


Figure  4.1.     Branch  cut  for  In  z  and  z". 
{a  not  an  integer  or  zero.) 

where  the  path  of  integration  does  not  pass 
through  the  origin  or  cross  the  negative  real 
axis.  In  2  is  a  single-valued  function,  regular  in 
the  2-plane  cut  along  the  negative  real  axis,  real 
when  z  is  positive. 


4.1.2 


z=x-\-iy—re'^. 
In  2=ln  r-\-id     (— 7r<0<7r). 


4.1.3    r=(x^-\-y^)'',     x=rcosd,     y=r  sin  6, 

V 
0=arctan  -• 

X 

The  general  logarithmic  function  is  the  many- 
valued  function  Ln  z  defined  by 


4.1.4 


Ln  z 


-n 


where  the  path  does  not  pass  tlu-ough  the  origin. 

4.1.5 

Ln  (re^»)  =  ln  {re^^)-\-2kin=\n  r-ri(e+2kTr), 

k  being  an  arbitrary  integer.     In  z  is  said  to  be  the 
vrincival  branch  of  Ln  z. 


4.1.6 


Logarithmic  Identities 

Ln  (2122)  =  Ln  2i+Ln  22. 


(i.e.,  every  value  of  Ln  (2122)  is  one  of  the  values 
of  Ln  2i+Ln  22.) 


4.1.7 

4.1.8 
4.1.9 


In  (2122)  =ln  2i+ln  22 

(—■ 7r<arg  2i+arg  22<'t) 


Ln  — =Ln  2,— Ln  22 

22 


in  — =ln  2i— In  22 

22 


(— 7r<arg  2i— arg  22<7r) 

Ln  2"=7i  Ln  2  (n  integer) 

In  2"=n  In  2 

(n  integer,     —  7r<n  arg  z<t) 

Special  Values         (see  chapter  1) 

In  1  =  0 

lnO=— 00 

hi(-l)=7ri 
In  (±i)  =  ±^i 
4.1.16    In  e  =  l,     e  is  the  real  number  such  that 

IV 


4.1.10 
4.1.11 


4.1.12 
4.1.13 
4.1.14 
4.1.15 


4.1.17     e=lim 


im  (i+iy 


4.1.18 
4.1.19 

4.1.20 
4.1.21 


2.71828  18284  . .  . 

(see  4.2.21) 

Logarithms  to  General  Base 

loga  2= In  2/ln  a 

logftg 


log 


\og(,a 
1 


logo  a 

l0ge2=ln  2 


4.1.22     logio  2=ln  2/ln  10=log,o  e  In  2 

=  (.43429     44819...)  In  2 


273-888  0-67— 6 


67 


68  ELEMENTARY    TRANSCENDENTAL    FUNCTIONS 

4.1.23  In  -=ln  10  logio  2  =  (2.30258  50929  . . .)  log,o  2 


(log^  x=\n  I,  called  natural,  Napierian,  or  hyper- 
bolic logarithms;  logio  x,  called  common  or  Briggs 
logarithms.) 

Series  Expansions 

4.1.24  In  {l  +  z)  =  z-^z^-\-^z^-  .  .  . 

{\z\<\  and  25^-1) 


4.1.25 


-<^>mi^mi- 


(^z>h) 


4.1.26 


ln2=(3-l)-i(2-l)^  +  i(2-l)^-.    .    . 

(|2-r<l.       Z9^0) 


4.1.27 


(|2|>1,       2^±1) 

4.1.29 

(a>0,     ^z>-a9^z) 


4.1.30 


4.1.31 


Limiting  Values 

lim  x'"  In  x=0 

(a  constant,     ^a>0) 
lim  x"  In  x—0 

z-*o 

(a  constant,     ^a>0) 


4.1.32 

lim  (  2i  T— In  m)=7  (Euler's  constant) 

=  .57721  56649  .  .  . 
(see  chapters  1,  6  and  23) 

Inequalities 


4.1.33 


4.1.34 


1+x 


<ln(l+a:)<x 


(Z>-1,       X9^0) 


x<-\n  {l-x)< 


1-x 


4.1.35 


3x 


In  (l-x)|<—        (0<x<.5828) 


4.1.36  lnx<x— 1  (x>0) 

4.1.37  In  x</?,(x'  '"'— l)for  any  positive  n 


4.1.38 

4.1.39 

] 

4.1.40 


4.1.41 


(x>Oj 
|ln  (l  +  2)|<-ln  (l-i2i)  (I2!<1) 

Continued  Fractions 

,       .,_j_    x_    z        Z Z_    42     42     92 

inu  ,  .-;_^^2^3+4+5^6T--- 

(2  in  the  plane  cut  from  —1  to  —  «) 

,      /l  +  2\       22      2^     422    922 

(2  in  the  cut  plane  of  Figure  4.7.) 

Polynomial  Approximations  ^ 

1 


10 


<J<V10 


4.1.42 


logio  x=ait-r(ht^  +  e(x),     <  =  (x— l)/(x+l) 
|c(a:)|<6X10-* 
ai=.86304        03=. 36415 
1 


10 


<x<Vio 


logio  x=ait^a3t^+a5t^-rchf+agt^+€(x) 
<=(x-l)/(x+l) 

ai  =  .868591718  a7=.09437  6476 
a3=.28933  5524  09=. 19133  7714 
05=. 17752  2071 

4.1.43  0<x<l 

In  (l+x)=aiX+a-2x2+a3X^+a4X*-ra5X^H-e(x) 

k(a:)|<lX10-* 

ai=. 99949  556     04= --13606  275 
a.=  -. 49190  896    05=. 03215  845 
03=. 28947  478 


2  The  approximations  4.1.41  to  4.1.44  are  from  C.  Hast-        ] 
ings,  Jr.,  Approximations  for  digital  computers.    Princeton 


(x<^l,      X?^0)     I     Univ.  Press,  Princeton,  N.J.,  1955  (with  permission). 
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4.1.44 


0<i-<l 


In  {l-{-x)=aiX^(i-2X^-j-azX^-^aiX*-\-a5X^-\-a6X^ 

-\-a:x''-^asX^-\-e(x) 

|e(x)|<3X10-8 

ai=     .99999  64239  a,=     .16765  40711 

02=-.  49987  41238  a6=-.  09532  93897 

03=  .  33179  90258  aj=     .  03608  84937 

04=-.  24073  38084  03=-.  00645  35442 

Approximation  in  Terms  of  Chebyshev  Polynomials  •' 

4.1.45  0<x<l 

T„*(x)=cosne,  cos  0=2j:— 1  (see  chapter  22) 


In  (l+x)=J2  A„T,*(x) 

n=0 


n  An 

0  .  37645  2813 

1  .  34314  5750 

2  -.02943  7252 

3  .  00336  7089 

4  -.00043  3276 

5  .  00005  9471 


n  An 

6  -.00000  8503 

7  .  00000  1250 

8  -.00000  0188 

9  .  00000  0029 

10  -.00000  0004 

11  .00000  0001 


4.1.46 
4.1.47 

4.1.48 


dz 


Differentiation  Formulas 

d  1  1 

-r  in  2=- 
dz  z 


-In  2=(-l)"-^(7i-l)!2-" 


Integration  Formulas 


/^•■^ 


4.1.49 

4.1.50 

2"  In  zdz= 


J 


In  z  dz=z  In  z  —  z 


J 


,n+l 


n+1 


In  z- 


^n+l 


{n^iy 


(719^  —  1,    71  integer) 


4.1.51 


2"  (In  z)'"dz= \-—^ —       2"(ln  z)"'-^dz 

J  n-\-l  n+1  J 


^  The  approximation  4.1.45  is  from  C.   W.  Clenshaw, 

Polynomial     approximations     to     elementary  functions, 

Math.  Tables  Aids  Comp.  8,   143-147  (1954)  (%yith  per- 
mission). 


4.1.52 
4.1.53 


J— 1 —  =ln  In  2 
2  In  2 

J  In  [2+(22±l)i](/2=2  In  [2  +  (22±l)i]-(22±l)i 

4.1.54 

J2"  In  [2-H(22±l)^]c?2=|^  In  [2  +  (22±l)i] 

1     C   2""^' 


4.1.55 
4.1.56 
4.1.57 


Definite  Integrals 

C"    dt 

1    ^=ii(x)     (see  5.1.3) 
Jo   In  ^ 

4.2.  Exponential  Function 
Series  Expansion 


4.2.1 


6^=exp2=l+^+|j+|j+ 


•     (z=x-\-iy) 
where  e  is  the  real  number  defined  in  4.1.16 

Fundamental  Properties 

4.2.2  Ln  (exp  2)  =  2  +  2^x2     (k  any  integer) 

4.2.3  In  (exp  2)  =  2     (  — 7r<^2<7r) 
exp  (In  2)  =  exp  (Ln  z)  =  z 

d 


4.2.4 
4.2.5 


dz 


exp  2= exp  z 


Definition  of  General  Powers 

4.2.6  If  N=a',  then  2=Loga  N 

4.2.7  a*=exp  (2  In  o) 

4.2.8  If  o=|o|  exp  (i  arg  o)     (  — 7r<arg  a<ir) 

4.2.9  |o^|  =  |o|'e -"*'«" 

4.2.10  arg  ia')  =  y  hi  |o|4-a;  arg  o 

4.2.11 

Ln  a''=z  In  a     for  one  of  the  vahies  of  Ln  o* 

4.2.12  In  a''  =  x  In  o     (o  real  and  positive) 

4.2.13  \e'\  =  e' 
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4.2.14  i\rg{e')  =  y 

4.2.15  a">a^  =  a"'+''2 

4.2.16  a'b'=(aby  (-7r<ftrg  a+arg  6<7r) 
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Special  Values  (see  chapter  1) 


/                                                                           ^ 

2  0 

/                                                                   ^                      ■' 

1  6 

•V 

^ 
^ 

12 

1-^^^ 
^ 

C 

^ 

.a 

"••-•'' 

^                              «ln«,'' 

• 

>'^..                                         ,-''                      ln« 

.4 

^^ 

-'' ! 

^ 

,^^^-  -^^ ..., 

^ 

_^>^"                                                         ~ -■ 

- 

.-^'    1                                                          2 

~-, 

.---  / 

-4 

/ 

■ 

/ 

-.8 

" 

/ 
/ 

-1.2 

" 

/ 

Figure  4.2.    Logarithmic  and  exponential  Junctions . 

Periodic  Property 

4.2.17  g^+2'*-  =  gZ  (Jt  any  integer) 

Exponential  Identities 

4.2.18  g«ie^=g^i+^2 

4.2.19  (e^i)^  =  e-i^  (-7r<J^3i<7r) 

The  restriction  (  — x<J^2i<7r)  can  be  removed 
if  22  is  an  integer. 

Limiting  Values 
4.2.20 

lim  z''e~^=0    (|arg2|<^7r— c<^7r,    a  constant) 


4.2.21 


lim  Ci+Ay=, 


4.2.22 

e-2.7 

4.2.23 

6°=1 

4.2.24 

ao 

e    =  CO 

4.2.25 

e-"=o 

4.2.26 

e±''=- 

4.2.27 

e  2  =±' 

4.2.28 

e2'*'  =  l 

1     (k  any  integer) 

Exponential  Inequalities 

If  X  is  real  and  different  from  zero 


4.2.29 

e  ^-^<l-x<e-'     (x<l) 

4.2.30 

^>l+x 

4.2.31 

^'<ll,     (x<l) 

4.2.32 

^<:(i-e-^)<:x  (x>-i) 

4.2.33 

X<(^-1)<^       (X<1) 

4.2.34 

l+x>eH^     (x>-l) 

4.2.35 

e^>l+|^     (/i>0,     i:>0) 

ft  • 

4.2.36     g^>(^i+0''>6^+''     (x>0,     y>0) 


4.2.37 


e-^<l-|     (0<x<  1.5936) 


4.2.38  l|2!<|e^-l|<Z|2|     (0<|2|<1) 

4.2.39  |e^-l|<e'^'-l<|2|e'^'     (aU  2) 


Continued  Fractions 


4.2.40 


1      z      z      z      z      z      z 
1^1+2^3+2^5+2^ 

z      z      z      z      z      z 


=1+ 
=1+ 


1-  2+  3-  2+  5-  2+  7-  •  •  ■ 

2  274-3  2V4-15  274-35         274(4^i2-i) 


4.2.41       e^-e„_,(2): 


(1-2/2)+    1+        1+         1+     •••         1  + 
'        n\z ^^  (71+1)2         22         (71+2)2 


(Nl<~) 
(kKoo) 

.-(|2|<co) 
32 


n!-  (n+l)+  (n+2)-  (7i+3)+  (w+4)-  (7^+5)+  (/i+G)- 


.  ..(I^Kco) 


(For  e„(2)  see  6.5.11) 


4.2.42 


2a  arctan 


:=1  + 


z-a-V  32+   52+   72+  ■  •  ■ 
(2  in  the  cut  plane  of  Figure  4.4.) 

Polynomial  Approximations  * 

4.2.43  0<a;<ln2  =  .693.  .  . 

e~''=l+ai2+a2a;^+e(x) 
|e(x)|<3X10-3 
ai  =  — .9664       a2=.3536 

4.2.44  0<x<ln2 

e~-'=l+ai2+a2X^+a3X^+042*+€(x) 
|€(x)|<3X10-5 
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Approximations  in  Terms  of  Chebyshev  Polynomials  * 
4.2.48  ^<X<\ 

Tt(x)=cos  ltd,     cos  0=2j:— 1  (see  chapter  22) 


2a      a2  +  la2+4a2+9 


ai=-. 99986  84 
02=     .49829  26 


^3=-.  15953  32 
04=     .0293641 


4.2.45  0<a-<hi2 


+a6-c^+a7a;^+e(x) 


|e(a;)|<2X10- 


ai=-. 99999  99995 
^2=  .49999  99206 
^3=-.  16666  53019 
Gi^     .04165  73475 


a5=-. 00830  13598 
ae=  .00132  98820 
a7=-.00014  13161 


4.2.46  5  0<a:<l 

10-'=(l+ai2+a2X^+a3X^+a4X*)'^+€(x) 
|e(a;)|<7X10-* 


ai  =  1.14991  96 
a,=   .67743  23 


^3=. 20800  30 
a4=.  12680  89 


4.2.47  0<a:<l 

1 0  ^  =  ( 1  +  ttix + 02^^ + ttsa^ + a4X* + ^52:^ 

+a6X^+a7a;")2  +  e(x) 
|€(x)|<5X10-« 


ai=l.  15129  277603 
a2=  .  66273  088429 
03=  .  25439  357484 
04=   .  07295  173666 


05  =  .  01742  111988 
06=- 00255  491796 
07^.00093  264267 


*  The  approximations  4.2.43  to  4.2.43  are  from  B.  Carl- 
son, M.  Goldstein,  Rational  approximation  of  functions, 
Los  Alamos  Scientific  Laboratory  LA- 1943,  Los  Alamos, 
N.  Mcx.,  1955  (with  permission). 

*  The  approximations  4.2.46  to  4.2.47  are  from  C.  Ha.st- 
inps,  Jr.,  Approximations  for  dipital  computers.  Princeton 
Univ.  Press,  Princeton,  N.J.,  1955  (with  permission). 


e'-- 

=2  A^Tlix) 

n=0 

e~ 

71=0 

n 

An 

n 

A. 

0 

1.  75338  7654 

0 

.  64503  5270 

1 

.  85039  1654 

1 

-.31284  1606 

2 

.  10520  8694 

2 

.03870  4116 

3 

.  00872  2105 

3 

-.  00320  8683 

4 

.  00054  3437 

4 

.00019  9919 

5 

.00002  7115 

5 

-.00000  9975 

6 

.00000  1128 

6 

.  ^'^OOO  0415 

7 

.  00000  0040 

7 

-.00000  0015 

8 

.  00000  0001 

Differentiation  Formulas 


dz 


e'=e' 


d^ 
dz'' 


--a'^e" 


-—  a'=a'  In  a 
dz 


dz 


z''=az" 


dz 


2'=(l+hi  z)z' 


4.2.49 
4.2.50 
4.2.51 
4.2.52 
4.2.53 

4.2.54 

4.2.55 

z''e'"dz=-^i[{az)"-n(az)''-^-\-n(n-l)(azy-^ 

+  .  .  .  +(-l)"-'n!(a2)+(-l)'*/i!]     (n>0) 
4.2.56 

J^^^=-(,,_l),n-.+^^J^^3     (^>1) 

(See  chapters  5,  7   and  29  for  other  integrals 
involving  exponential  functions.) 

4.3.  Circular  Functions 
Definitions 


Integration  Formulas 


{e"dz-=e'''ja 


4.3.1 
4.3.2 


sm 


e"— e 


2i 


{z=xAriy) 


cos  2=- 


e''  +  e- 


*  The  approximations  4.2.48  are  from  C.  W.  Clen.shaw, 
Polynomial  approximations  to  elementarv  functions, 
Math.  Tables  Aids  Comp.  8,  143-147  (1954)  (with  per- 
mission). 
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4.3.3 
4.3.4 
4.3.5 
4.3.6 
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tan  2=- 


Slll   z 


CSC 


sec  Z-- 


cot  z- 


cos  z 

1 

sin  2 

1 

cos  2 
1 


tan  2 
Periodic  Properties 
4.3.7     sin  (2+2Ar7r)=sin  2  (^  any  integer) 


4.3.8 
4.3.9 


cos  (2+2^7r)  =  COS  2 

tan  (2+A:7r)  =  tan  2 
y 


sin  X CSC  X 

cosx        sec  X 

tan  X        cot  X 


Figure  4.3.     Circular  junctions. 

Relations  Between  Circular  Functions 

sin^  2  +  cos2  2=1 
sec^  2— tan^  2=1 
csc^  2  — cot^  2=1 
Negative  Angle  Formulas 
sin  (  —  2)  =  — sin  2 
cos  (  — 2)  =  cos  2 
tan  (—2)  =  — tan  2 
Addition  Formulas 
4.3.16     sin  (2i  +  22)=sin  z^  cos  22  +  cos  2i  sin  z-i 


4.3.10 
4.3.11 
4.3.12 

4.3.13 
4.3.14 
4.3.15 


4.3.17     cos  (21 +  22)=  cos  2i  cos  22  — sin  Zi  sin  22 
tan  2i  +  tan  22 


4.3.18     tan  (21  +  22)  = 


4.3.19     cot  (21  +  22)  = 


1  — tan  2i  tan  22 
cot  2i  cot  22—1 


cot  22+ cot  2i 
Half-Angle  Formulas 


<  Q  on         -2        ,  /I— cos  Z\h 

4.3.20  sin  2=  ±(^^2—) 

4.3.21  oos|=±(i±fii)* 

.   g  00       ^-         2         I   /I  — cos  2\5       1 

4.3.22  tan-=±(— )  =- 

2         \l+cos  2/ 


— cos  2 


sin  2 


sin  2        1+cos  2 


The  anibiguit}'  in  sign  may  be  resolved  with  the 
aid  of  a  diagram. 

Transformation  of  Trigonometric  Integrals 


If  tan  ^=2  then 


4.3.23    sin  w= 


22 


cos  u- 


1  +  2^  1+22 

Multiple-Angle  Formulas 

2  tan  2 


>    au=T-, — n  dz 


1+22 


4.3.24     sin  22=2  sin  2  cos  2= 


l+tan2  2 

4.3.25     cos22=2cos2  2  — 1  =  1— 2sin2  2 

,         .  „       1  — tan^g 

=cos^  2— sin^  z=—-— — 5— 

l+tan^2 

2  tan  2        2  cot  2 


4.3.26     tan  22= 


1  — tan2  2     cot2  2— 1     cot  2— tan  2 

4.3.27  sin  32=3  sin  2—4  sin^  2 

4.3.28  cos  32=  — 3  cos  2+4  cos^  z 

4.3.29  sin  42=8  cos^  2  sin  2—4  cos  2  sin  2 

4.3.30  cos  42=8  cos^  2—8  cos^  2+I 

Products  of  Sines  and  Cosines 

4.3.31  2  sin  21  sin  22=cos  (21— 22)  — cos  (21  +  22) 

4.3.32  2  cos  2i  cos  22=cos  (21— 22)+cos  (21  +  22) 

4.3.33  2  sin  21  cos  22=sin  (21  — 22)+sin  (21+20) 

Addition  and  Subtraction  of  Two  Circular   Functions 

4.3.34 

Sin  2i+sin  22  =  2  sin  I  — ~ —  I  cos(  — ^ — I 


fZi  +  Z-A     .      /2i  — 22\ 


4.3.35 

sin  Ti— sin  z 
4.3.36 

COS  2i+COS  22  =  2  COS  I   — r 1  COS  ( 1 

4.3.37 

cos  2i  — COS 
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4.3.38 

tan  2i±tan  22= 


.      /2i+22\     .      /2i  — 22\ 

22= -2  SID  (^-2- j  Sin  (^-^-^ 

sin  (21  ±  22) 


4.3.39 

cot  2i±C0t  22  = 


COS  2i  COS  22 

sin  (22±2i) 


sin  2i  Sin  22 
Relations  Between  Squares  of  Sines  and  Cosines 

4.3.40 

sin^  2i— sin^  22= sin  (21  +  22)  sin  (21—22) 


cos2  2i— cos2  22=— sin  (21+22)  sin  (21—22) 


4.3.42 


cos2  2i— sin2  22= cos  (21  +  22)  cos  (21—20) 


4.3.43 


Signs  of  the  Circular  Functions 
in  the  Four  Quadrants 


Quadrant 

sin 

cos 

tan 

CSC 

sec 

cot 

I 

+ 

+ 

+ 

II 

+ 

— 

III 

— 

+ 

IV 

+ 

4.3.44 

Functions  of  Angles  in  Any  Quadrant  in  Terms  of  Angles  in  the  First  Quadrant.  (0  <0<-,     k  any  integer) 


-Q 

I« 

TT±B 

f.. 

2kir±e 

sin 

—  sin  B 

cos  Q 

+  sin  Q 

—  COS  B 

±sin  B 

cos 

cos  Q 

+  sin  Q 

—  COS  B 

±sin  B 

+  C0S  B 

tan 

—  tan  Q 

+  cot  Q 

±tan  B 

+  cot  B 

±tan  B 

CSC 

—  CSC  B 

+  sec  Q 

+  CSC  B 

—  sec  B 

±csc  e 

sec 

sec  Q 

+  CSC  d 

—  sec  B 

±csc  B 

+  sec  B 

cot 

—  cot  B 

+  tan0 

±cot  B 

+  tan  B 

±cot  ^ 

4.3.45 


Relations  Between  Circular  (or  Inverse  Circular)  Functions 


sin  x  =  a 

cos  x=a 

tan  a;=a 

CSC  a:=a 

sec  z=a 

cot  x  =  a 

sin  a; 

a 

(1-a^)* 

a(l+a2)-i 

a-i 

a-'(a2-l)i 

(i+O-^ 

cos  X 

(1-a^)^ 

a 

(l+a=^)-* 

a-i(a2-i)i 

a-' 

a(l+a2)-i 

tan  X 

a(l-a2)-i 

a-Hl-a2)i 

a 

(a^-l)-i 

(a^-D* 

a-' 

esc  a: 

a-i 

(1-a^)-* 

a-'(l+a')* 

a 

a(a2-l)-» 

(l+a')» 

sec  x 

H-a')-^ 

a-' 

(l+a^)* 

a(a2-l)-» 

a 

a-Hl+a')* 

cot  X 

a-i(l_a2)i 

a(l-a2)-i 

a-' 

(a^-D* 

(a^-l)-» 

a 

(0<x<-j    Illustration:   If  sin  x=a,  cot  x=a  '(1— a^)* 

arcsec  a=arccot  (a^— 1)~* 
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4.3.46     Circular  Functions  for  Certain  Angles 

0 
0° 

0 

7r/12 
15° 

^/6 
30° 

^/4 
45° 

7r/3 
60° 

sin 

^(V3-l) 

1/2 

V2/2 

V3/2 

cos 

1 

f  U^+1) 

>^/2 

V2/2 

1/2 

tan 

0 

2-V3 

V3/3 

1 

V3 

CSC 

00 

A^(V3+1) 

2 

A^ 

2^^3/3 

sec 

1 

V2(V3-1) 

2V3/3 

V2 

2 

cot 

00 

2+^^ 

^'3 

1 

>^/3 

5t/12 
75° 

W2 
90° 

77r/12 
105° 

27r/3 
120° 

sin 

f  (V3  +  1) 

1 

f  (V'3  +  1) 

A^/2 

cos 

^^          r- 

0 

— v'2      - 
4     (V3     1) 

-1/2 

tan 

2+a''3 

00 

-(2+^^) 

-A^ 

esc 

V2(V3-l) 

1 

^|2{^[2>-\) 

2V3/3 

sec 

V2(V3  +  1) 

00 

-^,l2{^|^+\) 

-2 

cot 

2-y^ 

0 

-(2-V^) 

->'3/3 

37r/4 
135° 

57r/6 
150° 

ll7r/12 
165° 

TT 

180° 

sin 

V2/2 

1/2 

fM-1) 

0 

cos 

-V2/2 

-V^/2 

=^U3  +  l) 

-1 

tan 

-1 

-V3/3 

-(2-V3) 

0 

CSC 

a2 

2 

V2(V3  +  1) 

00 

sec 

-t^ 

-2^^/3 

-^^(V3-l) 

—  1 

cot 

—  1 

-v^ 

-(2+A/3) 

00 

4.3.47 


Euler's  Formula 

g^=g^+'<'  =  gi  (cos  y-\-i  sin  y) 


De  Moivre's  Theorem 
4.3.48      (cos  2  +  z  sin  2)''  =  cos  vz-\-i  sin  vz 

{  —  ■K<^^z<-K  unless  v  is  an  integer) 
Relation  to  Hyperbolic  Functions  (see  4.5.7  to  4.5.12) 


4.3.49 
4.3.50 
4.3.51 
4.3.52 
4.3.53 
4.3.54 


sin  z=—i  sinh  iz 
cos  2= cosh  iz 
tan  2=— z  tanh  iz 
esc  2  =  f  csch  iz 
sec  2  =  sech  12 

cot  Z  =  i  COth  22 


Circular   Functions  in  Terms   of  Real  and  Imaginary 
Parts 

4.3.55  sin  2=:siu  x  cosh  y+i  cos  x  sinh  y 

4.3.56  cos  2= cos  x  cosh  y—i  sin  x  sinh  y 

sin  2x-f  i  sinh  2y 


4.3.57  tan 

4.3.58  cot  2= 


cos  2j;+cosh  2?/ 
sin  2x—  I  sinh  2i/ 


cosh  2?/— cos  2x 
Modulus  and  Phase  (Argument)  of  Circular  Functions 

4.3.59  |sin   2|  =  (sin2  j-j-sinh^  y)^ 

=  [\   (cosh  2?/-cos  2x)]i 

4.3.60  arg  sin  2  =  arctan  (cot  x  tanh  y) 

4.3.61  I  cos   2|  =  (cos2   jj-j-sinh^   y)^ 

=  [\   (cosh  21/ + cos  2x)]* 
arg  cos  2=— arctan  (tan  x  tanh  y) 


4.3.62 
4.3.63 

4.3.64 
4.3.65 


,     /cosh  2v— cos  2x\2 

Itaii  2l={ r-Frn TT- ) 

'  \cosh  2?/+ cos  2x/ 

/sinh  2?/\ 

arg  tan  2  =  arctan  I  — : — ^r—  ) 

^  \  sm  2x  J 

Series  Expansions 


Sin  z^z- 


1!,  ^ 
"31+5 


1-7!+  •  • 


4.3.66 


2}     2*    z^ 
cos  2  =  l-2!+4!-6!+ 


(NK") 


(|2|<=o) 


I 
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4.3.67 

,   Z^   ,   22"  ,    172^  , 
(_l)n-l22n(22n_l)5, 


(2n)! 


+ 


(i^i<i) 


4.3.68 


_1        2       J^      3    1         31 

CSC  2     2  +  6~^360^  "^15120 


z^-\- 


(-l)"-^2(2^"-^-l)^.„  ,,„_, 
+  (2n)!  "        ^ 

4.3.69 

^    ,    22       52^,    6l2\ 


(NK^) 


2  '  24  '  720 


(2n)!  ^ 


('^'<0 


4.3.70 


cot  2  = 


4.3.71 


1  2       2^        22^ 

2  3     45     945" 

(-1)"-122"52 


(2n)! 


^  -,2n-l 


sin^_   "      (-l)"22"-^^2n      o„ 

2        ;fri         n{2n)\ 
4.3.72 

^(_l)n22n-l(22n_l)^ 
In  cos  2  =  yj  ^ ^ j—-^, '2n 


n(2n)\ 


(NK^) 


(I^K^) 


(|2|<^) 


4.3.73 


In  tan  2_^  (-l)n-l22n(22n-l_l)^^^  ^^^ 

2        ;^i  n(2n) ! 

(|2|<^) 


where  5„  and  En  are  the  Bernoulli  and  Euler 
numbers  (see  chapter  23). 


4.3.74 
4.3.75 
4.3.76 
4.3.77 
4.3.78 


Limiting  Values 

,.      sin  X     , 
lim =1 

,.      tan  X     , 
nm =1 


lim  n  sin  -=2; 
lim  n  tan  -=x 

n->oo  /l/ 

lim  cos  -=1 

71— >oo  Th 


Inequalities 

4.3.79  ^HL^>^ 

X  IT 


4.3.80  sinx<x<tanx 


4.3.81  cosx<^i^<l 


4.3.82  7r<-^J^<4 

x{l  —  x)~ 

4.3.83  |sinh  y\  <  |sin  z\  <  cosh  y 

4.3.84  |sinh  y\  <  |cos  z\  < cosh  y 

4.3.85  |csc  2|<csch|y| 

4.3.86  |cos  2|<cosh|2| 

4.3.87  |sin  2|<sinh|2| 

4.3.88  |cos2|<2,     |sin2|<^|2| 


(-i<^<0 

(0<x<|) 

(0<a;<7r) 
(0<2;<1) 


(|2|<1) 


4.3.89 
4.3.90 

4.3.91 
4.3.92 
4.3.93 


sm  2 


cos  2 


Infinite  Products 

_   "     /  42^^  \ 

~5A       (2^:-!)^=^; 


Expansion  in  Partial  Fractions 

cot  z=i+22  S  -^, 


csc^  2=  y^, 


(2  5^0,±7r,±27r,  .  .  .) 


1 


k^o.  (z  —  kiry 

i2  9^0,±ir,±2Tr,  .  .  .) 

1  0=      (—1)* 
CSC  2=-  +  22  S  -^^ 7^-^ 

2  '       fcTi  2^— A:V 

(2?^0,±7r,±27r,  .  .  .) 

Continued  Fractions 


.   „  ^.  2        2^       2^       2^ 

4.3.94      tan2=— —  —  ^ 


G^i±^0 


4.3.95 


tan  az- 


a  tan  2  (l-a")  tan^  2  (4-a'')  tan'  z 


1  + 


3  + 


5+ 


(0-«;Man-^..(_^<^,<;,    ,,^^±„.) 
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4.3.96 
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Polynomial  Approximations  ' 


Sin  X 


0<.<2 


\-\-aiX^^a^x''-\-t{x) 


4.3.97 


sin  X 


|€(a:)|<2X10-'' 
.16605  04=. 00761 


0<x<| 


■■  1  +a2a"''+a42"*+062'®+a8a:®+aiox'°+  t{x) 

|e(a:)|<2X10-« 

08=      .00000  27526 
0,0= -.00000  00239 


a2= -.16666  66664 
04=  .00833  33315 
06= -.00019  84090 

4.3.98  0<2-<: 


cos  2  =  1  +  OoX^  +  04^*  +  €  (j) 

l«(x)l<9X10-* 
0.=  — .49670  04=. 03705 


4.3.99 


o<.<| 


COS  x=l+a2z2^a4X*+06X^+08X*+aioa:'°+c(j") 
|€(x)l<2X10-^ 


02= -.49999  99963 
04=  .04166  66418 
06= -.00138  88397 

4.3.100 


08=  .00002  47609 
0,0= -.00000  02605 


4 


tan  J- 


=  1  +  OoX^ -f  a4j:* -f  €  ( x) 


|e(x)|<lX10-3 
02=. 31755       a4=. 20330 


'  The  approximations  4.3.96  to  4.3.103  are  from  R.  Carl- 
son, M.  Goldstein,  Rational  approximation  of  function.s, 
Los  Alamos  Scientific  Laboratory  LA-1943,  Los  Alamos, 
N.  Mex.,  1955  (with  permission). 


4.3.101 

tan  X 


4 


=  l+a2X^+a4-r*+a6-c^+o«x^+aio-p"' 
a. 

+aj2x'2+c(x) 

|c(2)|<2X10-» 

02=. 33333  14036  03=. 02456  50893 
04  =  . 13339  23995  0,0=. 00290  05250 
06=. 05337  40603       0,2=. 00951  68091 


4.3.102  0<x<  T 

4 


X   cot  Z=l+02X*+04X*+c(x) 

|€(x)|<3X10-'^ 
02= -.332867       04= -.024369 


4.3.103  0<2<  T 

4 


X  cot  j:=l-|-a2-c^+a4-t*+a6a^®+a8"C*+aioa;^°+«(j') 
|e(x)|<4X10-'° 


08= -.00020  78504 
a,o= -.00002  62619 


02= -.33333  33410 
04= -.02222  20287 
a6=-.00211  77168 

Approximations  in  Terms  of  Chebyshev  Polynomials  ^ 

4.3.104  -l<x<l 

r*(z)  =  cos7i5,  cose=2z— 1     (see  chapter  22) 


sin  \t:x=x  X;  AJlix") 

n=0 


n=0 


n 

A^ 

0 

1.27627  8962 

1 

-.28526  1569 

2 

.00911  8016 

3 

-.00013  6587 

4 

.00000  1185 

5 

-.00000  0007 

n 

A„ 

0 

.47200  1216 

1 

-.49940  3258 

2 

.02799  2080 

3 

-.00059  6695 

4 

.00000  6704 

5 

-.00000  0047 

"  The  approximations  4.3.104  are  from  C.  W.  Clenshaw, 
Polvnomial  approximations  to  elementary  functions, 
Math.  Tables  Aids  Comp.  8,  143-147  (1954)  (with  per- 
mission) . 

•See  page  n. 
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Differentiation  Formulas 


4.3.105 

d    . 

-J-  sin  2  =  cos  2 
dz 

4.3.106 

d 

-r-  COS  2=— sm  z 
dz 

4.3.107 

-5-  tan  2=sec''  z 
dz 

4.3.108 

T-  CSC  2=— CSC  z  cot  z 
dz 

4.3.109 

-J-  sec  2=sec  z  tan  z 

4.3.110 
4.3.111 
4.3.112 

4.3.113 
4.3.114 


dz 


-r  cot  2  =  — csc'^  z 
dz 


cos  2  =  COS 


d^ 
dz"" 

Integration  Formulas 

sin  zdz  =  —  c-osz 


/' 


J 


cos  zdz=s\.iiz 


4.3.115       I  tan  zdz  =  —\n  cos2=ln  sec 2 
4.3.116 

/CSC  zdz=\n  tan  ?:=ln  (esc  2— cot  2)=^  In-- 
2                                    2      1+cos  2 

4.3.117 

I  sec2(/2=ln(sec24-tan2)=lntan  (  j+- Wgd~'  (2) 
=Inverse  Gudermannian  Function 
gd  2=2  arctan  e^—-^ 

4.3.118       I  cot  2(f2=ln  sin  2  =  — In  esc  2 
4.3.119 

I  2"sin2c?2=  — 2"  cos  z-\-n  I  2"~*  cos  zdz 

4.3.120 

J  sin  2  ,  —sin  2     ,      1      f  cos  2  ,         /  ^  ,x 

2"  (7^— 1)2"   '  '  /'  — Ij  2""'  ^  ^    ' 


4.3.121 


J 


sin^  2 


dz  —  —  z  cot  2+ln  sin  2 


4.3.122 


Jz  dz  _      — ; 
sin"  2     (n—  1 


2  cos  2 


4.3.123 


)sin"-'2     (n— 1)  (n— 2)sin"-2  2 

■  {n-2)  C    zdz 
'^(n-l)Jsm"-'z^'^^'^^ 

I  2"  cos  zdz  =  z''  sin  2— ?i  I  2""' 


sin  2  6^2 


4.3.124 


J  cos  2,  cos  2  1      fsin  2  ,     .  -^  ,x 

h 


4.3.125 

4.3.126 

2  dz 


-dz=z  tan  2+ln  cos  2 


J 


2  sin  2 


1 


cos"  2     (ri— 1)  cos"~'2     (n— 1)  (?i— 2)  cos"~2  2 
An-2) 


4.3.127 


f 


sin'"2  cos" zdz  =^ 


(n 


sin'"+'  2  cos"   ^  2 


-2)  f    zdz     .  ... 


m+n 

+  ,      I    .  I  sin'"  2  cos"-2  2  d2 
(m+n). 


Jsi, 


in+l 


(m+n) 


f 


sin"*  2  2  cos"  2  </2 


(w?^— 7l) 


4.3.128 


/ 


C?2 


sin™  2  cos"  2     (n— 1)  sin"*   '  2  cos"  '  2 

m+n— 2  r  c?2 


t+n— 2  r 


sin"*  2  cos"  ^  2 


(n>l) 


-1 


(m— 1)  sin"*"*  2  cos"  '  2 

m+n— 2  r  rfg 


m- 


-f 
1    Ji 


sin"*  2  2  cos"  2 
(m>l) 


4.3.129  rtan"2(/2=^-^^^- rtan"-2  2(/2    (n?^l) 

4.3.130  {Q,oV'zdz=-^^_^^-  rcot"-2  2d2  (n?^!) 
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dz 


k 
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4.3.141 


arctan 


"'""(i)+^    (a 


(a^>b^) 


+6  sin  2     (a^-i^)*"'""^""      (a^-ft^)* 

ataii('|')+6-(62-a2)i 


1 


In 


4.3.132 

4.3.133 

dz 


u 


i        T\ 

(62>a2) 


(/2 


±sin  2 


=  Ttan 


(i^O 


J. 


2  (a— 6)  tan  2 

arctan 


+6  cos  2~(a2-62)j arctan     (^2_^2)j       {a^yh^) 


1 


■(62_a2)i 


In 


4.3.134 

4.3.135 
4.3.136 


dz  ^       z 
=tan- 

+  COS  2  2 


u 

C      dz 

J    1  — cos  2 


(6-a)  tan|+(62-a2)^ 

ih-a)  tan|-(62-a2)i 
(62>a2) 


.  2 
■cot- 


e°^  sin  hzdz=  2_i_/,2  (^  ^^^  62—6  cos  hz) 


4.3.137 


e°^  cos  hz  dz=        ,^  (a  cos  62+6  sin  62) 


4.3.138 


Je*"  sin"  hzdz= — ^.^  ,,  „  ^  (a  sin  hz—nh  cos  62) 


n(7i-l)62 


a^+n^^ft^ 


j  6""  sin"- 


62  (/2 


4.3.139 

/^  n  t       ;         ^^  COS"~^  62    ,  1      ,      1     •      ,     N 

e"  COS"  62  f/2  =  — ,  ,    „.„      (a  COS  62+716  Sin  hz) 

,n{n-l)h^r„  ,,     , 

I — n — iXr     ^    cos"  2  62  d2 

Definite  Integrals 

j    sin  mt  sin  nt  dt  =  0 

(m9^n,     m  and  M  integers) 


4.3.140 


/. 


cos  7nt  cos  Jit  dt  =  0 


Jsin^  nt  dt=  I    cos^Tif  dt==^ 
0  Jo  2 


4.3.142 


L 


sin  mt  j^    IT 

=0 


(nan  integer,     n?^0) 

(m>0) 
(m=0) 
(m<0) 


4.3.143 


J'°°  cos  at— 
0  <" 


cos  6^ 


dt =ln  (b/a) 


4.3.144     r  sin  t^  dt=  f   cos  t^  dt=^J^ 


4.3.145 


I      In  sin  i  </<=  I      \n  cos  t  dt=—- In  2 
Jo  Jo  2 


4.3.146 


p  CO 
Jo      1 


cos  7nt  „     TT     „ 


(See  chapters  5  and  7  for  other  integrals  involv- 
ing circular  functions.) 

(See  [5.3]  for  Fourier  transforms.) 

4.3.147 

Formulas  for  Solution  of  Plane  Right  Triangles 


li  A,  B  and  C  are  the  vertices  (C  the  right 
angle) ,  and  a,  b  and  c  the  sides  opposite  respective^, 


.a        1 
sm  A=-^= 


cos  -^1= 


c     CSC  A 

h_^     1 
c     sec  ^4 


I 


tan  xi=T= 


"6    cot.l 
versine  ^4=vers  .1=1  — cos  .^4 
coversine  -4= covers  .4  =  1— sin  .4 
ha  versine  .4=hav  A=\  vers  .4 
exsecant  -.4=exsec  ^=sec  -.4—1 


4.3.148 

Formulas  for  Solution  of  Plane  Triangles 
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In  a  triangle  with  angles  A,  B  and  C  and  sides 
opposite  a,  b  and  c  respectively, 


a 


sin  A    sin  B    sin  C 

^«^^=       2bc 

a=b  cos  C+c  cos  B 

a±b^t&n^{A±B) 
a  — 6~tan  ^(A—B) 

be  sin  A 


area= 


=[s{s-a)(s-b){s-c)]i 


s=^(a-\-b-\-c) 
4.3.149 

Formulas  for  Solution  of  Spherical  Triangles 


If  A,  B  and  C  are  the  three  angles  and  a,  b  and 
c  the  opposite  sides, 

sin  ^_sin  5_sin  C 
sin  a      sin  b      sin  c 

cos  a=cos  b  cos  c+sin  6  sin  c  cos  -A 

_cos  b  cos  (czbg) 
cos  6 

where  tan  0=tan  b  cos  A 

cos  ^=  — cos  1?  cos  C+sin  B  sin  C  cos  a 


4.4.1 


4.4.2 


4.4.3 


arcsni  2= 


arccos  2= 


p      dt 
Jo  (1-'^^* 


<2)i 


(2  =  x+i?/) 


J.  (1 


(/^ 


•<2)i 


=x— arcsin  z 


arctan  z 


Jo   l+«'     2" 


■arccot  2 


The  path  of  integration  must  not  cross  the 
real  axis  in  the  case  of  4.4.1  and  4.4.2  and  the 
imaginary  axis  in  the  case  of  4.4.3  except  possible- 
inside  the  unit  circle.  Each  function  is  single- 
valued  and  regular  in  the  2-plane  cut  along  the 
real  axis  from  —  »  to  —  1  and  +1  to  +  »  in  the  case 
of  4.4.1  and  4.4.2  and  along  the  imaginary  axis 
from  i  to  ioo  and  —i  to  —im  in  the  case  of  4.4.3. 

Inverse  circular  functions  are  also  written 
arcsin  2  =  sin~'  z,  arccos  2  =  cos~'  z,  arctan  z 
=  tan~^  2, 


When 
real  and 

4.4.4     — 

4.4.5 

4.4.6 

4.4.7 

4.4.8 

4.4.9 


l<x<l,  arcsin  x    and    arccos    x    are 

^x  <  arcsin  x  <  ^w,        0  <  arccos  x<ir 

—  ^7r<arctan  x<|7r 

arccsc  2= arcsin  I/2 

arcsec  2= arccos  I/2 

arccot  2= arctan  I/2 

arcsec  2+ arccsc  z=^t 

(see  4.3.45) 


0  +1 


arcsin  z  and 
arccos z 


orcton  z 


0  +1 


orccsc  z  ond 
orcsec  z 


orccot  z 


Figure    4.4.     Branch    cnU   jor    inverse    circulai 
functions. 
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Fundamental  Property 

The  general  solutions  of  the  equations 

sin  t—z 

cos  t  —  z 

tan  t=z 
are  respectively 

4.4.10  ^  =  Arcsin  2=(— 1)*  arcsin  z+kir 

4.4.11  ^=Arccos  2=±arccos  2  +  2A:7r 


4.4.12 

^=Arctan  2  =  arctan  zArkir 

where  k  is  an  arbitrar^^  integer. 


{z-'r^-l) 


4.4.13     Interval  containing  principal  value 

y  X  positive        x  negative 

or  zero 

arcsin  a;  and  arctan  X     0<7j<irl2     —ir/2<y<^0 

arccos  x  and  arccot  a;     0<y<7r/2         7r/2<?/<7r 

arcsec  x  and  arccsc  x    0<y< 7r/2     —T<y<  —  it  12 


y 

orccot  X                          \orccos  x 

-3.0 

— ^v. 

-2.5 

-2  0 

orcsec  x                    ^'orccsc  x 
'"" •■ -^'^ 

'^ 

1.1 

-1.0 
-.5 

^ 

^t^^CIZ 

1               1               ■                1 

0 

'.                  ,                 ,                  , 

-2.0           -P.5           -1.0           -.5 

^^■'^ 

.5 

1.0               U5               2.0              2.5 

_^  ^■::^^ 

--.5 

orcton  X      —  - —  y^ 

--1.0 

orcsin  X 

orccos  1 

/orcsin  X 

-I.S 

QfClan  X 

arccsc  x 

orccol  I 

Figure  4.5.     Inverse  circular  junctions. 

Functions  of  Negative  Arguments 

4.4.14  arcsin  (  —  2)  =  — arcsin  z 

4.4.15  arccos  (  — 2)  =  7r— arccos  2 

4.4.16  arctan  (  — 2)  =  — arctan  2 

4.4.17  arccsc  (  —  2)  =  — arccsc  2 

4.4.18  arcsec  (  — 2)  =  tt— arcsec  2 

4.4.19  arccot  (  — 2)  =  7r  — arccot  2 

Relation  to  Inverse  Hyperbolic  Functions  (see  4.6.14  to 
4.6.19) 

4.4.20  Arcsin  z——i  Ai'csinh  iz 

4.4.21  Ai'ccos  2=  ±2  Ai'ccosh  2 

4.4.22  Arctan  2=—z  Arctanh  22       {z^9^  —  \) 


4.4.29  Arccsc  x 

4.4.30  Arcsec  x 


4.4.23  Arccsc  2=z  Arccsch  iz 

4.4.24  Arcsec  2=  ±^  Ai'csech  2 

4.4.25  Arccot  z  =  i  Ai-ccoth  iz 
Logarithmic  Representations 

4.4.26  Arcsin  a-=  —  'iLn  [(l  —  x^) ^4- ■ia;]     (a:^<l) 

4.4.27  Arccos  2;=  — i  Ln  [x+i(l  —  a:^)']     (a;2<l) 

4.4.28  Arctan  x~-  Ln  .,  ,  .    =-  Ln  -; 

2         l-\-%  X    2         %—x 

(x  real) 

:-iLnp+'<^;-"']     (x=>l) 

4.4.31     Arccot  x=iLn(|±i)=iL„(£=|) 

(x  real) 

Addition    and    Subtraction    of   Two    Inverse    Circular 
Functions 

4.4.32 

Arcsin  21  ±  Arcsin  22 

=Arcsin  [zi{l-zl)^±Z2(l-2m 
4.4.33 

Arccos  2i  ±  Arccos  22 

=Arccos{2i22T[(l-2D(l-2i)]^] 
4.4.34 

/  2ii22  \ 

Arctan  21  ±  Arctan  22= Arctan  (  -=: ) 

\l-t-2i22/ 

4.4.35 

Arcsin  2i±  Arccos  22 

=Arcsin{2i22±[(l-2?)  (l-^DP) 

=Arccos[22(l-2f)iT2i(l-2i)*] 
4.4.36 

Arctan  21  ±  Arccot  22 

=Arctan  (il^)=Aiccot  (/^) 

KZiTZi/  \ZiZ2±l/ 

Inverse    Circular    Functions    in    Terms    of    Real    and 
Imaginary  Parts 

4.4.37 

Arcsin  2=^7r+(— 1)*  arcsin /3 

+  (-l)*^ln[a+(a2-l)i] 
4.4.38 

Arccos  2=2^ir±  {arccos/3— •iln[a+(a^— 1)^]} 


4.4.39 
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Arctaii  z—kTT-\-\  arctan  i         ^_  A 


where  k  is  an  integer  or  zero  and 
Series  Expansions 


4.4.40 

arcsin  2=2 


2-3^2-4-5^  2-4-6-7 


(I^KD 


4.4.41 


arcsin 


(!2|<2) 


] 


4.4.42 


arctan  ^=^""3  +  T"  7"+  •  • 


2      2^32^      hz=^ 


1+22  L 


1  + 


3  1+22  '  3 


(|2|<1  and22?^-l) 
.(|2|>land22  5^-l) 

(22^^-1) 


4.4.43    arctan  2= 


Continued  Fractions 

2         22     422    9^2    lg22 


4.4.44 


1+3+5+7+  9+  ■  •  • 
(2  in  the  cut  plane  of  Figure  4.4.) 

arcsin  2       2    1 -222  1 .222  3-422  3-422 


^1-22      1-    3-     5-     7-     9-   ••  • 

(2  in  the  cut  plane  of  Figure  4.4.) 
Polynomial  Approximations  ^ 
4.4.45  0<2:<1 

arcsin  x=-— (1  — a-)i(ao+aiX+a2x2-fa32:3)_|.g(j.) 

|€(x)|<5X10-5 

ao=    1.57072  88  ^2=     .07426  10 

ai=-.2121144  a3=-.01872  93 


'  The  approximations  4.1.4.1  to  4.4.47  are  from  C.  Hast- 
ings, .Jr.,  Approximations  for  riigital  computers.  Princeton 
Univ.  Press,  Princeton,  N.J.,  1955  (with  permission). 


arcsin  2;=-— (1— x)*(ao+aiX+a-2-f*+a3a::^ 

+a4Z*+a5X^+a6Z®+a7X^)  +c(x) 
|e(a:)|<2X10-« 
=   1.57079  63050  04=      .03089  18810 


a5= -.01708  81256 


ai= -.21459  88016 

a2=     .08897  89874  a6=     .00667  00901 

a3= -.05017  43046  07= -.00126  24911 

4.4.47  -l<a;<l 

arctan  x=aixAraz^-\-ag?^a^-£-\-a<^-^t{x) 

l^(x)|<io-^ 

ai=     .99986  60  07= -.08513  30 


03= -.33029  95 
05=      .18014  10 

4.4.48^° 


arctan  x^ 


1<X<1 

■•6(a:) 


.02083  51 


4.4.49  " 


1-f  .28x2 

|€(x)|<5X10-3 
0<x<l 


H:£i^:B^=l+X;a2*x2*+€(x) 

X  )t=l 


a,= -.33333  14528 
04=  .19993  55085 
a6= -.14208  89944 
ai=     .10656  26393 


e(x)|<2XlO-8 

ajo= -.07528  96400 
ai2=  .04290  96138 
a,4= -.01616  57367 
a,6-  .00286  62257 


"  .The  approximation  4.4.48  is  from  C.  Hastings,  Jr., 
Note  143,  Math.  Tables  Aids  Comp.  6,  68  (1953)  (with 
permission). 

"  The  approximation  4.4.49  is  from  B.  Carlson,  M.  Gold- 
stein, Rational  approximation  of  functions,  Los  Alamos 
Scientific  Laboratory  L.\-1943,  Los  Alamos,  N.  Mex., 
1955  (with  permission). 
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Approximations  in  Terms  of  Chebyshev  Polynomials  '^ 

4.4.50         -i<2;<i 

T*(a;)=cos  nd,        cos  ^=2x— 1    (see  chapter  22) 


arctan  z=x  Z)  ^nTt{x^) 

n=0 


n  A„ 

0  .88137  3587 

1  — . 10589  2925 

2  .01113  5843 

3  -.00138  1195 

4  .00018  5743 

5  -.00002  6215 


n  A„ 

6  . 00000  3821 

7  -.00000  0570 

8  .00000  0086 

9  -.00000  0013 
10  .00000  0002 


For  |a:|>l,  use  arctan  2:= ^tt— arctan  (l/x) 
4.4.51  -i^f2<x<^^l'2 


arcsin  x=x  J2  AnTt{2x^) 


0<x<iv'2 


arccos  x—jt—x  ^  A„Tl{2x^) 

n=0 


n  A^ 

0  1. 05123  1959 

1  .05494  6487 

2  . 00408  0631 

3  .00040  7890 

4  .00004  6985 


A„ 

.  00000  5881 
.00000  0777 
.00000  0107 
.00000  0015 
.00000  0002 


For|-v2<x<l,  use  arcsin  x= arccos (l—x^)*,   arc- 
cos  x=arcsin  {l—x^)K 


4.4.52 


4.4.53 


4.4.54 


4.4.55 


4.4.56 


Differentiation  Formulas 


-T  arcsin  2  =  (1  — 2^)   * 
dz 


dz 


arccos  z  —  —  {\  —  z^)~^ 


d        ^  1 

dz  ^^^'^^"  ^"==1+1^ 


d  ^  -1 

-J-  arccot  3=— — - 
dz  1+2=' 


d  1 

-J-  arcsec  2  =—7-5 — tw 


"  The  approximations  4.4.30  to  4.4.51  are  from  C.  W. 
Clenshaw,  Polvnomial  approximations  to  elementary 
functions,  Math.  Tables  Aids  Comp.  8,  143-147  (1954) 
(with  permission). 


4.4.57  -r-  arccsc  2= ^— — -^i 

dz  2(22—1)* 

Integration  Formulas 

4.4.58  I  arcsin  2  dz  =  z  arcsin  2  +  (l  — 2^)* 

4.4.59  I  arccos  z  dz=z  arccos  2— (1  — 2^)* 

4.4.60  arctan  2  dz=z  arctan  2  —  ^  In  (1+2^) 

4.4.61 

I  arccsc  z  dz—z  arccsc  2±ln  [2+(2*— 1)*] 


0<arccsc  2<- 


x<arccsc  2<0 

4.4.62 

I  arcsec  2  dz=z  arcsec  2 Tin  [z-\-{z^—l)^ 

0<arcsec  z<^- 


-< arcsec  z<CTr 


4.4.63 


I  arccot  2  dz=^z  arccot  z-\r\  In  (1+2^) 
\z  arcsin  2  ^^'=^\~^~~i)  arcsin  2+-  (1  —  2^)^ 


4.4.65 


/^" 


,n+l 


arcsin  2  dz^= — -^  arcsin  2 


71+1 


1    r^;^ 
■/i+i  J  (1-2^: 


(^5^-1) 


4.4.66 

2  arccos  2  (i 


\z  arccos  2  (i2=(  ^— -  j 


arccos  2—7  (1-2^)' 


4.4.67 


/^" 


,n+l 


arccos  2  c?2= — — :  arccos  2 

71+1 


1     r  2""^^ 

(/1 5^-1) 


4.4.68 


J2  arctan  2  t^^^^o  (1  +  '^)  arctan  2— ^ 
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4.4.69 


k 


arctan  z  dz- 


,«+i 


n+1 


arctaii  z- 


n+\}  1 


,n+l 


dz 


4.4.70 


Jl  z 

z  arccot  z  dz=-=  (1  +  2^)  arccot  z-\-~ 


4.4.71 


k 


arccot  z  dz- 


,ra+i 


n+1 


arccot  z- 


—  P 


,n+l 


dz 


+z' 

(715^-1) 


4.5.  Hyperbolic  Functions 
Definitions 


4.5.1 

4.5.2 

4.5.3 
4.5.4 
4.5.5 
4.5.6 


sinh  2= 
cosh  z= 


e^—e' 


2 


(z=x-\-iy) 


tanh  2  =  sinh  s/cosh  z 
csch  2=l/smh  z 
sech  2=l/cosh  z 
coth  2=l/tanh  z 


Figure  4.6.     Hyperbolic  Junctions. 

Relation  to  Circular  Functions     (see  4.3.49  to  4.3.54) 

Hyperbohc    forniiihis    can    be    derived    from 
trigonometric  identities  by  rephicing  z  by  iz 

4.5.7  sinh  z=—i  sin  iz 

273-888  0-67— 7 


4.5.8  cosh  2= cos  iz 

4.5.9  tanh  2=—i  tan  i2 

4.5.10  csch  z—i  esc  iz 

4.5.11  sech  2=sec  iz 

4.5.12  coth  z=i  cot  iz 
Periodic  Properties 

4.5.13  sinh  (2  +  2A:7rz)=sinh  z 

(k  any  integer) 

4.5.14  cosh  (2+2^7r2)=cosh  z 

4.5.15  tanh  (2+A:7rz)  =  tanh  z 

Relations  Between  Hyperbolic  Functions 

4.5.16  cosh^  2— sinh^  2=1 

4.5.17  tanh2  2+sech2  2=1 

4.5.18  coth^  2— csch^  2=1 

4.5.19  cosh  2+sinh  2=e' 

4.5.20  cosh  2— sinh  z=e~^ 

Negative  Angle  Formulas 

4.5.21  sinh  (—2)  =  — sinh  2 

4.5.22  cosh  (  —  2)=  cosh  2 

4.5.23  tanh  (  —  2)  =  — tanh  2 

Addition  Formulas 

4.5.24  sinh  (21 +  22)=  sinh  Zi  cosh  22 

+cosh  Zi  sinh  22 

4.5.25  cosh  (21  +  22)=  cosh  Zi  cosh  22 

+  sinh  2i  sinh  Zi 

4.5.26  tanh  (21 +  22)  =  (tanh  2i  +  tanh  22)/ 

(1  +  tanh  2i  tanh  22) 

4.5.27  coth  (21  +  22)  =  (coth  2i  coth  22+ 1)/ 

(coth  22+ coth  2i) 

Half-Angle  Formulas 

4.5.28 

.   ,   2     /cosh  2  — l\i 
^"^^2=(. 2 ) 
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4.5.44 


,   z     /coshs  +  lV 

^«^^2=v — 2 — ; 


4.5.30 


2_/cosh  ^  — l\2_cosb  ^  — 1_    sinh  2 
2     \cosh  2-fl/  sinh  2        cosh  2  +  1 

Multiple-Angle  Formulas 

2  tanh  2 


4.5.31     sinh  22=2  sinh  z  cosh 


1  — tanh^  2 

4.5.32  cosh  22=2  cosh^  2—1=2  smh'  2+I 

=  cosh^  2-rsinh2  2 

^  ^  ««  1   ^        2  tanh  2 

4.5.33  tanh  22  =  :^ — : — rz- 

l—tanh^  2 

4.5.34  sinh  32=3  sinh  2-^4  sinh^  2 

4.5.35  cosh  32=— 3  cosh  2+4  cosh^  2 

4.5.36  sinh  42  =  4  sinh^  2  cosh  2-r4  cosh^  2  sinh  2 

4.5.37  cosh  42=cosh*  2+6  sinh^  2  cosh^  2  — sinh*  2 
Products  of  H>i>erbolic  Sines  and  Cosines 

4.5.38  2  sinh  Zi  sinh  22=cosh  (21  +  22) 

—cosh  (21  —  22) 

4.5.39  2  cosh  2i  cosh  22= cosh  (21  +  22) 

+cosh  (21  —  22) 

4.5.40  2  sinh  2i  cosh  22=sinh  (21  +  22) 

+  sinh  (21  —  22) 
Addition  and  Subtraction  of  Two  Hyperbolic  Functions 

4.5.41 

sinh  2i+siuh  22=2  sinh  I    '      ^  j  cosh  (  "'      '  j 

4.5.42 

sinh  2i— sinh 22=2  cosh  (^'"t^M  sinh  (^^     "^M 


4.5.43 


cosh  2i+cosh  22=2  cosh  (    '  '    ^  j  cosh  f    '      ^  j 


cosh  2i-cosh  22=2  sinh  (^^y^')  sinh  ("ii— iA 


4.5.45 

*     u       I  *     u  sinh  (21+22) 

tanh  2i+tanh  22= \ — ^      '    ^ 

cosh  2i  cosn  22 


4.5.46 


..u      1      ^u  sinh  (21+22) 

COth  2i  +  COth  Zy  =  -r—, — ^    '■    ,   '^ 

■     sinh  2i  sinh  22 


Relations   Between    Squares   of  Hyperbolic    Sines  and 
Cosines 

4.5.47 

sinh^  2i— sinh^  22= sinh  (21+22)  sinh  (21—22) 
=cosh2  2i— cosh^  22 
4.5.4« 

sinh^  2i+cosh^  22= cosh  (21  +  22)  cosh  (2j— 22) 
=cosh2  2i+sinh^  22 

Hyperbolic  Functions  in  Terms  of  Real  and  Imaginary 
Parts 

(z=x+iy) 

4.5.49  sinh  2=sinh  x  cos  y+i  cosh  x  sin  y 

4.5.50  cosh  2  =  cosh  x  cos  y+i  sinh  x  sin  y 
sinh  2x-^i  sin  2y 


4.5.51    tanh  2= 


4.5.52    coth  2= 


cosh  2x+cos  2y 
sinh  2x—i  sin  2y 


cosh  2j:— cos  2y 

De  Moivre's  Theorem 

4.5.53  (cosh  2  +  sinh  2)"=cosh  n2+sinh  nz 

Modulus    and    Phase    (Argument)    of    Hyperbolic 
Functions 

4.5.54  jsinh  2l  =  (sinh2  x-rsin^  y)* 

=  [|(cosh  2x— cos2!/)p 

4.5.55  arg  sinh  2=arctan  (coth  x  tan  y) 

4.5.56  jcosh  2i  =  (sinh2  j  +  cos-  ?/)* 

=  [^(cosh  2x-rcos  2y)]^ 

4.5.57  arg  cosh  2  =  arctan  (tanh  x  tan  y) 

4.5.38         Itanh^Nf'-i^^l+^y 
'  '     Vcosh  2x+cos  2y/ 


4.5.59    arg  tanh  2=arctaii 


/  sin  2y  \ 
\sinh  2xJ 


4.5.60 
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Relations  Between  Hyperbolic  (or  Inverse  Hyperbolic)  Functions 
sinh  x=a  cosh  a:=a  tanli  x=a  csch  x—a  sech  x—a  coth  x=a 


sinh  X 1 

a 

(a^-l)i 

a(l-a2)-^ 

a-' 

a-'(l-a2)i 

(a^-1)-' 

cosh  X 

(1+a^)* 

a 

(l-a^)-i 

a-'(l+a')^ 

a-' 

a(a2-i)-i 

tanh  X 

a(l+a2)-i 

a-'(a'-l)* 

a 

(l  +  a^)-' 

(l-a^)» 

a-' 

csch  X 

a-i 

(a^-1)-* 

a-Hl-a2)i 

a 

a(l-a2)-i 

(a^-D* 

sech  X 

(l+a=^)-* 

a-i 

(!-«==)* 

a(l+a^)-i 

o 

a-'(a^-l)* 

coth  X 

a-^a^+l)' 

a(a2-l)-i 

a-' 

(l+a^)* 

(1-^==)-* 

a 

Illustration:  If  sinh  x- 
arcsech  a- 

4.5.61    Special  Values  of  the  Hyperbolic  Functions 


2 

0 

TT    . 

2^ 

Trt 

3jr  . 

00 

sinh  z 

0 

% 

0 

—i 

00 

cosh  z 

1 

0 

-1 

0 

00 

tanh  z 

0 

co'i 

0 

—  ooi 

1 

csch  z 

00 

—i 

00 

i 

0 

sech  z 

1 

00 

-1 

CX) 

0 

coth  z 

00 

0 

00 

0 

1 

Series  Expansions 

4.5.62  sinh  2=2+^+|!+^+  .  .  .      (|3|<c«) 

4.5.63  cosh  2  =  l+g+|J+^'+  .  .  .        (|2|<a.) 

4.5.64  tanh2=2-^+-|2^-;^a^ 

o   15    315 


+  . 


2^"(2^"-l)^2n 

(2r0! 


,2n-l 


+  . 


4.5.65 


(i.i<|) 


1   2  .  7 


csch  2= — -4- 


31 


2  6  '  360    15120 


2*  + 


2(2^"-'-l)^,„_,„_, 


(2n)! 


+ 


(I^Ktt) 


:a,  coth  x—a   ^(a^+l)* 
:arccoth  (1— a^)~* 

4.5.66 


sech  2=1-—+—  2*-—  2^+      _l_-^  22n  I 

seen  2  1  2^24   720  ^  '  '  '  ^(27i)!   ^ 


4.5.67 

1  ,  2   2'    2   5       ,  22''5 
coth  2=-+---+^^  2^-...+-^, 


('^'<1) 


2^  -2n-l 


22"-^+  .  .  . 


where  B^  and  En  are  the  nth  Bernoulli  and  Euler 
numbers,  see  chapter  23. 


4.5.68 
4.5.69 

4.5.70 


Infinite  Products 

sinh  z^=z 

fc=i  \ 

42^ 


"  r         42^     "1 

cosh2=n^[_l-h^2A:-l)vJ 

Continued  Fraction 

Z        z^       Z"^       2^ 


(z9^^i±n'irij 


4.5.71 
4.5.72 
4.5.73 
4.5.74 


DiiTerentiation  Formulas 

-y-  sinh  2= cosh  z 
dz 


-7-  cosh  2=sinh  z 
dz 


dz 


tanh  2=sech'^  z 


-r-  csch  2=— csch  2  coth  z 
dz 


•See  page  ii. 
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4.5.75 

4.5.76 

4.5.77 

4.5.78 

4.5.79 

4.5.80 

4.5.81 

4.5.82 
4.5.83 


-r-  sech  2=— sech  z  tanh  z 
dz 


-T-  coth  2=— csch^  z 
dz 

Integration  Formulas 

I  sinh  2  c?2= cosh  z 
I  cosh  2^2= sinh  z 
tanh  2  c?2 =hi  cosh  z 


ELEMENTARY   TRANSCENDENTAL   FUNCTIONS 

4.5.87 


csch  zdz=\n  tanh  - 


J."  si 


J 

I  sech  zdz=B.Tct&n  (sinh  z) 
coth  zdz=ln  sinh  z 

■-n  U^-i 


sinh  zdz  =  z"  cosh 


4.5.84 


J^' 


cosh  zdz  =  z'^  sinh  z 


—  n  I  2"~^  si 


^  cosh  2  (f  2 


~^  sinh  zdz 


4.5.85 


/ 


sinh""  2  cosh"  zdz- 


1 


m+n 


sinh"*"^^  2  cosh"~^  2 


n-1    C 

m+nj 


m 


1 


m-\-n 
m— 


4.5.86 


Jsl 


(f2 


m+7i 


—  1 


sinh"*  2  cosh"~2  2 c?2 
sinh""^  2  cosh""^^  2 

sinh"*"^  2  cosh"  z  dz 


1  f- 

-      Sll 


1 


sinh""  z  cosh"  2     m— 1  sinh"*   '  2  cosh""^  2 
m-\-n—\ 


m 


-2C  dz 

1    J  sinh"'-2  2cosh"2        ^'^''^■^^ 


1 


1 


m-\-n— 


-71-2  r 

—  1    J  sinh"*  2 


71—  1  sinh*"   '  2  cosh"   '  2 

C?2 


cosh"  ^  2 


(n^l) 


J 


tanh""'  2      r 

tanh"  zdz= ; \-     tanh""^  zdz 

n—l        J 


in9^l) 


4.5.88 


r       .u„       J  C0th«-l2  ,     f        ,  „    ,        , 

coth"  2  ^2= — j 1-     coth"-2  2  (^2 

(See  chapters  5  and  7  for  other  integrals   in- 
volving hyperboUc  functions.) 

4.6.  Inverse  Hyperbolic  Functions 
Definitions 


4.6.1 
4.6.2 
4.6.3 


arcsinh  2= J  ^.^         {z=x^iy) 


arccosh  z- 


arctanh  2 


Jo   1 


(«^-l)* 

dt 


t' 


The  paths  of  integration  must  not  cross  the  fol- 
lowing cuts. 

4.6.1  imaginarj'  axis  from  -too  to  —i  and  i 
to  too 

4.6.2  real  axis  from  —  »  to  + 1 

4.6.3  real  axis  from  —  »  to  —  1  and  + 1  to 

Inverse    h}'perbolic    functions    are    also    written 
sinh"^  2,  arsinh  2,  ja/r  sinh  2,  etc. 

4.6.4  arccsch  2= arcsinh  I/2 

4.6.5  arcsech  2= arccosh  I/2 

4.6.6  arccoth  2  =  arctanh  I/2 


+1  X 


arcsinh  z 

+i 


-I 


arccosh  z 


f 


X      -  °=> 


+  1  +°o 

0  X 


0  +1 
arctanh  z 


+1  X 


arccsch  z  :  arcsech  z  '  arccoth  z 

Figure  4.7.     Branch  cuts  for   inverse   hyperbolic 
Junctions. 


4.6.25 
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4.6.7  arctanh  2=arccoth  z^\iri 
(see  4.5.60)  (according  as  ^2^0) 

Fundamental  Property 

The  general  solutions  of  the  equations 
2=sinh  t 
2= cosh  t 
2=tanh  t 
are  respectively 

4.6.8  ^=Arcsinh  2=(— 1)*  arcsinh  s+Attt* 

4.6.9  <=Arccosh  2=  iarccosh  2+2A;irt 

4.6.10  ^= Arctanh  2= arctanh  z-\-kTri 


(k,  integer) 

Functions  of  Negative  Arguments 

4.6.11  arcsinh  (— 2)  =  — arcsinh  2 

4.6.12  arccosh  (— 2)  =  arccosh  z 

4.6.13  arctanh  (  —  2)  =  — arctanh  2 

Relation  to  Inverse  Circular  Functions     (see  4.4.20  to 
4.4.25) 

Hyperbolic  identities  can  be  derived  from  trig- 
onometric identities  by  replacing  2  by  iz. 


4.6.14 

Arcsinh  z=—i  Arcsin  iz 

4.6.15 

Arccosh  z=±i  Arccos  2 

4.6.16 

Arctanh  2=— t  Arctan  iz 

4.6.17 

Arccsch  z=i  Arccsc  iz 

4.6.18 

Arcsech  z=±i  Arcsec  2 

4.6.19 

Arccoth  z=i  Arccot  iz 

Logarithmic  Representations 

4.6.20 

arcsinh  x=ln  [a:+(x2  +  l)*J 

4.6.21 

arccosh  2;=ln  [x^(x^—iy] 

ix>l) 

4.6.22 

arctanh  x—h  In 

(0<a:2<i) 

4.6.23 


4.6.24 


arccsch  x^lnP+Z'^+lVl        (xj^O) 
arcsech  2:=In[^+(^i-l^]    (0O<l) 


arccoth  x=-  In  — ■ — 
2      x—1 
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Figure  4.8.     Inverse  hyperbolic  Junctions. 

Addition  and  Subtraction  of  Two  Inverse  Hyperbolic 
Functions 

4.6.26 

Arcsinh  2i±  Arcsinh  22 

=Arcsinh  [z,(l-\-zl)i±Z2{l+z\)i] 

4.6.27 

Arccosh  2idb  Arccosh  22 

= Arccosh  {ziZ2±[(z\-l)(zl-l)]i} 

4.6.28 

Arctanh  2i±  Arctanh  22= Arctanh  ( -r-^, ) 

\1±2,22/ 

4.6.29 

Arcsinh  2  nh  Arccosh  22 

=Arcsinh{2,22±[(l+2t)(2^-l)]»} 

=Arccosh  [22(l+2D^±2i(2^-l)M 
4.6.30 

/  Z  2   +  1\ 

Arctanh  2.  ±  Arccoth  22=Arctanh  (  -^, —  ) 

\22±2,  / 

=Arccoth  (^^) 

\2l22±l/ 
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Series  Expansions 

4.6.31 

arcsinh  z^z-'yT^  ^^2^^!^  ^ 


1  •  3  •  5 
"2  -4  •  6-7 


z'^  ... 


{\z\<^) 


=ln  22- 


1 


1  •  3 


2-222     2  ■  4  •  42* 

1  •  3  •  5 


2  •  4  •  6  •  62^      ■  ■  ■ 

(|2|>1) 


4.6.32 

arccosh  2=ln  22- 


1 


1  •  3 


2-222     2  -  4  -  42* 

1-3-0 


2  -  4  -  6  -  62«      ■  ■  ■ 
(NI>1) 


(NKD 


(|2|>1) 


4.6.33  arctanh  2=2+^+^+^+  .  .  , 

o      i)      7 

4.6.34  arccoth  _.=1+A_+_L.+_L.+ 


Continued  Fractions 

2        -2     4-29-2 

4.6.35     arctanh  z=t—  -^—  -^  =— -  •  •  . 

1—  3—  o—  t  — 

(2  in  the  cut  plane  of  Figure  4.7.) 

4.6.36 

arcsinh  2       2    1  -  22^  1  -  22^  3  -  42^  3  -  42^ 


VI +  22        1^     3-       5+       7-f       9  + 


4.6.37 
4.6.38 
4.6.39 

4.6.40 

4.6.41 


Differentiation  Formulas 


3- arcsinh  2=(l-f22)~i 
az 


-J-  arccosh  2=(22— 1)~* 
az 


-J-  arctanh  2=  (1  —  22)-^ 
az  ^ 

J-  arccsch  2=?    ,^       ... 

dZ  2(1—22)* 


-r-  arcsech  z=T   ,.       y^\ 
az  z{l  —  z^p 


(according  as  ^2^0) 
1 


4.6.42  -T- arccoth  2 =(1  — 22) -1 

Integration  Formulas 

4.6.43  I  arcsinh  zdz  =  z  arcsinh  2— (1+22)* 

4.6.44  I  arccosh  2  c?2=2  arccosh  2— (22— l)i 

4.6. 45  I  arctanh  zdz=z  arctanh  2 + 1  In  (1  —  2^) 

4.6.46  I  arccsch  2  (^2 =2  arccsch  2  4- arcsinh  2 

4.6.47  arcsech  2(^2=2  arcsech  24-arcsin  2 

4.6.48  I  arccoth  2  dz=z  arccoth  2+^  In  (22— 1) 

4.6.49 

I  2  arcsinh 2 (f 2=^^^-^ —  arcsinh  2— 7  (2*+l)* 


4.6.50 


J 


,n+I 


2''arcsiiih2ci2= — — r  arcsinh2  ,  ■  /,  ,    ,m 

n+l  n-hlj  (1+2  )* 


+lj( 


,n+l 


dz 


(715^-1) 


4.6.51 


2  arccosh  2  dz= — - —  arccosh  2— -(22— 1)* 


4.6.52 


J'-" 


,n+l 


arccosh  2(^2= — —- arccosh  2 

n-hl  71+ 


1     r    2"+' 
■f  ij  (2^-1; 


(7l?^-l) 


4.6.53 


J22— 1 
2  arctanh  2  ^2= — —  arctanh  z-\- 


4.6.54 


J 


,n+l 


2"  arctanh  2  (/2= — rr  arctanh  2 


n+l 


+  lj  1-2' 


n+U  1-22  "^^ 


4.6. 


DO 


J  22  1 

2  arccsch  2  (/2=— arccsch  2 -f-  (1+22)* 


4.6.56 


2"  arccsch  2  (/2=-^--r  arccsch  2H -r 

n  +  1  n  +  lj 


(f2 


(22+1)* 

(715^-1) 


I 

I 


4.6.57 


ELEMENTARY    TRANSCENDENTAL    FUNCTIONS 

4.6.59 


89 


J  22  1 

z  arcsech  z  dz=—  arcsech  z—-{l  —  z^)^ 


4.6.58 


k 


,n+l 


arcsech  z  dz= — rr  arcsech  z  ,      . 
n-\-l  n-\- 


1_  r z^ 

flJ(l-2 


dz 


I  z  arccoth  z  dz=  arccoth  2+| 


4.6.60 


z"  arccoth  z  dz= — —r  arccoth  z-\ — — -  I  -^ — -  dz 
n-\-l  n-\-lJz^—l 


Numerical  Methods 


4.7.  Use  and  Extension  of  the  Tables 


Note:  In  the  examples  given  it  is  assumed  that 
the  arguments  are  exact. 


Example  1.  Computation  of  Common  Logarithms. 

To  compute  common  logarithms,  the  number 
must  be  expressed  in  the  form  x-10',  (l<a;<ClO, 
—  oo<g<oo).  The  common  logarithm  of  a; -10' 
consists  of  an  integral  part  which  is  called  the 
characteristic  and  a  decimal  part  which  is  called 
the  mantissa.  Table  4.1  gives  the  common 
logarithm  of  x. 


a;.10« 


logioX-lO^' 


.009836  9.836-10-3  3.99281  85=(-2.00718  15) 

.09836     9.836-10-2  2.99281  85=(-1.00718 15) 

.9836       9.836-10-1  1.99281  85=(-0.00718  15) 

9.836         9.836-10°  0.9928185 

98.36  9.836-10'  1.9928185 

983.6  9.836-102  2.9928185 


Interpolation  in  Table  4.1  between  983  and  984 
gives  .99281  85  as  the  mantissa  of  9836. 

Note  that  3.99281  85= -3 +  .99281  85.  When 
q  is  negative  the  common  logarithm  can  be 
expressed  in  the  alternative  forms 


logio  (.009836) =3.99281  85  =  7.99281  85-10 
=  -2.00718  15. 


The  last  form  is  convenient  for  conversion  from 
common  logarithms  to  natural  logarithms. 

The  inverse  of  logio  x  is  called  the  antilogarithm 
of  X,  and  is  written  antilog  x  or  log-'  x.  The 
logarithm  of  the  reciprocal  of  a  number  is  called 
the  cologarithm,  written  colog. 


Example  2. 

Compute  x-^'*  for  x=9. 19826  to  lOD  using  the 
Table  of  Common  Logarithms. 

From  Table  4.1,  four-point  Lagrangian  interpola- 
tion gives  logio  (9. 19826)  =  .96370  56812.     Then, 

-|  logio (x)  =  -. 72277  92609  =  9.27722  07391-10. 

Linear  inverse  interpolation  in  Table  4.1  yields 
antilog  (1.27722)  =  .18933.  For  10  place  accuracy 
subtabulation  with  4-point  Lagrangian  inter- 
polants  produces  the  table 


.18933 
.18934 
.18935 


logio  N 
.27721  94350 
.27724  23729 
.27726  53095 


2  29379 
2  29366 


A« 


-13 


By  linear  inverse  interpolation 
a;-3/4=. 18933  05685. 
Example  3. 

Convert  logio  x  to  In  x  for  a:=. 009836. 

Using  4.1.23  and  Table  4.1,  In  (.009836)  = 
In  10  logio  (.009836)  =2.30258  5093  (-2.00718  15) 
=  -4.62170  62. 

Example  4. 

Compute  In  x  for  a;=. 00278  to  6D. 

Using  4.1.7,  4.1.11  and  Table  4.2,  In  (.00278)  = 
In  (.278- 10-2)  =ln  (.278) -2  In  10= -5.885304. 

Linear  interpolation  between  a;=.002  and 
a:=.003  would  give  ln(.00278)  = -5.855.  To 
obtain  5  decimal  place  accuracy  with  linear 
interpolation  it  is  necessary  that  z>.175. 

Example  5. 

Compute  In  x  for  x=  1131.718  to  8D. 
Using  4.1.7,  4.1.11  and  Table  4.2 

lnll31.718=ln(^^|^113l) 

=lnM^l^+ln  1.131  +lnl03 

=ln  (1.00063  4836) +ln  1.131+3  In  10. 


90 

Then    from    4.1.24 
In    1131.718=  (.00063    4836)-K00063    4836)' 
+ln    1.131+3  In  10  =  . 00063  4836-. 00000  0202 
+  .12310  2197  +  6.90775  5279  =  7.03149  211 

Example  6. 

Compute  In  x  working  with  16D  for 
j=1.38967  12458  179231. 
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Example  9. 


Since 


1.3S9 


=  1.00048  32583  282384=l-a,  usmg 


4.1.24  and  Table  4.2  we  compute  successively 
G=     .0004S  32583  282384 


~2~~ 

• 

1167  693059 

a' 
3 

■ 

376199 

4 

, 

136 

ln(l^a)  = 

.00048  31415  965388 

In  1.389  = 

.32858  40637  722067 

lnj= 

.32906 

72053  687455 

Example  7. 

Compute  the  principal  value  of  In  (±2±Zi). 
From  4.1.2,  4.1.3  and  Tables  4.2  and  4.14. 

In  (2+3r)=^hi  (2^+32) +i  arc  tan  | 

=  1.2S2475  +  i(.9S2794) 

In  (— 2+3i)=^  In  13+i  (^t— arctan  -  j 

=  1.282475+1(2.158799) 

ki  (-2-30=^  In  13-{  T-TT-arctan  ^ 
=  1.282475—1(2.158799) 

In  (2-30=^  In  13-i  ("-arctan  ^ 


=  1.282475-?  (.982794). 


Example  8. 


Compute  (.227)  «^  to  7D. 

Using  4.2.7  and  Tables  4.2  and  4.4, 

(  227)®^  =  6^®  '"  (-227)  ,_g.69(- 1.48280  5262) 


Compute  e**®^  «»  to  7S. 
Using  4.2.18  and  Table  4.4, 


Linear  interpolation  gives  e  "'^^  ®^=  1.10217  67 
with  an  error  of  IX  10"^, 

gi.99728  69=  (i34.28978)(l. 10217  67)  =  148.0111. 
Example  10. 

Compute  e^  to  18D  for 

x=. 86725  13489  24685  12693. 

Let  a=j— .867.     Using  4.2.1,  compute  succes- 
sively 

1.00000    00000     00000     00000 


-1.02313  5631 


35946  60. 


a=   .00025 

13489 

24685 

12693 

2!   • 

315 

88140 

97019 

a' 
3!   • 

2646 

.54842 

At 

16630 

e°= 1.00025     13805     15472     81184 
6^"=2.37976     08513     29496     863  from  Table  4.4 
gag.  867^^^2.38035     90768     39006     089. 

Example  11. 

Compute  e^  to  7S. 

Let  n=-, — -7;  and  i=the  decimal  part  of 
In  10 


In  10 


Then 


exp  x=exp  (r^jK  In  loWexp  [(n+d)  In  10] 

=exp  (In  10")  exp  (d  In  10) 
=  10"  exp  ((fin  10) 
From  Table  4.4 

g64s_gxp  (p^ln  loVexp  (281.42282  42  In  10) 

=  102^^  ex-p  (.42282  42  In  10)  =  102"  exp  .97358  87 
=  10281(2.647428)  =  (281)2.647428. 
Example  12. 

Compute  e~^  for  i=.lo  using  the  expansion  in 
Chebyshev  polynomials. 


Following  the  procedure  in  [4.3]  we  have  from 
4.2.48 
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k=0 


where  Ttix)  are  the  Chebyshev  polynomials 
defined  in  chapter  22.  Assuming  68=69=0  we 
generate  6*,  ^=7,  6,  5,  ...  0  from  the  recurrence 
relation 

6t=(4x-2)6*+i-6*+2+A 

k  h 

7         -.00000  0015 

6  .00000  0400 

5  -.00000  9560 

4  .00018  9959 

3  -.00300  9164 

2  .03550  4993 

1  -.27432  7449 

0  .33520  2828 

since  /(x)  =  60—  (2a:—  l)6i, 

e-"=. 33520  2828- (.5) (-.27432  7449) 
=  .47236  6553. 

Example  13. 

Express  38°42'32"  in  radians  to  6D. 

1°=. 01745  32925  19943  29577  r 
1'  =  .00029  08882  08665  72159  62  r 
1"  =  . 00000  48481  36811  09535  9936  r 

Therefore 

38°=. 66322  51  r 

42'  =  . 01221  73  r 

32''  =  .00015  51  r 


38°42'32' 
Example  14. 


.675598  r. 


Express  2=1.6789  radians  in  degrees,  minutes 
and  seconds  to  the  nearest  tenth  of  a  second. 

From  Table  1.1  giving  the  mathematical  con- 
stants we  have 


1  r: 


180' 


=  57.29577  95130° 


1.6789  r=96. 19388° 
,19388°X60=11.633' 
.633'X60=38.0" 
1.6789  r=96°ll'38.0". 


Compute  sin  x  and  cos  x  for  x=2.317  to  7D. 
From  4.3.44  and  Table  4.6 

sin  (2.317)  =  sin  (7r-2.317)=sin  (.82459   2654) 

=  .73427   12 
cos  (2.317)  =  cos  (7r-2.317)  =  -cos  (.82459  2654) 

=  -.67885  60. 

Linear  interpolation  for  a;=. 82459  2654  gives  an 
error  of  9X10-^ 

Example  16. 

Compute  sin  x  for  x=  12.867  to  8D. 
From  4.3.16  and  Tables  4.6  and  4.8 

sin  (12.867)  =  sin  12  cos  .867+cos  12  sin  .867 
=  .29612  142. 

The  method  of  reduction  to  an  angle  in  the  first 
quadrant  which  was  given  in  Example  15  may 
also  be  used. 


Example  17. 

Compute  sin  x  to    19D   for 

x=. 86725    13489  24685  12693. 

From   4.3.16 


Let      a=.867,      ^=x—a 
Table  4.6 


and 


sin  (a+/3)=sin  a  cos  /3+cos  a  sin  /3 

sin  a=. 76239  10208  07866  22598 
cosa=.64711  66288  94312  75010 

With  the  series  expansions  for  sin  /3  and  cos  /3  we 
compute  successively 


1.00000 

00000 

00000  00000 

0" 
2! 

315 

88140  97019 

4!~ 

16630 

cosj8=       .99999     99684     11859    19611 
/3=      .00025  13489   24685  12693 


3!" 

^^ 
5!" 


2646  54842 


1 


sin  /3=   .00025  13489  22038  57852 

sin  a  cos  )8=. 76239  09967  25351  31308 

cos  a  sin  ;3=. 00016  26520  67105  82436 

sin  x=. 76255  36487  92457  1374 


'See  page  ii. 
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This  procedure  is  equivalent  to  interpolation  with 
Taylor's  formula  3.6.4. 

Example  18. 

In  the  plane  triangle  ABC,     a=123,  B=29°16', 
c=321;  find^,  b. 

h^=a'~c'-2ac  cos  B={l22>Y+{2>2\y 

-2(123) (321)  cos29°16' 

6=221.99934  00 
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sm 


^^a^^(123Ki888L50lM=.27086  39918 


^=15°42'56.469". 

Example  19. 

In  the  plane  triangle  ABC,     a=4,  6  =  7,  c=9, 
find  A,  B,  and  C. 

c^-b^-a2     81-^49-16     114      _. ._  ___„ 
^^^^=— 26r-=-2T7T9-=l26=-^^'^  '^^' 

^=.43997  5954=25°12'31.6" 

sin  ^=.42591  7709 

.     p     7 (.42.591  7709)       „      o.mft  qa-h 

sin^= : >    jD  =  . 84106  86/0 

4 

=48°11'22.9" 

.    ^    9(.42o91  7709)      ^     ,  ..__  ___ 
sm  C= : >     C  =  1  .SdOo4  803 


oofi/K  a" 


=  106°36'5.6 

where  the  supplementary  angle  must  be  chosen  for 
C.     As  a  check  we  get  A+5+C=180°00'.l". 

Example  20. 

Compute  cot  x  for  z=.4589  to  6D. 

Since  x<^.5,  using  Table  4.9  with  interpolation 

in     (x~'  — cot    x),    we    find       .  ,^„  — cot(.4589)  = 

.4o89 

.155159.     Therefore       cot    (.4589)  =2. 179124  — 

.155159  =  2.023965. 

Example  21. 

Compute  arcsin  x  for  x=. 99511. 
For  x>.95,  using  Table  4.14  with  interpolation 
in  the  auxiliary  function  f(x)  we  find 

arcsin  x=^-[2(l-z)]i/(x) 

arcsin  (.99511)=~[2(.00489)]i/(.99511) 

=  1.57079  6327- (.09889  388252) 

(1.00040  7951) 
=  1.47186  2100. 


Compute  arctan  20  and  arccot  20  to  9D, 
Using  4.4.3,  4.4.8,  and  Table  4.14 


arctan  20=-— arctan  1/20=1.52083  7931 


arccot  20=-— arctan  20=arctan  .05=. 04995  8396. 

Example  23. 

Express  2  =  3  +  9i  in  polar  form. 
z=x-riy=re^^,  where  r=(-c2-j-y2)i^ 

a=arctan  --^2irk,  k    is    an    integer.      For  k^O, 

r=(32+92)i=  v90=9.486833 

e= arctan  9/3  =  arctan  3  =  1.24904  58. 

Thus  3  +  9^=9.486833  exp  (1.24904  58z). 

Example  24. 

Compute  arctan  x  for  2:=  1/3  to  12D. 
From  4.4.34  and  4.4.42  we  have 

arctan  x= arctan  (xo-rh) 

h 

=arctan  Xq-t  arctan 


l~X(/c-r-xl 


We  have 

2=|=. 33333  33333  33  so  that  A  =  .00033  33333  33 
and.  from  Table  4.14,  arctan  Xo= arctan  .333 
=  .32145  05244  03.  Since  — — j-r—i^ 
.00030  00300  03  we  get 

arctan  x=. 32145  05244  03 t-. 00030  00300  03 

-.00000  00000  09 
=  .32175  05543  97. 

If  X  is  given  in  the  form  b/a  it  is  convenient  to 
use  4.4.34  in  the  form 


6  ,  ,        ,       6—0x0 

arctan -= arc  tan  Xo+arctan  — —7 — 

a  a-f-oxo 


In  the  present  example  we  get 


arctan -=arctan  .333+arctan  :to^' 
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Example  25. 

Compute  arcsec  2.8  to  5D. 
Using  4.3.45  and  Table  4.14 


arcsec  2=arcsin 


arcsec  2.8=arcsin 


(22-l)i 


[(2.8)2- l]i 


2.8 

arcsin  .93404  97735 
1.20559 


or  using  4.3.45  and  Table  4.14 

arcsec  2=arctan  (s^— i)i 
arcsec  2.8  =  arctan  2.61533  9366 


=^— arctan  .38235  95564, 


from  4.4.3  and  4.4.8 


=  1.570796-. 365207 
=  1.20559. 

Example  26. 

Compute  arctanh  x  for  x=. 96035  to  6D. 
From  4.6.22  and  Table  4.2 


arctanh  .96035=L.^__^^^3^-, 


In 


1 +  .96035 


In 


1.96035 
.03965 


=  Un  49.44136  191 


=  1(3.90078  7359)  =  1.950394. 


Example  27. 


Compute  arccosh  x  for  a:=  1.5368  to  6D. 
Using  Table  4.17 


arccosh  x    arccosh  1.5368 


=  .852346 


(a;2-i)i       [(1.5368)2-1]*' 
arccosh  1 .5368  =  (.852346)  (1 .361 754)* 
=  (.852346)  (1.166942) 
=  .994638. 

Example  28. 

Compute  arccosh  a;  for  a; =3 1.2  to  5D. 
Using  Tables  4.2  and   4.17    with    l/a;=  1/31.2 
=  .03205  128205 

arccosh  31.2— In  31.2  =  .692886 
arccosh  31.2  =  .692886  +  3.440418=4.13330. 
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COMMON  LOGARITHMS 


Table  4.1 
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log  10  r 


log 


10  x 


logio  X 


log  10 


log 


10  T 


100 

00000 

00000 

150 

17609 

12591 

200 

30102 

99957 

250 

39794 

00087 

300 

47712 

12547 

101 

00432 

13738 

151 

17897 

69473 

201 

30319 

60574 

251 

39967 

37215 

301 

47856 

64956 

102 

00860 

01718 

152 

18184 

35879 

202 

30535 

13694 

252 

40140 

05408 

302 

48000 

69430 

103 

01283 

72247 

153 

18469 

14308 

203 

30749 

60379 

253 

40312 

05212 

303 

48144 

26285 

104 

01703 

33393 

154 

18752 

07208 

204 

30963 

01674 

254 

40483 

37166 

304 

48287 

35836 

105 

02118 

92991 

155 

19033 

16982 

205 

31175 

38611 

255 

40654 

01804 

305 

48429 

98393 

106 

02530 

58653 

156 

19312 

45984 

206 

31386 

72204 

256 

40823 

99653 

306 

48572 

14265 

107 

02938 

37777 

157 

19589 

96524 

207 

31597 

03455 

257 

40993 

31233 

307 

48713 

83755 

108 

03342 

37555 

158 

19865 

70870 

208 

31806 

33350 

258 

41161 

97060 

308 

48855 

07165 

109 

03742 

64979 

159 

20139 

71243 

209 

32014 

62861 

259 

41329 

97641 

309 

48995 

84794 

110 

04139 

26852 

160 

20411 

99827 

210 

32221 

92947 

260 

41497 

33480 

310 

49136 

16938 

111 

04532 

29788 

161 

20682 

58760 

211 

32428 

24553 

261 

41664 

05073 

311 

49276 

03890 

112 

04921 

80227 

162 

20951 

50145 

212 

32633 

58609 

262 

41830 

12913 

312 

49415 

45940 

113 

05307 

84435 

163 

21218 

76044 

213 

32837 

96034 

263 

41995 

57485 

313 

49554 

43375 

114 

05690 

48513 

164 

21484 

38480 

214 

33041 

37733 

264 

42160 

39269 

314 

49692 

96481 

115 

06069 

78404 

165 

21748 

39442 

215 

33243 

84599 

265 

42324 

58739 

315 

49831 

05538 

116 

06445 

79892 

166 

22010 

80880 

216 

33445 

37512 

266 

42488 

16366 

316 

49968 

70826 

117 

06818 

58617 

167 

22271 

64711 

217 

33645 

97338 

267 

42651 

12614 

317 

50105 

92622 

118 

07188 

20073 

168 

22530 

92817 

218 

33845 

64936 

268 

42813 

47940 

318 

50242 

71200 

119 

07554 

69614 

169 

22788 

67046 

219 

34044 

41148 

269 

42975 

22800 

319 

50379 

06831 

120 

07918 

12460 

170 

23044 

89214 

220 

34242 

26808 

270 

43136 

37642 

320 

50514 

99783 

121 

08278 

53703 

171 

23299 

61104 

221 

34439 

22737 

271 

43296 

92909 

321 

50650 

50324 

122 

08635 

98307 

172 

23552 

84469 

222 

34635 

29745 

272 

43456 

89040 

322 

50785 

58717 

123 

08990 

51114 

173 

23804 

61031 

223 

34830 

48630 

273 

43616 

26470 

323 

50920 

25223 

124 

09342 

16852 

174 

24054 

92483 

224 

35024 

80183 

274 

43775 

05628 

324 

51054 

50102 

125 

09691 

00130 

175 

24303 

80487 

225 

35218 

25181 

275 

43933 

26938 

325 

51188 

33610 

126 

10037 

05451 

176 

24551 

26678 

226 

35410 

84391 

276 

44090 

90821 

326 

51321 

76001 

127 

10380 

37210 

177 

24797 

32664 

227 

35602 

58572 

277 

44247 

97691 

327 

51454 

77527 

128 

10720 

99696 

178 

25042 

00023 

228 

35793 

48470 

278 

44404 

47959 

328 

51587 

38437 

129 

11058 

97103 

179 

25285 

30310 

229 

35983 

54823 

279 

44560 

42033 

329 

51719 

58979 

130 

11394 

33523 

180 

25527 

25051 

230 

36172 

78360 

280 

44715 

80313 

330 

51851 

39399 

131 

11727 

12957 

181 

25767 

85749 

231 

36361 

19799 

281 

44870 

63199 

331 

51982 

79938 

132 

12057 

39312 

182 

26007 

13880 

232 

36548 

79849 

282 

45024 

91083 

332 

52113 

80837 

133 

12385 

16410 

183 

26245 

10897 

233 

36735 

59210 

283 

45178 

64355 

333 

52244 

42335 

134 

12710 

47984 

184 

26481 

78230 

234 

36921 

58574 

284 

45331 

83400 

334 

52374 

64668 

135 

13033 

37685 

185 

26717 

17284 

235 

37106 

78623 

285 

45484 

48600 

335 

52504 

48070 

136 

13353 

89084 

186 

26951 

29442 

236 

37291 

20030 

286 

45636 

60331 

336 

52633 

92774 

137 

13672 

05672 

187 

27184 

16065 

237 

37474 

83460 

287 

45788 

18967 

337 

52762 

99009 

138 

13987 

90864 

188 

27415 

78493 

238 

37657 

69571 

288 

45939 

24878 

338 

52891 

67003 

139 

14301 

48003 

189 

27646 

18042 

239 

37839 

79009 

289 

46089 

78428 

339 

53019 

96982 

140 

14612 

80357 

190 

27875 

36010 

240 

38021 

12417 

290 

46239 

79979 

340 

53147 

89170 

141 

14921 

91127 

191 

28103 

33672 

241 

38201 

70426 

291 

46389 

29890 

341 

53275 

43790 

142 

15228 

83444 

192 

28330 

12287 

242 

38381 

53660 

292 

46538 

28514 

342 

53402 

61061 

143 

15533 

60375 

193 

28555 

73090 

243 

38560 

62736 

293 

46686 

76204 

343 

53529 

41200 

144 

15836 

24921 

194 

28780 

17299 

244 

38738 

98263 

294 

46834 

73304 

344 

53655 

84426 

145 

16136 

80022 

195 

29003 

46114 

245 

38916 

60844 

295 

46982 

20160 

345 

53781 

90951 

146 

16435 

28558 

196 

29225 

60714 

246 

39093 

51071 

296 

47129 

17111 

346 

53907 

60988 

147 

16731 

73347 

197 

29446 

62262 

247 

39269 

69533 

297 

47275 

64493 

347 

54032 

94748 

148 

17026 

17154 

198 

29666 

51903 

248 

39445 

16808 

298 

47421 

62641 

348 

54157 

92439 

149 

17318 

62684 

199 

29885 

30764 

249 

39619 

93471 

299 

47567 

11883 

349 

54282 

54270 

150 

17609 

12591 

200 

30102 

99957 

250 

39794 

00087 

300 

47712 

12547 

350 

54406 

80444 

[(-6)6-1 
5 

r(-6)2] 

5 

"(- 

6)1] 
4 

"(- 

7)9' 
4 

i 

7)61 
I 

For  use  of  common  logarithms  see  Examples  1-3.  For  100<..r<  135  interpolate  in  the  range 
1000<.r<1350.  Compiled  from  A.  J.  Thompson,  Standard  table  of  logarithms  to  twenty  decimal 
places,  Tracts  for  Computers,  No.  22.  Cambridge  Univ.  Press,  Cambridge,  England,  1952  (with 
permission) . 
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Table  4.1 

COMMON  LOGARITHMS 

.7- 

log 

10  X 

x 

log 

10  X 

.1" 

logic  X 

.r 

log 

10  X 

a,' 

logic  a- 

350 

54406 

80444 

400 

60205 

99913 

450 

65321  25138 

500 

69897 

00043 

550 

74036  26895 

351 

54530 

71165 

401 

60314 

43726 

451 

65417  65419 

501 

69983 

77259 

551 

74115  15989 

352 

54654 

26635 

402 

60422 

60531 

452 

65513  84348 

502 

70070 

37171 

552 

74193  90777 

353 

54777 

47054 

403 

60530 

50461 

453 

65609  82020 

503 

70156 

79851 

553 

74272  51313 

354 

54900 

32620 

404 

60638 

13651 

454 

65705  58529 

504 

70243 

05364 

554 

74350  97647 

355 

55022 

83531 

405 

60745 

50232 

455 

65801  13967 

505 

70329 

13781 

555 

74429  29831 

356 

55144 

99980 

406 

60852 

60336 

456 

65896  48427 

506 

70415 

05168 

556 

74507  47916 

357 

55266 

82161 

407 

60959 

44092 

457 

65991  62001 

507 

70500 

79593 

557 

74585  51952 

358 

55388 

30266 

408 

61066 

01631 

458 

66086  54780 

508 

70586 

37123 

558 

74663  41989 

359 

55509 

44486 

409 

61172 

33080 

459 

66181  26855 

509 

70671 

77823 

559 

74741  18079 

360 

55630 

25008 

410 

61278 

38567 

460 

66275  78317 

510 

70757 

01761 

560 

74818  80270 

361 

55750 

72019 

411 

61384 

18219 

461 

66370  09254 

511 

70842 

09001 

561 

74896  28613 

362 

55870 

85705 

412 

61489 

72160 

462 

66464  19756 

512 

70926 

99610 

562 

74973  63156 

363 

55990 

66250 

413 

61595 

00517 

463 

66558  09910 

513 

71011 

73651 

563 

75050  83949 

364 

56110 

13836 

414 

61700 

03411 

464 

66651  79806 

514 

71096 

31190 

564 

75127  91040 

365 

56229 

28645 

415 

61804 

80967 

465 

66745  29529 

515 

71180 

72290 

565 

75204  84478 

366 

56348 

10854 

416 

61909 

33306 

466 

66838  59167 

516 

71264 

97016 

566 

75281  64312 

367 

56466 

60643 

417 

62013 

60550 

467 

66931  68806 

517 

71349 

05431 

567 

75358  30589 

368 

56584 

78187 

418 

62117 

62818 

468 

67024  58531 

518 

71432 

97597 

568 

75434  83357 

369 

56702 

63662 

419 

62221 

40230 

469 

67117  28427 

519 

71516 

73578 

569 

75511  22664 

370 

56820 

17241 

420 

62324 

92904 

470 

67209  78579 

520 

71600 

33436 

570 

75587  48557 

371 

56937 

39096 

421 

62428 

20958 

471 

67302  09071 

521 

71683 

77233 

571 

75663  61082 

372 

57054 

29399 

422 

62531 

24510 

472 

67394  19986 

522 

71767 

05030 

572 

75739  60288 

373 

57170 

88318 

423 

62634 

03674 

473 

67486  11407 

523 

71850 

16889 

573 

75815  46220 

374 

57287 

16022 

424 

62736 

58566 

474 

67577  83417 

524 

71933 

12870 

574 

75891  18924 

375 

57403 

12677 

425 

62838 

89301 

475 

67669  36096 

525 

72015 

93034 

575 

75966  78447 

376 

57518 

78449 

426 

62940 

95991 

476 

67760  69527 

526 

72098 

57442 

576 

76042  24834 

377 

57634 

13502 

427 

63042 

78750 

477 

67851  83790 

527 

72181 

06152 

577 

76117  58132 

378 

57749 

17998 

428 

63144 

37690 

478 

67942  78966 

528 

72263 

39225 

578 

76192  78384 

379 

57863 

92100 

429 

63245 

72922 

479 

68033  55134 

529 

72345 

56720 

579 

76267  85637 

380 

57978 

35966 

430 

63346 

84556 

480 

68124  12374 

530 

72427 

58696 

580 

76342  79936 

381 

58092 

49757 

431 

63447 

72702 

481 

68214  50764 

531 

72509 

45211 

581 

76417  61324 

382 

58206 

33629 

432 

63548 

37468 

482 

68304  70382 

532 

72591 

16323 

582 

76492  29846 

383 

58319 

87740 

433 

63648 

78964 

483 

68394  71308 

533 

72672 

72090 

583 

76566  85548 

384 

58433 

12244 

434 

63748 

97295 

484 

68484  53616 

534 

72754 

12570 

584 

76641  28471 

385 

58546 

07295 

435 

63848 

92570 

485 

68574  17386 

535 

72835 

37820 

585 

76715  58661 

386 

58658 

73047 

436 

63948 

64893 

486 

68663  62693 

536 

72916 

47897 

586 

76789  76160 

387 

58771 

09650 

437 

64048 

14370 

487 

68752  89612 

537 

72997 

42857 

587 

76863  81012 

388 

58883 

17256 

438 

64147 

41105 

488 

68841  98220 

538 

73078 

22757 

588 

76937  73261 

389 

58994 

96013 

439 

64246 

45202 

489 

68930  88591 

539 

73158 

87652 

589 

77011  52948 

390 

59106 

46070 

440 

64345 

26765 

490 

69019  60800 

540 

73239 

37598 

590 

77085  20116 

391 

59217 

67574 

441 

64443 

85895 

491 

69108  14921 

541 

73319 

72651 

591 

77158  74809 

392 

59328 

60670 

442 

64542 

22693 

492 

69196  51028 

542 

73399 

92865 

592 

77232  17067 

393 

59439 

25504 

443 

64640 

37262 

493 

69284  69193 

543 

73479 

98296 

593 

77305  46934 

394 

59549 

62218 

444 

64738 

29701 

494 

69372  69489 

544 

73559 

88997 

594 

77378  64450 

395 

59659 

70956 

445 

64836 

00110 

495 

69460  51989 

545 

73639 

65023 

595 

77451  69657 

396 

59769 

51859 

446 

64933 

48587 

496 

69548  16765 

546 

73719 

26427 

596 

77524  62597 

397 

59879 

05068 

447 

65030 

75231 

497 

69635  63887 

547 

73798 

73263 

597 

77597  43311 

398 

59988 

30721 

448 

65127 

80140 

498 

69722  93428 

548 

73878 

05585 

598 

77670  11840 

399 

60097 

28957 

449 

65224 

63410 

499 

69810  05456 

549 

73957 

23445 

599 

77742  68224 

400 

60205 

99913 

450 

65321 

25138 

500 

69897  00043 

550 

74036 

26895 

600 

77815  12504 
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4 

r(-7)3] 

4 
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4 
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ELEMENTARY    TRANSCENDENTAL    FUNCTIONS 
COMMON  LOGARITHMS 


logio  X 


lOglO  .T 


logio  X 


log 


10  X 


600 

77815 

12504 

650 

81291 

33566 

700 

84509 

80400 

750 

87506 

12634 

601 

77887 

44720 

651 

81358 

09886 

701 

84571 

80180 

751 

87563 

99370 

602 

77959 

64913 

652 

81424 

75957 

702 

84633 

71121 

752 

87621 

78406 

603 

78031 

73121 

653 

81491 

31813 

703 

84695 

53250 

753 

87679 

49762 

604 

78103 

69386 

654 

81557 

77483 

704 

84757 

26591 

754 

87737 

13459 

605 

78175 

53747 

655 

81624 

13000 

705 

84818 

91170 

755 

87794 

69516 

606 

78247 

26242 

656 

81690 

38394 

706 

84880 

47011 

756 

87852 

17955 

607 

78318 

86911 

657 

81756 

53696 

707 

84941 

94138 

757 

87909 

58795 

608 

78390 

35793 

658 

81822 

58936 

708 

85003 

32577 

758 

87966 

92056 

609 

78461 

72926 

659 

81888 

54146 

709 

85064 

62352 

759 

88024 

17759 

610 

78532 

98350 

660 

81954 

39355 

710 

85125 

83487 

760 

88081 

35923 

611 

78604 

12102 

661 

82020 

14595 

711 

85186 

96007 

761 

88138 

46568 

612 

78675 

14221 

662 

82085 

79894 

712 

85247 

99936 

762 

88195 

49713 

613 

78746 

04745 

663 

82151 

35284 

713 

85308 

95299 

763 

88252 

45380 

614 

78816 

83711 

664 

82216 

80794 

714 

85369 

82118 

764 

88309 

33586 

615 

78887 

51158 

665 

82282 

16453 

715 

85430 

60418 

765 

88366 

14352 

616 

78958 

07122 

666 

82347 

42292 

716 

85491 

30223 

766 

88422 

87696 

617 

79028 

51640 

667 

82412 

58339 

717 

85551 

91557 

767 

88479 

53639 

618 

79098 

84751 

668 

82477 

64625 

718 

85612 

44442 

768 

88536 

12200 

619 

79169 

06490 

669 

82542 

61178 

719 

85672 

88904 

769 

88592 

63398 

620 

79239 

16895 

670 

82607 

48027 

720 

85733 

24964 

770 

88649 

07252 

621 

79309 

16002 

671 

82672 

25202 

721 

85793 

52647 

771 

88705 

43781 

622 

79379 

03847 

672 

82736 

92731 

722 

85853 

71976 

772 

88761 

73003 

623 

79448 

80467 

673 

82801 

50642 

723 

85913 

82973 

773 

88817 

94939 

624 

79518 

45897 

674 

82865 

98965 

724 

85973 

85662 

774 

88874 

09607 

625 

79588 

00173 

675 

82930 

37728 

725 

86033 

80066 

775 

88930 

17025 

626 

79657 

43332 

676 

82994 

66959 

726 

86093 

66207 

776 

88986 

17213 

627 

79726 

75408 

677 

83058 

86687 

727 

86153 

44109 

777 

89042 

10188 

628 

79795 

96437 

678 

83122 

96939 

728 

86213 

13793 

778 

89097 

95970 

629 

79865 

06454 

679 

83186 

97743 

729 

86272 

75283 

779 

89153 

74577 

630 

79934 

05495 

680 

83250 

89127 

730 

86332 

28601 

780 

89209 

46027 

631 

80002 

93592 

681 

83314 

71119 

731 

86391 

73770 

781 

89265 

10339 

632 

80071 

70783 

682 

83378 

43747 

732 

86451 

10811 

782 

89320 

67531 

633 

80140 

37100 

683 

83442 

07037 

733 

86510 

39746 

783 

89376 

17621 

634 

80208 

92579 

684 

83505 

61017 

734 

86569 

60599 

784 

89431 

60627 

635 

80277 

37253 

685 

83569 

05715 

735 

86628 

73391 

785 

89486 

96567 

636 

80345 

71156 

686 

83632 

41157 

736 

86687 

78143 

786 

89542 

25460 

637 

80413 

94323 

687 

83695 

67371 

737 

86746 

74879 

787 

89597 

47324 

638 

80482 

06787 

688 

83758 

84382 

738 

86805 

63618 

788 

89652 

62175 

639 

80550 

08582 

689 

83821 

92219 

739 

86864 

44384 

789 

89707 

70032 

640 

80617 

99740 

690 

83884 

90907 

740 

86923 

17197 

790 

89762 

70913 

641 

80685 

80295 

691 

83947 

80474 

741 

86981 

82080 

791 

89817 

64835 

642 

80753 

50281 

692 

84010 

60945 

742 

87040 

39053 

792 

89872 

51816 

643 

80821 

09729 

693 

84073 

32346 

743 

87098 

88138 

793 

89927 

31873 

644 

80888 

58674 

694 

84135 

94705 

744 

87157 

29355 

794 

89982 

05024 

645 

80955 

97146 

695 

84198 

48046 

745 

87215 

62727 

795 

90036 

71287 

646 

81023 

25180 

696 

84260 

92396 

746 

87273 

88275 

796 

90091 

30677 

647 

81090 

42807 

697 

84323 

27781 

747 

87332 

06018 

797 

90145 

83214 

648 

81157 

50059 

698 

84385 

54226 

748 

87390 

15979 

798 

90200 

28914 

649 

81224 

46968 

699 

84447 

71757 

749 

87448 

18177 

799 

90254 

67793 

650 

81291 

33566 

700 

84509 

80400 

750 

87506 

12634 

800 

90308 

99870 
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X 

logio  ./• 

800 

90308  99870 

801 

90363  25161 

802 

90417  43683 

803 

90471  55453 

804 

90525  60487 

805 

90579  58804 

806 

90633  50418 

807 

90687  35347 

808 

90741  13608 

809 

90794  85216 

810 

90848  50189 

811 

90902  08542 

812 

90955  60292 

813 

91009  05456 

814 

91062  44049 

815 

91115  76087 

816 

91169  01588 

817 

91222  20565 

818 

91275  33037 

819 

91328  39018 

820 

91381  38524 

821 

91434  31571 

822 

91487  18175 

823 

91539  98352 

824 

91592  72117 

825 

91645  39485 

826 

91698  00473 

827 

91750  55096 

828 

91803  03368 

829 

91855  45306 

830 

91907  80924 

831 

91960  10238 

832 

92012  33263 

833 

92064  50014 

834 

92116  60506 

835 

92168  64755 

836 

92220  62774 

837 

92272  54580 

838 

92324  40186 

839 

92376  19608 

840 

92427  92861 

841 

92479  59958 

842 

92531  20915 

843 

92582  75746 

844 

92634  24466 

845 

92685  67089 

846 

92737  03630 

847 

92788  34103 

848 

92839  58523 

849 

92890  76902 

850 

92941  89257 

r(-8)8] 

4 
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ELEMENTARY   TRANSCENDENTAL    FUNCTIONS 
COMMON  LOGARITHMS 


logio 


logio  -r 


logio 


logio  .r 


log 


10  X 


850 

92941 

89257 

900 

95424 

25094 

950 

97772 

36053 

1000 

00000 

00000 

1050 

02118 

92991 

851 

92992 

95601 

901 

95472 

47910 

951 

97818 

05169 

1001 

00043 

40775 

1051 

02160 

27160 

852 

93043 

95948 

902 

95520 

65375 

952 

97863 

69484 

1002 

00086 

77215 

1052 

02201 

57398 

853 

93094 

90312 

903 

95568 

77503 

953 

97909 

29006 

1003 

00130 

09330 

1053 

02242 

83712 

854 

93145 

78707 

904 

95616 

84305 

954 

97954 

83747 

1004 

00173 

37128 

1054 

02284 

06109 

855 

93196 

61147 

905 

95664 

85792 

955 

98000 

33716 

1005 

00216 

60618 

1055 

02325 

24596 

856 

93247 

37647 

906 

95712 

81977 

956 

98045 

78923 

1006 

00259 

79807 

1056 

02366 

39182 

857 

93298 

08219 

907 

95760 

72871 

957 

93091 

19378 

1007 

00302 

94706 

1057 

02407 

49873 

858 

93348 

72878 

908 

95808 

58485 

958 

98136 

55091 

1008 

00346 

05321 

1058 

02448 

56677 

859 

93399 

31638 

909 

95856 

38832 

959 

98181 

86072 

1009 

00389 

11662 

1059 

02489 

59601 

860 

93449 

84512 

910 

95904 

13923 

960 

98227 

12330 

1010 

00432 

13738 

1060 

02530 

58653 

861 

93500 

31515 

911 

95951 

83770 

961 

98272 

33877 

1011 

00475 

11556 

1061 

02571 

53839 

862 

93550 

72658 

912 

95999 

48383 

962 

98317 

50720 

1012 

00518 

05125 

1062 

02612 

45167 

863 

93601 

07957 

913 

96047 

07775 

963 

98362 

62871 

1013 

00560 

94454 

1063 

02653 

32645 

864 

93651 

37425 

914 

96094 

61957 

964 

98407 

70339 

1014 

00603 

79550 

1064 

02694 

16280 

865 

93701 

61075 

915 

96142 

10941 

965 

98452 

73133 

1015 

00646 

60422 

1065 

02734 

96078 

866 

93751 

78920 

916 

96189 

54737 

966 

98497 

71264 

1016 

00689 

37079 

1066 

02775 

72047 

867 

93801 

90975 

917 

96236 

93357 

967 

98542 

64741 

1017 

00732 

09529 

1067 

02816 

44194 

868 

93851 

97252 

918 

96284 

26812 

968 

98587 

53573 

1018 

00774 

77780 

1068 

02857 

12527 

869 

93901 

97764 

919 

96331 

55114 

969 

98632 

37771 

1019 

00817 

41840 

1069 

02897 

77052 

870 

93951 

92526 

920 

96378 

78273 

970 

98677 

17343 

1020 

00860 

01718 

1070 

02938 

37777 

871 

94001 

81550 

921 

96425 

96302 

971 

98721 

92299 

1021 

00902 

57421 

1071 

02978 

94708 

872 

94051 

64849 

922 

96473 

09211 

972 

98766 

62649 

1022 

00945 

08958 

1072 

03019 

47854 

873 

94101 

42437 

923 

96520 

17010 

973 

98811 

28403 

1023 

00987 

56337 

1073 

03059 

97220 

874 

94151 

14326 

924 

96567 

19712 

974 

98855 

89569 

1024 

01029 

99566 

1074 

03100 

42814 

875 

94200 

80530 

925 

96614 

17327 

975 

98900 

46157 

1025 

01072 

38654 

1075 

03140 

84643 

876 

94250 

41062 

926 

96661 

09867 

976 

98944 

98177 

1026 

01114 

73608 

1076 

03181 

22713 

877 

94299 

95934 

927 

96707 

97341 

977 

98989 

45637 

1027 

01157 

04436 

1077 

03221 

57033 

878 

94349 

45159 

928 

96754 

79762 

978 

99033 

88548 

1028 

01199 

31147 

1078 

03261 

87609 

879 

94398 

88751 

929 

96801 

57140 

979 

99078 

26918 

1029 

01241 

53748 

1079 

03302 

14447 

880 

94448 

26722 

930 

96848 

29486 

980 

99122 

60757 

1030 

01283 

72247 

1080 

03342 

37555 

881 

94497 

59084 

931 

96894 

96810 

981 

99166 

90074 

1031 

01325 

86653 

1081 

03382 

56940 

882 

94546 

85851 

932 

96941 

59124 

982 

99211 

14878 

1032 

01367 

96973 

1082 

03422 

72608 

883 

94596 

07036 

933 

96988 

16437 

983 

99255 

35178 

1033 

01410 

03215 

1083 

03462 

84566 

884 

94645 

22650 

934 

97034 

68762 

984 

99299 

50984 

1034 

01452 

05388 

1084 

03502 

92822 

885 

94694 

32707 

935 

97081 

16109 

985 

99343 

62305 

1035 

01494 

03498 

1085 

03542 

97382 

886 

94743 

37219 

936 

97127 

58487 

986 

99387 

69149 

1036 

01535 

97554 

1086 

03582 

98253 

887 

94792 

36198 

937 

97173 

95909 

987 

99431 

71527 

1037 

01577 

87564 

1087 

03622 

95441 

888 

94841 

29658 

938 

97220 

28384 

988 

99475 

69446 

1038 

01619 

73535 

1088 

03662 

88954 

889 

94890 

17610 

939 

97266 

55923 

989 

99519 

62916 

1039 

01661 

55476 

1089 

03702 

78798 

890 

94939 

00066 

940 

97312 

78536 

990 

99563 

51946 

1040 

01703 

33393 

1090 

03742 

64979 

891 

94987 

77040 

941 

97358 

96234 

991 

99607 

36545 

1041 

01745 

07295 

1091 

03782 

47506 

892 

95036 

48544 

942 

97405 

09028 

992 

99651 

16722 

1042 

01786 

77190 

1092 

03822 

26384 

893 

95085 

14589 

943 

97451 

16927 

993 

99694 

92485 

1043 

01828 

43084 

1093 

03862 

01619 

894 

95133 

75188 

944 

97497 

19943 

994 

99738 

63844 

1044 

01870 

04987 

1094 

03901 

73220 

895 

95182 

30353 

945 

97543 

18085 

995 

99782 

30807 

1045 

01911 

62904 

1095 

03941 

41192 

896 

95230 

80097 

946 

97589 

11364 

996 

99825 

93384 

1046 

01953 

16845 

1096 

03981 

05541 

897 

95279 

24430 

947 

97634 

99790 

997 

99869 

51583 

1047 

01994 

66817 

1097 

04020 

66276 

898 

95327 

63367 

948 

97680 

83373 

998 

99913 

05413 

1048 

02036 

12826 

1098 

04060 

23401 

899 

95375 

96917 

949 

97726 

62124 

999 

99956 

54882 

1049 

02077 

54882 

1099 

04099 

76924 

900 

95424 

25094 

950 

97772 

36053 

1000 

00000 

00000 

1050 

02118 

92991 

1100 

04139 

26852 

"(- 

4 

"(- 

8)7] 
4 

i 

8)61 
3 

8)51 
3 

t 

8)5" 
3 

ELEMENTARY   TRANSCENDENTAL    FUNCTIONS 
COMMON  LOGARITHMS 


logio  a 


log  10  .r 


log  10  r 


logic  X 
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Table  4.1 

logio  J- 


1100 

04139 

26852 

1150 

06069 

78404 

1200 

07918 

12460 

1250 

09691 

00130 

1300 

11394 

33523 

1101 

04178 

•73190 

1151 

06107 

53236 

1201 

07954 

30074 

1251 

09725 

73097 

1301 

11427 

72966 

1102 

04218 

15945 

1152 

06145 

24791 

1202 

07990 

44677 

1252 

09760 

43289 

1302 

11461 

09842 

1103 

04257 

55124 

1153 

06182 

93073 

1203 

08026 

56273 

1253 

09795 

10710 

1303 

11494 

44157 

1104 

04296 

90734 

1154 

06220 

58088 

1204 

08062 

64869 

1254 

09829 

75365 

1304 

11527 

75914 

1105 

04336 

22780 

1155 

06258 

19842 

1205 

08098 

70469 

1255 

09864 

37258 

1305 

11561 

05117 

1106 

04375 

51270 

1156 

06295 

78341 

1206 

08134 

73078 

1256 

09898 

96394 

1306 

11594 

31769 

1107 

04414 

76209 

1157 

06333 

33590 

1207 

08170 

72701 

1257 

09933 

52777 

1307 

11627 

55876 

1108 

04453 

97604 

1158 

06370 

85594 

1208 

08206 

69343 

1258 

09968 

06411 

1308 

11660 

77440 

1109 

04493 

15461 

1159 

06408 

34360 

1209 

08242 

63009 

1259 

10002 

57301 

1309 

11693 

96466 

1110 

04532 

29788 

1160 

06445 

79892 

1210 

08278 

53703 

1260 

10037 

05451 

1310 

11727 

12957 

1111 

04571 

40589 

1161 

06483 

22197 

1211 

08314 

41431 

1261 

10071 

50866 

1311 

11760 

26917 

1112 

04610 

47872 

1162 

06520 

61281 

1212 

08350 

26198 

1262 

10105 

93549 

1312 

11793 

38350 

1113 

04649 

51643 

1163 

06557 

97147 

1213 

08386 

08009 

1263 

10140 

33506 

1313 

11826 

47261 

1114 

04688 

51908 

1164 

06595 

29803 

1214 

08421 

86867 

1264 

10174 

70739 

1314 

11859 

53652 

1115 

04727 

48674 

1165 

06632 

59254 

1215 

08457 

62779 

1265 

10209 

05255 

1315 

11892 

57528 

1116 

04766 

41946 

1166 

06669 

85504 

1216 

08493 

35749 

1266 

10243 

37057 

1316 

11925 

58893 

1117 

04805 

31731 

1167 

06707 

08560 

1217 

08529 

05782 

1267 

10277 

66149 

1317 

11958 

57750 

1118 

04844 

18036 

1168 

06744 

28428 

1218 

08564 

72883 

1268 

10311 

92535 

1318 

11991 

54103 

1119 

04883 

00865 

1169 

06781 

45112 

1219 

08600 

37056 

1269 

10346 

16221 

1319 

12024 

47955 

1120 

04921 

80227 

1170 

06818 

58617 

1220 

08635 

98307 

1270 

10380 

37210 

1320 

12057 

39312 

1121 

04960 

56126 

1171 

06855 

68951 

1221 

08671 

56639 

1271 

10414 

55506 

1321 

12090 

28176 

1122 

04999 

28569 

1172 

06892 

76117 

1222 

08707 

12059 

1272 

10448 

71113 

1322 

12123 

14551 

1123 

05037 

97563 

1173 

06929 

80121 

1223 

08742 

64570 

1273 

10482 

84037 

1323 

12155 

98442 

1124 

05076 

63112 

1174 

06966 

80969 

1224 

08778 

14178 

1274 

10516 

94280 

1324 

12188 

79851 

1125 

05115 

25224 

1175 

07003 

78666 

1225 

08813 

60887 

1275 

10551 

01848 

1325 

12221 

58783 

1126 

05153 

83905 

1176 

07040 

73217 

1226 

08849 

04702 

1276 

10585 

06744 

1326 

12254 

35241 

1127 

05192 

39160 

1177 

07077 

64628 

1227 

08884 

45627 

1277 

10619 

08973 

1327 

12287 

09229 

1128 

05230 

90996 

1178 

07114 

52905 

1228 

08919 

83668 

1278 

10653 

08538 

1328 

12319 

80750 

1129 

05269 

39419 

1179 

07151 

38051 

1229 

08955 

18829 

1279 

10687 

05445 

1329 

12352 

49809 

1130 

05307 

84435 

1180 

07188 

20073 

1230 

08990 

51114 

1280 

10720 

99696 

1330 

12385 

16410 

1131 

05346 

26049 

1181 

07224 

98976 

1231 

09025 

80529 

1281 

10754 

91297 

1331 

12417 

80555 

1132 

05384 

64269 

1182 

07261 

74765 

1232 

09061 

07078 

1282 

10788 

80252 

1332 

12450 

42248 

1133 

05422 

99099 

1183 

07298 

47446 

1233 

09096 

30766 

1283 

10822 

66564 

1333 

12483 

01494 

1134 

05461 

30546 

1184 

07335 

17024 

1234 

09131 

51597 

1284 

10856 

50237 

1334 

12515 

58296 

1135 

05499 

58615 

1185 

07371 

83503 

1235 

09166 

69576 

1285 

10890 

31277 

1335 

12548 

12657 

1136 

05537 

83314 

1186 

07408 

46890 

1236 

09201 

84708 

1286 

10924 

09686 

1336 

12580 

64581 

1137 

05576 

04647 

1187 

07445 

07190 

1237 

09236 

96996 

1287 

10957 

85469 

1337 

12613 

14073 

1138 

05614 

22621 

1188 

07481 

64406 

1238 

09272 

06447 

1288 

10991 

58630 

1338 

12645 

61134 

1139 

05652 

37241 

1189 

07518 

18546 

1239 

09307 

13064 

1289 

11025 

29174 

1339 

12678 

05770 

1140 

05690 

48513 

1190 

07554 

69614 

1240 

09342 

16852 

1290 

11058 

97103 

1340 

12710 

47984 

1141 

05728 

56444 

1191 

07591 

17615 

1241 

09377 

17815 

1291 

11092 

62423 

1341 

12742 

87779 

1142 

05766 

61039 

1192 

07627 

62554 

1242 

09412 

15958 

1292 

11126 

25137 

1342 

12775 

25158 

1143 

05804 

62304 

1193 

07664 

04437 

1243 

09447 

11286 

1293 

11159 

85249 

1343 

12807 

60127 

1144 

05842 

60245 

1194 

07700 

43268 

1244 

09482 

03804 

1294 

11193 

42763 

1344 

12839 

92687 

1145 

05880 

54867 

1195 

07736 

79053 

1245 

09516 

93514 

1295 

11226 

97684 

1345 

12872 

22843 

1146 

05918 

46176 

1196 

07773 

11797 

1246 

09551 

80423 

1296 

11260 

50015 

1346 

12904 

50599 

1147 

05956 

34179 

1197 

07809 

41504 

1247 

09586 

64535 

1297 

11293 

99761 

1347 

12936 

75957 

1148 

05994 

18881 

1198 

07845 

68181 

1248 

09621 

45853 

1298 

11327 

46925 

1348 

12968 

98922 

1149 

06032 

00287 

1199 

07881 

91831 

1249 

09656 

24384 

1299 

11360 

91511 

1349 

13001 

19497 

1150 

06069 

78404 

1200 

07918 

12460 

1250 

09691 

00130 

1300 

11394 

33523 

1350 

13033 

37685 

"(- 

8)5-| 
3 

r(-8)4-| 

3 

r(-8)4i 

3 

[(-8)31 
3 
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3 

273-888  O 

-67—8 

100 


ELEMENTARY   TRANSCEXDENTAL    FUNCTIONS 


Table  4.2 


NATURAL  LOGARITHMS 


.r  In  .1 

0.000  -« 

0.001  -b.'^iQllb  52789  821371 

0.002  -6.21460  80984  221917 

0.003  -5.80914  29903  140274 

0.004  -5.52146  09178  622464 

0.005  -5.29831  73665  480367 

0.006  -5.11599  58097  540821 

0.007  -4.96184  51299  268237 

0.008  -4.82831  37373  023011 

0.009  -4.71053  07016  459177 

0.010  -4.60517  01859  880914 

0.011  -4.50986  00061837665 

0.012  -4.42284  86291  941367 

0.013  -4.34280  59215  206003 

0.014  -4.26869  79493  668784 

0.015  -4.19970  50778  799270 

0.016  -4.13516  65567  423558 

0.017  -4.07454  19349  259210 

0.018  -4.01738  35210  859724 

0.019  -3.96331  62998  156966 

0.020  -3.91202  30054  281461 

0.021  -3.86323  28412  587141 

0.022  -3.81671  28256  238212 

0.023  -3.77226  10630  529874 

0.024  -3.72970  14486  341914 

0.025  -3.68887  94541  139363 

0.026  -3.64965  87409  606550 

0.027  -3.61191  84129  778080 

0.028  -3.57555  07688  069331 

0.029  -3.54045  94489  956630 

0.030  -3,50655  78973  199817 

0.031  -3.47376  80744  969908 

0.032  -3.44201  93761  824105 

0.033  -3.41124  77175  156568 

0.034  -3.38139  47543  659757 

0.035  -3.35240  72174  927234 

0.036  -3.32423  63405  260271 

0.037  -3.29683  73663  379126 

0.038  -3.27016  91192  557513 

0.039  -3.24419  36328  524906 

0.040  -3.21887  58248  682007 

0.041  -3.19418  32122  778292 

0.042  -3.17008  56606  987687 

0.043  -3.14655  51632  885746 

0.044  -3.12356  56450  638759 

0.045  -3.10109  27892  118173 

0.046  -3.07911  38824  930421 

0.047  -3.05760  76772  720785 

0.048  -3.03655  42680  742461 

0.049  -3.01593  49808  715104 


•^  In  X- 

0.050  -2.99573  22735  539910 

0.051  -2.97592  96462  578113 

0.052  -2.95651  15604  007097 

0.053  -2.93746  33654  300152 

0.054  -2.91877  12324  178627 

0.055  -2.90042  20937  496661 

0.056  -2.88240  35882  469878 

0.057  -2.86470  40111475869 

0.058  -2.84731  22684  357177 

0.059  -2.83021  78350  764176 

0.060  -2.81341  07167  600364 

0.061  -2.79688  14148  088258 

0.062  -2.78062  08939  370455 

0.063  -2.76462  05525  906044 

0.064  -2.74887  21956  224652 

0.065  -2.73336  80090  864999 

0.066  -2.71810  05369  557115 

0.067  -2.70306  26595  911710 

0.068  -2.68824  75738  060304 

0.069  -2.67364  87743  848777 

0.070  -2.65926  00369  327781 

0.071  -2.64507  54019  408216 

0.072  -2.63108  91599  660817 

0.073  -2.61729  58378  337459 

0.074  -2.60369  01857  779673 

0.075  -2.59026  71654  458266 

0.076  -2.57702  19386  958060 

0.077  -2.56394  98571284532 

0.078  -2.55104  64522  925453 

0.079  -2.53830  74265  151156 

0.080  -2.52572  86443  082554 

0.081  -2.51330  61243  096983 

0.082  -2.50103  60317  178839 

0.083  -2.48891  46711  855391 

0.084  -2.47693  84801  388234 

0.085  -2.46510  40224  918206 

0.086  -2.45340  79827  286293 

0.087  -2.44184  71603  275533 

0.088  -2.43041  84645  039306 

0.089  -2.4191189092  499972 

0.090  -2.40794  56086  518720 

0.091  -2.39689  57724  652870 

0.092  -2.38596  67019  330967 

0.093  -2.37515  57858  288811 

0.094  -2.36446  04967  121332 

0.095  -2.35387  83873  815962 

0.096  -2.34340  70875  143008 

0.097  -2.33304  43004  787542 

0.098  -2.32278  78003  115651 

0.099  -2.31263  54288  475471 


X  In  X 

0.100  -2.30258  50929  940457 

0.101  -2.29263  47621  408776 

0.102  -2.28278  24656  978660 

0.103  -2.27302  62907  525013 

0.104  -2.26336  43798  407644 

0.105  -2.25379  49288  246137 

0.106  -2.24431  61848  700699 

0.107  -2.23492  64445  202309 

0.108  -2.22562  40518  579174 

0.109  -2.21640  73967  529934 

0.110  -2.20727  49131  897208 

0.111  -2.19822  50776  698029 

0.112  -2.18925  64076  870425 

0.113  -2.18036  74602  697965 

0.114  -2.17155  68305  876416 

0.115  -2.16282  31506  188870 

0.116  -2.15416  50878  757724 

0.117  -2.14558  13441  843809 

0.118  -2.13707  06545  164723 

0.119  -2.12863  17858  706077 

0.120  -2.12026  35362  000911 

0.121  -2.11196  47333  853960 

0.122  -2.10373  42342  488805 

0.123  -2.09557  09236  097196 

0.124  -2.08747  37133  771002 

0.125  -2.07944  15416  798359 

0.126  -2.07147  33720  306591 

0.127  -2.06356  81925  235458 

0.128  -2.05572  50150  625199 

0.129  -2.04794  28746  204649 

0.130  -2.04022  08285  265546 

0.131  -2.03255  79557  809855 

0.132  -2.02495  33563  957662 

0.133  -2.01740  61507  603833 

0.134  -2.0099154790  312257 

0.135  -2.00248  05005  437076 

0.136  -1.99510  03932  460850 

0.137  -1.98777  43531  540121 

0.138  -1.98050  15938  249324 

0.139  -1.97328  13458  514453 

0.140  -1.96611  28563  728328 

0.141  -1.95899  53886  039688 

0.142  -1.95192  82213  808763 

0.143  -1.94491  06487  222298 

0.144  -1.93794  19794  061364 

0.145  -1.93102  15365  615627 

0.146  -1.92414  86572  738006 

0.147  -1.91732  26922  034008 

0.148  -1.91054  30052  180220 

0.149  -1.90380  89730  366779 


0.050  -2.99573  22735  539910    0.100  -2.30258  50929  940457 


['-n 


For  use  of  natural  logarithms  see  Examples  4-7. 

In  10  =  2.30258  50929  940457 


0.150     -1.89711   99848  858813 


[*-f] 
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101 


In 


NATURAL  LOGARITHMS 

In  X 


0.150 

-1.89711 

99848 

858813 

0.200 

-1.60943 

79124 

341004 

0.250 

0.151 

-1.89047 

54421 

672127 

0.201 

-1.60445 

03709 

230613 

0.251 

0.152 

-1.88387 

47581 

358607 

0.202 

-1.59948 

75815 

809323 

0.252 

0.153 

-1.87731 

73575 

897016 

0.203 

-1.59454 

92999 

403497 

0.253 

0.154 

-1.87080 

26765 

685079 

0.204 

-1.58963 

52851 

379207 

0.254 

0.155 

-1.86433 

01620 

628904 

0.205 

-1.58474 

52998 

437289 

0.255 

0.156 

-1.85789 

92717 

326000 

0.206 

-1.57987 

91101 

925560 

0.256 

0.157 

-1.85150 

94736 

338290 

0.207 

-1.57503 

64857 

167680 

0.257 

0.158 

-1.84516 

02459 

551702 

0.208 

-1.57021 

71992 

808191 

0.258 

0.159 

-1.83885 

10767 

619055 

0.209 

-1.56542 

10270 

173260 

0.259 

0.160 

-1.83258 

14637 

483101 

0.210 

-1.56064 

77482 

646684 

0.260 

0.161 

-1.82635 

09139 

976741 

0.211 

-1.55589 

71455 

060706 

0.261 

0.162 

-1.82015 

89437 

497530 

0.212 

-1.55116 

90043 

101246 

0.262 

0.163 

-1.81400 

50781 

753747 

0.213 

-1.  54646 

31132 

727119 

0.263 

0.164 

-1.80788 

88511 

579386 

0.214 

-1.54177 

92639 

602856 

0.264 

0.165 

-1.80180 

98050 

815564 

0.215 

-1.53711 

72508 

544743 

0.265 

0.166 

-1.79576 

74906 

255938 

0.216 

-1.53247 

68712 

979720 

0.266 

0.167 

-1.78976 

14665 

653819 

0.217 

-1.52785 

79254 

416775 

0.267 

0.168 

-1. 78379 

12995 

788781 

0.218 

-1.52326 

02161 

930480 

0.268 

0.169 

-1.77785 

65640 

590636 

0.219 

-1.  51868 

35491 

656362 

0.269 

0.170 

-1.77195 

68419 

318753 

0.220 

-1.51412 

77326 

297755 

0.270 

0.171 

-1.76609 

17224 

794772 

0.221 

-1.50959 

25774 

643842 

0.271 

0.172 

-1.76026 

08021 

686840 

0.222 

-1.50507 

78971 

098576 

0.272 

0.173 

-1. 75446 

36844 

843581 

0.223 

-1.50058 

35075 

220183 

0.273 

0.174 

-1.74869 

99797 

676080 

0.224 

-1.49610 

92271 

270972 

0.274 

0.175 

-1.74296 

93050 

586230 

0.225 

-1.49165 

48767 

777169 

0.275 

0.176 

-1.73727 

12839 

439853 

0.226 

-1.  48722 

02797 

098512 

0.276 

0.177 

-1.73160 

55464 

083079 

0.227 

-1. 48280 

52615 

007344 

0.277 

0.178 

-1.72597 

17286 

900519 

0.228 

-1.47840 

96500 

276963 

0.278 

0.179 

-1.72036 

94731 

"413821 

0.229 

-1.47403 

32754 

278974 

0.279 

0.180 

-1.71479 

84280 

919267 

0.230 

-1.46967 

59700 

589417 

0.280 

0.181 

-1.70925 

82477 

163113 

0.231 

-1.46533 

75684 

603435 

0.281 

0.182 

-1.70374 

85919 

053417 

0.232 

-1.46101 

79073 

158271 

0.282 

0.183 

-1.69826 

91261 

407161 

0.233 

-1.45671 

68254 

164365 

0.283 

0.184 

-1.69281 

95213 

731514 

0.234 

-1.45243 

41636 

244356 

0.284 

0.185 

-1.68739 

94539 

038122 

0.235 

-1.44816 

97648 

379781 

0.285 

0.186 

-1.68200 

86052 

689358 

0.236 

-1.44392 

34739 

565270 

0.286 

0.187 

-1.  67664 

66621 

275504 

0.237 

-1.43969 

51378 

470059 

0.287 

0.188 

-1.67131 

33161 

521878 

0.238 

-1.43548 

46053 

106624 

0.288 

0.189 

-1.66600 

82639 

224947 

0.239 

-1.43129 

17270 

506264 

0.289 

0.190 

-1.66073 

12068 

216509 

0.240 

-1.42711 

63556 

401457 

0.290 

0.191 

-1.65548 

18509 

355072 

0.241 

-1.42295 

83454 

914821 

0.291 

0.192 

-1.65025 

99069 

543555 

0.242 

-1.41881 

75528 

254507 

0.292 

0.193 

-1.64506 

50900 

772515 

0.243 

-1.41469 

38356 

415886 

0.293 

0.194 

-1.  63989 

71199 

188089 

0.244 

-1.41058 

70536 

889352 

0.294 

0.195 

-1.63475 

57204 

183903 

0.245 

-1.40649 

70684 

374101 

0.295 

0.196 

-1.62964 

06197 

516198 

0.246 

-1.40242 

37430 

497742 

0.296 

0.197 

-1.62455 

15502 

441485 

0.247 

-1.39836 

69423 

541599 

0.297 

0.198 

-1.61948 

82482 

876018 

0.248 

-1.39432 

65328 

171549 

0.298 

0.199 

-1.61445 

04542 

576447 

0.249 

-1.39030 

23825 

174294 

0.299 

0.200 

-1.60943 

79124 

341004 

0.250 

-1.38629 

43611 

198906 

0.300 

■(-6)51 
8 

■(-6)31 
8 

Table  4.2 

In  X 

-1.38629  43611  198906 
-1.38230  23398  503532 
-1.37832  61914  707137 
-1.37436  57902  546168 
-1.37042  10119  636005 

-1. 36649  17338  237109 
-1.36257  78345  025746 
-1.35867  91940  869173 
-1. 35479  56940  605196 
-1. 35092  72172  825993 

-1.34707  36479  666093 
-1.34323  48716  594436 
-1.33941  07752  210402 
-1.33560  12468  043725 
-1.33180  61758  358209 

-1.32802  54529  959148 
-1.32425  89702  004380 
-1.32050  66205  818875 
-1.31676  82984  712804 
-1.31304  38993  802979 

-1.30933  33199  837623 
-1.30563  64581  024362 
-1.30195  32126  861397 
-1.29828  34837  971773 
-1.29462  71725  940668 

-1.29098  41813  155658 
-1.28735  44132  649871 
-1.28373  77727  947986 
-1.28013  41652  915000 
-1.27654  34971  607714 

-1.27296  56758  128874 

-1.26940  06096  483913 

-1.26584  82080  440235 

-1.26230  83813  388994 

-1.25878  10408  209310 

-1.25526  60987  134865 
-1.25176  34681  622845 
-1.24827  30632  225159 
-1.24479  47988  461911 
-1.24132  85908  697049 

-1.23787  43560  016173 

-1.23443  20118  106445 

-1.23100  14767  138553 

-1.22758  26699  650697 

-1.22417  55116  434554 

-1.22077  99226  423172 
-1.21739  58246  580767 
-1.21402  31401  794374 
-1.21066  17924  767326 
-1.20731  17055  914506 

-1.20397  28043  259360 


(-6)2-1 
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Table  4.2 

NATURAL  LOGARITHMS 

.7- 

In. 

.}• 

Inr 

r 

Inr 

0.300 

-1.20397 

28043 

259360 

0.350 

-1.04982 

21244 

986777 

0.400 

-0.91629  07318 

741551 

0.301 

-1.20064 

50142 

332613 

0.351 

-1.04696 

90555 

162712 

0.401 

-0.91379  38516 

755679 

0.302 

-1.19732 

82616 

072674 

0.352 

-1.04412 

41033 

840400 

0.402 

-0.91130  31903 

631160 

0.303 

-1.19402 

24734 

727679 

0.353 

-1.04128 

72220 

488403 

0.403 

-0.90881  87170 

354541 

0.304 

-1.19072 

75775 

759154 

0.354 

-1.  03845 

83658 

483626 

0.404 

-0.90634  04010 

209870 

0.305 

-1.18744 

35023 

747254 

0.355 

-1.03563 

74895 

067213 

0.405 

-0.90386  82118 

755979 

0,306 

-1.18417 

01770 

297563 

0.356 

-1.  03282 

45481 

301066 

0.406 

-0.90140  21193 

804044 

0.307 

-1.18090 

75313 

949399 

0.357 

-1.03001 

94972 

024980 

0.407 

-0.89894  20935 

395421 

0.308 

-1.17765 

54960 

085626 

0.358 

-1.02722 

22925 

814367 

0.408 

-0,89648  81045 

779754 

0.309 

-1.17441 

40020 

843916 

0.359 

-1.02443 

28904 

938582 

0.409 

-0.89404  01229 

393353 

0.310 

-1.17118 

29815 

029451 

0.360 

-1.02165 

12475 

319814 

0.410 

-0.89159  81192 

837836 

0.311 

-1.16796 

23668 

029029 

0.361 

-1.01887 

73206 

492561 

0.411 

-0.88916  20644 

859024 

0.312 

-1.16475 

20911 

726547 

0.362 

-1.01611 

10671 

563660 

0.412 

-0.88673  19296 

326107 

0.313 

-1.16155 

20884 

419838 

0.363 

-1.01335 

24447 

172863 

0.413 

-0.88430  76860 

211043 

0.314 

-1.15836 

22930 

738837 

0.364 

-1.01060 

14113 

453964 

0.414 

-0.88188  93051 

568227 

0.315 

-1.15518 

26401 

565040 

0.365 

-1.  00785 

79253 

996455 

0.415 

-0.87947  67587 

514388 

0.316 

-1.15201 

30653 

952249 

0.366 

-1.00512 

19455 

807708 

0.416 

-0.87707  00187 

208738 

0.317 

-1.14885 

35051 

048564 

0.367 

-1.00239 

34309 

275668 

0.417 

-0.87466  90571 

833356 

0.318 

-1.14570 

38962 

019602 

0.368 

-0.99967 

23408 

132061 

0.418 

-0.87227  38464 

573807 

0.319 

-1.14256 

41761 

972925 

0.369 

-0.99695 

86349 

416099 

0.419 

-0.86988  43590 

599993 

0.320 

-1.13943 

42831 

883648 

0.370 

-0.99425 

22733 

438669 

0.420 

-0.86750  05677 

047231 

0.321 

-1.13631 

41558 

521212 

0.371 

-0.99155 

32163 

747019 

0.421 

-0.86512  24452 

997556 

0.322 

-1.13320 

37334 

377287 

0.372 

-0.98886 

14247 

089905 

0.422 

-0.86274  99649 

461252 

0.323 

-1.13010 

29557 

594805 

0.373 

-0.98617 

68593 

383215 

0.423 

-0.86038  30999 

358591 

0.324 

-1.12701 

17631 

898077 

0.374 

-0.98349 

94815 

676051 

0.424 

-0.85802  18237 

501793 

0.325 

-1.12393 

00966 

523996 

0.375 

-0.98082 

92530 

117262 

0.425 

-0.85566  61100 

577202 

0.326 

-1.12085 

78976 

154294 

0.376 

-0.97816 

61355 

922425 

0.426 

-0.85331  59327 

127666 

0.327 

-1.11779 

51080 

848837 

0.377 

-0.97551 

00915 

341263 

0.427 

-0.85097  12657 

535125 

0.328 

-1.11474 

16705 

979933 

0.378 

-0.97286 

10833 

625494 

0.428 

-0.84863  20834 

003403 

0.329 

-1.11169 

75282 

167652 

0.379 

-0.97021 

90738 

997107 

0.429 

-0.84629  83600 

541201 

0.330 

-1.10866 

26245 

216111 

0.380 

-0.96758 

40262 

617056 

0.430 

-0.84397  00702 

945289 

0.331 

-1.10563 

69036 

050742 

0.381 

-0.96495 

59038 

554361 

0.431 

-0.84164  71888 

783893 

0.332 

-1.10262 

03100 

656485 

0.382 

-0.96233 

46703 

755619 

0.432 

-0.83932  96907 

380267 

0.333 

-1.09961 

27890 

016932 

0.  383 

-0.95972 

02898 

014911 

0.433 

-0.83701  75509 

796472 

0.334 

-1.09661 

42860 

054366 

0.384 

-0.95711 

27263 

944102 

0.434 

-0.83471  07448 

817322 

0.335 

-1.09362 

47471 

570706 

0.385 

-0.95451 

19446 

943528 

0.435 

-0.83240  92478 

934530 

0.336 

-1.  09064 

41190 

189328 

0.386 

-0.95191 

79095 

173062 

0.436 

-0.83011  30356 

331027 

0.337 

-1.08767 

23486 

297753 

0.387 

-0.94933 

05859 

523552 

0.437 

-0.82782  20838 

865469 

0.338 

-1.08470 

93834 

991183 

0.388 

-0.94674 

99393 

588636 

0.438 

-0.82553  63686 

056909 

0.339 

-1.08175 

51716 

016868 

0.389 

-0.94417 

59353 

636908 

0.439 

-0.82325  58659 

069657 

0.340 

-1.07880 

96613 

719300 

0.390 

-0.94160 

85398 

584449 

0.440 

-0.82098  05520 

698302 

0.341 

-1.07587 

28016 

986203 

0.391 

-0.93904 

77189 

967713 

0.441 

-0.81871  04035 

352911 

0.342 

-1.07294 

45419 

195319 

0.392 

-0.93649 

34391 

916745 

0.442 

-0.81644  53969 

044389 

0.343 

-1.07002 

48318 

161971 

0.393 

-0.93394 

56671 

128758 

0.443 

-0.81418  55089 

370014 

0.344 

-1.06711 

36216 

087387 

0.394 

-0.93140 

43696 

842032 

0.444 

-0.81193  07165 

499123 

0.345 

-1.06421 

08619 

507773 

0.395 

-0.92886 

95140 

810152 

0.445 

-0.80968  09968 

158968 

0.346 

-1.06131 

65039 

244128 

0.396 

-0.92634 

10677 

276565 

0.446 

-0.80743  63269 

620730 

0.347 

-1.05843 

04990 

352779 

0.397 

-0.92381 

89982 

949466 

0.447 

-0.80519  66843 

685682 

0.348 

-1.05555 

27992 

076627 

0.398 

-0.92130 

32736 

976993 

0.448 

-0.80296  20465 

671519 

0.349 

-1.05268 

33567 

797099 

0.  399 

-0.91879 

38620 

922736 

0.449 

-0.80073  23912 

398828 

0.350 

-1.04982 

21244 

986777 

0.400 

-0.91629 

07318 

741551 

0.450 

-0.79850  76962 

177716 

(-6)1" 
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In 


0.450  -0.79850   76962   177716 

0.451  -0.79628   79394   794587 

0.452  -0.79407   30991   499059 

0.453  -0.79186   31534   991030 

0.454  -0.78965   80809   407891 

0.455  -0.78745   78600   311866 

0.456  -0.78526  24694   677510 

0.457  -0.78307   18880   879324 

0.458  -0.78088   60948   679521 

0.459  -0.77870   50689   215919 

0.460  -0.77652   87894  989964 

0.461  -0.77435   72359   854885 

0.462  -0.77219   03879   003982 

0.463  -0.77002   82248  959030 

0.464  -0.76787   07267   558818 

0.465  -0.76571   78733  947807 

0.466  -0.76356  96448  564912 

0.467  -0.76142   60213   132397 

0.468  -0.75928   69830   644903 

0.469  -0.75715   25105   358577 

0.470  -0.75502   25842   780328 

0.471  -0.75289   71849   657193 

0.472  -0.75077   62933   965817 

0.473  -0.74865   98904  902041 

0.474  -0.74654  79572   870606 

0.475  -0.74444   04749  474958 

0.476  -0.74233   74247   507170 

0.477  -0.74023   87880   937958 

0.478  -0.73814   45464  906811 

0.479  -0.73605   46815   712218 

0.480  -0.73396   91750   802004 

0.481  -0.73188   80088   763759 

0.482  -0.72981   11649   315367 

0.483  -0.72773   86253   295644 

0.484  -0.72567   03722   655053 

0.485  -0.72360   63880   446539 

0.486  -0.72154   66550   816433 

0.487  -0.71949   11558  995473 

0.488  -0.71743   98731   289899 

0.489  -0.71539   27895   072650 

0.490  -0.71334  98878   774648 

0.491  -0.71131   11511   876165 

0.492  -0.70927   65S24   898289 

0.493  -0.70724   61049   394469 

0.494  -0.70521   97617   942145 

0.495  -0.70319   75164   134468 

0.496  -0.70117   93522   572096 

0.497  -0.69916   52528   855083 

0.498  -0.69715   52019   574841 

0.499  -0.69514   91832   306184 

0.500  -0.69314   71805   599453 


NATURAL  LOGARITHMS 

X  In  X 

0.500  -0.69314  71805  599453 

0.501  -0.69114  91778  972723 

0.502  -0.68915  51592  904079 

0.503  -0.68716  51088  823978 

0.504  -0.68517  90109  107684 

0.505  -0.68319  68497  067772 

0.506  -0.68121  86096  946715 

0.507  -0.67924  42753  909539 

0.508  -0.67727  38314  036552 

0.509  -0.67530  72624  316143 

0.510  -0.67334  45532  637656 

0.511  -0.67138  56887  784326 

0.512  -0.66943  06539  426293 

0.513  -0.66747  94338  113675 

0.514  -0.66553  20135  269719 

0.515  -0.66358  83783  184009 

0.516  -0.66164  85135  005743 

0.517  -0.65971  24044  737079 

0.518  -0.65778  00367  226540 

0.519  -0.65585  13958  162484 

0.520  -0.65392  64674  066640 

0.521  -0.65200  52372  287701 

0.522  -0.65008  76910  994983 

0.523  -0.64817  38149  172142 

0.524  -0.64626  35946  610949 

0.525  -0.64435  70163  905133 

0.526  -0.64245  40662  444272 

0.527  -0.64055  47304  407747 

0.528  -0.63865  89952  758756 

0.529  -0.63676  68471  238377 

0.530  -0.63487  82724  359695 

0.531  -0.63299  32577  401982 

0.532  -0.63111  17896  404927 

0.533  -0.62923  38548  162925 

0.534  -0.62735  94400  219422 

0.535  -0.62548  85320  861305 

0.536  -0.62362  11179  113351 

0.537  -0.62175  71844  732724 

0.538  -0.61989  67188  203526 

0.539  -0.61803  97080  731399 

0.540  -0.61618  61394  238170 

0.541  -0.61433  60001  356555 

0.542  -0.61248  92775  424908 

0.543  -0.61064  59590  482016 

0.544  -0.60880  60321  261944 

0.545  -0.60696  94843  188930 

0.546  -0.60513  63032  372320 

0.547  -0.60330  64765  601558 

0.548  -0.60147  99920  341215 

0.549  -0.59965  68374  726064 

0.550  -0.59783  70007  556204 
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Table  4.2 

X  In  X 

0.550  -0.59783  70007  556204 

0.551  -0.59602  04698  292226 

0.552  -0.59420  72327  050417 

0.553  -0.59239  72774  598023 

0.554  -0.59059  05922  348532 

0.555  -0.58878  71652  357025 

0.556  -0.58698  69847  315547 

0.557  -0.58519  00390  548530 

0.558  -0.58339  63166  008261 

0.559  -0.58160  58058  270379 

0.560  -0.57981  84952  529421 

0.561  -0.57803  43734  594407 

0.562  -0.57625  34290  884460 

0.563  -0.57447  56508  424467 

0.564  -0.57270  10274  840782 

0.565  -0.57092  95478  356961 

0.566  -0.56916  12007  789541 

0.567  -0.56739  59752  543850 

0.568  -0.56563  38602  609857 

0.569  -0.56387  48448  558061 

0.570  -0.56211  89181  535412 

0.571  -0.56036  60693  261268 

0.572  -0.55861  62876  023392 

0.573  -0.55686  95622  673975 

0.574  -0.55512  58826  625706 

0.575  -0.55338  52381  847866 

0.576  -0.55164  76182  862458 

0.577  -0.54991  30124  740375 

0.578  -0.54818  14103  097596 

0.579  -0.54645  28014  091418 

0.580  -0.54472  71754  416720 

0.581  -0.54300  45221  302258 

0.582  -0.54128  48312  506992 

0.583  -0.53956  80926  316447 

0.584  -0.53785  42961  539100 

0.585  -0.53614  34317  502806 

0.586  -0.53443  54894  051244 

0.587  -0.53273  04591  540406 

0.588  -0.53102  83310  835101 

0.589  -0.52932  90953  305503 

0.590  -0.52763  27420  823719 

0.591  -0.52593  92615  760389 

0.592  -0.52424  86440  981314 

0.593  -0.52256  08799  844116 

0.594  -0.52087  59596  194921 

0.595  -0.51919  38734  365073 

0.596  -0.51751  46119  167873 

0.597  -0.51583  81655  895350 

0.598  -0.51416  45250  315053 

0.599  -0.51249  36808  666877 


0.600  -0.51082  56237  659907 
■(-7)4- 
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ELEMENTARY    TRANSCENDENTAL    FUNCTIONS 
NATURAL  LOGARITHMS 

X  In  X  X 


In  X 


0.600 

-0.51082  56237 

659907 

0,650 

-0.43078  29160 

924543 

0.700 

-0.35667 

49439 

387324 

0.601 

-0.50916  03444 

469295 

0,651 

-0.42924  56367 

735678 

0.701 

-0.35524 

73919 

475470 

0.602 

-0.50749  78336 

733160 

0.652 

-0.42771  07170 

554841 

0.702 

-0.35382 

18749 

563259 

0.603 

-0.50583  80822 

549516 

0.653 

-0.42617  81497 

057060 

0.703 

-0.35239 

83871 

714721 

0.604 

-0.50418  10810 

473221 

0.654 

-0.42464  79275 

249384 

0.704 

-0.  35097 

69228 

240947 

0.605 

-0.50252  68209 

512956 

0.655 

-0.42312  00433 

468851 

0.705 

-0.34955 

74761 

698684 

0.606 

-0.50087  52929 

128226 

0.656 

-0.42159  44900 

380480 

0.706 

-0.34814 

00414 

888950 

0.607 

-0,49922  64879 

226388 

0.657 

-0.42007  12604 

975265 

0.707 

-0.34672 

46130 

855643 

0.608 

-0,49758  03970 

159700 

0.658 

-0.41855  03476 

568199 

0,708 

-0.34531 

11852 

884173 

0.609 

-0.49593  70112 

722400 

0.659 

-0.41703  17444 

796298 

0.709 

-0.  34389 

97524 

500096 

0.610 

-0.49429  63218 

147801 

0.660 

-0,41551  54439 

616658 

0.710 

-0.  34249 

03089 

467759 

0.611 

-0.49265  83198 

105417 

0.661 

-0,41400  14391 

304508 

0.711 

-0.34108 

28491 

788962 

0.612 

-0.49102  29964 

698110 

0.662 

-0.41248  97230 

451288 

0.712 

-0.  33967 

73675 

701613 

0.613 

-0.48939  03430 

459257 

0.663 

-0.41098  02887 

962745 

0.713 

-0.33827 

38585 

678411 

0.614 

-0.48776  03508 

349946 

0.664 

-0.40947  31295 

057032 

0.714 

-0.33687 

23166 

425527 

0.615 

-0.48613  30111 

756192 

0.665 

-0,40796  82383 

262829 

0.715 

-0. 33547 

27362 

881294 

0.616 

-0.48450  83154 

486173 

0.666 

-0,40646  56084 

417479 

0.716 

-0.33407 

51120 

214914 

0.617 

-0.48288  62550 

767492 

0.667 

-0,40496  52330 

665133 

0.717 

-0.33267 

94383 

825167 

0.618 

-0.48126  68215 

244463 

0.668 

-0.40346  71054 

454913 

0.718 

-0,33128 

57099 

339129 

0.619 

-0.47965  00062 

975409 

0.669 

-0.40197  12188 

539086 

0.719 

-0,32989 

39212 

610904 

0.620 

-0.47803  58009 

429998 

0.670 

-0,40047  75665 

971253 

0.720 

-0,32850 

40669 

720361 

0.621 

-0.47642  41970 

486583 

0.671 

-0.39898  61420 

104553 

0.721 

-0.32711 

61416 

971880 

0.622 

-0.47481  51862 

429576 

0.672 

-0.39749  69384 

589875 

0.722 

-0.32573 

01400 

893108 

0.623 

-0.47320  87601 

946839 

0.673 

-0.39600  99493 

374092 

0.723 

-0.32434 

60568 

233724 

0.624 

-0.47160  49106 

127094 

0.674 

-0.39452  51680 

698300 

0.724 

-0.32296 

38865 

964207 

0.625 

-0.47000  36292 

457356 

0.675 

-0.39304  25881 

096072 

0.725 

-0.32158 

36241 

274623        ' 

0.626 

-0.46840  49078 

820385 

0,676 

-0,39156  22029 

391730 

0,726 

-0.32020 

52641 

573410 

0.627 

-0,46680  87383 

492164 

0.677 

-0,39008  40060 

698621 

0,727 

-0.  31882 

88014 

486177 

0.628 

-0,46521  51125 

139384 

0.678 

-0.38860  79910 

417415 

0.728 

-0.31745 

42307 

854511 

0.629 

-0.46362  40222 

816965 

0.679 

-0.38713  41514 

234409 

0.729 

-0.31608 

15469 

734789 

0.630 

-0.46203  54595 

965587 

0.680 

-0.38566  24808 

119847 

0.730 

-0.31471 

07448 

397002 

0.631 

-0.46044  94164 

409239 

0.681 

-0,38419  29728 

326247 

0.731 

-0.31334 

18192 

323585 

0.632 

-0.45886  58848 

352796 

0.682 

-0,38272  56211 

386750 

0.732 

-0.31197 

47650 

208255 

0.633 

-0.45728  48568 

379609 

0.683 

-0,38126  04194 

113470 

0.733 

-0,31060 

95770 

954856 

0.634 

-0.45570  63245 

449111 

0.684 

-0,37979  73613 

595866 

0.734 

-0.30924 

62503 

676215 

0.635 

-0.45413  02800 

894454 

0.685 

-0,37833  64407 

199118 

0.735 

-0.30788 

47797 

693004 

0.636 

-0.45255  67156 

420149 

0.686 

-0,37687  76512 

562518 

0.736 

-0.30652 

51602 

532608 

0.637 

-0.45098  56234 

099737 

0.687 

-0,37542  09867 

597877 

0.737 

-0.30516 

73867 

928004 

0.638 

-0.44941  69956 

373472 

0.688 

-0,37396  64410 

487934 

0.738 

-0.30381 

14543 

816646 

0.639 

-0.44785  08246 

046022 

0,689 

-0,37251  40079 

684785 

0.739 

-0.30245 

73580 

339353 

0.640 

-0.44628  71026 

284195 

0,690 

-0.37106  36813 

908320 

0.740 

-0.30110 

50927 

839216       i 

0.641 

-0.44472  58220 

614670 

0.691 

-0.36961  54552 

144672 

0.741 

-0.29975 

46536 

860502       ■ 

0.642 

-0.44316  69752 

921759 

0.692 

-0.36816  93233 

644675 

0.742 

-0.29840 

60358 

147566       I 

0.643 

-0.44161  05547 

445177 

0.693 

-0.36672  52797 

922338 

0.743 

-0.29705 

92342 

643779       ~ 

0.644 

-0.44005  65528 

777834 

0.694 

-0,36528  33184 

753326 

0.744 

-0,29571 

42441 

490452 

0.645 

-0.43850  49621 

863646 

0.695 

-0,36384  34334 

173449 

0.745 

-0,29437 

10606 

025775 

0.646 

-0.43695  57751 

995352 

0.696 

-0,36240  56186 

477174 

0.746 

-0,29302 

96787 

783762 

0.647 

-0,43540  89844 

812365 

0,697 

-0,36096  98682 

216132 

0.747 

-0,29169 

00938 

493197 

0.648 

-0.43386  45826 

298624 

0,698 

-0,35953  61762 

197646 

0.748 

-0.29035 

23010 

076598 

0.649 

-0.43232  25622 

780471 

0,699 

-0,35810  45367 

483268 

0.749 

-0.28901 

62954 

649176 

0.650 

-0,43078  29160 

924543 

0.700 

-0.35667  49439 

387324 

0.750 

-0.28768 

20724 

517809 

r(-7)3i 

6 

r(-7)3] 

6 
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6 
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In 


0.750 

-0.28768 

20724 

517809 

0.800 

0.751 

-0.28634 

96272 

180023 

0.801 

0.752 

-0.28501 

89550 

322973 

0.802 

0.753 

-0.28369 

00511 

822435 

0.803 

0.754 

-0.28236 

29109 

741810 

0.804 

0.755 

-0.28103 

75297 

331123 

0.805 

0.756 

-0.27971 

39028 

026041 

0.806 

0.757 

-0.27839 

20255 

446883 

0.807 

0.758 

-0.27707 

18933 

397654 

0.808 

0.759 

-0.27575 

35015 

865071 

0.809 

0.760 

-0.27443 

68457 

017603 

0.810 

0.761 

-0.27312 

19211 

204512 

0.811 

0.762 

-0.27180 

87232 

954908 

0.812 

0.763 

-0.27049 

72476 

976800 

0.813 

0.764 

-0.26918 

74898 

156166 

0.814 

0.765 

-0.26787 

94451 

556012 

0.815 

0.766 

-0.26657 

31092 

415458 

0.816 

0.767 

-0.26526 

84776 

148809 

0.817 

0.768 

-0.26396 

55458 

344649 

0.818 

0.769 

-0.26266 

43094 

764931 

0.819 

0.770 

-0.26136 

47641 

344075 

0.820 

0.771 

-0.26006 

69054 

188076 

0.821 

0.772 

-0.25877 

07289 

573609 

0.822 

0.773 

-0.25747 

62303 

947151 

0.823 

0.774 

-0.25618 

34053 

924099 

0.824 

0.775 

-0.25489 

22496 

287901 

0.825 

0.776 

-0.25360 

27587 

989183 

0.826 

0.777 

-0.25231 

49286 

144896 

0.827 

0.778 

-0.25102 

87548 

037454 

0.828 

0.779 

-0.24974 

42331 

113888 

0.829 

0.780 

-0.24846 

13592 

984996 

0.830 

0.781 

-0.24718 

01291 

424511 

0.831 

0.782 

-0.24590 

05384 

368260 

0.832 

0.783 

-0.24462 

25829 

913340 

0.833 

0.784 

-0.24334 

62586 

317292 

0.834 

0.785 

-0.24207 

15611 

997286 

0.835 

0,786 

-0.24079 

84865 

529305 

0.836 

0.787 

-0.23952 

70305 

647338 

0.837 

0.788 

-0.23825 

71891 

242579 

0.838 

0.789 

-0.23698 

89581 

362628 

0.839 

0.790 

-0.23572 

23335 

210699 

0.840 

0.791 

-0.23445 

73112 

144832 

0.841 

0.792 

-0.23319 

38871 

677112 

0.842 

0.793 

-0.23193 

20573 

472891 

0.843 

0.794 

-0.23067 

18177 

350013 

0.844 

0.795 

-0.22941 

31643 

278052 

0.845 

0.796 

-0.22815 

60931 

377540 

0.846 

0.797 

-0.22690 

06001 

919220 

0.847 

0.798 

-0.22564 

66815 

323283 

0.848 

0.799 

-0.22439 

43332 

158624 

0.849 

NATURAL  LOGARITHMS 

In  a-  X 


-0.22314  35513  142098  0.850 

-0.22189  43319  137778  0.851 

-0.22064  66711  156226  0.852 

-0.21940  05650  353754  0.853 

-0.21815  60098  031707  0.854 

-0.21691  30015  635737  0.855 

-0.21567  15364  755088  0.856 

-0.21443  16107  121883  0.857 

-0.21319  32204  610417  0.858 

-0.21195  63619  236454  0.859 

-0.21072  10313  156526  0.860 

-0.20948  72248  667241  0.861 

-0.20825  49388  204591  0.862 

-D.  20702  41694  343265  0.863 

-0.20579  49129  795968  0.864 

-0.20456  71657  412743  0.865 

-0.20334  09240  180300  0.866 

-0.20211  61841  221342  0.867 

-0.20089  29423  793900  0.868 

-0.19967  11951  290676  0.869 

-0.19845  09387  238383  0.870 

-0.19723  21695  297088  0.871 

-0.1960148839  259571  0.872 

-0.19479  90783  050672  0.873 

-0.19358  47490  726654  0.874 

-0.19237  18926  474561  0.875 

-0.19116  05054  611590  0.876 

-0.18995  05839  584457  0.877 

-0.18874  21245  968774  0.878 

-0.18753  51238  468421  0.879 

-0.18632  95781  914934  0.880 

-0.18512  54841  266889  0.881 

-0.18392  28381  609285  0.882 

-0.18272  16368  152944  0.883 

-0.18152  18766  233903  0.884 

-0.18032  35541  312816  0.885 

-0.17912  66658  974354  0.886 

-0.17793  12084  926617  0.887 

-0.17673  71785  000540  0.888 

-0.17554  45725  149309  0.889 

-0.17435  33871  447778  0.890 

-0.17316  36190  091890  0.891 

-0.17197  52647  398103  0.892 

-0.17078  83209  802816  0.893 

-0.16960  27843  861799  0.894 

-0.16841  86516  249632  0.895 

-0.16723  59193  759138  0.896 

-0.16605  45843  300827  0.897 

-0.16487  46431  902340  0.898 

-0.16369  60926  707897  0.899 


Table  4.2 

In  X 

-0.16251  89294  977749 

-0.16134  31504  087629 

-0.16016  87521  528213 

-0.15899  57314  904579 

-0.15782  40851  935672 

-0.15665  38100  453768 

-0.15548  49028  403950 

-0. 15431  73603  843573 

-0. 15315  11794  941748 

-0.15198  63569  978817 

-0.15082  28897  345836 
-0.14966  07745  544063 
-0.14850  00083  184440 
-0.14734  05878  987091 
-0.14618  25101  780814 

-0.14502  57720  502577 
-0.14387  03704  197019 
-0.14271  63022  015952 
-0.14156  35643  217869 
-0.14041  21537  167450 

-0.13926  20673  335076 
-0.13811  33021  296343 
-0.13696  58550  731574 
-0. 13581  97231  425348 
-0.13467  49033  266016 

-0.13353  13926  245226 
-0.13238  91880  457456 
-0.13124  82866  099540 
-0.13010  86853  470204 
-0.12897  03812  969601 

-0.12783  33715  098849 
-0.12669  76530  459575 
-0.12556  32229  753457 
-0.12443  00783  781770 
-0. 12329  82163  444936 

-0.12216  76339  742075 
-0.12103  83283  770561 
-0.11991  02966  725576 
-0.11878  35359  899670 
-0.11765  80434  682325 

-0.11653  38162  559515 

-0.11541  08515  113277 

-0.11428  91464  021277 

-0.11316  86981  056380 

-0. 11204  95038  086229 

-0.11093  15607  072817 
-0.10981  48660  072066 
-0.10869  94169  233409 
-0.10758  52106  799374 
-0.10647  22445  105168 


0.800  -0.22314  35513  142098    0.850  -0.16251  89294  977749    0.900  -0.10536  05156  578263 


i'T] 
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ELEMENTARY   TRANSCENDENTAL    FUNCTIONS 
NATURAL  LOGARITHMS 


In  X 


0.900 

-0.10536 

05156 

578263 

0.950 

0.901 

-0.10425 

00213 

737991 

0.951 

0.902 

-0.10314 

07589 

195134 

0.952 

0.903 

-0.10203 

27255 

651516 

0.953 

0.904 

-0.10092 

59185 

899606 

0.954 

0.905 

-0.09982 

03352 

822109 

0.955 

0.906 

-0.09871 

59729 

391577 

0.956 

0.907 

-0.09761 

28288 

670004 

0.957 

0.908 

-0.09651 

09003 

808438 

0.958 

0.909 

-0.09541 

01848 

046582 

0.959 

0.910 

-0.09431 

06794 

712413 

0.960 

0.911 

-0.09321 

23817 

221787 

0.961 

0.912 

-0.09211 

52889 

078057 

0.962 

0.913 

-0.09101 

93983 

871686 

0.963 

0.914 

-0.08992 

47075 

279870 

0.964 

0.915 

-0.08883 

12137 

066157 

0.965 

0.916 

-0.08773 

89143 

080068 

0.966 

0.917 

-0.08664 

78067 

256722 

0.967 

0.918 

-0.08555 

78883 

616466 

0.968 

0.919 

-0.08446 

91566 

264500 

0.969 

0.920 

-0.  08338 

16089 

390511 

0.970 

0.921 

-0.08229 

52427 

268302 

0.971 

0.922 

-0.08121 

00554 

255432 

0.972 

0.923 

-0.08012 

60444 

792849 

0.973 

0.924 

-0.07904 

32073 

404529 

0.974 

0.925 

-0.07796 

15414 

697119 

0.975 

0.926 

-0.07688 

10443 

359577 

0.976 

0.927 

-0.07580 

17134 

162819 

0.977 

0.928 

-0.  07472 

35461 

959365 

0.978 

0.929 

-0.07364 

65401 

682985 

0.979 

0.930 

-0.07257 

06928 

348354 

0.980 

0.931 

-0.07149 

60017 

050700 

0.981 

0.932 

-0.07042 

24642 

965459 

0.982 

0.933 

-0.06935 

00781 

347932 

0.983 

0.934 

-0.06827 

88407 

532944 

0.984 

0.935 

-0.06720 

87496 

934501 

0.985 

0.936 

-0.06613 

98025 

045450 

0.986 

0.937 

-0.06507 

19967 

437149 

0.987 

0.938 

-0.06400 

53299 

759124 

0.988 

0.939 

-0.06293 

97997 

738741 

0.989 

0,940 

-0.06187 

54037 

180875 

0.990 

0.941 

-0.06081 

21393 

967574 

0.991 

0.942 

-0.05975 

00044 

057740 

0.992 

0.943 

-0.05868 

89963 

486796 

0.993 

0.944 

-0.05762 

91128 

366364 

0.994 

0.945 

-0.05657 

03514 

883943 

0.995 

0.946 

-0.05551 

27099 

302588 

0.996 

0.947 

-0.05445 

61857 

960588 

0.997 

0.948 

-0.05340 

07767 

271152 

0.998 

0.949 

-0.05234 

64803 

722092 

0.999 

0.950  -0.05129  32943  875505 


['T] 


In  X  X 

-0.05129  32943  875505  1.000 

-0.05024  12164  367467  1.001 

-0.04919  02441  907717  1.002 

-0.04814  03753  279349  1.003 

-0.04709  16075  338505  1.004 

-0.04604  39385  014068  1.005 

-0.04499  73659  307358  1.006 

-0.04395  18875  291828  1.007 

-0.04290  75010  112765  1.008 

-0.04186  42040  986988  1.009 

-0.04082  19945  202551  1.010 

-0.03978  08700  118446  1.011 

-0.03874  08283  164306  1.012 

-0.03770  18671  840115  1.013 

-0.03666  39843  715914  1.014 

-0.03562  71776  431511  1.015 

-0.03459  14447  696191  1.016 

-0.03355  67835  288427  1.017 

-0.03252  31917  055600  1.018 

-0.03149  06670  913708  1.019 

-0.03045  92074  847085  1.020 

-0.02942  88106  908121  1.021 

-0.02839  94745  216980  1.022 

-0.02737  11967  961320  1.023 

-0.02634  39753  396020  1.024 

-0.02531  78079  842899  1.025 

-0.02429  26925  690446  1.026 

-0.02326  86269  393543  1.027 

-0.02224  56089  473197  1.028 

-0.02122  36364  516267  1.029 

-0.02020  27073  175194  1.030 

-0.01918  28194  167740  1.031 

-0.01816  39706  276712  1.032 

-0.01714  61588  349705  1.033 

-0.01612  93819  298836  1.034 

-0.01511  36378  100482  1.035 

-0.01409  89243  795016  1.036 

-0.01308  52395  486555  1.037 

-0.01207  25812  342692  1.038 

-0.01106  09473  594249  1.039 

-0.01005  03358  535014  1.040 

-0.00904  07446  521491  1.041 

-0.00803  21716  972643  1.042 

-0.00702  46149  369645  1.043 

-0.0060180723  255630  1.044 

-0.00501  25418  235443  1.045 

-0.00400  80213  975388  1.046 

-0.00300  45090  202987  1.047 

-0.00200  20026  706731  1.048 

-0.00100  05003  335835  1.049 


1.000       0.00000   00000   000000         1.050 
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Inx 

0.00000  00000  000000 

0.00099  95003  330835 

0.00199  80026  626731 

0.00299  55089  797985 

0.00399  20212  695375 

0.00498  75415  110391 
0.00598  20716  775475 
0.00697  56137  364252 
0.00796  81696  491769 
0.00895  97413  714719 

0.00995  03308  531681 
0.01093  99400  383344 
0.01192  85708  652738 
0.01291  62252  665463 
0.01390  29051  689914 

0.01488  86124  937507 
0.01587  33491  562901 
0.01685  71170  664229 
0.01783  99181  283310 
0.01882  17542  405878 

0.01980  26272  961797 
0.02078  25391  825285 
0.02176  14917  815127 
0. 02273  94869  694894 
0.02371  65266  173160 

0.02469  26125  903715 
0.02566  77467  485778 
0.02664  19309  464212 
0.02761  51670  329734 
0.02858  74568  519126 

0.02955  88022  415444 
0.03052  92050  348229 
0.03149  86670  593710 
0. 03246  71901  375015 
0.03343  47760  862374 

0.03440  14267  173324 

0.03536  71438  372913 

0.03633  19292  473903 

0.03729  57847  436969 

0.03825  87121  170903 

0.03922  07131  532813 

0.04018  17896  328318 

0.04114  19433  311752 

0.04210  11760  186354 

0.04305  94894  604470 

0.04401  68854  167743 

0.04497  33656  427312 

0.04592  89318  883998 

0.04688  35858  988504 

0.04783  73294  141601 


i 


0.04879  01641  694320 

•(-7)1- 
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NATURAL  LOGARITHiMS 

Table  4.2 

X 

In  X 

X 

In  X 

X 

In  X 

1.050 

0. 04879 

01641 

694320 

1.100 

0.09531  01798 

043249 

1.150 

0.  13976 

19423 

751587 

1.051 

0.  04974 

20918 

948141 

1.101 

0.09621  88577 

405429 

1.151 

0.14063 

11297 

397456 

1.052 

0.05069 

31143 

155181 

1.102 

0.09712  67107 

307227 

1.152 

0.14149 

95622 

736995 

1.053 

0.05164 

32331 

518384 

1.103 

0.09803  37402 

713654 

1.153 

0.14236 

72412 

869220 

1.054 

0.05259 

24501 

191706 

1.104 

0.09893  99478 

549036 

1.154 

0.14323 

41680 

859078 

1.055 

0.05354 

07669 

280298 

1.105 

0.09984  53349 

697161 

1.155 

0.14410 

03439 

737569 

1.056 

0.05448 

81852 

840697 

1.106 

0.10074  99031 

001431 

1.156 

0.14496 

57702 

501857 

1.057 

0.05543 

47068 

881006 

1.107 

0.10165  36537 

264998 

1.157 

0.14583 

04482 

115395 

1.058 

0.05638 

03334 

361076 

1.108 

0.10255  65883 

250921 

1.158 

0.  14669 

43791 

508035 

1.059 

0.05732 

50666 

192694 

1.109 

0.10345  87083 

682300 

1.159 

0.14755 

75643 

576147 

1.060 

0.05826 

89081 

239758 

1.110 

0.10436  00153 

242428 

1.160 

0.14842 

00051 

182733 

1.061 

0.05921 

18596 

318461 

1.111 

0.10526  05106 

574929 

1.161 

0.  14928 

17027 

157544 

1.062 

0.06015 

39228 

197471 

1.112 

0.10616  01958 

283906 

1.162 

0.15014 

26584 

297195 

1.063 

0.06109 

50993 

598109 

1.113 

0.10705  90722 

934078 

1.163 

0.15100 

28735 

365274 

1.064 

0.06203 

53909 

194526 

1.114 

0.10795  71415 

050923 

1.164 

0.15186 

23493 

092461 

1.065 

0.06297 

47991 

613884 

1.115 

0.10885  44049 

120821 

1.165 

0.15272 

10870 

176639 

1.066 

0.06391 

33257 

436528 

1.116 

0.10975  08639 

591192 

1.166 

0.15357 

90879 

283006 

1.067 

0.06485 

09723 

196163 

1.117 

0.11064  65200 

870637 

1.167 

0.15443 

63533 

044189 

1.068 

0.06578 

77405 

380031 

1.118 

0.11154  13747 

329074 

1.168 

0.15529 

28844 

060353 

1.069 

0.06672 

36320 

429082 

1.119 

0.11243  54293 

297882 

1.169 

0.15614 

86824 

899314 

1.070 

0.06765 

86484 

738148 

1.120 

0.11332  86853 

070032 

1.170 

0.15700 

37488 

096648 

1.071 

0.06859 

27914 

656117 

1.121 

0.11422  11440 

900229 

1.171 

0.15785 

80846 

155803 

1.072 

0.06952 

60626 

486102 

1.122 

0.11511  28071 

005046 

1.172 

0.15871 

16911 

548209 

1.073 

0.07045 

84636 

485614 

1.123 

0.11600  36757 

563061 

1.173 

0.15956 

45696 

713384 

1.074 

0.07138 

99960 

866729 

1.124 

0.11689  37514 

714993 

1.174 

0.16041 

67214 

059047 

1.075 

0.07232 

06615 

796261 

1.125 

0.11778  30356 

563835 

1.175 

0.16126 

81475 

961223 

1.076 

0.07325 

04617 

395927 

1.126 

0.11867  15297 

174986 

1.176 

0.16211 

88494 

764352 

1.077 

0.07417 

93981 

742515 

1.127 

0.11955  92350 

576392 

1.177 

0.16296 

88282 

781397 

1.078 

0.07510 

74724 

868054 

1.128 

0.12044  61530 

758672 

1.178 

0.16381 

80852 

293950 

1.079 

0.07603 

46862 

759976 

1.129 

0.12133  22851 

675250 

1.179 

0.16466 

66215 

552339 

1.080 

0.07696 

10411 

361283 

1.130 

0.12221  76327 

242492 

1.180 

0.16551 

44384 

775734 

1.081 

0.07788 

65386 

570712 

1.131 

0.12310  21971 

339834 

1.181 

0.16636 

15372 

152253 

1.082 

0.07881 

11804 

242898 

1.132 

0.12398  59797 

809912 

1.182 

0.16720 

79189 

839065 

1.083 

0.07973 

49680 

188536 

1.133 

0.12486  89820 

458693 

1.183 

0.16805 

35849 

962497 

1.084 

0.  08065 

79030 

174545 

1.134 

0.12575  12053 

055603 

1.184 

0.16889 

85364 

618139 

1.085 

0.08157 

99869 

924229 

1.135 

0.12663  26509 

333660 

1.185 

0.16974 

27745 

870945 

1.086 

0.08250 

12215 

117437 

1.136 

0.12751  33202 

989596 

1.186 

0.17058 

63005 

755337 

1.087 

0.08342 

16081 

390724 

1.137 

0.12839  32147 

683990 

1.187 

0.17142 

91156 

275310 

1.088 

0.08434 

11484 

337509 

1.138 

0.12927  23357 

041392 

1.188 

0.17227 

12209 

404532 

1.089 

0.  08525 

98439 

508234 

1.139 

0.13015  06844 

650451 

1.189 

0.17311 

26177 

086448 

1.090 

0.08617 

76962 

410523 

1.140 

0.13102  82624 

064041 

1.190 

0.17395 

33071 

234380 

1.091 

0.08709 

47068 

509338 

1.141 

0.13190  50708 

799386 

1.191 

0.17479 

32903 

731631 

1.092 

0.08801 

08773 

227133 

1.142 

0.13278  11112 

338185 

1.192 

0.17563 

25686 

431580 

1.093 

0.08892 

62091 

944015 

1.143 

0.13365  63848 

126736 

1.193 

0.17647 

11431 

157791 

1.094 

0.  08984 

07039 

997895 

1.144 

0.13453  08929 

576062 

1.194 

0.17730 

90149 

704103 

1.095 

0.09075 

43632 

684641 

1.145 

0.13540  46370 

062030 

1.195 

0.17814 

61853 

834740 

1.096 

0.09166 

71885 

258238 

1.146 

0.13627  76182 

925478 

1.196 

0.17898 

26555 

284400 

1.097 

0.09257 

91812 

930932 

1.147 

0.13714  98381 

472336 

1.197 

0.17981 

84265 

758361 

1.098 

0.09349 

03430 

873389 

1.148 

0.13802  12978 

973747 

1.198 

0.18065 

34996 

932576 

1.099 

0.09440 

06754 

214843 

1.149 

0.13889  19988 

666186 

1.199 

0.18148 

78760 

453772 

1.100 

0.09531 

01798 

043249 

1.150 

0.13976  19423 

751587 

1.200 

0.18232 

15567 

939546 
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200 

0.18232 

15567 

939546 

1.250 

0.22314 

35513 

142098 

300 

0.26236 

42644 

674911 

201 

0.18315 

45430 

978465 

1.251 

0.22394 

32314 

847741 

301 

0.26313 

31995 

303682 

202 

0.  18398 

68361 

130158 

1.252 

0.22474 

22726 

779068 

302 

0.26390 

15437 

863775 

203 

0.18481 

84369 

925418 

1.253 

0.22554 

06759 

139312 

303 

0.26466 

92981 

427081 

204 

0.18564 

93468 

866293 

1.  254 

0.22633 

84422 

107290 

304 

0.26543 

64635 

044612 

205 

0.18647 

95669 

426183 

1.255 

0.22713 

55725 

837472 

305 

0.26620 

30407 

746567 

206 

0.18730 

90983 

049937 

1.256 

0.22793 

20680 

460069 

306 

0.26696 

90308 

542393 

207 

0.18813 

79421 

153944 

1.257 

0.22872 

79296 

081104 

307 

0.26773 

44346 

420849 

208 

0.18896 

60995 

126232 

1.258 

0.22952 

31582 

782488 

308 

0.26849 

92530 

350070 

209 

0.18979 

35716 

326556 

1.259 

0.23031 

77550 

622101 

309 

0.26926 

34869 

277629 

210 

0.19062 

03596 

086497 

1.260 

0.23111 

17209 

633866 

310 

0.27002 

71372 

130602 

211 

0.19144 

64645 

709552 

1.261 

0.23190 

50569 

827825 

311 

0.27079 

02047 

815628 

212 

0.19227 

18876 

471227 

1.262 

0.23269 

77641 

190214 

312 

0.27155 

26905 

218973 

213 

0.19309 

66299 

619131 

1.263 

0.23348 

98433 

683541 

313 

0.27231 

45953 

206591 

214 

0.19392 

06926 

373065 

1.264 

0.23428 

12957 

246657 

314 

0.27307 

59200 

624188 

215 

0.19474 

40767 

925118 

1.265 

0.23507 

21221 

794836 

315 

0.27383 

66656 

297279 

216 

0.19556 

67835 

439753 

1.266 

0.23586 

23237 

219844 

316 

0.27459 

68329 

031255 

217 

0.19638 

88140 

053901 

1.267 

0.23665 

19013 

390020 

317 

0.27535 

64227 

611440 

218 

0.19721 

01692 

877053 

1.268 

0.23744 

08560 

150342 

318 

0.27611 

54360 

803155 

219 

0.19803 

08504 

991345 

1.269 

0.23822 

91887 

322506 

319 

0.27687 

38737 

351775 

220 

0.19885 

08587 

451652 

1.270 

0.23901 

69004 

704999 

320 

0.27763 

17365 

982795 

221 

0.19967 

01951 

285676 

1.271 

0.23980 

39922 

073170 

321 

0.27838 

90255 

401883 

222 

0.20048 

88607 

494036 

1.272 

0.24059 

04649 

179304 

322 

0.27914 

57414 

294945 

223 

0.20130 

68567 

050353 

1.273 

0.24137 

63195 

752695 

323 

0.27990 

18851 

328186 

224 

0.20212 

41840 

901343 

1.274 

0.24216 

15571 

499716 

324 

0.28065 

74575 

148165 

225 

0.20294 

08439 

966903 

1.275 

0.24294 

61786 

103895 

325 

0.28141 

24594 

381855 

226 

0.20375 

68375 

140197 

1.276 

0.24373 

01849 

225981 

326 

0.28216 

68917 

636708 

227 

0.20457 

21657 

287744 

1.277 

0.24451 

35770 

504022 

327 

0.28292 

07553 

500705 

228 

0.20538 

68297 

249507 

1.278 

0.24529 

63559 

553431 

328 

0.28367 

40510 

542421 

229 

0.20620 

08305 

838978 

1.279 

0.24607 

85225 

967056 

329 

0.28442 

67797 

311083 

230 

0.20701 

41693 

843261 

1.280 

0.24686 

00779 

315258 

330 

0.28517 

89422 

336624 

231 

0.20782 

68472 

023165 

1.281 

0.24764 

10229 

145972 

331 

0.28593 

05394 

129746 

232 

0.20863 

88651 

113280 

1.282 

0.  24842 

13584 

984783 

332 

0.28668 

15721 

181974 

233 

0.20945 

02241 

822072 

1.283 

0.24920 

10856 

334994 

333 

0.28743 

20411 

965716 

234 

0.21026 

09254 

831961 

1.284 

0.  24998 

02052 

677694 

334 

0.28818 

19474 

934320 

235 

0.21107 

09700 

799405 

1.285 

0.25075 

87183 

471831 

335 

0.28893 

12918 

522129 

236 

0.21188 

03590 

354990 

1.286 

0.25153 

66258 

154276 

336 

0.28968 

00751 

144540 

237 

0.21268 

90934 

103508 

1.287 

0.25231 

39286 

139896 

337 

0.29042 

82981 

198061 

238 

0.21349 

71742 

624044 

1.288 

0.25309 

06276 

821619 

338 

0.29117 

59617 

060367 

239 

0.21430 

46026 

470054 

1.289 

0.  25386 

67239 

570503 

339 

0.29192 

30667 

090355 

240 

0.21511 

13796 

169455 

1.290 

0.25464 

22183 

735807 

340 

0.29266 

96139 

628200 

241 

0.21591 

75062 

224702 

1.291 

0.25541 

71118 

645054 

341 

0.29341 

56042 

995415 

242 

0.21672 

29835 

112870 

1.292 

0.25619 

14053 

604101 

342 

0.29416 

10385 

494901 

243 

0.21752 

78125 

285741 

1.293 

0.25696 

50997 

897204 

343 

0.  29490 

59175 

411005 

244 

0.21833 

19943 

169877 

1.294 

0.25773 

81960 

787088 

344 

0.29565 

02421 

009578 

245 

0.21913 

55299 

166709 

1.295 

0.25851 

06951 

515011 

345 

0.29639 

40130 

538024 

246 

0.21993 

84203 

652614 

1.296 

0.25928 

25979 

300830 

346 

0.29713 

72312 

225361 

247 

0.22074 

06666 

978994 

1.297 

0.26005 

39053 

343068 

347 

0.29787 

98974 

282269 

248 

0.22154 

22699 

472359 

1.298 

0.26082 

46182 

818983 

348 

0.29862 

20124 

901153 

249 

0.22234 

32311 

434406 

1.299 

0.26159 

47376 

884625 

349 

0.29936 

35772 

256188 

1. 

250 

0.22314 

35513 

142098 

1.300 

0.26236 

42644 

674911 

1. 

350 

0.30010 

45924 

503381 
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.350 

0.30010 

45924 

503381 

1.400 

0.33647 

22366 

212129 

1.450 

0.37156 

35564 

324830 

,351 

0.  30084 

50589 

780618 

1.401 

0.33718 

62673 

548700 

1.451 

0.37225 

29739 

020508 

,352 

0.30158 

49776 

207723 

1.402 

0.  33789 

97886 

123983 

1.452 

0.37294 

19164 

026043 

,353 

0.  30232 

43491 

886510 

1.403 

0.  33861 

28011 

203239 

1.453 

0.37363 

03845 

881459 

,354 

0.30306 

31744 

900833 

1.404 

0.  33932 

53056 

036194 

1.454 

0. 37431 

83791 

113276 

,355 

0.30380 

14543 

316642 

1.405 

0.  34003 

73027 

857091 

1.455 

0.37500 

59006 

234558 

,356 

0.30453 

91895 

182038 

1.406 

0. 34074 

87933 

884732 

1.456 

0.  37569 

29497 

744942 

357 

0.30527 

63808 

527321 

1.407 

0.34145 

97781 

322520 

1.457 

0.37637 

95272 

130678 

,358 

0.30601 

30291 

365044 

1.408 

0.34217 

02577 

358507 

1.458 

0.37706 

56335 

864664 

359 

0. 30674 

91351 

690067 

1.409 

0.  34288 

02329 

165432 

1.459 

0.37775 

12695 

406486 

360 

0.30748 

46997 

479606 

1.410 

0.34358 

97043 

900769 

1.460 

0.37843 

64357 

202451 

,361 

0.30821 

97236 

693290 

1.411 

0.  34429 

86728 

706770 

1.461 

0.37912 

11327 

685624 

362 

0.  30895 

42077 

273206 

1.412 

0.  34500 

71390 

710503 

1.462 

0.  37980 

53613 

275868 

,363 

0.30968 

81527 

143956 

1.413 

0.34571 

51037 

023904 

1.463 

0.38048 

91220 

379873 

364 

0.  31042 

15594 

212704 

1.414 

0. 34642 

25674 

743810 

1.464 

0.38117 

24155 

391198 

365 

0.31115 

44286 

369231 

1.415 

0.  34712 

95310 

952009 

1.465 

0.38185 

52424 

690306 

366 

0.31188 

67611 

485983 

1.416 

0.  34783 

59952 

715280 

1.466 

0.38253 

76034 

644597 

367 

0.31261 

85577 

418125 

1.417 

0.34854 

19607 

085434 

1.467 

0.38321 

94991 

608447 

368 

0.31334 

98192 

003587 

1.418 

0.34924 

74281 

099358 

1.468 

0.38390 

09301 

923238 

369 

0.31408 

05463 

063118 

1.419 

0.  34995 

23981 

779056 

1.469 

0.38458 

18971 

917403 

370 

0.  31481 

07398 

400335 

1.420 

0.  35065 

68716 

131694 

1.470 

0.38526 

24007 

906449 

371 

0.31554 

04005 

801773 

1.421 

0.35136 

08491 

149636 

1.471 

0.38594 

24416 

193005 

372 

0.31626 

95293 

036935 

1.422 

0.35206 

43313 

810491 

1.472 

0.38662 

20203 

066845 

373 

0.31699 

81267 

858340 

1.423 

0.  35276 

73191 

077153 

1.473 

0.38730 

11374 

804932 

374 

0.31772 

61938 

001576 

1.424 

0.35346 

98129 

897840 

1.474 

0.  38797 

97937 

671449 

375 

0.  31845 

37311 

185346 

1.425 

0.35417 

18137 

206138 

1.475 

0.  38865 

79897 

917831 

376 

0.31918 

07395 

111519 

1.426 

0.35487 

33219 

921042 

1.476 

0.38933 

57261 

782808 

377 

0.31990 

72197 

465178 

1.427 

0.35557 

43384 

946994 

1.477 

0.39001 

30035 

492427 

378 

0.32063 

31725 

914668 

1.428 

0.35627 

48639 

173926 

1.478 

0.39068 

98225 

260100 

379 

0.32135 

85988 

111648 

1.429 

0.35697 

48989 

477304 

1.479 

0.39136 

61837 

286627 

380 

0.32208 

34991 

691133 

1.430 

0.35767 

44442 

718159 

1.480 

0.39204 

20877 

760237 

381 

0.32280 

78744 

271551 

1.431 

0.  35837 

35005 

743139 

1.481 

0.39271 

75352 

856617 

382 

0.32353 

17253 

454782 

1.432 

0.35907 

20685 

384539 

1.482 

0.39339 

25268 

738951 

383 

0.  32425 

50526 

826212 

1.433 

0.  35977 

01488 

460348 

1.483 

0.39406 

70631 

557950 

384 

0.32497 

78571 

954778 

1.434 

0.36046 

77421 

774286 

1.484 

0.39474 

11447 

451887 

385 

0.  32570 

01396 

393018 

1.435 

0. 36116 

48492 

115844 

1.485 

0.39541 

47722 

546629 

386 

0.  32642 

19007 

677115 

1.436 

0.  36186 

14706 

260324 

1.486 

0.39608 

79462 

955674 

387 

0.32714 

31413 

326945 

1.437 

0.36255 

76070 

968879 

1.487 

0.  39676 

06674 

780180 

388 

0.32786 

38620 

846128 

1.438 

0.36325 

32592 

988549 

1.488 

0.39743 

29364 

109001 

389 

0.32858 

40637 

722067 

1.439 

0.  36394 

84279 

052308 

1.489 

0.39810 

47537 

018719 

390 

0.  32930 

37471 

426004 

1.440 

0.36464 

31135 

879093 

1.490 

0.39877 

61199 

573678 

391 

0.33002 

29129 

413059 

1.441 

0.36533 

73170 

173850 

1.491 

0.  39944 

70357 

826014 

392 

0.  33074 

15619 

122279 

1.442 

0.  36603 

10388 

627573 

1.492 

0.40011 

75017 

815691 

393 

0.33145 

96947 

976686 

1.443 

0.36672 

42797 

917338 

1.493 

0.40078 

75185 

570533 

394 

0.33217 

73123 

383321 

1.444 

0.36741 

70404 

706345 

1.494 

0.40145 

70867 

106256 

395 

0.33289 

44152 

733290 

1.445 

0.  36810 

93215 

643955 

1.495 

0.40212 

62068 

426497 

396 

0.33361 

10043 

401807 

1.446 

0.  36880 

11237 

365729 

1.496 

0.40279 

48795 

522855 

397 

0.  33432 

70802 

748248 

1.447 

0. 36949 

24476 

493468 

1.497 

0.40346 

31054 

374913 

398 

0.  33504 

26438 

116185 

1.448 

0.37018 

32939 

635246 

1.498 

0.40413 

08850 

950277 

399 

0.33575 

76956 

833441 

1.449 

0.37087 

36633 

385453 

1.499 

0.40479 

82191 

204607 

1. 

400 

0.  33647 

22366 

212129 

1.450 

0.37156 

35564 

324830 

1.500 

0.40546 

51081 

081644 
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In 


ELEMENTARY    TRANSCENDENTAL    FUNCTIONS 
NATURAL  LOGARITHMS 

X  In  3-  X 


In 


1.500 

0.40546 

51081 

081644 

1.550 

0.43825 

49309  311553 

1.600 

0.47000 

36292 

457356       ■ 

1.501 

0.40613 

15526 

513249 

1.551 

0.  43889 

98841  944018 

1.601 

0.47062 

84340 

145776       ■ 

1.502 

0.40679 

75533 

419430 

1.552 

0.43954 

44217  610270 

1.602 

0.47125 

28486 

461675       ■ 

1.503 

0.40746 

31107 

708374 

1.553 

0.44018 

85441  665500 

1.603 

0.47187 

68736 

274159       ■ 

1.504 

0.40812 

82255 

276481 

1.554 

0.  44083 

22519  454557 

1.604 

0.  47250 

05094 

443228       ■ 

1.505 

0.40879 

28982 

008391 

1.555 

0.44147 

55456  311975 

1.605 

0.47312 

37565 

819792 

1.506 

0.  40945 

71293 

777018 

1.556 

0.44211 

84257  561999 

1.606 

0.47374 

66155 

245699 

1.507 

0.41012 

09196 

443584 

1.557 

0.44276 

08928  518613 

1.607 

0.47436 

90867 

553755 

1.508 

0.41078 

42695 

857643 

1.558 

0.44340 

29474  485565 

1.608 

0.47499 

11707 

567746 

1.509 

0.41144 

71797 

857118 

1.559 

0.44404 

45900  756395 

1.609 

0.47561 

28680 

102462 

1.510 

0.41210 

96508 

268330 

1.560 

0.44468 

58212  614457 

1.610 

0.47623 

41789 

963716 

1.511 

0.41277 

16832 

906025 

1.561 

0.  44532 

66415  332950 

1.611 

0.47685 

51041 

948373 

1.512 

0.41343 

32777 

573413 

1.562 

0.  44596 

70514  174942 

1.612 

0.  47747 

56440 

844365 

1.513 

0.41409 

44348 

062189 

1.563 

0.44660 

70514  393396 

1.613 

0.47809 

57991 

430718 

1.514 

0.41475 

51550 

152570 

1.564 

0.  44724 

66421  231193 

1.614 

0.  47871 

55698 

477571 

1.515 

0.41541 

54389 

613325 

1.565 

0.44788 

58239  921165 

1.615 

0.47933 

49566 

746199 

1.516 

0.41607 

52872 

201799 

1.566 

0.44852 

45975  686114 

1.616 

0.47995 

39600 

989036 

1.517 

0.41673 

47003 

663952 

1.567 

0.44916 

29633  738838 

1.617 

0.48057 

25805 

949698 

1.518 

0.41739 

36789 

734382 

1.568 

0.  44980 

09219  282161 

1.618 

0.48119 

08186 

362999 

1.519 

0.41805 

22236 

136358 

1.569 

0.45043 

84737  508955 

1.619 

0.48180 

86746 

954981 

1.520 

0.41871 

03348 

581850 

1.570 

0.45107 

56193  602167 

1.620 

0.  48242 

61492 

442927 

1.521 

0.41936 

80132 

771558 

1.571 

0.45171 

23592  734841 

1.621 

0.48304 

32427 

535391 

1.522 

0.42002 

52594 

394941 

1.572 

0.45234 

86940  070148 

1.622 

0.  48365 

99556 

932212 

1.523 

0.42068 

20739 

130248 

1.573 

0.45298 

46240  761408 

1.623 

0.  48427 

62885 

324542 

1.524 

0.42133 

84572 

644545 

1.574 

0.45362 

01499  952115 

1.624 

0.  48489 

22417 

394862 

1.525 

0.42199 

44100 

593749 

1.575 

0.45425 

52722  775964 

1.625 

0.  48550 

78157 

817008 

1.526 

0.42264 

99328 

622653 

1.576 

0.  45488 

99914  356874 

1.626 

0.48612 

30111 

256188 

1.527 

0.42330 

50262 

364954 

1.577 

0.45552 

43079  809013 

1.627 

0.48673 

78282 

369007 

1.528 

0.42395 

96907 

443287 

1.578 

0.45615 

82224  236825 

1.628 

0.  48735 

22675 

803486 

1.529 

0.42461 

39269 

469252 

1.579 

0.45679 

17352  735050 

1.629 

0.  48796 

63296 

199081 

1.530 

0.42526 

77354 

043441 

1.580 

0.45742 

48470  388754 

1.630 

0.48858 

00148 

186710 

1.531 

0.42592 

lil66 

755467 

1.581 

0.45805 

75582  273350 

1.631 

0.48919 

33236 

388768 

1.532 

0.42657 

40713 

183996 

1.582 

0.45868 

98693  454621 

1.632 

0.  48980 

62565 

419153 

1.533 

0.42722 

65998 

896771 

1.583 

0.45932 

17808  988751 

1.633 

0.49041 

88139 

883281 

1.534 

0.42787 

87029 

450644 

1.584 

0.45995 

32933  922341 

1.634 

0.49103 

09964 

378111 

1.535 

0.42853 

03810 

391605 

1.585 

0.46058 

44073  292439 

1.635 

0.  49164 

28043 

492167 

1.536 

0.42918 

16347 

254804 

1.586 

0.46121 

51232  126562 

1.636 

0.49225 

42381 

805553 

1.537 

0.42983 

24645 

564588 

1.587 

0.46184 

54415  442720 

1.637 

0.49286 

52983 

889979 

1.538 

0,43048 

28710 

834522 

1.588 

0.46247 

53628  249440 

1.638 

0.49347 

59854 

308777 

1.539 

0.43113 

28548 

567422 

1.589 

0.46310 

48875  545789 

1.639 

0.49408 

62997 

616926 

1.540 

0.43178 

24164 

255378 

1.590 

0.46373 

40162  321402 

1.640 

0.49469 

62418 

361071 

1.541 

0.43243 

15563 

379787 

1.591 

0.46436 

27493  556498 

1.641 

0.49530 

58121 

079538 

1.542 

0.43308 

02751 

411377 

1.592 

0.  46499 

10874  221913 

1.642 

0.49591 

50110 

302365 

1.543 

0.43372 

85733 

810238 

1.593 

0.46561 

90309  279115 

1.643 

0.49652 

38390 

551310 

1.544 

0.43437 

64516 

025844 

1.594 

0.  46624 

65803  680233 

1.644 

0.49713 

22966 

339882 

1.545 

0.43502 

39103 

497088 

1.595 

0.46687 

37362  368079 

1.645 

0.49774 

03842 

173352 

1.546 

0.43567 

09501 

652302 

1.596 

0.46750 

04990  276170 

1.646 

0.49834 

81022 

548781 

1.547 

0.43631 

75715 

909291 

1.597 

0.46812 

68692  328754 

1.647 

0.49895 

54511 

955033 

1.548 

0.43696 

37751 

675354 

1.598 

0.46875 

28473  440829 

1.648 

0.49956 

24314 

872800 

1.549 

0.  43760 

95614 

347316 

1.599 

0.46937 

84338  518172 

1.649 

0.50016 

90435 

774619 

1.550 

0.43825 

49309 

311553 

1.600 

0. 47000 

36292  457356 

1.650 

0.50077 

52879 

124892 
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In 


In 


In  X 


1.650 

0.50077 

52879 

124892 

1.700 

0.  53062 

82510 

621704 

1.750 

0.55961 

57879 

354227 

1.651 

0.50138 

11649 

379910 

1.701 

0.53121 

63134 

137247 

1.751 

0.56018 

70533 

037148 

1.652 

0.50198 

66750 

987863 

1.702 

0.53180 

40301 

511824 

1.752 

0.56075 

79925 

141997 

1.653 

0.50259 

18188 

388871 

1.703 

0.53239 

14016 

805512 

1.753 

0.56132 

86059 

390974 

1.654 

0.50319 

65966 

014996 

1.704 

0.53297 

84284 

071240 

1.754 

0.56189 

88939 

499913 

1.655 

0.50380 

10088 

290262 

1.705 

0.  53356 

51107 

354801 

1.755 

0.  56246 

88569 

178291 

1.656 

0.50440 

50559 

630679 

1.706 

0.53415 

14490 

694874 

1.756 

0.56303 

84952 

129249 

1.657 

0.50500 

87384 

444259 

1.707 

0.  53473 

74438 

123036 

1.757 

0.56360 

78092 

049601 

1.658 

0.50561 

20567 

131032 

1.708 

0.53532 

30953 

663781 

1.758 

0.56417 

67992 

629853 

1.659 

0.50621 

50112 

083074 

1.709 

0.53590 

84041 

334538 

1.759 

0.56474 

54657 

554211 

1.660 

0.  50681 

76023 

684519 

1.710 

0. 53649 

33705 

145685 

1.760 

0.  56531 

38090 

500604 

1.661 

0.50741 

98306 

311578 

1.711 

0.53707 

79949 

100564 

1.761 

0.  56588 

18295 

140691 

1.662 

0.50802 

16964 

332564 

1.712 

0.53766 

22777 

195504 

1.762 

0.56644 

95275 

139878 

1.663 

0.50862 

32002 

107906 

1.713 

0.53824 

62193 

419829 

1.763 

0.56701 

69034 

157332 

1.664 

0.50922 

43423 

990168 

1.714 

0.53882 

98201 

755880 

1.764 

0.  56758 

39575 

845996 

1.665 

0.50982 

51234 

324071 

1.715 

0.53941 

30806 

179032 

1.765 

0.  56815 

06903 

852601 

1.666 

0.51042 

55437 

446509 

1.716 

0.53999 

60010 

657705 

1.766 

0.56871 

71021 

817683 

1.667 

0.51102 

56037 

686569 

1.717 

0.54057 

85819 

153385 

1.767 

0.56928 

31933 

375593 

1.668 

0.51162 

53039 

365550 

1.718 

0.54116 

08235 

620636 

1.768 

0. 56984 

89642 

154517 

1.669 

0.51222 

46446 

796980 

1.719 

0.54174 

27264 

007122 

1.769 

0.  57041 

44151 

776482 

1.670 

0.51282 

36264 

286637 

1.720 

0.  54232 

42908 

253617 

1.770 

0.57097 

95465 

857378 

1.671 

0.51342 

22496 

132567 

1.721 

0.  54290 

55172 

294024 

1.771 

0.57154 

43588 

006965 

1.672 

0.51402 

05146 

625099 

1.722 

0.54348 

64060 

055391 

1.772 

0.57210 

88521 

828892 

1.673 

0.51461 

84220 

046869 

1.723 

0.  54406 

69575 

457926 

1.773 

0.  57267 

30270 

920708 

1.674 

0.51521 

59720 

672836 

1.724 

0.  54464 

71722 

415014 

1.774 

0.57323 

68838 

873877 

1.675 

0.51581 

31652 

770298 

1.725 

0.54522 

70504 

833231 

1.775 

0.57380 

04229 

273791 

1.676 

0.51641 

00020 

598913 

1.726 

0.54580 

65926 

612362 

1.776 

0.57436 

36445 

699783 

1.677 

0.51700 

64828 

410718 

1.727 

0.54638 

57991 

645415 

1.777 

0.57492 

65491 

725143 

1.678 

0.51760 

26080 

450144 

1.728 

0. 54696 

46703 

818639 

1.778 

0.57548 

91370 

917128 

1.679 

0.51819 

83780 

954038 

1.729 

0.54754 

32067 

011534 

1.779 

0.57605 

14086 

836981 

1.680 

0.51879 

37934 

151676 

1.730 

0.54812 

14085 

096876 

1.780 

0.57661 

33643 

039938 

1.681 

0.51938 

88544 

264786 

1.731 

0.54869 

92761 

940722 

1.781 

0.57717 

50043 

075246 

1.682 

0.51998 

35615 

507563 

1.732 

0.54927 

68101 

402434 

1.782 

0.57773 

63290 

486176 

1.683 

0.52057 

79152 

086690 

1.733 

0.  54985 

40107 

334690 

1.783 

0.57829 

73388 

810034 

1.684 

0.52117 

19158 

201350 

1.734 

0.55043 

08783 

583501 

1.784 

0.  57885 

80341 

578176 

1.685 

0.52176 

55638 

043250 

1.735 

0.55100 

74133 

988225 

1.785 

0.57941 

84152 

316024 

1.686 

0.52235 

88595 

796637 

1.736 

0.55158 

36162 

381584 

1.786 

0.57997 

84824 

543073 

1.687 

0.52295 

18035 

638312 

1.737 

0.55215 

94872 

589679 

1.787 

0.58053 

82361 

772910 

1.688 

0.  52354 

43961 

737654 

1.738 

0.55273 

50268 

432003 

1.788 

0.58109 

76767 

513224 

1.689 

0.52413 

66378 

256630 

1.739 

0.55331 

02353 

721460 

1.789 

0.58165 

68045 

265821 

1.690 

0.52472 

85289 

349821 

1.740 

0.55388 

51132 

264377 

1.790 

0.58221 

56198 

526636 

1.691 

0.52532 

00699 

164432 

1.741 

0.55445 

96607 

860520 

1.791 

0.58277 

41230 

785747 

1.692 

0.52591 

12611 

840315 

1.742 

0.55503 

38784 

303111 

1.792 

0.58333 

23145 

527387 

1.693 

0.52650 

21031 

509983 

1.743 

0.55560 

77665 

378839 

1.793 

0.  58389 

01946 

229958 

1.694 

0.52709 

25962 

298627 

1.744 

0.55618 

13254 

867879 

1.794 

0.  58444 

77636 

366044 

1.695 

0.  52768 

27408 

324136 

1.745 

0.55675 

45556 

543905 

1.795 

0.  58500 

50219 

402422 

1.696 

0.52827 

25373 

697113 

1.746 

0.55732 

74574 

174105 

1.796 

0.58556 

19698 

800079 

1.697 

0.52886 

19862 

520893 

1.747 

0.55790 

00311 

519195 

1.797 

0.58611 

86078 

014220 

1.698 

0.52945 

10878 

891556 

1.748 

0.55847 

22772 

333437 

1.798 

0.58667 

49360 

494285 

1.699 

0.53003 

98426 

897950 

1.749 

0.55904 

41960 

364650 

1.799 

0.  58723 

09549 

683961 

1.700 

0.  53062 

82510 

621704 

1.750 

0.55961 

57879 

354227 

1.800 

0.58778 

66649 

021190 
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ELEMENTARY    TRAXSCEXDEXT.\L    FUXCTIOXS 
NATURAL  LOGARITHMS 

r  In  X  X 


In 


1.800 

0.58778 

66649 

021190 

1.850 

0.61518 

56390 

902335 

1.900 

0,64185 

38861 

723948 

1.801 

0.58834 

20661 

938190 

1.851 

0.61572 

60335 

913605 

1.901 

0.  64238 

00635 

062921 

1.802 

0.  58889 

71591 

861462 

1.852 

0.  61626 

61362 

239876 

1.902 

0.64290 

59641 

231986 

1.803 

0.58945 

19442 

211802 

1.853 

0.61680 

59473 

032227 

1.903 

0.  64343 

15883 

140124 

1.804 

0.  59000 

64216 

404319 

1.854 

0.  61734 

54671 

436634 

1.904 

0. 64395 

69363 

691736 

1.805 

0.59056 

05917 

848442 

1.855 

0.  61788 

46960 

593985 

1.905 

0.  64448 

20085 

786643 

1.806 

0.59111 

44549 

947937 

1.856 

0.  61842 

36343 

640088 

1.906 

0.64500 

68052 

320104 

1.807 

0.59166 

80116 

100914 

1.857 

0.  61896 

22823 

705687 

1.907 

0.64553 

13266 

182820 

1.808 

0.59222 

12619 

699848 

1.858 

0.  61950 

06403 

916468 

1.908 

0.64605 

55730 

260948 

1.809 

0.59277 

42064 

131581 

1.859 

0.62003 

87087 

393070 

1,909 

0.  64657 

95447 

436106 

1.810 

0.59332 

68452 

777344 

1.860 

0.62057 

64877 

251099 

1.910 

0.  64710 

32420 

585385 

1.811 

0.59387 

91789 

012763 

1.861 

0.62111 

39776 

601137 

1,911 

0.  64762 

66652 

581360 

1.812 

0.59443 

12076 

207876 

1.862 

0.62165 

11788 

548753 

1.912 

0.  64814 

98146 

292095 

1.813 

0.59498 

29317 

727140 

1.863 

0.  62218 

80916 

194514 

1.913 

0.  64867 

26904 

581158 

1.814 

0.59553 

43516 

929449 

1.864 

0.  62272 

47162 

633994 

1.914 

0.64919 

52930 

307625 

1.815 

0.59608 

54677 

168141 

1.865 

0.62326 

10530 

957789 

1.915 

0.  64971 

76226 

326093 

1.816 

0.59663 

62801 

791016 

1.866 

0.  62379 

71024 

251521 

1.916 

0.65023 

96795 

486688 

1.817 

0.59718 

67894 

140341 

1.867 

0.  62433 

28645 

595856 

1,917 

0.65076 

14640 

635074 

1.818 

0.59773 

69957 

552871 

1.868 

0.  62486 

83398 

066509 

1,918 

0.  65128 

29764 

612465 

1.819 

0.59828 

68995 

359852 

1.869 

0.  62540 

35284 

734258 

1,919 

0,  65180 

42170 

255629 

1.820 

0.59883 

65010 

887040 

1.870 

0.  62593 

84308 

664953 

1.920 

0.65232 

51860 

396902 

1.821 

0.59938 

58007 

454709 

1.871 

0.62647 

30472 

919526 

1.921 

0.  65284 

58837 

864196 

1.822 

0.59993 

47988 

377666 

1.872 

0.62700 

73780 

554003 

1.922 

0.  65336 

63105 

481007 

1.823 

0.60048 

34956 

965260 

1.873 

0.62754 

14234 

619515 

1.923 

0.65388 

64666 

066427 

1.824 

0.60103 

18916 

521396 

1.874 

0.62807 

51838 

162304 

1,924 

0.  65440 

63522 

435147 

1.825 

0.60157 

99870 

344548 

1.875 

0.  62860 

85594 

223741 

1.925 

0.  65492 

59677 

397475 

1.826 

0.60212 

77821 

727767 

1.876 

0.62914 

18505 

840329 

1.926 

0.  65544 

53133 

759338 

1.827 

0.60267 

52773 

958697 

1.877 

0.62967 

47576 

043718 

1.927 

0.65596 

43894 

322293 

1.828 

0.60322 

24730 

319583 

1.878 

0.63020 

73807 

860712 

1,928 

0.65648 

31961 

883539 

1.829 

0.60376 

93694 

087286 

1.879 

0.63073 

97204 

313283 

1,929 

0.65700 

17339 

235920 

1.830 

0. 60431 

59668 

533296 

1.880 

0.63127 

17768 

418578 

1.930 

0. 65752 

00029 

167942 

1.831 

0.  60486 

22656 

923737 

1.881 

0.63180 

35503 

188933 

1.931 

0.65803 

80034 

463774 

1.832 

0.60540 

82662 

519385 

1.882 

0.63233 

50411 

631879 

1.932 

0.  65855 

57357 

903263 

1.833 

0.60595 

39688 

575680 

1.883 

0.63286 

62496 

750154 

1.933 

0.  65907 

32002 

261938 

1.834 

0.  60649 

93738 

342731 

1.884 

0.63339 

71761 

541713 

1,934 

0.  65959 

03970 

311026 

1.835 

0.  60704 

44815 

065336 

1.885 

0.  63392 

78208 

999741 

1.935 

0.66010 

73264 

817451 

1.836 

0.  60758 

92921 

982987 

1.886 

0.  63445 

81842 

112658 

1,936 

0.  66062 

39888 

543853 

1.837 

0.60813 

38062 

329886 

1.887 

0.  63498 

82663 

864132 

1.937 

0.66114 

03844 

248588 

1.838 

0. 60867 

80239 

334953 

1.888 

0.63551 

80677 

233089 

1.938 

0.66165 

65134 

685745 

1.839 

0,60922 

19456 

221840 

1.889 

0.  63604 

75885 

193725 

1.939 

0. 66217 

23762 

605148 

1.840 

0.60976 

55716 

208943 

1.890 

0.63657 

68290 

715510 

1.940 

0.66268 

79730 

752368 

1.841 

0.61030 

89022 

509408 

1.891 

0.63710 

57896 

763204 

1.941 

0.66320 

33041 

868732 

1.842 

0.  61085 

19378 

331151 

1.892 

0.  63763 

44706 

296865 

1.942 

0.66371 

83698 

691332 

1.843 

0.61139 

46786 

876862 

1.893 

0.63816 

28722 

271858 

1.943 

0.  66423 

31703 

953030 

1.844 

0.61193 

71251 

344021 

1.894 

0.  63869 

09947 

638865 

1.944 

0.  66474 

77060 

382473 

1.845 

0.61247 

92774 

924905 

1.895 

0.63921 

88385 

343897 

1,945 

0.66526 

19770 

704096 

1.846 

0.61302 

11360 

806604 

1.896 

0.  63974 

64038 

328301 

1.946 

0.  66577 

59837 

638133 

1.847 

0.61356 

27012 

171029 

1.897 

0.64027 

36909 

528772 

1.947 

0.66628 

97263 

900626 

1.848 

0.61410 

39732 

194924 

1.898 

0.64080 

07001 

877361 

1.948 

0.  66680 

32052 

203434 

1.849 

0.  61464 

49524 

049878 

1.899 

0. 64132 

74318 

301488 

1,949 

0. 66731 

64205 

254238 

1.850 

0.61518 

56390 

902335 

1.900 

0.  64185 

38861 

723948 

1,950 

0.  66782 

93725 

756554 
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Table  4.2 


In 


In 


In 


1.950 

0.  66782 

93725 

756554 

2.000 

0.69314 

71805 

599453 

2. 

,050 

0.71783 

97931 

503168 

1.951 

0.66834 

20616 

409742 

2.001 

0.69364 

70556 

015964 

2. 

,051 

0.71832 

74790 

902436 

1.952 

0.  66885 

44879 

909007 

2.002 

0. 69414 

66808 

930288 

2. 

052 

0.71881 

49273 

085231 

1.953 

0.  66936 

66518 

945419 

2.003 

0.69464 

60566 

836812 

2. 

053 

0.71930 

21380 

367965 

1.954 

0.  66987 

85536 

205910 

2.004 

0.69514 

51832 

226184 

2. 

054 

0.71978 

91115 

063665 

1.955 

0.67039 

01934 

373291 

2.005 

0. 69564 

40607 

585325 

2. 

055 

0.72027 

58479 

481979 

1.956 

0.67090 

15716 

126256 

2.006 

0.69614 

26895 

397438 

2. 

056 

0.72076 

23475 

929187 

1.957 

0.67141 

26884 

139392 

2.007 

0.  69664 

10698 

142011 

2. 

057 

0.72124 

86106 

708201 

1.958 

0. 67192 

35441 

083186 

2.008 

0.69713 

92018 

294828 

2. 

,058 

0.72173 

46374 

118579 

1.959 

0.  67243 

41389 

624037 

2.009 

0.69763 

70858 

327974 

2. 

059 

0.72222 

04280 

456524 

1.960 

0.67294 

44732 

424259 

2.010 

0.  69813 

47220 

709844 

2. 

,060 

0.72270 

59828 

014897 

1.961 

0.  67345 

45472 

142092 

2.011 

0.69863 

21107 

905150 

2. 

,061 

0.72319 

13019 

083220 

1.962 

0.67396 

43611 

431713 

2.012 

0.69912 

92522 

374928 

2. 

062 

0.72367 

63855 

947682 

1.963 

0.  67447 

39152 

943240 

2.013 

0. 69962 

61466 

576544 

2. 

,063 

0.72416 

12340 

891148 

1.964 

0.  67498 

32099 

322741 

2.014 

0.70012 

27942 

963706 

2. 

,064 

0.72464 

58476 

193163 

1.965 

0.  67549 

22453 

212246 

2.015 

0.70061 

91953 

986463 

2. 

065 

0.72513 

02264 

129961 

1.966 

0.67600 

10217 

249748 

2.016 

0.70111 

53502 

091222 

2. 

066 

0.72561 

43706 

974468 

1.967 

0. 67650 

95394 

069220 

2.017 

0.70161 

12589 

720747 

2. 

067 

0.72609 

82806 

996312 

1.968 

0.67701 

77986 

300617 

2.018 

0.70210 

69219 

314172 

2. 

068 

0.72658 

19566 

461827 

1.969 

0.  67752 

57996 

569885 

2.019 

0.70260 

23393 

307004 

2. 

069 

0.72706 

53987 

634060 

1.970 

0.  67803 

35427 

498971 

2.020 

0.70309 

75114 

131134 

2. 

070 

0.72754 

86072 

772777 

1.971 

0.67854 

10281 

705832 

2.021 

0.70359 

24384 

214840 

2. 

071 

0.72803 

15824 

134471 

1.972 

0.  67904 

82561 

804437 

2.022 

0.70408 

71205 

982797 

2. 

072 

0.72851 

43243 

972366 

1.973 

0.67955 

52270 

404783 

2.023 

0.70458 

15581 

856084 

2. 

073 

0.72899 

68334 

536425 

1.974 

0.  68006 

19410 

112898 

2.024 

0.70507 

57514 

252191 

2. 

074 

0.72947 

91098 

073356 

1.975 

0.68056 

83983 

530852 

2.025 

0.70556 

97005 

585025 

2. 

075 

0.72996 

11536 

826616 

1.976 

0.  68107 

45993 

256761 

2.026 

0.70606 

34058 

264916 

2. 

076 

0.73044 

29653 

036422 

1.977 

0.68158 

05441 

884799 

2.027 

0.70655 

68674 

698630 

2. 

077 

0.73092 

45448 

939753 

1.978 

0.  68208 

62332 

005204 

2.028 

0. 70705 

00857 

289367 

2. 

078 

0.73140 

58926 

770357 

1.979 

0.  68259 

16666 

204287 

2.029 

0.70754 

30608 

436777 

2. 

079 

0.73188 

70088 

758759 

1.980 

0. 68309 

68447 

064439 

2.030 

0.70803 

57930 

536960 

2. 

080 

0.73236 

78937 

132266 

1.981 

0.68360 

17677 

164139 

2.031 

0.70852 

82825 

982476 

2. 

081 

0.73284 

85474 

114974 

1.982 

0.  68410 

64359 

077962 

2.032 

0.70902 

05297 

162355 

2. 

082 

0.73332 

89701 

927771 

1.983 

0. 68461 

08495 

376589 

2.033 

0.70951 

25346 

462096 

2. 

083 

0.73380 

91622 

788349 

1.984 

0.68511 

50088 

626811 

2.034 

0.71000 

42976 

263682 

2. 

084 

0.73428 

91238 

911205 

1.985 

0.68561 

89141 

391537 

2.035 

0.71049 

58188 

945583 

2. 

085 

0.73476 

88552 

507648 

1.986 

0.68612 

25656 

229808 

2.036 

0.71098 

70986 

882763 

2. 

086 

0.73524 

83565 

785807 

1.987 

0.  68662 

59635 

696798 

2.037 

0.71147 

81372 

446688 

2. 

087 

0.73572 

76280 

950637 

1.988 

0.68712 

91082 

343823 

2.038 

0.71196 

89348 

005331 

2. 

088 

0.73620 

66700 

203923 

1.989 

0. 68763 

19998 

718351 

2.039 

0.71245 

94915 

923181 

2. 

089 

0.  73668 

54825 

744287 

1.990 

0.68813 

46387 

364010 

2.040 

0.71294 

98078 

561250 

2. 

090 

0.73716 

40659 

767196 

1.991 

0.68863 

70250 

820592 

2.041 

0.71343 

98838 

277077 

2. 

091 

0.73764 

24204 

464965 

1.992 

0.68913 

91591 

624065 

2.042 

0.71392 

97197 

424738 

2. 

092 

0.73812 

05462 

026765 

1.993 

0, 68964 

10412 

306577 

2.043 

0.71441 

93158 

354850 

2. 

093 

0.73859 

84434 

638627 

1.994 

0.69014 

26715 

396466 

2.044 

0.71490 

86723 

414580 

2. 

094 

0.73907 

61124 

483451 

1.995 

0.69064 

40503 

418268 

2.045 

0.71539 

77894 

947651 

2. 

095 

0.73955 

35533 

741011 

1.996 

0.69114 

51778 

892722 

2.046 

0.71588 

66675 

294347 

2. 

096 

0,74003 

07664 

587957 

1.997 

0.69164 

60544 

336782 

2.047 

0.71637 

53066 

791525 

2. 

097 

0.74050 

77519 

197829 

1.998 

0.69214 

66802 

263618 

2.048 

0.71686 

37071 

772614 

2, 

098 

0.  74098 

45099 

741054 

1.999 

0.69264 

70555 

182630 

2.049 

0.71735 

18692 

567627 

2. 

099 

0.74146 

10408 

384959 

2.000 

0.69314 

71805 

599453 

2,050 

0.71783 

97931 

503168 

2. 

100 

0.74193 

73447 

293773 

r(-8)3- 
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Table  4.3 

RADIX  TABLE  OF  NATURAL  LOGARITHMS 

X 

?? 

In 

(1+xlO 

-") 

-In 

(l-xlO-^) 

1 

10 

0. 

00000 

00000 

99999 

99999 

50000 

0. 

00000 

00001 

00000 

00000 

50000 

2 

10 

0. 

00000 

00001 

99999 

99998 

00000 

0. 

00000 

00002 

00000 

00002 

00000 

3 

10 

0. 

00000 

00002 

99999 

99995 

50000 

0. 

00000 

00003 

00000 

00004 

50000 

4 

10 

0. 

00000 

00003 

99999 

99992 

00000 

0. 

00000 

00004 

00000 

00008 

00000 

5 

10 

0. 

00000 

00004 

99999 

99987 

50000 

0. 

00000 

00005 

00000 

00012 

50000 

6 

10 

0. 

00000 

00005 

99999 

99982 

00000 

0. 

00000 

00006 

00000 

00018 

00000 

7 

10 

0. 

00000 

00006 

99999 

99975 

50000 

0. 

00000 

00007 

00000 

00024 

50000 

8 

10 

0. 

00000 

00007 

99999 

99968 

00000 

0. 

00000 

00008 

00000 

00032 

00000 

9 

10 

0. 

00000 

00008 

99999 

99959 

50000 

0. 

00000 

00009 

00000 

00040 

50000 

1 

9 

0. 

00000 

00009 

99999 

99950 

00000 

0. 

00000 

00010 

00000 

00050 

00000 

2 

9 

0. 

00000 

00019 

99999 

99800 

00000 

0. 

00000 

00020 

00000 

00200 

00000 

3 

9 

0. 

00000 

00029 

99999 

99550 

00000 

0. 

00000 

00030 

00000 

00450 

00000 

4 

9 

0. 

00000 

00039 

99999 

99200 

00000 

0. 

00000 

00040 

00000 

00800 

00000 

5 

9 

0. 

00000 

00049 

99999 

98750 

00000 

0. 

00000 

00050 

00000 

01250 

00000 

6 

9 

0. 

00000 

00059 

99999 

98200 

00001 

0. 

00000 

00060 

00000 

01800 

00001 

7 

9 

0. 

00000 

00069 

99999 

97550 

00001 

0. 

00000 

00070 

00000 

02450 

00001 

8 

9 

0. 

00000 

00079 

99999 

96800 

00002 

0. 

00000 

00080 

00000 

03200 

00002 

9 

9 

0. 

00000 

00089 

99999 

95950 

00002 

0. 

00000 

00090 

00000 

04050 

00002 

1 

8 

0. 

00000 

00099 

99999 

95000 

00003 

0. 

00000 

00100 

00000 

05000 

00003 

2 

8 

0. 

00000 

00199 

99999 

80000 

00027 

0. 

00000 

00200 

00000 

20000 

00027 

3 

8 

0. 

00000 

00299 

99999 

55000 

00090 

0. 

00000 

00300 

00000 

45000 

00090 

4 

8 

0. 

00000 

00399 

99999 

20000 

00213 

0. 

00000 

00400 

00000 

80000 

00213 

5 

8 

0. 

00000 

00499 

99998 

75000 

00417 

0. 

00000 

00500 

00001 

25000 

00417 

6 

8 

0. 

00000 

00599 

99998 

20000 

00720 

0. 

00000 

00600 

00001 

80000 

00720 

7 

8 

0. 

00000 

00699 

99997 

55000 

01143 

0. 

00000 

00700 

00002 

45000 

01143 

8 

8 

0. 

00000 

00799 

99996 

80000 

01707 

0. 

00000 

00800 

00003 

20000 

01707 

9 

8 

0. 

00000 

00899 

99995 

95000 

02430 

0. 

00000 

00900 

00004 

05000 

02430 

1 

7 

0. 

00000 

00999 

99995 

00000 

03333 

0. 

00000 

01000 

00005 

00000 

03333 

2 

7 

0. 

00000 

01999 

99980 

00000 

26667 

0. 

00000 

02000 

00020 

00000 

26667 

3 

7 

0. 

00000 

02999 

99955 

00000 

90000 

0. 

00000 

03000 

00045 

00000 

90000 

4 

7 

0. 

00000 

03999 

99920 

00002 

13333 

0. 

00000 

04000 

00080 

00002 

13333 

5 

7 

0. 

00000 

04999 

99875 

00004 

16667 

0. 

00000 

05000 

00125 

00004 

16667 

6 

7 

0. 

00000 

05999 

99820 

00007 

20000 

0. 

00000 

06000 

00180 

00007 

20000 

7 

7 

0. 

00000 

06999 

99755 

00011 

43333 

0. 

00000 

07000 

00245 

00011 

43334 

8 

7 

0. 

00000 

07999 

99680 

00017 

06666 

0. 

00000 

08000 

00320 

00017 

06668 

9 

7 

0. 

00000 

08999 

99595 

00024 

29998 

0. 

00000 

09000 

00405 

00024 

30002 

1 

6 

0. 

00000 

09999 

99500 

00033 

33331 

0. 

00000 

10000 

00500 

00033 

33336 

2 

6 

0. 

00000 

19999 

98000 

00266 

66627 

0. 

00000 

20000 

02000 

00266 

66707 

3 

6 

0. 

00000 

29999 

95500 

00899 

99798 

0. 

00000 

30000 

04500 

00900 

00203 

4 

6 

0. 

00000 

39999 

92000 

02133 

32693 

0. 

00000 

40000 

08000 

02133 

33973 

5 

6 

0. 

00000 

49999 

87500 

04166 

65104 

0. 

00000 

50000 

12500 

04166 

68229 

6 

6 

0. 

00000 

59999 

82000 

07199 

96760 

0. 

00000 

60000 

18000 

07200 

03240 

7 

6 

0. 

00000 

69999 

75500 

11433 

27331 

0. 

00000 

70000 

24500 

11433 

39336 

8 

6 

0. 

00000 

79999 

68000 

17066 

56427 

0. 

00000 

80000 

32000 

17066 

76907 

9 

6 

0. 

00000 

89999 

59500 

24299 

83598 

0. 

00000 

90000 

40500 

24300 

16403 

For 

n>10,  In  (l±xl( 

)-")  =±a:10-"- 
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Table  4.3 


n 


In  (l+xlO-«) 


-In  (l-a;10-'») 


1 

5 

0. 

00000 

99999 

50000 

33333 

08334 

0. 

00001 

00000 

50000 

33333 

58334 

2 

5 

0. 

00001 

99998 

00002 

66662 

66673 

0. 

00002 

00002 

00002 

66670 

66673 

3 

5 

0. 

00002 

99995 

50008 

99979 

75049 

0. 

00003 

00004 

50009 

00020 

25049 

4 

5 

0. 

00003 

99992 

00021 

33269 

33538 

0. 

00004 

00008 

00021 

33397 

33538 

5 

5 

0. 

00004 

99987 

50041 

66510 

42292 

0. 

00005 

00012 

50041 

66822 

92292 

6 

5 

0. 

00005 

99982 

00071 

99676 

01555 

0. 

00006 

00018 

00072 

00324 

01555 

7 

5 

0. 

00006 

99975 

50114 

32733 

11695 

0. 

00007 

00024 

50114 

33933 

61695 

8 

5 

0. 

00007 

99968 

00170 

65642 

73220 

0. 

00008 

00032 

00170 

67690 

73221 

9 

5 

0. 

00008 

99959 

50242 

98359 

86809 

0. 

00009 

00040 

50243 

01640 

36811 

1 

4 

0. 

00009 

99950 

00333 

30833 

53332 

0. 

00010 

00050 

00333 

35833 

53335 

2 

4 

0. 

00019 

99800 

02666 

26673 

06560 

0. 

00020 

00200 

02667 

06673 

06773 

3 

4 

0. 

00029 

99550 

08997 

97548 

58785 

0. 

00030 

00450 

09002 

02548 

61215 

4 

4 

0. 

00039 

99200 

21326 

93538 

06509 

0. 

00040 

00800 

21339 

73538 

20162 

5 

4 

0. 

00049 

98750 

41651 

04791 

40636 

0. 

00050 

01250 

41682 

29791 

92719 

6 

4 

0. 

00059 

98200 

71967 

61554 

42280 

0. 

00060 

01800 

72032 

41555 

97800 

7 

4 

0. 

00069 

97551 

14273 

34192 

77369 

0. 

00070 

02451 

14393 

39196 

69533 

8 

4 

0. 

00079 

96801 

70564 

33215 

90059 

0. 

00080 

03201 

70769 

13224 

63873 

9 

4 

0. 

00089 

95952 

42836 

09300 

94948 

0. 

00090 

04052 

43164 

14318 

66419 

1 

3 

0. 

00099 

95003 

33083 

53316 

68094 

0. 

00100 

05003 

33583 

53350 

01430 

2 

3 

0. 

00199 

80026 

62673 

05601 

82538 

0. 

00200 

20026 

70673 

07735 

16511 

3 

3 

0. 

00299 

55089 

79798 

47881 

16106 

0. 

00300 

45090 

20298 

72181 

32509 

4 

3 

0. 

00399 

20212 

69537 

45299 

90751 

0. 

00400 

80213 

97538 

81834 

87927 

5 

3 

0. 

00498 

75415 

11039 

07361 

21022 

0. 

00501 

25418 

23544 

28204 

30937 

6 

3 

0. 

00598 

20716 

77547 

46378 

20189 

0. 

00601 

80723 

25563 

01620 

19350 

7 

3 

0. 

00697 

56137 

36425 

24209 

95222 

0. 

00702 

46149 

36964 

45987 

41123 

8 

3 

0. 

00796 

81696 

49176 

87351 

07973 

0. 

00803 

21716 

97264 

25903 

86494 

9 

3 

0. 

00895 

97413 

71471 

90444 

31465 

0. 

00904 

07446 

52149 

06220 

55241 

1 

2 

0. 

00995 

03308 

53168 

08284 

82154 

0. 

01005 

03358 

53501 

44118 

35489 

2 

2 

0. 

01980 

26272 

96179 

71302 

60291 

0. 

02020 

27073 

17519 

44840 

80453 

3 

2 

0. 

02955 

88022 

41544 

40273 

26194 

0. 

03045 

92074 

84708 

54591 

92613 

4 

2 

0. 

03922 

07131 

53281 

29626 

92009 

0. 

04082 

19945 

20255 

12955 

45771 

5 

2 

0. 

04879 

01641 

69432 

00306 

53744 

0. 

05129 

32943 

87550 

53342 

61961 

6 

2 

0. 

05826 

89081 

23975 

77552 

57184 

0. 

06187 

54037 

18087 

47179 

78001 

7 

2 

0. 

06765 

86484 

73814 

80526 

84159 

0. 

07257 

06928 

34835 

43071 

15733 

8 

2 

0. 

07696 

10411 

36128 

32498 

42170 

0. 

08338 

16089 

39051 

05839 

47658 

9 

2 

0. 

08617 

76962 

41052 

33234 

13335 

0. 

09431 

06794 

71241 

32687 

71427 

1 

0. 

09531 

01798 

04324 

86004 

39521 

0. 

10536 

05156 

57826 

30122 

75010 

2 

0. 

18232 

15567 

93954 

62621 

17180 

0. 

22314 

35513 

14209 

75576 

62951 

3 

0. 

26236 

42644 

67491 

05203 

54960 

0. 

35667 

49439 

38732 

37891 

26387 

4 

0. 

33647 

22366 

21212 

93050 

45934 

0. 

51082 

56237 

65990 

68320 

55141 

5 

0. 

40546 

51081 

08164 

38197 

80131 

0. 

69314 

71805 

59945 

30941 

72321 

6 

0. 

47000 

36292 

45735 

55365 

09370 

0. 

91629 

07318 

74155 

06518 

35272 

7 

0. 

53062 

82510 

62170 

39623 

15432 

1. 

20397 

28043 

25935 

99262 

27462 

8 

0. 

58778 

66649 

02119 

00818 

97311 

1. 

60943 

79124 

34100 

37460 

07593 

9 

0. 

64185 

38861 

72394 

77599 

10360 

2. 

30258 

50929 

94045 

68401 

79915 

1 

0 

0. 

69314 

71805 

59945 

30941 

72321 

« 

) 

273- 

888  O 

-67-9 
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Table  4.4 


ELEMENTAKY    TRANSCEXDEXTAL    FUNCTIONS 
EXPONENTIAL  FLNCTION 


0.000 
0.001 
0.002 
0.003 
0.004 

0.005 
0.006 
0.007 
0.008 
0.009 

0.010 
0.011 
0.012 
0.013 
0.014 

0.015 
0.016 
0.017 
0.018 
0.019 

0.020 
0.021 

0.022 
0.023 
0.024 

0.025 
0.026 
0.027 
0.028 
0.029 

0.030 
0.031 
0.032 
0.033 
0.034 

0.035 
0.036 
0.037 

0.038 
0.039 

0.040 
0.041 
0.042 
0.043 
0.044 

0.045 
0.046 
0.047 
0.048 
0.049 

0.050 


1.00000  00000  00000  000 
1.00100  05001  66708  342 
1.00200  20013  34000  267 
1.00300  45045  03377  026 
1. 00400  80106  77341  872 

1.00501  25208  59401  063 
1.00601  80360  54064  865 
1.00702  45572  66848  555 
1.00803  20855  04273  431 
1.00904  06217  73867  814 

1.01005  01670  84168  058 

1.01106  07224  44719  556 

1.01207  22888  66077  754 

1.01308  48673  59809  158 

1.01409  84589  38492  345 

1.01511  30646  15718  979 

1.01612  86854  06094  822 

1.01714  53223  25240  748 

1.01816  29763  89793  761 

1.01918  16486  17408  Oil 

1.02020  13400  26755  810 

1.02122  20516  37528  653 

1.02224  37844  70438  235 

1.02326  65395  47217  475 

1.02429  03178  90621  534 

1.02531  51205  24428  841 
1. 02634  09484  73442  115 
1.02736  78027  63489  392 
1. 02839  56844  21425  045 
1.02942  45944  75130  820 

1.03045  45339  53516  856 

1.03148  55038  86522  716 

1.03251  75053  05118  420 

1.03355  05392  41305  472 

1.03458  46067  28117  894 

1.  03561  97087  99623  260 

1.03665  58464  90923  727 

1.03769  30208  38157  074 

1.03873  12328  78497  733 

1.03977  04836  50157  831 

1.04081  07741  92388  227 

1.04185  21055  45479  549 

1.04289  44787  50763  238 

1.04393  78948  50612  586 

1.04498  23548  88443  779 

1. 04602  78599  08716  943 
1.04707  44109  56937  184 
1.04812  20090  79655  638 
1.04917  06553  24470  516 
1.05022  03507  40028  148 

1.05127  10963  76024  040 


['1'^] 


1.00000  00000  00000  000 
0.99900  04998  33374  992 
0.99800  19986  67333  067 
0.99700  44955  03372  976 
0.99600  79893  43991  472 

0.99501  24791  92682  313 
0.99401  79640  53935  265 
0.99302  44429  33235  105 
0.99203  19148  37060  630 
0.99104  03787  72883  662 

0.99004  98337  49168  054 
0.98906  02787  75368  698 
0.98807  17128  61930  540 
0.98708  41350  20287  583 
0.98609  75442  62861  903 

0.98511  19396  03062  661 
0.98412  73200  55285  115 
0.98314  36846  34909  635 
0.98216  10323  58300  718 
0.98117  93622  42806  006 

0.98019  86733  06755  302 
0.97921  89645  69459  588 
0.97824  02350  51210  045 
0.97726  24837  73277  073 
0.97628  57097  57909  314 

0.97530  99120  28332  669 
0.97433  50896  08749  328 
0.97336  12415  24336  791 
0.97238  83668  01246  891 
0.97141  64644  66604  825 

0.97044  55335  48508  177 
0.96947  55730  76025  948 
0.96850  65820  79197  585 
0.96753  85595  89032  009 
0.96657  15046  37506  651 

0.96560  54162  57566  478 
0.96464  02934  83123  030 
0.96367  61353  49053  452 
0.96271  29408  91199  529 
0.96175  07091  46366  723 

0.96078  94391  52323  209 
0.95982  91299  47798  914 
0.95886  97805  72484  552 
0.95791  13900  67030  669 
0.95695  39574  73046  67P 

0.95599  74818  33099  907 

0.95504  19621  90714  635 

0.95408  73975  90371  141 

0.95313  37870  77504  745 

0.95218  11296  98504  853 

0.95122  94245  00714  009 


For  use  and  extension  of  the  table  see  Example*  8-11. 

Q  ■  "1 

See  Table  7.1  for  values  of  ^f      and  Table  26.1  for  -==  e 
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EXPONENTIAL  FUNCTION 


0.050 
0.051 
0.052 
0.053 
0.054 

0.055 
0.056 
0.057 
0.058 
0.059 

0.060 
0.061 
0.062 
0.063 
0.064 

0.065 
0.066 
0.067 
0.068 
0.069 

0.070 
0.071 
0.072 
0.073 
0.074 

0.075 
0.076 
0.077 
0.078 
0.079 

0.080 
0.081 
0.082 
0.083 
0.084 

0.085 
0.086 
0.087 
0.088 
0.089 

0.090 
0.091 
0.092 
0.093 
0.094 

0.095 

0.096 
0.097 
0.098 
0.099 

0.100 


1.05127  10963  76024  040 

1.05232  28932  83203  913 

1.05337  57425  13364  763 

1.05442  96451  19355  907 

1.05548  46021  55080  041 

1.05654  06146  75494  286 

1.05759  76837  36611  252 

1.05865  58103  95500  087 

1.05971  49957  10287  540 

1. 06077  52407  40159  012 

1.06183  65465  45359  622 

1.06289  89141  87195  264 

1.06396  23447  28033  669 

1.06502  68392  31305  464 

1.06609  23987  61505  244 

1. 06715  90243  84192  625 

1.06822  67171  65993  321 

1.06929  54781  74600  202 

1.  07036  53084  78774  366 

1.07143  62091  48346  205 

1.07250  81812  54216  479 

1.07358  12258  68357  383 

1.07465  53440  63813  620 

1.07573  05369  14703  476 

1.07680  68054  96219  891 

1.07788  41508  84631  536 

1.07896  25741  57283  889 

1.08004  20763  92600  313 

1.08112  26586  70083  133 

1.08220  43220  70314  7l7 

1.08328  70676  74958  554 

1.08437  08965  66760  341 

1.08545  58098  29549  059 

1.08654  18085  48238  061 

1.08762  88938  08826  156 

1.08871  70666  98398  696 

1.08980  63283  05128  660 

1.09089  66797  18277  747 

1.09198  81220  28197  460 

1.09308  06563  26330  201 

1.09417  42837  05210  358 

1.09526  90052  58465  401 

1.09636  48220  80816  975 

1.09746  17352  68081  994 

1.09855  97459  17173  736 

1.09965  88551  26102  942 

1.10075  90639  93978  912 

1.10186  03736  21010  606 

1.10296  27851  08507  743 

1.10406  62995  58881  902 

1.10517  09180  75647  625 


Table  4.4 


0.95122  94245  00714  009 

0.95027  86705  32426  935 

0.94932  88668  42889  583 

0.94838  00124  82298  184 

0.94743  21065  01798  300 

0.94648  51479  53483  869 

0.94553  91358  90396  267 

0.94459  40693  66523  349 

0.94364  99474  36798  514 

0.94270  67691  57099  754 

0.94176  45335  84248  710 

0.94082  32397  76009  730 

0.93988  28867  91088  928 

0.93894  34736  89133  241 

0.93800  49995  30729  488 

0.93706  74633  77403  433 

0.93613  08642  91618  844 

0.93519  52013  36776  558 

0.93426  04735  77213  542 

0.93332  66800  78201  958 

0.93239  38199  05948  229 

0.93146  18921  27592  106 

0.93053  08958  11205  732 

0.92960  08300  25792  713 

0.92867  16938  41287  187 

0.92774  34863  28552  892 
0.92681  62065  59382  237 
0.92588  98536  06495  377 
0.92496  44265  43539  280 
0.92403  99244  45086  807 

0.92311  63463  86635  783 
0.92219  36914  44608  072 
0.92127  19586  96348  654 
0.92035  11472  20124  706 
0.91943  12560  95124  674 

0.91851  22844  01457  356 
0.91759  42312  20150  982 
0,91667  70956  33152  295 
0.91576  08767  23325  631 
0.91484  55735  74452  003 

0.91393  11852  71228  187 
0.91301  77108  99265  803 
0.91210  51495  45090  403 
0.91119  35002  96140  557 
0.91028  27622  40766  940 

0.90937  29344  68231  420 
0.90846  40160  68706  150 
0.90755  60061  33272  654 
0.90664  89037  53920  921 
0.90574  27080  23548  496 

0.90483  74180  35959  573 


['-e'"] 


['-/"] 
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EXPONENTIAL  FUNCTION 


0.100 
0.101 
0.102 
0.103 
0.104 

0.105 
0.106 
0.107 
0.108 
0.109 

0.110 
0.111 
0.112 
0.113 
0.114 

0.115 
0.116 
0.117 
0.118 
0.119 

0.120 
0.121 
0.122 
0.123 
0.124 

0,125 
0.126 
0.127 
0.128 
0.129 

0.130 
0.131 
0.132 
0.133 
0.134 

0.135 
0.136 
0.137 
0.138 
0.139 

0.140 
0.141 
0.  142 
0.143 
0.144 

0.145 
0.146 
0.147 
0.148 
0.149 

0.150 


1.10517  09180  75647  625 
1.10627  66417  63423  521 
1. 10738  34717  27933  371 
1.10849  14090  76007  230 
1.10960  04549  15582  540 

1.11071  06103  55705  232 

1.11182  18765  06530  839 

1.11293  42544  79325  605 

1.11404  77453  86467  594 

1.11516  23503  41447  807 

1.11627  80704  58871  292 
1. 11739  49068  54458  258 
1.11851  28606  45045  196 
1.11963  19329  48585  987 
1.12075  21248  84153  031 

1.12187  34375  71938  354 

1.12299  58721  33254  738 

1.12411  94296  90536  839 

1.12524  41113  67342  307 

1.12636  99182  88352  913 

1.12749  68515  79375  671 

1.12862  49123  67343  967 

1.12975  41017  80318  682 

1.13088  44209  47489  324 

1.13201  58709  99175  153 

1.13314  84530  66826  317 

1.13428  21682  83024  976 

1.13541  70177  81486  442 

1.13655  30026  97060  307 

1.13769  01241  65731  582 

1.13882  83833  24621  831 

1.13996  77813  11990  306 

1.14110  83192  67235  091 

1.14224  99983  30894  235 

1.14339  28196  44646  898 

1.14453  67843  51314  488 

1.14568  18935  94861  807 

1.14682  81485  20398  195 

1.14797  55502  74178  672 

1.14912  41000  03605  088 

1.15027  37988  57227  268 

1.15142  46479  84744  161 

1.15257  66485  37004  992 

1. 15372  98016  66010  407 

1.15488  41085  24913  632 

1.15603  95702  68021  623 

1.15719  61880  50796  218 

1.15835  39630  29855  297 

1.15951  28963  62973  936 

1.16067  29892  09085  563 

1.16183  42427  28283  123 

■(-7)] 


0.90483  74180  35959  573 
0.90393  30328  85864  089 
0.90302  95516  68876  819 
0.90212  69734  81516  470 
0.90122  52974  21204  780 

0.90032  45225  86265  613 
0.89942  46480  75924  059 
0.89852  56729  90305  534 
0,89762  75964  30434  876 
0.89673  04174  98235  450 

0.89583  41352  96528  251 
0.89493  87489  29031  000 
0.89404  42575  00357  257 
0.89315  06601  16015  519 
0.89225  79558  82408  325 

0.89136  61439  06831  368 
0,89047  52232  97472  599 
0.88958  51931  63411  334 
0.88869  60526  14617  364 
0.88780  78007  61950  067 

0.88692  04367  17157  516 
0.88603  39595  92875  591 
0.88514  83685  02627  096 
0.88426  36625  60820  866 
0.88337  98408  82750  886 

0.88249  69025  84595  403 
0.88161  48467  83416  046 
0.88073  36725  97156  940 
0,87985  33791  44643  827 
0.87897  39655  45583  178 

0,87809  54309  20561  324 
0.87721  77743  91043  564 
0,87634  09950  79373  297 
0.87546  50921  08771  138 
0.87459  00646  03334  043 

0.87371  59116  88034  434 
0.87284  26324  88719  322 
0,87197  02261  32109  436 
0,87109  86917  45798  347 
0.87022  80284  58251  595 

0,86935  82353  98805  820 

0,86848  93116  97667  890 

0,86762  12564  85914  032 

0.86675  40688  95488  962 

0.86588  77480  59205  017 

0.86502  22931  10741  288 

0.86415  77031  84642  755 

0.86329  39774  16319  421 

0.86243  11149  42045  443 

0.86156  91148  98958  277 


['"a^"] 


0.86070  79764  25057  807 

"(-7)] 
6 


[-."'] 
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EXPONENTIAL  FUNCTION 
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0.150 
0.151 
0.152 
0.153 
0.154 

0.155 
0.156 
0.157 
0.158 
0.159 

0.160 
0.161 
0,162 
0.163 
0.164 

0.165 
0.166 
0.167 
0.168 
0.169 

0.170 
0.171 
0.172 
0.173 
0.174 

0.175 
0.176 
0.177 
0.  178 
0.179 

0.180 
0.181 
0.182 
0.183 
0.184 

0.185 
0.186 
0.187 
0.188 
0.189 

0.190 
0.191 
0.192 
0.193 
0.  194 

0.195 
0.196 
0.197 
0.198 
0.199 

0.200 


1. 16183  42427  28283  123 
1. 16299  66580  81820  230 
1.16416  02364  32112  335 
1.16532  49789  42737  886 
1.16649  08867  78439  490 

1.16765  79611  05125  080 

1.16882  62030  89869  080 

1.16999  56139  00913  572 

1.17116  61947  07669  465 

1.17233  79466  80717  662 

1.17351  08709  91810  235 

1.17468  49688  13871  592 

1.17586  02413  20999  654 

1.17703  66896  88467  025 

1.17821  43150  92722  171 

1.17939  31187  11390  594 

1.18057  31017  23276  Oil 

1. 18175  42653  08361  533 

1.18293  66106  47810  843 

1.18412  01389  23969  378 

1.18530  48513  20365  514 

1.18649  07490  21711  746 

1.18767  78332  13905  874 

1.18886  61050  84032  188 

1.19005  55658  20362  660 

1.19124  62166  12358  122 

1.19243  80586  50669  468 

1.19363  10931  27138  834 

1.19482  53212  34800  796 

1.19602  07441  67883  563 

1. 19721  73631  21810  165 
1. 19841  51792  93199  657 
1.19961  41938  79868  311 
1.20081  44080  80830  812 
1.20201  58230  96301  462 

1.20321  84401  27695  376 
1.20442  22603  77629  686 
1.20562  72850  49924  742 
1.20683  35153  49605  317 
1.20804  09524  82901  811 

1.20924  95976  57251  458 
1.21045  94520  81299  533 
1.21167  05169  64900  562 
1.21288  27935  19119  527 
1.21409  62829  56233  085 

1.21531  09864  89730  774 
1.21652  69053  34316  229 
1.21774  40407  05908  396 
1.21896  23938  21642  747 
1.22018  19658  99872  499 

1.22140  27581  60169  834 


0.86070  79764  25057  807 

0.85984  76986  59205  488 

0.85898  82807  41123  482 

0.85812  97218  11393  800 

0.85727  20210  11457  440 

0.85641  51774  83613  531 

0.85555  91903  71018  473 

0.85470  40588  17685  083 

0.85384  97819  68481  735 

0.85299  63589  69131  511 

0.85214  37889  66211  338 
0.85129  20711  07151  144 
0.85044  12045  40232  998 
0.84959  11884  14590  263 
0.84874  20218  80206  741 

0.84789  37040  87915  828 
0.84704  62341  89399  660 
0.84619  96113  37188  270 
0.84535  38346  84658  733 
0.84450  89033  86034  326 

0.84366  48165  96383  682 
0.84282  15734  71619  939 
0.84197  91731  68499  904 
0.84113  76148  44623  201 
0.84029  68976  58431  438 

0.83945  70207  69207  358 
0.83861  79833  37074  003 
0.83777  97845  22993  869 
0.83694  24234  88768  073 
0.83610  58993  97035  511 

0.83527  02114  11272  021 
0.83443  53586  95789  549 
0.83360  13404  15735  309 
0.83276  81557  37090  951 
0.83193  58038  26671  728 

0.83110  42838  52125  659 
0.83027  35949  81932  701 
0.82944  37363  85403  915 
0.82861  47072  32680  634 
0.82778  65066  94733  637 

0.82695  91339  43362  318 
0,82613  25881  51193  854 
0.82530  68684  91682  387 
0.82448  19741  39108  186 
0.82365  79042  68576  832 

0,82283  46580  56018  384 
0,82201  22346  78186  562 
0,82119  06333  12657  919 
0,82036  98531  37831  021 
0,81954  98933  32925  626 


['-/"] 


0.81873  07530  77981  859 

"(-7)1" 
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Table  4.4 


EXPONENTIAL  FL.NCTION 


e* 


0.200 

0.201 
0.202 
0.203 
0.204 

0.205 
0.206 
0.207 
0.208 
0.209 

0.210 
0.211 
0.212 
0.213 

0.214 

0.215 
0.216 
0.217 
0.218 
0.219 

0.220 
0.221 
0.222 
0.223 
0.224 

0.225 
0.226 
0.227 
0.228 
0.229 

0.230 
0.231 
0.232 
0.233 
0.234 

0.235 
0.236 
0.237 
0.238 
0.239 

0.240 
0.241 
0.242 
0.243 
0.244 

0.245 
0.246 
0.247 
0.248 
0.249 

0.250 


L 22140  27581  60169  834 
1.22262  47718  23327  112 
1.22384  80081  11358  099 
1.22507  24682  47499  185 
1.22629  81534  56210  607 

1.22752  50649  63177  678 
1.22875  32039  95312  005 
1.22998  25717  80752  723 
1.23121  31695  48867  721 
1.23244  49985  30254  869 

1.23367  80599  56743  251 
1.23491  23550  61394  396 
1.23614  78850  78503  512 
1.23738  46512  43600  719 
1.23862  26547  93452  285 

1.23986  18969  66061  862 
1.24110  23790  00671  728 
1.24234  41021  37764  020 
1.24358  70676  19061  978 
1.24483  12766  87531  187 

1.24607  67305  87380  820 
1.24732  34305  64064  879 
1.24857  13778  64283  447 
1.24982  05737  35983  926 
1,25107  10194  28362  294 

1.25232  27161  91864  345 
1.25357  56652  78186  948 
1.25482  98679  40279  295 
1.25608  53254  32344  151 
1.25734  20390  09839  113 

1.25860  00099  29477  863 
1.25985  92394  49231  426 
1.26111  97288  28329  426 
1.26238  14793  27261  349 
1.2c3c^  ■i-1922  07777  797 

1.2:^"-:  5-^87  32891  756 
1.2'.::-  -3131  66879  857 
1.2^--^  :::^-  75283  640 
\.1'.\-  .      :  li  24910  818 

1. 2o997  655o5  33836  547 

1.27124  91503  21404  692 
1.27252  10353  08229  095 
1.27379  41928  16194  849 
1.27506  86241  18459  570 
1.27634  43304  89454  665 

1.27762  13132  04886  611 
1.27889  95735  41738  230 
1.28017  91127  78269  966 
1.28145  99321  94021  162 

1. 28274  20330  69811  3*1 


^.  234v2 


^54 


0.81873  07530  77981  859 
0.81791  24315  53859  397 
0.81709  49279  42236  649 
0.81627  82414  25609  934 
0.81546  23711  87292  668 

0.81464  73164  11414  545 

0.81383  30762  82920  720 

0.81301  96499  87570  998 

0.81220  70367  11939  015 

0.81139  52356  43411  427 

0.81058  42459  70187  100 

0.80977  40668  81276  291 

0.80896  46975  66499  845 

0.80815  61372  16488  379 

0.80734  83850  22681  475 

0.80654  14401  77326  874 

0.80573  53018  73479  662 

0.80492  99693  05001  467 

0.80412  54416  66559  655 

0.80332  17181  53626  521 

0.80251  87979  62478  483 
0.80171  66802  90195  284 
0.80091  53643  34659  186 
0.80011  48492  94554  165 
0.79931  51343  69365  114 

0.79851  62187  59377  043 
0.79771  81016  65674  274 
0.79692  07822  90139  647 
0.79612  42598  35453  721 
0.79532  85335  05093  973 

0.79453  36025  03334  008 
0.79373  94660  35242  758 
0.79294  61233  06683  687 
0.79215  35735  24314  003 
0.79136  18158  95583  855 

0.79057  08496  28735  550 
0.78978  06739  32802  754 
0.78899  12880  17609  706 
0.78820  26910  93770  426 
0.78741  48823  72687  922 

0.78662  78610  66553  409 
0.78584  16263  88345  515 
0.78505  61775  51829  496 
0.78427  15137  71556  451 
0.78348  76342  62862  532 

0.78270  45382  41868  168 
0.78192  22249  25477  270 
0.78114  06935  31376  458 
0.78035  99432  78034  273 
0.77957  99733  84700  396 

0.77880  07830  71404  868 


C-7)2-| 


[*-/"] 


ELEMENTARY    TRANSCENDENTAL    FUNCTIONS 


121 


0.250 
0.251 
0.252 
0.253 
0.254 

0.255 
0.256 
0.257 
0.258 
0.259 

0.260 
0.261 
0.262 
0.263 
0.264 

0.265 
0.266 
0.267 
0.268 
0.269 

0.270 
0.271 
0.272 
0.273 
0.274 

0.275 
0.276 
0.277 
0.278 
0.279 

0.280 
0.281 
0.282 
0.283 
0.284 

0.285 
0.286 
0.287 
0.288 
0.289 

0.290 
0.291 
0.292 
0.293 
0.294 

0.295 
0.296 
0.297 
0.298 
0.299 

0.300 


EXPONENTIAL  FUNCTION 

1.28402 

54166 

87741 

484 

1.28531 

00843 

31195 

317 

1.28659 

60372 

84840 

591 

1.28788 

32768 

34630 

366 

1.28917 

18042 

67804 

299 

1.29046 

16208 

72889 

931 

1.29175 

27279 

39703 

974 

1.29304 

51267 

59353 

603 

1.29433 

88186 

24237 

745 

1.29563 

38048 

28048 

373 

1.29693 

00866 

65771 

798 

1.29822 

76654 

33689 

967 

1.29952 

65424 

29381 

755 

1.  30082 

67189 

51724 

266 

1.  30212 

81963 

00894 

131 

1.30343 

09757 

78368 

808 

1.30473 

50586 

86927 

883 

1.30604 

04463 

30654 

372 

1.30734 

71400 

14936 

028 

1.30865 

51410 

46466 

646 

1.30996 

44507 

33247 

364 

1.31127 

50703 

84587 

979 

1.31258 

70013 

11108 

252 

1.31390 

02448 

24739 

218 

1.31521 

48022 

38724 

500 

1.31653 

06748 

67621 

623 

1.31784 

78640 

27303 

324 

1.31916 

63710 

34958 

873 

1.32048 

61972 

09095 

387 

1.32180 

73438 

69539 

151 

1.32312 

98123 

37436 

936 

1.32445 

36039 

35257 

318 

1.32577 

87199 

86792 

007 

1.32710 

51618 

17157 

164 

1.32843 

29307 

52794 

731 

1.  32976 

20281 

21473 

753 

1.33109 

24552 

52291 

710 

1.33242 

42134 

75675 

843 

1.33375 

73041 

23384 

488 

1.33509 

17285 

28508 

403 

1.33642 

74880 

25472 

103 

1.33776 

45839 

50035 

199 

1.33910 

30176 

39293 

724 

1.34044 

27904 

31681 

481 

1.34178 

39036 

66971 

373 

1.34312 

63586 

86276 

747 

1.  34447 

01568 

32052 

735 

1.34581 

52994 

48097 

594 

1.34716 

17878 

79554 

052 

1.34850 

96234 

72910 

654 

1.  34985 

88075 

76003 

104 

[(-7)21 
6 

Table  4.4 


e—x 


0.77880  07830  71404  868 

0.77802  23715  58957  312 

0.77724  47380  68946  150 

0.77646  78818  23737  828 

0.77569  18020  46476  034 

0.77491  64979  61080  928 

0.77414  19687  92248  360 

0.77336  82137  65449  096 

0.77259  52321  06928  045 

0.77182  30230  43703  483 

0.77105  15858  03566  284 

0.77028  09196  15079  142 

0.76951  10237  07575  806 

0.76874  18973  11160  303 

0.76797  35396  56706  173 

0.76720  59499  75855  698 

0.76643  91275  01019  133 

0.76567  30714  65373  938 

0.76490  77811  02864  015 

0.76414  32556  48198  937 

0.76337  94943  36853  186 

0.76261  64964  05065  386 

0.76185  42610  89837  543 

0.76109  27876  28934  278 

0.76033  20752  60882  066 

0.75957  21232  24968  476 
0.75881  29307  61241  409 
0.75805  44971  10508  337 
0.75729  68215  14335  547 
0.75653  99032  15047  380 

0.75578  37414  55725  472 
0.75502  83354  80208  002 
0.75427  36845  33088  932 
0.75351  97878  59717  250 
0.75276  66447  06196  222 

0.75201  42543  19382  630 
0.75126  26159  46886  026 
0.75051  17288  37067  974 
0.74976  15922  39041  301 
0.74901  22054  02669  348 

0.74826  35675  78565  215 

0.74751  56780  18091  016 

0.74676  85359  73357  128 

0.74602  21406  97221  444 

0.74527  64914  43288  626 

0.74453  15874  65909  357 
0.74378  74280  20179  599 
0.74304  40123  61939  843 
0.74230  13397  47774  369 
0.74155  94094  35010  502 

0.74081  82206  81717  866 
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ELEMENTARY    TRANSCENDENTAL    FUNCTIONS 
EXPONENTIAL  FUNCTION 


0.300 
0.301 
0.  302 
0.303 
0.304 

0.305 
0.306 
0.307 
0.308 
0.309 

0.310 
0.311 
0.312 
0.313 
0.  314 

0.315 
0.  316 
0.317 
0.318 
0.319 

0.320 

0.  321 
0.322 
0.323 
0.324 

0.325 
0.326 
0.327 
0.328 
0.329 

0.330 
0.331 
0.332 
0.333 
0.334 

0.  335 
0.336 
0.337 
0.338 
0.339 

0.340 
0.341 
0.342 
0.343 
0.344 

0.345 
0.346 
0.  347 
0.348 
0.349 

0.350 


34985 
35120 
35256 
35391 
35526 

35662 
35798 
35934 
36070 
36206 

36342 
36478 
36615 
36752 
36888 

37025 
37163 
37300 
37437 
37575 

37712 

37850 
37988 
38126 
38264 

38403 
38541 
38680 
38818 
38957 

39096 
39235 
39375 
39514 
39654 

39794 
39933 
40073 
40214 
40354 

40494 
40635 
40776 
40916 
41057 

41198 
41340 
41481 
41623 
41764 


88075 
93415 
12267 
44644 
90560 

50030 
23065 
09680 
09889 
23705 

51141 
92211 
46930 
15310 
97365 

93109 
02556 
25719 
62612 
13249 

77643 
55808 
47759 
53509 
73071 

06459 
53688 
14771 
89722 
78555 

81284 
97923 
28485 
72984 
31435 

03852 
90248 
90637 
05034 
33452 

75905 
32408 
02975 
87619 
86355 

99196 
26158 
67253 
22497 
91903 


76003  104 
38015  618 
09482  272 
42288  348 
89671  692 

06224  066 
47892  497 
71980  642 
37150  137 
03421  961 

32177  794 
86161  378 
29479  880 
27605  258 
47375  624 

56996  611 
26042  743 
25458  804 
27561  208 
06039  370 

35957  085 
93753  895 
57246  476 
05630  003 
19479  542 

80751  421 
72784  617 
80302  136 
89412  403 
87610  642 

63780  266 
08194  268 
12516  609 
69803  608 
74505  339 

22467  023 
10930  424 
38535  249 
05320  540 
12726  081 

63593  797 
62169  155 
14102  572 
26450  817 
07678  418 

67659  075 
17677  066 
70428  658 
40023  522 
41986  146 


1.41906  75485  93257  248 


0.74081  82206  81717  866 
0.74007  77727  46707  647 
0.73933  80648  89531  848 
0.73859  90963  70482  549 
0.73786  08664  50591  171 

0.73712  33743  91627  732 
0.73638  66194  56100  112 
0.73565  06009  07253  313 
0.73491  53180  09068  726 
0.73418  07700  26263  391 

0.73344  69562  24289  264 

0.73271  38758  69332  482 
0.73198  15282  28312  628 
0.73124  99125  68882  001 
0.73051  90281  59424  881 

0.72978  88742  69056  797 
0.72905  94501  67623  797 
0.72833  07551  25701  720 
0.72760  27884  14595  463 
0.72687  55493  06338  254 

0.72614  90370  73690  925 
0.72542  32509  90141  181 
0.72469  81903  29902  880 
0.72397  38543  67915  300 
0.72325  02423  79842  419 

0.72252  73536  42072  189 
0.72180  51874  31715  812 
0.72108  37430  26607  016 
0.72036  30197  05301  338 
0.71964  30167  47075  395 

0.71892  37334  31926  170 

0.71820  51690  40570  286 

0.71748  73228  54443  294 

0.71677  01941  55698  947 

0.71605  37822  27208  486 

0.71533  80863  52559  924 

0.71462  31058  16057  326 

0.71390  88399  02720  095 

0.71319  52878  98282  260 

0.71248  24490  89191  756 

0.71177  03227  62609  715 
0.71105  89082  06409  751 
0.71034  82047  09177  248 
0.70963  82115  60208  649 
0.70892  89280  49510  748 

0.70822  03534  67799  973 

0.70751  24871  06501  685 

0.70680  53282  57749  463 

0.70609  88762  14384  398 

0.70539  31302  69954  390 

0.70468  80897  18713  434 
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EXPONENTIAL  FUNCTION 


Table  4.4 


^ 


0 

.350 

0 

.351 

0 

.352 

0 

.353 

0 

.354 

0 

.355 

0 

.356 

0, 

.357 

0, 

.358 

0, 

.359 

0, 

.360 

0, 

.361 

0. 

,362 

0, 

,363 

0. 

,364 

0. 

,365 

0. 

366 

0. 

,367 

0. 

368 

0. 

369 

0. 

370 

0. 

371 

0. 

372 

0. 

373 

0. 

374 

0. 

375 

0. 

376 

0. 

377 

0, 

378 

0. 

379 

0. 

380 

0. 

381 

0. 

382 

0. 

383 

0. 

384 

0. 

385 

0. 

386 

0. 

387 

0. 

388 

0. 

389 

0. 

390 

0. 

391 

0. 

392 

0. 

393 

0. 

394 

0. 

395 

0. 

396 

0. 

397 

0. 

398 

0. 

399 

1.41906  75485  93257  248 
1.42048  73259  12195  200 
1.42190  85237  18577  438 
1.42333  11434  33601  886 
1.42475  51864  79888  380 

1.42618  06542  81480  082 

1.42760  75482  63844  915 

1.42903  58698  53876  979 

1.43046  56204  79897  983 

1.43189  68015  71658  672 

1.43332  94145  60340  258 

1.43476  34608  78555  848 

1.43619  89419  60351  880 

1.43763  58592  41209  556 

1.43907  42141  58046  276 

1.44051  40081  49217  078 

1.44195  52426  54516  071 

1,44339  79191  15177  881 

1.44484  20389  73879  090 

1.44628  76036  74739  677 

1.44773  46146  63324  462 

1.44918  30733  86644  554 

1.45063  29812  93158  799 

1.45208  43398  32775  223 

1.45353  71504  56852  487 

1.45499  14146  18201  336 
1.45644  71337  71086  052 
1.45790  43093  71225  910 
1.45936  29428  75796  632 
1.46082  30357  43431  842 

1.46228  45894  34224  532 
1.46374  76054  09728  512 
1.46521  20851  32959  881 
1.46667  80300  68398  485 
1. 46814  54416  81989  380 

1.46961  43214  41144  302 
1.47108  46708  14743  133 
1.47255  64912  73135  370 
1.47402  97842  88141  592 
1.47550  45513  33054  939 

1.47698  07938  82642  577 

1.47845  85134  13147  180 

1.47993  77114  02288  401 

1.48141  83893  29264  352 

1.48290  05486  74753  084 

1.48438  41909  20914  066 

1.48586  93175  51389  667 

1.48735  59300  51306  642 

1.48884  40299  07277  615 

1.49033  36186  07402  565 


0.400 


1.49182  46976  41270  318 

'{-1)2- 


['-e"1 


0. 70468  80897  18713  434 
0.70398  37538  55620  921 
0. 70328  01219  76340  929 
0.70257  71933  77241  521 
0.70187  49673  55394  037 

0.70117  34432  08572  398 

0.70047  26202  35252  399 

0.69977  24977  34611  008 

0.69907  30750  06525  666 

0.69837  43513  51573  587 

0.69767  63260  71031  057 

0.69697  89984  66872  738 

0.69628  23678  41770  967 

0.69558  64334  99095  062 

0.69489  11947  42910  621 

0.69419  66508  77978  831 

0.69350  28012  09755  768 

0.69280  96450  44391  707 

0.69211  71816  88730  425 

0.69142  54104  50308  508 

0.69073  43306  37354  660 

0.69004  39415  58789  010 

0.68935  42425  24222  423 

0.68866  52328  43955  806 

0.68797  69118  28979  422 

0.68728  92787  90972  199 
0.68660  23330  42301  040 
0.68591  60738  96020  141 
0.68523  05006  65870  297 
0.68454  56126  66278  222 

0.68386  14092  12355  858 
0.68317  78896  19899  696 
0.68249  50532  05390  084 
0.68181  28992  85990  553 
0.68113  14271  79547  125 

0.68045  06362  04587  638 
0.67977  05256  80321  060 
0.67909  10949  26636  810 
0.67841  23432  64104  077 
0.67773  42700  13971  142 

0.67705  68744  98164  700 

0.67638  01560  39289  177 

0.67570  41139  60626  058 

0.67502  87475  86133  209 

0.67435  40562  40444  198 

0.67368  00392  48867  624 
0.67300  66959  37386  438 
0.67233  40256  32657  274 
0. 67166  20276  62009  771 
0.67099  07013  53445  901 

0.67032  00460  35639  301 

['t1 
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EXPOM 

ENT] 

X 

e^ 

0.400 

1.49182 

46976 

41270 

318 

0.401 

1.49331 

72684 

99960 

030 

0.402 

1.49481 

13326 

76042 

686 

0.403 

1.49630 

68916 

63582 

585 

0.404 

1.49780 

39469 

58138 

840 

0.405 

1.49930 

25000 

56766 

870 

0.406 

1.50080 

25524 

58019 

898 

0.407 

1.50230 

41056 

61950 

452 

0.408 

1.50380 

71611 

70111 

860 

0.409 

1.50531 

17204 

85559 

754 

0.410 

1.50681 

77851 

12853 

578 

0.411 

1.50832 

53565 

58058 

082 

0.412 

1.50983 

44363 

28744 

838 

0.413 

1.51134 

50259 

33993 

742 

0.414 

1.51285 

71268 

84394 

526 

0.415 

1.51437 

07406 

92048 

265 

0.416 

1.51588 

58688 

70568 

894 

0.417 

1.51740 

25129 

35084 

718 

0.418 

1.51892 

06744 

02239 

927 

0.419 

1.52044 

03547 

90196 

115 

0.420 

1.52196 

15556 

18633 

796 

0.421 

1.52348 

42784 

08753 

926 

0.422 

1.52500 

85246 

83279 

422 

0.423 

1.52653 

42959 

66456 

685 

0.424 

1.52806 

15937 

84057 

126 

0.425 

1.52959 

04196 

63378 

690 

0.426 

1.53112 

07751 

33247 

382 

0.427 

1.53265 

26617 

24018 

802 

0.428 

1.53418 

60809 

67579 

666 

0.429 

1.53572 

10343 

97349 

347 

0.430 

1.53725 

75235 

48281 

402 

0.431 

1.53879 

55499 

56865 

110 

0.432 

1.54033 

51151 

61127 

008 

0.433 

1.54187 

62207 

00632 

428 

0.434 

1.54341 

88681 

16487 

038 

0.435 

1.54496 

30589 

51338 

384 

0.436 

1.54650 

87947 

49377 

427 

0.437 

1.54805 

60770 

56340 

096 

0.438 

1.54960 

49074 

19508 

826 

0.439 

1.55115 

52873 

87714 

108 

0.440 

1.55270 

72185 

11336 

042 

0.441 

1.55426 

07023 

42305 

879 

0.442 

1.55581 

57404 

34107 

580 

0.443 

1.55737 

23343 

41779 

367 

0.444 

1.55893 

04856 

21915 

277 

0.445 

1.56049 

01958 

32666 

719 

0.446 

1.56205 

14665 

33744 

035 

0.447 

1.56361 

42992 

86418 

055 

0.448 

1.56517 

86956 

53521 

663 

0.449 

1.56674 

46571 

99451 

356 

0.450 

1.56831 

21854 

90168 

811 

r(-7)2-| 

6 

0.67032  00460  35639  301 

0.66965  00610  37934  596 

0.66898  07456  90346  733 

0.66831  20993  23560  309 

0.66764  41212  68928  902 

0.66697  68108  58474  400 
0.66631  01674  24886  338 
0.66564  41903  01521  227 
0.66497  88788  22401  888 
0.66431  42323  22216  786 

0.66365  02501  36319  366 
0. 66298  69316  00727  386 
0.66232  42760  52122  256 
0.66166  22828  27848  372 
0.66100  09512  65912  454 

0.66034  02807  04982  886 
0.65968  02704  84389  050 
0.65902  09199  44120  673 
0.65836  22284  24827  158 
0. 65770  41952  67816  932 

0.65704  68198  15056  782 
0.65639  01014  09171  201 
0.65573  40393  93441  728 
0.65507  86331  11806  293 
0.65442  38819  08858  560 

0.65376  97851  29847  271 
0.65311  63421  20675  593 
0.65246  35522  27900  462 
0.65181  14147  98731  930 
0.65115  99291  81032  515 

0.65050  90947  23316  545 

0.64985  89107  74749  506 

0.64920  93766  85147  398 

0.64856  04918  04976  075 

0.64791  22554  85350  604 

0.64726  46670  78034  611 

0.64661  77259  35439  635 

0.64597  14314  10624  479 

0.64532  57828  57294  565 

0.64468  07796  29801  285 

0.64403  64210  83141  359 

0.64339  27065  72956  185 

0.64274  96354  55531  200 

0.64210  72070  87795  233 

0.64146  54208  27319  863 

0.64082  42760  32318  776 

0.64018  37720  61647  123 

0. 63954  39082  74800  880 

0.63890  46840  31916  208 

0.63826  60986  93768  809 

0.63762  81516  21773  293 


ELEMENTARY   TRANSCENDENTAL    FUNCTIONS 
EXPONEXTIAL  FUNCTION 


TabJe  4.4 


125 


0.450 
0.451 
0.452 
0.453 
0.454 

0.455 
0.456 
0.457 
0.458 
0.459 

0.460 
0.461 
0.462 
0.463 
0.464 

0.465 
0.466 
0.467 
0.468 
0.469 

0.470 
0.471 
0.472 
0.473 
0.474 

0.475 
0.476 
0.477 
0.478 
0.479 

0.480 
0.481 
0.482 
0.483 
0.484 

0.485 
0.486 
0.487 
0.488 
0.489 

0.490 
0.491 
0.492 
0.493 
0.494 

0.495 
0.496 
0.497 
0.498 
0.499 

0.500 


1.56831  21854  90168  811 

1.56988  12820  93202  449 

1. 57145  19485  77649  003 

1.57302  41865  14175  089 

1.57459  79974  75018  775 

1.57617  33830  33991  152 
1.57775  03447  66477  911 
1.57932  88842  49440  916 
1.58090  90030  61419  781 
1.58249  07027  82533  449 

1.58407  39849  94481  775 
1.58565  88512  80547  101 
1.58724  53032  25595  846 
1.58883  33424  16080  087 
1.59042  29704  40039  147 

1.59201  41888  87101  182 
1.59360  69993  48484  772 
1.59520  14034  17000  511 
1.59679  74026  87052  601 
1.59839  49987  54640  444 

1. 59999  41932  17360  241 
1.60159  49876  74406  589 
1.60319  73837  26574  077 
1.60480  13829  76258  891 
1.60640  69870  27460  416 

1.60801  41974  85782  835 
1.60962  30159  58436  741 
1.61123  34440  54240  740 
1.61284  54833  83623  064 
1.61445  91355  58623  174 

1.61607  44021  92893  382 
1.61769  12849  01700  456 
1.61930  97853  01927  238 
1.62092  99050  12074  265 
1,62255  16456  52261  382 

1.62417  50088  44229  364 
1.62579  99962  11341  538 
1.62742  66093  78585  406 
1.62905  48499  72574  272 
1.63068  47196  21548  865 

1.63231  62199  55378  970 
1.63394  93526  05565  057 
1.63558  41192  05239  912 
1.63722  05213  89170  270 
1.63885  85607  93758  453 

1.64049  82390  57044  002 

1.64213  95578  18705  315 

1.64378  25187  20061  292 

1.64542  71234  04072  971 

1.64707  33735  15345  173 

1.64872  12707  00128  147 


0.63762  81516  21773  293 

0.63699  08421  77982  535 

0.63635  41697  25087  037 

0.63571  81336  26414  293 

0.63508  27332  45928  153 

0.63444  79679  48228  182 

0.63381  38370  98549  030 

0.63318  03400  62759  794 

0.63254  74762  07363  387 

0.63191  52448  99495  898 

0.63128  36455  06925  969 

0.63065  26773  98054  154 

0.63002  23399  41912  291 

0.62939  26325  08162  872 

0.62876  35544  67098  411 

0.62813  51051  89640  814 

0.62750  72840  47340  750 

0.62688  00904  12377  027 

0.62625  35236  57555  956 

0.62562  75831  56310  730 

0.62500  22682  82700  796 
0.62437  75784  11411  229 
0.62375  35129  17752  104 
0.62313  00711  77657  876 
0.62250  72525  67686  754 

0.62188  50564  65020  075 

0.62126  34822  47461  685 

0.62064  25292  93437  314 

0.62002  21969  81993  957 

0.61940  24846  92799  250 

0.61878  33918  06140  853 

0.61816  49177  02925  827 

0.61754  70617  64680  018 

0.61692  98233  73547  436 

0.61631  32019  12289  639 

0.61569  71967  64285  113 
0.61508  18073  13528  659 
0.61446  70329  44630  776 
0.61385  28730  42817  043 
0.61323  93269  93927  508 

0.61262  63941  84416  069 
0.61201  40740  01349  867 
0.61140  23658  32408  668 
0.61079  12690  65884  251 
0.61018  07830  90679  799 

0.60957  09072  96309  287 
0.60896  16410  72896  868 
0.60835  29838  11176  269 
0.60774  49349  02490  178 
0.60713  74937  38789  634 

0.60653  06597  12633  424 
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e=f 


0.500 
0.501 
0.502 
0.503 
0.504 

0.505 
0.506 
0.507 
0.508 
0.509 

0.510 
0.511 
0.512 
0.513 
0.514 

0.515 
0.516 
0.517 
0.518 
0.519 

0.520 
0.521 
0.522 
0.523 
0.524 

0.525 
0.526 
0.527 
0.528 
0.529 

0.530 
0.531 
0.532 
0.533 
0.534 

0.535 
0.536 
0.537 
0.538 
0.539 

0.540 
0.541 
0.542 
0.543 
0.544 

0.545 
0.546 
0.547 
0.548 
0.549 

0.550 


64872 

12707 

00128 

147 

65037 

08166 

06319 

214 

65202 

20128 

83464 

418 

65367 

48611 

82760 

175 

65532 

93631 

57054 

920 

65698 

55204 

60850 

766 

65864 

33347 

50305 

156 

66030 

28076 

83232 

516 

66196 

39409 

19105 

918 

66362 

67361 

19058 

736 

66529 

11949 

45886 

308 

66695 

73190 

64047 

601 

66862 

51101 

39666 

871 

67029 

45698 

40535 

333 

67196 

56998 

36112 

826 

67363 

85017 

97529 

486 

67531 

29773 

97587 

414 

67698 

91283 

10762 

348 

67866 

69562 

13205 

342 

68034 

64627 

82744 

439 

1.68202  76496  98886  347 

1.68371  05186  42818  123 

1.68539  50712  97408  851 

1.68708  13093  47211  326 

1.68876  92344  78463  738 


69045 

88483 

79091 

359 

69215 

01527 

38708 

232 

69384 

31492 

48618 

855 

69553 

78396 

01819 

881 

69723 

42254 

93001 

803 

69893 

23086 

18550 

654 

70063 

20906 

76549 

702 

70233 

35733 

66781 

146 

70403 

67583 

90727 

817 

70574 

16474 

51574 

883 

70744 

82422 

54211 

545 

70915 

65445 

05232 

748 

71086 

65559 

12940 

887 

71257 

82781 

87347 

510 

71429 

17130 

40175 

036 

71600 

68621 

84858 

460 

71772 

37273 

36547 

069 

71944 

23102 

12106 

159 

72116 

26125 

30118 

747 

72288 

46360 

10887 

296 

72460 

83823 

76435 

429 

72633 

38533 

50509 

656 

72806 

10506 

58581 

095 

72978 

99760 

27847 

197 

73152 

06311 

87233 

477 

0.60653 
0.60592 
0.60531 
0.60471 
0.60410 

0.60350 
0.  60290 
0.60229 
0.60169 
0.60109 

0.  60049 
0.59989 
0.59929 
0.59869 
0.  59809 

0.59750 
0.59690 
0.59630 
0.59571 
0.59511 

0.  59452 
0. 59392 
0.59333 
0.59273 
0.59214 


06597  12633  424 
44322  17187  470 
88106  46224  228 
37943  94122  075 
93828  55864  709 

55754  27040  541 
23715  03842  093 
97704  83065  390 
77717  62109  362 
63747  38975  237 

55788  12265  943 
53833  81185  502 
57878  45538  434 
67916  05729  153 
83940  62761  369 

05946  18237  489 
33926  74358  019 
67876  33920  965 
07789  00321  238 
53658  77550  053 

05479  70194  339 
63245  83436  138 
26951  23052  015 
96589  95412  460 
72156  07481  294 


1.73325  30178  67395  237 


['"a"'] 


0.59155  53643  66815  082 
0.59096  41046  81562  533 
0.59037  34359  60463  912 
0.58978  33576  12850  450 
0.58919  38690  48643  749 

0.58860  49696  78355  196 
0.58801  66589  13085  372 
0.58742  89361  64523  463 
0.58684  18008  44946  670 
0.58625  52523  67219  626 

0.58566  92901  44793  803 
0.58508  39135  91706  932 
0.58449  91221  22582  409 
0.58391  49151  52628  716 
0.58333  12920  97638  836 

0.58274  82523  73989  665 

0.58216  57953  98641  430 

0.58158  39205  89137  107 

0.58100  26273  63601  839 

0.58042  19151  40742  351 

0. 57984  17833  39846  373 
0.57926  22313  80782  055 
0.57868  32586  83997  389 
0.57810  48646  70519  631 
0.57752  70487  61954  718 

0.57694  98103  80486  695 
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0.550 
0.551 
0.552 
0.553 
0.554 

0.555 
0.556 
0.557 
0.558 
0.559 

0.560 
0.561 
0.562 
0.563 
0.564 

0.565 
0.566 
0.567 
0.568 
0.569 

0.570 
0.571 
0.572 
0.573 
0.574 

0.575 
0.576 
0.577 
0.578 
0.579 

0.580 
0.581 
0.582 
0.583 
0.584 

0.585 
0.586 
0.587 
0.588 
0.589 

0.590 
0.591 
0.592 
0.593 
0.594 

0.595 
0.596 
0.597 
0.598 
0.599 

0.600 


1.73325  30178  67395  237 
1.73498  71378  00719  302 
1.73672  29927  21325  750 
1.73846  05843  65069  647 
1.74019  99144  69542  780 

1.74194  09847  74075  399 
1.74368  37970  19737  955 
1.74542  83529  49342  837 
1.74717  46543  07446  121 
1.74892  27028  40349  310 

1.75067  25002  96101  083 
1.75242  40484  24499  041 
1.75417  73489  77091  459 
1.75593  24037  07179  036 
1.75768  92143  69816  648 

1.75944  77827  21815  104 
1.76120  81105  21742  902 
1.76297  01995  29927  989 
1.76473  40515  08459  520 
1.76649  96682  21189  621 

1.76826  70514  33735  152 

1.77003  62029  13479  471 

1.77180  71244  29574  208 

1.77357  98177  52941  024 

1.77535  42846  56273  392 

1.77713  05269  14038  362 
1.77890  85463  02478  341 
1.78068  83445  99612  864 
1.78246  99235  85240  377 
1.78425  32850  40940  016 

1.78603  84307  50073  382 
1.78782  53624  97786  336 
1. 78961  40820  71010  772 
1.79140  45912  58466  414 
1.79319  68918  50662  599 

1.79499  09856  39900  067 

1.79678  68744  20272  757 

1.79858  45599  87669  600 

1. 80038  40441  39776  313 

1.80218  53286  76077  198 

1.80398  84153  97856  940 

1.80579  33061  08202  413 

1.80760  00026  12004  477 

1.80940  85067  15959  787 

1.81121  88202  28572  596 

1.81303  09449  60156  569 

1.81484  48827  22836  588 

1.81666  06353  30550  566 

1.81847  82045  99051  264 

1.82029  75923  45908  101 


0.57694  98103  80486  695 
0.57637  31489  48877  132 
0.57579  70638  90464  548 
0.57522  15546  29163  839 
0.57464  66205  89465  693 

0.57407  22611  96436  024 
0.57349  84758  75715  391 
0.57292  52640  53518  425 
0.57235  26251  56633  257 
0.57178  05586  12420  941 

0.57120  90638  48814  886 
0.57063  81402  94320  280 
0.57006  77873  78013  522 
0.56949  80045  29541  648 
0.56892  87911  79121  761 

0.56836  01467  57540  464 
0.56779  20706  96153  288 
0.56722  45624  26884  12b 
0.56665  76213  82224  657 
0.56609  12469  95233  792 

0.56552  54386  99537  097 

0.56496  01959  29326  229 

0.56439  55181  19358  370 

0.56383  14047  04955  664 

0.56326  78551  22004  648 

0.56270  48688  06955  693 

0.56214  24451  96822  437 

0.56158  05837  29181  224 

0.56101  92838  42170  538 

0.56045  85449  74490  445 

0.55989  83665  65402  033 
0.55933  87480  54726  843 
0.55877  96888  82846  320 
0.55822  11884  90701  245 
0.55766  32463  19791  179 

0.55710  58618  12173  905 
0.55654  90344  10464  868 
0.55599  27635  57836  621 
0.55543  70486  98018  264 
0.55488  18892  75294  892 

0.55432  72847  34507  035 
0.55377  32345  21050  107 
0.55321  97380  80873  848 
0.55266  67948  60481  771 
0.55211  44043  06930  610 

0.55156  25658  67829  766 

0.55101  12789  91340  753 

0.55046  05431  26176  649 

0.54991  03577  21601  542 

0.54936  07222  27429  984 


82211  88003  90508  975 
■(-7)2- 


i'-n 


0.54881  16360  94026  433 
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X 

0 

600 

0 

.601 

0 

602 

0 

603 

0, 

604 

0 

605   . 

0. 

606 

0. 

607 

0. 

608 

0. 

609 

0. 

610 

0. 

611 

0, 

612 

0. 

613 

0. 

614 

0. 

615 

0. 

616 

0. 

617 

0. 

618 

0. 

619 

0. 

620 

0. 

621 

0. 

622 

0. 

623 

0. 

624 

0. 

625 

0. 

626 

0. 

627 

0. 

628 

0. 

629 

0. 

630 

0. 

631 

0. 

632 

0. 

633 

0. 

634 

0. 

635 

0. 

636 

0, 

637 

0. 

638 

0. 

639 

0. 

640 

0. 

641 

0. 

642 

0. 

643 

0. 

644 

0. 

645 

0. 

646 

0. 

647 

0. 

648 

0. 

649 

ELEMENTARY    TRANSCENDENTAL    FUNCTIONS 
EXPONENTIAL  FLNCTION 


0,650 


1.82211  88003  90508  975 

1.82394  18305  54062  083 

1.82576  66846  59597  740 

1.82759  33645  31970  203 

1.82942  18719  97859  499 

1.83125  22088  85773  244 

1.83308  43770  26048  479 

1.83491  83782  50853  497 

1.83675  42143  94189  676 

1.83859  18872  91893  312 

1.84043  13987  81637  455 
1.84227  27507  02933  750 
1.84411  59448  97134  270 
1.84596  09832  07433  364 
1.84780  78674  78869  496 

1.84965  65995  58327  090 
1.85150  71812  94538  381 
1.85335  96145  38085  258 
1.85521  39011  41401  120 
1.85707  00429  58772  725 

1.85892  80418  46342  044 
1.86078  78996  62108  121 
1.86264  96182  65928  925 
1.86451  31995  19523  215 
1.86637  86452  86472  402 

1.86824  59574  32222  407 

1.87011  51378  24085  530 

1.87198  61883  31242  321 

1.87385  91108  24743  442 

1.87573  39071  77511  543 

1.87761  05792  64343  132 

1.87948  91289  61910  454 

1.88136  95581  48763  361 

1.88325  18687  05331  198 

1.88513  60625  13924  678 

1.88702  21414  58737  766 

1.88891  01074  25849  565 

1.89079  99623  03226  199 

1.89269  17079  80722  703 

1.89458  53463  50084  912 

1.89648  08793  04951  353 

1.89837  83087  40855  140 

1.90027  76365  55225  865 

1.90217  88646  47391  502 

1.90408  19949  18580  301 

1.90598  70292  71922  692 

1.90789  39696  12453  188 

1.90980  28178  47112  287 

1.91171  35758  84748  384 

1.91362  62456  36119  674 

1.91554  08290  13896  070 

r(-7)2- 


'] 


0.54881  16360  94026  433 

0.54826  30987  72304  710 

0.54771  51097  13727  448 

0.54716  76683  70305  543 

0.54662  07741  94597  605 

0.54607  44266  39709  413 

0.54552  86251  59293  368 

0.54498  33692  07547  943 

0.54443  86582  39217  140 

0.54389  44917  09589  946 

0.54335  08690  74499  787 

0.54280  77897  90323  981 

0.54226  52533  13983  200 

0.54172  32591  02940  922 

0.54118  18066  15202  890 

0.54064  08953  09316  571 
0.54010  05246  44370  616 
0.53956  06940  79994  313 
0.53902  14030  76357  053 
0.53848  26510  94167  789 

0.53794  44375  94674  492 
0.53740  67620  39663  618 
0.53686  96238  91459  568 
0.53633  30226  12924  149 
0.53579  69576  67456  037 

0.53526  14285  18990  242 
0.53472  64346  31997  571 
0.53419  19754  71484  093 
0.53365  80505  02990  602 
0.53312  46591  92592  086 

0.53259  18010  06897  190 
0.53205  94754  13047  683 
0.53152  76818  78717  927 
0.53099  64198  72114  344 
0.53046  56888  61974  883 

0.52993  54883  17568  489 
0.52940  58177  08694  574 
0.52887  66765  05682  485 
0.52834  80641  79390  975 
0.52781  99802  01207  673 

0.52729  24240  43048  557 

0.52676  53951  77357  426 

0.52623  88930  77105  369 

0.52571  29172  15790  242 

0.52518  74670  67436  140 

0.52466  25421  06592  872 
0.52413  81418  08335  432 
0.52361  42656  48263  478 
0.52309  09131  02500  807 
0.52256  80836  47694  830 

0.52204  57767  61016  048 
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0.650 
0.651 
0.652 
0.653 
0.654 

0.655 
0.656 
0.657 
0.658 
0.659 

0.660 
0.661 
0.662 
0.663 
0.664 

0.665 
0.666 
0.667 
0.668 
0.669 

0.670 
0.671 
0.672 
0.673 
0.674 

0.675 
0.676 
0.677 
0.678 
0.679 

0.680 
0.681 
0.682 
0.683 
0.684 

0.685 
0.686 
0.687 
0.688 
0.689 

0.690 
0.691 
0.692 
0.693 
0.694 

0.695 
0.696 
0.697 
0.698 
0.699 

0.700 


1.91554  08290  13896  070 

1.91745  73279  32661  108 

1.91937  57443  08913  867 

1.92129  60800  61070  883 

1.92321  83371  09468  067 

1.92514  25173  76362  630 

1.92706  86227  85934  997 

1.92899  66552  64290  740 

1.93092  66167  39462  496 

1.93285  85091  41411  902 

1.93479  23344  02031  522 

1.93672  80944  55146  776 

1.93866  57912  36517  879 

1.94060  54266  83841  774 

1.94254  70027  36754  070 

1.94449  05213  36830  982 

1.94643  59844  27591  272 

1.94838  33939  54498  192 

1.95033  27518  64961  432 

1.95228  40601  08339  065 

1.95423  73206  35939  496 

1.95619  25354  01023  417 

1.95814  97063  58805  754 

1.96010  88354  66457  630 

1.96206  99246  83108  314 

1.96403  29759  69847  187 

1.96599  79912  89725  700 

1.96796  49726  07759  335 

1.96993  39218  90929  575 

1.97190  48411  08185  868 

1.97387  77322  30447  594 

1.97585  25972  30606  040 

1.97782  94380  83526  371 

1.97980  82567  66049  605 

1.98178  90552  56994  589 

1.98377  18355  37159  979 

1.98575  65995  89326  220 

1.98774  33493  98257  531 

1.98973  20869  50703  885 

1.99172  28142  35403  001 

1.99371  55332  43082  329 

1.99571  02459  66461  043 

1.99770  69544  00252  033 

1.99970  56605  41163  899 

2. 00170  63663  87902  948 

2. 00370  90739  41175  193 

2.00571  37852  03688  356 

2.00772  05021  80153  865 

2.00972  92268  77288  865 

2.01173  99613  03818  219 

2.01375  27074  70476  522 

■(-7)2' 


0.52204  57767  61016  048 

0.52152  39919  20157  530 

0.52100  27286  03334  394 

0.52048  19862  89283  277 

0.51996  17644  57261  823 

0.51944  20625  87048  156 

0.51892  28801  58940  364 

0.51840  42166  53755  974 

0.51788  60715  52831  438 

0.51736  84443  38021  612 

0.51685  13344  91699  238 
0.51633  47414  96754  426 
0.51581  86648  36594  140 
0.51530  31039  95141  674 
0.51478  80584  56836  146 

0.51427  35277  06631  974 

0.51375  95112  29998  365 

0.51324  60085  12918  798 

0.51273  30190  41890  516 

0.51222  05423  03924  002 

0.51170  85777  86542  478 
0.51119  71249  77781  383 
0.51068  61833  66187  865 
0.51017  57524  40820  271 
0.50966  58316  91247  632 

0.50915  64206  07549  157 
0.50864  75186  80313  718 
0.50813  91254  00639  348 
0.50763  12402  60132  723 
0.50712  38627  50908  661 

0.50661  69923  65589  610 
0.50611  06285  97305  142 
0.50560  47709  39691  448 
0.50509  94188  86890  827 
0.50459  45719  33551  185 

0,50409  02295  74825  526 

0.50358  63913  06371  449 

0.50308  30566  24350  644 

0.50258  "2250  25428  387 

0.50207  .3960  06773  037 

0.50157  60690  66055  534 

0.50107  47437  01448  895 

0.50057  39194  11627  713 

0.50007  35956  95767  658 

0.49957  37720  53544  971 

0.49907  44479  85i35  969 

0.49857  56229  91216  541 

0.49807  72965  72961  653 

0.49757  94682  32044  844 

0.49708  21374  70637  732 


['-n 


0.49658  53037  91409  515 
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ELEMENTARY    TRAXSCEXDEXTAL    FUXCTIONS 
EXPONENTIAL  FUNCTION 


0.700 
0.701 
0.702 
0.703 
0.704 


0.705 
0.706 
0.707 
0.708 
0.709 

0.710 
0.711 
0.712 
0.713 
0.714 

0.715 
0.716 
0.717 
0.718 
0.719 

0.720 
0.721 

0.722 
0.723 
0.724 

0.725 
0.726 
0.727 
0.728 
0.729 

0.730 

0.731 
0.732 
0.733 
0.734 


735 

736 
737 
738 
739 


0.740 
0.741 
0.742 
0.743 
0.744 


0.745 
0.746 
0.747 
0.748 
0.749 

0.750 


2,01375  27074  70476  522 

2.01576  74673  90010  108 

2.01778  42430  77179  065 

2.01980  30365  48759  247 

2.02182  38498  23544  296 

2.02384  66849  22347  653 

2.02587  15438  68004  586 

2.02789  84286  85374  210 

2.02992  73414  01341  511 

2.03195  82840  44819  374 

2.03399  12586  46750  612 

2.03602  62672  40109  996 

2. 03806  33118  59906  288 

2. 04010  23945  43184  280 

2.04214  35173  29026  822 

2.04418  66822  58556  873 
2.04623  18913  74939  531 
2.04827  91467  23384  083 
2.05032  84503  51146  049 
2.05237  98043  07529  226 

2.05443  32106  43887  743 
2.05648  86714  13628  106 
2.05854  61886  72211  257 
2.06060  57644  77154  626 
2.06266  74008  88034  189 

2.06473  10999  66486  529 
2.06679  68637  76210  896 
2.06886  46943  82971  273 
2.07093  45938  54598  438 
2.07300  65642  60992  036 

2.07508  06076  74122  645 
2.07715  67261  68033  852 
2.07923  49218  18844  323 
2.08131  51967  04749  882 
2. 08339  75529  06025  589 

2.  08548  19925  05027  819 
2.  08756  85175  86196  344 
2.08965  71302  36056  419 
2. 09174  78325  43220  868 
2.09384  06265  98392  173 

2.09593  55144  94364  563 

2.09803  24983  26026  109 

2.10013  15801  90360  816 

2.10223  27621  86450  725 

2.10433  60464  15478  007 

2.10644  14349  80727  065 

2.10854  89299  87586  641 

2.11065  85335  43551  917 

2.11277  02477  58226  625 

2.11488  40747  43325  155 

2.11700  00166  12674  669 


0.49658  53037  91409  515 

0.49608  89666  97526  471 

0.49559  31256  92651  465 

0.49509  77802  80943  451 

0.49460  29299  67056  976 

0.49410  85742  56141  685 

0.49361  47126  53841  826 

0.49312  13446  66295  756 

0.49262  84698  00135  445 

0.49213  60875  62485  987 

0.49164  41974  60965  102 
0.49115  27990  03682  649 
0.49066  18916  99240  129 
0.49017  14750  56730  197 
0.48968  15485  85736  169 

0.48919  21117  96331  534 
0.48870  31641  99079  460 
0.48821  47053  05032  312 
0.48772  67346  25731  153 
0.48723  92516  73205  263 

0.48675  22559  59971  650 
0.48626  57469  99034  560 
0.48577  97243  03884  990 
0,48529  41873  88500  207 
0.48480  91357  67343  253 

0.48432  45689  55362  467 
0.48384  04864  67990  997 
0.48335  68878  21146  315 
0.48287  37725  31229  734 
0.48239  11401  15125  923 

0.48190  89900  90202  427 
0.48142  73219  74309  180 
0.48094  61352  85778  027 
0.48046  54295  43422  238 
0.47998  52042  66536  031 

0.47950  54589  74894  090 
0.47902  61931  88751  082 
0.47854  74064  28841  182 
0.47806  90982  16377  589 
0.47759  12680  73052  052 

0.47711  39155  21034  388 

0.47663  70400  82972  004 

0.47616  06412  81989  423 

0.47568  47186  41687  803 

0.47520  92716  86144  466 

0,47473  42999  39912  416 

0.47425  98029  28019  867 

0.47378  57801  75969  767 

0.47331  22312  09739  326 

0.47283  91555  55779  537 

0.47236  65527  41014  707 
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0.750 
0.751 
0.752 
0.753 
0.754 

0.755 
0.756 

0.758 
0.759 

0.760 
0.761 
0.762 
0.763 
0.764 

0.765 
O.lbb 
0.767 
0.768 
0.769 

0.770 
0.771 
0.772 
0.773 
0.774 

0.775 
0.776 
0.777 
0.778 
0.779 

0.780 
0.781 
0.782 
0.783 
0.784 

0.785 
0.786 
0.787 
0.788 
0.789 

0.790 
0.791 
0.792 
0.793 
0.794 

0.795 
0.796 
0.797 
0.798 
0.799 

0.800 


2.11700  00166  12674  669 
2.11911  80754  82217  212 
2.12123  82534  70011  830 
2.12336  05526  96236  688 
2.12548  49752  83191  190 

2.12761  15233  55298  098 
2.12974  01990  39105  663 
2.13187  10044  63289  745 
2.13400  39417  58655  946 
2.13613  90130  58141  739 

2.13827  62204  96818  602 
2.14041  55662  11894  152 
2.14255  70523  42714  282 
2.14470  06810  30765  301 
2.14684  64544  19676  075 

2.14899  43746  55220  173 

2.15114  44438  85318  010 

2.15329  66642  60038  993 

2.15545  10379  31603  678 

2.15760  75670  54385  916 

2.15976  62537  84915  008 

2.16192  71002  81877  866 

2.16409  01087  06121  167 

2.16625  52812  20653  514 

2.16842  26199  90647  604 

2.17059  21271  83442  386 

2.17276  38049  68545  234 

2.17493  76555  17634  114 

2.17711  36810  04559  757 

2.17929  18836  05347  830 

2.18147  22654  98201  117 

2.18365  48288  63501  691 

2.18583  95758  83813  099 

2.18802  65087  43882  545 

2.19021  56296  30643  070 

2.19240  69407  33215  744 

2.19460  04442  42911  852 

2.19679  61423  53235  086 

2.19899  40372  59883  740 

2.20119  41311  60752  903 

2.20339  64262  55936  659 

2.20560  09247  47730  288 

2.20780  76288  40632  465 

2.21001  65407  41347  466 

2.21222  76626  58787  377 

2.21444  09968  04074  299 

2.21665  65453  90542  561 

2.21887  43106  33740  936 

2.22109  42947  51434  850 

2.22331  64999  63608  607 

2.22554  09284  92467  605 


I'-i"] 


0.47236  65527  41014  707 
0.47189  44222  92841  982 
0.47142  27637  39130  875 
0.47095  15766  08222  791 
0.47048  08604  28930  562 

0.47001  06147  30537  969 
0.46954  08390  42799  274 
0.46907  15328  95938  749 
0.46860  26958  20650  211 
0.46813  43273  48096  543 

0.46766  64270  09909  234 
0.46719  89943  38187  907 
0.46673  20288  65499  852 
0.46626  55301  24879  557 
0.46579  94976  49828  242 

0.46533  39309  74313  393 
0.46486  88296  32768  297 
0.46440  41931  60091  573 
0.46394  00210  91646  708 
0.46347  63129  63261  598 

0.46301  30683  11228  073 
0.46255  02866  72301  444 
0.46208  79675  83700  034 
0.46162  61105  83104  714 
0.46116  47152  08658  446 

0.46070  37809  98965  818 

0.46024  33074  93092  580 

0.45978  32942  30565  189 

0.45932  37407  51370  344 

0.45886  46465  95954  527 

0.45840  60113  05223  545 

0,45794  78344  20542  069 

0.45749  01154  83733  175 

0.45703  28540  37077  890 

0.45657  60496  23314  727 

0.45611  97017  85639  236 

0.45566  38100  67703  540 

0.45520  83740  13615  885 

0.45475  33931  67940  176 

0.45429  88670  75695  532 

0.45384  47952  82355  822 
0.45339  11773  33849  215 
0.45293  80127  76557  724 
0.45248  53011  57316  754 
0.45203  30420  23414  649 

0.45158  12349  22592  237 

0.45112  98794  03042  379 

0.45067  89750  13409  518 

0.45022  85213  02789  227 

0.44977  85178  20727  758 

0.44932  89641  17221  591 
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0.800 
0.801 
0.802 
0.803 
0.804 

0.805 
0.806 
0.807 
0.808 
0.809 

0.810 
0.811 
0.812 
0.813 
0.814 

0.815 
0.816 
0.817 
0.818 
0.819 

0.820 
0.821 
0.822 
0.823 
0.824 

0.825 
0.826 
0.827 
0.828 
0.829 

0.830 
0.831 
0,832 
0.833 
0.834 

0.835 
0.836 
0.837 
0.838 
0.839 

0.840 
0.841 
0.842 
0.843 
0.844 

0.845 
0.846 
0.847 
0.848 
0.849 

0.850 


2.22554  09284  92467  605 

2.22776  75825  62440  556 

2.22999  64644  00181  717 

2.23222  75762  34573  111 

2.23446  09202  96726  759 

2.23669  64988  19986  909 

2.23893  43140  39932  270 

2.24117  43681  94378  249 

2.24341  66635  23379  186 

2.24566  12022  69230  599 

2,24790  79866  76471  419 

2.25015  70189  91886  242 

2.25240  83014  64507  569 

2.25466  18363  45618  061 

2.25691  76258  88752  788 

2.25917  56723  49701  480 

2.26143  59779  86510  786 

2.26369  85450  59486  532 

2.26596  33758  31195  979 

2.26823  04725  66470  087 

2.27049  98375  32405  781 

2.27277  14729  98368  215 

2.27504  53812  35993  046 

2.27732  15645  19188  700 

2.27960  00251  24138  650 

2.28188  07653  29303  690 

2.28416  37874  15424  217 

2.28644  90936  65522  506 

2.28873  66863  64904  998 

2.29102  65678  01164  583 

2.29331  87402  64182  888 

2.29561  32060  46132  567 

2.29790  99674  41479  593 

2.30020  90267  46985  553 

2.30251  03862  61709  945 

2.30481  40482  87012  474 

2.30712  00151  26555  358 

2.30942  82890  86305  628 

2.31173  88724  74537  437 

2.31405  17676  01834  366 

2,31636  69767  81091  734 

2.31868  45023  27518  913 

2.32100  43465  58641  644 

2.32332  65117  94304  351 

2.32565  10003  56672  462 

2.32797  78145  70234  734 

2. 33030  69567  61805  575 

2,33263  84292  60527  370 

2.33497  22343  97872  812 

2,33730  83745  07647  233 

2,33964  68519  25990  937 


0.44932  89641  17221  591 
0,44887  98597  42716  986 
0,44843  12042  48109  530 
0,44798  29971  84743  691 
0.44753  52381  04412  369 

0.44708  79265  59356  447 
0.44664  10621  02264  340 
0.44619  46442  86271  556 
0.44574  86726  64960  242 
0.44530  31467  92358  738 

0.44485  80662  22941  134 
0.44441  34305  11626  826 
0.44396  92392  13780  063 
0.44352  54918  85209  512 
0.44308  21880  82167  806 

0.44263  93273  61351  106 
0.44219  69092  79898  654 
0.44175  49333  95392  332 
0.44131  33992  65856  218 
0.44087  23064  49756  146 

0.44043  16545  05999  263 
0.43999  14429  93933  588 
0.43955  16714  73347  574 
0.43911  23395  04469  662 
0.43867  34466  47967  847 

0.43823  49924  64949  237 
0.43779  69765  16959  611 
0,43735  93983  65982  985 
0.43692  22575  74441  171 
0.43648  55537  05193  342 

0.43604  92863  21535  593 
0.43561  34549  87200  502 
0.43517  80592  66356  699 
0.43474  30987  23608  428 
0.43430  85729  23995  109 

0,43387  44814  32990  906 

0.43344  08238  16504  293 

0.43300  75996  40877  616 

0.43257  48084  72886  664 

0.43214  24498  79740  233 

0.43171  05234  29079  693 
0.43127  90286  88978  558 
0.43084  79652  27942  052 
0.43041  73326  14906  679 
0.42998  71304  19239  788 

0.42955  73582  10739  148 

0,42912  80155  59632  516 

0.42869  91020  36577  204 

0,42827  06172  12659  654 

0.42784  25606  59395  005 


0.42741  49319  48726  670 

'(-8)6- 
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0.850 
0.851 
0.852 
0.853 
0.854 

0.855 
0.856 
0.857 
0.858 
0.859 

0.860 
0.861 
0.862 
0.863 
0.864 

0.865 
0.866 
0.867 
0.868 
0.869 

0.870 
0.871 
0.872 
0.873 
0.874 

0.875 
0.876 
0.877 
0.878 
0.879 

0.880 
0.881 
0.882 
0.883 
0.884 

0.885 
0.886 
0.887 
0.888 
0.889 

0.890 
0.891 
0.892 
0.893 
0.894 

0,895 
0.896 
0.897 
0.898 
0.899 

0.900 


2.33964  68519  25990  937 

2, 34198  76689  91381  538 

2.34433  08280  44636  295 

2.34667  63314  28914  459 

2.34902  41814  89719  607 


2.35137  43805 
2.35372  69310 
2.35608  18352 
2.35843  90954 
2.36079  87141 

2.36316  06937 
2. 36552  50363 
2.36789  17445 
2.37026  08206 
2.37263  22669 

2.37500  60859 
2. 37738  22799 
2.37976  08513 
2.38214  18024 
2.38452  51357 

2.38691  08535 
2.38929  89582 
2.39168  94522 
2.39408  23379 
2.39647  76177 


74901  997 
34660  911 
21547  002 
90464  656 
98674  336 

05794  948 
73806  196 
67050  946 
52237  586 
98442  400 

77111  933 
62065  359 
29496  863 
57978  010 
28460  126 

24276  682 
31145  671 
37171  999 
32849  872 
11065  184 


2.39887  52939  67097  915 

2.40127  53690  98624  518 

2.40367  78455  05720  327 

2.40608  27255  90861  947 

2.40849  00117  58929  666 

2.41089  97064  17209  851 

2.41331  18119  75397  361 

2.41572  63308  45597  956 

2.41814  32654  42330  708 

2.42056  26181  82530  413 

2.42298  43914  85550  015 

2.42540  85877  73163  018 

2.42783  52094  69565  911 

2.43026  42590  01380  593 

2.43269  57387  97656  799 

2.43512  96512  89874  527 

2.43756  59989  11946  472 

2.44000  47841  00220  460 

2.44244  60092  93481  882 

2.44488  96769  32956  134 

2.44733  57894  62311  060 

2.44978  43493  27659  394 

2.45223  53589  77561  203 

2.45468  88208  63026  343 

2.45714  47374  37516  904 

2.45960  31111  56949  664 


0.42741  49319  48726  670 

0.42698  77306  53025  901 

0.42656  09563  45091  367 

0.42613  46085  98148  726 

0.42570  86869  85850  193 

0.42528  31910  82274  123 

0.42485  81204  61924  574 

0.42443  34746  99730  893 

0.42400  92533  71047  281 

0.42358  54560  51652  373 

0.42316  20823  17748  817 

0.42273  91317  45962  841 

0.42231  66039  13343  840 

0.42189  44983  97363  945 

0.42147  28147  75917  606 

0.42105  15526  27321  165 

0.42063  07115  30312  439 

0.42021  02910  64050  296 

0.41979  02908  08114  234 

0.41937  07103  42503  963 

0.41895  15492  47638  983 

0.41853  28071  04358  162 

0.41811  44834  93919  324 

0.41769  65779  97998  822 

0.41727  90901  98691  126 


0. 

41686 

20196 

78508 

403 

0. 

41644 

53660 

20380 

096 

0. 

41602 

91288 

07652 

513 

0. 

41561 

33076 

24088 

408 

0. 

41519 

79020 

53866 

560 

0. 

41478 

29116 

81581 

367 

0. 

41436 

83360 

92242 

420 

0. 

41395 

41748 

71274 

097 

0. 

41354 

04276 

04515 

140 

0. 

41312 

70938 

78218 

250 

0. 

41271 

41732 

79049 

666 

0. 

41230 

16653 

94088 

753 

0. 

41188 

95698 

10827 

593 

0. 

41147 

78861 

17170 

568 

0. 

41106 

66139 

01433 

949 

0. 

41065 

57527 

52345 

488 

0. 

41024 

53022 

59044 

001 

0. 

40983 

52620 

11078 

959 

0. 

40942 

56315 

98410 

082 

0. 

40901 

64106 

11406 

922 

0. 

40860 

75986 

40848 

458 

0. 

40819 

91952 

77922 

685 

0. 

40779 

12001 

14226 

207 

0. 

40738 

36127 

41763 

826 

0. 

40697 

64327 

52948 

135 

0.40656  96597  40599  112 


['-n 


134 


ELEMENTAKY    TRAXSCEXDEXTAL    FUNCTIONS 
EXPONENTL\L  FUNCTION 


Table  4.4 

t 

-VFU-^J 

r..>lJ 

X 

e' 

0.900 

2.45960 

31111 

56949 

664 

0.901 

2.46206 

39444 

79698 

548 

0.902 

2.46452 

72398 

66597 

083 

0.903 

2.46699 

29997 

80940 

863 

0.904 

2.46946 

12266 

88490 

006 

0.905 

2.47193 

19230 

57471 

626 

0.906 

2.47440 

50913 

58582 

298 

0.907 

2.47688 

07340 

64990 

529 

0.908 

2.47935 

88536 

52339 

232 

0.909 

2.48183 

94525 

98748 

200 

0.910 

2.48432 

25333 

84816 

587 

0.911 

2.48680 

80984 

93625 

386 

0.912 

2.48929 

61504 

10739 

912 

0.913 

2.49178 

66916 

24212 

291 

0.914 

2.49427 

97246 

24583 

942 

0.915 

2.49677 

52519 

04388 

075 

0.916 

2.49927 

32759 

60652 

177 

0.917 

2.50177 

37992 

89900 

513 

0.918 

2.50427 

68243 

93156 

620 

0.919 

2.50678 

23537 

73445 

810 

0.920 

2.50929 

03899 

36297 

671 

0.921 

2.51180 

09353 

89748 

577 

0.922 

2.51431 

39926 

44344 

189 

0.923 

2.51682 

95642 

13141 

971 

0.924 

2.51934 

76526 

11713 

703 

0.925 

2.52186 

82603 

58147 

991 

0.926 

2.52439 

13899 

73052 

794 

0.927 

2.52691 

70439 

79557 

936 

0.928 

2.52944 

52249 

03317 

633 

0.929 

2.53197 

59352 

72513 

022 

0.930 

2.53450 

91776 

17854 

680 

0.931 

2.53704 

49544 

72585 

166 

0,932 

2.53958 

32683 

72481 

544 

0.933 

2.54212 

41218 

55857 

927 

0.934 

2.54466 

75174 

63568 

010 

0.935 

2.54721 

34577 

39007 

611 

0.936 

2.54976 

19452 

28117 

220 

0.937 

2.55231 

29824 

79384 

537 

0.938 

2.55486 

65720 

43847 

026 

0.939 

2.55742 

27164 

75094 

464 

0.940 

2.55998 

14183 

29271 

496 

0.941 

2.56254 

26801 

65080 

189 

0.942 

2.56510 

65045 

43782 

593 

0.943 

2.56767 

28940 

29203 

299 

0.944 

2.57024 

18511 

87732 

007 

0.945 

2.57281 

33785 

88326 

089 

0.946 

2.57538 

74788 

02513 

161 

0.947 

2.57796 

41544 

04393 

651 

0.948 

2.58054 

34079 

70643 

376 

0.949 

2.58312 

52420 

80516 

117 

0.950 

2.58570 

96593 

—  7 

6 

15846 
3" 

199 

0.40656  96597  40599  112 

0.40616  32932  97943  710 

0.40575  73330  18615  453 

0.40535  17784  96654  028 

0.40494  66293  26504  879 

0.40454  18851  03018  802 

0.40413  75454  21451  540 

0.40373  36098  77463  377 

0.40333  00780  67118  736 

0.40292  69495  86885  773 

0.40252  42240  33635  975 

0.40212  19010  04643  753 

0.40171  99800  97586  047 

0.40131  84609  10541  915 

0.40091  73430  41992  136 

0.40051  66260  90818  809 

0.40011  63096  56304  950 

0.39971  63933  38134  089 

0.39931  68767  36389  877 

0.39891  77594  51555  677 

0.39851  90410  34514  173 

0.39812  07212  36546  962 

0.39772  27995  09334  165 

0.39732  52755  04954  021 

0.39692  81488  25882  492 

0.39653  14190  74992  866 

0.39613  50358  55555  360 

0.39573  91437  71236  720 

0.39534  36074  26099  830 

0.39494  84614  24603  311 

0.39455  37103  71601  130 

0.39415  93538  72342  199 

0.39376  53915  32469  987 

0.39337  18229  58022  122 

0.39297  86477  55429  996 

0.39258  58655  31513  373 

0.39219  34758  93504  997 

0.39180  14784  49000  193 

0.39140  93728  06006  497 

0.39101  86585  72918  221 

0.39062  78353  58521  102 

0.39023  74027  71991  894 

0,38984  73604  22897  977 

0.38945  77079  21196  971 

0.38906  84448  77236  341 

0.33367  95709  01753  010 

0.38829  10856  05872  971 

0.38790  29836  OHIO  396 

0.38751  52794  99369  747 

0.38712  79579  12940  390 

0.38674  10234  54501  207 
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0.950 
0.951 
0.952 
0.953 
0.954 

0.955 
0.956 
0.957 
0.958 
0.959 

0.960 
0.961 
0.962 
0.963 
0.964 

0.965 
0.966 
0.967 
0.968 
0.969 

0.970 
0.971 
0.972 
0.973 
0.974 

0.975 
0.976 
0.977 
0.978 
0.979 

0.980 
0.981 
0.982 
0.983 
0.984 

0.985 
0.986 
0.987 
0.988 
0.989 

0.990 

0.991 
0.992 
0.993 
0.994 

0.995 
0.996 
0.997 
0.998 
0.999 

1.000 


2.58570  96593  15846  199 
2.58829  66622  61051  072 
2.59088  62535  03133  898 
2.59347  84356  31686  135 
2.59607  32112  38890  126 

2.59867  05829  19521  695 

2.60127  05532  70952  740 

2.60387  31248  93153  828 

2.60647  83003  88696  799 

2.60908  60823  62757  366 

2.61169  64734  23117  718 

2.61430  94761  80169  136 

2.61692  50932  46914  592 

2.61954  33272  38971  373 

2.62216  41807  74573  688 

2.62478  76564  74575  291 

2.62741  37569  62452  101 

2.63004  24848  64304  825 

2.63267  38428  08861  583 

2.63530  78334  27480  539 

2.63794  44593  54152  532 

2.64058  37232  25503  708 

2.64322  56276  80798  158 

2.64587  01753  61940  558 

2.64851  73689  13478  808 

2.65116  72109  82606  682 
2.65381  97042  19166  470 
2.65647  48512  75651  628 
2.65913  26548  07209  434 
2.66179  31174  71643  642 

2.66445  62419  29417  138 
2.66712  20308  43654  602 
2.66979  04868  80145  169 
2.67246  16127  07345  099 
2.67513  54109  96380  441 

2.67781  18844  21049  708 
2.68049  10356  57826  547 
2.68317  28673  85862  418 
2.68585  73822  86989  272 
2.68854  45830  45722  235 

2.69123  44723  49262  289 

2.69392  70528  87498  962 

2.69662  23273  53013  016 

2.69932  02984  41079  142 

2.70202  09688  49668  652 

2.70472  43412  79452  181 

2.70743  04184  33802  382 

2.71013  92030  18796  637 

2.71285  06977  43219  755 

2.71556  49053  18566  687 

2.71828  18284  59045  235 


0.38674  10234  54501  207 

0.38635  44757  37117  707 

0.38596  83143  74242  140 

0.38558  25389  79713  111 

0.38519  71491  67755  194 

0.38481  21445  52978  545 

0.38442  75247  50378  516 

0.38404  32893  75335  273 

0.38365  94380  43613  409 

0.38327  59703  71361  560 

0.38289  28859  75112  023 

0.38251  01844  71780  368 

0.38212  78654  78665  061 

0.38174  59286  13447  076 

0.38136  43734  94189  517 

0.38098  31997  39337  233 
0.38060  24069  67716  437 
0.38022  19947  98534  325 
0.37984  19628  51378  697 
0.37946  23107  46217  574 

0.37908  30381  03398  818 
0.37870  41445  43649  757 
0.37832  56296  88076  798 
0.37794  74931  58165  054 
0.37756  97345  75777  964 

0.37719  23535  63156  913 
0.37681  53497  42920  859 
0.37643  87227  38065  949 
0.37606  24721  71965  147 
0.37568  65976  68367  855 

0.37531  10988  51399  539 
0.37493  59753  45561  350 
0.37456  12267  75729  751 
0.37418  68527  67156  142 
0.37381  28529  45466  482 

0.37343  92269  36660  918 
0.37306  59743  67113  412 
0.37269  30948  63571  361 
0.37232  05880  53155  231 
0.37194  84535  63358  181 

0.37157  66910  22045  691 

0.37120  53000  57455  187 

0.37083  42802  98195  674 

0.37046  36313  73247  362 

0.37009  33529  11961  296 

0. 36972  34445  44058  983 
0.36935  39058  99632  024 
0.36898  47366  09141  744 
0.36861  59363  03418  822 
0. 36824  75046  13662  921 

0.36787  94411  71442  322 
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EXPOXENl 

X 

e" 

0.0 

1.00000  00000  00000 

0.1 

1.10517  09180  75648 

0.2 

1.22140  27581  60170 

0.3 

1.34985  88075  76003 

0.4 

1.49182  46976  41270 

0.5 

1.64872  12707  00128 

0.6 

1.82211  88003  90509 

0.7 

2.01375  27074  70477 

0.8 

2.22554  09284  92468 

0.9 

2.45960  31111  56950 

1.0 

2.71828  18284  59045 

1.1 

3.00416  60239  46433 

1.2 

3.32011  69227  36547 

1.3 

3.66929  66676  19244 

1.4 

4.05519  99668  44675 

1.5 

4.48168  90703  38065 

1.6 

4.95303  24243  95115 

1.7 

5.47394  73917  27200 

1.8 

6. 04964  74644  12946 

1.9 

6.68589  44422  79269 

2.0 

7.38905  60989  30650 

2.1 

8.16616  99125  67650 

2.2 

9.02501  34994  34121 

2.3 

9.97418  24548  14721 

2.4 

11.02317  63806  41602 

2.5 

12.18249  39607  03473 

2.6 

13.46373  80350  01690 

2.7 

14.87973  17248  72834 

2.8 

16.44464  67710  97050 

2.9 

18.17414  53694  43061 

3.0 

20.08553  69231  87668 

3.1 

22.19795  12814  41633 

3.2 

24.53253  01971  09349 

3.3 

27.11263  89206  57887 

3.4 

29.96410  00473  97013 

3.5 

33.11545  19586  92314 

3.6 

36.59823  44436  77988 

3.7 

40.44730  43600  67391 

3.8 

44.70118  44933  00823 

3.9 

49.40244  91055  30174 

4.0 

54.59815  00331  44239 

4.1 

60.34028  75973  61969 

4.2 

66.68633  10409  25142 

4.3 

73.69979  36995  95797 

4.4 

81.45086  86649  68117 

4.5 

90.01713  13005  21814 

4.6 

99.48431  56419  33809 

4.7 

109.94717  24521  23499 

4.8 

121.51041  75187  34881 

4.9 

134.28977  96849  35485 

e-* 

1.00000  00000  00000  00000 

0.90483  74180  35959  57316 

0.81873  07530  77981  85867 

0.74081  82206  81717  86607 

0.67032  00460  35639  30074 

0.60653  06597  12633  42360 

0.54881  16360  94026  43263 

0.49658  53037  91409  51470 

0.44932  89641  17221  59143 

0.40656  96597  40599  11188 

0.36787  94411  71442  32160 

0.33287  10836  98079  55329 

0.30119  42119  12202  09664 

0.27253  17930  34012  60312 

0.24659  69639  41606  47694 

0.22313  01601  48429  82893 

0.20189  65179  94655  40849 

0.18268  35240  52734  65022 

0.16529  88882  21586  53830 

0.14956  86192  22635  05264 

0.13533  52832  36612  69189 
0.12245  64282  52981  91022 
0.11080  31583  62333  88333 
0.10025  88437  22803  73373 
0.09071  79532  89412  50338 

0. 08208  49986  23898  79517 
0.07427  35782  14333  88043 
0. 06720  55127  39749  76513 
0.06081  00626  25217  96500 
0.05502  32200  56407  22903 

0. 04978  70683  67863  94298 
0.04504  92023  93557  80607 
0.04076  22039  78366  21517 
0.03688  31674  01240  00545 
0.03337  32699  60326  07948 

0.03019  73834  22318  50074 
0.02732  37224  47292  56080 
0.02472  35264  70339  39120 
0.02237  07718  56165  59578 
0.02024  19114  45804  38847 

0.01831  56388  88734  18029 
0.01657  26754  01761  24754 
0. 01499  55768  20477  70621 
0.01356  85590  12200  93176 
0.01227  73399  03068  44118 

0.01110  89965  38242  30650 
0.01005  18357  44633  58164 
0.00909  52771  01695  81709 
0.00822  97470  49020  02884 
0.00744  65830  70924  34052 


5.0  148.41315  91025  76603  0.00673  79469  99085  46710 

From  C.  E.  Van  Orstrand.  Tables  of  the  exponential  function  and  of  the  circular  sine  and  cosine 
to  radian  arguments.  Memoirs  of  the  National  Academy  of  Sciences,  vol.  14,  Fifth  Memoir.  U.S. 
Government  Printing  Office.  Washington,  D.C.,  1921  (vpith  permission)  for  e-^,  x<2A. 
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5.0 
5.1 
5.2 
5.3 
5.4 

5.5 
5.6 
5.7 
5.8 
5.9 

6.0 
6.1 
6.2 
6.3 
6.4 

6.5 
6.6 
6.7 
6.8 
6.9 

7.0 
7.1 
7.2 
7.3 
7.4 

7.5 
7.6 
7.7 
7.8 
7.9 

8.0 
8.1 
8.2 
8.3 
8.4 

8.5 
8.6 
8.7 
8.8 
8.9 

9.0 
9.1 
9.2 
9.3 
9.4 

9.5 
9.6 
9.7 
9.8 
9.9 


148.41315  91025  77 
164.02190  72999  02 
181.27224  18751  51 
200.33680  99747  92 
221.40641  62041  87 

244.69193  22642  20 

270.42640  74261  53 

298.86740  09670  60 

330.29955  99096  49 

365.03746  78653  29 

403.42879  34927  35 
445.85777  00825  17 
492.74904  10932  56 
544.57191  01259  29 
601.84503  78720  82 

665. 14163  30443  62 
735.09518  92419  73 
812.40582  51675  43 
897.84729  16504  18 
992.27471  56050  26 

1096.63315  84284  59 

1211.96707  44925  77 

1339.43076  43944  18 

1480.29992  75845  45 

1635.98442  99959  27 

1808.04241  44560  63 

1998. 19589  51041  18 

2208.34799  18872  09 

2440.60197  76244  99 

2697.28232  82685  09 

2980.95798  70417  28 
3294.46807  52838  41 
3640.95030  73323  55 
4023.87239  38223  10 
4447.06674  76998  56 

4914.76884  02991  34 
5431.65959  13629  80 
6002.91221  72610  22 
6634.24400  62778  85 
7331.97353  91559  93 

8103.08392  75753  84 

8955.29270  34825  12 

9897.12905  87439  16 

10938.01920  81651  84 

12088.38073  02169  84 


13359.72682 

14764.78156 
16317.60719 
18033.74492 
19930.37043 


96618  72 
55772  73 
80154  32 
78285  11 
82302  89 


0.00673  79469  99085  46710 
0.00609  67465  65515  63611 
0.00551  65644  20760  77242 
0.00499  15939  06910  21621 
0. 00451  65809  42612  66798 

0.00408  67714  38464  06699 
0.00369  78637  16482  93082 
0.00334  59654  57471  27277 
0.00302  75547  45375  81475 
0.00273  94448  18768  36923 

0.00247  87521  76666  35842 

0.00224  28677  19485  80247 

0.00202  94306  36295  73436 

0.00183  63047  77028  90683 

0.00166  15572  73173  93450 

0.00150  34391  92977  57245 

0.00136  03680  37547  89342 

0.00123  09119  02673  48118 

0.00111  37751  47844  80308 

0.00100  77854  29048  51076 

0.00091  18819  65554  51621 

0.00082  51049  23265  90427 

0.00074  65858  08376  67937 

0.00067  55387  75193  84424 

0.00061  12527  61129  57256 

0.00055  30843  70147  83358 
0.00050  04514  33440  61070 
0.00045  28271  82886  79706 
0.00040  97349  78979  78671 
0.00037  07435  40459  08837 

0.00033  54626  27902  51184 
0.00030  35391  38078  86666 
0.00027  46535  69972  14233 
0.00024  85168  27107  95202 
0.00022  48673  24178  84827 

0.00020  34683  69010  64417 
0.00018  41057  93667  57912 
0.00016  65858  10987  63341 
0.00015  07330  75095  47660 
0.00013  63889  26482  01145 

0. 00012  34098  04086  67955 

0.00011  16658  08490  11474 

0.00010  10394  01837  09335 

0.00009  14242  31478  17334 

0.00008  27240  65556  63226 

0.00007  48518  29887  70059 
0.00006  77287  36490  85387 
0.00006  12834  95053  22210 
0.00005  54515  99432  17698 
0.00005  01746  82056  17530 


10.0 


22026.46579  48067  17 


0.00004  53999  29762  48485 


138 


Table  4.4 


ELEMENTARY    TRANSCENDENTAL    FUNCTIONS 
EXPONEXTIAL  FUNCTION 


0 
1 
2 
3 
4 

5 
6 

7 
8 
9 

10 
11 
12 
13 
14 

15 
16 
17 
18 
19 

20 
21 
22 
23 
24 

25 
26 
27 
28 
29 

30 
31 
32 
33 
34 

35 
36 
37 
38 
39 

40 
41 
42 
43 
44 

45 
46 
47 
48 
49 


(  0)1.00000  00000  00000  000 

(  0)2.71828  18284  59045  235 

(  0)7. 38905  60989  30650  227 

(  1)2.00855  36923  18766  774 

(  1)5.45981  50033  14423  908 

(  2)1.48413  15910  25766  034 

(  2)4.03428  79349  27351  226 

(  3)1.09663  31584  28458  599 

(  3)2.98095  79870  41728  275 

(  3)8.10308  39275  75384  008 


4)2.20264  65794  80671  652 

4)5.98741  41715  19781  846 

5)1.62754  79141  90039  208 

5)4.42413  39200  89205  033 

6)1.20260  42841  64776  778 


\-l\ 


(  6)3.26901  73724  72110  639 

(  6)8.88611  05205  07872  637 

(  7)2.41549  52753  57529  821 

(  7)6.56599  69137  33051  114 

(  8)1.78482  30096  31872  608 

(  8)4.85165  19540  97902  780 

(  9)1.31881  57344  83214  697 

9)3.58491  28461  31591  562 

9)9.74480  34462  48902  600 

(10)2.64891  22129  84347  229 

(10)7.20048  99337  38587  252 

(11)1.95729  60942  88387  643 

(11)5.32048  24060  17986  167 

(12)1.44625  70642  91475  174 

(12)3.93133  42971  44042  074 

(13)1.06864  74581  52446  215 

13)2.90488  49665  24742  523 

13)7.89629  60182  68069  516 

(14  2. 14643  57978  59160  646 

(14)5.83461  74252  74548  814 

(15)1.58601  34523  13430  728 

(15)4.31123  15471  15195  227 

(16)1.17191  42372  80261  131 

(16)3.18559  31757  11375  622 

(16)8.65934  00423  99374  695 

(17)2.35385  26683  70199  854 

17)6.39843  49353  00549  492 

18)1.73927  49415  20501  047 

(18)4.72783  94682  29346  561 

(19)1.28516  00114  35930  828 


(19)3.49342 
(19)9.49611 
(20)2.58131 
(20)7.01673 
(21)1.90734 


71057  48509  535 
94206  02448  875 
28861  90067  396 
59120  97631  739 
65724  95099  691 


(- 


0)1.00000  00000  00000  000 

1)3.67879  44117  14423  216 

1)1. 35335  28323  66126  919 

2  4. 97870  68367  86394  298 

2)1.83156  38888  73418  029 


\--l\ 


(- 
(- 
(- 


3)6.73794  69990  85467  097 
3)2.47875  21766  66358  423 
4)9.11881  96555  45162  080 
4  3. 35462  62790  25118  388 
4  1.23409  80408  66795  495 


\-l] 


5)4.53999  29762  48485  154 

5)1.67017  00790  24565  931 

6)6.14421  23533  28209  759 

6)2.26032  94069  81054  326 

7)8.31528  71910  35678  841 


(-  7)3.05902  32050  18257  884 

(-  7)1.12535  17471  92591  145 

(-  8)4.13993  77187  85166  660 

(-  8)1.52299  79744  71262  844 

(-  9)5.60279  64375  37267  540 

(-  9)2.06115  36224  38557  828 

(-10)7.58256  04279  11906  728 

(-10  2. 78946  80928  68924  808 

(-10)1.02618  79631  70189  030 

(-11)3.77513  45442  79097  752 

(-11)1.38879  43864  96402  059 

(-12)5.10908  90280  63324  720 

-12)1.87952  88165  39083  295 

(-13)6.91440  01069  40203  009 

(-13)2.54366  56473  76922  910 

< -14) 9.  35762  29688  40174  605 
14)3.44247  71084  69976  458 
14)1.26641  65549  09417  572 
(-15  4. 65888  61451  03397  364 
(-15)1.71390  84315  42012  966 

(-16)6.30511  67601  46989  386 
-16  2. 31952  28302  43569  388 
(-17)8.53304  76257  44065  794 
(-17)3.13913  27920  48029  629 
(-17)1.15482  24173  01578  599 

(-18)4.24835  42552  91588  995 

(-18)1.56288  21893  34988  768 

74952  22642  93559  807 

11513  10375  91080  487 

78113  22411  33796  516 


(-: 


(-: 


18)4 
18)1 
19)5. 
19)2. 
20)7. 

20)2. 
20)  1. 
21)3. 
21)1. 
22  5. 


86251  85805 
05306  17357 
87399  76286 
42516  40827 
24288  56633 


49393  644 
55381  238 
87187  113 
40935  106 
63463  937 


50 


(21)5.18470  55285  87072  464 


(-22)1.92874  98479  63917  783 
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50 
51 
52 
53 
54 

55 
56 
57 
58 
59 

60 
61 
62 
63 
64 

65 
66 
67 
68 
69 

70 
71 
72 
73 
74 

75 
76 
77 
78 
79 

80 
81 
82 
83 
84 

85 
86 

87 
88 
89 

90 
91 
92 
93 
94 

95 
96 
97 
98 
99 


(F 


(21)5.18470  55285  87072  464 

(22)1.40934  90824  26938  796 

(22)3.83100  80007  16576  849 

(23)1.04137  59433  02908  780 

(23)2.83075  33032  74693  900 

(23)7.69478  52651  42017  138 

(24)2.09165  94960  12996  154 

24)5.68571  99993  35932  223 

(25)1.54553  89355  90103  930 

(25)4.20121  04037  90514  255 

26)1.14200  73898  15684  284 

26)3.10429  79357  01919  909 

26)8.43835  66687  41454  489 

27)2.29378  31594  69609  879 

27)6.23514  90808  11616  883 

(28)1.69488  92444  10333  714 

(28  4. 60718  66343  31291  543 

(29)1.25236  31708  42213  781 

(29)3.40427  60499  31740  521 

(29)9.25378  17255  87787  600 

(30)2.51543  86709  19167  006 

(30  6. 83767  12297  62743  867 

(31)1.85867  17452  84127  980 

(31)5.05239  36302  76104  195 

(32)1.37338  29795  40176  188 

(32)3.73324  19967  99001  640 

(33)1.01480  03881  13888  728 

(33)2.75851  34545  23170  206 

(33)7.49841  69969  90120  435 

(34)2.03828  10665  12668  767 

(34)5.54062  23843  93510  053 

(35)1.50609  73145  85030  548 

35)4.09399  69621  27454  697 

36)1.11286  37547  91759  412 

(36)3.02507  73222  01142  338 

(36)8.22301  27146  22913  510 

(37)2.23524  66037  34715  047 

37)6.07603  02250  56872  150 

(38  1.65163  62549  94001  856 

(38)4.48961  28191  74345  246 

(39)1.22040  32943  17840  802 

(39)3.31740  00983  35742  626 

(39)9.01762  84050  34298  931 

(40)2.45124  55429  20085  786 

(40)6.66317  62164  10895  834 

(41)1.81123  90828  89023  282 

(41)4.92345  82860  12058  400 

(42)1.33833  47192  04269  500 

42)3.63797  09476  08804  579 

42)9.88903  03193  46946  771 


-22)1.92874  98479  63917  783 
-23)7.09547  41622  84704  139 
'-23)2.61027  90696  67704  805 
'-24)9.60268  00545  08676  030 
-24)3.53262  85722  00807  030 

-24)1.29958  14250  07503  074 
-25)4.78089  28838  85469  081 
-25  1.75879  22024  24311  649 
-26)6.47023  49256  45460  326 
1-26)2.38026  64086  94400  606 

-27)8.75651  07626  96520  338 
-27)3.22134  02859  92516  089 
-27)1.18506  48642  33981  006 
-28)4.35961  00000  63080  974 
-28)1.60381  08905  48637  853 

-29)5.90009  05415  97061  391 

-29)2.17052  20113  03639  412 

'-30)7.98490  42456  86978  808 

-30  2. 93748  21117  10802  947 
! -30) 1.08063  92777  07278  495 

-31)3.97544  97359  08646  808 
'-31  1.46248  62272  51230  947 
'-32)5.38018  61600  21138  414 
'-32)1.97925  98779  46904  554 
'-33)7.28129  01783  21643  834 

-33)2.67863  69618  08077  944 

'-34)9.85415  46861  11258  029 

'-34  3.  62514  09191  43559  224 

-34)1.33361  48155  02261  341 

; -35) 4.  90609  47306  49280  566 

-35)1.80485  13878  45415  172 
'-36)6.63967  71995  80734  401 
-36)2.44260  07377  40527  679 
-37)8.98582  59440  49380  670 
-37)3.30570  06267  60734  298 

-37)1.21609  92992  52825  564 
-38)4.47377  93061  81120  735 
-38)1.64581  14310  82273  651 
-39  6. 05460  18954  01185  885 
-39)2.22736  35617  95743  739 

-40)8.19401  26239  90515  430 
-40  3. 01440  87850  65374  553 
-40  1.10893  90193  12136  379 
'-41)4.07955  86671  77560  158 
'-41)1.50078  57627  07394  888 


(-42)5.52108 
(-42)2.03109 

-43)7.47197 
(-43  2.  74878 

-43)1.01122 


22770  28532  732 
26627  34810  926 
23373  42990  161 
50079  10214  930 
14926  10448  530 


100  (43)2.68811   71418   16135   448 

For  |a;|>100  see  Example  11. 


(^4)3.72007   59760  20835  963 
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ELEMENTARY    TRANSCENDENTAL    FUNCTIONS 

RADIX  TABLE  OF  THE  EXPONENTIAL  FL^CTIOxN 


10 
10 
10 
10 
10 
10 
10 
10 
10 

9 
9 
9 
9 
9 
9 
9 
9 
9 


1.00000 
1.00000 
1.00000 
1.00000 
1. 00000 
1.00000 
1. 00000 
1.00000 
1.00000 

1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1. 00000 
1.00000 
1.00000 

1.00000 
1. 00000 
1.00000 
1.00000 
1.00000 
1.00000 
1. 00000 
1.00000 
1.00000 

1.00000 
1. 00000 
1.00000 
1.  00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 


00001 
00002 
00003 
00004 
00005 
00006 
00007 
00008 
00009 

00010 
00020 
00030 
00040 
00050 
00060 
00070 
00080 
00090 

00100 
00200 
00300 
00400 
00500 
00600 
00700 
00800 
00900 

01000 
02000 
03000 
04000 
05000 
06000 
07000 
08000 
09000 


00000 
00000 
00000 
00000 
00000 
00000 
00000 
00000 
00000 

00000 
00000 
00000 
00000 
00000 
00000 
00000 
00000 
00000 

00000 
00000 
00000 
00000 
00001 
00001 
00002 
00003 
00004 

00005 
00020 
00045 
00080 
00125 
00180 
00245 
00320 
00405 


00000 
00002 
00004 
00008 
00012 
00018 
00024 
00032 
00040 

00050 
00200 
00450 
00800 
01250 
01800 
02450 
03200 
04050 

05000 
20000 
45000 
80000 
25000 
80000 
45000 
20000 
05000 

00000 
00000 
00000 
00001 
00002 
00003 
00005 
00008 
00012 


50000 
00000 
50000 
00000 
50000 
00000 
50000 
00000 
50000 

00000 
00000 
00000 
00000 
00000 
00000 
00001 
00001 
00001 

00002 
00013 
00045 
00107 
00208 
00360 
00572 
00853 
01215 

01667 
13333 
45000 
06667 
08333 
60000 
71667 
53334 
15000 


0.99999 
0.99999 
0.99999 
0.99999 
0.99999 
0.99999 
0.99999 
0.99999 
0.99999 

0.99999 
0.99999 
0.99999 
0.99999 
0.99999 
0.99999 
0.99999 
0.99999 
0.99999 

0.99999 
0.99999 
0.99999 
0.99999 
0.99999 
0.99999 
0.99999 
0.99999 
0.99999 

0.99999 
0.99999 
0.99999 
0.99999 
0.99999 
0.99999 
0.99999 
0.99999 
0.99999 


99999 
99998 
99997 
99996 
99995 
99994 
99993 
99992 
99991 

99990 
99980 
99970 
99960 
99950 
99940 
99930 
99920 
99910 

99900 
99800 
99700 
99600 
99500 
99400 
99300 
99200 
99100 

99000 
98000 
97000 
96000 
95000 
94000 
93000 
92000 
91000 


00000  00000 

00000  00002 

00000  00004 

00000  00008 

00000  00012 

00000  00018 

00000  00024 

00000  00032 

00000  00040 


00000 
00000 
00000 
00000 
00000 
00000 
00000 
00000 
00000 

00000 
00000 
00000 
00000 
00001 
00001 
00002 
00003 
00004 

00004 
00019 
00044 
00079 
00124 
00179 
00244 
00319 
00404 


00050 
00200 
00450 
00800 
01250 
01800 
02449 
03199 
04049 

04999 
19999 
44999 
79999 
24999 
79999 
44999 
19999 
04999 

99999 
99999 
99999 
99998 
99997 
99996 
99994 
99991 
99987 


50000 
00000 
50000 
00000 
50000 
00000 
50000 
00000 
50000 

00000 
00000 
00000 
00000 
00000 
00000 
99999 
99999 
99999 

99998 
99987 
99955 
99893 
99792 
99640 
99428 
99147 
98785 

98333 
86667 
55000 
93333 
91667 
40000 
28333 
46667 
85000 


0.99999  90000  00499  99983  33334 
0.99999  80000  01999  99866  66673 
0.99999  70000  04499  99550  00034 
0.99999  60000  07999  98933  33440 
0.99999  50000  12499  97916  66927 
0.99999  40000  17999  96400  00540 
0.99999  30000  24499  94283  34334 
0.99999  20000  31999  91466  68373 
0.99999  10000  40499  87850  02734 

=  1  ±xlO""+^  x2l0"2"  to  25D. 
Compiled  from  C.  E.  Van  Orstrand,  Tables  of  the  exponential  function  and  of  the  circular  sine 
and  cosine  to  radian  arguments,  Memoirs  of  the  National  Academy  of  Sciences,  vol.  14,  Fifth 
Memoir.     U.S.  Government  Printing  Otfice,  Washington,  D.C.,  1921  (with  permissionj. 


1.00000  10000  00500  00016  66667 

1.00000  20000  02000  00133  33340 

1.00000  30000  04500  00450  00034 

1.00000  40000  08000  01066  66773 

1.00000  50000  12500  02083  33594 

1.00000  60000  18000  03600  00540 

1.00000  70000  24500  05716  67667 

1.00000  80000  32000  08533  35040 

1.00000  90000  40500  12150  02734 


For  n>10,  e=^io-"=l  4^x10""+^  xno"^" 


n 
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RADIX  TABLE  OF  THE  EXPONENTIAL  FUNCTION       Table  4.5 


e^ 


10- « 


g— xlO-n 


1 

5 

00001 

00000 

50000 

16666 

70833 

0.99999 

00000 

49999 

83333 

37500 

2 

5 

00002 

00002 

00001 

33334 

00000 

0.99998 

00001 

99998 

66667 

33333 

3 

5 

00003 

00004 

50004 

50003 

37502 

0.99997 

00004 

49995 

50003 

37498 

4 

5 

00004 

00008 

00010 

66677 

33342 

0.99996 

00007 

99989 

33343 

99991 

5 

5 

00005 

00012 

50020 

83359 

37526 

0.99995 

00012 

49979 

16692 

70807 

6 

5 

00006 

00018 

00036 

00054 

00065 

0.99994 

00017 

99964 

00053 

99935 

7 

5 

00007 

00024 

50057 

16766 

70973 

0.99993 

00024 

49942 

83433 

37360 

8 

5 

00008 

00032 

00085 

33504 

00273 

0.99992 

00031 

99914 

66837 

33060 

9 

5 

00009 

00040 

50121 

50273 

37992 

0.99991 

00040 

49878 

50273 

37008 

1 

4 

00010 

00050 

00166 

67083 

34167 

0.99990 

00049 

99833 

33749 

99167 

2 

4 

00020 

00200 

01333 

40000 

26668 

0.99980 

00199 

98666 

73333 

06668 

3 

4 

00030 

00450 

04500 

33752 

02510 

0.99970 

00449 

95500 

33747 

97510 

4 

4 

00040 

00800 

10667 

73341 

86724 

0.99960 

00799 

89334 

39991 

46724 

5 

4 

00050 

01250 

20835 

93776 

04384 

0.99950 

01249 

79169 

27057 

29384 

6 

4 

00060 

01800 

36005 

40064 

80648 

0.99940 

01799 

64005 

39935 

20648 

7 

4 

00070 

02450 

57176 

67223 

40801 

0.99930 

02449 

42843 

33609 

95801 

8 

4 

00080 

03200 

85350 

40273 

10308 

0.99920 

03199 

14683 

73060 

30307 

9 

4 

00090 

04051 

21527 

34242 

14882 

0.99910 

04048 

78527 

33257 

99880 

1 

3 

00100 

05001 

66708 

34166 

80558 

0.99900 

04998 

33374 

99166 

80554 

2 

3 

00200 

20013 

34000 

26675 

55810 

0.99800 

19986 

67333 

06675 

55302 

3 

3 

00300 

45045 

03377 

02601 

29341 

0.99700 

44955 

03372 

97601 

20662 

4 

3 

00400 

80106 

77341 

87235 

88080 

0.99600 

79893 

43991 

47235 

23064 

5 

3 

00501 

25208 

59401 

06338 

35662 

0.99501 

24791 

92682 

31335 

25642 

6 

3 

00601 

80360 

54064 

86485 

55845 

0.99401 

79640 

53935 

26474 

44988 

7 

3 

00702 

45572 

66848 

55523 

16000 

0.99302 

44429 

33235 

10490 

47970 

8 

3 

00803 

20855 

04273 

43117 

20736 

0.99203 

19148 

37060 

63033 

98697 

9 

3 

00904 

06217 

73867 

81406 

25705 

0.99104 

03787 

72883 

66216 

45648 

1 

2 

01005 

01670 

84168 

05754 

21655 

0.99004 

98337 

49168 

05357 

39060 

2 

2 

02020 

13400 

26755 

81016 

01439 

0.98019 

86733 

06755 

30222 

08141 

3 

2 

03045 

45339 

53516 

85561 

24400 

0.97044 

55335 

48508 

17693 

25284 

4 

2 

04081 

07741 

92388 

22675 

70448 

0.96078 

94391 

52323 

20943 

92107 

5 

2 

05127 

10963 

76024 

03969 

75176 

0.95122 

94245 

00714 

00909 

14253 

6 

2 

06183 

65465 

45359 

62222 

46849 

0.94176 

45335 

84248 

70953 

71528 

7 

2 

07250 

81812 

54216 

47905 

31039 

0.93239 

38199 

05948 

22885 

79726 

8 

2 

08328 

70676 

74958 

55443 

59878 

0.92311 

63463 

86635 

78291 

07598 

9 

2 

09417 

42837 

05210 

35787 

28976 

0.91393 

11852 

71228 

18674 

73535 

1 

10517 

09180 

75647 

62481 

17078 

0.90483 

74180 

35959 

57316 

42491 

2 

22140 

27581 

60169 

83392 

10720 

0.81873 

07530 

77981 

85866 

99355 

3 

34985 

88075 

76003 

10398 

37443 

0.74081 

82206 

81717 

86606 

68738 

4 

49182 

46976 

41270 

31782 

48530 

0.67032 

00460 

35639 

30074 

44329 

5 

64872 

12707 

00128 

14684 

86508 

0.60653 

06597 

12633 

42360 

37995 

6 

82211 

88003 

90508 

97487 

53677 

0.54881 

16360 

94026 

43262 

84589 

7 

2. 

01375 

27074 

70476 

52162 

45494 

0.49658 

53037 

91409 

51470 

48001 

8 

2. 

22554 

09284 

92467 

60457 

95375 

0.44932 

89641 

17221 

59143 

01024 

9 

2. 

45960 

31111 

56949 

66380 

01266 

0.40656 

96597 

40599 

11188 

34542 

0   2.71828  18284  59045  23536  02875   0.36787  94411  71442  32159  55238 
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Table  4.6 

CIRC! 

JLAR 

SINES 

AND 

cosir 

^JES 

FOR 

RADIAN  AR 

GUME 

NTS 

.r 

sin  T 

COS  X 

0. 

000 

0. 

00000 

00000 

00000 

00000 

000 

1, 

00000 

00000 

00000 

00000 

000 

0. 

001 

0. 

00099 

99998 

33333 

34166 

667 

0. 

99999 

95000 

00041 

66666 

528 

0. 

002 

0. 

00199 

99986 

66666 

93333 

331 

0. 

99999 

80000 

00666 

66657 

778 

0. 

003 

0. 

00299 

99955 

00002 

02499 

957 

0. 

99999 

55000 

03374 

99898 

750 

0. 

004 

0. 

00399 

99893 

33341 

86666 

342 

0. 

99999 

20000 

10666 

66097 

778 

0. 

005 

0. 

00499 

99791 

66692 

70831 

783 

0. 

99998 

75000 

26041 

64496 

529 

0. 

006 

0. 

00599 

99640 

00064 

79994 

446 

0. 

99998 

20000 

53999 

93520 

004 

0. 

007 

0. 

00699 

99428 

33473 

39150 

327 

0. 

99997 

55001 

00041 

50326 

542 

0. 

008 

0. 

00799 

99146 

66939 

73291 

723 

0. 

99996 

80001 

70666 

30257 

819 

0. 

009 

0. 

00899 

98785 

00492 

07405 

100 

0. 

99995 

95002 

73374 

26188 

857 

0. 

010 

0. 

00999 

98333 

34166 

66468 

254 

0. 

99995 

00004 

16665 

27778 

026 

0. 

Oil 

0. 

01099 

97781 

68008 

75446 

684 

0. 

99993 

95006 

10039 

20617 

059 

0. 

012 

0. 

01199 

97120 

02073 

59289 

053 

0. 

99992 

80008 

63995 

85281 

066 

0. 

013 

0. 

01299 

96338 

36427 

42921 

659 

0. 

99991 

55011 

90034 

96278 

551 

0. 

014 

0. 

01399 

95426 

71148 

51241 

801 

0. 

99990 

20016 

00656 

20901 

438 

0. 

015 

0. 

01499 

94375 

06328 

09109 

944 

0. 

99988 

75021 

09359 

17975 

106 

0. 

016 

0. 

01599 

93173 

42071 

41340 

585 

0. 

99987 

20027 

30643 

36508 

430 

0. 

017 

0. 

01699 

91811 

78498 

72691 

726 

0. 

99985 

55034 

80008 

14243 

829 

0. 

018 

0. 

01799 

90280 

15746 

27852 

832 

0. 

99983 

80043 

73952 

76107 

331 

0. 

019 

0. 

01899 

88568 

53967 

31431 

205 

0. 

99981 

95054 

29976 

32558 

650 

0. 

020 

0. 

01999 

86666 

93333 

07936 

649 

0. 

99980 

00066 

66577 

77841 

270 

0. 

021 

0. 

02099 

84565 

34033 

81764 

335 

0. 

99977 

95081 

03255 

88132 

556 

0. 

022 

0. 

02199 

82253 

76279 

77175 

771 

0. 

99975 

80097 

60509 

19593 

878 

0. 

023 

0. 

02299 

79722 

20302 

18277 

769 

0. 

99973 

55116 

59836 

06320 

750 

0. 

024 

0. 

02399 

76960 

66354 

28999 

311 

0. 

99971 

20138 

23734 

58193 

002 

0. 

025 

0. 

02499 

73959 

14712 

33066 

217 

0. 

99968 

75162 

75702 

58624 

967 

0. 

026 

0. 

02599 

70707 

65676 

53973 

517 

0. 

99966 

20190 

40237 

62215 

698 

0. 

027 

0. 

02699 

67196 

19572 

14955 

411 

0. 

99963 

55221 

42836 

92299 

214 

0. 

028 

0. 

02799 

63414 

76750 

38952 

746 

0. 

99960 

80256 

09997 

38394 

779 

0. 

029 

0. 

02899 

59353 

37589 

48577 

881 

0. 

99957 

95294 

69215 

53557 

207 

0. 

030 

0. 

02999 

55002 

02495 

66076 

853 

0. 

99955 

00337 

48987 

51627 

216 

0. 

031 

0. 

03099 

50350 

71904 

13288 

752 

0. 

99951 

95384 

78809 

04381 

810 

0. 

032 

0. 

03199 

45389 

46280 

11602 

188 

0. 

99948 

80436 

89175 

38584 

710 

0. 

033 

0. 

03299 

40108 

26119 

81908 

762 

0. 

99945 

55494 

11581 

32936 

824 

0. 

034 

0. 

03399 

34497 

11951 

44553 

435 

0. 

99942 

20556 

78521 

14926 

773 

0. 

035 

0. 

03499 

28546 

04336 

19281 

702 

0. 

99938 

75625 

23488 

57581 

460 

0. 

036 

0. 

03599 

22245 

03869 

25183 

461 

0. 

99935 

20699 

80976 

76116 

700 

0. 

037 

0. 

03699 

15584 

11180 

80633 

489 

0. 

99931 

55780 

86478 

24487 

902 

0, 

038 

0. 

03799 

08553 

26937 

03228 

414 

0. 

99927 

80868 

76484 

91840 

819 

0. 

039 

0. 

03899 

01142 

51841 

09720 

085 

0. 

99923 

95963 

88487 

98862 

358 

0. 

040 

0. 

03998 

93341 

86634 

15945 

255 

0. 

99920 

01066 

60977 

94031 

457 

0. 

041 

0. 

04098 

85141 

32096 

36751 

449 

0. 

99915 

96177 

33444 

49770 

040 

0. 

042 

0. 

04198 

76530 

89047 

85918 

946 

0. 

99911 

81296 

46376 

58494 

043 

0. 

043 

0. 

04298 

67500 

58349 

76078 

755 

0. 

99907 

56424 

41262 

28564 

524 

0. 

044 

0. 

04398 

58040 

40905 

18626 

492 

0. 

99903 

21561 

60588 

80138 

853 

0. 

045 

0. 

04498 

48140 

37660 

23632 

066 

0. 

99898 

76708 

47842 

40921 

992 

0. 

046 

0. 

04598 

37790 

49604 

99745 

054 

0. 

99894 

21865 

47508 

41817 

869 

0. 

047 

0. 

04698 

26980 

77774 

54095 

689 

0. 

99889 

57033 

05071 

12480 

849 

0. 

048 

0. 

04798 

15701 

23249 

92191 

340 

0. 

99884 

82211 

67013 

76767 

299 

0. 

049 

0. 

04898 

03941 

87159 

17808 

403 

0. 

99879 

97401 

80818 

48087 

272 

0.050  0.04997   91692   70678   32879   487  0.99875   02603   94966   24656  287 

[(-9,6]  p-7,IJ 

For  conversion  from  degrees  to  radians  see  Example  13. 
For  use  and  extension  of  tlie  table  see  Examples  15-17. 

From  C.  E.  Van  Orstrand,  Tables  of  the  exponential  function  and  of  the  cir- 
cular sine  and  cosine  to  radian  arguments,  Memoirs  of  the  National  Academy  of 
Sciences,  vol.  14,  Fifth  Memoir.  U.S.  Government  Printing  Office,  Washington, 
D.C.,  1921  (with  permission).     Known  errors  have  been  corrected. 
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CIRCULAR  SINES  AND  COSINES  FOR  RADIAN  ARGUMENTS 


Table  4.6 


X  sin  X 

0.050  0.04997  91692  70678  32879  487 

0.051  0.05097  78943  75032  37375  800 

0.052  0.05197  65685  01496  29184  649 

0.053  0.05297  51906  51396  03981  925 

0.054  0.05397  37598  26109  55099  505 

0.055  0.05497  22750  27067  73387  446 

0.056  0.05597  07352  55755  47070  891 

0.057  0.05696  91395  13712  61601  567 

0.058  0.05796  74868  02534  99503  794 

0.059  0.05896  57761  23875  40214  896 

0.060  0.05996  40064  79444  59919  909 

0.061  0.06096  21768  71012  31380  500 

0.062  0.06196  02863  00408  23757  982 

0.063  0.06295  83337  69523  02430  343 

0.064  0.06395  63182  80309  28803  166 

0.065  0.06495  42388  34782  60114  361 

0.066  0.06595  20944  35022  49232  601 

0.067  0.06694  98840  83173  44449  361 

0.068  0.06794  76067  81445  89264  458 

0.069  0.06894  52615  32117  22165  004 

0.070  0.06994  28473  37532  76397  655 

0.071  0.07094  03632  00106  79734  071 

0.072  0.07193  78081  22323  54229  480 

0.073  0.07293  51811  06738  15974  250 

0.074  0.07393  24811  55977  74838  360 

0.075  0.07492  97072  72742  34208  684 

0.076  0.07592  68584  59805  90718  980 

0.077  0.07692  39337  20017  33972  485 

0.078  0.07792  09320  56301  46257  015 

0.079  0.07891  78524  71660  02252  478 

0.080  0.07991  46939  69172  68730  688 

0.081  0.08091  14555  51998  04247  389 

0.082  0.08190  81362  23374  58826  394 

0.083  0.08290  47349  86621  73635  718 

0.084  0.08390  12508  45140  80655  638 

0.085  0.08489  76828  02416  02338  544 

0.086  0.08589  40298  62015  51260  514 

0.087  0.08689  02910  27592  29764  492 

0.088  0.08788  64653  02885  29594  973 

0.089  0.08888  25516  91720  31524  112 

0.090  0.08987  85491  98011  04969  125 

0.091  0.09087  44568  25760  07600  919 

0.092  0.09187  02735  79059  84943  819 

0.093  0.09286  59984  62093  69966  323 

0.094  0.09386  16304  79136  82662  751 

0.095  0.09485  71686  34557  29625  724 

0.096  0.09585  26119  32817  03609  347 

0.097  0.09684  79593  78472  83083  006 

0.098  0.09784  32099  76177  31775  683 

0.099  0.09883  83627  30679  98210  683 

0.100  0.09983  34166  46828  15230  681 


^(-s„J 


COS  X 

0.99875  02603  94966  24656  287 

0.99869  97818  58936  84647  237 

0.99864  83046  23208  81242  407 

0.99859  58287  39259  37585  623 

0.99854  23542  59564  41634  531 

0.99848  78812  37598  40913  005 

0.99843  24097  27834  37163  704 

0.99837  59397  85743  80900  770 

0.99831  84714  67796  65862  676 

0.99826  00048  31461  23365  235 

0.99820  05399  35204  16554  766 

0.99814  00768  38490  34561  437 

0.99807  86156  01782  86552  769 

0.99801  61562  86542  95687  334 

0.99795  26989  55229  92968  628 

0.99788  82436  71301  10999  144 

0.99782  27904  99211  77634  635 

0.99775  63395  04415  09538  592 

0.99768  88907  53362  05636  926 

0.99762  04443  13501  40472  866 

0.99755  10002  53279  57462  091 

0.99748  05586  42140  62048  084 

0.99740  91195  50526  14757  726 

0.99733  66830  49875  24157  139 

0.99726  32492  12624  39707  777 

0.99718  88181  12207  44522  774 

0.99711  33898  23055  48023  568 

0.99703  69644  20596  78496  785 

0.99695  95419  81256  75551  417 

0.99688  11225  82457  82476  279 

0.99680  17063  02619  38497  771 

0.99672  12932  21157  70937  933 

0.99663  98834  18485  87272  823 

0.99655  74769  76013  67091  212 

0.99647  40739  76147  53953  598 

0.99638  96745  02290  47151  570 

0.99630  42786  38841  93367  506 

0.99621  78864  71197  78234  626 

0.99613  04980  85750  17797  412 

0.99604  21135  69887  49872  388 

0.99595  27330  11994  25309  284 

0.99586  23565  01450  99152  586 

0.99577  09841  28634  21703  483 

0.99567  86159  84916  29482  217 

0.99558  52521  62665  36090  844 

0.99549  08927  55245  22976  426 

0.99539  55378  57015  30094  649 

0.99529  91875  63330  46473  881 

0.99520  18419  70541  00679  686 

0.99510  35011  75992  51179  796 

0.99500  41652  78025  76609  556 
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ELEMENTARY    TRAXSCEXDENTAL    FUXCTIOXS 


TaUe  4.6 


CmCLLAR  SEVES  AND  COSINES  FOR  R\J>LAJS  ARGUMENTS 


X  sm  z 

0.100  0.09983  34166  46828  15230  681 

0.101  0.10082  83707  29567  99512  975 

0.102  0.10182  32239  83945  51074  864 

0.103  0.10281  79754  15107  52769  040 

0.104  0.10381  26240  28302  69768  897 


cos  X 

0.99500  41652  78025  76609  556 
0.99490  38343  75976  65937  840 

0.99480  25085  70176  08533  469 
0.99470  01879  61949  84132  117 
0.99459  68726  53618  52703  737 


0.105  0.10480  71688  28882  49043  655 

0.106  0.10580  16088  22302  18823  209 

0.107  0.10679  59430  14121  88052  588 

0.108  0.10779  01704  10007  45835  941 

0.109  0.10878  42900  15731  60869  939 


0.99449  25627  48497  44220  501 

0.99438  72583  50896  48325  268 

0.99428  09595  66120  03900  596 

0.99417  36665  00466  88538  307 

0.99406  53792  61230  07909  607 


0.110  0.10977  83008  37174  80866  495 

0.111  0.11077  22018  80326  31964  714 

0.112  0,11176  59921  51285  18131  952 

0.113  0.11275  96706  56261  20553  909 

0.114  0.11375  32364  01575  97013  636 


0.99395  60979  56696  85035  784 

0.99384  58226  96148  49459  483 

0.99373  45535  89860  26316  578 

0.99362  22907  49101  25308  652 

0.99350  90342  86134  29576  080 


0,115  0.11474  66883  93663  81259  372 

0.116  0.11574  00256  39072  82361  097 

0. 117  0. 11673  32471  44465  84055  722 

0.118  0.11772  63519  16621  44080  790 

0.119  0.11871  93389  62434  93496  613 


0.99339  47843  14215  84471  755 

0.99327  95409  47595  86235  439 

0.99316  33043  01517  70568  768 

0.99304  60744  92218  OHIO  921 

0.99292  78516  36926  57814  950 


0.120  0.11971  22072  88919  35996  735 

0.121  0.12070  49559  03206  47206  615 

0.122  0.12169  75838  12547  73970  447 

0.123  0.12269  00900  24315  33626  003 

0.124  0.12368  24735  46003  13267  407 


0.99280  86358  53866  25224  810 

0.99268  84272  62252  80653  067 

0.99256  72259  82294  82259  329 

0.99244  50321  35193  57029  382 

0.99232  18458  43142  88655  070 


0. 125  D, 12467  47333  85227  68995  744 

0.126  0.12566  68685  49729  25157  389 

0.127  0,12665  88780  47372  73569  978 

0.128  0,12765  07608  86148  72735  909 

0.129  0.12864  25160  74174  47043  273 


0.99219  76672  29329  05314  910 

0.99207  24964  17930  67355  462 

0.99194  63335  34118  54873  474 

0.99181  91787  04055  55198  803 

0.99169  10320  54896  50278  123 


0.130  0.12963  41426  19694  85954  121 

0.131  0.13062  56395  31083  43179  968 

0.132  0.13161  70058  16843  35844  433 

0.133  0.13260  82404  85608  43632  907 

0.134  0.13359  93425  46144  07929  171 


0.99156  18937  14788  03959  451 

0.99143  17638  12868  49177  481 

0.99130  06424  79267  75039  751 

0.99116  85298  45107  13813  659 

0.99103  54260  42499  27814  325 


0. 135  0. 13459  03110  07348  30938  844 

0.136  0.13558  11448  78252  74799  575 

0.137  0.13657  18431  68023  60677  867 

0.138  0.13756  24048  85962  67852  453 

0.139  0.13855  28290  41508  32784  107 


0.99090  13312  04547  96193  339 

0.99076  62454  65348  01628  375 

0.99063  01689  59985  16913  714 

0.99049  31018  24535  91451  667 

0.99035  50441  96067  37644  937 


0.140  0.13954  31146  44236  48171  799 

0.141  0.14053  32607  03861  61995  092 

0.142  0.14152  32662  30237  76542  691 

0.143  0.14251  31302  33359  47427  025 

0.144  0.14350  28517  23362  82584  791 


0.99021  59962  12637  17189  895 

0.99007  59580  13293  27270  829 

0, 98993  49297  38073  86655  145 

0.98979  29115  28007  21689  546 

0.98964  99035  25111  52197  214 


0.145  0.14449  24297  10526  41263  332 

0.146  0.14548  18632  05272  32992  773 

0.147  0.14647  11512  18167  16543  800 

0.148  0.14746  02927  59922  98870  997 

0.149  0.14844  92868  41398  34041  627 

0.150  0.14943  81324  73599  22149  773 


I'-n 


0.98950  59058  72394  77275  984 

0.98936  09187  13854  60997  551 

0.98921  49421  94478  18007  704 

0.98906  79764  60241  99027  617 

0.98892  00216  58111  76256  193 

0.98877  10779  36042  28673  498 


ELEMENTARY    TRANSCENDENTAL    FUNCTIONS 
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CIRCLLAR  SIXES  AND  COSINES  FOR  RADIAN  ARGUMENTS  Table  4.6 


X  sin  X 

0.150  0.14943  81324  73599  22149  773  0.98877 

0.151  0.15042  68286  67680  08215  725  0.98862 

0.152  0.15141  53744  34944  81070  532  0.98847 

0.153  0.15240  37687  86847  72225  604  0.98831 

0.154  0.15339  20107  34994  54727  267  0.98816 

0,155  0.15438  00992  91143  41996  190  0.98801 

0.156  0.15536  80334  67205  86651  555  0.98785 

0.157  0.15635  58122  75247  79319  902  0.98770 

0.158  0.15734  34347  27490  47428  529  0.98754 

0.159  0.15833  08998  36311  53983  354  0.98738 

0.160  0.15931  82066  14245  96331  146  0.98722 

0.161  0.16030  53540  73987  04906  020  0.98706 

0.162  0.16129  23412  28387  41960  095  0.98690 

0.163  0.16227  91670  90460  00278  226  0.98674 

0.164  0.16326  58306  73379  01876  705  0.98658 


10779  36042  28673  498 
11454  42977  27245  283 
02243  28849  20028  611 
83147  44579  17178  614 
54168  42076  75856  382 

15307  74239  85038  006 
66566  94954  50224  794 
07947  59094  78054  663 
39451  22522  60814  736 
61079  42087  60855  150 

72833  75626  94904  095 

74715  81965  18284  099 

66727  20914  09029  574 

48869  53272  51905  638 

21144  40826  22328  234 


0.165  0.16425  23309  90480  96685  825 

0.166  0.16523  86670  55265  61216  228 

0.167  0.16622  48378  81396  97208  916 

0.168  0.16721  08424  82704  30268  843 

0.169  0.16819  66798  73183  08481  981 


0.98641  83553  46347  70185  554 

0.98625  36098  33596  03560  791 

0.98608  78780  67316  72356  233 

0.98592  11602  13241  51818  712 

0.98575  34564  38088  25966  434 


0.170  0.16918  23490  66996  01015  762 

0.171  0.17016  78490  78473  96702  805 

0.172  0.17115  31789  22117  02607  812 

0.173  0.17213  83376  12595  42577  560 

0.174  0.17312  33241  64750  55773  865 


0.98558  47669  09560  70917  193 

0.98541  50917  96348  38117  998 

0.98524  44312  68126  37476  124 

0.98507  27854  95555  20391  598 

0.98490  01546  50280  62691  158 


0.175  0.17410  81375  93595  95189  433  0.98472 

0.176  0.17509  27769  14318  26146  505  0.98455 

0.177  0.17607  72411  42278  24778  176  0.98437 

0.178  0.17706  15292  93011  76492  317  0.98419 

0.179  0.17804  56403  82230  74417  975  0.98402 


65389  04933  47463  670 

19384  33129  47797  052 

63534  09469  09416  699 

97840  09537  33225  443 

22304  09903  57745  046 


0.180  0.17902  95734  25824  17834  180  0.98384 

0.181  0.18001  33274  39859  10581  029  0.98366 

0.182  0.18099  69014  40581  59452  980  0.98348 

0.183  0.18198  02944  44417  72574  233  0.98330 

0.184  0.18296  35054  67974  57756  116  0.98311 


36927  88121  41459  272 
41713  22728  45058  522 
36661  93246  13586  083 
21775  80179  58485  974 
97056  65017  39552  448 


0.185  0.18394  65335  28041  20836  370  0.98293 

0.186  0.18492  93776  41589  64000  231  0.98275 

0.187  0.18591  20368  25775  84083  224  0.98256 

0.188  0.18689  45100  97940  70855  554  0.98237 

0.189  0.18787  67964  75611  05288  013  0.98219 


62506  30231  46781  122 
18126  59276  82121  799 
63919  36591  41132  959 
99886  47595  94537  971 
26029  78693  69683  022 


0.  190  0.  18885  88949  76500  57799  285 

0.191  0.18984  08046  18510  86484  571 

0.192  0.19082  25244  19732  35325  424 

0.193  0.19180  40533  98445  32380  691 

0.  194  0. 19278  53905  73120  87958  485 

0.195  0.19376  65349  62421  92769  058 

0.196  0.19474  74855  85204  16058  510 

0.197  0.19572  82414  60517  03723  204 

0.198  0.19670  88016  07604  76404  820 

0.199  0.19768  91650  45907  27565  917 

0.200  0.19866  93307  95061  21545  941 


0.98200  42351  17270  31896  788 

0.98181  48852  51693  65751  875 

0.98162  45535  71313  56228  034 

0.98143  32402  66461  69777  178 

0.98124  09455  28451  35290  214 

0.98104  76695  49577  24965  723 

0.98085  34125  23115  35080  479 

0.98065  81746  43322  66661  867 

0.98046  19561  05437  06062  170 

0.98026  47571  05677  05434  796 

0.98006  65778  41241  63112  420 
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ELEMENTARY    TRANSCENDENTAL    FUNCTIONS 
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0.200  0.19866  93307  95061   21545   941 

0.201  0.19964  92978  74900   91597   545 

0.202  0.20062  90653  05459   37903   151 

0.203  0.20160  86321  06969   25571   640 

0.204  0.20258  79972  99863   82615   083 

0.205  0.20356  71599  04777   97905   397 

0.206  0.20454  61189  42549   19110   856 

0.207  0.20552  48734  34218   50612    330 

0.208  0.20650  34224  01031   51399   175 

0.209  0.20748  17648  64439   32944   665 

0.210  0.20845  98998  46099   57060  871 

0.211  0.20943  78263  67877   33732   895 

0.212  0.21041  55434  51846   18932   346 

0.213  0.21139  30501  20289   12409   982 

0.214  0.21237  03453  95699   55467   398 

0.215  0.21334  74283  00782   28707   677 

0.216  0.21432  42978  58454   49764   905 

0.217  0.21530  09530  91846  71012   439 

0.218  0.21627  73930  24303  77249   851 

0.219  0.21725  36166  79385   83368   434 

0.220  0.21822  96230  80869   31995  179 

0.221  0.21920  54112  52747  91115   124 

0.222  0.22018  09802  19233  51671   977 

0.223  0.22115  63290  04757   25146   920 

0.224  0.22213  14566  33970   41115   484 

0.225  0.22310  63621  31745   44782   417 

0.226  0.22408  10445  23176   94494   428 

0.227  0.22505  55028  33582   59230   720 

0.228  0.22602  97360  88504   16071   214 

0.229  0.22700  37433  13708   47642   363 

0.230  0.22797  75235  35188  39540   462 

0.231  0.22895  10757  79163   77732   354 

0.232  0.22992  43990  72082   45933  437 

0.233  0.23089  74924  40621   22962   869 

0.234  0.23187  03549  11686   80075   884 

0.235  0.23284  29855  12416   78273   112 

0.236  0.23381  53832  70180   65586   809 

0.237  0.23478  75472  12580   74343   904 

0.238  0.23575  94763  67453   18405   752 

0.239  0.23673  11697  62868  90384   520 

0.240  0.23770  26264  27134   58836   079 

0.241  0.23867  38453  88793   65429   334 

0.242  0.23964  48256  76627   22091   869 

0.243  0.24061  55663  19655   08131   828 

0.244  0.24158  60663  47136   67335   933 

0.245  0.24255  63247  88572    05043   522 

0.246  0.24352  63406  73702   85196   546 

0.247  0.24449  61130  32513   27365   389 

0.248  0.24546  56408  95231    03750   445 

0.249  0.24643  49232  92328   36159   337 

0.250  0.24740  39592  54522   92959   685 


COS   X 

0.98006  65778  41241  63112  420 

0.97986  74185  10310  03887  090 

0.97966  72793  12041  59192  306 

0.97946  61604  46575  47187  084 

0.97926  40621  15030  52742  047 

0.97906  09845  19505  07327  536 

0.97885  69278  63076  68803  784 

0.97865  18923  49802  01113  156 

0.97844  58781  84716  53874  491 

0.97823  88855  73834  41879  553 

0.97803  09147  24148  24491  614 

0.97782  19658  43628  84946  201 

0.97761  20391  41225  09554  014 

0.97740  11348  26863  66806  039 

0.97718  92531  11448  86380  882 

0.97697  63942  06862  38054  344 

0.97676  25583  25963  10511  247 

0.97654  77456  82586  90059  555 

0.97633  19564  91546  39246  782 

0.97611  51909  68630  75378  736 

0.97589  74493  30605  48940  602 

0.97567  87317  95212  21920  392 

0.97545  90385  81168  46034  788 

0.97523  83699  08167  40857  388 

0.97501  67259  96877  71849  392 

0.97479  41070  68943  28292  737 

0.97457  05133  46983  01125  708 

0.97434  59450  54590  60681  052 

0.97412  04024  16334  34326  607 

0.97389  38856  57756  84008  477 

0.97366  63950  05374  83696  773 

0.97343  79306  86678  96733  940 

0.97320  84929  30133  53085  695 

0.97297  80819  65176  26494  602 

0.97274  66980  22218  11536  294 

0.97251  43413  32643  00578  389 

0.97228  10121  28807  60642  091 

0.97204  67106  44041  10166  529 

0.97181  14371  12644  95675  843 

0.97157  51917  69892  68349  034 

0.97133  79748  52029  60492  618 

0.97109  97865  96272  61916  095 

0.97086  06272  40809  96210  262 

0.97062  04970  24800  96928  391 

0.97037  93961  88375  83670  294 

0.97013  73249  72635  38069  313 

0.96989  42836  19650  79682  233 

0.96965  02723  72463  41782  166 

0.96940  52914  75084  47054  425 

0.96915  93411  72494  83195  397 

0.96891  24217  10644  78414  459 
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0.250 
0.251 
0.252 
0.253 
0.254 

0.255 
0.256 
0.257 
0.258 
0.259 

0.260 
0.261 
0.262 
0.263 
0.264 

0.265 
0.266 
0.267 
0.268 
0.269 

0.270 
0.271 
0.272 
0.273 
0.274 

0.275 
0.276 
0.277 
0.278 
0.279 

0.280 
0.281 
0.282 
0.283 
0.284 

0.285 
0.286 
0.287 
0.288 
0.289 

0.290 
0.291 
0.292 
0.293 
0.294 

0.295 
0.296 
0.297 
0.298 
0.299 

0.300 


0.24740  39592  54522  92959  685 

0.24837  27478  12778  86007  332 

0.24934  12879  98307  67549  922 

0.25030  95788  42569  27105  742 

0.25127  76193  77272  88317  722 


25224  54086 
25321  29456 
25418  02294 
25514  72590 
25611  40335 

25708  05518 
25804  68131 
25901  28163 
25997  85606 
26094  40448 

26190  92681 
26287  42295 
26383  89280 
26480  33627 
26576  75325 

26673  14366 
26769  50740 
26865  84437 
26962  15447 
27058  43761 


34378 
46095 
44888 
63473 
34820 

92155 
68959 
98972 
16189 
54868 

49524 
34933 
46135 
18431 
87386 

88831 
58861 
33839 
50396 
45431 


05782  506 
61854  486 
63424  714 
38674  587 
33804  209 

09735  339 
38788  820 
01336  401 
82426  844 
68386  239 

43392  399 
86023  278 
65779  278 
39579  372 
48230  942 

12873  229 
31394  301 
74821  451 
83684  915 
64354  828 


0.27154  69369  56112  85351  302 

0.27250  92262  19879  73627  557 

0.27347  12429  74443  10825  981 

0.27443  29862  57786  29507  043 

0.27539  44551  08166  09350  952 

0.27635  56485  64113  73331  967 

0.27731  65656  64435  83865  270 

0.27827  72054  48215  38926  293 

0.27923  75669  54812  68142  411 

0.28019  76492  23866  28856  909 

0.28115  74512  95294  02165  110 

0.28211  69722  09293  88922  591 

0.28307  62110  06345  05725  374 

0.28403  51667  27208  80861  997 

0.28499  38384  12929  50237  384 

0.28595  22251  04835  53268  394 

0.28691  03258  44540  28750  981 

0.28786  81396  73943  10698  841 

0.28882  56656  35230  24153  475 

0.28978  29027  70875  80965  551 

0.29073  98501  23642  75547  489 

0.29169  65067  36583  80597  155 

0.29265  28716  53042  42792  582 

0.29360  89439  16653  78457  616 

0.29456  47225  71345  69198  389 

0.29552  02066  61339  57510  532 


cos  X 

0.96891  24217  10644  78414  459 

0.96866  45333  36453  76838  955 

0.96841  56762  97810  13822  250 

0.96816  58508  43570  91154  897 

0.96791  50572  23561  52178  941 

0.96766  32956  88575  56805  375 

0.96741  05664  90374  56434  780 

0.96715  68698  81687  68781  180 

0.96690  22061  16211  52599  126 

0.96664  65754  48609  82314  035 

0.96638  99781  34513  22555  822 

0.96613  24144  30519  02595  835 

0.96587  38845  94190  90687  131 

0.96561  43888  84058  68308  107 

0.96535  39275  59618  04309  520 

0.96509  25008  81330  28964  923 

0.96483  01091  10622  07924  537 

0.96456  67525  09885  16072  584 

0.96430  24313  42476  11288  118 

0.96403  71458  72716  08109  368 

0.96377  08963  65890  51301  623 

0.96350  36830  88248  89328  696 

0.96323  55063  07004  47727  972 

0.96296  63662  90334  02389  084 

0.96269  62633  07377  52736  246 

0.96242  51976  28237  94814  248 

0.96215  31695  23980  94278  169 

0.96188  01792  66634  59286  807 

0.96160  62271  29189  13299  879 

0.96133  13133  85596  67778  997 

0.96105  54383  10770  94792  459 

0.96077  86021  80586  99523  878 

0.96050  08052  71880  92684  682 

0.96022  20478  62449  62830  504 

0.95994  23302  31050  48581  495 

0.95966  16526  57401  10746  590 

0.95938  00154  22179  04351  746 

0.95909  74188  07021  50572  193 

0.95881  38630  94525  08568  713 

0.95852  93485  68245  47227  984 

0.95824  38755  12697  16807  013 

0.95795  74442  13353  20481  688 

0.95767  00549  56644  85799  478 

0.95738  17080  29961  36036  308 

0.95709  24037  21649  61457  636 

0.95680  21423  21013  90483  768 

0.95651  09241  18315  60759  429 

0.95621  87494  04772  90127  632 

0.95592  56184  72560  47507  858 

0.95563  15316  14809  23678  590 


0.95533  64891  25606  01964  231 

■(-7)1- 
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ELEMENTARY    TRANSCENDENTAL    FUNCTIONS 
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0.300 
0.301 
0.302 
0.303 
0.304 

0,305 
0.306 
0.307 
0.308 
0.309 

0.310 
0.311 
0.312 
0.313 
0.314 

0.315 
0.316 
0.317 
0.318 
0.319 

0.320 
0.321 
0.322 
0.323 
0.324 

0.325 
0.326 
0.327 
0.328 
0.329 

0.330 
0.331 
0.332 
0.333 
0.334 

0,335 
0.336 
0.337 
0.338 
0.339 

0,340 
0.341 
0.342 
0.343 
0.344 

0.345 
0.346 
0.347 
0,348 
0,349 

0.350 


0.29552  02066  61339  57510  532 

0.29647  53952  31151  42357  025 

0.29743  02873  25592  74716  586 

0.29838  48819  89771  53102  518 

0.29933  91782  69093  19051  897 

0.30029  31752  09261  52585  026 

0,30124  68718  56279  67635  045 

0.30220  02672  56451  07447  613 

0.30315  33604  56380  39950  549 

0.30410  61505  02974  53093  365 


0.30505 
0.30601 
0.  30696 
0.30791 
0,30886 

0.30981 
0,31076 
0.31171 
0.31266 
0.31361 

0.31456 
0,  31551 
>  0,31646 
0.31741 
0,  31836 

0.31930 
0.32025 
0.32120 
0,32215 
0,32309 

0,32404 
0,32498 
0.32593 
0.32687 
0.32782 


32876 
32971 
33065 
33160 
33254 

33348 
33442 
33537 
33631 
33725 

33819 
33913 
34007 
34101 
34195 


86364  43443  50156  564 
08173  25301  45030  632 
26921  96367  57464  615 
42601  04767  08284  189 
55200  98932  14579  138 

64712  27602  84860  120 
71125  39828  14184  658 
74430  84966  79252  234 
74619  12688  33468  402 
71680  72974  01977  833 

65606  16117  76666  176 
56385  92727  11130  659 
44010  53724  15619  332 
28470  50346  51938  844 
09756  34148  28330  674 

87858  57000  94315  718 
62767  71094  35507  128 
34474  28937  68391  319 
02968  83360  35077  048 
68241  87512  98012  460 

30283  94868  34670  020 
89085  59222  32199  224 
44637  34694  82047  Oil 
96929  75730  74545  756 
45953  37100  93468  777 

91698  73903  10553  241 

34156  41562  79990  386 

73316  95834  32882  957 

09170  92801  71669  766 

41708  88879  64517  288 

70921  40814  39678  177 
96799  05684  79816  635 
19332  40903  16300  519 
38512  04216  23460  104 
54328  53706  12813  399 

66772  47791  27257  928 
75834  45227  35228  880 
81505  05108  24823  531 
83774  86866  97891  850 
82634  50276  64093  188 


0,34289  78074  55451  34918  963 


0.95533  64891  25606  01964  231 

0,95504  04912  99993  28826  414 

0,95474  35384  33968  84359  763 

0.95444  56308  24485  52692  116 

0.95414  67687  69450  92289  242 

0.95384  69525  67727  06164  084 

0.95354  61825  19130  11990  559 

0.95324  44589  24430  12121  945 

0.95294  17820  85350  63513  878 

0.95263  81523  04568  47552  001 

0.95233  35698  85713  39784  281 

0.95202  80351  33367  79558  038 

0.95172  15483  53066  39561  711 

0.95141  41098  51295  95271  383 

0.95110  57199  35494  94302  111 

0.95079  63789  14053  25664  080 

0.95048  60870  96311  88923  617 

0.95017  48447  92562  63269  094 

0.94986  26523  14047  76481  749 

0.94954  95099  72959  73811  467 

0,94923  54180  82440  86757  531 

0,94892  03769  56583  01754  395 

0.94860  43869  10427  28762  501 

0.94828  74482  59963  69764  173 

0.94796  95613  22130  87164  613 

0.94765  07264  14815  72098  048 

0.94733  09438  56853  12639  034 

0.94701  02139  68025  61918  976 

0.94668  85370  69063  06147  877 

0.94636  59134  81642  32541  351 

0.94604  23435  28386  97152  941 

0,94571  78275  32866  92611  768 

0.94539  23658  19598  15765  535 

0.94506  59587  14042  35228  939 

0.94473  86065  42606  58837  502 

0.94441  03096  32643  01006  864 

0.94408  10683  12448  49997  577 

0.94375  08829  11264  35085  413 

0.94341  97537  59275  93637  243 

0.94308  76811  87612  38092  499 

0.94275  46655  28346  22850  264 

0.94242  07071  14493  11062  025 

0.94208  58062  80011  41330  105 

0.94174  99633  59801  94311  834 

0.94141  31786  89707  59229  468 

0,94107  54526  06513  00285  905 

0,94073  67854  47944  22986  218 

0.94039  71775  52668  40365  059 

0.94005  66292  60293  39119  944 

0.93971  51409  11367  45650  473 

0.93937  27128  47378  92003  503 
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0.350 
0.351 
0.352 
0.353 
0.354 

0.355 
0.356 
0.357 
0.358 
0.359 

0.360 
0.361 
0.362 
0.363 
0.364 

0.365 
0.366 
0.367 
0.368 
0.369 

0.370 
0.371 
0.372 
0.373 
0.374 

0.375 
0.376 
0.377 
0.378 
0.379 

0.380 
0.381 
0.382 
0.383 
0.384 

0.385 
0.386 
0.387 
0.388 
0.  389 

0.390 
0.391 
0.392 
0.393 
0.394 

0.395 
0.396 
0.397 
0.398 
0.399 

0,400 


sm  X 

0.34289  78074  55451  34918  963 

0.34383  70085  62847  17681  237 

0.34477  58658  33263  09467  102 

0,34571  43783  27841  91058  778 

0.34665  25451  08071  20819  319 

0.34759  03652  35784  28543  852 

0.34852  78377  73161  09276  237 

0.34946  49617  82729  17091  064 

0.35040  17363  27364  58840  891 

0.35133  81604  70292  87868  632 

0.35227  42332  75089  97684  991 

0.35320  99538  05683  15610  866 

0.35414  53211  26351  96384  608 

0.35508  03343  01729  15734  065 

0.35601  49923  96801  63913  294 

0.35694  92944  76911  39203  863 

0.35788  32396  07756  41380  647 

0.35881  68268  55391  65142  021 

0.35975  00552  86229  93504  354 

0.36068  29239  67042  91160  721 

0.36161  54319  64961  97803  729 

0.36254  75783  47479  21412  373 

0.36347  93621  82448  31502  813 

0,36441  07825  38085  52343  006 

0.36534  18384  82970  56131  067 

0.36627  25290  86047  56137  291 

0.36720  28534  16625  99809  733 

0.36813  28105  44381  61843  251 

0.36906  23995  39357  37211  926 

0.36999  16194  71964  34164  758 

0.37092  04694  12982  67184  549 

0.37184  89484  33562  49909  881 

0.37277  70556  05224  88020  096 

0.37370  47899  99862  72083  184 

0.37463  21506  89741  70366  479 

0.37555  91367  47501  21610  089 

0.37648  57472  46155  27762  945 

0,37741  19812  59093  46681  397 

0.37833  78378  60081  84790  240 

0,37926  33161  23263  89706  110 

0,38018  84151  23161  42823  118 

0.38111  31339  34675  51860  671 

0,38203  74716  33087  43373  349 

0.38296  14272  94059  55222  774 

0.38388  49999  93636  29011  366 

0.38480  81888  08245  02477  888 

0.38573  09928  14697  01854  707 

0.38665  34110  90188  34186  658 

0.38757  54427  12300  79611  426 

0,38849  70867  59002  83601  363 

0,38941  83423  08650  49166  631 


cos  I 

0.93937  27128  47378  92003  503 

0.93902  93454  10755  81724  321 

0,93868  50389  44865  55613  841 

0.93833  97937  94014  57391  869 

0,93799  36103  03447  99266  461 


0.93764 
0.93729 
0.93694 
0.93659 
0,93624 

0,93589 
0.93554 
0,93519 
0.93483 
0.93448 

0,93412 
0.93376 
0.93340 
0.93304 
0.93268 

0.93232 
0.93196 
0,93160 
0.93123 
0,93087 

0.93050 
0.93014 
0.92977 
0.92940 
0.92903 


64888  19349  27409  412 
84296  88839  87337  915 
94332  59978  89202  418 
94998  81762  72980  716 
86299  04124  73578  312 


92866 
92829 
92792 
92754 
92717 

92679 
92642 
92604 
92566 
92528 

92490 
92452 
92414 
92376 
92338 

92299 
92261 
92222 
92183 
92144 


68236 
40815 
04038 
57910 
02433 

37611 
63448 
79948 
87113 
84948 

73456 
52640 
22505 
83054 
34291 

76219 
08841 
32163 
46186 
50916 

46355 
32508 
09378 
76968 
35283 

84326 
24101 
54613 
75863 
87857 

90598 
84090 
68337 
43342 
09109 

65643 
12947 
51025 
79880 
99517 


77934  85835  091 
54999  29438  322 
88060  13742  042 
30795  02492  855 
37816  78462  165 

64673  07984  897 
67846  05404  739 
04751  97425  922 
33740  87371  606 
14096  19348  871 

06034  42320  381 
70704  74082  737 
70188  65151  560 
67499  62553  347 
26582  73524  125 

12314  29114  948 

90501  47704  265 

27881  98417  211 

92123  64451  836 

51824  06312  328 


76510 
36638 
03592 
49686 
48161 

73184 
99852 
04187 
63138 
54580 

57313 
51063 
16481 
35142 
89547 

63117 
40199 
06064 
46904 
49832 


24949  253 
24806  858 
76777  471 
81063  030 
29943  792 

70454  235 
66966  223 
63679  438 
47019  143 
07941  297 

04145  068 
22192  776 
39537  314 
86457  070 
07898  401 

25225  693 
97879  040 
84939  589 
06602  584 
05558  150 


['-n 


0.92106  09940  02885  08279  853 
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ELEMENTARY   TRANSCENDENTAL    FUNCTIONS 

CIRCULAR  SIXES  AND  COSINES  FOR  RADIAN  ARGUMENTS 


X  sin  X 

0.400  0.38941  83423  08650  49166  631 

0.401  0.39033  92084  39988  29019  595 

0.402  0.39125  96842  32150  17700  358 

0.403  0.39217  97687  64660  43663  363 

0.404  0.39309  94611  17434  61324  955 

0.405  0.39401  87603  70780  43071  820 

0.406  0.39493  76656  05398  71230  202 

0.407  0.39585  61759  02384  29995  816 

0.408  0.39677  42903  43226  97324  356 

0.409  0.39769  20080  09812  36782  508 

0.410  0.39860  93279  84422  89359  380 

0.411  0.39952  62493  49738  65238  251 

0.412  0.40044  27711  88838  35528  558 

0.413  0.40135  88925  85200  23958  010 

0.414  0.40227  46126  22702  98524  766 

0.415  0.40318  99303  85626  63109  550 

0.416  0.40410  48449  58653  49047  645 

0.417  0.40501  93554  26869  06660  654 

0.418  0.40593  34608  75762  96747  939 

0.419  0.40684  71603  91229  82037  655 

0.420  0.40776  04530  59570  18597  279 

0.421  0.40867  33379  67491  47203  546 

0.422  0.40958  58142  02108  84671  703 

0.423  0.41049  78808  50946  15143  980 

0.424  0.41140  95370  01936  81337  201 

0.425  0.41232  07817  43424  75749  435 

0.426  0.41323  16141  64165  31825  593 

0.427  0.41414  20333  53326  15081  889 

0.428  0.41505  20384  00488  14189  067 

0.429  0.41596  16283  95646  32014  301 

0.430  0.41687  08024  29210  76621  692 

0.431  0.41777  95595  92007  52231  243 

0.432  0.41868  78989  75279  50136  257 

0.433  0.41959  58196  70687  39579  028 

0.434  0.42050  33207  70310  58584  774 

0.435  0.42141  04013  66648  04753  684 

0.436  0.42231  70605  52619  26011  018 

0.437  0.42322  32974  21565  11315  146 

0.438  0.42412  91110  67248  81323  456 

0.439  0.42503  45005  83856  79016  027 

0.440  0.42593  94650  65999  60276  972 

0.441  0.42684  40036  08712  84433  381 

0.442  0.42774  81153  07458  04751  750 

0.443  0.42865  17992  58123  58891  823 

0.444  0.42955  50545  57025  59317  745 

0.445  0.43045  78803  00908  83666  443 

0.446  0.43136  02755  86947  65073  141 

0.447  0.43226  22395  12746  82453  917 

0.448  0.43316  37711  76342  50745  219 

0.449  0.43406  48696  76203  11100  244 

0.450  0.43496  55341  11230  21042  084 


cos  I 

0.92106  09940  02885  08279  853 
0.92067  11151  95020  86221  075 
0.92028  03157  16118  16919  248 
0.91988  85959  56976  45007  979 
0.91949  59563  09315  43137  110 

0.91910  23971  65774  72800  745 
0.91870  79189  19913  45073  295 
0.91831  25219  66209  81253  568 
0.91791  62067  00060  73416  956 
0.91751  89735  17781  44875  737 

0.91712  08228  16605  10547  564 
0.91672  17549  94682  37232  150 
0.91632  17704  51081  03796  202 
0.91592  08695  85785  61266  649 
0.91551  90527  99696  92832  194 

0.91511  63204  94631  73753  232 
0.91471  26730  73322  31180  180 
0.91430  81109  39416  03880  251 
0.91390  26344  97475  01872  722 
0.91349  62441  52975  65972  725 

0.91308  89403  12308  27243  609 

0.91268  07233  82776  66357  915 

0.91227  15937  72597  72866  996 

0.91186  15518  90901  04379  332 

0.91145  05981  47728  45647  576 

0.91103  87329  54033  67564  373 
0.91062  59567  21681  86066  990 
0.91021  22698  63449  20950  808 
0.90979  76727  93022  54591  701 
0.90938  21659  24998  90577  360 

0.90896  57496  74885  12247  591 

0.90854  84244  59097  41143  638 

0.90813  01906  94960  95366  563 

0.90771  10488  00709  47844  729 

0.90729  09991  95484  84510  435 

0.90687  00422  99336  62385  731 
0.90644  81785  33221  67577  465 
0.90602  54083  19003  73181  601 
0.90560  17320  79452  97096  848 
0.90517  71502  38245  59747  647 

0.90475  16632  19963  41716  554 

0.90432  52714  50093  41286  061 

0.90389  79753  55027  31889  904 

0.90346  97753  62061  19473  892 

0.90304  06718  99394  99766  305 

0.90261  06653  96132  15457  899 

0.90217  97562  82279  13291  573 

0.90174  79449  88745  01061  718 

0.90131  52319  47341  04523  319 

0.90088  16175  90780  24210  832 

0.90044  71023  52676  92166  884 
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X  sin  X 

0.450  0.43496  55341  11230  21042  084 

0.451  0.43586  57635  80759  44573  567 

0.452  0.43676  55571  84561  42243  681 

0.453  0.43766  49140  22842  61170  507 

0.454  0.43856  38331  96246  25020  568 

0.455  0.43946  23138  05853  23944  492 

0.456  0.44036  03549  53183  04468  918 

0.457  0.44125  79557  40194  59344  542 

0.458  0.44215  51152  69287  17350  215 

0.459  0.44305  18326  43301  33053  008 

0.460  0.44394  81069  65519  76524  151 

0.461  0.44484  39373  39668  23010  752 

0.462  0.44573  93228  69916  42563  218 

0.463  0.44663  42626  60878  89618  275 

0.464  0.44752  87558  17615  92537  506 

0.465  0.44842  28014  45634  43101  319 

0.466  0.44931  63986  50888  85958  244 

0.467  0.45020  95465  39782  08029  479 

0.468  0.45110  22442  19166  27868  603 

0.469  0.45199  44907  96343  84976  342 

0.470  0.45288  62853  79068  29070  327 

0.471  0.45377  76270  75545  09309  736 

0.472  0.45466  85149  94432  63474  735 

0.473  0.45555  89482  44843  07100  635 

0.474  0.45644  89259  36343  22566  671 

0.475  0.45733  84471  78955  48139  307 

0.476  0.45822  75110  83158  66969  994 

0.477  0.45911  61167  59888  96047  279 

0.478  0.46000  42633  20540  75103  180 

0.479  0.46089  19498  76967  55473  739 

0.480  0.46177  91755  41482  88913  664 

0.481  0.46266  59394  26861  16364  968 

0.482  0.46355  22406  46338  56679  522 

0.483  0.46443  80783  13613  95295  430 

0.484  0.46532  34515  42849  72867  132 

0.485  0.46620  83594  48672  73849  162 

0.486  0.46709  28011  46175  15033  451 

0.487  0.46797  67757  50915  34040  104 

0.488  0.46886  02823  78918  77761  558 

0.489  0.46974  33201  46678  90760  024 

0.490  0.47062  58881  71158  03618  136 

0.491  0.47150  79855  69788  21242  715 

0.492  0.47238  96114  60472  11121  556 

0.493  0.47327  07649  61583  91533  149 

0.494  0.47415  14451  91970  19709  261 

0.495  0.47503  16512  70950  79950  264 

0.496  0.47591  13823  18319  71693  150 

0.497  0.47679  06374  54345  97532  118 

0.498  0.47766  94157  99774  51191  668 

0.499  0.47854  77164  75827  05452  099 


0.500 


0.47942  55386  04203  00027  329 

-8)6' 


['-?'"] 


cos  X 

0.90044  71023  52676  92166  884 

0.90001  16866  67546  28580  847 

0.89957  53709  70803  98337  319 

0.89913  81556  98765  67474  569 

0.89870  00412  88646  59552  965 

0.89826  10281  78561  11933  463 

0.89782  11168  07522  31966  167 

0.89738  03076  15441  53089  030 

0.89693  86010  43127  90836  721 

0.89649  59975  32287  98759  714 

0.89605  24975  25525  24253  639 

0.89560  81014  66339  64298  937 

0.89516  28097  99127  21110  867 

0.89471  66229  69179  57699  908 

0.89426  95414  22683  53342  602 

0.89382  15656  06720  58962  873 

0.89337  26959  69266  52423  883 

0.89292  29329  59190  93730  459 

0.89247  22770  26256  80142  134 

0.89202  07286  21120  01196  857 

0.89156  82881  95328  93645  402 

0.89111  49562  01323  96296  541 

0.89066  07330  92437  04773  005 

0.89020  56193  22891  26178  292 

0.88974  96153  47800  33674  367 

0.88929  27216  23168  20970  288 

0.88883  49386  05888  56721  822 

0.88837  62667  53744  38842  074 

0.88791  67065  25407  48723  197 

0.88745  62583  80438  05369  212 

0.88699  49227  79284  19439  995 

0.88653  27001  83281  47206  469 

0.88606  95910  54652  44417  051 

0.88560  55958  56506  20075  401 

0.88514  07150  52837  90129  517 

0.88467  49491  08528  31072  223 

0.88420  82984  89343  33453  094 

0.88374  07636  61933  55301  874 

0.88327  23450  93833  75463  416 

0.88280  30432  53462  46844  214 

0.88233  28586  10121  49570  547 

0.88186  17916  33995  44058  307 

0.88138  98427  96151  23994  541 

0.88091  70125  68537  69230  763 

0.88044  33014  23984  98588  075 

0.87996  87098  36204  22574  157 

0.87949  32382  79786  96012  154 

0.87901  68872  30204  70581  529 

0.87853  96571  63808  47270  917 

0.87806  15485  57828  28743  023 

0.87758  25618  90372  71611  628 


['-/"] 
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ELEMENTARY    TRANSCEXDEXTAL    FTTN'CTIONS 
CIRCULAR  SrVES  AND  COSINES  FOR  RADIAN  ARGIMENTS        Table  4.6 
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0.550  0.52268  72289  30659  16778  838 

0.551  0.52353  94919  67038  57359  653 

0.552  0.52439  12314  63969  64065  565 

0.553  0.52524  24465  69712  94301  297 

0.554  0.52609  31364  33053  44585  976 

0.555  0.52694  33002  03301  35674  635 

0.556  0.52779  29370  30292  97627  180 

0.557  0.52864  20460  64391  54824  757 

0.558  0.52949  06264  56488  10933  415 

0.559  0.53033  86773  58002  33815  002 

0.560  0.53118  61979  20883  40385  187 

0.561  0.53203  31872  97610  81418  533 

0.562  0.53287  96446  41195  26300  543 

0.563  0.53372  55691  05179  47726  585 

0.564  0.53457  09598  43639  06347  607 

0.565  0.53541  58160  11183  35362  572 

0.566  0.53626  01367  62956  25057  521 

0.567  0.53710  39212  54637  07291  168 

0.568  0.53794  71686  42441  39926  969 

0.569  0.53878  98780  83121  91211  553 

0,570  0.53963  20487  33969  24099  446 

0.571  0.54047  36797  52812  80524  005 

0.572  0.54131  47702  98021  65614  465 

0.573  0.54215  53195  28505  31859  028 

0.574  0.54299  53266  03714  63213  905 

0.575  0.54383  47906  83642  59158  222 

0.576  0.54467  37109  28825  18694  718 

0.577  0.54551  20865  00342  24296  136 

0.578  0.54634  99165  59818  25797  231 

0.579  0.54718  72002  69423  24232  321 

0.580  0.54802  39367  91873  55618  270 

0.581  0.54886  01252  90432  74682  851 

0.582  0.54969  57649  28912  38538  382 

0.583  0.55053  08548  71672  90300  563 

0.584  0.55136  53942  83624  42652  424 

0.585  0.55219  93823  30227  61353  309 

0.586  0.55303  28181  77494  48692  799 

0.587  0.55386  57009  91989  26889  504 

0.588  0.55469  80299  40829  21434  6^37 

0.589  0.55552  98041  91685  44380  278 

0.590  0.55636  10229  12783  77572  254 

0.591  0.55719  16852  72905  55827  556 

0.592  0.55802  17904  41388  50056  192 

0.593  0.55885  13375  88127  50327  409 

0.594  0.55968  03258  83575  48880  201 

0.595  0.56050  87544  98744  23078  004 

0.596  0.56133  66226  05205  18307  516 

0.597  0.56216  39293  75090  30821  541 

0.598  0.56299  06739  81092  90525  792 

0.599  0.56381  68555  96468  43709  545 

0.600  0.56464  24733  95035  35720  095 

[--r] 


cos  I 

0.85252  45220  59505  74280  498 

0.85200  14086  55464  10953  761 

0.85147  74432  50084  82092  114 

0.85095  26263  67333  23867  110 

0.85042  69585  32026  20180  431 

0.84990  04402  69831  50182  218 

0.84937  30721  07267  35704  287 

0.84884  48545  71701  88608  318 

0.84831  57881  91352  58049  047 

0.84778  58734  95285  77652  517 

0.84725  51110  13416  12609  452 

0.84672  35012  76506  06683  799 

0.84619  10448  16165  29136  481 

0.84565  77421  64850  21564  438 

0.84512  35938  55863  44654  991 

0.84458  86004  23353  24855  579 

0.84405  27624  02313  00958  945 

0.84351  60803  28580  70603  796 

0.84297  85547  38838  36691  Oil 

0.84244  01861  70611  53715  445 

0.84190  09751  62268  74013  376 

0.84136  09222  53020  93925  658 

0.84082  00279  82920  99876  632 

0.84027  82928  92863  14368  839 

0.83973  57175  24582  41893  605 

0.83919  23024  20654  14757  543 

0.83864  80481  24493  38825  019 

0.83810  29551  80354  39176  658 

0.83755  70241  33330  05683  918 

0,83701  02555  29351  38499  807 

0,83646  26499  15186  93465  789 

0.83591  42078  38442  27434  927 

0,83536  49298  47559  43511  337 

0.83481  48164  91316  36205  988 

0,83426  38683  21326  36508  907 

0.83371  20858  87037  56877  861 

0,83315  94697  40732  36143  543 

0.83260  60204  35026  84331  337 

0.83205  17385  23370  27399  720 

0.83149  66245  60044  51895  332 

0.83094  06791  00163  49524  800 

0.83038  39026  99672  61643  346 

0.82982  62959  15348  23660  255 

0.82926  78593  04797  09361  243 

0.82870  85934  26455  75147  786 

0.82814  84988  39590  04193  468 

0.82758  75761  04294  50517  407 

0.82702  58257  81491  82974  799 

0.82646  32484  32932  29164  660 

0.82589  98446  21193  19254  799 

0.82533  56149  09678  29724  095 
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ELEMENTARY   TRANSCENDENTAL    FUNCTIONS 
Table  4.6         CIRCl  LAR  SIXES  AND  COSINES  FOR  RADIAN  ARGUMENTS 


X  sm  X 

0.600  0.56464  24733  95035  35720  095 

0.601  0.56546  75265  51175  93580  897 

0.602  0.56629  20142  39837  08553  336 

0.603  0.56711  59356  36531  18642  028 

0.604  0.56793  92899  17336  91043  574 

0.605  0.56876  20762  58900  04538  687 

0.606  0.56958  42938  38434  31827  607 

0.607  0.57040  59418  33722  21808  719 

0.608  0.57122  70194  23115  81800  299 

0.609  0.57204  75257  85537  59705  300 

0.610  0.57286  74601  00481  26119  098 

0.611  0.57368  68215  48012  56380  111 

0.612  0.57450  56093  08770  12563  221 

0.613  0.57532  38225  63966  25415  904 

0.614  0.57614  14604  95387  76236  989 

0.615  0.57695  85222  85396  78697  975 

0.616  0.57777  50071  16931  60606  809 

0.617  0.57859  09141  73507  45614  047 

0.618  0.57940  62426  39217  34861  330 

0.619  0.58022  09916  98732  88572  073 

0.620  0.58103  51605  37305  07584  296 

0.621  0.58184  87483  40765  14825  522 

0.622  0.58266  17542  95525  36729  641 

0.623  0.58347  41775  88579  84595  681 

0.624  0.58428  60174  07505  35888  387 

0.625  0.58509  72729  40462  15480  540 

0.626  0.58590  79433  76194  76836  923 

0.627  0.58671  80279  04032  83139  861 

0.628  0.58752  75257  13891  88356  252 

0.629  0.58833  64359  96274  18246  006 

0.630  0.58914  47579  42269  51311  811 

0.631  0.58995  24907  43555  99690  151 

0.632  0.59075  96335  92400  89983  484 

0.633  0.59156  61856  81661  44033  509 

0.634  0.59237  21462  04785  59635  440 

0.635  0.59317  75143  55812  91193  198 

0.636  0,59398  22893  29375  30315  454 

0.637  0.59478  64703  20697  86352  425 

0.638  0.59559  00565  25599  66873  364 

0.639  0.59639  30471  40494  58084  641 

0.640  0.59719  54413  62392  05188  355 

0.641  0.59799  72383  88897  92681  375 

0.642  0.59879  84374  18215  24594  757 

0.643  0.59959  90376  49145  04673  426 

0.644  0.60039  90382  81087  16496  070 

0.645  0.60119  84385  14041  03535  151 

0.646  0.60199  72375  48606  49156  949 

0.647  0.60279  54345  85984  56561  576 

0.648  0.60359  30288  27978  28662  868 

0.649  0.60439  00194  76993  47908  070 

0.650  0.60518  64057  36039  56037  252 


0.82533  56149  09678  29724  095 

0.82477  05598  62617  27022  123 

0.82420  46800  45065  11146  193 

0.82363  79760  22901  59135  858 

0.82307  04483  62830  68484  934 

0.82250  20976  32380  00471  116 

0.82193  29243  99900  23403  216 

0.82136  29292  34564  55786  102 

0.82079  21127  06368  09403  380 

0.82022  04753  86127  32317  893 

0.81964  80178  45479  51790  075 

0.81907  47406  56882  17114  225 

0.81850  06443  93612  42372  770 

0.81792  57296  29766  49108  549 

0.81734  99969  40259  08915  198 

0.81677  34469  00822  85945  685 

0.81619  60800  88007  79339  051 

0.81561  78970  79180  65565  411 

0.81503  88984  52524  40689  288 

0.81445  90847  87037  62551  318 

0.81387  84566  62533  92868  400 

0.81329  70146  59641  39252  335 

0.81271  47593  59801  97147  027 

0.81213  16913  45270  91684  290 

0.81154  78111  99116  19458  331 

0.81096  31195  05217  90218  953 

0.81037  76168  48267  68483  556 

0.80979  13038  13768  15067  973 

0.80920  41809  88032  28536  214 

0.80861  62489  58182  86569  178 

0.80802  75083  12151  87252  371 

0.80743  79596  38679  90282  722 

0.80684  76035  27315  58094  522 

0.80625  64405  68414  96904  569 

0.80566  44713  53140  97676  566 

0.80507  16964  73462  77004  837 

0.80447  81165  22155  17917  411 

0.80388  37320  92798  10598  548 

0.80328  85437  79775  93030  752 

0.80269  25521  78276  91556  338 

0.80209  57578  84292  61358  611 

0.80149  81614  94617  26862  715 

0.80089  97636  06847  22056  216 

0.80030  05648  19380  30729  469 

0.79970  05657  31415  26635  842 

0.79909  97669  42951  13571  848 

0.79849  81690  54786  65377  243 

0.79789  57726  68519  65855  159 

0.79729  25783  86546  48612  327 

0.79668  85868  12061  36819  444 

0.79608  37985  49055  82891  760 


[-r] 
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ELEMENTARY    TRANSCENDENTAL    FUNCTIONS 
CIRCULAR  SINES  AND  COSINES  FOR  RADIAN  ARGUMENTS       Table  4.6 
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X 

0.650 
0.651 
0.652 
0.653 
0.654 

0.655 
0.656 
0.657 
0.658 
0.659 

0.660 
0.661 
0.662 
0.663 
0.664 

0.665 
0.666 
0.667 
0.668 
0.669 

0.670 
0.671 
0.672 
0.673 
0.674 

0.675 
0.676 
0.677 
0.678 
0.679 

0.680 
0.681 
0.  682 
0.683 
0.684 

0.685 
0.686 
0.687 
0.688 
0.689 

0.690 
0.691 
0.692 
0.693 
0.694 

0.695 
0.696 
0.697 
0.698 
0.699 

0.700 


sm  X 

0.60518  64057  36039  56037  252 

0.60598  21868  08730  33782  358 

0.60677  73618  99284  80505  818 

0.60757  19302  12527  93778  646 

0.60836  58909  53891  48897  929 

0.60915  92433  29414  78343  652 

0.60995  19865  45745  51174  755 

0.61074  41198  10140  52364  359 

0.61153  56423  30466  62074  073 

0.61232  65533  15201  34867  307 

0.61311  68519  73433  78861  515 

0.61390  65375  14865  34819  272 

0.61469  56091  49810  55178  137 

0.61548  40660  89197  83019  186 

0.61627  19075  44570  30974  165 

0.61705  91327  28086  60071  171 

0.61784  57408  52521  58518  785 

0.61863  17311  31267  20428  576 

0.61941  71027  78333  24475  901 

0.62020  18550  08348  12498  919 

0.62098  59870  36559  68035  744 

0.62176  94980  78835  94799  654 

0.62255  23873  51665  95092  281 

0.62333  46540  72160  48154  700 

0.62411  62974  58052  88456  349 

0.62489  73167  27699  83921  682 

0.62567  77111  00082  14094  496 

0.62645  74797  94805  48239  849 

0.62723  66220  32101  23383  477 

0.62801  51370  32827  22288  658 

0.62879  30240  18468  51370  418 

0.62957  02822  11138  18547  018 

0.63034  69108  33578  11028  644 

0.63112  29091  09159  73043  207 

0.63189  82762  61884  83499  197 

0.63267  30115  16386  33585  498 

0.63344  71140  97929  04308  084 

0.63422  05832  32410  43963  542 

0. 63499  34181  46361  45549  306 

0.63576  56180  66947  24110  566 

0.63653  71822  21967  94023  743 

0.63730  81098  39859  46216  467 

0.63807  84001  49694  25323  984 

0.63884  80523  81182  06781  899 

0.63961  70657  64670  73855  200 

0.64038  54395  31146  94603  464 

0.64115  31729  12236  98782  185 

0.64192  02651  40207  54680  136 

0.64268  67154  47966  45892  698 

0.64345  25230  69063  48031  063 


cos  X 

0.79608  37985  49055  82891  760 

0.79547  82142  02318  08089  927 

0.79487  18343  77432  42041  183 

0.79426  46596  80778  62180  929 

0.79365  66907  19531  33114  757 

0.79304  79281  01659  45900  987 

0.79243  83724  35925  57253  785 

0.79182  80243  31885  28666  909 

0.79121  68843  99886  65458  154 

0.79060  49532  51069  55734  550 

0.78999  22314  97365  09278  382 

0.78937  87197  51494  96354  080 

0.78876  44186  26970  86436  061 

0.78814  93287  38093  86857  558 

0.78753  34506  99953  81380  523 

0.78691  67851  28428  68686  643 

0.78629  93326  40184  00789  551 

0.78568  10938  52672  21368  279 

0.78506  20693  84132  04022  017 

0.78444  22598  53587  90446  244 

0.78382  16658  80849  28530  294 

0.78320  02880  86510  10376  414 

0.78257  81270  91948  10240  374 

0.78195  51835  19324  22393  698 

0.78133  14579  91581  98907  578 

0.78070  69511  32446  87358  526 

0.78008  16635  66425  68455  830 

0.77945  55959  18805  93590  877 

0.77882  87488  15655  22308  414 

0.77820  11228  83820  59699  786 

0.77757  27187  50927  93718  239 

0.77694  35370  45381  32416  339 

0.77631  35783  96362  41105  566 

0.77568  28434  33829  79438  156 

0.77505  13327  88518  38411  247 

0.77441  90470  91938  77293  390 

0.77378  59869  76376  60473  500 

0.77315  21530  74891  94232  293 

0.77251  75460  21318  63436  286 

0.77188  21664  50263  68154  418 

0.77124  60149  97106  60197  354 

0.77060  90922  97998  79579  541 

0.76997  13989  89862  90904  069 

0.76933  29357  10392  19670  418 

0.76869  37030  98049  88505  132 

0.76805  37017  92068  53315  502 

0.76741  29324  32449  39366  321 

0.76677  13956  59961  77279  757 

0.76612  90921  16142  38958  434 

0.76548  60224  43294  73431  759 


0.64421  76872  37691  05367  261 

"(-<S)8- 
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76484  21872  84488  42625  586 
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ELEMENTARY    TRANSCENDENTAL    FUNCTIONS 
Table  4.6         CIRCULAR  SIXES  AND  COSINES  FOR  RADIAN  ARGUMENTS 


X  sin  X 

0.700  0.64421  76872  37691  05367  261 

0.701  0.64498  22071  88685  07414  902 

0.702  0.64574  60821  57525  65445  583 

0.703  0.64650  93113  80337  88940  870 

0.704  0.64727  18940  93892  61979  783 

0.705  0.64803  38295  35607  19561  705 

0.706  0.64879  51169  43546  23864  641 

0.707  0.64955  57555  56422  40438  747 

0.708  0.65031  57446  13597  14335  062 

0.709  0.65107  50833  55081  46169  354 

0.710  0.65183  37710  21536  68121  013 

0.711  0.65259  18068  54275  19866  915 

0.712  0.65334  91900  95261  24450  173 

0.713  0.65410  59199  87111  64083  709 

0.714  0.65486  19957  73096  55888  565 

0.715  0.65561  74166  97140  27566  883 

0.716  0.65637  21820  03821  93009  463 

0.717  0.65712  62909  38376  27837  851 

0.718  0.65787  97427  46694  44880  853 

0.719  0.65863  25366  75324  69585  417 

0.720  0.65938  46719  71473  15361  800 

0.721  0.66013  61478  83004  58862  952 

0.722  0.66088  69636  58443  15198  027 

0.723  0.66163  71185  46973  13079  967 

0.724  0.66238  66117  98439  69907  065 

0.725  0.66313  54426  63349  66778  441 

0.726  0.66388  36103  92872  23443  354 

0.727  0.66463  11142  38839  73184  280 

0.728  0.66537  79534  53748  37633  666 

0.729  0.66612  41272  90759  01524  309 

0.730  0.66686  96350  03697  87373  259 

0.731  0.66761  44758  47057  30099  195 

0.732  0.66835  86490  75996  51573  181 

0.733  0.66910  21539  46342  35102  739 

0.734  0.66984  49897  14589  99849  159 

0.735  0.67058  71556  37903  75177  973 

0.736  0.67132  86509  74117  74942  523 

0,737  0.67206  94749  81736  71700  537 

0.738  0.67280  96269  19936  70863  650 

0.739  0.67354  91060  48565  84779  796 

0.740  0.67428  79116  28145  06748  388 

0.741  0.67502  60429  19868  84968  216 

0.742  0.67576  34991  85605  96417  996 

0.743  0.67650  02796  87900  20669  485 

0.744  0.67723  63836  89971  13633  096 

0.745  0.67797  18104  55714  81235  936 

0.746  0.67870  65592  49704  53032  193 

0.747  0.67944  06293  37191  55745  803 

0.748  0.68017  40199  84105  86745  313 

0.749  0.68090  67304  57056  87450  880 

0.750  0.68163  87600  23334  16673  324 

"i-S)9-| 


[-f 


cos  X 

0.76484  21872  84488  42625  586 
0.76419  75872  83558  57055  252 
0.76355  22230  85105  11442  075 
0.76290  60953  34492  20253  368 
0.76225  92046  77847  53166  023 

0.76161  15517  62061  70453  752 
0.76096  31372  34787  58298  030 
0.76031  39617  44439  64022  815 
0.75966  40259  40193  31253  107 
0.75901  33304  71984  34997  406 

0.75836  18759  90508  16654  146 
0.75770  96631  47219  18942  159 
0.75705  66925  94330  20755  235 
0.75640  29649  84811  71940  852 
0.75574  84809  72391  28003  128 

0.75509  32412  11552  84730  074 

0.75443  72463  57536  12745  203 

0.75378  04970  66335  91983  563 

0.75312  29939  94701  46092  263 

0,75246  47378  00135  76755  558 

0.75180  57291  40894  97944  549 
0.75114  59686  75987  70091  576 
0.75048  54570  65174  34189  363 
0.74982  41949  68966  45814  983 
0.74916  21830  48626  09078  707 

0.74849  94219  66165  10497  806 

0.74783  59123  84344  52795  369 

0.74717  16549  66673  88624  209 

0.74650  66503  77410  54215  910 

0.74584  08992  81559  02955  103 

0.74517  44023  44870  38879  013 

0.74450  71602  33841  50102  364 

0.74383  91736  15714  42167  693 

0.74317  04431  58475  71321  153 

0.74250  09695  30855  77713  862 

0.74183  07534  02328  18528  866 

0.74115  97954  43109  01033  791 

0.74048  80963  24156  15559  237 

0.73981  56567  17168  68402  998 

0.73914  24772  94586  14660  158 

0.73846  85587  29587  90979  142 

0.73779  39016  96092  48243  787 

0.73711  85068  68756  84181  492 

0.73644  23749  22975  75897  532 

0.73576  55065  34881  12335  582 

0.73508  79023  81341  26664  537 
0.73440  95631  39960  28591  681 
0. 73373  04894  89077  36602  285 
0.73305  06821  07766  10125  695 
0.73237  01416  75833  81627  975 

0.73168  88688  73820  88631  184 


ELEMENTARY    TRANSCENDENTAL    FUNCTIONS 
CIRCULAR  SINES  AND  COSINES  FOR  RADIAN  ARGUMENTS        Table  4.6 


157 


0.750  0.68163  87600  23334  16673  324 

0.751  0.68237  01079  50908  23885  163 

0.752  0.68310  07735  08431  22423  554 

0.753  0.68383  07559  65237  62625  080 

0.754  0.68456  00545  91345  04892  285 

0.755  0.68528  86686  57454  92691  917 

0.756  0.68601  65974  34953  25484  772 

0.757  0.68674  38401  95911  31587  089 

0.758  0.68747  03962  13086  40963  419 

0.759  0.68819  62647  59922  57950  885 

0.760  0.68892  14451  10551  33914  776 

0.761  0.68964  59365  39792  39835  383 

0.762  0.69036  97383  23154  38826  030 

0.763  0.69109  28497  36835  58582  200 

0.764  0.69181  52700  57724  63761  700 

0.765  0.69253  69985  63401  28295  794 

0.766  0.69325  80345  32137  07631  223 

0.767  0.69397  83772  42896  10903  039 

0.768  0.69469  80259  75335  73038  195 

0.769  0.69541  69800  09807  26789  802 

0.770  0.69613  52386  27356  74701  988 

0.771  0.69685  28011  09725  61005  296 

0.772  0.69756  96667  39351  43442  524 

0.773  0.69828  58347  99368  65024  972 

0.774  0.69900  13045  73609  25718  983 

0.775  0.69971  60753  46603  54062  747 

0.776  0.70043  01464  03580  78713  256 

0.777  0.70114  35170  30469  99923  379 

0.778  0.70185  61865  13900  60948  949 

0.779  0.70256  81541  41203  19385  818 

0.780  0.70327  94192  00410  18436  790 

0.781  0.70398  99809  80256  58108  374 

0.782  0.70469  98387  70180  66337  280 

0.783  0.70540  89918  60324  70046  581 

0.784  0.70611  74395  41535  66131  480 

0.785  0.70682  51811  05365  92374  614 

0.786  0.70753  22158  44073  98290  801 

0.787  0.70823  85430  50625  15901  193 

0.788  0.70894  41620  18692  30436  730 

0.789  0.70964  90720  42656  50970  857 

0.790  0.71035  32724  17607  80981  403 

0.791  0.71105  67624  39345  88841  574 

0.792  0.71175  95414  04380  78239  979 

0.793  0.71246  16086  09933  58529  620 

0.794  0.71316  29633  53937  15005  776 

0.795  0.71386  36049  35036  79112  713 

0.796  0.71456  35326  52590  98579  148 

0.797  0.71526  27458  06672  07482  391 

0.798  0.71596  12436  98066  96241  109 

0.799  0.71665  90256  28277  81536  630 


cos  I 

0.73168  88688  73820  88631  184 

0.73100  68643  83000  05659  342 

0.73032  41288  85375  76111  160 

0.72964  06630  63683  44059  608 

0.72895  64676  01388  85978  367 

0.72827  15431  82687  42395  268 

0.72758  58904  92503  49472  750 

0.72689  95102  16489  70515  436 

0.72621  24030  41026  27404  867 

0.72552  45696  53220  31961  494 

0.72483  60107  40905  17233  969 

0.72414  67269  92639  68715  814 

0.72345  67190  97707  55489  548 

0.72276  59877  46116  61298  318 

0.72207  45336  28598  15545  123 

0.72138  23574  36606  24219  693 

0.72068  94598  62317  00753  084 

0.71999  58415  98627  96800  072 

0.71930  15033  39157  32949  410 

0.71860  64457  78243  29362  010 

0.71791  06696  10943  36337  129 

0.71721  41755  33033  64806  626 

0.71651  69642  41008  16757  355 

0.71581  90364  32078  15581  770 

0.71512  03928  04171  36356  807 

0.71442  10340  55931  36051  117 

0.71372  09608  86716  83660  709 

0.71302  01739  96600  90273  093 

0.71231  86740  86370  39059  972 

0.71161  64618  57525  15198  564 

0.71091  35380  12277  35721  626 

0.71020  99032  53550  79296  239 

0.70950  55582  84980  15931  435 

0.70880  05038  10910  36614  737 

0.70809  47405  36395  82877  671 

0.70738  82691  67199  76290  330 

0.70668  10904  09793  47885  059 

0.70597  32049  71355  67509  330 

0.70526  46135  59771  73107  880 

0.70455  53168  83632  99934  173 

0.70384  53156  52236  09691  278 

0.70313  46105  75582  19602  208 

0.70242  32023  64376  31409  812 

0.70171  10917  30026  60306  275 

0.70099  82793  84643  63792  314 

0.70028  47660  41039  70466  123 

0.69957  05524  12728  08742  151 

0.69885  56392  13922  35499  779 

0.69814  00271  59535  64661  971 

0.69742  37169  65179  95703  964 


0.800    0.71735  60908  99522  76162  718    0.69670  67093  47165  42092  075 
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ELEMENTARY    TRANSCENDENTAL    FUNCTIONS 
Table  4.6       CIRCULAR  SINES  AND  COSINES  FOR  RADIAN  ARGUMENTS 


X  sin  X 

0.800  0.71735  60908  99522  76162  718 

0.801  0.71805  24388  14736  58803  753 

0.802  0.71874  80686  77571  43741  255 

0.803  0.71944  29797  92397  50488  651 

0.804  0.72013  71714  64303  73354  263 

0.805  0.72083  06429  99098  50932  396 

0.806  0.72152  33937  03310  35522  503 

0.807  0.72221  54228  84188  62476  322 

0.808  0.72290  67298  49704  19472  935 

0.809  0.72359  73139  08550  15721  677 

0.810  0.72428  71743  70142  51092  818 

0.811  0.72497  63105  44620  85175  959 

0.812  0.72566  47217  42849  06266  069 

0.813  0.72635  24072  76416  00277  085 

0.814  0.72703  93664  57636  19583  027 

0.815  0.72772  55985  99550  51786  534 

0.816  0.72841  11030  15926  88414  775 

0.817  0.72909  58790  21260  93542  651 

0.818  0.72977  99259  30776  72343  223 

0.819  0.73046  32430  60427  39565  302 

0.820  0.73114  58297  26895  87938  131 

0.821  0.73182  76852  47595  56503  084 

0.822  0.73250  88089  40670  98872  320 

0.823  0.73318  92001  24998  51414  329 

0.824  0.73386  88581  20187  01366  283 

0.825  0.73454  77822  46578  54873  150 

0.826  0.73522  59718  25249  04953  477 

0.827  0.73590  34261  78008  99391  793 

0.828  0.73658  01446  27404  08557  557 

0.829  0.73725  61264  96715  93150  579 

0.830  0.73793  13711  09962  71872  858 

0.831  0.73860  58777  91899  89026  752 

0.832  0.73927  96458  68020  82039  434 

0.833  0.73995  26746  64557  48913  544 

0.834  0.74062  49635  08481  15603  989 

0.835  0.74129  65117  27503  03320  808 

0.836  0.74196  73186  50074  95758  049 

0.837  0.74263  73836  05390  06248  576 

0.838  0.74330  67059  23383  44844  755 

0.839  0.74397  52849  34732  85324  932 

0.840  0.74464  31199  70859  32125  657 

0.841  0.74531  02103  63927  87199  577 

0.842  0.74597  65554  46848  16798  923 

0.843  0.74664  21545  53275  18184  539 

0.844  0.74730  70070  17609  86260  385 

0.845  0.74797  11121  74999  80133  429 

0.846  0.74863  44693  61339  89598  886 

0.847  0.74929  70779  13273  01550  724 

0.848  0.74995  89371  68190  66317  368 

0.849  0.75062  00464  64233  63922  547 

0.850  0.75128  04051  40292  70271  207 


cos  X 

^.b'iblQ   bl093  47165  42092  075 

0.69598  90050  22499  59652  695 

0.69527  06047  08886  74871  538 

0.69455  15091  24727  13123  218 

0.69383  17189  89116  26831  236 

0.69311  12350  21844  23558  425 

0.69239  00579  43394  94027  956 

0,69166  81884  74945  40074  951 

0.69094  56273  38365  02528  784 

0.69022  23752  56214  89026  151 

0.68949  84329  51747  01754  964 

0.68877  38011  48903  65129  158 

0.68804  84805  72316  53394  472 

0.68732  24719  47306  18165  280 

0.68659  57759  99881  15892  545 

0.68586  83934  56737  35262  969 

0.68514  03250  45257  24529  414 

0.68441  15714  93509  18772  652 

0.68368  21335  30246  67094  544 

0.68295  20118  84907  59742  692 

0.68222  12072  87613  55166  656 

0.68148  97204  69169  07005  802 

0.68075  75521  61060  91008  857 

0.68002  47030  95457  31885  232 

0.67929  11740  05207  30088  213 

0.67855  69656  23839  88530  058 

0.67782  20786  85563  39229  106 

0.67708  65139  25264  69888  949 

0.67635  02720  78508  50409  750 

0.67561  33538  81536  59331  781 

0.67487  57600  71267  10211  246 

0.67413  74913  85293  77928  481 

0.67339  85485  61885  24928  580 

0.67265  89323  39984  27394  537 

0.67191  86434  59207  01352  983 

0.67117  76826  59842  28712  570 

0.67043  60506  82850  83235  098 

0.66969  37482  69864  56439  445 

0.66895  07761  63185  83438  385 

0.66820  71351  05786  68708  357 

0.66746  28258  41308  11792  267 

0.66671  78491  14059  32935  396 

0.66597  22056  69016  98654  482 

0.66522  58962  51824  47240  065 

0.66447  89216  08791  14192  152 

0.66373  12824  86891  57589  286 

0.66298  29796  33764  83391  100 

0.66223  40137  97713  70674  409 

0.66148  43857  27703  96802  946 

0.66073  40961  73363  62530  783 

0.65998  31458  84982  17039  542 
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X  sin  X 

0.850  0.75128  04051  40292  70271  207 

0.851  0.75194  00125  36009  23260  432 

0.852  0.75259  88679  91775  88815  295 

0.853  0.75325  69708  48737  26849  594 

0.854  0.75391  43204  48790  57151  380 

0.855  0.75457  09161  34586  25193  237 

0.856  0.75522  67572  49528  67867  227 

0.857  0.75588  18431  37776  79144  450 

0.858  0.75653  61731  44244  75659  143 

0.859  0.75718  97466  14602  62217  260 

0.860  0.75784  25628  95276  97229  459 

0.861  0.75849-  46213  33451  58068  441 

0.862  0.75914  59212  77068  06350  566 

0.863  0.75979  64620  74826  53141  684 

0.864  0.76044  62430  76186  24087  122 

0.865  0.76109  52636  31366  24465  750 

0.866  0.76174  35230  91346  04168  073 

0.867  0.76239  10208  07866  22598  272 

0.868  0.76303  77561  33429  13500  144 

0.869  0.76368  37284  21299  49706  858 

0.870  0.76432  89370  25505  07814  480 

0.871  0.76497  33813  00837  32779  191 

0.872  0.76561  70606  02852  02438  134 

0.873  0.76625  99742  87869  91953  834 

0.874  0.76690  21217  12977  38182  114 

0.875  0.76754  35022  36027  03963  458 

0.876  0.76818  41152  15638  42337  736 

0.877  0.76882  39600  11198  60682  252 

0.878  0.76946  30359  82862  84773  027 

0.879  0.77010  13424  91555  22769  271 

0.880  0.77073  88788  98969  29120  965 

0.881  0.77137  56445  67568  68399  506 

0.882  0.77201  16388  60587  79051  337 

0.883  0.77264  68611  42032  37074  497 

0.884  0.77328  13107  76680  19618  049 

0.885  0.77391  49871  30081  68504  290 

0.886  0.77454  78895  68560  53673  706 

0.887  0.77518  00174  59214  36552  600 

0.888  0.77581  13701  69915  33343  321 

0.889  0.77644  19470  69310  78237  045 

0.890  0.77707  17475  26823  86549  033 

0.891  0.77770  07709  12654  17776  316 

0.892  0.77832  90165  97778  38577  722 

0.893  0.77895  64839  53950  85676  211 

0.894  0.77958  31723  53704  28683  432 

0.895  0.78020  90811  70350  32846  443 

0.896  0.78083  42097  77930  21716  548 

0.897  0.78145  85575  51465  39740  163 

0.898  0.78208  21238  66458  14771  667 

0.899  0.78270  49080  99392  20508  171 

0.900  0.78332  69096  27483  38846  138 


cos  X 

0.65998  31458  84982  17039  542 

0.65923  15356  13509  82909  449 

0.65847  92661  10556  81024  321 

0.65772  63381  28392  55410  547 

0.65697  27524  19944  98010  152 

0.65621  85097  38799  73388  013 

0.65546  36108  39199  43373  300 

0.65470  80564  76042  91635  218 

0.65395  18474  04884  48193  134 

0.65319  49843  81933  13861  148 

0.65243  74681  64051  84627  203 

0.65167  92995  08756  75966  794 

0.65092  04791  74216  47091  357 

0.65016  10079  19251  25131  418 

0.64940  08865  03332  29254  574 

0.64864  01156  86580  94718  373 

0.64787  86962  29767  96858  196 

0.64711  66288  94312  75010  176 

0.64635  39144  42282  56369  276 

0.64559  05536  36391  79782  561 

0.64482  65472  40001  19477  766 

0.64406  18960  17117  08727  234 

0.64329  66007  32390  63447  280 

0.64253  06621  51117  05733  091 

0.64176  40810  39234  87329  202 

0.64099  68581  63325  13035  656 

0.64022  89942  90610  64049  903 

0.63946  04901  88955  21244  528 

0.63869  13466  26862  88380  872 

0.63792  15643  73477  15258  639 

0.63715  11441  98580  20801  550 

0.63638  00868  72592  16079  131 

0.63560  83931  66570  27264  710 

0.63483  60638  52208  18529  695 

0.63406  30997  01835  14874  218 

0.63328  95014  88415  24894  213 

0.63251  52699  85546  63485  020 

0.63174  04059  67460  74481  571 

0.63096  49102  09021  53235  256 

0.63018  87834  85724  69127  530 

0.62941  20265  73696  88020  355 

0.62863  46402  49694  94643  540 

0.62785  66252  91105  14919  057 

0.62707  79824  75942  38222  428 

0.62629  87125  82849  39581  242 

0.62551  88163  91096  01810  880 

0.62473  82946  80578  37587  545 

0.62395  71482  31818  11458  656 

0.62317  53778  25961  61790  683 

0.62239  29842  44779  22654  524 


62160  99682  70664  45648  472 

"(-8)8" 
7 


[-r] 
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ELEMENTARY   TRANSCENDENTAL    FUNCTIONS 
Table  4.6        CIRCULAR  SINES  AND  COSINES  FOR  RADIAN  ARGUMENTS 


0.900  0.78332  69096  27483  38846  138 

0.901  0.78394  81278  28730  22159  796 

0.902  0.78456  85620  81914  55501  279 

0.903  0.78518  82117  66602  18722  439 

0.904  0.78580  70762  63143  48518  260 

0.905  0.78642  51549  52674  00391  817 

0.906  0.78704  24472  17115  10540  713 

0.907  0.78765  89524  39174  57664  940 

0.908  0.78827  46700  02347  24696  094 

0.909  0.78888  95992  90915  60447  888 

0.910  0.78950  37396  89950  41187  896 

0.911  0.79011  70905  85311  32130  474 

0.912  0.79072  96513  63647  48850  789 

0.913  0.79134  14214  12398  18619  897 

0.914  0.79195  24001  19793  41660  812 

0.915  0.79256  25868  74854  52325  499 

0.916  0.79317  19810  67394  80192  738 

0.917  0.79378  05820  88020  11086  785 

0.918  0.79438  83893  28129  48016  785 

0.919  0.79499  54021  79915  72036  860 

0.920  0.79560  16200  36366  03026  828 

0.921  0.79620  70422  91262  60393  471 

0.922  0.79681  16683  39183  23692  319 

0.923  0.79741  54975  75501  93169  858 

0.924  0.79801  85293  96389  50226  129 

0.925  0.79862  07631  98814  17797  639 

0.926  0.79922  21983  80542  20660  537 

0.927  0.79982  28343  40138  45653  978 

0.928  0.80042  26704  76967  01823  638 

0.929  0.80102  17061  91191  80485  294 

0.930  0.80161  99408  83777  15208  432 

0.931  0.80221  73739  56488  41719  806 

0.932  0.80281  40048  11892  57726  899 

0.933  0.80340  98328  53358  82661  218 

0.934  0.80400  48574  85059  17341  371 

0.935  0.80459  90781  11969  03555  863 

0.936  0.80519  24941  39867  83565  545 

0.937  0.80578  51049  75339  59525  671 

0.938  0.80637  69100  25773  52827  488 

0.939  0.80696  79086  99364  63359  313 

0.940  0.80755  81004  05114  28687  022 

0.941  0.80814  74845  52830  83153  915 

0.942  0.80873  60605  53130  16899  872 

0.943  0.80932  38278  17436  34799  758 

0.944  0.80991  07857  57982  15321  017 

0.945  0.81049  69337  87809  69300  383 

0.946  0.81108  22713  20770  98639  669 

0.947  0.81166  67977  71528  54920  560 

0.948  0.81225  05125  55555  97938  351 

0.949  0.81283  34150  89138  54154  591 

0.950  0.81341  55047  89373  75068  542 


0.62160  99682 

0.62082  63306 

0.62004  20722 

0.61925  71938 

0.61847  16961 

0.61768  55799 

0.61689  88460 

0.61611  14953 

0.61532  35284 

0.61453  49462 

0.61374  57494 

0.61295  59390 

0.61216  55155 

0.61137  44799 

0.61058  28329 

0.60979  05754 

0.60899  77080 

0.60820  42317 

0.60741  01471 

0.60661  54552 

0.60582  01566 

0.60502  42522 

0.60422  77428 

0.60343  06291 

0.60263  29120 

0.60183  45923 

0.60103  56708 

0.60023  61482 

0.59943  60254 

0.59863  53031 


cos  I 

70664  45648  472 

86633  21658  870 

76323  02558  530 

23992  22842  983 

14519  21204  658 

33401  62045  040 

66755  56924  921 

01314  85952  792 

24430  19111  466 

24068  37523  020 

88811  54652  118 

07856  37447  803 

71013  27423  839 

68705  61677  674 

91968  93848  110 

32450  15011  758 

82406  74518  350 

34706  00764  999 

82824  21909  476 

20845  86522  589 

43462  84179  741 

45973  65991  745 

24282  65074  984 

74899  16960  980 

94936  79945  468 

82112  55377  043 

34746  07885  466 

51758  85549  703 

32673  40005  791 

77612  46494  584 


['7"] 


0.59783  39822  87298  23849  491 

0.59703  20635  63051  54424  260 

0.59622  95478  06791  03960  905 

0.59542  64358  21032  41397  846 

0.59462  27284  08887  58618  345 

0.59381  84263  74063  90139  324 

0.59301  35305  20863  32740  634 

0.59220  80416  54181  65034  867 

0.59140  19605  79507  66977  785 

0.59059  52881  02922  39319  443 

0.58978  80250  31098  22996  099 

0.58898  01721  71298  18462  976 

0.58817  17303  31375  04967  973 

0.58736  27003  19770  59766  388 

0.58655  30829  45514  77276  748 

0.58574  28790  18224  88177  827 

0.58493  20893  48104  78446  913 

0.58412  07147  45944  08339  436 

0.58330  87560  23117  31310  012 

0.58249  62139  91583  12874  994 

0.58168  30894  63883  49416  618 
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X  sin  X 

0.950  0.81341  55047  89373  75068  542 

0.951  0.81399  67810  74171  95507  433 

0.952  0.81457  72433  62256  91835  411 

0.953  0.81515  68910  73166  40081  165 

0.954  0.81573  57236  27252  73984  145 

0.955  0.81631  37404  45683  42959  322 

0.956  0.81689  09409  50441  69980  433 

0.957  0.81746  73245  64327  09381  654 

0.958  0.81804  28907  10956  04577  644 

0.959  0.81861  76388  14762  45701  891 

0.960  0.81919  15683  00998  27163  322 

0.961  0.81976  46785  95734  05121  101 

0.962  0,82033  69691  25859  54877  569 

0.963  0.82090  84393  19084  28189  263 

0.964  0.82147  90886  03938  10495  962 

0.965  0.82204  89164  09771  78067  694 

0.966  0.82261  79221  66757  55069  656 

0.967  0.82318  61053  05889  70544  986 

0.968  0.82375  34652  58985  15315  328 

0.969  0.82432  00014  58683  98799  136 

0.970  0.82488  57133  38450  05747  662 

0.971  0.82545  06003  32571  52898  564 

0.972  0.82601  46618  76161  45547  087 

0.973  0.82657  78974  05158  34034  750 

0.974  0.82714  03063  56326  70155  495 

0.975  0.82770  18881  67257  63479  226 

0.976  0.82826  26422  76369  37592  699 

0.977  0.82882  25681  22907  86257  689 

0.978  0.82938  16651  46947  29486  397 

0.979  0.82993  99327  89390  69534  022 

0.980  0.83049  73704  91970  46808  453 

0.981  0.83105  39776  97248  95697  028 

0.982  0.83160  97538  48619  00310  290 

0.983  0.83216  46983  90304  50142  703 

0.984  0.83271  88107  67360  95650  254 

0.985  0.83327  20904  25676  03744  902 

0.986  0.83382  45368  11970  13205  801 

0.987  0.83437  61493  73796  90007  262 

0.988  0.83492  69275  59543  82563  379 

0.989  0.83547  68708  18432  76889  279 

0.990  0.83602  59786  00520  51678  926 

0.991  0.83657  42503  56699  33299  444 

0.992  0.83712  16855  38697  50701  883 

0.993  0.83766  82835  99079  90248  385 

0.994  0.83821  40439  91248  50455  694 

0.995  0.83875  89661  69442  96654  953 

0.996  0.83930  30495  88741  15567  733 

0.997  0.83984  62937  05059  69798  245 

0.998  0.84038  86979  75154  52241  668 

0.999  0.84093  02618  56621  40408  555 

1.000  0.84147  09848  07896  50665  250 

■(-7)1' 


['-/"] 


cos  z 

0.58168  30894  63883  49416  618 
0.58086  93832  53142  86928  810 
0.58005  50961  73067  39704  748 
0.57924  02290  37944  08966  253 
0.57842  47826  62640  01435  096 

0.57760  87578  62601  47846  300 
0.57679  21554  53853  21403  511 
0.57597  49762  52997  56176  536 
0.57515  72210  77213  65441  113 
0.57433  88907  44256  59961  007 

0.57351  99860  72456  66212  505 
0.57270  05078  80718  44551  395 
0.57188  04569  88520  07322  513 
0.57105  98342  15912  36911  940 
0.57023  86403  83518  03741  923 

0.56941  68763  12530  84208  614 
0.56859  45428  24714  78562  699 
0.56777  16407  42403  28733  004 
0.56694  81708  88498  36093  162 
0.56612  41340  86469  79171  417 

0.56529  95311  60354  31303  653 

0.56447  43629  34754  78229  727 

0.56364  86302  34839  35633  190 

0.56282  23338  86340  66624  480 

0.56199  54747  15554  99167  663 

0.56116  80535  49341  43450  813 

0.56034  00712  15121  09200  110 

0.55951  15285  40876  22937  736 

0.55868  24263  55149  45183  654 

0.55785  27654  87042  87601  358 

0.55702  25467  66217  30087  666 

0.55619  17710  22891  37806  645 

0.55536  04390  87840  78167  757 

0.55452  85517  92397  37748  295 

0.55369  61099  68448  39160  207 

0.55286  31144  48435  57861  376 

0.55202  95660  65354  38911  453 

0.55119  54656  52753  13672  322 

0.55036  08140  44732  16453  272 

0.54952  56120  75943  01100  969 

0.54868  98605  81587  57534  313 

0.54785  35603  97417  28224  252 

0.54701  67123  59732  24618  647 

0.54617  93173  05380  43512  268 

0.54534  13760  71756  83362  006 

0.54450  28894  96802  60547  375 

0.54366  38584  19004  25576  412 

0.54282  42836  77392  79237  026 

0.54198  41661  11542  88693  907 

0.54114  35065  61572  03531  067 

0.54030  23058  68139  71740  094 
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Table  4.6 


ELEMENTARY   TRANSCENDENTAL    FUNCTIONS 
CIRCULAR  SINES  AM)  COSINES  FOR  RADIAN  ARGUMENTS 


X  sin  X 

1.000  0.84147  09848  07896  50665  250 

1.001  0.84201  08662  88256  92390  268 

1.002  0.84254  99057  57821  22046  578 

1.003  0.84308  81026  77549  97169  747 

1.004  0.84362  54565  09246  30271  873 

1.005  0.84416  19667  15556  42661  273 

1.006  0.84469  76327  59970  18177  851 

1.007  0.84523  24541  06821  56844  116 

1.008  0.84576  64302  21289  28431  774 

1.009  0.84629  95605  69397  25943  853 

1.010  0.84683  18446  18015  19012  310 

1.011  0.84736  32818  34859  07211  051 

1.012  0.84789  38716  88491  73284  331 

1.013  0.84842  36136  48323  36290  466 

1.014  0.84895  25071  84612  04660  810 

1.015  0.84948  05517  68464  29173  940 

1.016  0.85000  77468  71835  55845  003 

1.017  0.85053  40919  67530  78730  164 

1.018  0.85105  95865  29204  92646  111 

1.019  0.85158  42300  31363  45804  549 

1.020  0.85210  80219  49362  92361  655 

1.021  0.85263  09617  59411  44882  415 

1.022  0.85315  30489  38569  26719  808 

1.023  0.85367  42829  64749  24308  778 

1.024  0.85419  46633  16717  39374  945 

1.025  0.85471  41894  74093  41057  997 

1.026  0.85523  28609  17351  17949  715 

1.027  0.85575  06771  27819  30046  586 

1.028  0.85626  76375  87681  60616  931 

1.029  0.85678  37417  79977  67982  525 

1.030  0.85729  89891  88603  37214  627 

1.031  0.85781  33792  98311  31744  398 

1.032  0.85832  69115  94711  44887  626 

1.033  0.85883  95855  64271  51283  734 

1.034  0.85935  14006  94317  58248  998 

1.035  0.85986  23564  73034  57043  938 

1.036  0.86037  24523  89466  74054  819 
1.  037  0.  86088  16879  33518  21889  224 

1.038  0.86139  00625  95953  50385  634 

1.039  0.86189  75758  68397  97536  975 

1.040  0.86240  42272  43338  40328  079 

1.041  0.86291  00162  14123  45486  997 

1.042  0.86341  49422  74964  20150  131 

1.043  0.86391  90049  20934  62441  124 

1. 044  0. 86442  22036  47972  11963  456 

1.045  0.86492  45379  52878  00206  699 

1.046  0.86542  60073  33318  00866  385 

1.047  0.86592  66112  87822  80077  424 

1.048  0.86642  63493  15788  46561  037 

1.049  0.86692  52209  17477  01685  140 

1.050  0.86742  32255  94016  89438  141 


cos  X 

0.54030  23058  68139  71740  094 

0.53946  05648  72446  55654  214 

0.53861  82844  16233  47828  237 

0.53777  54653  41780  86864  465 

0.53693  21084  91907  73184  669 

0.53608  82147  09970  84748  188 

0.53524  37848  39863  92716  262 

0.53439  88197  26016  77062  668 

0.53355  33202  13394  42130  747 

0.53270  72871  47496  32136  904 

0.53186  07213  74355  46620  673 

0.53101  36237  40537  55841  426 

0.53016  59950  93140  16121  808 

0.52931  78362  79791  85137  984 

0.52846  91481  48651  37156  798 

0.52761  99315  48406  78219  896 

0.52677  01873  28274  61274  932 

0.52591  99163  37999  01253  921 

0.52506  91194  27850  90098  832 

0.52421  77974  48627  11734  503 

0.52336  59512  51649  56988  961 

0.52251  35816  88764  38461  245 

0.52166  06896  12341  05336  792 

0.52080  72758  75271  58150  502 

0.51995  33413  30969  63497  542 


0. 

51909 

88868 

33369 

68691 

985 

0. 

51824 

39132 

36926 

16373 

373 

0. 

51738 

84213 

96612 

59061 

276 

0. 

51653 

24121 

67920 

73657 

956 

0. 

51567 

58864 

06859 

75899 

186 

0. 

51481 

88449 

69955 

34753 

350 

0. 

51396 

12887 

14248 

86768 

878 

0. 

51310 

32184 

97296 

50370 

116 

0. 

51224 

46351 

77168 

40101 

715 

0. 

51138 

55396 

12447 

80821 

625 

0. 

51052 

59326 

62230 

21842 

776 

0. 

50966 

58151 

86122 

51023 

535 

0. 

50880 

51880 

44242 

08807 

028 

0. 

50794 

40520 

97216 

02209 

404 

0. 

50708 

24082 

06180 

18757 

138 

0. 

50622 

02572 

32778 

40373 

447 

0. 

50535 

76000 

39161 

57213 

919 

0. 

50449 

44374 

87986 

81451 

427 

0. 

50363 

07704 

42416 

61010 

426 

0. 

50276 

65997 

66117 

93250 

711 

0. 

50190 

19263 

23261 

38600 

728 

0. 

50103 

67509 

78520 

34140 

520 

0. 

50017 

10745 

97070 

07134 

396 

0. 

49930 

48980 

44586 

88513 

415 

0. 

49843 

82221 

87247 

26307 

756 

0. 

49757 

10478 

91726 

99029 

085 

['-/"] 
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X  sin  X 

1.050  0.86742  32255  94016  89438  141 

1.051  0.86792  03628  47403  46316  092 

1.052  0.86841  66321  80499  51123  146 

1.053  0.86891  20330  97035  74685  276 

1.054  0.86940  65651  01611  29477  198 

1.055  0.86990  02276  99694  19162  460 

1.056  0.87039  30203  97621  88046  624 

1.057  0.87088  49427  02601  70443  529 

1.058  0.87137  59941  22711  39954  543 

1.059  0.87186  61741  66899  58660  794 

1.060  0.87235  54823  44986  26228  295 

1.061  0.87284  39181  67663  28925  947 

1.062  0.87333  14811  46494  88556  345 

1.063  0.87381  81707  93918  11299  356 

1.064  0.87430  39866  23243  36468  402 

1.065  0.87478  89281  48654  85179  424 

1.066  0.87527  29948  85211  08932  453 

1.067  0.87575  61863  48845  38105  753 

1.068  0.87623  85020  56366  30362  492 

1.069  0.87671  99415  25458  18969  874 

1.070  0.87720  05042  74681  61030  706 

1.071  0.87768  01898  23473  85627  336 

1.072  0.87815  89976  92149  41877  919 

1.073  0.87863  69274  01900  46904  963 

1.074  0.87911  39784  74797  33716  111 

1.075  0.87959  01504  33788  98997  101 

1.076  0.88006  54428  02703  50816  869 

1.077  0.88053  98551  06248  56244  731 

1.078  0.88101  33868  70011  88879  619 

1.079  0.88148  60376  20461  76291  297 

1.080  0.88195  78068  84947  47373  533 

1.081  0.88242  86941  91699  79609  169 

1.082  0.88289  86990  69831  46247  031 

1.083  0.88336  78210  49337  63390  660 

1.084  0.88383  60596  61096  36998  790 

1.085  0.88430  34144  36869  09797  534 

1.086  0.88476  98849  09301  08104  243 

1.087  0.88523  54706  11921  88562  972 

1.088  0.88570  01710  79145  84791  522 

1.089  0.88616  39858  46272  53940  000 

1.090  0.88662  69144  49487  23160  860 

1.091  0.88708  89564  25861  35990  371 

1.092  0.88755  01113  13352  98641  470 

1.093  0.88801  03786  50807  26207  951 

1.094  0.88846  97579  77956  88779  948 

1.095  0.88892  82488  35422  57470  660 

1.096  0.88938  58507  64713  50354  274 

1.097  0.88984  25633  08227  78315  047 

1.098  0.89029  83860  09252  90807  488 

1.099  0.89075  33184  11966  21527  609 

1.100  0.89120  73600  61435  33995  180 


cos  X 

0.49757  10478  91726  99029  085 

0.49670  33760  25200  29002  975 

0.49583  52074  55338  95651  499 

0.49496  65430  50311  48726  051 

0.49409  73836  78782  21490  510 

0.49322  77302  09910  43854  806 

0.49235  75835  13349  55459  008 

0.49148  69444  59246  18707  979 

0.49061  58139  18239  31756  732 

0.48974  41927  61459  41446  534 

0.48887  20818  60527  56191  864 

0.48799  94820  87554  58818  317 

0.48712  63943  15140  19351  528 

0.48625  28194  16372  07757  202 

0.48537  87582  64825  06632  362 

0.48450  42117  34560  23847  867 

0.48362  91807  00124  05142  311 

0.48275  36660  36547  46667  387 

0.48187  76686  19345  07484  800 

0.48100  11893  24514  22014  811 

0.48012  42290  28534  12436  509 

0.47924  67886  08365  01039  904 

0.47836  88689  41447  22529  904 

0.47749  04709  05700  36282  289 

0.47661  15953  79522  38551  762 

0.47573  22432  41788  74632  160 

0.47485  24153  71851  50968  911 

0.47397  21126  49538  47223  840 

0.47309  13359  55152  28292  396 

0.47221  00861  69469  56273  392 

0.47132  83641  73740  02391  353 

0.47044  61708  49685  58871  547 

0.46956  35070  79499  50767  810 

0.46868  03737  45845  47743  217 

0.46779  67717  31856  75803  727 

0.46691  27019  21135  28984  862 

0.46602  81651  97750  80991  522 

0.46514  31624  46239  96791  014 

0.46425  76945  51605  44159  401 

0.46337  17623  99315  05181  235 

0.46248  53668  75300  87702  790 

0.46159  85088  65958  36738  852 

0.46071  11892  58145  45833  190 

0.45982  34089  39181  68372  764 

0.45893  51687  96847  28855  783 

0.45804  64697  19382  34113  686 

0.45715  73125  95485  84487  142 

0.45626  76983  14314  84956  158 

0.45537  76277  65483  56224  382 

0.45448  71018  39062  45757  688 

0.45359  61214  25577  38777  137 


['-r"] 
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ELEMENTARY    TRANSCEXDETsTAL    FUNCTIONS 
Table  4.6         CIRCULAR  SINES  AND  COSINES  FOR  RADIAN  ARGUMENTS 


100 

0. 

89120 

73600 

61435 

33995 

180 

101 

0. 

89166 

05105 

03618 

67046 

971 

102 

0. 

89211 

27692 

85365 

80240 

901 

103 

0. 

89256 

41359 

54417 

99171 

080 

104 

0. 

89301 

46100 

59408 

60693 

678 

105 

0. 

89346 

41911 

49863 

58063 

585 

106 

0. 

89391 

28787 

76201 

85981 

812 

107 

0. 

89436 

06724 

89735 

85553 

594 

108 

0. 

89480 

75718 

42671 

89157 

146 

109 

0. 

89525 

35763 

88110 

65223 

027 

110 

0. 

89569 

86856 

80047 

62924 

063 

111 

0. 

89614 

28992 

73373 

56775 

801 

112 

0. 

89658 

62167 

23874 

91147 

427 

113 

0. 

89702 

86375 

88234 

24683 

120 

114 

0. 

89747 

01614 

24030 

74633 

785 

115 

0. 

89791 

07877 

89740 

61099 

138 

116 

0. 

89835 

05162 

44737 

51180 

079 

117 

0. 

89878 

93463 

49293 

03041 

321 

118 

0. 

89922 

72776 

64577 

09884 

230 

119 

0. 

89966 

43097 

52658 

43829 

826 

120 

0. 

90010 

04421 

76504 

99711 

910 

121 

0. 

90053 

56744 

99984 

38780 

263 

122 

0. 

90097 

00062 

87864 

32313 

880 

123 

0. 

90140 

34371 

05813 

05144 

201 

124 

0. 

90183 

59665 

20399 

79088 

276 

125 

0. 

90226 

75940 

99095 

16291 

842 

126 

0. 

90269 

83194 

10271 

62482 

258 

127 

0. 

90312 

81420 

23203 

90131 

256 

128 

0. 

90355 

70615 

08069 

41527 

464 

129 

0. 

90398 

50774 

35948 

71758 

658 

130 

0. 

90441 

21893 

78825 

91603 

708 

131 

0. 

90483 

83969 

09589 

10334 

160 

132 

0. 

90526 

36996 

02030 

78425 

425 

133 

0. 

90568 

80970 

30848 

30177 

523 

134 

0, 

90611 

15887 

71644 

26245 

348 

135 

0. 

90653 

41744 

00926 

96078 

401 

136 

0. 

90695 

58534 

96110 

80269 

960 

137 

0. 

90737 

66256 

35516 

72815 

632 

138 

0. 

90779 

64903 

98372 

63281 

260 

139 

0. 

90821 

54473 

64813 

78880 

126 

140 

0. 

90863 

34961 

15883 

26459 

422 

141 

0. 

90905 

06362 

33532 

34395 

940 

142 

0. 

90946 

68673 

00620 

94400 

939 

143 

0. 

90988 

21889 

00918 

03234 

153 

144 

0. 

91029 

66006 

19102 

04326 

885 

145 

0. 

91071 

01020 

40761 

29314 

164 

146 

0. 

91112 

26927 

52394 

39475 

912 

147 

0. 

91153 

43723 

41410 

67087 

073 

148 

0. 

91194 

51403 

96130 

56676 

684 

149 

0. 

91235 

49965 

05786 

06195 

821 

1. 

150 

0. 

91276 

39402 

60521 

08094 

403 

"(-7)1" 
7 

cos  X 

0.45359  61214  25577  38777  137 
0.45270  46874  16008  69206  400 
0.45181  28007  01790  30573  730 
0.45092  04621  74808  86868  576 
0.45002  76727  27402  83352  928 

0.44913  44332  52361  57327  478 
0.44824  07446  42924  48852  689 
0.44734  66077  92780  11424  866 
0.44645  20235  96065  22607  305 
0,44555  69929  47363  94616  628 

0.44466  15167  41706  84864  374 
0,44376  55958  74570  06453  951 
0.44286  92312  41874  38633  030 
0.44197  24237  39984  37201  474 
0.44107  51742  65707  44874  890 

0.44017  74837  16293  01603  891 

0.43927  93529  89431  54849  166 

0.43838  07829  83253  69812  438 

0,43748  17745  96329  39623  410 

0.43658  23287  27666  95482  777 

0.43568  24462  76712  16761  399 

0.43478  21281  43347  41055  736 

0.43388  13752  27890  74199  612 

0.43298  01884  31095  00232  420 

0.43207  85686  54146  91323  845 

0.43117  65167  98666  17655  197 
0.43027  40337  66704  57257  452 
0.42937  11204  60745  05806  078 
0,42846  77777  83700  86372  749 
0.42756  40066  38914  59134  030 

0.42665  98079  30157  31037  122 
0.42575  51825  61627  65422  763 
0.42485  01314  37950  91605  376 
0.42394  46554  64178  14410  540 
0.42303  87555  45785  23669  902 

0.42213  24325  88672  03673  585 
0.42122  56874  99161  42580  219 
0.42031  85211  83998  41784  656 
0.41941  09345  50349  25243  478 
0.41850  29285  05800  48758  379 

0.41759  45039  58358  09217  519 

0.41668  56618  16446  53794  933 

0.41577  64029  88907  89108  094 

0,41486  67283  85000  90333  707 

0.41395  66389  14400  10281  852 

0.41304  61354  87194  88428  529 

0.41213  52190  13888  59906  732 

0.41122  38904  05397  64456  120 

0.41031  21505  73050  55331  381 

0.40940  00004  28587  08169  395 

0.40848  74408  84157  29815  258 

■(-8)6" 
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X  sin  X 

1.150  0.91276  39402  60521  08094  403 

1.151  0.91317  19712  51391  90306  792 

1.152  0.91357  90890  70367  57146  165 

1.153  0.91398  52933  10330  30107  602 

1.154  0.91439  05835  65075  88579  865 

1.155  0.91479  49594  29314  10465  816 

1.156  0.91519  84204  98669  12711  431 

1.157  0.91560  09663  69679  91743  383 

1.158  0.91600  25966  39800  63815  143 

1.159  0.91640  33109  07401  05261  556 

1.160  0.91680  31087  71766  92661  866 

1.161  0.91720  19898  33100  42911  136 

1.162  0.91759  99536  92520  53200  023 

1.163  0.91799  69999  52063  40902  883 

1.164  0.91839  31282  14682  83374  147 

1.165  0.91878  83380  84250  57652  941 

1.166  0.91918  26291  65556  80075  906 

1.167  0.91957  60010  64310  45798  178 

1.168  0.91996  84533  87139  68222  492 

1.169  0.92035  99857  41592  18336  360 

1.170  0.92075  05977  36135  63957  301 

1.171  0.92114  02889  80158  08886  071 

1.172  0,92152  90590  83968  31967  851 

1.173  0.92191  69076  58796  26061  369 

1.174  0.92230  38343  16793  36915  902 

1.175  0.92268  98386  71033  01956  127 

1.176  0.92307  49203  35510  88974  783 

1.177  0.92345  90789  25145  34733  097 

1.178  0.92384  23140  55777  83468  944 

1.179  0.92422  46253  44173  25312  701 

1.180  0.92460  60124  08020  34610  754 

1.181  0.92498  64748  65932  08156  619 

1.182  0.92536  60123  37446  03329  642 

1.183  0.92574  46244  43024  76141  242 

1.184  0.92612  23108  04056  19188  645 

1.185  0.92649  90710  42853  99516  095 

1.186  0.92687  49047  82657  96383  480 

1.187  0.92724  98116  47634  38942  352 

1.188  0.92762  37912  62876  43819  290 

1.189  0.92799  68432  54404  52606  588 

1.190  0.92836  89672  49166  69260  202 

1.191  0.92874  01628  75038  97404  950 

1.192  0.92911  04297  60825  77546  899 

1.193  0.92947  97675  36260  24192  928 

1.194  0.92984  81758  32004  62877  403 

1.195  0.93021  56542  79650  67095  956 

1.196  0.93058  22025  11719  95146  303 

1.197  0.93094  78201  61664  26876  083 

1.198  0.93131  25068  63866  00337  679 

1.199  0.93167  62622  53638  48349  974 

1.200 


0.93203  90859  67226  34967  013 

"(-7)1- 


D-/"] 


cos  X 

0.40848  74408  84157  29815  258 

0.40757  44728  52320  67107  284 

0.40666  10972  46045  15621  071 

0.40574  73149  78706  28372  706 

0.40483  31269  64086  24481  224 

0.40391  85341  16372  97790  397 
0.40300  35373  50159  25449  945 
0.40208  81375  80441  76456  266 
0.40117  23357  22620  20152  779 
0.40025  61326  92496  34689  958 

0.39933  95294  06273  15445  164 
0.39842  25267  80553  83402  355 
0.39750  51257  32340  93491  775 
0.39658  73271  79035  42889  706 
0.39566  91320  38435  79278  377 

0.39475  05412  28737  09066  125 
0.39383  15556  68530  05567  898 
0.39291  21762  76800  17146  187 
0.39199  24039  72926  75312  486 
0.39107  22396  76682  02789  366 

0.39015  16843  08230  21533  266 
0.38923  07387  88126  60718  072 
0.38830  94040  37316  64679  599 
0.38738  76809  77135  00821  054 
0.38646  55705  29304  67479  575 

0.38554  30736  15936  01753  942 

0.38462  01911  59525  87293  547 

0.38369  69240  82956  62048  718 

0.38277  32733  09495  25982  487 

0.38184  92397  62792  48743  902 

0.38092  48243  66881  77302  960 

0.38000  00280  46178  43547  271 

0.37907  48517  25478  71840  534 

0.37814  92963  29958  86542  917 

0.37722  33627  85174  19493  444 

0.37629  70520  17058  17454  471 

0.37537  03649  51921  49518  342 

0.37444  33025  16451  14476  334 

0.37351  58656  37709  48149  962 

0.37258  80552  43133  30684  752 

0.37165  98722  60532  93806  568 

0.37073  13176  18091  28040  589 

0.36980  23922  44362  89893  026 

0.36887  30970  68273  08995  672 

0.36794  34330  19116  95213  382 

0.36701  34010  26558  45714  570 

0.36608  30020  20629  52004  819 

0.36515  22369  31729  06923  698 

0.36422  11066  90622  11604  876 

0.36328  96122  28438  82399  631 

0.36235  77544  76673  57763  837 


k^ 
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ELEMEXTARY    TRAXSCEXDEXTAL    FUXCTIOXS 
CIRCULAR  SINES  AND  COSINES  FOR  RADIAN  ARGIMENTS 


X  sm  X 

1.200  0.93203  90859  67226  34967  013 

1.201  0,93240  09776  41805  91853  542 

1.202  0,93276  19369  15485  54567  367 

1.203  0,93312  19634  27305  98748  519 

1.204  0,93348  10568  17240  76215  175 

1.205  0,93383  92167  26196  50966  302 

1.206  0.93419  64427  96013  35090  992 

1.207  0,93455  27346  69465  24584  444 

1.208  0.93490  80919  90260  35070  567 

1.209  0,93526  25144  03041  37431  162 

1.210  0.93561  60015  53385  93341  646 

1.211  0.93596  85530  87806  90713  291 

1.212  0,93632  01686  53752  79041  926 

1.213  0,93667  08478  99608  04663  095 

1.214  0.93702  05904  74693  45913  598 

1.215  0.93736  93960  29266  48199  416 

1.216  0.93771  72642  14521  58969  959 

1.217  0,93806  41946  82590  62598  617 

1.218  0.93841  01870  86543  15169  574 

1.219  0.93875  52410  80386  79170  848 

1.220  0.93909  93563  19067  58093  524 

1.221  0.93944  25324  58470  30937  151 

1.222  0.93978  47691  55418  86621  257 

1.223  0.94012  60660  67676  58302  957 

1.224  0.94046  64228  53946  57600  622 

1.225  0.94080  58391  73872  08723  559 

1.226  0.94114  43146  88036  82507  685 

1.227  0.94148  18490  57965  30357  157 

1.228  0.94181  84419  46123  18091  912 

1.229  0.94215  40930  15917  59701  104 

1.230  0.94248  88019  31697  51002  382 

1.231  0.94282  25683  58754  03206  998 

1.232  0.94315  53919  63320  76390  684 

1.233  0.94348  72724  12574  12870  299 

1.234  0.94381  82093  74633  70486  175 

1.235  0.94414  82025  18562  55790  164 

1.236  0.94447  72515  14367  57139  322 

1.237  0.94480  53560  32999  77695  223 

1.238  0.94513  25157  46354  68328  851 

1.239  0.94545  87303  27272  60431  046 

1.240  0.94578  39994  49538  98628  471 

1.241  0.94610  83227  87884  73405  063 

1.242  0.94643  17000  17986  53628  942 

1.243  0.94675  41308  16467  18984  738 

1.244  0.94707  56148  60895  92311  309 

1.245  0.94739  61518  29788  71844  815 

1.246  0.94771  57414  02608  63367  118 

1.247  0.94803  43832  59766  12259  472 

1.248  0.94835  20770  82619  35461  479 

1.249  0.94866  88225  53474  53335  262 

1.250  0.94898  46193  55586  21434  849 

■(-7)r 


cos  X 

0,36235  77544  76673  57763  837 
0.36142  55343  67184  05108  539 
0.36049  29528  32190  27614  189 
0,35956  00108  04273  71008  651 
0.35862  67092  16376  30309  065 

0.35769  30490  01799  56527  660 
0.35675  90310  94203  63341  607 
0.35582  46564  27606  33727  018 
0.35488  99259  36382  26557  166 
0.35395  48405  55261  83165  039 

0.35301  94012  19330  33870  301 

0.35208  36088  64027  04470  775 

0.35114  74644  25144  22698  521 

0.35021  09688  38826  24640  616 

0.34927  41230  41568  61124  730 

0.34833  69279  70217  04069  578 
0.34739  93845  61966  52800  358 
0.34646  14937  54360  40329  260 
0.34552  32564  85289  39601  140 
0.34458  46736  92990  69704  455 

0.34364  57463  16047  02047  552 

0.34270  64752  93385  66500  405 

0.34176  68615  64277  57501  890 

0.34082  69060  68336  40132  702 

0.33988  66097  45517  56153  996 

0.33894  59735  36117  30011  855 
0. 33800  49983  80771  74807  668 
0.33706  36852  20455  98234  533 
0.33612  20349  96483  08479  750 
0.33518  00486  50503  20093  523 

0.33423  77271  24502  59823  955 

0.33329  50713  60802  72418  427 

0.33235  20823  02059  26391  462 

0.33140  87608  91261  19759  164 

0.33046  51080  71729  85740  328 

0.32952  11247  87117  98424  316 

0.32857  68119  81408  78405  786 

0.32763  21705  98914  98386  387 

0.32668  72015  84277  88743  487 

0,32574  19058  82466  43066  054 

0.32479  62844  38776  23657  769 
0,32385  03381  98828  67007  475 
0,32290  40681  08569  89227  042 
0.32195  74751  14269  91456  764 
0.32101  05601  62521  65238  364 

0.32006  33242  00239  97855  712 

0.31911  57681  74660  77643  341 

0.31816  78930  33339  99262  871 

0.31721  96997  24152  68947  423 

0.31627  11891  95292  09714  116 

0.31532  23623  95268  66544  754 


I 


['-/"] 


j-.-s.aj 


-J  i 
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*  sin  X 

1.250  0.94898  46193  55586  21434  849 

1.251  0.94929  94671  73157  62180  713 

1.252  0.94961  33656  91340  96439  444 

1.253  0.94992  63145  96237  75008  528 

1.254  0.95023  83135  74899  10006  196 

1.255  0.95054  93623  15326  06166  303 

1.256  0.95085  94605  06469  92038  225 

1.257  0.95116  86078  38232  51091  729 

1.258  0.95147  68040  01466  52726  783 

1.259  0.95178  40486  87975  83188  287 

1.260  0.95209  03415  90515  76385  682 

1.261  0.95239  56824  02793  44617  416 

1.262  0.95270  00708  19468  09200  227 

1.263  0.95300  35065  36151  31003  222 

1.264  0.95330  59892  49407  40886  709 

1.265  0.95360  75186  56753  70045  767 

1.266  0.95390  80944  56660  80258  512 

1.267  0.95420  77163  48552  94039  032 

1.268  0.95450  63840  32808  24694  963 

1.269  0.95480  40972  10759  06289  671 

1.270  0,95510  08555  84692  23509  018 

1.271  0,95539  66588  57849  41432  673 

1.272  0.95569  15067  34427  35209  944 

1.273  0,95598  53989  19578  19640  104 

1.274  0.95627  83351  19409  78657  170 

1.275  0.95657  03150  40985  94719  118 

1.276  0.95686  13383  92326  78101  497 

1.277  0.95715  14048  82408  96095  419 

1.278  0.95744  05142  21166  02109  886 

1.279  0.95772  86661  19488  64678  437 

1.280  0.95801  58602  89224  96370  075 

1.281  0,95830  20964  43180  82604  453 

1.282  0,95858  73742  95120  10371  286 

1.283  0.95887  16935  59764  96853  962 

1.284  0.95915  50539  52796  17957  320 

1.285  0,95943  74551  90853  36739  577 

1.286  0.95971  88969  91535  31748  357 

1.287  0,95999  93790  73400  25260  814 

1.288  0.96027  89011  55966  11427  805 

1.289  0.96055  74629  59710  84322  094 

1.290  0.96083  50642  06072  65890  556 

1.291  0,96111  17046  17450  33810  354 

1.292  0,96138  73839  17203  49249  056 

1.293  0.96166  21018  29652  84528  675 

1.294  0.96193  58580  80080  50693  590 

1.295  0,96220  86523  94730  24982  339 

1.296  0,96248  04845  00807  78203  231 

1.297  0,96275  13541  26481  02013  782 

1.298  0,96302  12610  00880  36103  915 

1.299  0.96329  02048  54098  95282  920 

1.300  0.96355  81854  17192  96470  135 


0. 

31532 

23623 

95268 

66544 

754 

0. 

31437 

32202 

72909 

11534 

791 

0. 

31342 

37637 

77355 

49010 

665 

0. 

31247 

39938 

58064 

20615 

601 

0. 

31152 

39114 

64805 

10363 

979 

0. 

31057 

35175 

47660 

49664 

355 

0. 

30962 

28130 

57024 

22311 

242 

0. 

30867 

17989 

43600 

69445 

729 

0. 

30772 

04761 

58403 

94485 

052 

0. 

30676 

88456 

52756 

68021 

196 

0. 

30581 

69083 

78289 

32688 

634 

0. 

30486 

46652 

86939 

08001 

291 

0. 

30391 

21173 

30948 

95158 

833 

0. 

30295 

92654 

62866 

81822 

373 

0. 

30200 

61106 

35544 

46859 

693 

0. 

30105 

26538 

02136 

65060 

070 

0. 

30009 

88959 

16100 

11818 

814 

0, 

29914 

48379 

31102 

67791 

595 

0, 

29819 

04808 

01472 

23518 

675 

0. 

29723 

58254 

81295 

84019 

121 

0. 

29628 

08729 

25318 

73355 

114 

0, 

29532 

56240 

88493 

39166 

425 

0. 

29437 

00799 

26068 

57175 

182 

0, 

29341 

42413 

93588 

35661 

000 

0. 

29245 

81094 

46891 

19906 

579 

0, 

29150 

16850 

42108 

96613 

869 

0, 

29054 

49691 

35665 

98290 

890 

0. 

28958 

79626 

84278 

07609 

308 

0. 

28863 

06666 

44951 

61732 

860 

0, 

28767 

30819 

74982 

56616 

726 

0. 

28671 

52096 

31955 

51277 

939 

0. 

285T5 

70505 

73742 

72036 

934 

0. 

28479 

86057 

58503 

16730 

332 

0, 

28383 

98761 

44681 

58895 

050 

0, 

28288 

08626 

91007 

51923 

831 

0, 

28192 

15663 

56494 

33192 

303 

0, 

28096 

19881 

00438 

28157 

651 

0. 

28000 

21288 

82417 

54428 

993 

0. 

27904 

19896 

62291 

25809 

577 

0. 

27808 

15714 

00198 

56310 

871 

0.27712  08750  56557  64138  661 

0.27615  99015  92064  75651  234 

0.27519  86519  67693  29289  769 

0,27423  71271  44692  79480  997 

0,27327  53280  84588  00512  263 

0.27231  32557  49177  90379  053 

0,27135  09111  00534  74605  108 

0,27038  82951  01003  10035  206 

0.26942  54087  13198  88600  711 

0,26846  22529  00008  41057  992 

0,26749  88286  24587  40699  798 
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ELEMENTARY    TRANSCENDENTAL    FUNCTIONS 
Table  4.6         CIRCULAR  SINES  AND  COSINES  FOR  RADIAN  ARGUMENTS 


X  sm  X 

1.300  0.96355  81854  17192  96470  135 

1.301  0.96382  52024  22181  85589  331 

1.302  0.96409  12556  02048  64366  761 

1.303  0.96435  63446  90740  17032  855 

1.304  0.96462  04694  23167  36927  537 

1.305  0.96488  36295  35205  53009  126 

1.306  0.96514  58247  63694  56266  806 

1.307  0.96540  70548  46439  26036  635 

1.308  0.96566  73195  22209  56221  061 

1.309  0.96592  66185  30740  81411  924 

1.310  0.96618  49516  12734  02916  926 

1.311  0.96644  23185  09856  14689  520 

1.312  0.96669  87189  64740  29162  218 

1.313  0.96695  41527  20986  02983  276 

1.314  0.96720  86195  23159  62656  736 

1.315  0.96746  21191  16794  3Q085  794 

1.316  0.96771  46512  48390  48019  478 

1.317  0.96796  62156  65416  05402  607 

1.318  0.96821  68121  16306  62628  991 

1.319  0.96846  64403  50465  76697  879 

1.320  0.96871  51001  18265  26273  590 

1.321  0.96896  27911  71045  36648  340 

1.322  0.96920  95132  61115  04608  211 

1.323  0.96945  52661  41752  23202  252 

1.324  0.96970  00495  67204  06414  685 

1.325  0.96994  38632  92687  13740  188 

1.326  0.97018  67070  74387  74662  236 

1.327  0.97042  85806  69462  13034  465 

1.328  0.97066  94838  36036  71365  051 

1.329  0.97090  94163  33208  35004  060 

1.330  0.97114  83779  21044  56233  768 

1.331  0.97138  63683  60583  78261  900 

1.332  0.97162  33874  13835  59117  786 

1.333  0.97185  94348  43780  95451  405 

1.334  0.97209  45104  14372  46235  282 

1.335  0.97232  86138  90534  56369  230 

1.336  0.97256  17450  38163  80187  900 

1.337  0.97279  39036  24129  04871  129 

1.338  0.97302  50894  16271  73757  046 

1.339  0.97325  53021  83406  09557  931 

1.340  0.97348  45416  95319  37478  787 

1.341  0.97371  28077  22772  08238  616 

1.342  0.97394  01000  37498  20994  365 

1.343  0.97416  64184  12205  46167  522 

1.344  0.97439  17626  20575  48173  349 

1.345  0.97461  61324  37264  08052  713 

1.346  0.97483  95276  37901  46006  501 

1.347  0.97506  19479  99092  43832  603 

1.348  0.97528  33932  98416  67265  423 

1.349  0.97550  38633  14428  88217  916 

1.350  0.97572  33578  26659  06926  111 


cos  X 

0.26749  88286  24587  40699  798 

0.26653  51368  50360  07039  695 

0.26557  11785  41018  09469  650 

0.26460  69546  60519  70890  877 

0.26364  24661  73088  71318  016 

0.26267  77140  43213  51456  761 

0.26171  26992  35646  16255  031 

0.26074  74227  15401  38427  774 

0.25978  18854  47755  61955  494 

0.25881  60883  98246  05556  626 

0.25785  00325  32669  66133  818 

0.25688  37188  17082  22194  242 

0.25591  71482  17797  37244  030 

0.25495  03217  01385  63156  911 

0.25398  32402  34673  43517  173 

0.25301  59047  84742  16937  022 

0.25204  83163  18927  20348  457 

0.25108  04758  04816  92269  738 

0.25011  23842  10251  76046  556 

0.24914  40425  03323  23067  996 

0.24817  54516  52372  95957  398 

0.24720  66126  25991  71738  199 

0.24623  75263  93018  44974  865 

0.24526  81939  22539  30889  004 

0.24429  86161  83886  68450  760 

0.24332  87941  46638  23445  582 

0.24235  87287  80615  91516  463 

0.24138  84210  55885  01181  759 

0.24041  78719  42753  16828  662 

0.23944  70824  11769  41682  448 

0.23847  60534  33723  20751  578 

0.23750  47859  79643  43748  768 

0.23653  32810  20797  47988  097 

0.23556  15395  28690  21258  288 

0.23458  95624  75063  04672  221 

0.23361  73508  31892  95492  805 

0.23264  49055  71391  49935  286 

0.23167  22276  66003  85946  099 

0.23069  93180  88407  85958  358 

0.22972  61778  11512  99624  085 

0.22875  28078  08459  46523  264 

0.22777  92090  52617  18849  831 

0.22680  53825  17584  84074  691 

0.22583  13291  77188  87585  859 

0.22485  70500  05482  55305  819 

0.22388  25459  76744  96286  212 

0.22290  78180  65480  05279  929 

0.22193  28672  46415  65290  729 

0.22095  76944  94502  50100  463 

0.21998  23007  84913  26774  007 


0.21900  66870  93041  58142  002 
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X  sin  X 

1.350  0.97572  33578  26659  06926  111 

1.351  0.97594  18766  15612  73996  110 

1.352  0.97615  94194  62771  12353  536 

1.353  0.97637  59861  50591  39095  407 

1.354  0.97659  15764  62506  87244  418 

1.355  0.97680  61901  82927  27405  609 

1.356  0.97701  98270  97238  89325  386 

1.357  0.97723  24869  91804  83352  894 

1.358  0.97744  41696  53965  21803  706 

1.359  0.97765  48748  72037  40225  805 

1.360  0.97786  46024  35316  18567  849 

1.361  0.97807  33521  34074  02249  690 

1.362  0.97828  11237  59561  23135  125 

1.363  0.97848  79171  04006  20406  864 

1.364  0.97869  37319  60615  61343  685 

1.365  0.97889  85681  23574  61999  774 

1.366  0.97910  24253  88047  07786  196 

1.367  0.97930  53035  50175  73954  516 

1.368  0.97950  72024  07082  45982  521 

1.369  0.97970  81217  56868  39862  027 

1.370  0.97990  80613  98614  22288  769 

1.371  0.98010  70211  32380  30754  328 

1.372  0.98030  50007  59206  93540  094 

1.373  0.98050  20000  81114  49613  233 

1.374  0.98069  80189  01103  68424  652 

1.375  0.98089  30570  23155  69608  920 

1.376  0.98108  71142  52232  42586  155 

1.377  0.98128  01903  94276  66065  826 

1.378  0.98147  22852  56212  27452  479 

1.379  0.98166  33986  45944  42153  343 

1.380  0.98185  35303  72359  72787  813 

1.381  0.98204  26802  45326  48298  791 

1.382  0.98223  08480  75694  82965  850 

1.383  0.98241  80336  75296  95320  221 

1.384  0.98260  42368  56947  26961  571 

1.385  0.98278  94574  34442  61276  561 

1.386  0.98297  36952  22562  42059  162 

1.387  0.98315  69500  37068  92032  708 

1.388  0.98333  92216  94707  31273  673 

1.389  0.98352  05100  13205  95537  148 

1.390  0.98370  08148  11276  54484  004 

1.391  0.98388  01359  08614  29809  722 

1.392  0.98405  84731  25898  13274  870 

1.393  0.98423  58262  84790  84637  207 

1.394  0.98441  21952  07939  29485  405 

1. 395  0. 98458  75797  18974  56974  360 

1.396  0.98476  19796  42512  17462  083 

1.397  0.98493  53948  04152  20048  145 

1.398  0.98510  78250  30479  50013  670 

1.399  0.98527  92701  49063  86162  846 


cos  X 

0.21900  66870  93041  58142  002 
0.21803  08543  94501  05261  504 
0.21705  48036  65124  29854  627 
0.21607  85358  80961  96725  291 
0.21510  20520  18281  76154  163 

0.21412  53530  53567  46271  899 
0.21314  84399  63517  95410  772 
0.21217  13137  25046  24434  790 
0.21119  39753  15278  49048  406 
0.21021  64257  11553  02083  908 

0.20923  86658  91419  35767  598 
0.20826  06968  32637  23964  842 
0.20728  25195  13175  64404  112 
0.20630  41349  11211  80880  089 
0.20532  55440  05130  25435  952 

0.20434  67477  73521  80524  932 
0.20336  77471  95182  61151  240 
0.20238  85432  49113  16990  457 
0.20140  91369  14517  34489  495 
0.20042  95291  70801  38946  217 

0.19944  97209  97572  96568  820 

0,19846  97133  74640  16515  079 

0.19748  95072  82010  52911  545 

0.19650  91036  99890  06852  798 

0.19552  85036  08682  28380  853 

0.19454  77079  88987  18444  822 

0.19356  67178  21600  30840  918 

0.19258  55340  87511  74132  912 

0.19160  41577  67905  13553  129 

0.19062  25898  44156  72884  094 

0.18964  08312  97834  36320  915 

0.18865  88831  10696  50314  508 

0.18767  67462  64691  25395  757 

0.18669  44217  41955  37980  715 

0.18571  19105  24813  32156  930 

0.18472  92135  95776  21451  016 

0.18374  63319  37540  90577  542 

0.18276  32665  32988  97169  360 

0.18178  00183  65185  73489  451 

0.18079  65884  17379  28124  404 

0.17981  29776  72999  47659  616 

0.17882  91871  15656  98336  311 

0.17784  52177  29142  27690  484 

0.17686  10704  97424  66173  860 

0.17587  67464  04651  28756  976 

0.17489  22464  35146  16514  467 

0.17390  75715  73409  18192  681 

0.17292  27228  04115  11759  690 

0.17193  77011  12112  65937  830 

0.17095  25074  82423  41718  833 


1.400    0.98544  97299  88460  18065  947    0.16996  71429  00240  93861  675 
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ELZMENTAET    TR.\XSCEXDEXTAL    FTXCTIONS 
Table  4.6         CIRCILAR   SINES  AND  COSINES  FOR  RA^DIAN  ARGOIENTS 


1.400 

0.  98544 

1.401 

0.  98561 

1.402 

0.  98578 

1.403 

0.  98595 

1.404 

0.  98612 

1.405 

0.  98628 

1.406 

0.  98645 

1.407 

0.98661 

1.408 

0.  98677 

1.409 

0.98693 

1.410 

0.98710 

1.411 

0.  98725 

1.412 

0.  98741 

1.413 

0.98757 

1.414 

0.  98773 

1.415 

0.  98788 

1.416 

0.  98804 

1.417 

0.  98819 

1.418 

0.  98834 

1.419 

0.  98850 

1.420 

0.  98865 

1.421 

0.  98880 

1.422 

0.  98895 

1.423 

0.98909 

1.424 

0.  98924 

1.425 

0.  98939 

1.426 

0.  98953 

1.427 

0.  98967 

1.428 

0.  98982 

1.429 

0.98996 

1.430 

0.99010 

1.431 

0.99024 

1.432 

0.99038 

1.433 

0.99052 

1.434 

0.  99065 

1.435 

0.99079 

1.436 

0.99092 

1.437 

0.99106 

1.438 

0.99119 

1.439 

0.99132 

1.440 

0.99145 

1.441 

0.99158 

1.442 

0.99171 

1.443 

0.  991S4 

1.444 

0.99197 

1.445 

0.99209 

1.446 

0.  99222 

1.447 

0.99234 

1.448 

0.99247 

1.449 

0.  99259 

1.450 


sm  X 

97299  88460  18065  947 
92043  78208  63203  840 
76931  48834  84013  966 
51961  31850  04837  776 
17131  59751  28769  609 

72440  66021  54406  982 
17886  85129  92502  294 
53468  52531  82515  912 
79184  04669  09070  631 
95031  78970  18307  486 

01010  13850  34142  909 
97117  48711  74427  198 
83352  23943  67004  304 
59712  80922  65672  895 
26197  62012  66048  706 

82805  10565  21328  142 
29533  70919  57953  120 
66381  88402  91177  144 
93348  09330  40532  586 
10430  81005  45199  170 

17628  51719  79273  627 
14939  70753  66940  521 
02362  88375  97544  222 
79896  55844  40562  021 
47539  25405  60478  351 

05289  50295  31560  129 
53145  84738  52533  174 
91106  83949  61159  714 
19171  04132  48716  941 
37337  02480  74376  619 

45603  37177  79485  729 
43968  67397  01748  121 
32431  53301  89307  176 
10990  56046  14729  460 
79644  37773  88889  346 

38391  61619  74754  605 
87230  91709  01072  941 
26160  93157  75959  459 
55180  32073  00385  060 
74287  75552  81565  735 

83481  91686  46252  760 
82761  49554  53923  766 
72125  19229  09874  676 
51571  71773  78212  505 
21099  79243  94748  990 

80708  14686  79795  055 
30395  52141  50856  088 
70160  66639  35228  024 
00002  34203  82494  216 
19919  31850  76923  086 


0.99271  29910  37588  49766  535 


[-/'] 


0.16996  71429  00240  93861  675 
0.16898  16083  50929  72373  233 
0.16799  59048  20024  23971  842 
0.16701  00332  93227  93533  854 
0.16602  39947  56412  25523  303 

0.16503  77901  95615  65404  770 
0.16405  14205  97042  61039  544 
0.16306  48869  47062  64065  184 
0.16207  81902  32209  31258  571 
0.16109  13314  39179  25882  568 

0.16010  43115  54831  19016  356 
0.15911  71315  66184  90869  577 
0.15812  97924  60420  32080  359 
0.15714  22952  24876  44997  336 
0.15615  46408  47050  44945  751 

0.15516  68303  14596  61477  752 
0.15417  88646  15325  39606  967 
0.15319  07447  37202  41027  471 
0.15220  24716  68347  45317  231 
0.15121  40463  97033  51126  135 

0.15022  54699  11685  77348  698 
0.14923  67432  00880  64281  559 
0.14824  78672  53344  74765  840 
0.14725  88430  57953  95314  499 
0.14626  96716  03732  37224  747 

0.14528  03538  79851  37675  648 
0.14429  08908  75628  60810  986 
0.14330  12835  80526  98807  514 
0.14231  15329  84153  72928  666 
0.14132  16400  76259  34563  848 

0.14033  16058  46736  66253  390 

0.13934  14312  85619  82699  275 

0.13835  11173  83083  31761  733 

0.13736  06651  29440  95441  799 

0.13637  00755  15144  90849  940 

0.13537  93495  30784  71160  849 

0.13438  84881  67086  26554  495 

0.13339  74924  14910  85143  546 

0.13240  63632  65254  13887  244 

0.13141  51017  09245  19491  852 

0.13042  37087  38145  49297  752 
0.12943  21853  43347  92153  306 
0.12844  05325  16375  79275  576 
0.12744  87512  48881  85098  002 
0.12645  68425  32647  28105  135 

0.12546  48073  59580  71654  525 

0.12447  26467  21717  24785  871 

0.12348  03616  11217  43017  513 

0.12248  79530  20366  29130  391 

0.12149  54219  41572  33939  548 

0.12050  27693  67366  57053  287 
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1.450 
1.451 
1.452 
1.453 
1.454 

1.455 
1.456 
1.457 
1.458 
1.459 

1.460 
1.461 
1.462 
1.463 
1.464 

1.465 
1.466 
1.467 
1.468 
1.469 

1.470 
1.471 
1.472 
1.473 
1.474 

1.475 
1.476 
1.477 
1.478 
1.479 

1.480 
1.481 
1.482 
1.483 
1.484 

1.485 
1.486 
1.487 
1.488 
1.489 

1.490 
1.491 
1.492 
1.493 
1.494 

1.495 
1.496 
1.497 
1.498 
1.499 


sm  X 

0.99271  29910  37588  49766  535 

0.99283  29974  30417  91459  118 

0.99295  20109  90332  63717  946 

0.99307  00315  98319  11543  325 

0.99318  70591  36356  75120  114 

0.99330  30934  87418  01619  777 

0.99341  81345  35468  56903  143 

0.99353  21821  65467  37123  830 

0.99364  52362  63366  80232  355 

0.99375  72967  16112  77380  893 

0.99386  83634  11644  84228  683 

0.99397  84362  38896  32148  075 

0.99408  75150  87794  39331  194 

0.99419  55998  49260  21797  223 

0.99430  26904  15209  04300  286 

0.99440  87866  78550  31137  923 

0.99451  38885  33187  76860  141 

0.99461  79958  74019  56879  043 

0.99472  11085  96938  37979  012 

0.99482  32265  98831  48727  437 

0.99492  43497  77580  89785  993 

0.99502  44780  32063  44122  430 

0.99512  36112  62150  87122  898 

0.99522  17493  68709  96604  762 

0.99531  88922  53602  62729  932 

0.99541  50398  19685  97818  664 

0.99551  01919  70812  46063  854 

0.99560  43486  11829  93145  787 

0.99569  75096  48581  75747  356 

0.99578  96749  87906  90969  720 


cos  X 


0.99588 
0.99597 
0.99606 
0.99614 
0.99623 

0.99632 
0.99640 
0.99649 
0.99657 
0.99665 

0.99673 
0.  99681 
0.99689 
0.99697 
0.99705 

0.99712 
0.99720 
0,99727 
0.99735 
0.99742 


1.500    0.99749 


08445  37640  05648  408 
10182  06611  65569  851 
01959  04648  04588  337 
83775  42571  53643  374 
55630  32200  49677  461 

17522  86349  44454  246 
69452  18829  13277  079 
11417  44446  63607  933 
43417  79005  43586  693 
65452  39305  50450  815 

77520  43143  38855  320 
79621  09312  29093  143 
71753  57602  15215  811 
53917  08799  73054  448 
26110  84688  68141  099 

88334  08049  63530  364 
40586  02660  27521  334 
82865  93295  41279  821 
15173  05727  06360  877 
37506  66724  52131  595 

49866  04054  43094  172 


0. 

12050 

27693 

67366 

57053 

287 

0. 

11950 

99962 

90401 

47620 

080 

0. 

11851 

71037 

03450 

05063 

327 

0. 

11752 

40925 

99404 

79804 

068 

0. 

11653 

09639 

71276 

73971 

735 

0. 

11553 

77188 

12194 

42103 

061 

0. 

11454 

43581 

15402 

91829 

237 

0. 

11355 

08828 

74262 

84551 

407 

0. 

11255 

72940 

82249 

36104 

618 

0. 

11156 

35927 

32951 

17410 

313 

0. 

11056 

97798 

20069 

55117 

465 

0. 

10957 

58563 

37417 

32232 

463 

0. 

10858 

18232 

78917 

88737 

835 

0. 

10758 

76816 

38604 

22199 

915 

0. 

10659 

34324 

10617 

88365 

556 

0. 

10559 

90765 

89208 

01747 

983 

0. 

10460 

46151 

68730 

36201 

884 

0. 

10361 

00491 

43646 

25487 

846 

0. 

10261 

53795 

08521 

63826 

230 

0. 

10162 

06072 

58026 

06440 

584 

0.10062  57333  86931  70090  698 

0.09963  07588  90112  33595  391 

0.09863  56847  62542  38345  147 

0.09764  05119  99295  88804  678 

0.09664  52415  95545  53005  525 

0.09564  98745  46561  63028  806 

0.09465  44118  47711  15478  186 

0.09365  88544  94456  71943  189 

0.09266  32034  82355  59452  948 

0.09166  74598  07058  70920  484 

0.09067  16244  64309  65577  623 

0.08967  56984  49943  69400  641 

0.08867  96827  59886  75526  752 

0.08768  35783  90154  44661  519 

0.08668  73863  36851  05477  303 

0.08569  11075  96168  55002  845 

0.08469  47431  64385  59004  070 

0.08369  82940  37866  52356  240 

0,08270  17612  13060  39407  518 

0.08170  51456  86499  94334  076 

0.08070  84484  54800  61486  832 

0.07971  16705  14659  55729  907 

0.07871  48128  62854  62770  926 

0.07771  78764  96243  39483  234 

0.07672  08624  11762  14220  152 

0.07572  37716  06424  87121  354 

0.07472  66050  77322  30411  478 

0.07372  93638  21620  88691  060 

0.07273  20488  36561  79219  898 

0.07173  46611  19459  92192  943 

0.07073  72016  67702  91008  819 


ii. 
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ELEMENTARY   TRAXSCEXDENTAL    FUNCTIONS 
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X  sin  I 

1.500  0.99749  49866  04054  43094  172 

1.501  0.99756  52250  46480  86109  251 

1.502  0.99763  44659  23765  37519  509 

1.503  0.99770  27091  66667  10173  501 

1.504  0.99776  99547  06942  80349  750 

1.505  0.99783  62024  77346  94581  063 

1.506  0.99790  14524  11631  76379  092 

1.507  0.99796  57044  44547  32859  104 

1.508  0.99802  89585  11841  61264  976 

1.509  0.99809  12145  50260  55394  397 

1.510  0.99815  24724  97548  11924  274 

1.511  0.99821  27322  92446  36636  332 

1.512  0.99827  19938  74695  50542  912 

1.513  0.99833  02571  85033  95912  947 

1.514  0.99838  75221  65198  42198  118 

1.515  0.99844  37887  57923  91859  188 

1.516  0.99849  90569  06943  86092  495 

1.517  0.99855  33265  56990  10456  612 

1.518  0.99860  65976  53793  00399  163 

1.519  0.99865  88701  44081  46683  784 

1.520  0.99871  01439  75583  00717  231 

1.521  0.99876  04190  97023  79776  634 

1.522  0.99880  96954  58128  72136  872 

1.523  0.99885  79730  09621  42098  089 

1.524  0.99890  52517  03224  34913  328 

1.525  0.99895  15314  91658  81616  285 

1.526  0.99899  68123  28645  03749  180 

1.527  0.99904  10941  68902  17990  729 

1.528  0.99908  43769  68148  40684  234 

1.529  0.99912  66606  83100  92265  762 

1.530  0.99916  79452  71476  01592  427 

1.531  0.99920  82306  91989  10170  755 

1.532  0.99924  75169  04354  76285  152 

1.533  0.99928  58038  69286  79026  436 

1.534  0.99932  30915  48498  22220  463 

1.535  0.99935  93799  04701  38256  819 

1.536  0.99939  46689  01607  91817  592 

1.537  0.99942  89585  03928  83506  202 

1.538  0.99946  22486  77374  53376  306 

1.539  0.99949  45393  88654  84360  752 

1.540  0.99952  58306  05479  05600  596 

1.541  0.99955  61222  96555  95674  180 

1.542  0.99958  54144  31593  85726  242 

1.543  0.99961  37069  81300  62497  095 

1.544  0.99964  09999  17383  71251  832 

1.545  0.99966  72932  12550  18609  586 

1.546  0.99969  25868  40506  75272  821 

1.547  0.99971  68807  75959  78656  660 

1.548  0.99974  01749  94615  35418  249 

1.549  0.99976  24694  73179  23886  150 

1.550  0.99978  37641  89356  96389  761 


tn 


cos  X 

0.07073  72016  67702  91008  819 

0.06973  96714  78750  12531  065 

0.06874  20715  50131  67342  208 

0.06774  44028  79447  39990  761 

0.06674  66664  64365  89231  245 

0.06574  88633  02623  48257  343 

0.06475  09943  92023  24928  268 

0.06375  30607  30434  01988  470 

0.06275  50633  15789  37280  758 

0.06175  70031  46086  63952  953 

0.06075  88812  19385  90658  160 

0.05976  06985  33809  01748  769 
0.05876  24560  87538  57464  281 

0.05776  41548  78816  94113  053 

0.05676  57959  05945  24248  072 

0.05576  73801  67282  36836  851 

0.05476  89086  61243  97425  545 

0.05377  03823  86301  48297  399 

0.05277  18023  40981  08625  609 

0.05177  31695  23862  74620  716 

0.05077  44849  33579  19672  613 

0.04977  57495  68814  94487  284 

0.04877  69644  28305  27218  360 

0.04777  81305  10835  23593  598 

0.04677  92488  15238  67036  388 

0.04578  03203  40397  18782  371 

0.04478  13460  85239  17991  291 

0.04378  23270  48738  81854  166 

0.04278  32642  29915  05695  871 

0.04178  41586  27830  63073  262 

0.04078  50112  41591  05868  899 

0. 03978  58230  70343  64380  513 

0.03878  65951  13276  47406  277 

0.03778  73283  69617  42326  008 

0.03678  80238  38633  15178  390 

0.03578  86825  19628  10734  312 

0.03478  93054  11943  52566  435 

0.03378  98935  14956  43115  073 

0.03279  04478  28078  63750  505 

0.03179  09693  50755  74831  796 

0.03079  14590  82466  15762  248 

0.02979  19180  22720  05041  568 

0.02879  23471  71058  40314  858 

0.02779  27475  27051  98418  526 

0.02679  31200  90300  35423  217 

0.02579  34658  60430  86673  867 

0.02479  37858  37097  66826  971 

0.02379  40810  19980  69885  184 

0.02279  43524  08784  69229  328 

0.02179  46010  03238  17647  934 

0.02079  48278  03092  47364  391 
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X 

Sin  X 

COS  X 

550 

0.99978 

37641 

89356 

96389 

761 

0. 

02079 

48278 

03092 

47364 

391 

551 

0.99980 

40591 

21853 

81488 

767 

0. 

01979 

50338 

08120 

70061 

827 

552 

0.99982 

33542 

50374 

86102 

606 

0. 

01879 

52200 

18116 

76905 

802 

553 

0.99984 

16495 

55624 

97539 

966 

0. 

01779 

53874 

32894 

38564 

929 

554 

0.  99985 

89450 

19308 

85428 

298 

0. 

01679 

55370 

52286 

05229 

507 

555 

0.99987 

52406 

24131 

03543 

342 

0. 

01579 

56698 

76142 

06628 

284 

556 

0.  99989 

05363 

53795 

91538 

676 

0. 

01479 

57869 

04329 

52043 

433 

557 

0.99990 

48321 

93007 

76575 

277 

0. 

01379 

58891 

36731 

30323 

849 

558 

0.99991 

81281 

27470 

74851 

093 

0. 

01279 

59775 

73245 

09896 

874 

559 

0.  99993 

04241 

43888 

93030 

623 

0. 

01179 

60532 

13782 

38778 

533 

560 

0.99994 

17202 

29966 

29574 

517 

0. 

01079 

61170 

58267 

44582 

392 

561 

0.99995 

20163 

74406 

75969 

172 

0. 

00979 

61701 

06636 

34527 

146 

562 

0.99996 

13125 

66914 

17856 

344 

0. 

00879 

62133 

58835 

95443 

014 

563 

0.  99996 

96087 

98192 

36062 

758 

0. 

00779 

62478 

14822 

93777 

062 

564 

0.99997 

69050 

59945 

07529 

731 

0. 

00679 

62744 

74562 

75597 

546 

565 

0.99998 

32013 

44876 

06142 

794 

0. 

00579 

62943 

38028 

66597 

372 

566 

0.99998 

84976 

46689 

03461 

318 

0. 

00479 

63084 

05200 

72096 

784 

567 

0.99999 

27939 

60087 

69348 

142 

0. 

00379 

63176 

76064 

77045 

359 

568 

0.99999 

60902 

80775 

72499 

201 

0. 

00279 

63231 

50611 

46023 

436 

569 

0.  99999 

83866 

05456 

80873 

162 

0. 

00179 

63258 

28835 

23243 

059 

570 

0.99999 

96829 

31834 

62021 

053 

+  0. 

00079 

63267 

10733 

32548 

541 

571 

0.99999 

99792 

58612 

83315 

895 

-0. 

00020 

36732 

03695 

22583 

254 

572 

0.99999 

92755 

85495 

12082 

337 

-0. 

00120 

36729 

14450 

59042 

804 

573 

0.99999 

75719 

13185 

15626 

285 

-0. 

00220 

36714 

21533 

14087 

901 

574 

0.99999 

48682 

43386 

61164 

539 

-0. 

00320 

36677 

24944 

45343 

613 

575 

0.99999 

11645 

78803 

15654 

423 

-0. 

00420 

36608 

24688 

30802 

109 

576 

0.99998 

64609 

23138 

45523 

419 

-0. 

00520 

36497 

20771 

68822 

280 

577 

0.99998 

07572 

81096 

16298 

798 

-0. 

00620 

36334 

13205 

78129 

029 

578 

0.99997 

40536 

58379 

92137 

261 

-0. 

00720 

36109 

02006 

97812 

142 

579 

0.99996 

63500 

61693 

35254 

568 

-0. 

00820 

35811 

87197 

87324 

647 

580 

0.99995 

76464 

98740 

05255 

179 

-0. 

00920 

35432 

68808 

26480 

539 

581 

0.99994 

79429 

78223 

58361 

895 

-0. 

01020 

34961 

46876 

15451 

796 

582 

0.99993 

72395 

09847 

46545 

499 

-0. 

01120 

34388 

21448 

74764 

568 

583 

0.99992 

55361 

04315 

16554 

408 

-0. 

01220 

33702 

92583 

45294 

454 

584 

0.  99991 

28327 

73330 

08844 

324 

-0. 

01320 

32895 

60348 

88260 

743 

585 

0.  99989 

91295 

29595 

56407 

893 

-0. 

01420 

31956 

24825 

85219 

553 

586 

0.99988 

44263 

86814 

83504 

374 

-0. 

01520 

30874 

86108 

38055 

737 

587 

0.99986 

87233 

59691 

04289 

313 

-0. 

01620 

29641 

44304 

68973 

475 

588 

0.99985 

20204 

63927 

21344 

232 

-0. 

01720 

28245 

99538 

20485 

440 

589 

0.99983 

43177 

16226 

24106 

322 

-0. 

01820 

26678 

51948 

55400 

452 

590 

0.99981 

56151 

34290 

87198 

158 

-0. 

01920 

24929 

01692 

56809 

503 

591 

0.99979 

59127 

36823 

68657 

422 

-0. 

02020 

22987 

48945 

28070 

065 

592 

0.99977 

52105 

43527 

08066 

646 

-0. 

02120 

20843 

93900 

92788 

583 

593 

0.  99975 

35085 

75103 

24582 

972 

-0. 

02220 

18488 

36773 

94801 

039 

594 

0.99973 

08068 

53254 

14867 

933 

-0. 

02320 

15910 

77799 

98151 

502 

595 

0.99970 

71054 

00681 

50917 

259 

-0. 

02420 

13101 

17236 

87068 

552 

596 

0.99968 

24042 

41086 

77790 

702 

-0. 

02520 

10049 

55365 

65939 

492 

597 

0.99965 

67033 

99171 

11241 

891 

-0. 

02620 

06745 

92491 

59282 

234 

598 

0.99963 

00029 

00635 

35248 

219 

-0. 

02720 

03180 

28945 

11714 

764 

599 

0.99960 

23027 

72179 

99440 

759 

-0. 

02819 

99342 

65082 

87922 

093 

1. 

,600 

0.99957 

36030 

41505 

|(-7)r 

16434 

211 

-0. 

02919 

95223 

01288 

r(-9)3 

7 

72620 

577 

For  .j>1.6  see  Example  16. 

2=1.57079  63267  94896  61923  132 


3.14159  26535  89793  23846  264 
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Table  4. 


RADIX  TABLE  OF  CfRCLLAR  SLNES  AND  COSLNES 


'• 

/( 

sin  ,10 

— ;. 

COS .,  IC 

I-" 

1 

10 

0 

.00000 

00001 

00000 

00000 

00000 

0.99999 

99999 

99999 

99999 

50000 

2 

10 

0 

00000 

00002 

00000 

00000 

00000 

0.99999 

99999 

99999 

99998 

00000 

3 

10 

0 

00000 

00003 

00000 

00000 

00000 

0,99999 

99999 

99999 

99995 

50000 

4 

10 

0 

00000 

00004 

00000 

00000 

00000 

0.99999 

99999 

99999 

99992 

00000 

5 

10 

0 

00000 

00005 

00000 

00000 

00000 

0.99999 

99999 

99999 

99987 

50000 

6 

10 

0 

00000 

00006 

00000 

00000 

00000 

0.99999 

99999 

99999 

99982 

00000 

7 

10 

0 

00000 

00007 

00000 

00000 

00000 

0. 99999 

99999 

99999 

99975 

50000 

8 

10 

0 

00000 

00008 

00000 

00000 

00000 

0.99999 

99999 

99999 

99968 

00000 

9 

10 

0 

00000 

00009 

00000 

00000 

00000 

0.99999 

99999 

99999 

99959 

50000 

1 

9 

0 

00000 

00010 

00000 

00000 

00000 

0.99999 

99999 

99999 

99950 

00000 

2 

9 

0 

00000 

00020 

00000 

00000 

00000 

0. 99999 

99999 

99999 

99800 

00000 

3 

9 

0 

00000 

00030 

00000 

00000 

00000 

0.99999 

99999 

99999 

99550 

00000 

4 

9 

0. 

00000 

00040 

00000 

00000 

00000 

0.99999 

99999 

99999 

99200 

00000 

5 

9 

0. 

00000 

00050 

00000 

00000 

00000 

0.99999 

99999 

99999 

98750 

00000 

6 

9 

0 

00000 

00060 

00000 

00000 

00000 

0.99999 

99999 

99999 

98200 

00000 

7 

9 

0. 

00000 

00069 

99999 

99999 

99999 

0. 99999 

99999 

99999 

97550 

00000 

6 

9 

0. 

00000 

00079 

99999 

99999 

99999 

0.99999 

99999 

99999 

96800 

00000 

9 

9 

0. 

00000 

00089 

99999 

99999 

99999 

0.  99999 

99999 

99999 

95950 

00000 

1 

8 

0. 

00000 

00099 

99999 

99999 

99998 

0. 99999 

99999 

99999 

95000 

00000 

2 

8 

0. 

00000 

00199 

99999 

99999 

99987 

0.99999 

99999 

99999 

80000 

00000 

3 

8 

0. 

00000 

00299 

99999 

99999 

99955 

0. 99999 

99999 

99999 

55000 

00000 

4 

8 

0. 

00000 

00399 

99999 

99999 

99893 

0.99999 

99999 

99999 

20000 

00000 

5 

8 

0. 

00000 

00499 

99999 

99999 

99792 

0.99999 

99999 

99998 

75000 

00000 

6 

8 

0, 

00000 

00599 

99999 

99999 

99640 

0.  99999 

99999 

99998 

20000 

00000 

7 

8 

0. 

00000 

00699 

99999 

99999 

99428 

0.99999 

99999 

99997 

55000 

00000 

8 

8 

0. 

00000 

00799 

99999 

99999 

99147 

0.  99999 

99999 

99996 

80000 

00000 

9 

8 

0. 

00000 

00899 

99999 

99999 

98785 

0.  99999 

99999 

99995 

95000 

00000 

1 

0, 

00000 

00999 

99999 

99999 

98333 

0. 99999 

99999 

99995 

00000 

00000 

2 

0. 

00000 

01999 

99999 

99999 

86667 

0. 99999 

99999 

99980 

00000 

00000 

3 

0. 

00000 

02999 

99999 

99999 

55000 

0.99999 

99999 

99955 

00000 

00000 

4 

0. 

00000 

03999 

99999 

99998 

93333 

0.99999 

99999 

99920 

00000 

00000 

5 

0. 

00000 

04999 

99999 

99997 

91667 

0.99999 

99999 

99875 

00000 

00000 

6 

0. 

00000 

05999 

99999 

99996 

40000 

0.  99999 

99999 

99820 

00000 

00000 

7 

0. 

00000 

06999 

99999 

99994 

28333 

0.99999 

99999 

99755 

00000 

00000 

8 

0. 

00000 

07999 

99999 

99991 

46667 

0.99999 

99999 

99680 

00000 

00000 

9 

0, 

00000 

08999 

99999 

99987 

85000 

0.  99999 

99999 

99595 

00000 

00000 

1 

6 

0. 

00000 

09999 

99999 

99983 

33333 

0.99999 

99999 

99500 

00000 

00000 

2 

6 

0. 

00000 

19999 

99999 

99866 

66667 

0.99999 

99999 

98000 

00000 

00007 

3 

6 

0. 

00000 

29999 

99999 

99550 

00000 

0.99999 

99999 

95500 

00000 

00034 

4 

6 

0. 

00000 

39999 

99999 

98933 

33333 

0.99999 

99999 

92000 

00000 

00107 

5 

6 

0. 

00000 

49999 

99999 

97916 

66667 

0.99999 

99999 

87500 

00000 

00260 

6 

6 

0. 

00000 

59999 

99999 

96400 

00000 

0.99999 

99999 

82000 

00000 

00540 

7 

6 

0, 

00000 

69999 

99999 

94283 

33333 

0.99999 

99999 

75500 

00000 

01000 

8 

6 

0. 

00000 

79999 

99999 

91466 

66667 

0.99999 

99999 

68000 

00000 

01707 

9 

6 

0. 

00000 

89999 

99999 

87850 

00000 

0. 99999 

99999 

59500 

00000 

02734 

1 

5 

0. 

00000 

99999 

99999 

83333 

33333 

0.  99999 

99999 

50000 

00000 

04167 

2 

5 

0. 

00001 

99999 

99998 

66666 

66667 

0,  99999 

99998 

00000 

00000 

66667 

3 

5 

0. 

00002 

99999 

99995 

50000 

00002 

0.99999 

99995 

50000 

00003 

37500 

4 

5 

0. 

00003 

99999 

99989 

33333 

33342 

0.99999 

99992 

00000 

00010 

66667 

5 

5 

0. 

00004 

99999 

99979 

16666 

66693 

0.99999 

99987 

50000 

00026 

04167 

6 

5 

0. 

00005 

99999 

99964 

00000 

00065 

0.99999 

99982 

00000 

00054 

00000 

7 

5 

0. 

00006 

99999 

99942 

83333 

33473 

0.99999 

99975 

50000 

00100 

04167 

8 

5 

0. 

00007 

99999 

99914 

66666 

66940 

0.99999 

99968 

00000 

00170 

66667 

9 

5 

0. 

00008 

99999 

99878 

50000 

00492 

0.99999 

99959 

50000 

00273 

37500 

1 

4 

0. 

00009 

99999 

99833 

33333 

34167 

0.99999 

99950 

00000 

00416 

66667 

2 

4 

0. 

00019 

99999 

98666 

66666 

93333 

0.  99999 

99800 

00000 

06666 

66666 

3 

4 

0. 

00029 

99999 

95500 

00002 

02500 

0.99999 

99550 

00000 

33749 

99990 

4 

4 

0. 

00039 

99999 

89333 

33341 

86667 

0.99999 

99200 

00001 

06666 

66610 

5 

4 

0. 

00049 

99999 

79166 

66692 

70833 

0.99999 

98750 

00002 

60416 

66450 

6 

4 

0. 

00059 

99999 

64000 

00064 

80000 

0.99999 

98200 

00005 

39999 

99352 

7 

4 

0. 

00069 

99999 

42833 

33473 

39167 

0.99999 

97550 

OOOID 

00416 

65033 

8 

4 

0, 

00079 

99999 

14666 

66939 

73333 

0. 99999 

96800 

00017 

06666 

63026 

9 

4 

0. 

00089 

99998 

78500 

00492 

07499 

0, 99999 

95950 

00027 

33749 

92619 

1 

3 

0. 

00099 

99998 

33333 

34166 

66665 

0.99999 

95000 

00041 

66666 

52778 

For  /' 

>10,  sin 

)10-" 

=  .,10- 

" ;  COS  J 

10-"  = 

>-| 

-10--''^^; 

to  25D. 

From  C.  E.  Van  Orstrand,  Tables  of  the  exponential  function  and  of  the  circular  sine  and  cosine  to 
radian  arguments,  Memoirs  of  the  National  Academy  of  Sciences,  vol.  14,  Fifth  Memoir.  U.S. 
Government  Printing  Office,  Washington,  D.C.,  1921  iwith  permission). 
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CIRCULAR  SINES  AND  COSINES  FOR  LARGE  RADIAN  ARGUMENTS       Table  4.8 


0 
1 
2 
3 

4 

5 
6 
7 
8 
9 

10 
11 
12 
13 
14 

15 
16 
17 
18 
19 

20 
21 
22 
23 
24 

25 
26 
27 
28 

29 

30 
31 
32 
33 
34 

35 
36 
37 
38 
39 

40 
41 
42 
43 
44 

45 
46 
47 
48 
49 


sin  X 

0.00000  00000  00000  00000  000 
+  0.84147  09848  07896  50665  250 
+0.90929  74268  25681  69539  602 
+0.14112  00080  59867  22210  074 
-0.75680  24953  07928  25137  264 

-0.95892  42746  63138  46889  315 
-0.27941  54981  98925  87281  156 
+  0.65698  65987  18789  09039  700 
+0.98935  82466  23381  77780  812 
+0.41211  84852  41756  56975  627 

-0.54402  11108  89369  81340  475 

-0.99999  02065  50703  45705  156 

-0.53657  29180  00434  97166  537 

+  0.42016  70368  26640  92186  896 

+0.99060  73556  94870  30787  535 

+0.65028  78401  57116  86582  974 

-0.28790  33166  65065  29478  446 

-0.96139  74918  79556  85726  164 

-0.75098  72467  71676  10375  016 

+0.14987  72096  62952  32975  424 

+  0.91294  52507  27627  65437  610 
+0.83665  56385  36056  03186  648 
-0.00885  13092  90403  87592  169 
-0.84622  04041  75170  63524  133 
-0.90557  83620  06623  84513  579 

-0.13235  17500  97773  02890  201 
+0.76255  84504  79602  73751  582 
+  0.95637  59284  04503  01343  234 
+0.27090  57883  07869  01998  634 
-0.66363  38842  12967  50215  117 

-0.98803  16240  92861  78998  775 

-0.40403  76453  23065  00604  877 

+0.55142  66812  41690  55066  156 

+0.99991  18601  07267  14572  808 

+  0.52908  26861  20023  82083  249 

-0.42818  26694  96151  00440  675 
-0.99177  88534  43115  73683  529 
-0.64353  81333  56999  46068  567 
+0.29636  85787  09385  31739  230 
+0.96379  53862  84087  75326  066 

+0.74511  31604  79348  78698  771 

-0.15862  26688  04708  98710  332 

-0.91652  15479  15633  78589  899 

-0.83177  47426  28598  28820  958 

+  0.01770  19251  05413  57780  795 

+  0.85090  35245  34118  42486  238 
+0.90178  83476  48809  18503  329 
+0.12357  31227  45224  00406  153 
-0.76825  46613  23666  79904  497 
-0.95375  26527  59471  81836  042 


1.00000 

00000 

00000 

00000 

000 

+0.54030 

23058 

68139 

71740 

094 

-0.41614 

68365 

47142 

38699 

757 

-0.  98999 

24966 

00445 

45727 

157 

-0.65364 

36208 

63611 

91463 

917 

+0.28366 

21854 

63226 

26446 

664 

+0.96017 

02866 

50366 

02054 

565 

+  0.75390 

22543 

43304 

63814 

120 

-0.14550 

00338 

08613 

52586 

884 

-0.91113 

02618 

84676 

98836 

829 

-0.  83907 

15290 

76452 

45225 

886 

+0.00442 

56979 

88050 

78574 

836 

+0.84385 

39587 

32492 

10465 

396 

+0.90744 

67814 

50196 

21385 

269 

+  0.13673 

72182 

07833 

59424 

893 

-0.75968 

79128 

58821 

27384 

815 

-0.95765 

94803 

23384 

64189 

964 

-0.27516 

33380 

51596 

92222 

034 

+0.66031 

67082 

44080 

14481 

610 

+0.98870 

46181 

86669 

25289 

835 

+0.40808 

20618 

13391 

98606 

227 

-0.54772 

92602 

24268 

42138 

427 

-0. 99996 

08263 

94637 

12645 

417 

-0.53283 

30203 

33397 

55521 

576 

+  0.42417 

90073 

36996 

97593 

705 

+  0.99120 

28118 

63473 

59808 

329 

+0.64691 

93223 

28640 

34272 

138 

-0.29213 

88087 

33836 

19337 

140 

-0.96260 

58663 

13566 

60197 

545 

-0.74805 

75296 

89000 

35176 

519 

+0.15425 

14498 

87584 

05071 

866 

+0.91474 

23578 

04531 

27896 

244 

+0.83422 

33605 

06510 

27221 

553 

-0.01327 

67472 

23059 

47891 

522 

-0.84857 

02747 

84605 

18659 

997 

-0.90369  22050  91506  75984  730 

-0.12796  36896  27404  68102  833 

+0.76541  40519  45343  35649  108 

+0.95507  36440  47294  85758  654 

+0.26664  29323  59937  25152  683 

-0.66693  80616  52261  84438  409 

-0.98733  92775  23826  45822  883 

-0. 39998  53149  88351  29395  471 

+0.55511  33015  20625  67704  483 

+0.99984  33086  47691  22006  901 

+  0.52532  19888  17729  69604  746 

-0.43217  79448  84778  29495  278 

-0.99233  54691  50928  71827  975 

-0.64014  43394  69199  73131  294 

+0.30059  25437  43637  08368  703 


50  -0.26237  48537   03928   78591   439  +0.96496  60284  92113  27406  896 

From  C.  E.  Van  Orstrand,  Tables  of  the  exponential  function  and  of  the  circular  sine  and  cosine  to 
radian  arguments,  Memoirs  of  the  National  Academy  of  Sciences,  vol.  14,  Fifth  Memoir.  U.S. 
Government  Printing  Office,  Washington,  D.C.,  1921  (with  permission)  for  x<  100. 
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Table  4.8        CIRCULAR  SINES  A\D  COSINES  FOR  LARGE  RADIAN  ARGUMENTS 


50 
51 
52 
53 
54 

55 
56 
57 
58 
59 

60 
61 
62 
63 
64 

65 
66 
67 
68 
69 

70 
71 
72 
73 
74 

75 
76 
77 
78 
79 

80 
81 
82 
83 
84 

85 
86 
87 
88 
89 

90 
91 
92 
93 

94 

95 
96 
97 
98 
99 


sin  X 

-0.26237  48537  03928  78591  439 

+0.67022  91758  43374  73449  435 

+0.98662  75920  40485  29658  757 

+0.39592  51501  81834  18150  339 

-0.55878  90488  51616  24581  787 

-0.99975  51733  58619  83659  863 

-0.52155  10020  86911  88018  741 

+  0.43616  47552  47824  95908  053 

+0.99287  26480  84537  11816  509 

+0.63673  80071  39137  88077  123 

-0. 30481  06211  02216  70562  565 
-0.96611  77700  08392  94701  829 
-0.73918  06966  49222  86727  602 
+0.16735  57003  02806  92152  784 
+0.92002  60381  96790  68335  154 

+0.82682  86794  90103  46771  021 
-0.02655  11540  23966  79446  384 
-0.85551  99789  75322  25899  683 
-0.89792  76806  89291  26040  073 
-0.11478  48137  83187  22054  507 

+0.77389  06815  57889  09778  733 
+  0.95105  46532  54374  63665  657 
+0.25382  33627  62036  27306  903 
-0.67677  19568  87307  62215  498 
-0.98514  62604  68247  37085  189 

-0.38778  16354  09430  43773  094 
+  0.56610  76368  98180  32361  028 
+0.99952  01585  80731  24386  610 
+  0.51397  84559  87535  21169  609 
-0.44411  26687  07508  36850  760 

-0.99388  86539  23375  18973  081 

-0.62988  79942  74453  87856  521 

+0.31322  87824  33085  15263  353 

+0.96836  44611  00185  40435  015 

+0.73319  03200  73292  16636  321 


-0.17607  56199 
-0.92345  84470 
-0.82181  78366 
+  0.03539  83027 
+  0.86006  94058 

+0.89399  66636 
+  0.10598  75117 
-0.77946  60696 
-0.94828  21412 
-0.24525  19854 

+0.68326  17147 
+  0.98358  77454 
+  0.37960  77390 
-0.57338  18719 
-0.99920  68341 


48587  07696  212 
04059  80260  163 
30822  54487  211 
33660  68362  543 
12453  22683  685 

00557  89051  827 
51156  85002  021 
15804  68855  400 
69947  23213  104 
67654  32522  044 

36120  98369  958 
34344  85760  773 
27521  69648  192 
90422  88494  922 
86353  69443  272 


+0.96496  60284  92113  27406  896 

+0.74215  41968  13782  53946  738 

-0.16299  07807  95705  48100  333 

-0.91828  27862  12118  89119  973 

-0.82930  98328  63150  14772  785 

+0.02212  67562  61955  73456  356 
+0.85322  01077  22584  11396  968 
+0.89986  68269  69193  78650  300 
+0.11918  01354  48819  28543  584 
-0.77108  02229  75845  22938  744 

-0.95241  29804  15156  29269  382 
-0.25810  16359  38267  44570  121 
+0.67350  71623  23586  25288  783 
+0.98589  65815  82549  69743  864 
+0.39185  72304  29550  00516  171 

-0.56245  38512  38172  03106  212 
-0.99964  74559  66349  96483  045 
-0.51776  97997  89505  06565  339 
+0.44014  30224  96040  70593  105 
+0.99339  03797  22271  63756  155 

+0.63331  92030  86299  83233  201 
-0.30902  27281  66070  70291  749 
-0.96725  05882  73882  48729  171 
-0.73619  27182  27315  96016  815 
+0.17171  73418  30777  55609  845 

+0.92175  12697  24749  31639  230 

+0.82433  13311  07557  75991  501 

-0.03097  50317  31216  45752  196 

-0.85780  30932  44987  85540  835 

-0.89597  09467  90963  14833  703 


-0.11038  72438 
+0.77668  59820 
+  0.94967  76978 
+0.24954  01179 
-0.68002  34955 


39047  55811  787 

21631  15768  342 

82543  20471  326 

73338  12437  735 

87338  79542  720 


-0.98437 
-0.38369 
+  0.56975 
+0.99937 
+  0.51017 

-0. 44807 
-0.99436 
-0.  62644 
+  0.31742 
+0.96945 

+  0.73017 
-0.18043 
-0.92514 
-0.81928 
+  0.03982 


66433 
84449 
03342 
32836 
70449 

36161 
74609 
44479 
87015 
93666 

35609 
04492 
75365 
82452 
08803 


94041 
49741 
65311 
95124 
41668 

29170 
28201 
10339 
19701 
69987 

94819 
91083 
96413 
91459 
93138 


89491  821 
84477  893 
92000  851 
65698  442 
89902  379 

15236  548 
52610  672 
06880  027 
64974  551 
60380  439 

66479  352 
95011  850 
89170  475 
25267  566 
89816  180 


100 


-0.50636  56411  09758  79365  656 


-0.86231  88722  87683  93410  194 
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X 

sin  X 

cos  J 

X 

sin  X 

cos  X 

100 

-0.50636 

564 

+  0.86231 

887 

150 

-0.71487 

643 

+0.69925   081 

101 

+0.45202 

579 

+0.89200 

487 

151 

+  0.20214 

988 

+0.97935   460 

102 

+  0.99482 

679 

+  0.10158 

570 

152 

+  0.93332 

052 

+0. 35904  429 

103 

+0.62298 

863 

-0.78223 

089 

153 

+0.80640 

058 

-0.59136   968 

104 

-0.32162 

240 

-0.94686 

801 

154 

-0.06192 

034 

-0.99808   109 

105 

-0.97053 

528 

-0.24095 

905 

155 

-0.87331 

198 

-0.48716  135 

106 

-0.72714 

250 

+  0.68648 

655 

156 

-0.88178 

462 

+0.47165   229 

107 

+0.  18478 

174 

+  0.98277 

958 

157 

-0.07954 

854 

+  0.99683   099 

108 

+0.92681 

851 

+0. 37550 

960 

158 

+0.79582 

410 

+0.60552    787 

109 

+  0.81674 

261 

-0.57700 

218 

159 

+  0.93951 

973 

-0.34249   478 

110 

-0.04424 

268 

-0.99902 

081 

160 

+0.21942 

526 

-0.97562   931 

111 

-0.86455 

145 

-0.50254 

432 

161 

-0.70240 

779 

-0.71177   476 

112 

-0.  88999 

560 

+  0.45596 

910 

162 

-0.97845 

035 

+  0.20648  223 

113 

-0.09718 

191 

+0.99526 

664 

163 

-0.35491 

018 

+  0.93490   040 

114 

+  0.78498 

039 

+0.61952 

061 

164 

+  0.59493 

278 

+0.80377   546 

115 

+  0.94543 

533 

-0.32580 

981 

165 

+  0.  99779 

728 

-0.06633   694 

116 

+0.23666 

139 

-0.97159 

219 

166 

+0.48329 

156 

-0.87545   946 

117 

-0.68969 

794 

-0.72409 

720 

167 

-0.47555 

019 

-0.87968  859 

118 

-0.98195 

217 

+  0.18912 

942 

168 

-0.99717 

329 

-0.07513   609 

119 

-0.37140 

410 

+0.92847 

132 

169 

-0.60199 

987 

+0.79849   619 

120 

+0.58061 

118 

+  0.81418 

097 

170 

+0.34664 

946 

+  0.93799   475 

121 

+0.99881 

522 

-0.04866 

361 

171 

+  0.97659 

087 

+0.21510   527 

122 

+0.49871 

315 

-0.86676 

709 

172 

+  0.70865 

914 

-0.70555   101 

123 

-0.45990 

349 

-0.88796 

891 

173 

-0.21081 

053 

-0.97752   694 

124 

-0.99568 

699 

-0.09277 

620 

174 

-0.93646 

197 

-0.35076  911 

125 

-0.61604 

046 

+0.78771 

451 

175 

-0.80113 

460 

+  0.59848   422 

126 

+0.32999 

083 

+  0.94398 

414 

176 

+0.07075 

224 

+  0.99749   392 

127 

+0.97263 

007 

+  0.23235 

910 

177 

+  0.87758 

979 

+0.47941   231 

128 

+0.72103 

771 

-0.69289 

582 

178 

+  0.87757 

534 

-0.47943   877 

129 

-0.19347 

339 

-0.98110 

552 

179 

+0.07072 

217 

-0.99749   605 

130 

-0.93010 

595 

-0.36729 

133 

180 

-0.80115 

264 

-0.59846   007 

131 

-0.81160 

339 

+  0,58420 

882 

181 

-0.93645 

140 

+  0.35079   734 

132 

+  0.05308 

359 

+  0.99859 

007 

182 

-0.21078 

107 

+  0.97753   329 

133 

+  0.86896 

576 

+  0.49487 

222 

183 

+  0.70868 

041 

+0.70552   964 

134 

+  0.88592 

482 

-0. 46382 

887 

184 

+0.97658 

438 

-0.21513  471 

135 

+  0.08836 

869 

-0.99608 

784 

185 

+  0.34662 

118 

-0.93800   520 

136 

-0.79043 

321 

-0.61254 

824 

186 

-0.60202 

394 

-0.79847   804 

137 

-0.94251 

445 

+  0.33416 

538 

187 

-0.99717 

102 

+  0.07516  615 

138 

-0.22805 

226 

+  0.97364 

889 

188 

-0.47552 

367 

+0.87970   293 

139 

+0.  69608 

013 

+0.71796 

410 

189 

+0.48331 

795 

+  0.87544  489 

140 

+0.98023 

966 

-0.19781 

357 

190 

+0.99779 

928 

+0.06630   686 

141 

+  0.36317 

137 

-0.93172 

236 

191 

+0.59490 

855 

-0.80379   339 

142 

-0.58779 

501 

-0.80900 

991 

192 

-0.  35493 

836 

-0.93488  971 

143 

-0.99834 

536 

+  0.05750 

253 

193 

-0.97845 

657 

-0.20645   273 

144 

-0.49102 

159 

+  0.87114 

740 

194 

-0.70238 

633 

+0.71179   593 

145 

+0.46774 

516 

+  0.88386 

337 

195 

+  0.21945 

467 

+0.97562   270 

146 

+0.99646 

917 

+0.08395 

944 

196 

+  0.93953 

006 

+0.34246   646 

147 

+  0.60904 

402 

-0.79313 

642 

197 

+  0.79580 

584 

-0.60555   186 

148 

-0.33833 

339 

-0.94102 

631 

198 

-0.07957 

859 

-0.99682   859 

149 

-0.97464 

865 

-0.22374 

095 

199 

-0.88179 

884 

-0.47162   571 

150 

-0.71487 

643 

+  0.69925 

081 

200 

-0.87329 

730 

+0.48718   768 

k. 
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200 

-0.87329 

730 

+  0.48718 

768 

250 

-0.97052 

802 

+  0.24098  831 

201 

-0,  06189 

025 

+0.99808 

296 

251 

-0.32159 

386 

+  0.94687  771 

202 

+  0.80641 

841 

+  0.59134 

538 

252 

+  0.62301 

221 

+  0.78221  211 

203 

+  0.93330 

970 

-0.  35907 

242 

253 

+  0.99482 

373 

-0.10161  569 

204 

+  0.20212 

036 

-0.97936 

069 

254 

+0.45199 

890 

-0.89201  850 

205 

-0.71489 

751 

-0.69922 

926 

255 

-0.50639 

163 

-0.86230  361 

206 

-0.97464 

190 

+0.22377 

033 

256 

-0.99920 

803 

-0.03979  076 

207 

-0.33830 

503 

+  0.94103 

651 

257 

-0.57335 

717 

+  0.81930  553 

208 

+  0.60906 

793 

+  0.79311 

806 

258 

+  0.  37963 

563 

+0.92513  609 

209 

+  0.99646 

664 

-0.08398 

947 

259 

+0.98359 

318 

+  0.18040  080 

210 

+0.46771 

852 

-0.  88387 

747 

260 

+  0.  68323 

970 

-0.73019  416 

211 

-0.49104 

785 

-0.87113 

260 

261 

-0.24528 

121 

-0.96945  197 

212 

-0.99834 

709 

-0.05747 

243 

262 

-0.94829 

171 

-0.31740  012 

213 

-0.58777 

062 

+0.80902 

7b3 

263 

-0.77944 

719 

+0.62646  794 

214 

+  0.36319 

945 

+0.93171 

141 

264 

+0.10601 

749 

+  0.99436  427 

215 

+  0.98024 

562 

+  0.19778 

403 

265 

+0.  89401 

017 

+  0.44804  667 

216 

+0.69605 

849 

-0.71798 

508 

266 

+0.  86005 

403 

-0.51020  297 

217 

-0.22808 

161 

-0.97364 

202 

267 

+  0.03536 

818 

-0.99937  435 

218 

-0.94252 

453 

-0.33413 

697 

268 

-0.82183 

501 

-0.56972  556 

219 

-0.79041 

474 

+  0.61257 

207 

269 

-0.92344 

688 

+0.38372  628 

220 

+  0.08839 

871 

+0.99608 

517 

270 

-0.17604 

595 

+  0.98438  195 

221 

+  0.88593 

880 

+  0.46380 

216 

271 

+0.73321 

082 

+  0.68000  139 

222 

+  0.86895 

084 

-0.49489 

841 

272 

+  0.96835 

694 

-0.24956  931 

223 

+  0.05305 

349 

-0.99859 

167 

273 

+0.31320 

015 

-0.94968  714 

224 

-0.81162 

100 

-0.58418 

435 

274 

-0.62991 

141 

-0.77666  699 

225 

-0.93009 

488 

+  0.36731 

937 

275 

-0.99388 

533 

+0.11041  720 

226 

-0.19344 

382 

+  0.98111 

135 

276 

-0.44408 

566 

+0.89598  433 

227 

+0.72105 

860 

+  0.69287 

409 

277 

+0.51400 

431 

+  0.85778  760 

228 

+  0.97262 

306 

-0.23238 

842 

278 

+0.99952 

109 

+  0.03094  490 

229 

+  0.32996 

237 

-0.94399 

409 

279 

+  0.56608 

279 

-0.82434  840 

230 

-0.61606 

420 

-0.78769 

594 

280 

-0.38780 

942 

-0.92173  958 

231 

-0.99568 

419 

+  0.09280 

622 

281 

-0.98515 

144 

-0.17168  765 

232 

-0.45937 

672 

+0.88798 

277 

282 

-0.67674 

976 

+0.73621  312 

233 

+  0.49873 

928 

+  0.86675 

206 

283 

+0.25385 

252 

+0.96724  294 

234 

+0.99881 

669 

+  0.04863 

350 

284 

+  0.95106 

397 

+  0.30899  406 

235 

+0.58058 

664 

-0.81419 

847 

285 

+  0.77387 

159 

-0.63334  253 

236 

-0.37143 

209 

-0.92846 

012 

286 

-0.11481 

476 

-0.99338  692 

237 

-0.98195 

787 

-0.18909 

982 

287 

-0.89794 

095 

-0.44011  595 

238 

-0.  68967 

611 

+  0.72411 

799 

288 

-0.85550 

437 

+0.51779  559 

239 

+  0.23669 

068 

+0.97158 

506 

289 

-0.02652 

102 

+  0.99964  826 

240 

+  0.94544 

515 

+  0.32578 

131 

290 

+0.82684 

563 

+0.56242  893 

241 

+0.78496 

171 

-0.61954 

428 

291 

+0.92001 

423 

-0.39188  496 

242 

-0.09721 

191 

-0.99526 

371 

292 

+0.16732 

598 

-0.98590  163 

243 

-0.89000 

935 

-0.45594 

228 

293 

-0.73920 

100 

-0.  67348  488 

244 

-0.86453 

630 

+  0.50257 

038 

294 

-0.96610 

999 

+0.25813  076 

245 

-0.04421 

256 

+  0.99902 

215 

295 

-0.30478 

191 

+  0.95242  217 

246 

+0.81676 

000 

+  0.57697 

756 

296 

+0.63676 

125 

+  0.77106  103 

247 

+  0.92680 

719 

-0.37553 

754 

297 

+0.99286 

906 

-0.11921  006 

248 

+  0.18475 

212 

-0.98278 

515 

298 

+  0.43613 

763 

-0.89987  997 

249 

-0.72716 

319 

-0.68646 

463 

299 

-0.52157 

672 

-0.85320  439 

250 

-0.97052 

802 

+  0.24098 

831 

300 

-0.99975 

584 

-0.02209  662 
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300 

-0.  99975 

584 

-0.02209 

662 

350 

-0.95893 

283 

-0.28363  328 

301 

-0.55876 

405 

+0.82932 

668 

351 

-0.75678 

279 

+0.65366  643 

302 

+  0.39595 

283 

+  0.91827 

085 

352 

+  0.14114 

985 

+  0.98998  824 

303 

+  0.98663 

250 

+  0.16296 

104 

353 

+0.90930 

997 

+  0.41611  943 

304 

+0.67020 

680 

-0.74217 

440 

354 

+0.84145 

470 

-0.54032  767 

305 

-0.26240 

394 

-0.96495 

812 

355 

-0.00003 

014 

-1.00000  000 

306 

-0.95376 

171 

-0.30056 

379 

356 

-0.84148 

727 

-0.54027  694 

307 

-0.76823 

536 

+  0.64016 

750 

357 

-0.90928 

488 

+0.41617  425 

308 

+  0.12360 

304 

+  0.99233 

174 

358 

-0.14109 

017 

+  0.98999  675 

309 

+  0.90180 

137 

+  0.43215 

076 

359 

+  0.75682 

220 

+  0.65362  081 

310 

+0.85088 

769 

-0.52534 

764 

360 

+  0.95891 

572 

-0.28369  109 

311 

+  0.01767 

179 

-0.99984 

384 

361 

+  0.27938 

655 

-0.96017  871 

312 

-0.83179 

148 

-0.55508 

823 

362 

-0.65700 

932 

-0.75388  245 

313 

-0.91650 

949 

+0.40001 

294 

363 

-0.98935 

386 

+  0.14552  986 

314 

-0. 15859 

291 

+0.98734 

406 

364 

-0.41209 

102 

+0.91114  268 

315 

+0.74513 

326 

+  0.66691 

560 

365 

+  0.54404 

640 

+  0.83905  513 

316 

+  0.96378 

735 

-0.26667 

199 

366 

+  0.99999 

007 

-0.00445  584 

317 

+  0.29633 

979 

-0.95508 

258 

367 

+0.53654 

748 

-0.84387  013 

318 

-0.64356 

121 

-0.76539 

465 

368 

-0.42019 

439 

-0.90743  412 

319 

-0.99177 

500 

+0.12799 

359 

369 

-0.99061 

148 

-0.13670  736 

320 

-0.42815 

543 

+  0.90370 

511 

370 

-0.65026 

494 

+0.75970  752 

321 

+  0.52910 

827 

+  0.84855 

433 

371 

+  0.28793 

218 

+  0.95765  080 

322 

+  0.99991 

226 

+  0.01324 

661 

372 

+  0.96140 

579 

+  0.27513  436 

323 

+0.55140 

153 

-0.83423 

998 

373 

+  0.75096 

734 

-0.66033  935 

324 

-0.40406 

522 

-0.91473 

018 

374 

-0.14990 

701 

-0.98870  010 

325 

-0.98803 

627 

-0.15422 

167 

375 

-0.91295 

755 

-0.40805  454 

326 

-0.66361 

133 

+  0.74807 

753 

376 

-0.83663 

913 

+0.54775  448 

327 

+0.27093 

481 

+0.96259 

770 

377 

+  0.00888 

145 

+  0.99996  056 

328 

+0.95638 

473 

+  0.29210 

998 

378 

+0.84623 

647 

+  0.53280  751 

329 

+  0.76253 

895 

-0.64694 

231 

379 

+  0.90556 

557 

-0.42420  631 

330 

-0.13238 

163 

-0.99119 

882 

380 

+  0.13232 

187 

-0.99120  680 

331 

-0.90559 

115 

-0.42415 

171 

381 

-0.76257 

795 

-0.64689  634 

332 

-0.84620 

434 

+  0.53285 

853 

382 

-0.95636 

712 

+  0.29216  764 

333 

-0.  Q0882 

117 

+0.99996 

109 

383 

-0.27087 

677 

+  0.96261  403 

334 

+  0.83667 

215 

+  0.54770 

404 

384 

+  0.66365 

643 

+  0.74803  752 

335 

+0.91293 

295 

-0.40810 

958 

385 

+  0.98802 

697 

-0.15428  123 

336 

+0.  14984 

741 

-0.98870 

914 

386 

+  0.40401 

007 

-0.91475  454 

337 

-0.75100 

715 

-0.  66029 

407 

387 

-0.55145 

183 

-0.83420  674 

338 

-0.96138 

920 

+  0.27519 

232 

388 

-0.99991 

146 

+  0.01330  689 

339 

-0.28787 

445 

+  0.95766 

816 

389 

-0.52905 

711 

+  0.84858  622 

340 

+0.65031 

074 

+  0.75966 

831 

390 

+  0.42820 

991 

+  0.90367  930 

341 

+0.99060 

323 

-0.13676 

708 

391 

+  0.99178 

271 

+  0.12793  379 

342 

+0.42013 

968 

-0.90745 

945 

392 

+  0.64351 

506 

-0.76543  345 

343 

-0.53659 

836 

-0.84383 

778 

393 

-0.29639 

737 

-0.95506  471 

344 

-0.99999 

034 

-0.00439 

555 

394 

-0.96380 

342 

-0.26661  388 

345 

-0.54399 

582 

+  0.83908 

793 

395 

-0.74509 

306 

+  0.66696  052 

346 

+  0.41214 

595 

+0.91111 

784 

396 

+  0.15865 

243 

+0.98733  450 

347 

+  0.98936 

263 

+  0.14547 

021 

397 

+  0.91653 

361 

+  0.39995  769 

348 

+0.65696 

387 

-0.75392 

206 

398 

+  0.83175 

801 

-0.55513  837 

349 

-0.27944 

444 

-0.96016 

186 

399 

-0.01773 

206 

-0.99984  277 

350 

-0.95893 

283 

-0.28363 

328 

400 

-0.85091 

936 

-0.52529  634 
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400 

-0.  85091 

936 

-0.52529 

634 

450 

-0.68328 

373 

-0.73015  296 

401 

-0.90177 

532 

+0.43220 

513 

451 

-0.98358 

231 

+0.18046  010 

402 

-0.12354 

321 

+0.99233 

919 

452 

-0.37957 

985 

+0.92515  898 

403 

+  0.76827 

396 

+0.64012 

118 

453 

+  0.57340 

657 

+  0.81927  096 

404 

+0.95374 

359 

-0.  30062 

129 

454 

+0.99920 

563 

-0.03985  100 

405 

+0.26234 

577 

-0.96497 

394 

455 

+0.50633 

965 

-0.86233  414 

406 

-0.67025 

155 

-0.74213 

399 

456 

-0.45205 

268 

-0.89199  124 

407 

-0.98662 

268 

+0.16302 

052 

457 

-0.99482 

985 

-0.10155  572 

408 

-0.  39589 

747 

+  0.91829 

472 

458 

-0.62296 

505 

+  0.78224  967 

409 

+0.55881 

405 

+0.82929 

299 

459 

+0.32165 

095 

+0.94685  832 

410 

+0.99975 

451 

-0.02215 

689 

460 

+0.97054 

255 

+  0.24092  979 

411 

+  0.52152 

528 

-0.85323 

583 

461 

+0.72712 

181 

-0.68650  847 

412 

-0.43619 

188 

-0.89985 

368 

462 

-0.  18481 

137 

-0.98277  401 

413 

-0.99287 

624 

-0.11915 

021 

463 

-0.92682 

982 

-0.37548  166 

414 

-0.  63671 

476 

+0.77109 

942 

464 

-0.  81672 

521 

+0.57702  680 

415 

+  0.30483 

933 

+  0.95240 

379 

465 

+0.04427 

279 

+0.99901  948 

416 

+0.96612 

555 

+  0.25807 

251 

466 

+0.86456 

660 

+  0.50251  826 

417 

+  0.73916 

039 

-0.67352 

944 

467 

+0.88998 

186 

-0.45599  593 

418 

-0.16738 

542 

-0.98589 

154 

468 

+0.09715 

190 

-0.99526  957 

419 

-0.92003 

785 

-0.39182 

950 

469 

-0.  78499 

906 

-0.61949  695 

420 

-0.82681 

172 

+0.56247 

878 

470 

-0.94542 

551 

+0.32583  830 

421 

+  0.02658 

129 

+0.99964 

666 

471 

-0.23663 

211 

+  0.97159  932 

422 

+  0.85553 

559 

+  0.51774 

401 

472 

+  0.  68971 

977 

+0.72407  641 

423 

+  0.89791 

441 

-0.44017 

009 

473 

+0.98194 

647 

-0.18915  902 

424  ■ 

+  0.11475 

487 

-0.99339 

384 

474 

+0.37137 

611 

-0.92848  252 

425 

-0.77390 

977 

-0.  63329 

587 

475 

-0.58063 

573 

-0.81416  347 

426 

-0.95104 

534 

+0.30905 

140 

476 

-0. 99881 

376 

+  0.04869  372 

427 

-0.25379 

421 

+0.96725 

824 

477 

-0.49868 

703 

+  0.86678  212 

428 

+  0.67679 

415 

+0.73617 

232 

478 

+0.  45993 

026 

+0.88795  504 

429 

+0.98514 

108 

-0.17174 

704 

479 

+  0.99568 

978 

+0.09274  619 

430 

+0.38775 

385 

-0.92176 

296 

480 

+  0.61601 

671 

-0.78773  308 

431 

-0.56613 

249 

-0.82431 

427 

481 

-0.33001 

928 

-0.94397  419 

432 

-0.99951 

922 

+0.03100 

516 

482 

-0.97263 

707 

-0.23232  978 

433 

•-0.  51395 

260 

+0.85781 

859 

483 

-0.72101 

682 

+0.69291  756 

434 

+0.44413 

968 

+0.89595 

756 

484 

+0.19350 

297 

+0.98109  969 

435 

+0.99389 

198 

+  0.11035 

728 

485 

+  0.93011 

702 

+0.36726  329 

436 

+0.62986 

458 

-0.77670 

497 

486 

+  0.81158 

578 

-0.58423  328 

437 

-0.31325 

741 

-0.94966 

826 

487 

-0.05311 

369 

-0,99858  847 

438 

-0.96837 

198 

-0.24951 

093 

488 

-0.86898 

067 

-0.49484  603 

439 

-0.73316 

982 

+0.68004 

560 

489 

-0.88591 

083 

+  0.46385  557 

440 

+  0.17610 

529 

+0.98437 

134 

490 

-0.08833 

866 

+0.99609  050 

441 

+0.92347 

001 

+  0.38367 

061 

491 

+0.79045 

167 

+0.61252  441 

442 

+  0.82180 

066 

-0.56977 

511 

492 

+0.94250 

438 

-0.33419  379 

443 

-0.03542 

843 

-0.99937 

222 

493 

+0.22802 

291 

-0.97365  577 

444 

-0.86008 

478 

-0.51015 

112 

494 

-0.69610 

177 

-0.71794  312 

445 

-0.89398 

316 

+0.44810 

056 

495 

-0.98023 

370 

+0.19784  312 

446 

-0.10595 

754 

+  0.99437 

066 

496 

-0.36314 

328 

+  0.93173  331 

447 

+0.77948 

495 

+  0.62642 

095 

497 

+0.58781 

939 

+  0.80899  219 

448 

+  0.94827 

257 

-0.31745 

729 

498 

+  0.99834 

363 

-0.05753  262 

449 

+  0.24522 

276 

-0.96946 

676 

499 

+  0.49099 

533 

-0.87116  220 

450 

-0.68328 

373 

-0.73015 

296 

500 

-0.46777 

181 

-0.88384  927 
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181 


sm  X 


cos  X 


500 

-0.46777 

181 

-0.88384 

927 

550 

-0.21948 

408 

-0.97561  608 

501 

-0.99647 

170 

-0. 08392 

940 

551 

-0.93954 

038 

-0.34243  814 

502 

-0.60902 

Oil 

+  0.79315 

478 

552 

-0.79578 

759 

+  0.60557  585 

503 

+  0.33836 

176 

+  0.94101 

611 

553 

+  0.07960 

864 

+  0.99682  620 

504 

+  0.97465 

539 

+  0.22371 

157 

554 

+  0.88181 

305 

+0.47159  913 

505 

+  0.71485 

535 

-0.69927 

236 

555 

+  0.87328 

261 

-0.48721  400 

506 

-0.20217 

940 

-0.97934 

850 

556 

+  0.06186 

016 

-0.99808  483 

507 

-0.93333 

135 

-0.35901 

615 

557 

-0.80643 

623 

-0.59132  107 

508 

-0.80638 

275 

+  0.59139 

399 

558 

-0.93329 

888 

+0.35910  055 

509 

+  0.06195 

042 

+  0.99807 

923 

559 

-0.20209 

084 

+0.97936  678 

510 

+0.87332 

667 

+0.48713 

502 

560 

+  0.71491 

859 

+  0.69920  771 

511 

+0.88177 

040 

-0.47167 

887 

561 

+0.97463 

516 

-0.22379  971 

512 

+0.07951 

849 

-0.99683 

339 

562 

+0.33827 

666 

-0.94104  671 

513 

-0.79584 

235 

-0.60550 

389 

563 

-0.60909 

184 

-0.79309  970 

514 

-0.93950 

941 

+0.  34252 

310 

564 

-0.99646 

411 

+  0.08401  951 

515 

-0.21939 

585 

+  0.97563 

593 

565 

-0.46769 

187 

+  0.88389  157 

516 

+0.70242 

924 

+  0.71175 

358 

566 

+0.49107 

411 

+0.87111  780 

517 

+  0.97844 

413 

-0.20651 

172 

567 

+  0.99834 

883 

+  0.05744  234 

518 

+  0.35488 

199 

-0.93491 

110 

568 

+  0.58774 

623 

-0.80904  534 

519 

-0.59495 

701 

-0.80375 

753 

569 

-0.36322 

754 

-0.93170  046 

520 

-0.99779 

528 

+  0.06636 

701 

570 

-0.98025 

158 

-0.19775  448 

521 

-0.48326 

517 

+  0.87547 

403 

571 

-0.69603 

684 

+0.71800  607 

522 

+  0.47557 

670 

+  0.87967 

426 

572 

+  0.22811 

096 

+  0.97363  514 

523 

+  0.99717 

555 

+0.07510 

603 

573 

+  0.94253 

460 

+  0.33410  856 

524 

+  0.60197 

580 

-0.79851 

433 

574 

+  0.79039 

628 

-0.61259  589 

525 

-0.  34667 

773 

-0.93798 

430 

575 

-0.08842 

874 

-0.99608  251 

526 

-0.97659 

735 

-0.21507 

583 

576 

-0.88595 

278 

-0.46377  546 

527 

-0.70863 

787 

+  0.70557 

237 

577 

-0.86893 

592 

+  0.49492  461 

528 

+  0.21084 

000 

+0.97752 

059 

578 

-0.05302 

338 

+0.99859  327 

529 

+  0.93647 

255 

+  0.35074 

088 

579 

+  0.81163 

861 

+  0.58415  989 

530 

+0.80111 

655 

-0.59850 

837 

580 

+  0.93008 

380 

-0.  36734  740 

531 

-0.07078 

230 

-0.  99749 

179 

581 

+  0.19341 

424 

-0.98111  719 

532 

-0.87760 

424 

-0.47938 

586 

582 

-0.72107 

948 

-0.69285  235 

533 

-0.87756 

088 

+  0.47946 

522 

583 

-0.97261 

606 

+  0.23241  774 

534 

-0.07069 

210 

+0.99749 

818 

584 

-0.32993 

391 

+  0.94400  403 

535 

+  0.80117 

068 

+  0.59843 

592 

585 

+  0.61608 

795 

+  0.78767  737 

536 

+  0.93644 

083 

-0.35082 

557 

586 

+0.99568 

139 

-0.09283  623 

537 

+  0.21075 

160 

-0.97753 

965 

587 

+  0.45984 

996 

-0.88799  663 

538 

-0.70870 

168 

-0.70550 

828 

588 

-0.49876 

541 

-0.86673  702 

539 

-0.97657 

790 

+  0.21516 

415 

589 

-0.99881 

816 

-0.04860  339 

540 

-0.34659 

290 

+  0.93801 

565 

590 

-0.58056 

210 

+0.81421  597 

541 

+0.60204 

801 

+  0.79845 

989 

591 

+  0.37146 

008 

+  0.92844  893 

542 

+  0.99716 

876 

-0.07519 

621 

592 

+0.98196 

357 

+  0.18907  022 

543 

+  0.47549 

715 

-0.87971 

726 

593 

+0.  68965 

428 

-0.72413  878 

544 

-0.48334 

434 

-0.87543 

032 

594 

-0.23671 

997 

-0.97157  792 

545 

-0.99780 

128 

-0.06627 

678 

595 

-0.94545 

497 

-0.32575  281 

546 

-0.59488 

432 

+  0.80381 

133 

596 

-0.78494 

304 

+  0.61956  794 

547 

+  0.35496 

654 

+0.93487 

901 

597 

+0.  09724 

191 

+  0.99526  078 

548 

+  0.97846 

280 

+0.20642 

324 

598 

+0.89002 

309 

+0.45591  545 

549 

+  0.70236 

487 

-0.71181 

710 

599 

+  0.86452 

115 

-0.50259  644 

550 

-0.21948 

408 

-0.97561 

608 

600 

+  0.04418 

245 

-0.99902  348 
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sm  z 


cos  z 


600 

+0.  04418 

245 

-0.99902 

348 

650 

+0.  30475 

320 

-0.95243  136 

601 

-0.81677 

739 

-0.57695 

294 

651 

-0.63678 

449 

-0.77104  183 

602 

-0.  92679 

586 

+0.37556 

547 

652 

-0.99286 

546 

+  0.11923  999 

603 

-0. 18472 

249 

+  0.98279 

072 

653 

-0.43611 

050 

+0.89989  312 

604 

+  0.72718 

389 

+0.  68644 

271 

654 

+0.52160 

244 

+0.85318  866 

605 

+0.97052 

075 

-0.24101 

756 

655 

+0.99975 

651 

+0.02206  648 

606 

+  0.32156 

532 

-0.  94688 

740 

656 

+0.55873 

905 

-0.82934  352 

607 

-0.62303 

579 

-0.78219 

333 

657 

-0.39598 

051 

-0.91825  891 

608 

-0.  99482 

067 

+0.10164 

568 

658 

-0.  98663 

742 

-0.16293  130 

609 

-0.45197 

201 

+0.89203 

212 

659 

-0.67018 

443 

+  0.74219  460 

610 

+0.50641 

763 

+  0.86228 

834 

660 

+  0.26243 

303 

+0.96495  021 

611 

+0.99920 

923 

+  0.03976 

064 

661 

+0.95377 

077 

+0.30053  504 

612 

+0.57333 

248 

-0.81932 

281 

662 

+  0.76821 

607 

-0.64019  066 

613 

-0.  37966 

351 

-0.92512 

465 

663 

-0.12363 

295 

-0.99232  802 

614 

-0.98359 

862 

-0.18037 

115 

664 

-0.90181 

440 

-0.43212  358 

615 

-0.  68321 

769 

+0.73021 

475 

665 

-0.  85087 

185 

+0.52537  329 

616 

+0.24531 

043 

+0.96944 

458 

666 

-0.01764 

165 

+0.99984  437 

617 

+  0.94830 

128 

+0.31737 

153 

667 

+  0.83180 

821 

+  0.55506  315 

618 

+  0.77942 

830 

-0.  62649 

144 

668 

+0.91649 

743 

-0.40004  057 

619 

-0. 10604 

746 

-0.99436 

107 

669 

+0.15856 

314 

-0.98734  884 

620 

-0.89402 

368 

-0.44801 

972 

670 

-0.74515 

337 

-0.66689  314 

621 

-0.86003 

865 

+0.51022 

890 

671 

-0.96377 

931 

+  0.26670  104 

622 

-0.03533 

805 

+0.99937 

542 

672 

-0.29631 

100 

+  0.95509  151 

623 

+  0.82185 

218 

+0.56970 

079 

673 

+  0.64358 

428 

+0.76537  525 

624 

+0.92343 

531 

-0. 38375 

412 

674 

+  0.99177 

114 

-0.12802  348 

625 

+0.17601 

627 

-0.98438 

726 

675 

+0.42812 

819 

-0.90371  802 

626 

-0.73323 

132 

-0.67997 

929 

676 

-0.52913 

384 

-0.84853  838 

627 

-0.96834 

941 

+  0.24959 

850 

677 

-0.99991 

266 

-0.01321  646 

628 

-0.31317 

153 

+  0.94969 

658 

678 

-0.55137 

639 

+  0.83425  660 

629 

+  0.  62993 

482 

+0.  77664 

801 

679 

+0.40409 

279 

+  0.91471  800 

630 

+  0.99388 

200 

-0.11044 

716 

680 

+0.98804 

092 

+  0.15419  188 

631 

+0.  44405 

865 

-0.89599 

772 

681 

+  0.66358 

878 

-0.74809  754 

632 

-0.51403 

017 

-0.85777 

210 

682 

-0.27096 

382 

-0.96253  953 

633 

-0.99952 

202 

-0.03091 

477 

683 

-0.  95639 

354 

-0.29208  115 

634 

-0.  56605 

794 

+0.82436 

546 

684 

-0.  76251 

945 

+0.64696  529 

635 

+  0.38783 

721 

+0.92172 

789 

685 

+0.13241 

151 

+0.99119  483 

636 

+0.98515 

661 

+0.17165 

795 

686 

+0.90560 

393 

+  0.42412  441 

637 

+0.67672 

757 

-0.73623 

352 

687 

+0.  84618 

828 

-0.53288  404 

638 

-0.25388 

168 

-0.96723 

528 

688 

+  0.00879 

102 

-0.99996  136 

639 

-0.95107 

328 

-0.30896 

539 

689 

-0.83668 

866 

-0.54767  882 

640 

-0.77385 

250 

+0.63336 

586 

690 

-0.91292 

065 

+  0.40813  710 

641 

+  0.11484 

470 

+  0.99338 

346 

691 

-0.14981 

760 

+  0.98871  365 

642 

+0.89795 

421 

+  0.44008 

889 

692 

+0.75102 

706 

+0.66027  143 

643 

+0.85548 

876 

-0.51782 

138 

693 

+0.96138 

090 

-0.27522  130 

644 

+0.  02649 

089 

-0.  99964 

905 

694 

+  0.28784 

558 

-0.95767  684 

645 

-0.82686 

259 

-0.56240 

400 

695 

-0.65033 

364 

-0.75964  871 

646 

-0.92000 

241 

+0.39191 

270 

696 

-0.99059 

911 

+0.13679  694 

647 

-0.16729 

626 

+  0.98590 

667 

697 

-0.42011 

233 

+0.90747  211 

648 

+  0.73922 

130 

+0.67346 

260 

698 

+  0.53662 

379 

+  0.84382  161 

649 

+0.96610 

221 

-0.25815 

988 

699 

+0.99999 

047 

+0.00436  541 

650 

+  0.30475 

320 

-0.95243 

136 

700 

+  0.54397 

052 

-0.83910  433 
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sin  X 


cos  X 


sin  X 


cos   X 


700 

+0.54397 

052 

-0.83910 

433 

750 

+0.  74507 

295 

-0.66698  298 

701 

-0.41217 

342 

-0.91110 

541 

751 

-0.15868 

219 

-0.98732  971 

702 

-0.98936 

702 

-0.  14544 

039 

752 

-0.91654 

566 

-0.  39993  006 

703 

-0.65694 

115 

+  0.75394 

186 

753 

-0.83174 

127 

+  0.55516  345 

704 

+  0.27947 

339 

+0.96015 

344 

754 

+  0.01776 

220 

+  0.99984  224 

705 

+  0.95894 

137 

+0.28360 

437 

755 

+  0.85093 

519 

+  0.52527  069 

706 

+  0.75676 

309 

-0.65368 

925 

756 

+0.90176 

229 

-0.43223  231 

707 

-0.14117 

969 

-0.98998 

399 

757 

+0.12351 

330 

-0.99234  292 

708 

-0.90932 

251 

-0.41609 

202 

758 

-0.76829 

325 

-0.64009  802 

709 

-0.84143 

841 

+  0.54035 

304 

759 

-0.95373 

453 

+0.30065  004 

710 

+  0.00006 

029 

+  1.00000 

000 

760 

-0.26231 

668 

+  0.96498  184 

711 

+  0.84150 

356 

+  0.54025 

157 

761 

+0.67027 

392 

+0.74211  379 

712 

+0.90927 

234 

-0.41620 

166 

762 

+  0.98661 

776 

-0.16305  026 

713 

+  0.14106 

032 

-0.99000 

100 

763 

+  0.39586 

979 

-0.91830  665 

714 

-0.75684 

190 

-0.65359 

799 

764 

-0.55883 

905 

-0.82927  614 

715 

-0.95890 

717 

+  0.28372 

000 

765 

-0.99975 

384 

+0.02218  703 

716 

-0.27935 

761 

+  0.96018 

713 

766 

-0.52149 

956 

+  0.85325  155 

717 

+  0.65703 

205 

+0.75386 

264 

767 

+  0.43621 

901 

+  0.89984  053 

718 

+0.98934 

947 

-0.  14555 

968 

768 

+0.99287 

983 

+  0.11912  028 

719 

+  0.41206 

355 

-0.91115 

511 

769 

+  0.63669 

152 

-0.77111  861 

720 

-0.54407 

170 

-0.83903 

873 

770 

-0.30486 

804 

-0.95239  460 

721 

-0.99998 

994 

+  0.00448 

599 

771 

-0.96613 

333 

-0.25804  339 

722 

-0.53652 

204 

+0.84388 

631 

772 

-0.73914 

009 

+0.67355  173 

723 

+0.42022 

174 

+  0.90742 

145 

773 

+  0.16741 

514 

+  0.98588  649 

724 

+  0.99061 

560 

+  0.13667 

750 

774 

+  0.92004 

966 

+0.39180  176 

725 

+  0.65024 

204 

-0.75972 

712 

775 

+  0.82679 

477 

-0.56250  370 

726 

-0.28796 

105 

-0.95764 

212 

776 

-0.02661 

142 

-0.99964  585 

727 

-0.96141 

408 

-0.27510 

538 

777 

-0.85555 

119 

-0.51771  822 

728 

-0.75094 

744 

+  0.66036 

198 

778 

-0.89790 

114 

+  0.44019  716 

729 

+0.14993 

682 

+  0.98869 

558 

779 

-0.11472 

492 

+  0.99339  730 

730 

+  0.91296 

985 

+  0.40802 

782 

780 

+  0.77392 

886 

+  0.63327  255 

731 

+  0.83662 

262 

-0.54777 

970 

781 

+  0.95103 

602 

-0.30908  007 

732 

-0.00891 

160 

-0.99996 

029 

782 

+  0.25376 

505 

-0.96726  589 

733 

-0.84625 

253 

-0.53278 

200 

783 

-0.67681 

634 

-0.73615  192 

734 

-0.90555 

279 

+  0.42423 

360 

784 

-0.98513 

591 

+  0.17177  673 

735 

-0.13229 

199 

+  0.99121 

079 

785 

-0.38772 

606 

+0.92177  465 

736 

+  0.76259 

745 

+  0.  64687 

335 

786 

+  0.56615 

733 

+  0.82429  720 

737 

+  0.95635 

831 

-0.29219 

647 

787 

+0.99951 

829 

-0.03103  5?Q 

738 

+  0.27084 

775 

-0.96262 

220 

788 

+  0.5139? 

A7/1 

-U.  85783  408 

739 

-0.66367 

898 

-0.  7480i_ 

1^0 

789 

-0.44416 

668 

-0.89594  417 

-1  /ir\ 

-0.98802 

232 

+  0.15431 

102 

790 

-0.99389 

531 

-0.11032  732 

741 

-0.40398 

250 

+  0.91476 

672 

791 

-0.62984 

117 

+0.77672  396 

742 

+  0.55147 

697 

+  0.83419 

Oil 

792 

+0.31328 

604 

+0.94965  881 

743 

+  0.99991 

106 

-0.01333 

703 

793 

+  0.96837 

950 

+0.24948  174 

744 

+  0.52903 

153 

-0.84860 

217 

794 

+0.73314 

932 

-0.68006  770 

745 

-0.42823 

715 

-0.90366 

639 

795 

-0.17613 

497 

-0.98436  603 

746 

-0.99178 

657 

-0.12790 

390 

796 

-0.92348 

158 

-0.38364  277 

747 

-0. 64349 

199 

+  0.76545 

285 

797 

-0.82178 

349 

+  0.56979  988 

748 

+  0.29642 

616 

+  0.95505 

511 

798 

+0.03545 

855 

+  0.99937  115 

749 

+  0.96381 

146 

+  0.26658 

483 

799 

+0.86010 

016 

+  0.51012  519 

750 

+  0.74507 

295 

-0.  66698 

298 

800 

+  0.89396 

965 

-0.44812  751 

184 
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Table 

4.8    CIR 

CLLAI 

I  SLSES  AM>  C 

X 

sin  . 

r 

cos  I 

800 

+0.89396 

965 

-0.44812  751 

801 

+  0.10592 

756 

-0.99437  385 

802 

-0.  77950 

384 

-0.62639  745 

803 

-0.94826 

300 

+  0.31748  587 

804 

-0.24519 

354 

+  0.96947  415 

805 

+0.  68330 

573 

+0.73013  237 

806 

+0.  98357 

687 

-0.18048  975 

807 

+0.  37955 

196 

-0.92517  042 

808 

-0.57343 

126 

-0.81925  368 

809 

-0.99920 

443 

+0.03988  112 

810 

-0.50631 

365 

+0.86234  940 

811 

+  0.45207 

956 

+0.89197  762 

812 

+0.99483 

291 

+0.10152  573 

813 

+0.62294 

147 

-0.78226  845 

814 

-0.32167 

949 

-0.94684  862 

815 

-0.97054 

981 

-0.24090  054 

816 

-0.72710 

111 

+0.68653  039 

817 

+  0.18484 

099 

+0.98276  844 

818 

+0.  92684 

114 

+  0.37545  372 

819 

+  0.81670 

782 

-0.57705  142 

820 

-0.  04430 

291 

-0.99901  814 

821 

-0.86458 

174 

-0.50249  220 

822 

-0.88996 

811 

+0.45602  276 

823 

-0.09712 

190 

+0.99527  249 

824 

+0.78501 

774 

+0.61947  329 

825 

+0.  94541 

569 

-0.32586  680 

826 

+0.23660 

282 

-0.97160  646 

827 

-0.68974 

159 

-0.72405  561 

828 

-0.98194 

076 

+0.18918  862 

829 

-0.  37134 

812 

+0.92849  371 

830 

+0.58066 

027 

+0.81414  596 

831 

+  0.99881 

229 

-0.04872  383 

832 

+  0.49866 

090 

-0.86679  716 

833 

-0.45995 

702 

-0.88794  118 

834 

-0.99569 

258 

-0.09271  618 

835 

-0.61599 

297 

+0.78775  165 

836 

+  0.  33004 

774 

+  0.94396  424 

Q-%7 

+0.  97264 

407 

+0.23230  046 

838 

+  0.  ICMI-] 

CO/I 

-0.69293  929 

839 

-0.19353 

254 

-0.98109  386 

840 

-0.93012 

809 

-0.36723  525 

841 

-0.81156 

816 

+  0.58425  775 

842 

+0.05314 

379 

+0.99858  687 

843 

+  0.  86899 

559 

+0.49481  983 

844 

+  0.88589 

685 

-0.46388  228 

845 

+0.  08830 

863 

-0.99609  316 

846 

-0.79047 

014 

-0.61250  058 

847 

-0.94249 

431 

+  0.33422  221 

848 

-0.22799 

356 

+  0.97366  264 

849 

+0.69612 

342 

+  0.71792  213 

850 

+0.  98022 

773 

-0.19787  267 

sin  I 


cos   I 


850 

+0.98022 

773 

-0. 19787 

267 

851 

+  0.36311 

519 

-0.93174 

426 

852 

-0.58784 

378 

-0.80897 

447 

853 

-0.99834 

189 

+0.05756 

271 

854 

-0.49096 

907 

+0.87117 

700 

855 

+0.46779 

845 

+0.88383 

517 

856 

+  0.99647 

423 

+0.08389 

936 

857 

+  0.60899 

620 

-0.79317 

314 

858 

-0.33839 

013 

-0.94100 

591 

859 

-0.  97466 

214 

-0.22368 

219 

860 

-0.71483 

427 

+0.69929 

390 

861 

+  0.20220 

893 

+0.97934 

241 

862 

+  0.93334 

217 

+0.35898 

802 

863 

+  0.80636 

493 

-0.59141 

830 

864 

-0.06198 

051 

-0.99807 

736 

865 

-0.87334 

135 

-0.48710 

870 

866 

-0.88175 

618 

+0.47170 

545 

867 

-0.07948 

845 

+0.99683 

579 

868 

+0.79586 

060 

+0.60547 

989 

869 

+0.93949 

908 

-0.34255 

142 

870 

+  3.21936 

644 

-0.97564 

254 

871 

-0.70245 

070 

-0.71173 

241 

872 

-0.97843 

790 

+0.20654 

122 

873 

-0.35485 

381 

+0.93492 

180 

874 

+0.59498 

124 

+0.80373 

959 

875 

+  0.99779 

328 

-0. 06639 

709 

876 

+  0.48323 

878 

-0. 87548 

859 

877 

-0.47560 

322 

-0.87965 

992 

878 

-0.99717 

782 

-0.07507 

597 

879 

-0.60195 

173 

+0.79853 

248 

880 

+0.  34670 

601 

+0.93797 

385 

881 

+  0.97660 

383 

+0.21504 

639 

882 

+0.70861 

660 

-0.70559 

373 

883 

-0.21086 

947 

-0.97751 

423 

884 

-0.  93648 

312 

-0.35071 

265 

885 

-0.80109 

851 

+0.59853 

252 

886 

+  0.07081 

237 

+0.99748 

965 

887 

+0.87761 

869 

+0.47935 

940 

888 

+  0.87754 

643 

-0.  47949 

167 

QSQ 

WW  * 

+  0.07066 

203 

-0.99750 

031 

890 

-0.80118 

871 

-0.59941 

•>  --7 

J.  ;  < 

891 

-0.93643 

025 

+0.35085 

380 

892 

-0.21072 

213 

+0.97754 

600 

893 

+  0.70872 

294 

+0.  70548 

692 

894 

+0.97657 

141 

-0.21519 

358 

895 

+  0.  34656 

463 

-0.93802 

610 

896 

-0.60207 

208 

-0.79844 

174 

897 

-0.99716 

649 

+0.07522 

627 

898 

-0.47547 

063 

+0.87973 

159 

899 

+  0.48337 

073 

+0.  87541 

575 

900 

+0.99780 

327 

+0.  06624 

670 
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185 


sin  X 


cos  X 


900 

+  0.99780 

327 

+  0.06624 

670 

901 

+  0.59486 

009 

-0.80382 

926 

902 

-0. 35499 

472 

-0.93486 

831 

903 

-0.97846 

902 

-0.20639 

374 

904 

-0.70234 

341 

+  0.71183 

827 

905 

+  0.21951 

349 

+  0.97560 

947 

906 

+  0.93955 

070 

+  0.34240 

981 

907 

+  0.79576 

933 

-0.60559 

984 

908 

-0.07963 

869 

-0.99682 

380 

909 

-0.88182 

727 

-0.47157 

255 

910 

-0.87326 

792 

+  0.48724 

032 

911 

-0.06183 

008 

+  0.99808 

669 

912 

+0.  80645 

406 

+  0.59129 

676 

913 

+0.93328 

805 

-0.35912 

869 

914 

+0.20206 

131 

-0.97937 

287 

915 

-0.71493 

966 

-0.69918 

616 

916 

-0.97462 

841 

+  0.22382 

909 

917 

-0.33824 

829 

+  0.94105 

690 

918 

+  0.60911 

575 

+  0.79308 

134 

919 

+0.99646 

158 

-0.08404 

955 

920 

+  0.  46766 

523 

-0.88390 

567 

921 

-0.49110 

037 

-0.87110 

299 

922 

-0.99835 

056 

-0.  05741 

224 

923 

-0.  58772 

184 

+  0.80906 

306 

924 

+  0.36325 

562 

+  0.93168 

952 

925 

+  0.98025 

754 

+0. 19772 

493 

926 

+  0.69601 

520 

-0.71802 

705 

927 

-0.22814 

031 

-0.97362 

827 

928 

-0.94254 

467 

-0.33408 

015 

929 

-0.79037 

781 

+  0.61261 

972 

930 

+0.08845 

877 

+  0.99607 

984 

931 

+  0.88596 

676 

+  0.46374 

875 

932 

+0.86892 

100 

-0.  49495 

080 

933 

+  0.05299 

328 

-0.  99859 

487 

934 

-0.81165 

622 

-0.58413 

542 

935 

-0.93007 

273 

+  0.36737 

544 

936 

-0.19338 

467 

+  0.98112 

302 

937 

+  0.72110 

037 

+  0.69283 

061 

938 

+  0.97260 

905 

-0.23244 

706 

939 

+0.32990 

546 

-0.94401 

398 

940 

-0.61611 

169 

-0.78765 

880 

941 

-0.99567 

859 

+  0.09286 

625 

942 

-0.45982 

319 

+0.88801 

049 

943 

+  0.49879 

154 

+  0.86672 

199 

944 

+  0.99881 

962 

+  0.04857 

328 

945 

+  0.58053 

755 

-0.81423 

347 

946 

-0.37148 

806 

-0.92843 

773 

947 

-0.98196 

927 

-0.18904 

062 

948 

-0.68963 

246 

+  0.72415 

957 

949 

+  0.23674 

926 

+  0.97157 

078 

950  +0.94546   479  +0.32572   431 

For  x>l()00  see  Example  16. 
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X 

sin  X 

cos  X 

950 

+0.94546 

479 

+0.32572  431 

951 

+0.  78492 

436 

-0.61959  160 

952 

-0.09727 

191 

-0.99525  784 

953 

-0.89003 

684 

-0.45588  862 

954 

-0.  86450 

600 

+  0.50262  250 

955 

-0.04415 

233 

+  0.99902  481 

956 

+  0.81679 

478 

+  0.57692  832 

957 

+0.92678 

454 

-0.37559  341 

958 

+0. 18469 

287 

-0.98279  629 

959 

-0.72720 

458 

-0.68642  079 

960 

-0.97051 

349 

+  0.24104  682 

961 

-0.32153 

677 

+  0.94689  709 

962 

+  0.62305 

937 

+  0.78217  455 

963 

+0.99481 

760 

-0.10167  567 

964 

+  0.45194 

512 

-0.89204  574 

965 

-0.50644 

362 

-0.86227  308 

966 

-0.99921 

043 

-0.03973  052 

967 

-0.57330 

778 

+  0.81934  009 

968 

+0.  37969 

140 

+  0.92511  320 

969 

+0.98360 

406 

+  0.18034  150 

970 

+  0.68319 

568 

-0.73023  535 

971 

-0.24533 

966 

-0.96943  718 

972 

-0.94831 

084 

-0.31734  294 

973 

-0.  77940 

942 

+  0.62651  493 

974 

+  0.10607 

744 

+  0.99435  787 

975 

+  0.89403 

718 

+  0.44799  277 

976 

+0.  86002 

327 

-0.51025  482 

977 

+0.03530 

793 

-0.99937  648 

978 

-0.82186 

936 

-0.  56967  601 

979 

-0.92342 

374 

+  0.38378  195 

980 

-0.17598 

660 

+  0.98439  256 

981 

+  0.73325 

181 

+0.67995  719 

982 

+  0.96834 

189 

-0.24962  769 

983 

+  0.31314 

290 

-0.94970  602 

984 

-0.  62995 

823 

-0.77662  902 

985 

-0.99387 

867 

+  0.11047  712 

986 

-0.44403 

164 

+  0.89601  111 

987 

+  0.51405 

603 

+  0.85775  661 

988 

+  0.99952 

296 

+  0.03088  464 

989 

+  0.56603 

309 

-0.82438  252 

990 

-0.38786 

499 

-0.92171  620 

991 

-0.98516 

179 

-0.17162  825 

992 

-0.67670 

538 

+  0.73625  392 

993 

+  0.25391 

083 

+  0.96722  763 

994 

+  0.95108 

260 

+  0.30893  672 

995 

+  0.77383 

341 

-0.63338  919 

996 

-0.11487 

465 

-0.99338  000 

997 

-0.89796 

748 

-0.44006  182 

998 

-0.85547 

315 

+  0.51784  716 

999 

-0.02646 

075 

+  0.99964  985 

LOOO 

+  0.82687 

954 

+  0.56237  908 

186  ELEMENTARY   TRANSCENDENTAL    FXJNCTIONS 

Table  4.9 

CIRCULAR  TANGENTS,  COTANGENTS,  SECANTS  AND  COSECANTS  FOR  RADIAN  ARGUMENTS 


X 

tan 

X 

cot  X 

sec  X 

CSC  X 

x-i-c( 

3t  X 

CSC  X— a 

.-1 

0.00 

0.00000 

0000 

00 

1.00000 

00 

00 

0.00000 

000 

0.00000 

000 

0.01 

0.01000 

0333 

99.99666 

66 

1.00005 

00 

100.00166 

67 

0.00333 

335 

0.00166 

668 

0.02 

0.02000 

2667 

49.99333 

32 

1.00020 

00 

50.00333 

35 

0.00666 

684 

0.00333 

349 

0.03 

0.03000 

9003 

33.32333 

27 

1.00045 

02 

33.33833 

39 

0.01000 

060 

0.00500 

053 

0.04 

0.04002 

1347 

24.98666 

52 

1.00080 

05 

25.00666 

79 

0.01333 

476 

0.00666 

791 

0.05 

0.05004 

1708 

19.98333 

06 

1.00125 

13 

20.00833 

58 

0.01666 

944 

0.00833 

576 

0.06 

0.06007 

2104 

16.64666 

19 

1.00180 

27 

16.67667 

09 

0.02000 

480 

0.01000 

420 

0.07 

0.07011 

4558 

14.26237 

33 

1.00245 

50 

14.29738 

76 

0.02334 

096 

0.01167 

334 

0.08 

0.08017 

1105 

12.47332 

19 

1.00320 

86 

12.51334 

32 

0.02667 

805 

0.01334 

330 

0.09 

0.09024 

3790 

11.08109 

49 

1.00406 

37 

11.12612 

53 

0.03001 

621 

0.01501 

419 

0.10 

0.10033 

467 

9.96664 

44 

1.00502 

09 

10.01668 

61 

0.03335 

558 

0.01668 

614 

0.11 

0.11044 

582 

9.05421 

28 

1.00608 

07 

9.10926 

83 

0.03669 

628 

0.01835 

925 

0.12 

0.12057 

934 

8.29329 

49 

1.00724 

35 

8.35336 

70 

0.04003 

845 

0.02003 

365 

0.13 

0.13073 

732 

7.64892 

55 

1.00850 

99 

7.71401 

72 

0.04338 

223 

0.02170 

946 

0.14 

0.14092 

189 

7.09612 

94 

1.00988 

07 

7.16624 

39 

0.04672 

776 

0.02338 

680 

0.15 

0.15113 

522 

6.61659 

15 

1.01135 

64 

6.69173 

24 

0.05007 

516 

0.02506 

578 

0.16 

0.16137 

946 

6.19657 

54 

1.01293 

80 

6.27674 

65 

0.05342 

458 

0.02674 

653 

0.17 

0.17165 

682 

5.82557 

68 

1.01462 

61 

5.91078 

21 

0.05677 

615 

0.02842 

915 

0.18 

0.18196 

953 

5.49542 

56 

1.01642 

16 

5.58566 

93 

0.06013 

000 

0.03011 

379 

0.19 

0.19231 

984 

5.19967 

16 

1.01832 

55 

5.29495 

84 

0.06348 

628 

0.03180 

054 

0.20 

0.20271 

004 

4.93315 

49 

1.02033 

88 

5.03348 

95 

0.06684 

512 

0.03348 

955 

0.21 

0.21314 

244 

4.69169 

81 

1.02246 

26 

4.79708 

57 

0.07020 

667 

0.03518 

092 

0.22 

0.22361 

942 

4.47188 

35 

1.02469 

78 

4.58232 

93 

0.07357 

105 

0.03687 

477 

0.23 

0.23414 

336 

4.27088 

77 

1.02704 

58 

4.38639 

73 

0.07693 

841 

0.03857 

124 

0.24 

0.24471 

670 

4.08635 

78 

1.02950 

78 

4.20693 

71 

0.08030 

889 

0.04027 

044 

0.25 

0.25534 

192 

3.91631 

74 

1.03208 

50 

4.04197 

25 

0.08368 

264 

0.04197 

250 

0.26 

0.26602 

154 

3.75909 

41 

1.03477 

89 

3.88983 

14 

0.08705 

978 

0.04367 

754 

0.27 

0.27675 

814 

3.61326 

32 

1.03759 

10 

3.74908 

94 

0.09044 

046 

0.04538 

569 

0.28 

0.28755 

433 

3.47760 

37 

1.04052 

27 

3.61852 

56 

0.09382 

483 

0.04709 

707 

0.29 

0.29841 

279 

3.35106 

28 

1.04357 

57 

3.49708 

77 

0.09721 

302 

0.04881 

181 

0.30 

0.30933 

625 

3.23272 

81 

1.04675 

16 

3.38386 

34 

0.10060 

519 

0.05053 

003 

0.31 

0.32032 

751 

3.12180 

50 

1.05005 

22 

3.27805 

83 

0.10400 

147 

0.05225 

186 

0.32 

0.33138 

941 

3.01759 

80 

1.05347 

94 

3.17897 

74 

0.10740 

202 

0.05397 

744 

0.33 

0.34252 

487 

2.91949 

61 

1.05703 

51 

3.08600 

99 

0.11080 

697 

0.05570 

689 

0.34 

0.35373 

688 

2.82696 

00 

1.06072 

13 

2.99861 

68 

0.11421 

648 

0.05744 

034 

0.35 

0.36502 

849 

2.73951 

22 

1.06454 

02 

2.91632 

08 

0.11763 

070 

0.05917 

792 

0.36 

0.37640 

285 

2.65672 

80 

1.06849 

38 

2.83869 

75 

0.12104 

976 

0.06091 

976 

0.37 

0.38786 

316 

2.57822 

89 

1.07258 

47 

2.76536 

87 

0.12447 

383 

0.06266 

601 

0.38 

0.39941 

272 

2.50367 

59 

1.07681 

50 

2.69599 

57 

0.12790 

306 

0.06441 

678 

0.39 

0.41105 

492 

2.43276 

50 

1.08118 

74 

2.63027 

48 

0.13133 

759 

0.06617 

222 

0.40 

0.42279 

322 

2.36522 

24 

1.08570 

44 

2.56793 

25 

0.13477 

758 

0.06793 

246 

0.41 

0.43463 

120 

2.30080 

12 

1.09036 

89 

2.50872 

20 

0.13822 

318 

0.06969 

763 

0.42 

0.44657 

255 

2.23927 

78 

1.09518 

36 

2.45242 

03 

0.14167 

456 

0.07146 

789 

0.43 

0.45862 

102 

2.18044 

95 

1.10015 

15 

2.39882 

48 

0.14513 

185 

0.07324 

336 

0.44 

0.47078 

053 

2.12413 

20 

1.10527 

57 

2.34775 

15 

0.14859 

524 

0.07502 

418 

0.45 

0.48305 

507 

2.07015 

74 

1.11055 

94 

2.29903 

27 

0.15206 

486 

0.07681 

051 

0.46 

0.49544 

877 

2.01837 

22 

1.11600 

60 

2.25251 

55 

0.15554 

089 

0.07860 

247 

0.47 

0.50796 

590 

1.96863 

61 

1.12161 

91 

2.20805 

98 

0.15902 

348 

0.08040 

022 

0.48 

0.52061 

084 

1.92082 

05 

1.12740 

22 

2.16553 

72 

0.16251 

280 

0.08220 

390 

0.49 

0.53338 

815 

1.87480 

73 

1.13335 

91 

2.12483 

00 

0.16600 

901 

0.08401 

366 

0.50  0.54630   249  1.83048  77  1.13949   39  2.08582   96  0.16951   228  0.08582   964 

[~n  ['-fi  [<-/>']     ['-/'I 

Compilation  of  tan  x  and  cot  x  from  National  Bureau  of  Standards,  Table  of  circular  and  hyperbolic  tangents  and  cotan- 
gents  for  radian  arguments,  2d  printing.     Columbia  Univ.  Press,  New  York,  N.Y.,  1947  (with  permission). 
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CIRCULAR  TANGE-XTS, 

COTANGENTS,  SECANTS  AND  O 

^SECA^ 

fTS        Table  4.9 

FOR  RADIAN 

ARGUMENTS 

X 

tan  X 

cot  X 

sec  X 

CSC  X 

0.50 

0.54630 

249 

1.83048 

772 

1.13949 

39 

2.08582  96 

0.51 

0.55935 

872 

1.78776 

154 

1.14581 

07 

2.04843  63 

0.52 

0.57256 

183 

1.74653 

626 

1.15231 

38 

2.01255  78 

0.53 

0.58591 

701 

1,70672 

634 

1.15900 

77 

1.97810  89 

0.54 

0.59942 

962 

1.66825 

255 

1.16589 

70 

1.94501   07 

0.55 

0.61310 

521 

1.63104 

142 

1.17298 

68 

1.91319   00 

0.56 

0.62694 

954 

1.59502 

471 

1.18028 

21 

1.88257  90 

0.57 

0.64096 

855 

1.56013 

894 

1.18778 

81 

1.85311  45 

0.58 

0.65516 

845 

1.52632 

503 

1.19551 

06 

1.82473   78 

0.59 

0.66955 

565 

1.49352 

784 

1.20345 

53 

1.79739   41 

0.60 

0.68413 

681 

1.46169 

595 

1.21162 

83 

1.77103  22 

0.61 

0.69891 

886 

1.43078 

125 

1,22003 

59 

1,74560   45 

0.62 

0.71390 

901 

1.40073 

873 

1,22868 

47 

1.72106  62 

0.63 

0.72911 

473 

1.37152 

626 

1.23758 

16 

1.69737  57 

0.64 

0.74454 

382 

1.34310 

429 

1.24673 

39 

1,67449   37 

0.65 

0.76020 

440 

1.31543 

569 

1.25614 

92 

1.65238  34 

0.66 

0.77610 

491 

1.28848 

559 

1.26583 

52 

1.63101   05 

0.67 

0.79225 

417 

1.26222 

118 

1.27580 

04 

1.61034  23 

0.68 

0.80866 

138 

1,23661 

155 

1.28605 

34 

1.59034  84 

0,69 

0.82533 

611 

1.21162 

759 

1.29660 

31 

1.57100  01 

0.70 

0.84228 

838 

1.18724 

IB  3 

1.30745 

93 

1.55227   03 

0.71 

0.85952 

867 

1.16342 

833 

1.31863 

17 

1.53413   35 

0.72 

0.87706 

790 

1.14016 

258 

1.33013 

09 

1.51656   54 

0.73 

0.89491 

753 

1,11742 

140 

1.34196 

77 

1.49954   35 

0.74 

0.91308 

953 

1.09518 

285 

1.35415 

38 

1.48304   60 

0.75 

0.93159 

646 

1,07342 

615 

1.36670 

11 

1,46705   27 

0.76 

0.95045 

146 

1.05213 

158 

1.37962 

24 

1,45154  43 

0.77 

0.96966 

833 

1.03128 

046 

1.39293 

10 

1.43650  25 

0.78 

0.98926 

154 

1.01085 

503 

1,40664 

08 

1.42190  99 

0.79 

1.00924 

629 

0.99083 

842 

1.42076 

67 

1.40775   03 

0.80 

1.02963 

857 

0.97121 

460 

1.43532 

42 

1.39400   78 

0.81 

1.05045 

514 

0.95196 

830 

1.45032 

96 

1.38066  78 

0.82 

1.07171 

372 

0.93308 

500 

1.46580 

02 

1.36771   62 

0.83 

1.09343 

292 

0.91455 

085 

1.48175 

42 

1,35513  96 

0.84 

1.11563 

235 

0,89635 

264 

1.49821 

08 

1.34292   52 

0.85 

1.13833 

271 

0,87847 

778 

1.51519 

02 

1.33106  09 

0.86 

1.16155 

586 

0.86091 

426 

1.53271 

39 

1.31953   53 

0.87 

1.18532 

486 

0.84365 

058 

1.55080 

46 

1.30833  72 

0.88 

1.20966 

412 

0.82667 

575 

1.56948 

63 

1.29745   63 

0.89 

1.23459 

946 

0.80997 

930 

1.58878 

44 

1,28688  25 

0.90 

1.26015 

822 

0.79355 

115 

1.60872 

58 

1,27660   62 

0.91 

1.28636 

938 

0.77738 

169 

1.62933 

92 

1,26661   84 

0.92 

1,31326 

370 

0.76146 

169 

1.65065 

49 

1,25691   05 

0.93 

1.34087 

383 

0.74578 

232 

1.67270 

52 

1,24747  40 

0.94 

1.36923 

448 

0,73033 

510 

1.69552 

44 

1,23830   10 

0,95 

1.39838 

259 

0.71511 

188 

1.71914 

92 

1.22938  40 

0.96 

1.42835 

749 

0.70010 

485 

1.74361 

84 

1.22071   57 

0.97 

1,45920 

113 

0.68530 

649 

1.76897 

37 

1.21228  91 

0.98 

1.49095 

827 

0.67070 

959 

1,79525 

95 

1.20409  77 

0.99 

1.52367 

674 

0.65630 

719 

1.82252 

32 

1.19613   51 

1.00 

1.55740 

772 

0.64209 

262 

1.85081 

57 

1.18839   51 

*     [(-4)11 
.      5     J 

r(-4)2" 
6 

"(-4) 
5 

I' 

[(-4)21 
5 

•See  page  n. 
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Table  1.9 

CIRCULAR  TANGENTS,  COTANGENTS,  SECANTS  AND  COSECANTS 

FOR  RADIAN 

ARGUMENTS 

r 

tan  .' 

cot ./ 

sec  J- 

CSC  X 

1.00 

1.55740 

77 

0,64209  262 

1.85081  57 

1.18839  51 

1.01 

1.59220 

60 

0.62805  942 

1.88019   15 

1.18087  20 

1.02 

1.62813 

04 

0.61420   141 

1.91070  89 

1.17356  01 

1.03 

1.66524 

40 

0.60051   260 

1.94243   08 

1.16645  42 

1.04 

1.70361 

46 

0.58698  722 

1.97542   47 

1.15954  90 

1.05 

1.74331 

53 

0.57361   970 

2.00976  32 

1.15283  98 

1.06 

1.78442 

48 

0.56040  467 

2.04552   49 

1.14632   17 

1.07 

1.82702 

82 

0.54733  693 

2.08279  43 

1.13999   02 

1.08 

1.87121 

73 

0.53441   147 

2.12166  31 

1.13384  11 

1.09 

1.91709 

18 

0.52162   342 

2.16223   06 

1.12787  01 

1.10 

1.96475 

97 

0.50896  811 

2.20460  44 

1.12207  33 

1.11 

2.01433 

82 

0.49644   096 

2.24890  16 

1.11644  69 

1.12 

2.06595 

53 

0.48403  759 

2.29524  97 

1.11098  71 

1.13 

2.11975 

01 

0.47175   371 

2.34378  77 

1.10569  05 

1.14 

2.17587 

51 

0.45958  520 

2.39466  75 

1.10055  37 

1.15 

2.23449 

69 

0.44752   802 

2.44805   57 

1.09557  35 

1.16 

2.29579 

85 

0.43557   829 

2.50413  48 

1.09074  67 

1.17 

2.35998 

11 

0.42373   221 

2.56310  57 

1.08607  04 

1.18 

2.42726 

64 

0.41198  610 

2.62518  99 

1.08154  17 

1.19 

2.49789 

94 

0.40033  638 

2.69063  21 

1.07715  79 

1.20 

2.57215 

16 

0.38877  957 

2.75970  36 

1.07291   64 

1.21 

2.65032 

46 

0.37731   227 

2.83270  55 

1.06881  46 

1.22 

2.73275 

42 

0.36593   119 

2.90997  35 

1.06485  01 

1.23 

2.81981 

57 

0.35463  310 

2.99188  25 

1.06102   06 

1.24 

2.91192 

99 

0.34341   486 

3.07885   30 

1.05732   39 

1.25 

3.00956 

97 

0.33227  342 

3.17135  77 

1.05375  79 

1.26 

3.11326 

91 

0.32120  577 

3.26993   04 

1.05032   05 

1.27 

3.22363 

32 

0.31020  899 

3.37517  57 

1.04700  98 

1.28 

3.34135 

00 

0.29928  023 

3.48778  15 

1.04382  41 

1.29 

3.46720 

57 

0.28841   670 

3.60853  36 

1.04076  14 

1.30 

3.60210 

24 

0.27761   565 

3.73833   41 

1.03782  00 

1.31 

3.74708 

10 

0.26687  440 

3.87822   33 

1.03499  85 

1.32 

3.90334 

78 

0.25619   034 

4.02940  74 

1.03229  53 

1.33 

4.07230 

98 

0.24556  088 

4.19329  31 

1.02970   88 

1.34 

4.25561 

79 

0.23498  350 

4.37153  10 

1.02723  77 

1.35 

4.45522 

18 

0.22445  572 

4.56607  06 

1.02488  07 

1.36 

4.67344 

12 

0.21397  509 

4.77923  14 

1.02263  65 

1.37 

4.91305 

81 

0.20353  922 

5.01379  49 

1.02050   39 

1.38 

5.17743 

74 

0.19314  574 

5.27312   60 

1.01848  18 

1.39 

5.47068 

86 

0.18279  234 

5.56133   39 

1.01656  93 

1.40 

5.79788 

37 

0.17247  673 

5.88349   01 

1.01476  51 

1.41 

6.16535 

61 

0.16219   663 

6.24592   80 

1.01306  85 

1.42 

6.58111 

95 

0.15194  983 

6.65666  08 

1.01147  85 

1.43 

7.05546 

38 

0.14173  413 

7.12597  85 

1.00999  43 

1.44 

7.60182 

61 

0.13154  734 

7.66731  76 

1.00861  52 

1.45 

8.23809 

28 

0.12138  732 

8.29856  45 

1.00734  05 

1.46 

8.98860 

76 

0.11125   194 

9.04406  25 

1.00616  95 

1.47 

9.88737 

49 

0.10113  908 

9.93781  58 

1.00510  15 

1.48 

10.98337 

93 

0.09104  6660 

11.02880   87 

1.00413  62 

1.49 

12.34985 

64 

0.08097  2601 

12.39027  66 

1.00327  29 

1.50 

14.10141 

99 

0.07091  4844 

14.13683  29 

1.00251   13 

1.51 

16.42809 

17 

0.06087  1343 

16.45849  92 

1.00185   09 

1.52 

19.66952 

78 

0.05084  0061 

19.69493  14 

1.00129   15 

1.53 

24.49841 

04 

0.04081   8975 

24.51881   14 

1.00083  27 

1.54 

32.46113 

89 

0.03080  6066 

32.47653  83 

1.00047  44 

1.55 

48.07848 

25 

0.02079  9325 

48.08888  10 

1.00021  63 

1.56 

92.62049 

63 

0.01079   6746 

92.62589  45 

1.00005  83 

1.57 

+1255.76559 

15 

+  0.00079  6327 

+1255.76598  97 

1.00000  03 

1.58 

-  108.64920 

36 

-  0.00920   3933 

-  108.65380   55 

1.00004  24 

1.59 

-     52.06696 

96 

-  0.01920   6034 

-     52.07657  18 

1.00018  44 

1.60 

-     34.23253 

27 

-  0.02921   1978 

-     34.24713   56 

1.00042  66 

For  i>1.6, 

use  4.3.44. 

■(-5)2' 
5 

[(-5)3-1 

4 
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CIRCULAR  SINES  AND  COSINES  TO  TENTHS  OF  A  DEGREE 


Tabic  4.10 


sin  9 


0.0 

0.00000 

00000 

00000 

0.1 

0.00174 

53283 

65898 

0.2 

0.00349 

06514 

15224 

0.3 

0.00523 

59638 

31420 

0.4 

0.  00698 

12602 

97962 

0.5 

0. 00872 

65354 

98374 

0.6 

0.  01047 

17841 

16246 

0.7 

0.01221 

70008 

35247 

0.8 

0.01396 

21803 

39145 

0.9 

0.01570 

73173 

11821 

1.0 

0.  01745 

24064 

37284 

1.1 

0.01919 

74423 

99690 

1.2 

0.02094 

24198 

83357 

1.3 

0.02268 

73335 

72781 

1.4 

0.02443 

21781 

52653 

1.5 

0.02617 

69483 

07873 

1.6 

0.02792 

16387 

23569 

1.7 

0.02966 

62440 

85111 

1.8 

0.03141 

07590 

78128 

1.9 

0.03315 

51783 

88526 

2.0 

0.  03489 

94967 

02501 

2.1 

0.  03664 

37087 

06556 

2.2 

0.  03838 

78090 

87520 

2.3 

0.04013 

17925 

32560 

2.4 

0.04187 

56537 

29200 

2.5 

0.  04361 

93873 

65336 

2.6 

0.  04536 

29881 

29254 

2.7 

0.04710 

64507 

09643 

2.8 

0.  04884 

97697 

95613 

2.9 

0.  05059 

29400 

76713 

3.0 

0.05233 

59562 

42944 

3.1 

0.05407 

88129 

84775 

3.2 

0.  05582 

15049 

93164 

3.3 

0.05756 

40269 

59567 

3.4 

0.05930 

63735 

75962 

3.5 

0.06104 

85395 

34857 

3.6 

0.06279 

05195 

29313 

3.7 

0.06453 

23082 

52958 

3.8 

0.06627 

39004 

00000 

3.9 

0.  06801 

52906 

65248 

4.0 

0.  06975 

64737 

44125 

4.1 

0.07149 

74443 

32686 

4.2 

0.07323 

81971 

27632 

4.3 

0.07497 

87268 

26328 

4.4 

0.07671 

90281 

26819 

4.5 

0.07845 

90957 

27845 

4.6 

0.08019 

89243 

28859 

4.7 

0.08193 

85086 

30041 

4.8 

0.08367 

78433 

32315 

4.9 

0.  08541 

69231 

37367 

5.0 

0.08715 

57427 

47658 

90°-<? 

cos  e 

8)3 
5 
For  conversion  from  radians  to  degrees  see  Example  14. 


rn 


cos  9 

1.00000  00000  00000 

0.99999  84769  13288 

0.99999  39076  57790 

0.99998  62922  47427 

0.99997  56307  05395 

0.99996  19230  64171 

0.99994  51693  65512 

0.99992  53696  60452 

0.99990  25240  09304 

0.99987  66324  81661 

0.99984  76951  56391 
0.99981  57121  21644 
0.99978  06834  74845 
0.99974  26093  22698 
0.99970  14897  81183 

0.99965  73249  75557 
0.99961  01150  40354 
0.99955  98601  19384 
0.99950  65603  65732 
0.99945  02159  41757 

0.99939  08270  19096 
0.99932  83937  78656 
0.99926  29164  10621 
0.99919  43951  14446 
0.99912  28300  98858 

0.99904  82215  81858 
0.99897  05697  90715 
0.99888  98749  61970 
0.99880  61373  41434 
0.99871  93571  84186 

0.99862  95347  54574 
0.99853  66703  26212 
0.99844  07641  81981 
0.99834  18166  14028 
0.99823  98279  23765 

0.99813  47984  21867 
0.99802  67284  28272 
0.99791  56182  72179 
0.99780  14682  92050 
0.99768  42788  35605 

0.99756  40502  59824 

0.99744  07829  30944 

0.99731  44772  24458 

0.99718  51335  25116 

0.99705  27522  26920 

0.99691  73337  33128 

0.99677  88784  56247 

0.99663  73868  18037 

0.99649  28592  49504 

0.99634  52961  90906 

0.99619   46980  91746 
sin  9 


90° -9 

90.0° 

89.9 

89.8 

89.7 

89.6 

89.5 
89.4 
89.3 
89.2 
89.1 

89.0 
88.9 
88.8 
88.7 
88.6 

88.5 
88.4 
88.3 
88.2 
88.1 

88.0 
87.9 
87.8 
87.7 
87.6 

87.5 
87.4 
87.3 
87.2 
87.1 

87.0 
86.9 
86,8 
86.7 
86.6 

86.5 
86.4 
86.3 
86.2 
86.1 

86.0 
85.9 
85.8 
85.7 
85.6 

85.5 
85.4 
85.3 
85.2 
85.1 

85.0 

e 


•See  page  n. 
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Table  4.10 

CIRCl 

;lar  sines  and  c 

OSINES  TO  TE 

\THS 

OF  A  DEG 

REE 

e 

sin  e 

cos  e 

90°- 

5.0° 

0.08715 

57427  47658 

0.99619 

46980 

91746 

85.0' 

5.1 

0. 08889 

42968  66442 

0.99604 

10654 

10770 

84.9 

5.2 

0.09063 

25801  97780 

0.99588 

43986 

15970 

84.8 

5.3 

0.09237 

05874  46562 

0.99572 

46981 

84582 

84.7 

5.4 

0.09410 

83133  18514 

0.99556 

19646 

03080 

84.6 

5.5 

0.09584 

57525  20224 

0.99539 

61983 

67179 

84.5 

5.6 

0.09758 

28997  59149 

0.99522 

73999 

81831 

84.4 

5.7 

0.09931 

97497  43639 

0.99505 

55699 

61226 

84.3 

5.8 

0.10105 

62971  82946 

0.99488 

07088 

28788 

84.2 

5.9 

0.  10279 

25367  87247 

0.99470 

28171 

17174 

84.1 

6.0 

0.10452 

84632  67653 

0.99452 

18953 

68273 

84.0 

6.1 

0.10626 

40713  36233 

0.99433 

79441 

33205 

83.9 

6.2 

0.10799 

93557  06023 

0.99415 

09639 

72315 

83.8 

6.3 

0.10973 

43110  91045 

0.99396 

09554 

55180 

83.7 

6.4 

0.11146 

89322  06325 

0.99376 

79191 

60596 

83.6 

6,5 

0.11320 

32137  67907 

0.99357 

18556 

76587 

83.5 

6.6 

0.11493 

71504  92867 

0.99337 

27656 

00396 

83.4 

6.7 

0.11667 

07370  99333 

0.99317 

06495 

38486 

83.3 

6.8 

0.11840 

39683  06501 

0.99296 

55081 

06537 

83.2 

6.9 

0.12013 

68388  34647 

0.99275 

73419 

29446 

83.1 

7.0 

0.12186 

93434  05147 

0.99254 

61516 

41322 

83.0 

7.1 

0.12360 

14767  40493 

0.99233 

19378 

85489 

82.9 

7.2 

0.12533 

32335  64304 

0.99211 

47013 

14478 

82.8 

7.3 

0.12706 

46086  01350 

0.99189 

44425 

90030 

82.7 

7.4 

0. 12879 

55965  77563 

0.99167 

11623 

83090 

82.6 

7.5 

0.13052 

61922  20052 

0.99144 

48613 

73810 

82.5 

7.6 

0.13225 

63902  57122 

0.99121 

55402 

51542 

82.4 

7.7 

0.13398 

61854  18292 

0.99098 

31997 

14836 

82.3 

7.8 

0.13571 

55724  34304 

0.99074 

78404 

71444 

82.2 

7.9 

0.13744 

45460  37147 

0.99050 

94632 

38309 

82.1 

8.0 

0.13917 

31009  60065 

0.99026 

80687 

41570 

82.0 

8.1 

0.14090 

12319  37583 

0.99002 

36577 

16558 

81.9 

8.2 

0. 14262 

89337  05512 

0.98977 

62309 

07789 

81.8 

8.3 

0.14435 

62010  00973 

0.98952 

57890 

68969 

81.7 

8.4 

0.14608 

30285  62412 

0.98927 

23329 

62988 

81.6 

8.5 

0.14780 

94111  29611 

0.98901 

58633 

61917 

81.5 

8.6 

0.14953 

53434  43710 

0.98875 

63810 

47006 

81.4 

8.7 

0.15126 

08202  47219 

0.  98849 

38868 

08684 

81.3 

8.8 

0.15298 

58362  84038 

0.98822 

83814 

46553 

81.2 

8.9 

0.15471 

03862  99468 

0.98795 

98657 

69389 

81.1 

9.0 

0.15643 

44650  40231 

0.98768 

83405 

95138 

81.0 

9.1 

0.15815 

80672  54484 

0.98741 

38067 

50911 

80.9 

9.2 

0.15988 

11876  91835 

0.98713 

62650 

72988 

80.8 

9.3 

0.16160 

38211  03361 

0.98685 

57164 

06807 

80.7 

9.4 

0.  16332 

59622  41622 

0.98657 

21616 

06969 

80.6 

9.5 

0.16504 

76058  60678 

0.98628 

56015 

37231 

80.5 

9.6 

0.16676 

87467  16102 

0.98599 

60370 

70505 

80.4 

9.7 

0.16848 

93795  65003 

0.98570 

34690 

88854 

80.3 

9.8 

0.17020 

94991  66033 

0.98540 

78984 

83490 

80.2 

9.9 

0.17192 

91002  79410 

0.98510 

93261 

54774 

80.1 

10.0 

0.17364 

81776  66930 

0.  98480 

77530 

12208 

80.0 

90° -e 

cos  d 

sin  e 

» 

* 

(-8)7- 
5 

"(-7)4 
5 

- 
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sin  e 


10.0 

0.17364  81776  66930 

10.1 

0.17536  67260  91987 

10.2 

0.17708  47403  19583 

10.3 

0.17880  22151  16350 

10.4 

0.18051  91452  50560 

10.5 

0.18223  55254  92147 

10.6 

0.18395  13506  12720 

10.7 

0.18566  66153  85577 

10.8 

0.18738  13145  85725 

10.9 

0.18909  54429  89891 

11.0 

0.19080  89953  76545 

11.1 

0.19252  19665  25907 

11.2 

0.19423  43512  19972 

11.3 

0.19594  61442  42518 

11.4 

0.19765  73403  79126 

11.5 

0.19936  79344  17197 

11.6 

0,20107  79211  45965 

11.7 

0.20278  72953  56512 

11.8 

0.20449  60518  41790 

11.9 

0.20620  41853  96630 

12.0 

0.20791  16908  17759 

12.1 

0.20961  85629  03822 

12.2 

0.21132  47964  55389 

12.3 

0.21303  03862  74977 

12.4 

0.21473  53271  67063 

12.5 

0.21643  96139  38103 

12.6 

0.21814  32413  96543 

12.7 

0.21984  62043  52838 

12.8 

0.22154  84976  19467 

12.9 

0.22325  01160  10951 

13.0 

0.22495  10543  43865 

13.1 

0.22665  13074  36855 

13.2 

0.22835  08701  10656 

13.3 

0.23004  97371  88104 

13.4 

0.23174  79034  94157 

13.5 

0.23344  53638  55905 

13.6 

0.23514  21131  02590 

13.7 

0.23683  81460  65619 

13.8 

0.23853  34575  78581 

13.9 

0.24022  80424  77264 

14.0 

0.24192  18955  99668 

14.1 

0.24361  50117  86023 

14.2 

0.24530  73858  78803 

14.3 

0.24699  90127  22743 

14.4 

0.24868  98871  64855 

14.5 

0.25038  00040  54441 

14.6 

0.25206  93582  43114 

14.7 

0.25375  79445  84806 

14.8 

0.25544  57579  35791 

14.9 

0.25713  27931  54696 

15.0 

0.25881  90451  02521 

90° -e 

cos  6 

cos  e 


Table  4.10 


90° -fl 


0.98480 

77530  12208 

80.0 

0.98450 

31799  74437 

79.9 

0.98419 

56079  69242 

79.8 

0.98388 

50379  33542 

79.7 

0.98357 

14708  13386 

79.6 

0.98325 

49075  63955 

79.5 

0.98293 

53491  49554 

79.4 

0.98261 

27965  43615 

79.3 

0.98228 

72507  28689 

79.2 

0.98195 

87126  96444 

79.1 

0.98162 

71834  47664 

79.0 

0.98129 

26639  92245 

78.9 

0.98095 

51553  49192 

78.8 

0.98061 

46585  46613 

78.7 

0.98027 

11746  21722 

78.6 

0.97992 

47046  20830 

78.5 

0.97957 

52495  99344 

78.4 

0.97922 

28106  21766 

78.3 

0.97886 

73887  61685 

78.2 

0.97850 

89851  01778 

78.1 

0.97814 

76007  33806 

78.0 

0.97778 

32367  58606 

77.9 

0.97741 

58942  86096 

77.8 

0.97704 

55744  35264 

77.7 

0.97667 

22783  34168 

77.6 

0.  97629 

60071  19933 

77.5 

0.97591 

67619  38747 

77.4 

0.97553 

45439  45857 

77.3 

0.97514 

93543  05563 

77.2 

0.97476 

11941  91222 

77.1 

0.97437 

00647  85235 

77.0 

0.97397 

59672  79052 

76.9 

0.97357 

89028  73160 

76.8 

0.97317 

88727  77088 

76.7 

0.97277 

58782  09397 

76.6 

0.97236 

99203  97677 

76.5 

0.97196 

10005  78546 

76.4 

0.97154 

91199  97646 

76.3 

0.97113 

42799  09636 

76.2 

0.97071 

64815  78191 

76.1 

0.97029 

57262  75996 

76.0 

0.96987 

20152  84747 

75.9 

0.96944 

53498  95139 

75.8 

0.96901 

57314  06870 

75.7 

0.96858 

31611  28631 

75.6 

0.96814 

76403  78108 

75.5 

0.96770 

91704  81971 

75.4 

0.96726 

77527  75877 

75.3 

0.96682 

33886  04459 

75.2 

0.96637 

60793  21329 

75.1 

0.96592 

58262  89068 

75.0 

sin  e 

0 

m 


['-n 
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Table  4.10 

CIRCULAR  SINES  A 

e 

sin  e 

15.0° 

0.25881 

90451  02521 

15.1 

0.26050 

45086  42648 

•15.2 

0.26218 

91786  40865 

15.3 

0.26387 

30499  65373 

15.4 

0.26555 

61174  86809 

15.5 

0.26723 

83760  78257 

15.6 

0.26891 

98206  15266 

15.7 

0.27060 

04459  75864 

15.8 

0.27228 

02470  40574 

15.9 

0.27395 

92186  92432 

16.0 

0.27563 

73558  16999 

16.1 

0.27731 

46533  02378 

16.2 

0.27899 

11060  39229 

16.3 

0.28066 

67089  20788 

16.4 

0.28234 

14568  42876 

16.5 

0.28401 

53447  03923 

16.6 

0.28568 

83674  04974 

16.7 

0.28736 

05198  49712 

16.8 

0.28903 

17969  44472 

16.9 

0.29070 

21935  98252 

17.0 

0.29237 

17047  22737 

17.1 

0.29404 

03252  32304 

17.2 

0.29570 

80500  44047 

17.3 

0.29737 

48740  77786 

17.4 

0.29904 

07922  56087 

17.5 

0.30070 

57995  04273 

17.6 

0.30236 

98907  50445 

17.7 

0.30403 

30609  25490 

17.8 

0.  30569 

53049  63106 

17.9 

0.30735 

66177  99807 

18.0 

0.30901 

69943  74947 

18.1 

0.31067 

64296  30732 

18.2 

0.31233 

49185  12233 

18.3 

0.31399 

24559  67405 

18.4 

0.31564 

90369  47102 

18.5 

0.  31730 

46564  05092 

18.6 

0.31895 

93092  98070 

TO  7 
XO.  . 

0  ^ZC^l 

29905  85676 

18.8 

o!  32226 

56952  30511 

18.9 

0.32391 

74181  98149 

19.0 

0.32556 

81544  57157 

19.1 

0.32721 

78989  79104 

19.2 

0.  32886 

66467  38583 

19.3 

0.  33051 

43927  13223 

19.4 

0.33216 

11318  83703 

19.5 

0.33380 

68592  33771 

19.6 

0.33545 

15697  50255 

19.7 

0.  33709 

52584  23082 

19.8 

0.33873 

79202  45291 

19.9 

0.34037 

95502  13050 

20.0 

0.34202 

01433  25669 

90° -e 

cos  d 

* 

(-7)1- 
5 

♦See  page  n. 

cos  d 


90° -e 


0.  96592 

58262 

89068 

75.0 

0.96547 

26308 

79225 

74.9 

0.96501 

64944 

72311 

74.8 

0.96455 

74184 

57798 

74.7 

0.  96409 

54042 

34110 

74.6 

0.96363 

04532 

08623 

74.5 

0.96316 

25667 

97658 

74.4 

0.96269 

17464 

26479 

74.3 

0.96221 

79935 

29285 

74.2 

0.96174 

13095 

49211 

74.1 

0.96126 

16959 

38319 

74.0 

0.96077 

91541 

57594 

73.9 

0.96029 

36856 

76943 

73.8 

0.95980 

52919 

75187 

73.7 

0.95931 

39745 

40058 

73.6 

0.95881 

97348 

68193 

73.5 

0.95832 

25744 

65133 

73.4 

0.95782 

24948 

45315 

73.3 

0.95731 

94975 

32067 

73.2 

0.95681 

35840 

57607 

73.1 

0.95630 

47559 

63035 

73.0 

0.95579 

30147 

98330 

72.9 

0.95527 

83621 

22344 

72.8 

0.95476 

07995 

02797 

72.7 

0.95424 

03285 

16277 

72.6 

0.95371 

69507 

48227 

72.5 

0.95319 

06677 

92947 

72.4 

0.95266 

14812 

53586 

72.3 

0.95212 

93927 

42139 

72.2 

0.95159 

44038 

79438 

72.1 

0.95105 

65162 

95154 

72.0 

0.95051 

57316 

27784 

71.9 

0.94997 

20515 

24653 

71.8 

0.94942 

54776 

41904 

71.7 

0.94887 

60116 

44497 

71.6 

0.94832 

36552 

06199 

71.5 

0.94776 

84100 

09586 

71.4 

0.94721 

02777 

46029 

71.3 

0.94664 

92601 

1569& 

71  2 

0.94608 

53588 

27545 

7l!i 

0.94551 

85755 

99317 

71.0 

0.94494 

89121 

57531 

70.9 

0.94437 

63702 

37481 

70.8 

0.94380 

09515 

83229 

70.7 

0.94322 

26579 

47601 

70.6 

0.94264 

14910 

92178 

70.5 

0.94205 

74527 

87297 

70.4 

0.94147 

05448 

12038 

70.3 

0.94088 

07689 

54225 

70.2 

0.94028 

81270 

10419 

70.1 

0.  93969 

26207 

85908 

70.0 

sin  e 

e 

r< 

-7)4-| 
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sin  e 


20.0 

0.34202  01433  25669 

20.1 

0.34365  96945  85616 

20.2 

0.34529  81989  98535 

20.3 

0.34693  56515  73256 

20.4 

0.34857  20473  21815 

20.5 

0.35020  73812  59467 

20.6 

0. 35184  16484  04702 

20.7 

0.35347  48437  79257 

20.8 

0.35510  69624  08137 

20.9 

0.35673  79993  19625 

21.0 

0.35836  79495  45300 

21.1 

0.35999  68081  20051 

21.2 

0.36162  45700  82092 

21.3 

0.36325  12304  72978 

21.4 

0.36487  67843  37620 

21.5 

0.36650  12267  24297 

21.6 

0. 36812  45526  84678 

21.7 

0.36974  67572  73829 

21.8 

0.37136  78355  50235 

21.9 

0.37298  77825  75809 

22.0 

0.37460  65934  15912 

22.1 

0.37622  42631  39366 

22.2 

0.37784  07868  18467 

22.3 

0.37945  61595  29005 

22.4 

0.38107  03763  50274 

22.5 

0.38268  34323  65090 

22.6 

0.38429  53226  59804 

22.7 

0.38590  60423  24319 

22.8 

0.38751  55864  52103 

22.9 

0.38912  39501  40206 

23.0 

0.39073  11284  89274 

23.1 

0.39233  71166  03561 

23.2 

0.39394  19095  90951 

23,3 

0.39554  55025  62965 

23.4 

0.39714  78906  34781 

23.5 

0.39874  90689  25246 

23.6 

0.40034  90325  56895 

23.7 

0.40194  77766  55960 

23.8 

0.40354  52963  52390 

23.9 

0.40514  15867  79863 

24.0 

0.40673  66430  75800 

24.1 

0.40833  04603  81385 

24.2 

0.40992  30338  41573 

24.3 

0.41151  43586  05109 

24.4 

0.41310  44298  24542 

24.5 

0.41469  32426  56239 

24.6 

0.41628  07922  60401 

24.7 

0.41786  70738  01077 

24.8 

0.41945  20824  46177 

24.9 

0.42103  58133  67491 

25.0 

0.42261  82617  40699 

90° -e 

cos  d 

*     [(-7)2- 
5  . 

•See  page  n. 

STHS  OF  A  DEGREE 

Table  4.10 

cos  e 

90° -e 

0.93969 

26207 

85908 

70.0° 

0.93909 

42520 

94709 

69.9 

0.93849 

30227 

59556 

69.8 

0.93788 

89346 

11898 

69.7 

0.93728 

19894 

91892 

69.6 

0.93667 

21892 

48398 

69.5 

0.93605 

95357 

38973 

69.4 

0.93544 

40308 

29867 

69.3 

0.93482 

56763 

96014 

69.2 

0.93420 

44743 

21030 

69.1 

0.93358 

04264 

97202 

69.0 

0.93295 

35348 

25489 

68.9 

0.93232 

38012 

15512 

68.8 

0.93169 

12275 

85549 

68.7 

0.93105 

58158 

62528 

68.6 

0.93041 

75679 

82025 

68.5 

0.92977 

64858 

88251 

68.4 

0.92913 

25715 

34056 

68.3 

0.92848 

58268 

80914 

68.2 

0.92783 

62538 

98920 

68.1 

0.92718 

38545 

66787 

68.0 

0.92652 

86308 

71837 

67.9 

0.92587 

05848 

09995 

67.8 

0.92520 

97183 

85782 

67.7 

0.92454 

60336 

12313 

67.6 

0.92387 

95325 

11287 

67.5 

0.92321 

02171 

12981 

67.4 

0.92253 

80894 

56246 

67.3 

0.92186 

31515 

88501 

67.2 

0.92118 

54055 

65721 

67,1 

0.92050 

48534 

52440 

67.0 

0.91982 

14973 

21738 

66.9 

0.91913 

53392 

55234 

66.8 

0.91844 

63813 

43087 

66.7 

0.91775 

46256 

83981 

66.6 

0.91706 

00743 

85124 

66.5 

0.91636 

27295 

62240 

66.4 

0.91566 

25933 

39561 

66.3 

0.91495 

96678 

49825 

66.2 

0.91425 

39552 

34264 

66.1 

0.91354 

54576 

42601 

66.0 

0.91283 

41772 

33043 

65.9 

0.91212 

01161 

72273 

65.8 

0.91140 

32766 

35445 

65,7 

0.91068 

36608 

06177 

65.6 

0.90996 

12708 

76543 

65.5 

0.90923 

61090 

47069 

65.4 

0.90850 

81775 

26722 

65,3 

0.90777 

74785 

32909 

65.2 

0.90704 

40142 

91465 

65.1 

0.90630 

77870 

36650 

65.0 

sin  e 

e 

r 

■(-7)4- 
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ELEMENTARY    TRANSCENDENTAL    FUNCTIONS 
CIRCULAR  SINES  AND  COSINES  TO  TENT^HS  OF  A  DEGREE 


Table  4.10 

CIRC 

LLAR 

SINES 

9 

sin  e 

25.0° 

0.42261 

82617 

40699 

25.1 

0.42419 

94227 

45390 

25.2 

0.42577 

92915 

65073 

25.3 

0.42735 

78633 

87192 

25.4 

0.42893 

51334 

03146 

25.5 

0.43051 

10968 

08295 

25.6 

0.43208 

57488 

01982 

25.7 

0.43365 

90845 

87544 

25.8 

0.43523 

10993 

72328 

25.9 

0.  43680 

17883 

67702 

26.0 

0.43837 

11467 

89077 

26.1 

0.43993 

91698 

55915 

26.2 

0.44150 

58527 

91745 

26.3 

0.  44307 

11908 

24180 

26.4 

0.44463 

51791 

84927 

26.5 

0.44619 

78131 

09809 

26.6 

0.44775 

90878 

38770 

26.7 

0.44931 

89986 

15897 

26.8 

0.45087 

75406 

89431 

26.9 

0.45243 

47093 

11783 

27.0 

0.45399 

04997 

39547 

27.1 

0.45554 

49072 

33516 

27.2 

0.45709 

79270 

58694 

27.3 

0.45864 

95544 

84315 

27.4 

0.46019 

97847 

83852 

27.5 

0.46174 

86132 

35034 

27.6 

0.46329 

60351 

19862 

27.7 

0.46484 

20457 

24620 

27.8 

0.46638 

66403 

39891 

27.9 

0.  46792 

98142 

60573 

28.0 

0.46947 

15627 

85891 

28.1 

0.47101 

18812 

19410 

28.2 

0.47255 

07648 

69054 

28.3 

0.  47408 

82090 

47116 

28.4 

0.47562 

42090 

70275 

28.5 

0.47715 

87602 

59608 

28.6 

0.  47869 

18579 

40607 

28.7 

0.  48022 

34974 

43189 

28.8 

0.48175 

36741 

01715 

28.9 

0.48328 

23832 

55002 

29.0 

0.48480 

96202 

46337 

29.1 

0.48633 

53804 

23490 

29.2 

0.48785 

96591 

38733 

29.3 

0.48938 

24517 

48846 

29.4 

0.49090 

37536 

15141 

29.5 

0.49242 

35601 

03467 

29.6 

0.49394 

18665 

84231 

29.7 

0.49545 

86684 

32408 

29.8 

0.49697 

39610 

27555 

29.9 

0.49848 

77397 

53830 

30.0 

0.50000 

00000 

OQOOO 

90°-e 

cos  e 

* 

(-7)2- 
5 

cos  $ 

0.90630  77870  36650 

0.90556  87990  11140 

0.90482  70524  66020 

0.90408  25496  60778 

0.90333  52928  63301 

0.90258  52843  49861 

0.90183  25264  05114 

0.90107  70213  22092 

0.90031  87714  02194 

0.89955  77789  55180 

0.89879  40462  99167 
0.89802  75757  60616 
0.89725  83696  74328 
0.89648  64303  83441 
0.89571  17602  39413 

0.89493  43616  02025 
0.89415  42368  39368 
0.89337  13883  27838 
0.89258  58184  52125 
0.89179  75296  05214 

0.89100  65241  88368 
0.89021  28046  11127 
0.88941  63732  91298 
0.88861  72326  54949 
0.88781  53851  36401 

0.88701  08331  78222 
0.88620  35792  31215 
0.88539  36257  54416 
0.88458  09752  15084 
0.88376  56300  88693 

0.88294  75928  58927 
0.88212  68660  17668 
0.88130  34520  64992 
0.88047  73535  09162 
0.87964  85728  66617 

0.87881  71126  61965 
0.87798  29754  27981 
0.87714  61637  05589 
0.87630  66800  43864 
0.87546  45270  00018 

0.87461  97071  39396 
0.87377  22230  35465 
0.87292  20772  69810 
0.87206  92724  32121 
0.87121  38111  20189 

0.87035  56959  39900 
0.86949  49295  05219 
0.86863  15144  38191 
0.86776  54533  68928 
0.86689  67489  35603 

0.86602   54037  84439 
sin  e 


90° -e 

o 
65.0 

64.9 

64.8 

64.7 

64.6 

64.5 
64.4 
64.3 
64.2 
64.1 

64.0 
63.9 
63.8 
63.7 
63.6 

63.5 
63.4 
63.3 
63.2 
63.1 

63.0 
62.9 
62.8 
62.7 
62.6 

62.5 
62.4 
62.3 
62.2 
62.1 

62.0 

61.9 
61.8 
61.7 
61.6 

61.5 
61.4 
61.3 
61.2 
61.1 

61.0 
60.9 
60.8 
60.7 
60.6 

60.5 
60.4 
60.3 
60.2 
60.1 

60.0 

e 


i 


*See  page  n. 
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sm  e 


30.0 

0.50000 

00000 

00000 

30.1 

0.50151 

07371 

59457 

30.2 

0.50301 

99466 

30235 

30.3 

0.50452 

76238 

15019 

30.4 

0.50603 

37641 

21164 

30.5 

0.50753 

83629 

60704 

30.6 

0.50904 

14157 

50371 

30.7 

0.51054 

29179 

11606 

30.8 

0.51204 

28648 

70572 

30.9 

0.51354 

12520 

58170 

31.0 

0.51503 

80749 

10054 

31.1 

0.51653 

33288 

66642 

31.2 

0.51802 

70093 

73130 

31.3 

0.51951 

91118 

79509 

31.4 

0.52100 

96318 

40576 

31.5 

0.52249 

85647 

15949 

31.6 

0.52398 

59059 

70079 

31.7 

0.52547 

16510 

72268 

31.8 

0.52695 

57954 

96678 

31.9 

0.52843 

83347 

22347 

32.0 

0.52991 

92642 

33205 

32.1 

0.53139 

85795 

18083 

32.2 

0.53287 

62760 

70730 

32.3 

0.53435 

23493 

89826 

32.4 

0.53582 

67949 

78997 

32.5 

0.53729 

96083 

46824 

32.6 

0.53877 

07850 

06863 

32.7 

0.54024 

03204 

77655 

32.8 

0.54170 

82102 

82740 

32.9 

0.54317 

44499 

50671 

33.0 

0.54463 

90350 

15027 

33.1 

0.54610 

19610 

14429 

33.2 

0.54756 

32234 

92550 

33.3 

0.54902 

28179 

98132 

33.4 

0.55048 

07400 

84996 

33.5 

0.55193 

69853 

12058 

33.6 

0.55339 

15492 

43344 

33.7 

0.55484 

44274 

47999 

33.8 

0.55629 

56155 

00305 

33.9 

0,55774 

51089 

79690 

34.0 

0.55919 

29034 

70747 

34.1 

0.56063 

89945 

63242 

34.2 

0.56208 

33778 

52131 

34.3 

0.56352 

60489 

37571 

34.4 

0.56496 

70034 

24938 

34.5 

0.56640 

62369 

24833 

34.6 

0.56784 

37450 

53101 

34.7 

0.56927 

95234 

30844 

34.8 

0.57071 

35676 

84432 

34.9 

0.57214 

58734 

45516 

35.0 

0.57357 

64363 

51046 

90°  -  e 

cos  6 

* 

(-1)2- 
5 

273-888  O- 

-67—14 

*See  page  n. 

S'THS  OF  A  DEGREE 

Table  4.10 

cos  0 

90° -fl 

0.86602  54037 

84439 

60.0° 

0.86515  14205 

69704 

59.9 

0.86427  48019 

53705 

59.8 

0.86339  55506 

06772 

59.7 

0.86251  36692 

07257 

59.6 

0.86162  91604 

41526 

59.5 

0.86074  20270 

03944 

59.4 

0.85985  22715 

96873 

59.3 

0.85895  98969 

30664 

59.2 

0.85806  49057 

23645 

59.1 

0.85716  73007 

02112 

59.0 

0.85626  70846 

00328 

58.9 

0.85536  42601 

60507 

58.8 

0.85445  88301 

32807 

58.7 

0.85355  07972 

75327 

58.6 

0.85264  01643 

54092 

58.5 

0.85172  69341 

43048 

58.4 

0.85081  11094 

24051 

58.3 

0.84989  26929 

86864 

58.2 

0.84897  16876 

29141 

58.1 

0.84804  80961 

56426 

58.0 

0.84712  19213 

82137 

57.9 

0.84619  31661 

27564 

57.8 

0.84526  18332 

21856 

57.7 

0.84432  79255 

02015 

57.6 

0.84339  14458 

12886 

57.5 

0.84245  23970 

07148 

57.4 

0.84151  07819 

45306 

57.3 

0.84056  66034 

95684 

57.2 

0.83961  98645 

34413 

57.1 

0.83867  05679 

45424 

57.0 

0.83771  87166 

20439 

56.9 

0.83676  43134 

58962 

56.8 

0.83580  73613 

68270 

56.7 

0.83484  78632 

63407 

56.6 

0.83388  58220 

67168 

56.5 

0.83292  12407 

10099 

56.4 

0.83195  41221 

30483 

56.3 

0.83098  44692 

74328 

56.2 

0.83001  22850 

95367 

56.1 

0.82903  75725 

55042 

56.0 

0.82806  03346 

22494 

55.9 

0.82708  05742 

74562 

55.8 

0.82609  82944 

95764 

55.7 

0.82511  34982 

78295 

55.6 

0.82412  61886 

22016 

55.5 

0.82313  63685 

34442 

55.4 

0.82214  40410 

30737 

55.3 

0.82114  92091 

33704 

55.2 

0.82015  18758 

73772 

55.1 

0.81915  20442 

88992 

55.0 

sin  e 

0 

'(-7)3 
5 
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ELEMENTARY    TRAXSCEXDEXTAL    FUXCTIOXS 
CIRCULAR  SINES  AND  COSINES  TO  TENTHS  OF  A  DEGREE 

cos  9  90*-< 


Table  4.10 

CIRCULAR  SINES 

6 

sin  6 

35.0'' 

0.57357  64363  51046 

35.1 

0.57500  52520  43279 

35.2 

0.57643  23161  69793 

35.3 

0.57785  76243  83505 

35.4 

0.57928  11723  42679 

35.5 

0.58070  29557  10940 

35.6 

0.58212  29701  57289 

35.7 

0.58354  12113  56118 

35.8 

0.58495  76749  87215 

35.9 

0.58637  23567  35789 

36.0 

0.58778  52522  92473 

36.1 

0.58919  63573  53342 

36.2 

0.59060  56676  19925 

36.3 

0.59201  31787  99220 

36.4 

0.59341  88866  03701 

36.5 

0.59482  27867  51341 

36.6 

0.59622  48749  65616 

36.7 

0.59762  51469  75521 

36.8 

0.59902  35985  15586 

36.9 

0.60042  02253  25884 

37.0 

0.60181  50231  52048 

37.1 

0.60320  79877  45282 

37.2 

0.60459  91148  62375 

37.3 

0.60598  84002  65711 

37.4 

0.60737  58397  23287 

37.5 

0.60876  14290  08721 

37.6 

0.61014  51639  01268 

37.7 

0.61152  70401  85831 

37.8 

0.61290  70536  52976 

37.9 

0.61428  52000  98943 

38.0 

0.61566  14753  25658 

38.1 

0.61703  58751  40749 

38.2 

0.61840  83953  57554 

38.3 

0.61977  90317  95140 

38.4 

0.62114  77802  78310 

38.5 

0.62251  46366  37620 

38.6 

0.62387  95967  09386 

38.7 

0.62524  26563  35705 

38.8 

0.62660  38113  64461 

38.9 

0.62796  30576  49338 

39.0 

0.62932  03910  49837 

39.1 

0.63067  58074  31286 

39.2 

0.63202  93026  64851 

39.3 

0.63338  08726  27550 

39.4 

0.63473  05132  02268 

39.5 

0.63607  82202  77764 

39.6 

0.63742  39897  48690 

39.7 

0.63876  78175  15598 

39.8 

0.64010  96994  84955 

39.9 

0.64144  96315  69158 

40.0 

0.64278  76096  86539 

9(1^ -« 

cos  P 

*  r(-7)2" 
5 

0.81915 

20442 

88992 

55.0 

0.81814 

97174 

25023 

54.9 

0.81714 

48983 

35129 

54.8 

0.81613 

75900 

80160 

54.7 

0.81512 

77957 

28554 

54.6 

0.81411 

55183 

56319 

54.5 

0.81310 

07610 

47028 

54.4 

0.81208 

35268 

91806 

54.3 

0.81106 

38189 

89327 

54.2 

0.81004 

16404 

45796 

54.1 

0.80901 

69943 

74947 

54.0 

0.80798 

98838 

98031 

53.9 

0.80696 

03121 

43802 

53.8 

0.80592 

82822 

48516 

53.7 

0.  80489 

37973 

55914 

53.6 

0.80385 

68606 

17217 

53.5 

0.80281 

74751 

91115 

53.4 

0.80177 

56442 

43754 

53.3 

0.80073 

13709 

48733 

53.2 

0.79968 

46584 

87091 

53.1 

0. 79863 

55100 

47293 

53.0 

0.79758 

39288 

25229 

52.9 

0.79652 

99180 

24196 

52.8 

0.79547 

34808 

54896 

52.7 

0.79441 

46205 

35418 

52.6 

0.79335 

33402 

91235 

52.5 

0.79228 

96433 

55191 

52.4 

0.79122 

35329 

67490 

52.3 

0.79015 

50123 

75690 

52.2 

0.78908 

40848 

34691 

52.1 

0.78801 

07536 

06722 

52.0 

0.78693 

50219 

61337 

51.9 

0.78585 

68931 

75402 

51.8 

0.78477 

63705 

33083 

51.7 

0.78369 

34573 

25840 

51.6 

0.78260 

81568 

52414 

51.5 

0.78152 

04724 

18819 

51.4 

0.78043 

04073 

38330 

51.3 

0.77933 

79649 

31474 

51.2 

0.77824 

31485 

26021 

51.1 

0.77714 

59614 

56971 

51.0 

0.77604 

64070 

66546 

50.9 

0.77494 

44887 

04180 

50.8 

0.77384 

02097 

26506 

50.7 

0.77273 

35734 

97351 

50.6 

0.77162 

45833 

87720 

50.5 

0.77051 

32427 

75789 

50.4 

0.76939 

95550 

46895 

50.3 

0.76828 

35235 

93523 

50.2 

0.76716 

51518 

15300 

50.1 

0.76604 

44431 

18978 

50.0 

sin  e 

e 

i'-n 


'See  page  a. 
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sm  6 


40.0° 

0.64278 

76096 

86539 

40.1 

0.64412 

36297 

61387 

40.2 

0.64545 

76877 

23951 

40.3 

0.64678 

97795 

10460 

40.4 

0.64811 

99010 

63131 

40.5 

0. 64944 

80483 

30184 

40.6 

0.65077 

42172 

65851 

40.7 

0.65209 

84038 

30392 

40.8 

0.65342 

06039 

90105 

40.9 

a.  65474 

08137 

17340 

41.0 

0,65605 

90289 

90507 

41.1 

0.65737 

52457 

94096 

41.2 

0.  65868 

94601 

18680 

41.3 

0.66000 

16679 

60937 

41.4 

0.66131 

18653 

23652 

41.5 

0.66262 

00482 

15737 

41.6 

0.66392 

62126 

52242 

41.7 

0.66523 

03546 

54361 

41.8 

0.66653 

24702 

49452 

41.9 

0.  66783 

25554 

71047 

42.0 

0.66913 

06063 

58858 

42.1 

0.  67042 

66189 

58799 

42.2 

0.67172 

05893 

22990 

42.3 

0.67301 

25135 

09773 

42.4 

0.67430 

23875 

83723 

42.5 

0.67559 

02076 

15660 

42.6 

0.67687 

59696 

82661 

42.7 

0.67815 

96698 

68071 

42.8 

0.67944 

13042 

61517 

42.9 

0.68072 

08689 

58918 

43.0 

0.68199 

83600 

62499 

43.1 

0.68327 

37736 

80799 

43.2 

0.  68454 

71059 

28689 

43.3 

0.68581 

83529 

27376 

43.4 

0.  68708 

75108 

04423 

43.5 

0.  68835 

45756 

93754 

43.6 

0.68961 

95437 

35670 

43.7 

0.  69088 

24110 

76858 

43.8 

0.69214 

31738 

70407 

43.9 

0.69340 

18282 

75813 

44.0 

0. 69465 

83704 

58997 

44.1 

0.69591 

27965 

92314 

44.2 

0.69716 

51028 

54565 

44.3 

0.  69841 

52854 

31006 

44.4 

0.69966 

33405 

13365 

44.5 

0.70090 

92642 

99851 

44.6 

0.70215 

30529 

95162 

44.7 

0.70339 

47028 

10504 

44.8 

0.70463 

42099 

63595 

44.9 

0.70587 

15706 

78681 

45.0 

0.70710 

67811 

86548 

90° -0 

cos  d 

THS  OF 

A  DEGREE 

Table  4.10 

cos  d 

90° -e 

0.76604 

44431 

18978 

50,  O'' 

0.76492 

14009 

18432 

49.9 

0.76379 

60286 

34642 

49,8 

0.76266 

83296 

95688 

49,7 

0.76153 

83075 

36737 

49.6 

0.76040 

59656 

00031 

49,5 

0.75927 

13073 

34881 

49,4 

0.75813 

43361 

97652 

49,3 

0.75699 

50556 

51756 

49,2 

0. 75585 

34691 

67640 

49.1 

0.75470 

95802 

22772 

49,0 

0.75356 

33923 

01638 

48,9 

0.75241 

49088 

95724 

48.8 

0.75126 

41335 

03511 

48.7 

0.75011 

10696 

30460 

48.6 

0.74895 

57207 

89002 

48.5 

0.74779 

80904 

98532 

48.4 

0,74663 

81822 

85391 

48.3 

0.74547 

59996 

82862 

48.2 

0.74431 

15462 

31154 

48.1 

0.74314 

48254 

77394 

48.0 

0.74197 

58409 

75616 

47.9 

0.74080 

45962 

86750 

47.8 

0.73963 

10949 

78610 

47.7 

0.73845 

53406 

25884 

47.6 

0.73727 

73368 

10124 

47.5 

0.73609 

70871 

19734 

47.4 

0.73491 

45951 

49960 

47,3 

0.73372 

98645 

02876 

47,2 

0.73254 

28987 

87379 

47,1 

0.73135 

37016 

19170 

47.0 

0.73016 

22766 

20752 

46.9 

0.72896 

86274 

21412 

46.8 

0.72777 

27576 

57210 

46.7 

0.72657 

46709 

70976 

46.6 

0.72537 

43710 

12288 

46.5 

0.72417 

18614 

37468 

46.4 

0.72296 

71459 

09568 

46.3 

0.72176 

02280 

98362 

46.2 

0.72055 

11116 

80330 

46.1 

0.71933 

98003 

38651 

46.0 

0.71812 

62977 

63189 

45.9 

0,71691 

06076 

50483 

45.8 

0,71569 

27337 

03736 

45.7 

0.71447 

26796 

32803 

45.6 

0.71325 

04491 

54182 

45.5 

0.71202 

60459 

90996 

45.4 

0.71079 

94738 

72992 

45.3 

0,70957 

07365 

36521 

45,2 

0,70833 

98377 

24529 

45.1 

0.70710 

67811 

86548 

45.0 

sin  e 

e 

rn 


['T'] 


•See  page  U. 
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Table  4.11 

CIRCULAR  TANGENTS. 

COTANGENTS. 

SECANTS  AND  COSECANTS 

TO  FIVE  TENTHS  OF 

A  DEGREE 

e 

tan  e 

cot  e 

sec  e 

CSC  e 

90° -e 

0.0* 

0.  00000 

00000 

00000 

00 

1.00000   000 

OC 

90.0 

0.5 

0.00872 

68677 

90759 

114.58865 

01293 

09608 

1.00003  808 

114.59301 

348 

89.5 

1.0 

0.01745 

50649 

28217 

57.28996 

16307 

59424 

1.00015   233 

57.29868 

850 

89.0 

1.5 

0.  02618 

59215 

69187 

38.18845 

92970 

25609 

1.00034   279 

38.20155 

001 

88.5 

2.0 

0. 03492 

07694 

91747 

28.63625 

32829 

15603 

1.00060   954 

28.65370 

835 

88.0 

2.5 

0.  04366 

09429 

08512 

22.90376 

55484 

31198 

1.00095   269 

22.92558 

563 

87.5 

3.0 

0.05240 

77792 

83041 

19.08113 

66877 

28211 

1.00137  235 

19,10732 

261 

87.0 

3.5 

0.06116 

26201 

50484 

16.34985 

54760 

99672 

1.00186  869 

16.38040 

824 

86.5 

4.0 

0. 06992 

68119 

43510 

14.30066 

62567 

11928 

1.00244   190 

14.33558 

703 

86.0 

4.5 

0.  07870 

17068 

24618 

12.70620 

47361 

74704 

1.00309   220 

12.74549 

484 

85.5 

5.0 

0.  08748 

86635 

25924 

11.43005 

23027 

61343 

1.00381   984 

11.47371 

325 

85.0 

5.5 

0.  09628 

90481 

97538 

10.38539 

70801 

38159 

1.00462  509 

10.43343 

052 

84.5 

6.0 

0.10510 

42352 

bbblb 

9.51436 

44542 

22585 

1.00550   828 

9.  56677 

223 

84.0 

6.5 

0.11393 

56083 

01645 

8.  77688 

73568 

69956 

1.00646  973 

8.  83367 

147 

83.5 

7.0 

0.12278 

45609 

02904 

8. 14434 

64279 

74594 

1.00750   983 

8.20550 

905 

83.0 

7.5 

0.13165 

24975 

87396 

7.59575 

41127 

25150 

1.00862   896 

7.66129 

758 

82.5 

8.0 

0.14054 

08347 

02391 

7.11536 

97223 

84209 

1.00982   757 

7.18529 

653 

82.0 

8.5 

0. 14945 

10013 

49128 

6.69115 

62383 

17409 

1.01110   613 

6.76546 

908 

81.5 

9.0 

0.15838 

44403 

24536 

6.  31375 

15146 

75043 

1.01246   513 

6.39245 

322 

81.0 

9.5 

0. 16734 

26090 

81419 

5.97576 

43644 

33065 

1.01390  510 

6.05885 

796 

80.5 

10.0 

0.17632 

69807 

08465 

5.67128 

18196 

17709 

1.01542   661 

5.75877 

049 

80.0 

10.5 

0.18533 

90449 

31534 

5.39551 

71743 

19137 

1.01703   027 

5.48740 

427 

79.5 

11.0 

0.19438 

03091 

37718 

5.14455 

40159 

70310 

1.01871   670 

5.24084 

307 

79.0 

11.5 

0.20345 

22994 

23699 

4.91515 

70310 

71205 

1.02048  657 

5.01585 

174 

78.5 

12.0 

0.21255 

65616 

70022 

4.  70463 

01094 

78454 

1.02234  059 

4.  80973 

435 

78.0 

12.5 

0.22169 

46626 

42940 

4.51070 

85036 

62057 

1.02427  951 

4.62022 

632 

77.5 

13.0 

0.23086 

81911 

25563 

4.33147 

58742 

84155 

1.02630   411 

4.44541 

148 

77.0 

13.5 

0.24007 

87590 

80116 

4.16529 

97700 

90417 

1.02841   519 

4.28365 

757 

76.5 

14.0 

0.24932 

80028 

43180 

4.01078 

09335 

35844 

1.03061   363 

4.13356 

550 

76.0 

14.5 

0.25861 

75843 

55890 

3.  86671 

30948 

98738 

1.03290   031 

3. 99392 

916 

75.5 

15.0 

0.26794 

91924 

31122 

3.73205 

08075 

68877 

1.03527  618 

3.86370 

331 

75.0 

15.5 

0.27732 

45440 

59838 

3.60588 

35087 

60874 

1.03774   221 

3.74197 

754 

74.5 

16.0 

0.28674 

53857 

58808 

3.48741 

44438 

40908 

1.04029   944 

3.62795 

528 

74.0 

16.5 

0.29621 

34949 

62080 

3.  37594 

34225 

91246 

1.04294  891 

3.52093 

652 

73.5 

17.0 

0.30573 

06814 

58660 

3.27085 

26184 

84141 

1.04569   176 

3.42030 

362 

73.0 

17.5 

0.31529 

87888 

78983 

3.17159 

48023 

63212 

1.04852   913 

3.32550 

952 

72.5 

18.0 

0.  32491 

96962 

32906 

3.07768 

35371 

75253 

1.05146  222 

3.23606 

798 

72.0 

18.5 

0.  33459 

53195 

02073 

2.98868 

49627 

42893 

1.05449   231 

3.15154 

530 

71.5 

19.0 

0.34432 

76132 

89665 

2.90421 

08776 

75823 

1.05762   068 

3.07155 

349 

71.0 

19.5 

0.  35411 

85725 

30698 

2. 82391 

28856 

00801 

1.06084  870 

2. 99574 

431 

70.5 

20.0 

0.36397 

02342 

66202 

2. 74747 

74194 

54622 

1.06417  777 

2.92380 

440 

70.0 

20.5 

0.37388 

46794 

84804 

2.67462 

14939 

26824 

1.06760   936 

2.85545 

095 

69.5 

21.0 

0.38386 

40350 

35416 

2.60508 

90646 

93801 

1.07114   499 

2.79042 

811 

69.0 

21.5 

0.39391 

04756 

14942 

2.53864 

78956 

64307 

1.07478  624 

2.72850 

383 

68.5 

22.0 

0.40402 

62258 

35157 

2.47508 

68534 

16296 

1.07853  474 

2. 66946 

716 

68.0 

22.5 

0.41421 

35623 

73095 

2.41421 

35623 

73095 

1.08239   220 

2.61312 

593 

67.5 

90^-6 

cot  e 

"1-5)1" 
8 

tan  e 

CSC  e 

"(-5)1" 
4 

sec  e 

e 
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cm 

CULAB 

L  TANG 

ENTS,  COTANGENTS,  SECANTS  AND  COSECANTS 

Table  4.11 

TO  FIVE  TENTHS  OF  A  DEGREE 

e 

tan  e 

cot  e 

sec  6 

CSC  e 

90° -fl 

22.5° 

0.41421 

35623 

73095 

2.41421 

35623 

73095 

1.08239 

220 

2.61312 

593 

67.5° 

23.0 

0.42447 

48162 

09604 

2.  35585 

23658 

23753 

1.08636 

038 

2.55930 

467 

67.0 

23.5 

0.43481 

23749 

60933 

2.29984 

25472 

36257 

1.09044 

110 

2.50784 

285 

66.5 

24.0 

0.44522 

86853 

08536 

2.24603 

67739 

04216 

1.09463 

628 

2.45859 

334 

66.0 

24.5 

0.45572 

62555 

32584 

2.19429 

97311 

65038 

1.09894 

787 

2.41142 

102 

65.5 

25.0 

0.46630 

76581 

54998 

2.14450 

69205 

09558 

1.10337 

792 

2.36620 

158 

65.0 

25.5 

0.47697 

55326 

98160 

2. 09654 

35990 

88174 

1.10792 

854 

2.32282 

050 

64.5 

26.0 

0.48773 

25885 

65861 

2.05030 

38415 

79296 

1.11260 

194 

2.28117 

203 

64.0 

26.5 

0.49858 

16080 

53431 

2.00568 

97082 

59020 

1.11740 

038 

2.24115 

845 

63.5 

27.0 

0.  50952 

54494 

94429 

1.96261 

05055 

05150 

1.12232 

624 

2.20268 

926 

63.0 

27.5 

0.52056 

70505 

51746 

1.92098 

21269 

71166 

1.12738 

195 

2.16568 

057 

62.5 

28.0 

0.53170 

94316 

61479 

1.88072 

64653 

46332 

1.13257 

005 

2.13005 

447 

62.0 

28.5 

0.  54295 

56996 

38437 

1.84177 

08860 

33458 

1.13789 

318 

2.09573 

853 

61.5 

29.0 

0.55430 

90514 

52769 

1.80404 

77552 

71424 

1.14335 

407 

2.06266 

534 

61.0 

29.5 

0.56577 

27781 

87770 

1.  76749 

40162 

42891 

1. 14895 

554 

2.03077 

204 

60.5 

30.0 

0.57735 

02691 

89626 

1.73205 

08075 

68877 

1.15470 

054 

2.00000 

000 

60.0 

30.5 

0.58904 

50164 

20551 

1.69766 

31193 

26089 

1.16059 

210 

1.97029 

441 

59.5 

31.0 

0.  60086 

06190 

27560 

1.66427 

94823 

50518 

1.16663 

340 

1.94160 

403 

59.0 

31.5 

0.  61280 

07881 

39932 

1.63185 

16871 

28789 

1.17282 

770 

1.91388 

086 

58.5 

32.0 

0. 62486 

93519 

09327 

1.60033 

45290 

41050 

1.17917 

840 

1.88707 

991 

58.0 

32.5 

0.  63707 

02608 

07493 

1.  56968 

55771 

17490 

1.18568 

905 

1.86115 

900 

57.5 

33.0 

0.64940 

75931 

97510 

1.53986 

49638 

14583 

1.19236 

329 

1.83607 

846 

57.0 

33.5 

0.66188 

55611 

95691 

1.51083 

51936 

14901 

1.19920 

494 

1.81180 

103 

56.5 

34.0 

0.67450 

85168 

42426 

1.48256 

09685 

12740 

1.20621 

795 

1.78829 

165 

56.0 

34.5 

0.  68728 

09586 

01613 

1.45500 

90286 

72445 

1.21340 

641 

1.76551 

728 

55.5 

35.0 

0.70020 

75382 

09710 

1.42814 

80067 

42114 

1.22077 

459 

1. 74344 

680 

55.0 

35.5 

0.71329 

30678 

97005 

1.40194 

82944 

76336 

1.22832 

691 

1.72205 

082 

54.5 

36.0 

0.72654 

25280 

05361 

1.37638 

19204 

71173 

1.23606 

798 

1.70130 

162 

54.0 

36.5 

0.73996 

10750 

28487 

1.35142 

24379 

45808 

1.24400 

257 

1.68117 

299 

53.5 

37.0 

0.75355 

40501 

02794 

1.32704 

48216 

20410 

1.25213 

566 

1.66164 

014 

53.0 

37.5 

0.76732 

69879 

78960 

1.30322 

53728 

41206 

1.26047 

241 

1.64267 

963 

52.5 

38.0 

0.78128 

56265 

06717 

1.27994 

16321 

93079 

1.26901 

822 

1.62426 

925 

52.0 

38.5 

0.79543 

59166 

67828 

1.25717 

22989 

18954 

1.27777 

866 

1.60638 

793 

51.5 

39.0 

0.80978 

40331 

95007 

1.23489 

71565 

35051 

1.28675 

957 

1.58901 

573 

51.0 

39.5 

0.82433 

63858 

17495 

1.21309 

70040 

92932 

1.29596 

700 

1.57213 

369 

50.5 

40.0 

0.83909 

96311 

77280 

1.19175 

35925 

94210 

1.30540 

729 

1.55572 

383 

50.0 

40.5 

0.85408 

06854 

63466 

1.17084 

95661 

12539 

1.31508 

700 

1.53976 

904 

49.5 

41.0 

0.86928 

67378 

16226 

1.15036 

84072 

21009 

1.32501 

299 

1.52425 

309 

49.0 

41.5 

0.  88472 

52645 

55944 

1.13029 

43863 

61753 

1.33519 

242 

1.50916 

050 

48.5                            ' 

42.0 

0.90040 

40442 

97840 

1.11061 

25148 

29193 

1.34563 

273 

1.49447 

655 

48.0 

42.5 

0.91633 

11740 

17423 

1.09130 

85010 

69271 

1.35634 

170 

1.48018 

723 

47.5 

43.0 

0.93251 

50861 

37661 

1.07236 

87100 

24682 

1.36732 

746 

1.46627 

919 

47.0 

43.5 

0.94896 

45667 

14880 

1.05378 

01252 

80962 

1.37859 

847 

1.45273 

967 

46.5                            1 

44.0 

0.96568 

87748 

07074 

1.03553 

03137 

90569 

1.39016 

359 

1.43955 

654 

46.0 

44.5 

0.  98269 

72631 

15690 

1.01760 

73929 

72125 

1.40203 

206 

1.42671 

819 

45.5 

45.0 

1.00000 

00000 

00000 

1.00000 

00000 

00000 

1.41421 

356 

1.41421 

356 

45.0 

)0°-d 

cot  e 

tan  e 

CSC  6 

sec  6 

e 

r(-5)4i 

9 

-(-4)3- 

r(-5)4-i 

5 

r(-4)3-| 

6 
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Table  4.12 


ELEMENTARY   TRANSCENDENTAL    FUNCTIONS 
CIRCULAR  FUNCTIONS  FOR  THE  ARGUMENT  |  x 


sin^x 


0.00  0.00000  00000  00000  00000 

0.01  0.01570  73173  11820  67575 

0.02  0.03141  07590  78128  29384 

0.03  0.04710  64507  09642  66090 

0.04  0.06279  05195  29313  37607 

0.05  0.07845  90957  27844  94503 

0.06  0.09410  83133  18514  31847 

0.07  0.10973  43110  91045  26802 

0.08  0.12533  32335  64304  24537 

0.09  0.14090  12319  37582  66116 

0.10  0.15643  44650  40230  86901 

0.11  0.17192  91002  79409  54661 

0.12  0.18738  13145  85724  63054 

0.13  0.20278  72953  56512  48344 

0.14  0.21814  32413  96542  55202 

0.15  0.23344  53638  55905  41177 

0.16  0.24868  98871  64854  78824 

0.17  0.26387  30499  65372  89696 

0.18  0.27899  11060  39229  25185 

0.19  0.29404  03252  32303  95777 

0.20  0.30901  69943  74947  42410 

0.21  0.32391  74181  98149  41440 

0.22  0.33873  79202  45291  38122 

0.23  0.35347  48437  79257  12472 

0.24  0.36812  45526  84677  95915 

0.25  0.38268  34323  65089  77173 

0.26  0.39714  78906  34780  61375 

0.27  0.41151  43586  05108  77405 

0.28  0.42577  92915  65072  64886 

0.29  0.43993  91698  55915  14083 

0.30  0.45399  04997  39546  79156 

0.31  0.46792  98142  60573  37723 

0.32  0.48175  36741  01715  27498 

0.33  0.49545  86684  32407  53805 

0.34  0.50904  14157  50371  30028 

0.35  0.52249  85647  15948  86499 

0.36  0.53582  67949  78996  61827 

0,37  0.54902  28179  98131  74352 

0.38  0.56208  33778  52130  60010 

0.39  0.57500  52520  43278  56590 

0.40  0.58778  52522  92473  12917 

0.41  0.60042  02253  25884  04976 

0.42  0.61290  70536  52976  49336 

0.43  0.62524  26563  35705  17290 

0.44  0.63742  39897  48689  71017 

0.45  0.64944  80483  30183  65572 

0.46  0.66131  18653  23651  87657 

0.47  0.67301  25135  09773  33872 

0.48  0.68454  71059  28688  67373 

0.49  0.69591  27965  92314  32549 


cos-x 

1.00000  00000  00000  00000 

0.99987  66324  81660  59864 

0.99950  65603  65731  55700 

0.99888  98749  61969  97264 

0.99802  67284  28271  56195 

0.99691  73337  33127  97620 

0.99556  19646  03080  01290 

0.99396  09554  55179  68775 

0.99211  47013  14477  83105 

0.99002  36577  16557  56725 

0.98768  83405  95137  72619 

0.98510  93261  54773  91802 

0.98228  72507  28688  68108 

0.97922  28106  21765  78086 

0.97591  67619  38747  39896 

0.97236  99203  97676  60183 

0.96858  31611  28631  11949 

0.96455  74184  57798  09366 

0.96029  36856  76943  07175 

0.95579  30147  98330  12664 

0.95105  65162  95153  57211 

0.94608  53588  27545  31853 

0.94088  07689  54225  47232 

0.93544  40308  29867  32518 

0.92977  64858  88251  40366 

0.92387  95325  11286  75613 

0.91775  46256  83981  14114 

0.91140  32766  35445  24821 

0.90482  70524  66019  52771 

0.89802  75757  60615  63093 

0.89100  65241  88367  86236 

0.88376  56300  88693  42432 

0.87630  66800  43863  58731 

0.86863  15144  38191  24777 

0.86074  20270  03943  63716 

0.85264  01643  54092  22152 

0.84432  79255  02015  07855 

0.83580  73613  68270  25847 

0.82708  05742  74561  82492 

0.81814  97174  25023  43213 

0.80901  69943  74947  42410 

0.79968  46584  87090  53868 

0.79015  50123  75690  36516 

0.78043  04073  38329  73585 

0.77051  32427  75789  23080 

0.76040  59656  00030  93817 

0.75011  10696  30459  54151 

0.73963  10949  78609  69747 

0.72896  86274  21411  52314 

0.71812  62977  63188  83037 


0.50  0.70710  67811  86547  52440  0.70710  67811  86547  52440 


tan  sx 


l-i 


l-i 


L  i( 


(-5)21 

fo  J 


0.00000  00000  00000  00000  1.00 

0.01570  92553  23664  91632  0.99 

0.03142  62660  43351  14782  0.98 

0.04715  88028  77480  47448  0.97 

0.06291  46672  53649  75722  0.96 

0.07870  17068  24618  44806  0.95 

0.09452  78311  79282  04901  0.94 

0.11040  10278  15818  94497  0.93 

0.12632  93784  46108  17478  0.92 

0.14232  10757  02942  94229  0.91 

0.15838  44403  24536  29384  0.90 

0. 17452  79388  94365  08461  0.  89 

0.19076  02022  18566  74856  0.88 

0.20709  00444  27938  70402  0.87 

0.22352  64828  97149  10184  0.86 

0.24007  87590  80116  03926  0.85 

0.25675  63603  67726  78332  0.84 

0.27356  90430  82237  23655  0.83 

0.29052  68567  31916  45432  0.82 

0.30764  01696  59898  29067  0.81 

0.32491  96962  32906  32615  0.80 

0.34237  65257  28683  05965  0.79 

0.36002  21530  95756  62634  0.78 

0.37786  85117  75820  93670  0.77 

0.39592  80087  97721  26049  0.76 

0.41421  35623  73095  04880  0.75 

0.43273  86422  47425  93197  0.74 

0.45151  73130  86983  28945  0.73 

0.47056  42812  12251  49308  0.72 

0.48989  49450  22477  05270  0.71 

0.50952  54494  94428  81051  0.70 

0. 52947  27451  82014  63252  0.  69 

0.54975  46521  92770  07429  0.68 

0.57038  99296  73294  88698  0.67 

0.59139  83513  99471  09817  0.66 

0.61280  07881  39931  99664  0.65 

0.63461  92975  44148  10071  0.64 

0.65687  72224  01279  37691  0.63 

0. 67959  92982  24526  52184  0.  62 

0.70281  17712  40357  33761  0.61 

0.72654  25280  05360  88589  0.60 

0.75082  12380  38764  68575  0.59 

0.77567  95110  49613  10378  0.58 

0.80115  10705  58751  23382  0.57 

0.82727  19459  72475  63403  0.56 

0.85408  06854  63466  63752  0.55 

0.88161  85923  63189  11465  0.54 

0.90992  99881  77737  46579  0.53 

0.93906  25058  17492  35255  0.52 

0.96906  74171  93793  27618  0.51 

1.00000  00000  00000  00000  0.50 

w 

cot  o  I  X 
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CIRCULAR  FUNCTIONS  FOR  THE  ARGUMENT  |  x 


Table  4.12 


cot  2  3; 


0.00 
0.01 
0.02 
0.03 
0.04 

0.05 
0.06 
0.07 
0.08 
0.09 


63.65674  11628  71580  99500 
31.82051  59537  73958  03934 
21.20494  87896  88751  52283 


1.00000  00000  00000  00000 

1.00012  33827  39761  81169 

1.00049  36832  37144  42400 

1.00111  13587  85243  76109 


63.66459  53060  00564  58546 
31.83622  52090  97622  95566 
21.22851  50958  16816  17580 


12.70620  47361  74704  64602 

10.57889  49934  05635  52417 

9.05788  66862  38928  19329 

7.91581  50883  05826  84427 

7.02636  62290  41380  19848 


1.00309  21984  82825  50283 

1.00445  78193  57019  51480 

1.00607  57361  86291  90575 

1.00794  79708  09297  28943 

1.01007  68726  13784  19104 


\-x 

1.00 
0.99 
0.98 
0.97 


15.89454  48438  65303  44576  1.00197  71730  71142  10978  15.92597  11099  08654  59358  0.96 


12.74549  48431  82374  28619  0.95 

10.62605  37962  83115  99865  0.94 

9.11292  00161  49841  72675  0.93 

7.97872  97555  59476  60149  0.92 

7.09717  00264  69225  38129  0.91 


0.10  6.31375  15146  75043  09898 

0.11  5.72974  16467  24314  86192 

0.12  5.24218  35811  13176  73758 

0.13  4.82881  73521  92759  97818 

0.14  4.47374  28292  11554  62415 


1.01246  51257  88002  93136 

1.01511  57576  62501  87437 

1.01803  21481  91042  38259 

1.02121  80406  26567  47910 

1.02467  75534  55900  33566 


6.39245  32214  99661  54704  0.90 

5.81635  10329  24944  03199  0.89 

5.33671  14122  92458  78659  0.88 

4.93127  53949  49859  96253  0.87 

4.58414  38570  27373  56913  0.86 


0.15  4.16529  97700  90417  20387 

0.16  3.89474  28549  29859  33474 

0.17  3.65538  43546  52259  73004 

0.18  3.44202  25766  69218  62809 

0.19  3.25055  08012  99836  37634 


1.02841  51936  65208  54585 

1.03243  58714  17339  88710 

1.03674  49162  32016  53065 

1.04134  80947  70681  14007 

1.04625  16303  39647  78848 


4.28365  75697  31185  03924 

4.02107  22333  75967  50952 

3.78970  11465  59780  81919 

3.58434  36523  72161  57038 

3.40089  40753  61802  31848 


0.85 
0.84 
0.83 
0.82 
0.81 


0.20  3.07768  35371  75253  40257 

0.21  2.92076  09892  98816  40048 

0.22  2.77760  68539  14974  88865 

0.23  2.64642  32102  86631  86514 

0.24  2.52571  16894  47304  99451 


1.05146  22242  38267  21205 

1.05698  70790  93232  61183 

1.06283  39243  36113  96396 

1.06901  10439  98926  01199 

1.07552  73070  22247  78234 


3.23606  79774  99789  69641  0.80 

3.08720  66268  08416  38088  0.79 

2.95213  47928  09339  97327  0.78 

2.82905  56388  91501  64260  0.77 

2.71647  18916  65871  74307  0.76 


0.25  2.41421  35623  73095  04880 

0.26  2.31086  36538  82410  63708 

0.27  2.21475  44978  13361  51875 

0.28  2.12510  81731  57202  76115 

0.29  2.04125  39671  21703  26026 


1.08239  22002  92393  96880  2. 

1.08961  58646  48705  30888  2. 

1.09720  91341  29537  26252  2. 

1.10518  35787  56399  59380  2. 

1.11355  15511  90413  37268  2. 


61312  59297  52753  05571  0.75 

51795  36983  10349  34110  0.74 

43004  88648  55296  52041  0.73 

34863  46560  54351  86300  0.72 

27304  15214  61957  72361  0.71 


0.30  1.96261  05055  05150  58230 

0.31  1.88867  13416  31067  67620 

0.32  1.81899  32472  81066  27571 

0.33  1.75318  66324  72237  08332 

0.34  1.69090  76557  85011  24674 


1. 12232  62376  34360  80715  2. 

1.13152  17133  97749  42882  2. 

1.14115  30035  92241  17245  2. 

1.15123  61494  81376  51287  2. 

1.16178  82810  72765  98515  1. 


20268  92645  85266  62156  0.70 

13707  26325  27611  85837  0.69 

07574  96076  48793  05903  0.68 

01833  18280  89559  43676  0.67 

96447  66988  67248  48330  0.66 


0.35  1.63185  16871  28789  61767 

0.36  1.57574  78599  68651  08688 

0.37  1.52235  45068  96131  24085 

0.38  1.47145  53158  19969  04283 

0.39  1.42285  60774  31870  59031 


1.17282  76966  14008  94955  1 

1.18437  39497  36918  17500  1, 

1.19644  79450  89806  17366  1, 

1.20907  20434  06541  15436  1. 

1.22227  01770  86068  14117  1, 


91388  08554  30942  72280  0.65 

86627  47167  00567  54120  0.64 

82141  79214  74081  38479  0.63 

77909  54854  79867  33350  0.62 

73911  45497  30640  74960  0.61 


0.40  1.37638  19204  71173  53820 

0.41  1.33187  49515  02597  59439 

0.42  1.28919  22317  85066  67042 

0.43  1.24820  40363  53049  43751 

0.44  1.20879  23504  09609  13115 


1.23606  79774  99789  69641  1, 

1.25049  29154  09784  85573  1, 

1.26557  44560  72090  15648  1, 

1.28134  42308  20677  31999  1, 

1.29783  62271  84727  12712  1, 


70130  16167  04079  86436  0.60 

66550  01910  65749  08074  0.59 

63156  87575  13749  73007  0.58 

59937  90408  68062  88301  0.57 

56881  45035  05365  75750  0.56 


0.45 
0.46 
0.47 
0.48 
0.49 

0.50 
1-x 


1.17084  95661  12539  22520 

1.13427  73492  55405  46422 

1.09898  56505  36301  56382 

1.06489  18403  24791  86700 

1.03191  99492  80495  57182 


1.31508  69998  90784  80424  1 

1.33313  59054  50172  40410  1 

1.35202  53634  40027  12805  1 

1.37180  11480  64918  28453  1 

1.39251  27141  49012  49662  1 


53976  90432  22366  30748  0.55 

51214  58610  31226  40092  0.54 

48585  64735  81717  76608  0.53 

46081  98491  22513  12750  0.52 

43696  16493  57094  20394  0.51 


1.00000  00000  00000  00000  1.41421  35623  73095  04880   1.41421  35623  73095  04880  0.50 
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Table  1.13 


sm 


cos 


2x;- 


.9=3 


0,86602   54038     -0,50000  00000 


HARMONIC  ANALYSIS 


1,00000  00000     +0,00000  00000 
0,00000   00000     -1.00000  00000 


sin 


2-r 


cos 


2xr 


5=5 


0.95105   65163     +0.30901   69944 
0.58778  52523     -0,80901   69944 


.s=6 
0.86602  54038  +0.50000  00000 
0.86602  54038  -0.50000  00000 
0.00000  00000  -1,00000  00000 


0.78183  14824  +0,62348  98019 
0.97492  79122  -0,22252  09340 
0.43388  37391  -0,90096  88679 


0.70710  67812  0.70710  67812 

1.00000  00000  +0.00000  00000 

0,70710  67812  -0,70710  67812 

0.  OODOO  00000  -1.00000  00000 


0.64278  76097  0,76604  44431 

0.98480  77530  +0.17364  81777 

0.86602  54038  -0.50000  00000 

0,34202  01433  -0.93969  26208 


0.58778  52523 
0.95105  65163 
0.95105  65163 
0,58778  52523 
0,00000  00000 


0.80901  69944 
+0,30901  69944 
-0,30901  69944 
-0.80901  69944 
-1.00000  00000 


0,54064  08174  0,84125  35328 

0,90963  19953  +0.41541  50130 

0. 98982  14419  -0, 14231  48383 

0.75574  95743  -0,65486  07340 

0,28173  25568  -0,95949  29736 


0.50000  00000 

0,86602  54038 

1.00000  00000 

0,86602  54038 

0.50000  00000 

0.00000  00000 


=12 
0.86602  54038 
0.50000  00000 
+0.00000  00000 
-0.50000  00000 
-0,86602  54038 
-1.00000  00000 


0.46472  31720 
0.82298  38659 
0.99270  88741 
0.93501  62427 
0.66312  26582 
0.23931  56643 


=13 

0.88545  60257 
0.56806  47468 
+  0.12053  66803 
-0. 35460  48871 
-0. 74851  07482 
-0,97094  18174 


0.43388  37391 
0.78183  14825 
0.97492  79122 
0.97492  79122 
0,78183  14825 
0,43388  37391 
0.00000  00000 


=  14 

0.90096  88679 

0.62348  98019 

+  0.22252  09340 

-0.22252  09340 

-0.62348  98019 

-0.90096  88679 

-1.00000  00000 


0.40673  66431 

0.74314  48255 

0.95105  65163 

0.99452  18954 

0.86602  54038 

0.58778  52523 

0.20791  16908 


=  15 

0.91354  54576 

0.66913  06064 

+  0,30901  69944 

-0.10452  84633 

-0.50000  00000 

-0.80901  69944 

-0.97814  76007 


0. 38268 
0.70710 
0.92387 
1.00000 
0.92387 
0.70710 
0.38268 
0.00000 


34324 
67812 
95325 
00000 
95325 
67812 
34324 
00000 


=  16 

0,92387 
0,70710 
0.38268 
+  0,00000 
-0, 38268 
-0,70710 
-0.92387 
-1. 00000 


95325 
67812 
34324 
00000 
34324 
67812 
95325 
00000 


0.36124 
0.67369 
0.89516 
0.99573 
0.96182 
0,79801 
0,52643 
0,18374 


16662 
56436 
32913 
41763 
56432 
72273 
21629 
95178 


=17 

0. 93247 
0.  73900 
0.  44573 
+  0.09226 
-0.  27366 
-0.  60263 
-0. 85021 
-0.98297 


22294 
89172 
83558 
83595 
29901 
46364 
71357 
30997 


1 
2 
3 
4 
5 
6 
7 
8 
9 
10 


0.  34202 
0.  64278 
0.  86602 
0.  98480 
0.98480 
0.  86602 
0. 64278 
0.34202 
0.00000 


01433 
76097 
54038 
77530 
77530 
54038 
76097 
01433 
00000 


=18 

0.  93969 
0. 76604 
0.50000 
+  0.17364 
-0, 17364 
-0.50000 
-0.  76604 
-0.93969 
-1. 00000 


26208 
44431 
00000 
81777 
81777 
00000 
44431 
26208 
00000 


0. 32469 
0,61421 
0,83716 
0,96940 
0,99658 
0,91577 
0. 73572 
0.47594 
0.16459 


94692 
27127 
64782 
02659 
44930 
33266 
39107 
73930 
45903 


=19 

0. 

0. 

0, 
+  0, 
-0. 
-0. 


94581 
78914 
54694 
24548 
08257 
40169 
-0.67728 
-0,87947 
-0.  98636 


72417 
05094 
81581 
54872 
93455 
54247 
15716 
37512 
13034 


0, 30901 
0, 58778 
0,80901 
0,95105 
1, 00000 
0.95105 
0.80901 
0.58778 
0.30901 
0. 00000 


69944 
52523 
69944 
65163 
00000 
65163 
69944 
52523 
69944 
00000 


=20 

0.95105 

0.80901 

0.  58778 

0.30901 

+0.  00000 

-0. 30901 

-0.58778 

-0.80901 

-0.95105 

-1.  OOOOO 


65163 
69944 
52523 
69944 
OOOOO 
69944 
52523 
69944 
65163 
OOOOO 


1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 


0.29475 
0.  56332 
0.  78183 
0.93087 
0.99720 
0.97492 
0.  86602 
0.  68017 
0.43388 
0. 14904 


51744 
00580 
14825 
37486 
37972 
79122 
54038 
27378 
37391 
22662 


=21 

0.95557 

0.82623 

0.  62348 

0.  36534 

+  0.07473 

-0.22252 

-0,50000 

-0,73305 

-0.90096 

-0,98883 


28058 
87743 
98019 
10244 
00936 
09340 
OOOOO 
18718 
88679 
08262 


28173 
54064 
75574 
90963 
98982 
98982 
90963 
75574 
54064 
0,28173 
0,00000 


25568 
08174 
95743 
19953 
14419 
14419 
19953 
95743 
08174 
25568 
OOOOO 


=22 

0. 95949 

0.84125 

0. 65486 

0.41541 

+  0.14231 

-0.14231 

-0.41541 

-0. 65486 

-0.84125 

-0,95949 

-1, OOOOO 


29736 
35328 
07340 
50130 
48383 
48383 
50130 
07340 
35328 
29736 
OOOOO 


0,26979 
0,51958 
0,73083 
0,88788 
0. 97908 
0,99766 
0,94226 
0, 81696 
0,63108 
0, 39840 
0.13616 


67711 
39500 
59643 
52184 
40877 
87692 
09221 
98930 
79443 
10898 
66491 


=23 

0.96291 

0.  85441 

0.  68255 

0.46006 

+  0.20345 

-0. 06824 

-0. 33487 

-0.57668 

-0.77571 

-0,91721 

-0, 99068 


72874 
94046 
31432 
50378 
60131 
24134 
96122 
03221 
12907 
13015 
59460 


1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 


25881 
50000 
70710 
86602 
96592 
OOOOO 
96592 
86602 
70710 
50000 
25881 
OOOOO 


90451 
OOOOO 
67812 
54038 
58263 
OOOOO 
58263 
54038 
67812 
OOOOO 
90451 
OOOOO 


=24 

0,  96592 

0,  86602 

0,70710 

0,50000 

0.  25881 

+  0,  OOOOO 

-0,25881 

-0, 50000 

-0.70710 

-0.86602 

-0.96592 

-1.00000 


58263 
54038 
67812 
OOOOO 
90451 
OOOOO 
90451 
OOOOO 
67812 
54038 
58263 
OOOOO 


0.24868 
0,48175 
0. 68454 
84432 
95105 
99802 
98228 
90482 
77051 
58778 
36812 
12533 


98872 
36741 
71059 
79255 
65163 
67284 
72507 
70525 
32428 
52523 
45527 
32336 


=25 

0, 96858 

0,  87630 

0, 72896 

0, 53582 

0.30901 

+  0.06279 

-0.18738 

-0.42577 

-0. 63742 

-0.80901 

-0.92977 

-0,99211 


31611 
66801 
86274 
67950 
69944 
05196 
13146 
92916 
39898 
69944 
64859 
47013 
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INVERSE  CIRCULAR  SINES  AND  TANGENTS 


X 

arcsin  x 

arctan  ./■ 

.;■ 

0.000 

0.00000 

00000 

00 

0.  00000 

00000 

00 

0.050 

0.001 

0.00100 

00001 

67 

0.00099 

99996 

67 

0.051 

0.002 

0.00200 

00013 

33 

0.00199 

99973 

33 

0.052 

0.003 

0.00300 

00045 

00 

0.00299 

99910 

00 

0.053 

0.004 

0.00400 

00106 

67 

0.00399 

99786 

67 

0.054 

0.005 

0.00500 

00208 

34 

0.00499 

99583 

34 

0.055 

0.006 

0.00600 

00360 

01 

0.00599 

99280 

02 

0.056 

0.007 

0.00700 

00571 

68 

0.  00699 

98856 

70 

0.057 

0.008 

0.00800 

00853 

36 

0.00799 

98293 

40 

0.058 

0.009 

0.00900 

01215 

04 

0.  00899 

97570 

12 

0.059 

0.010 

0.01000 

01666 

74 

0.  00999 

96666 

87 

0.060 

0.011 

0.01100 

02218 

45 

0.01099 

95563 

66 

0.061 

0.012 

0.01200 

02880 

19 

0.01199 

94240 

50 

0.062 

0.013 

0.01300 

03661 

95 

0.01299 

92677 

41 

0.063 

0.014 

0.01400 

04573 

74 

0.01399 

90854 

41 

0.064 

0.015 

0.01500 

05625 

57 

0.01499 

88751 

52 

0.065 

0.016 

0.01600 

06827 

45 

0.01599 

86348 

76^ 

0.066 

0.017 

0.01700 

08189 

40 

0.01699 

83626 

17 

0.067 

0.018 

0.01800 

09721 

42 

0.  01799 

80563 

78 

0.068 

0.019 

0.01900 

11433 

52 

0.  01899 

77141 

62 

0.069 

0.020 

0.02000 

13335 

73 

0.01999 

73339 

73 

0.070 

0.021 

0.02100 

15438 

06 

0.  02099 

69138 

17 

0.071 

0.022 

0.02200 

17750 

53 

0.02199 

64516 

97 

0.072 

0.023 

0.02300 

20283 

16 

0.02299 

59456 

20 

0.073 

0.024 

0.02400 

23045 

97 

0.02399 

53935 

92 

0.074 

0.025 

0.02500 

26048 

99 

0.02499 

47936 

19 

0.075 

0.026 

0.  02600 

29302 

25 

0.02599 

41437 

08 

0.076 

0.027 

0.02700 

32815 

77 

0.02699 

34418 

68 

0.077 

0.028 

0.02800 

36599 

58 

0.02799 

26861 

07 

0.078 

0.029 

0.  02900 

40663 

72 

0.02899 

18744 

33 

0.079 

0.030 

0.03000 

45018 

23 

0.02999 

10048 

57 

0.080 

0.031 

0.03100 

49673 

15 

0.03099 

00753 

89 

0.081 

0.032 

0.03200 

54638 

51 

0.03198 

90840 

39 

0.082 

0.033 

0.03300 

59924 

37 

0.03298 

80288 

21 

0.083 

0.034 

0.  03400 

65540 

77 

0.03398 

69077 

46 

0.084 

0.035 

0.03500 

71497 

75 

0.  03498 

57188 

29 

0.085 

0.036 

0.  03600 

77805 

38 

0.03598 

44600 

82 

0.086 

0.037 

0.03700 

84473 

72 

0.03698 

31295 

22 

0.087 

0.038 

0.03800 

91512 

81 

0.  03798 

17251 

64 

0.088 

0.039 

0.03900 

98932 

73 

0.  03898 

02450 

25 

0.089 

0.040 

0.04001 

06743 

54 

0.03997 

86871 

23 

0.090 

0.041 

0.04101 

14955 

31 

0.04097 

70494 

77 

0.091 

0.042 

0.04201 

23578 

12 

0.04197 

53301 

05 

0.092 

0.043 

0.04301 

32622 

04 

0.  04297 

35270 

30 

0.093 

0.044 

0.04401 

42097 

16 

0.04397 

16382 

71 

0.094 

0.045 

0.04501 

52013 

56 

0.04496 

96618 

52 

0.095 

0.046 

0.04601 

62381 

33 

0.04596 

75957 

97 

0.096 

0.047 

0.04701 

73210 

57 

0.04696 

54381 

30 

0.097 

0.048 

0.04801 

84511 

37 

0.04796 

31868 

77 

0.098 

0.049 

0.04901 

96293 

83 

0.04896 

08400 

65 

0.099 

0.050   0.05002  08568  06   0.04995  83957  22 


arcsin  .?• 

0.05002  08568  06 

0.05102  21344  17 

0.05202  34632  28 

0. 05302  48442  51 

0. 05402  62784  97 

0.05502  77669  81 

0.05602  93107  15 

0.05703  09107  14 

0.05803  25679  92 

0.05903  42835  64 

0.06003  60584  45 

0.06103  78936  52 

0.06203  97902  01 

0.06304  17491  09 

0.06404  37713  94 

0.06504  58580  75 

0.06604  80101  69 

0.06705  02286  97 

0.06805  25146  79 

0.06905  48691  36 

0.07005  72930  88 

0.07105  97875  58 

0.07206  23535  68 

0.07306  49921  42 

0.07406  77043  03 

0.07507  04910  77 

0.07607  33534  87 

0.07707  62925  62 

0.07807  93093  26 

0. 07908  24048  07 

0.08008  55800  34 

0.08108  88360  35 

0.08209  21738  40 

0.08309  55944  79 

0.08409  90989  83 

0.08510  26883  84 

0.08610  63637  15 

0.08711  01260  09 

0.08811  39763  00 

0.08911  79156  23 

0.09012  19450  15 

0.09112  60655  11 

0.09213  02781  49 

0.09313  45839  68 

0.09413  89840  07 

0.09514  34793  06 

0.09614  80709  05 

0.09715  27598  48 

0.09815  75471  75 

0.09916  24339  32 


0.100   0.10016  74211  62 


Table  4.14 

arctan  x 

0.04995  83957  22 
0.05095  58518  77 
0.05195  32065  61 
0.05295  04578  05 
0.05394  76036  42 

0.05494  46421  07 
0.05594  15712  34 
0.05693  83890  60 
0.05793  50936  23 
0. 05893  16829  64 

0.05992  81551  21 
0.06092  45081  38 
0.06192  07400  58 
0. 06291  68489  26 
0.06391  28327  89 

0.06490  86896  93 

0.06590  44176  90 

0.06690  00148  29 

0.06789  54791  63 

0.06889  08087  46 

0.06988  60016  35 

0.07088  10558  85 

0.07187  59695  56 

0.07287  07407  09 

0.07386  53674  06 

0.07485  98477  11 

0.07585  41796  89 

0.07684  83614  08 

0.07784  23909  37 

0.07883  62663  48 

0.07982  99857  12 

0.08082  35471  05 

0.08181  69486  04 

0.  08281  01882  86 

0.08380  32642  31 

0. 08479  61745  23 
0.08578  89172  45 
0.08678  14904  84 
0.08777  38923  27 
0.08876  61208  ^5 

0.08975  81741  90 
0. 09075  00503  96 
0. 09174  17475  79 
0. 09273  32638  38 
0.09372  45972  74 

0.09471  57459  88 
0.09570  67080  87 
0.  09669  74816  76 
0.09768  80648  65 
0. 09867  84557  66 

0.  09966  86524  91 
(-8)21 


For  use  and  extension  of  the  table  see  Examples  21-25.  For  other  inverse  functions  see  4.4  and 


4.3.45. 


=1.57079  63267  95 


Compilation  of  arcsin  <  from  National  Bureau  of  Standards,  Table  of  arcsin  ' .     Columbia  Univ. 
Press,  New  York,  N.Y.,  1945  (with  permission). 
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Table  4.14  INVERSE  CIRCULAR  SINES  AND  TANGENTS 

J"  arcsin  x  arctan  x  ^  arcsin  x 


arctan  x 


0.100  0.10016  74211  62 

0.101  0.10117  25099  11 

0.102  0.10217  77012  25 

0.103  0.10318  29961  53 

0.104  0.10418  83957  41 

0.105  0.10519  39010  40 

0.106  0.10619  95131  00 

0.107  0.10720  52329  72 

0.108  0.10821  10617  08 

0.109  0.10921  70003  62 

0.110  0.11022  30499  88 

0.111  0.11122  92116  41 

0.112  0.11223  54863  77 

0.113  0.11324  18752  55 

0.114  0.11424  83793  32 

0.115  0.11525  49996  68 

0.116  0.11626  17373  23 

0.117  0.11726  85933  61 

0.118  0.11827  55688  42 

0.119  0.  11928  26648  32 

0.120  0.12028  98823  95 

0.121  0.12129  72225  97 

0.122  0.12230  46865  07 

0.123  0.12331  22751  92 

0.124  0.12431  99897  22 

0.125  0.12532  78311  68 

0.126  0.12633  58006  02 

0.  127  0.  12734  38990  98 

0.128  0.12835  21277  29 

0.129  0.12936  04875  72 

0.130  0.13036  89797  03 

0.131  0.13137  76052  01 

0. 132  0.  13238  63651  45 

0.133  0.13339  52606  16 

0.134  0.13440  42926  95 

0.135  0.13541  34624  67 

0.136  0.13642  27710  15 

0.137  0.13743  22194  25 

0.138  0.13844  18087  85 

0.139  0.13945  15401  83 

0.140  0.14046  14147  10 

0.141  0.14147  14334  56 

0.142  0.14248  15975  13 

0.143  0.14349  19079  77 

0.144  0.14450  23659  42 

0.145  0.14551  29725  04 

0.  146  0.  14652  37287  64 

0.147  0.14753  46358  19 

0.148  0.14854  56947  71 

0.149  0.  14955  69067  22 

0.150  0.15056  82727  77 


[T] 


0.09966  86524  91 

0.10065  86531  58 

0.10164  84558  83 

0.10263  80587  89 

0.10362  74599  97 

0.10461  66576  33 

0.10560  56498  23 

0.10659  44346  99 

0.10758  30103  93 

0.10857  13750  39 

0.10955  95267  74 

0.11054  74637  38 

0.11153  51840  74 

0.11252  26859  25 

0.11350  99674  40 

0.11449  70267  67 

0.11548  38620  60 

0.11647  04714  73 

0.11745  68531  63 

0.11844  30052  90 

0.11942  89260  18 

0.12041  46135  12 

0.12140  00659  40 

0.12238  52814  72 

0.12337  02582  82 

0.12435  49945  47 

0.12533  94884  45 

0.12632  37381  58 

0.12730  77418  71 

0.12829  14977  71 

0.12927  50040  48 

0.13025  82588  96 

0.13124  12605  10 

0.13222  40070  89 

0.13320  64968  35 

0.13418  87279  52 

0.13517  06986  49 

0.13615  24071  35 

0.13713  38516  25 

0.13811  50303  34 

0.13909  59414  82 

0.14007  65832  92 

0.14105  69539  90 

0.14203  70518  03 

0.14301  68749  65 

0.14399  64217  09 

0.14497  56902  74 

0.14595  46789  00 

0.14693  33858  33 

0.14791  18093  19 

0.14888  99476  09 


0.150 

0.15056 

82727 

77 

0. 14888 

99476 

09 

0.151 

0.15157 

97940 

40 

0.14986 

77989 

58 

0.152 

0.  15259 

14716 

20 

0.15084 

53616 

21 

0.153 

0.15360 

33066 

23 

0.15182 

26338 

59 

0.154 

0. 15461 

53001 

61 

0.15279 

96139 

37 

0.155 

0.15562 

74533 

44 

0.15377 

63001 

20 

0.156 

0.15663 

97672 

86 

0.  15475 

26906 

78 

0.157 

0.15765 

22431 

01 

0. 15572 

87838 

86 

0.158 

0.15866 

48819 

05 

0.15670 

45780 

19 

0.159 

0.15967 

76848 

15 

0.15768 

00713 

58 

0.160 

0. 16069 

06529 

52 

0. 15865 

52621 

86 

0.161 

0.16170 

37874 

35 

0.  15963 

01487 

91 

0.162 

0.16271 

70893 

88 

0.16060 

47294 

61 

0.163 

0.16373 

05599 

34 

0.16157 

90024 

91 

0.164 

0.  16474 

42001 

99 

0.  16255 

29661 

78 

0.165 

0.  16575 

80113 

10 

0. 16352 

66188 

21 

0.166 

0.16677 

19943 

96 

0.16449 

99587 

25 

0.167 

0. 16778 

61505 

87 

0.16547 

29841 

97 

0.168 

0.16880 

04810 

17 

0.  16644 

56935 

49 

0.169 

0.16981 

49868 

19 

0.16741 

80850 

93 

0.170 

0. 17082 

96691 

29 

0. 16839 

01571 

48 

0.171 

0.17184 

45290 

84 

0.  16936 

19080 

34 

0.172 

0.17285 

95678 

23 

0.17033 

33360 

78 

0.173 

0.17387 

47864 

87 

0.17130 

44396 

07 

0.174 

0. 17489 

01862 

19 

0.17227 

52169 

54 

0.175 

0.17590 

57681 

64 

0. 17324 

56664 

52 

0.176 

0. 17692 

15334 

66 

0.17421 

57864 

43 

0.177 

0.17793 

74832 

75 

0.17518 

55752 

68 

0.178 

0.17895 

36187 

40 

0.17615 

50312 

74 

0.179 

0.  17996 

99410 

13 

0.17712 

41528 

10 

0.180 

0.18098 

64512 

47 

0.17809 

29382 

31 

0.181 

0.  18200 

31505 

97 

0.17906 

13858 

94 

0.182 

0.  18302 

00402 

20 

0.18002 

94941 

59 

0.183 

0.18403 

71212 

76 

0.18099 

72613 

91 

0.184 

0.18505 

43949 

25 

0.18196 

46859 

59 

0.185 

0.18607 

18623 

31 

0.18293 

17662 

35 

0.186 

0. 18708 

95246 

57 

0. 18389 

85005 

94 

0.187 

0.18810 

73830 

71 

0.18486 

48874 

16 

0.188 

0.18912 

54387 

40 

0.18583 

09250 

85 

0.189 

0.19014 

36928 

36 

0.18679 

66119 

87 

0.190 

0.19116 

21465 

31 

0.18776 

19465 

14 

0.191 

0.19218 

08009 

99 

0.18872 

69270 

59 

0.192 

0.19319 

96574 

17 

0.  18969 

15520 

22 

0.193 

0.19421 

87169 

63 

0.19065 

58198 

05 

0.194 

0.19523 

79808 

18 

0.19161 

97288 

15 

0.195 

0.19625 

74501 

64 

0.19258 

32774 

60 

0.196 

0.19727 

71261 

85 

0.19354 

64641 

55 

0.197 

0.19829 

70100 

69 

0.19450 

92873 

18 

0.198 

0.  19931 

71030 

03 

0.  19547 

17453 

71 

0.199 

0.20033 

74061 

80 

0. 19643 

38367 

38 

0.200 

0.20135 

79207 

-Si3' 
4 

90 

0. 19739 

55598 

-S,5' 
4 

50 

=  1.57079  63267  95 


ELEMENTARY    TRANSCENDENTAL    FUNCTIONS 


205 


INVERSE  CIRCULAR 
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' 

rable  4.14 

X 

arcsin  x 

arctan  x 

X 

arcsin  x 

arctan  x 

0.200 

0.20135 

79207 

90 

0.19739 

55598 

50 

0.250 

0.25268 

02551 

42 

0.24497 

86631 

27 

0.201 

0.20237 

86480 

31 

0.19835 

69131 

40 

0.251 

0.25371 

31886 

28 

0.24591 

96179 

19 

0.202 

0.20339 

95890 

97 

0.19931 

78950 

44 

0.252 

0.25474 

63988 

49 

0.24686 

01284 

51 

0.203 

0.20442 

07451 

90 

0.20027 

85040 

06 

0.253 

0.25577 

98871 

33 

0.24780 

01933 

77 

0.204 

0.20544 

21175 

10 

0.20123 

87384 

69 

0.254 

0.25681 

36548 

08 

0.24873 

98113 

53 

0.205 

0.20646 

37072 

61 

0.20219 

85968 

83 

0.255 

0.  25784 

77032 

07 

0.24967 

89810 

38 

0.206 

0.20748 

55156 

48 

0.20315 

80777 

01 

0.256 

0.25888 

20336 

66 

0.25061 

77010 

99 

0.207 

0.20850 

75438 

81 

0.20411 

71793 

81 

0.257 

0.25991 

66475 

22 

0.25155 

59702 

05 

0.208 

0.20952 

97931 

68 

0.20507 

59003 

83 

0.258 

0.26095 

15461 

18 

0.25249 

37870 

29 

0.209 

0.21055 

22647 

22 

0.20603 

42391 

73 

0.259 

0.26198 

67307 

97 

0.25343 

11502 

51 

0.210 

0.21157 

49597 

58 

0.20699 

21942 

20 

0.260 

0.26302 

22029 

08 

0.25436 

80585 

53 

0.211 

0.21259 

78794 

93 

0.20794 

97639 

97 

0.261 

0.26405 

79638 

02 

0.25530 

45106 

23 

0.212 

0.21362 

10251 

46 

0.20890 

69469 

83 

0.262 

0.26509 

40148 

31 

0.25624 

05051 

53 

0.213 

0.21464 

43979 

39 

0.20986 

37416 

57 

0.263 

0.26613 

03573 

53 

0.25717 

60408 

40 

0.214 

0.21566 

79990 

96 

0.21082 

01465 

06 

0.264 

0.26716 

69927 

28 

0.25811 

11163 

83 

0.215 

0.21669 

18298 

42 

0.21177 

61600 

20 

"0.  265 

0.26820 

39223 

20 

0.25904 

57304 

89 

0.216 

0.21771 

58914 

06 

0.21273 

17806 

92 

0.266 

0.26924 

11474 

95 

0.25997 

98818 

68 

0.217 

0.21874 

01850 

19 

0.21368 

70070 

19 

0.267 

0.27027 

86696 

22 

0.26091 

35692 

33 

0.218 

0.21976 

47119 

15 

0.21464 

18375 

04 

0.268 

0.27131 

64900 

75 

0.26184 

67913 

04 

0.219 

0.22078 

94733 

28 

0.21559 

62706 

53 

0.269 

0.27235 

46102 

31 

0.26277 

95468 

05 

0.220 

0.22181 

44704 

97 

0.21655 

03049 

76 

0.270 

0.27339 

30314 

67 

0.26371 

18344 

62 

0.221 

0.22283 

97046 

62 

0.21750 

39389 

87 

0.271 

0.27443 

17551 

69 

0.26464 

36530 

10 

0.222 

0.22386 

51770 

66 

0.21845 

71712 

05 

0.272 

0.27547 

07827 

21 

0.26557 

50011 

84 

0.223 

0.22489 

08889 

55 

0.21941 

00001 

53 

0.273 

0.27651 

01155 

13 

0.26650 

58777 

27 

0.224 

0.22591 

68415 

75 

0.22036 

24243 

57 

0.274 

0.27754 

97549 

38 

0.26743 

62813 

84 

0.225 

0.22694 

30361 

79 

0.22131 

44423 

48 

0.275 

0.27858 

97023 

92 

0.26836 

62109 

06 

0.226 

0.22796 

94740 

17 

0.22226 

60526 

61 

0.276 

0.27962 

99592 

l'=^ 

0.26929 

56650 

49 

0.227 

0.22899 

61563 

45 

0.22321 

72538 

37 

0.277 

0.28067 

05269 

90 

0.27022 

46425 

71 

0.228 

0.23002 

30844 

22 

0.22416 

80444 

19 

0.278 

0.28171 

14069 

43 

0.27115 

31422 

39 

0.229 

0.23105 

02595 

07 

0.22511 

84229 

53 

0.279 

0.28275 

26005 

45 

0.27208 

11628 

19 

0.230 

0.23207 

76828 

63 

0.22606 

83879 

94 

0.280 

0.28379 

41092 

08 

0.27300 

87030 

87 

0.231 

0.23310 

53557 

56 

0.22701 

79380 

96 

0.281 

0.28483 

59343 

51 

0.27393 

57618 

19 

0.232 

0.23413 

32794 

53 

0.22796 

70718 

22 

0.282 

0.28587 

80773 

93 

0.27486 

23377 

99 

0.233 

0.23516 

14552 

26 

0.22891 

57877 

34 

0.283 

0.28692 

05397 

58 

0.27578 

84298 

14 

0.234 

0.23618 

98843 

48 

0.22986 

40844 

03 

0.284 

0.28796 

33228 

75 

0.27671 

40366 

55 

0.235 

0.23721 

85680 

94 

0.23081 

19604 

03 

0.285 

0.28900 

64281 

74 

0.27763 

91571 

20 

0.236 

0.23824 

75077 

44 

0.23175 

94143 

10 

0.286 

0.29004 

98570 

89 

0.27856 

37900 

08 

0.237 

0.23927 

67045 

78 

0.23270 

64447 

07 

0.287 

0.29109 

36110 

61 

0.27948 

79341 

26 

0.238 

0.24030 

61598 

80 

0.23365 

30501 

80 

0.288 

0.29213 

76915 

30 

0.28041 

15882 

83 

0.239 

0.24133 

58749 

37 

0.23459 

92293 

19 

0.289 

0.29318 

20999 

43 

0.28133 

47512 

95 

0.240 

0.24236 

58510 

39 

0.23554 

49807 

21 

0.290 

0.29422 

68377 

49 

0.28225 

74219 

81 

0.241 

0.24339 

60894 

77 

0.23649 

03029 

83 

0.291 

0.29527 

19064 

01 

0.28317 

95991 

65 

0.2^? 

0.  24442 

65915 

47 

0.23743 

51947 

10 

0.292 

0.29631 

73073 

57 

0.28410 

12816 

76 

0.243 

0.24545 

735S5 

0.23837 

96545 

10 

0.293 

0.29736 

30420 

76 

0.28502 

24683 

46 

0.244 

0.24648 

83917 

73 

0.23932 

36809 

95 

C.294 

0.29840 

91120 

25 

0.28594 

31580 

14 

0.245 

0.24751 

96925 

34 

0.24026 

72727 

81 

0.295 

0.29945 

55186 

70 

0.28686 

33495 

23 

0-246 

0.  24855 

12621 

33 

0.24121 

04284 

90 

0.296 

0.30050 

22634 

85 

0.28778 

30417 

18 

0.247 

0.24958 

31018 

81 

0.24215 

31467 

47 

0.297 

0.30154 

93479 

45 

0.28870 

22334 

53 

0.248 

0.25061 

52130 

88 

0.24309 

54261 

82 

0.298 

0.30259 

67735 

30 

0.  28962 

09235 

83 

0.249 

0.25164 

75970 

69 

0.24403 

72654 

29 

0.299 

0.30364 

45417 

24 

0.29053 

91109 

69 

0.250 

0.25268 

02551 

42 

0.24497 

86631 

27 

0.300 

0.30469 

26540 

15 

0.29145 

67944 

78 
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ELEMENTARY    TRANSCENDENTAL    FUNCTIONS 


Table  4.14  INVERSE  CIRCULAR  SINES  AND  TANGENTS 

X  arcsin  x  arctan  x  x  arcsin  x 


0.300  0.30469  26540  15 

0.301  0.30574  11118  95 

0.302  0.30678  99168  60 

0.303  0.30783  90704  09 

0.304  0.30888  85740  46 

0.305  0.30993  84292  78 

0.306  0.31098  86376  19 

0.307  0.31203  92005  83 

0.308  0.31309  01196  91 

0.309  0.31414  13964  68 

0.310  0.31519  30324  41 

0.311  0.31624  50291  43 

0.312  0.31729  73881  12 

0.313  0.31835  01108  88 

0.314  0.31940  31990  18 

0.315  0.32045  66540  50 

0.316  0.32151  04775  38 

0.317  0.32256  46710  42 

0.318  0.32361  92361  24 

0.319  0.32467  41743  51 

0.320  0.32572  94872  95 

0.321  0.32678  51765  31 

0.322  0.32784  12436  42 

0.323  0.32889  76902  11 

0.324  0.32995  45178  29 

0.325  0.33101  17280  89 

0.326  0.33206  93225  91 

0.327  0.33312  73029  38 

0.328  0.33418  56707  38 

0.329  0.33524  44276  04 

0.330  0.33630  35751  54 

0.331  0.33736  31150  09 

0.332  0.33842  30487  98 

0.333  0.33948  33781  50 

0.334  0.34054  41047  05 

0.335  0.34160  52301  02 

0.336  0.34266  67559  88 

0.337  0.34372  86840  15 

0.338  0.34479  10158  39 

0.339  0.34585  37531  21 

0.340  0.34691  68975  27 

0.341  0.34798  04507  29 

0.342  0.34904  44144  03 

0.343  0.35010  87902  30 

0.344  0.35117  35798  98 

0.345  0.35223  87850  97 

0.346  0.35330  44075  25 

0.  347  0.  35437  04488  84 

0.348  0.35543  69108  81 

0.  349  0.35650  37952  29 


[~n 


0.29145  67944  78 

0.29237  39729  79 

0.29329  06453  47 

0.29420  68104  62 

0.29512  24672  09 

0.29603  76144  75 

0.29695  22511  55 

0.29786  63761  46 

0.29877  99883  52 

0.29969  30866  80 

0.30060  56700  42 

0.30151  77373  55 

0.30242  92875  41 

0.30334  03195  25 

0.30425  08322  38 

0.30516  08246  16 

0.30607  02955  99 

0.30697  92441  31 

0.30788  76691  62 

0.30879  55696  46 

0.30970  29445  42 

0.31060  97928  14 

0.31151  61134  29 

0.31242  19053  60 

0.31332  71675  84 

0.31423  18990  84 

0.31513  60988  47 

0.31603  97658  63 

0.31694  28991  30 

0.31784  54976  47 


31874  75604  21 
31964  90864  60 
32055  00747  81 
32145  05244  03 
32235  04343  49 

32324  98036  48 
32414  86313  34 
32504  69164  46 
32594  46580  25 
32684  18551  19 

32773  85067  81 
32863  46120  66 
32953  01700  37 
33042  51797  60 
33131  96403  04 

33221  35507  47 
33310  69101  67 
33399  97176  49 
33489  19722  83 
33578  36731  63 


0.350   0.35757  11036  46   0. 


33667  48193  87 
4 


n"] 


0.350 
0.351 
0.352 
0.353 
0.354 

0.355 
0.356 
0.357 
0.358 
0.359 

0.360 
0.361 
0.362 
0.363 
0.364 

0.365 
0.366 
0.367 
0.368 
0.369 

0.370 
0.371 
0.372 
0.373 
0.374 

0.375 
0.376 
0.377 
0.378 
0.379 

0.380 
0.381 
0.382 
0.383 
0.384 

0.385 
0.386 
0.387 
0.388 
0.389 

0.390 
0.391 
0.392 
0.393 
0.394 

0.395 
0.396 
0.397 
0.398 
0.399 

0.400 


0.35757  11036  46 

0.35863  88378  55 

0.35970  69995  85 

0.36077  55905  70 

0.36184  46125  51 

0.36291  40672  71 

0. 36398  39564  82 

0.36505  42819  39 

0.36612  50454  05 

0.36719  62486  46 

0.36826  78934  37 

0.36933  99815  54 

0.37041  25147  84 

0.37148  54949  16 

0.37255  89237  46 

0.37363  28030  75 

0.37470  71347  12 

0.37578  19204  71 

0.37685  71621  69 

0.37793  28616  34 

0.37900  90206  96 

0.38008  56411  93 

0.38116  27249  69 

0.38224  02738  73 

0.38331  82897  61 

0.38439  67744  96 

0.38547  57299  45 

0.38655  51579  83 

0.38763  50604  92 

0.38871  54393  57 


0.38979 
0.39087 
0.39195 
0.39304 
0.39412 

0.39520 
0.39629 
0.39737 
0.39846 
0.39954 

0.40063 
0.40171 
0.40280 
0.40389 
0.40497 

0.40606 
0.40715 
0.40824 
0.40933 
0.41042 


62964 
76337 
94530 
17563 
45455 


74 
42 
68 
64 
51 


78225  54 
15893  06 
58477  48 
05998  24 
58474  89 

15927  01 
78374  28 
45836  44 
1S333  27 
95884  67 

78510  57 
66231  00 
59066  02 
57035  81 
60160  60 


0.41151  68460  67 

"(-8)6' 
4 


[-r] 


,  =  1.57079  63267  95 


arctan  x 

0.33667  48193  87 

0.33756  54100  58 

0.33845  54442  85 

0.33934  49211  81 

0.34023  38398  61 

0. 34112  21994  49 
0.34200  99990  70 
0.34289  72378  56 
0.34378  39149  42 
0.34467  00294  69 

0.34555  55805  82 

0.34644  05674  30 

0.34732  49891  68 

0.  34820  88449  54 

0.34909  21339  52 

0.34997  48553  30 

0.35085  70082  60 

0.35173  85919  21 

0.35261  96054  93 

0.35350  00481  64 

0.35437  99191  23 

0.35525  92175  68 

0.35613  79426  98 

0.35701  60937  18 

0.35789  36698  38 

0.35877  06702  71 

0.35964  70942  35 

0.36052  29409  56 

0.36139  82096  58 

0.36227  28995  76 

0.36314  70099  46 
0. 36402  05400  09 
0. 36489  34890  12 
0. 36576  58562  04 
0.36663  76408  40 

0.36750  88421  81 

0. 36837  94594  90 

0.36924  94920  36 

0.37011  89390  92 

0.37098  77999  35 

0.37185  60738  49 
0.37272  37601  18 
0.37359  OSSRQ  3^ 

0.37445  73668  96 
0.37532  32860  01 

0. 37618  86146  53 

0.37705  33521  62 

0.37791  74978  43 

0.37878  10510  12 

0.37964  40109  93 

0.38050  63771  12 


i 


4 


ELEMENTARY   TRANSCENDENTAL    FUNCTIONS 


207 


INI 

>^ERSE  CI 

RCULi 

lR  si 

NES  AND  TANGENTS 

' 

Fable  4.14 

X 

arcsina: 

arctan  x 

I 

arcsin  x 

arctan  x 

0.400 

0.41151 

68460 

67 

0.38050 

63771 

12 

0.450 

0.46676 

53390 

47 

0.  42285 

39261 

33 

0.401 

0.41260 

81956 

42 

0.38136 

81487 

02 

0.451 

0.  46788 

54404 

09 

0.42368 

52156 

87 

0.402 

0.41370 

00668 

29 

0.38222 

93250 

97 

0.452 

0. 46900 

61761 

03 

0.42451 

58823 

89 

0.403 

0.41479 

24616 

80 

0.38308 

99056 

39 

0.453 

0.47012 

75486 

20 

0.42534 

59257 

92 

0.404 

0.41588 

53822 

54 

0.38394 

98896 

72 

0.454 

0.47124 

95604 

59 

0.  42617 

53454 

56 

0.405 

0.41697 

88306 

20 

0.38480 

92765 

46 

0.455 

0.  47237 

22141 

29 

0.42700 

41409 

43 

0.406 

0.41807 

28088 

50 

0.38566 

80656 

14 

0.456 

0.47349 

55121 

50 

0.42783 

23118 

21 

0.407 

0.41916 

73190 

29 

0.  38652 

62562 

34 

0.457 

0.47461 

94570 

53 

0.42865 

98576 

60 

0.408 

0.42026 

23632 

45 

0. 38738 

38477 

69 

0.458 

0.47574 

40513 

79 

0.42948 

67780 

36 

0.409 

0.42135 

79435 

96 

0.  38824 

08395 

85 

0.459 

0.  47686 

92976 

80 

0.43031 

30725 

28 

0.410 

0.42245 

40621 

87 

0.  38909 

72310 

55 

0.460 

0.47799 

51985 

19 

0.43113 

87407 

19 

0.411 

0.42355 

07211 

31 

0.38995 

30215 

54 

0.461 

0.47912 

17564 

68 

0.43196 

37821 

96 

0.412 

0.  42464 

79225 

49 

0.39080 

82104 

62 

0.462 

0.48024 

89741 

12 

0.43278 

81965 

51 

0.413 

0.42574 

56685 

70 

0.39166 

27971 

64 

0.463 

0.48137 

68540 

46 

0.43361 

19833 

80 

0.414 

0.42684 

39613 

30 

0. 39251 

67810 

48 

0.464 

0.48250 

53988 

75 

0.43443 

51422 

81 

0.415 

0.42794 

28029 

74 

0.39337 

01615 

09 

0.465 

0.48363 

46112 

18 

0.43525 

76728 

58 

0.416 

0.42904 

21956 

53 

0.  39422 

29379 

43 

0.466 

0.48476 

44937 

02 

0.43607 

95747 

19 

0.417 

0.43014 

21415 

30 

0.39507 

51097 

52 

0.467 

0.48589 

50489 

67 

0.43690 

08474 

74 

0.418 

0.43124 

26427 

72 

0. 39592 

66763 

44 

0.468 

0.48702 

62796 

64 

0.  43772 

14907 

40 

0.419 

0.43234 

37015 

57 

0.  39677 

76371 

29 

0.469 

0.48815 

81884 

55 

0.  43854 

15041 

36 

0.420 

0.43344 

53200 

70 

0.  39762 

79915 

22 

0.470 

0.48929 

07780 

14 

0.  43936 

08872 

85 

0.421 

0.43454 

75005 

03 

0.39847 

77389 

43 

0.471 

0.49042 

40510 

26 

0.44017 

96398 

14 

0.422 

0.43565 

02450 

60 

0.39932 

68788 

14 

0.472 

0.49155 

80101 

88 

0. 44099 

77613 

55 

0.423 

0.43675 

35559 

49 

0.40017 

54105 

66 

0.473 

0.49269 

26582 

08 

0.44181 

52515 

43 

0.424 

0.43785 

74353 

90 

0.40102 

33336 

29 

0.474 

0.  49382 

79978 

07 

0.44263 

21100 

17 

0.425 

0.43896 

18856 

10 

0.40187 

06474 

40 

0.475 

0.49496 

40317 

17 

0.44344 

83364 

20 

0.426 

0.44006 

69088 

44 

0.40271 

73514 

42 

0,476 

0.49610 

07626 

82 

0.44426 

39303 

99 

0.427 

0.44117 

25073 

36 

0.40356 

34450 

79 

0.477 

0.49723 

81934 

59 

0.44507 

88916 

06 

0.428 

0.44227 

86833 

39 

0.40440 

89278 

00 

0.478 

0.49837 

63268 

16 

0.  44589 

32196 

95 

0.429 

0.44338 

54391 

16 

0.40525 

37990 

60 

0.479 

0.49951 

51655 

34 

0.44670 

69143 

24 

0.430 

0.44449 

27769 

36 

0.40609 

80583 

18 

0.480 

0.50065 

47124 

05 

0.44751 

99751 

57 

0.431 

0.44560 

06990 

78 

0.40694 

17050 

34 

0.481 

0.50179 

49702 

34 

0.44833 

24018 

60 

0.432 

0.44670 

92078 

31 

0.40778 

47386 

77 

0.482 

0.50293 

59418 

39 

0.44914 

41941 

03 

0.433 

0.44781 

83054 

92 

0.40862 

71587 

18 

0.483 

0.50407 

76300 

52 

0.44995 

53515 

61 

0.434 

0.44892 

79943 

67 

0.40946 

89646 

31 

0.484 

0.50522 

00377 

13 

0.45076 

58739 

11 

0.435 

0.45003 

82767 

71 

0.41031 

01558 

96 

0.485 

0.50636 

31676 

79 

0.45157 

57608 

36 

0.436 

0.45114 

91550 

28 

0.41115 

07319 

97 

0.486 

0.50750 

70228 

19 

0.45238 

50120 

20 

0.437 

0.45226 

06314 

71 

0.41199 

06924 

22 

0.487 

0.50865 

16060 

14 

0.45319 

36271 

55 

0.438 

0.45337 

27084 

44 

0.41283 

00366 

64 

0.488 

0.50979 

69201 

57 

0.45400 

16059 

33 

0.439 

0.45448 

53882 

99 

0.41366 

87642 

17 

0.489 

0.51094 

29681 

57 

0.45480 

89480 

51 

0.440 

0.45559 

86733 

96 

0.41450 

68745 

85 

0.490 

0.51208 

97529 

34 

0.45561 

56532 

11 

0.441 

0.45671 

25661 

07 

0.41534 

43672 

70 

0.491 

0.51323 

72774 

22 

0.45642 

17211 

17 

0.442 

0.  45782 

70688 

11 

0.41618 

12417 

83 

0.492 

0.51438 

55445 

69 

0.45722 

71514 

78 

0.443 

0.  45894 

21838 

99 

0.41701 

74976 

36 

0.493 

0.51553 

45573 

34 

0.45803 

19440 

06 

0.444 

0.46005 

79137 

71 

0.41785 

31343 

48 

0.494 

0.51668 

43186 

93 

0.45883 

60984 

16 

0.445 

0.46117 

42608 

35 

0.41868 

81514 

38 

0.495 

0.51783 

48316 

32 

0.45963 

96144 

30 

0.446 

0.46229 

12275 

10 

0.41952 

25484 

34 

0.496 

0.51898 

60991 

55 

0.  46044 

24917 

71 

0.447 

0.46340 

88162 

25 

0.42035 

63248 

66 

0.497 

0.52013 

81242 

77 

0.46124 

47301 

65 

0.448 

0.  46452 

70294 

19 

0.42118 

94802 

67 

0.498 

0.52129 

09100 

26 

0.46204 

63293 

45 

0.449 

0.46564 

58695 

40 

0.42202 

20141 

75 

0.499 

0.52244 

44594 

47 

0.  46284 

72890 

44 

0.450 

0.46676 

53390 

47 

0.42285 

39261 

33 

0.500 

0.52359 

87755 

98 

0.  46364 

76090 

01 
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Table  4.14 

INVERSE  CmCLLAR 

SINES  AND  TANGENTS 

X 

arcsin  x 

arctan  x 

X 

arcsin  x 

arctan  x 

0.500 

0.52359 

87755 

98 

0.46364 

lb^9^ 

01 

0.550 

0.58236 

42378 

69 

0.50284 

32109 

28 

0.501 

0.52475 

38615 

51 

0.  46444 

72889 

58 

0.551 

0.58356 

20792 

89 

0.50361 

06410 

37 

0.502 

0,52590 

97203 

91 

0.46524 

63286 

62 

0.552 

0.58476 

08688 

33 

0.50437 

74226 

73 

0.503 

0.52706 

63552 

20 

0.46604 

47278 

61 

0.553 

0. 58596 

06104 

84 

0.50514 

35557 

57 

0.504 

0.52822 

37691 

54 

0.46684 

24863 

09 

0.554 

0.58716 

13082 

43 

0.50590 

90402 

12 

0.505 

0.52938 

19653 

22 

0.46763 

96037 

63 

0.555 

0.58836 

29661 

37 

0.50667 

38759 

68 

0.506 

0.53054 

09468 

69 

0.46843 

60799 

83 

0.556 

0.58956 

55882 

10 

0.50743 

80629 

53 

0.507 

0.53170 

07169 

56 

0.46923 

19147 

34 

0.557 

0.59076 

91785 

32 

0.50820 

16011 

02 

0.508 

0.53286 

12787 

56 

0.47002 

71077 

82 

0.558 

0.59197 

37411 

92 

0.50896 

44903 

52 

0.509 

0.53402 

26354 

61 

0.47082 

16589 

00 

0.559 

0.59317 

92803 

04 

0.50972 

67306 

43 

0.510 

0.53518 

47902 

76 

0.47161 

55678 

62 

0.560 

0.59438 

58000 

01 

0.51048 

83219 

17 

0.511 

0.53634 

77464 

20 

0.47240 

88344 

48 

0.561 

0.59559 

33044 

41 

0.51124 

92641 

21 

0.512 

0.53751 

15071 

30 

0.47320 

14584 

38 

0.562 

0.59680 

17978 

05 

0.51200 

95572 

04 

0.513 

0.53867 

60756 

57 

0.47399 

34396 

20 

0.563 

0.59801 

12842 

95 

0.51276 

92011 

19 

0.514 

0.53984 

14552 

69 

0.47478 

47777 

82 

0.564 

0.59922 

17681 

37 

0.51352 

81958 

22 

0.515 

0.54100 

76492 

49 

0.47557 

54727 

17 

0.565 

0.60043 

32535 

81 

0.51428 

65412 

69 

0.516 

0.54217 

46608 

96 

0.47636 

55242 

22 

0.566 

0.60164 

57448 

99 

0.51504 

42374 

25 

0.517 

0.54334 

24935 

25 

0.47715 

49320 

97 

0.567 

0.60285 

92463 

89 

0.51580 

12842 

52 

0.518 

0.54451 

11504 

67 

0.47794 

36961 

45 

0.568 

0.  60407 

37623 

71 

0.51655 

76817 

18 

0.519 

0.54568 

06350 

69 

0.47873 

18161 

73 

0.569 

0.60528 

92971 

89 

0.51731 

34297 

96 

0.520 

0.54685 

09506 

96 

0.47951 

92919 

93 

0.570 

0.60650 

58552 

13 

0.51806 

85284 

57 

0.521 

0.  54802 

21007 

28 

0.48030 

61234 

17 

0.571 

0.60772 

34408 

36 

0.51882 

29776 

79 

0.522 

0.54919 

40885 

61 

0.48109 

23102 

64 

0.572 

0.60894 

20584 

75 

0.51957 

67774 

41 

0.523 

0.55036 

69176 

11 

0.48187 

78523 

54 

0.573 

0.61016 

17125 

74 

0.52032 

99277 

27 

0.524 

0.55154 

05913 

07 

0.48266 

27495 

12 

0.574 

0.61138 

24076 

01 

0.52108 

24285 

22 

0.525 

0.55271 

51130 

97 

0.  48344 

70015 

67 

0.575 

0.61260 

41480 

49 

0.52183 

42798 

14 

0.526 

0.55389 

04864 

46 

0.48423 

06083 

50 

0.576 

0.61382 

69384 

37 

0.52258 

54815 

96 

0.527 

0.55506 

67148 

37 

0.48501 

35696 

94 

0.577 

0.61505 

07833 

09 

0.52333 

60338 

62 

0.528 

0.55624 

38017 

69 

0.48579 

58854 

40 

0.578 

0.61627 

56872 

37 

0.52408 

59366 

09 

0.529 

0.55742 

17507 

59 

0.48657 

75554 

29 

0.579 

0.61750 

16548 

17 

0.  52483 

51898 

38 

0.530 

0.55860 

05653 

43 

0.48735 

85795 

05 

0.580 

0. 61872 

86906 

72 

0.52558 

37935 

52 

0.531 

0.55978 

02490 

72 

0.48813 

89575 

18 

0.581 

0.61995 

67994 

52 

0.52633 

17477 

57 

0.532 

0.56096 

08055 

18 

0.48891 

86893 

19 

0.582 

0.62118 

59858 

34 

0.52707 

90524 

63 

0.533 

0.56214 

22382 

69 

0.48969 

77747 

65 

0.583 

0.  62241 

62545 

21 

0.52782 

57076 

82 

0.534 

0.56332 

45509 

33 

0.49047 

62137 

12 

0.584 

0.  62364 

76102 

44 

0.52857 

17134 

28 

0.535 

0.56450 

77471 

34 

0.49125 

40060 

25 

0.585 

0.62488 

00577 

61 

0.52931 

70697 

19. 

0.536 

0.56569 

18305 

17 

0.49203 

11515 

68 

0.586 

0.62611 

36018 

60 

0.53006 

17765 

76 

0.537 

0.56687 

68047 

44 

0.49280 

76502 

10 

0.587 

0.62734 

82473 

54 

0.53080 

58340 

23 

0.538 

0.56806 

26734 

97 

0.49358 

35018 

23 

0.588 

0.  62858 

39990 

87 

0.53154 

92420 

86 

0.539 

0.56924 

94404 

76 

0.49435 

87062 

83 

0.589 

0.  62982 

08619 

28 

0.53229 

20007 

93 

0.540 

0.57043 

71094 

00 

0.49513 

32634 

68 

0.590 

0.63105 

88407 

78 

0.53303 

41101 

77 

0.541 

0.57162 

56840 

08 

0.49590 

71732 

62 

0.591 

0.63229 

79405 

66 

0.53377 

55702 

73 

0.542 

0.57281 

51680 

58 

0.49668 

04355 

48 

0.592 

0.63353 

81662 

50 

0.53451 

63811 

18 

0.543 

0.57400 

55653 

28 

0.49745 

30502 

17 

0.593 

0.  63477 

95228 

17 

0.53525 

65427 

53 

0.544 

0.57519 

68796 

15 

0.49822 

50171 

59 

0.594 

0.63602 

20152 

84 

0.  53599 

60552 

20 

0.545 

0.57638 

91147 

36 

0.49899 

63362 

71 

0.595 

0.63726 

56487 

00 

0.  53673 

49185 

66 

0.546 

0.57758 

22745 

29 

0.49976 

70074 

50 

0.596 

0.63851 

04281 

42 

0.53747 

31328 

39 

0.547 

0.57877 

63628 

51 

0.50053 

70305 

98 

0.597 

0.63975 

63587 

17 

0.53821 

06980 

90 

0.548 

0.57997 

13835 

79 

0.50130 

64056 

22 

0.598 

0.64100 

34455 

66 

0.53894 

76143 

74 

0.549 

0.58116 

73406 

12 

0.50207 

51324 

28 

0.599 

0.64225 

16938 

57 

0.53968 

38817 

48 

0.550 

0.58236 

42378 

69 

0.50284 

32109 

28 

0.600 

0. 64350 

11087 

93 

0. 54041 

95002 

71 
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INVERSE  CI 

RCLLi 

iR  ! 

5INES  AND  TANGENTS 

Table  4.14 

X 

arcsin  x 

arctan  x 

X 

arcsin  x 

arctan  x 

0.600 

0.64350 

11087 

93 

0.54041 

95002 

71 

0.650 

0.70758 

44367 

25 

0.57637 

52205 

91 

0.601 

0.64475 

16956 

07 

0.54115 

44700 

04 

0.651 

0.70890 

10818 

82 

0.57707 

78870 

95 

0.602 

0. 64600 

34595 

63 

0.54188 

87910 

15 

0.652 

0.71021 

92154 

53 

0.57777 

99113 

37 

0.603 

0.64725 

64059 

60 

0.54262 

24633 

69 

0.653 

0.71153 

88447 

93 

0.  57848 

12935 

07 

0.604 

0. 64851 

05401 

26 

0.  54335 

54871 

37 

0.654 

0.71285 

99773 

14 

0.57918 

20337 

94 

0.605 

0.64976 

58674 

24 

0.  54408 

78623 

92 

0.655 

0.71418 

26204 

76 

0.57988 

21323 

94 

0.606 

0.65102 

23932 

51 

0.54481 

95892 

10 

0.656 

0.71550 

67817 

97 

0.58058 

15895 

01 

0.607 

0.65228 

01230 

34 

0.54555 

06676 

70 

0.657 

0.71683 

24688 

45 

0.58128 

04053 

13 

0.608 

0.65353 

90622 

38 

0.54628 

10978 

51 

0.658 

0.71815 

96892 

45 

0.58197 

85800 

31 

0.609 

0.65479 

92163 

58 

0.54701 

08798 

38 

0.659 

0.71948 

84506 

75 

0.58267 

61138 

57 

0.610 

0.  65606 

05909 

25 

0.54774 

00137 

16 

0.660 

0.72081 

87608 

70 

0.58337 

30069 

94 

0.611 

0.65732 

31915 

05 

0.54846 

84995 

75 

0.661 

0.72215 

06276 

21 

0.58406 

92596 

49 

0.612 

0.65858 

70237 

00 

0.54919 

63375 

05 

0.662 

0.72348 

40587 

76 

0.58476 

48720 

31 

0.613 

0.65985 

20931 

44 

0.54992 

35276 

01 

0.663 

0.72481 

90622 

40 

0.  58545 

98443 

49 

0.614 

0.66111 

84055 

09 

0.55065 

00699 

59 

0.664 

0.72615 

56459 

74 

0.58615 

41768 

17 

0.615 

0.  66238 

59665 

02 

0.55137 

59646 

79 

0.665 

0.72749 

38180 

01 

0.58684 

78696 

50 

0.616 

0.66365 

47818 

67 

0.55210 

12118 

61 

0.666 

0.72883 

35864 

02 

0.58754 

09230 

63 

0.617 

0.  66492 

48573 

84 

0.55282 

58116 

10 

0.667 

0.73017 

49593 

16 

0.58823 

33372 

77 

0.618 

0.66619 

61988 

69 

0.55354 

97640 

33 

0.668 

0.73151 

79449 

44 

0.  58892 

51125 

11 

0.619 

0.  66746 

88121 

78 

0.55427 

30692 

38 

0.669 

0.73286 

25515 

49 

0.58961 

62489 

89 

0.620 

0.  66874 

27032 

02 

0.55499 

57273 

39 

0.670 

0.73420 

87874 

53 

0.59030 

67469 

35 

0.621 

0.67001 

78778 

71 

0.55571 

77384 

48 

0.671 

0.73555 

66610 

44 

0.59099 

66065 

77 

0.622 

0.67129 

43421 

53 

0.55643 

91026 

82 

0.672 

0.73690 

61807 

69 

0.59168 

58281 

44 

0.623 

0.67257 

21020 

54 

0.55715 

98201 

62 

0.673 

0.73825 

73551 

41 

0.  59237 

44118 

66 

0.624 

0.  67385 

11636 

20 

0.55787 

98910 

07 

0.674 

0.73961 

01927 

39 

0.59306 

23579 

77 

0.625 

0.67513 

15329 

37 

0.55859 

93153 

44 

0.675 

0.74096 

47022 

03 

0.  59374 

96667 

11 

0.626 

0.67641 

32161 

29 

0.55931 

80932 

97 

0.676 

0.74232 

08922 

43 

0. 59443 

63383 

05 

0.627 

0.67769 

62193 

62 

0.56003 

62249 

97 

0.677 

0.74367 

87716 

32 

0.59512 

23729 

99 

0.628 

0.  67898 

05488 

41 

0.56075 

37105 

74 

0.678 

0.74503 

83492 

13 

0.  59580 

77710 

32 

0.629 

0.  68026 

62108 

12 

0.56147 

05501 

63 

0.679 

0.74639 

96338 

96 

0.59649 

25326 

49 

0.630 

0.68155 

32115 

63 

0.56218 

67439 

00 

0.680 

0.74776 

26346 

60 

0.59717 

66580 

93 

0.631 

0.68284 

15574 

24 

0.56290 

22919 

24 

0.681 

0.74912 

73605 

52 

0.59786 

01476 

11 

0.632 

0.68413 

12547 

66 

0.56361 

71943 

75 

0.682 

0.75049 

38206 

91 

0.59854 

30014 

52 

0.633 

0. 68542 

23100 

04 

0.56433 

14513 

97 

0.683 

0.75186 

20242 

68 

0.  59922 

52198 

66 

0.634 

0.68671 

47295 

93 

0.56504 

50631 

37 

0.684 

0.75323 

19805 

42 

0.59990 

68031 

06 

0.635 

0.68800 

85200 

35 

0.56575 

80297 

42 

0.685 

0.75460 

36988 

49 

0. 60058 

77514 

26 

0.636 

0.  68930 

36878 

74 

0.56647 

03513 

63 

0.686 

0.75597 

71885 

95 

0.60126 

80650 

81 

0.637 

0.69060 

02396 

97 

0.56718 

20281 

53 

0.687 

0.75735 

24592 

63 

0.60194 

77443 

31 

0.638 

0.69189 

81821 

37 

0.56789 

30602 

67 

0.688 

0,75872 

95204 

10 

0.60262 

67894 

35 

0.639 

0.69319 

75218 

73 

0.56860 

34478 

63 

0.689 

0.76010 

83816 

68 

0.  60330 

52006 

54 

0.640 

0. 69449 

82656 

27 

0.56931 

31911 

01 

0.690 

0.76148 

90527 

48 

0. 60398 

29782 

53 

0.641 

0.  69580 

04201 

68 

0.57002 

22901 

42 

0.691 

0.76287 

15434 

36 

0.  60466 

01224 

96 

0.642 

0.69710 

39923 

13 

0.57073 

07451 

52 

0.692 

0.76425 

58636 

00 

0.60533 

66336 

52 

0.643 

0.  69840 

89889 

23 

0.57143 

85562 

98 

0.693 

0.76564 

20231 

84 

0.60601 

25119 

88 

0.644 

0.69971 

54169 

09 

0.57214 

57237 

47 

0.694 

0.76703 

00322 

15 

0.60668 

77577 

76 

0.645 

0.70102 

32832 

27 

0.  57285 

22476 

73 

0.695 

0. 76841 

99008 

00 

0.60736 

23712 

89 

0.646 

0.70233 

25948 

84 

0.57355 

81282 

48 

0.696 

0.76981 

16391 

29 

0.60803 

63528 

01 

0.647 

0.70364 

33589 

34 

0.57426 

33656 

48 

0.697 

0.77120 

52574 

75 

0.60870 

97025 

88 

0.648 

0.70495 

55824 

80 

0.57496 

79600 

51 

0.698 

0.77260 

07661 

95 

0.60938 

24209 

28 

0.649 

0.70626 

92726 

76 

0.57567 

19116 

38 

0.699 

0.77399 

81757 

30 

0.61005 

45081 

01 

0.650 

0.70758 

44367 

25 

0.57637 

52205 

91 

0.700 

0.77539 

74966 

11 

0.61072 

59643 

89 
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Table  4.14 

IW 

^'ERSE  CI 

RCUL^ 

IR  J 

»INES  ANI 

>  TANGEI 

VTS 

X 

arcsin  x 

arctan  x 

X 

arcsin  x 

arctan  x 

0.700 

0.77539 

74966 

11 

0.61072 

59643 

89 

0.750 

0.  84806 

20789 

81 

0.64350 

11087 

93 

0.701 

0.77679 

87394 

52 

0.61139 

67900 

75 

0.751 

0. 84957 

52355 

56 

0. 64414 

08016 

53 

0.702 

0.77820 

19149 

57 

0.61206 

69854 

44 

0.752 

0.85109 

10007 

70 

0. 64477 

98804 

75 

0.703 

0.77960 

70339 

20 

0.61273 

65507 

83 

0.753 

0.85260 

93916 

63 

0. 64541 

83456 

20 

0.704 

0.78101 

41072 

23 

0.61340 

54863 

79 

0.754 

0.85413 

04254 

45 

0. 64605 

61974 

52 

0.705 

0.78242 

31458 

43 

0.61407 

37925 

25 

0.755 

0. 85565 

41195 

04 

0. 64669 

34363 

37 

0.706 

0.78383 

41608 

47 

0.61474 

14695 

10 

0.756 

0.85718 

04914 

02 

0.64733 

00626 

40 

0.707 

0.78524 

71633 

95 

0.61540 

85176 

29 

0.757 

0.85870 

95588 

84 

0.64796 

60767 

30 

0.708 

0.78666 

21647 

44 

0.61607 

49371 

78 

0.758 

0.86024 

13398 

74 

0. 64860 

14789 

75 

0.709 

0.78807 

91762 

45 

0.61674 

07284 

52 

0.759 

0.86177 

58524 

85 

0.64923 

62697 

45 

0.710 

0.78949 

82093 

46 

0.61740 

58917 

52 

0.760 

0.86331 

31150 

16 

0.64987 

04494 

12 

0.711 

0.79091 

92755 

96 

0.  61807 

04273 

76 

0.761 

0. 86485 

31459 

55 

0.65050 

40183 

48 

0.712 

0.79234 

23866 

39 

0.61873 

43356 

27 

0.762 

0. 86639 

59639 

86 

0.65113 

69769 

28 

0.713 

0.79376 

75542 

24 

0.61939 

76168 

09 

0.763 

0. 86794 

15879 

89 

0.65176 

93255 

25 

0.714 

0.79519 

47901 

99 

0.62006 

02712 

26 

0.764 

0.  86949 

00370 

42 

0.65240 

10645 

18 

0.715 

0.79662 

41065 

16 

0.62072 

22991 

86 

0.765 

0.87104 

13304 

26 

0.65303 

21942 

83 

0.716 

0.79805 

55152 

32 

0.62138 

37009 

97 

0.766 

0.87259 

54876 

26 

0.  65366 

27151 

99 

0.717 

0.79948 

90285 

08 

0.62204 

44769 

70 

0.767 

0.  87415 

25283 

38 

0.  65429 

26276 

46 

0.718 

0.80092 

46586 

13 

0.62270 

46274 

14 

0.768 

0.87571 

24724 

65 

0.  65492 

19320 

05 

0.719 

0.80236 

24179 

26 

0.62336 

41526 

45 

0.769 

0.87727 

53401 

29 

0.65555 

06286 

59 

0.720 

0.80380 

23189 

33 

0.62402 

30529 

77 

0.770 

0.87884 

11516 

69 

0.65617 

87179 

91 

0.721 

0.80524 

43742 

33 

0.62468 

13287 

26 

0.771 

0.88040 

99276 

42 

0.65680 

62003 

87 

0.722 

0.80668 

85965 

35 

0.62533 

89802 

10 

0.772 

0.88198 

16888 

33 

0. 65743 

30762 

31 

0.723 

0.80813 

49986 

66 

0.  62599 

60077 

48 

0.773 

0.88355 

64562 

55 

0.65805 

93459 

11 

0.724 

0.80958 

35935 

64 

0.62665 

24116 

63 

0.774 

0.88513 

42511 

51 

0.65868 

50098 

15 

0.725 

0.81103 

43942 

88 

0.62730 

81922 

76 

0.775 

0.  88671 

50950 

00 

0.65931 

00683 

33 

0.726 

0.81248 

74140 

11 

0.62796 

33499 

11 

0.776 

0.88829 

90095 

19 

0.65993 

45218 

55 

0.727 

0.81394 

26660 

28 

0.62861 

78848 

95 

0.777 

0.88988 

60166 

70 

0.66055 

83707 

72 

0.728 

0.81540 

01637 

58 

0.62927 

17975 

54 

0.778 

0.89147 

61386 

58 

0.66118 

16154 

79 

0.729 

0.  81685 

99207 

37 

0.62992 

50882 

17 

0.779 

0.  89306 

93979 

43 

0.66180 

42563 

67 

0.730 

0.81832 

19506 

32 

0. 63057 

77572 

15 

0.780 

0.  89466 

58172 

34 

0.  66242 

62938 

33 

0.731 

0.81978 

62672 

31 

0.63122 

98048 

79 

0.781 

0.89626 

54195 

03 

0.66304 

77282 

73 

0.732 

0.82125 

28844 

52 

0.63188 

12315 

41 

0.782 

0.89786 

82279 

83 

0.  66366 

85600 

83 

0.733 

0.82272 

18163 

44 

0.63253 

20375 

38 

0.783 

0. 89947 

42661 

72 

0.  66428 

87896 

62 

0.734 

0.82419 

30770 

85 

0.63318 

22232 

04 

0.784 

0.90108 

35578 

41 

0.  66490 

84174 

09 

0.735 

0.82566 

66809 

86 

0.63383 

17888 

78 

0.785 

0.90269 

61270 

38 

0. 66552 

74437 

26 

0.736 

0.82714 

26424 

94 

0.63448 

07348 

99 

0.786 

0.90431 

19980 

87 

0.66614 

58690 

12 

0.737 

0.82862 

09761 

92 

0.63512 

90616 

06 

0.787 

0.90593 

11956 

01 

0.66676 

36936 

71 

0.738 

0.83010 

16968 

01 

0.63577 

67693 

42 

0.788 

0.90755 

37444 

80 

0.66738 

09181 

07 

0.739 

0.83158 

48191 

83 

0.63642 

38584 

50 

0.789 

0.90917 

96699 

17 

0. 66799 

75427 

24 

0.740 

0.83307 

03583 

42 

0.63707 

03292 

76 

0.790 

0.91080 

89974 

07 

0.66861 

35679 

28 

0.741 

0.83455 

83294 

24 

0.63771 

61821 

64 

0.791 

0.91244 

17527 

48 

0.66922 

89941 

25 

0.742 

0.83604 

87477 

24 

0.  63836 

14174 

63 

0.792 

0.91407 

79620 

46 

0.66984 

38217 

24 

0.743 

0.83754 

16286 

83 

0.63900 

60355 

21 

0.793 

0.91571 

76517 

23 

0.67045 

80511 

32 

0.744 

0.83903 

69878 

93 

0.63965 

00366 

89 

0.794 

0.91736 

08485 

19 

0.67107 

16827 

61 

0.745 

0.84053 

48410 

98 

0.64029 

34213 

19 

0.795 

0.91900 

75795 

02 

0.67168 

47170 

20 

0.746 

0.84203 

52041 

95 

0.  64093 

61897 

63 

0.796 

0.92065 

78720 

67 

0.67229 

71543 

22 

0.747 

0.84353 

80932 

39 

0.64157 

83423 

76 

0.797 

0.92231 

17539 

49 

0.67290 

89950 

79 

0.748 

0.84504 

35244 

42 

0.64221 

98795 

14 

0.798 

0.92396 

92532 

24 

0.67352 

02397 

05 

0.749 

0.84655 

15141 

77 

0.64286 

08015 

33 

0.799 

0.92563 

03983 

15 

0.67413 

08886 

15 

0.750 

0.84806 

20789 

81 

0.64350 

11087 

93 

0.800 

0. 92729 

52180 

02 

0.67474 

09422 

24 

'(- 

-7)3" 
5 

'(- 

-8)8" 
4 

"(- 
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5 

'(- 
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4 
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Table  4.14 


X  arcsin  x 

0.800  0.92729  52180  02 

0.801  0.92896  37414  22 

0.802  0.93063  59980  83 

0.803  0.93231  20178  64 

0.804  0.93399  18310  25 

0.805  0.93567  54682  12 

0.806  0.93736  29604  66 

0.807  0.93905  43392  28 

0.808  0.94074  96363  49 

0.809  0.94244  88840  95 

0.810  0.94415  21151  54 

0.811  0.94585  93626  48 

0.812  0.94757  06601  38 

0.813  0.94928  60416  29 

0.814  0.95100  55415  87 

0.815  0.95272  91949  40 

0.816  0.95445  70370  88 

0.817  0.95618  91039  18 

0.818  0.95792  54318  04 

0,819  0.95966  60576  23 

0.820  0.96141  10187  64 

0.821  0.96316  03531  36 

0.822  0.96491  40991  79 

0.823  0.96667  22958  76 

0.824  0.96843  49827  60 

0.825  0.97020  21999  29 

0.826  0.97197  39880  56 

0.827  0.97375  03884  00 

0.828  0.97553  14428  17 

0.829  0.97731  71937  77 

0.830  0.97910  76843  68 

0.831  0.98090  29583  19 

0.832  0.98270  30600  05 

0.833  0.98450  80344  64 

0.834  0.98631  79274  13 

0.835  0.98813  27852  56 

0.836  0.98995  26551  06 

0.837  0.99177  75847  95 

0.838  0.99360  76228  94 

0.839  0.99544  28187  22 

0.840  0.99728  32223  72 

0.841  0.99912  88847  18 

0.842  1.00097  98574  39 

0.843  1.00283  61930  35 

0.844  1.00469  79448  46 

0.845  1.00656  51670  67 

0.846  1.  00843  79147  75 

0.847  1.01031  62439  41 

0.848  1.01220  02114  56 

0.849  1.01408  98751  50 

0.850  1.01598  52938  15 


arctan  i 

0.67474  09422  24 
0.67535  04009  49 
0.67595  92652  08 
0.67656  75354  19 
0.67717  52120  01 

0.67778  22953  77 
0.67838  87859  65 
0.67899  46841  90 
0.67959  99904  74 
0.68020  47052  41 

0.68080  88289  16 
0.68141  23619  25 
0.68201  53046  96 
0.68261  76576  55 
0.68321  94212  31 

0.68382  05958  54 
0.68442  11819  54 
0.68502  11799  62 
0.68562  05903  10 
0.68621  94134  31 

0.68681  76497  59 
0.68741  52997  28 
0. 68801  23637  73 
0.68860  88423  31 
0.68920  47358  39 

0.68980  00447  34 
0.69039  47694  55 
0.69098  89104  41 
0.  69158  24681  33 
0.69217  54429  71 

0.69276  78353  97 

0.69335  96458  54 

0.69395  08747  85 

0.69454  15226  33 

0.69513  15898  44 

0.69572  10768  63 

0.69630  99841  36 

0.69689  83121  11 

0.69748  60612  34 

0.69807  32319  55 

0.69865  98247  21 

0.69924  58399  85 

0.69983  12781  94 

0.70041  61398  02 

0.70100  04252  59 

0.70158  41350  19 

0.70216  72695  35 

0.70274  98292  60 

0.70333  18146  49 

0.70391  32261  58 

0.70449  40642  42 


X  arcsin  i 

0.850  1.01598  52938  15 

0.851  1,01788  65272  25 

0.852  1.01979  36361  62 

0.853  1.02170  66824  41 

0.854  1.02362  57289  29 

0.855  1.02555  08395  76 

0.856  1.02748  20794  40 

0.857  1.02941  95147  10 

0.858  1.03136  32127  41 

0.859  1.03331  32420  77 

0.860  1.03526  96724  81 

0.861  1.03723  25749  68 

0.862  1.03920  20218  39 

0.863  1.04117  80867  05 

0.864  1.04316  08445  30 

0.865  1.04515  03716  61 

0.866  1.04714  67458  63 

0.867  1.04915  00463  62 

0.868  1.05116  03538  76 

0.869  1.05317  77506  61 

0.870  1.05520  23205  49 

0.871  1.05723  41489  91 

0.872  1.05927  33231  01 

0.873  1.  06131  99317  03 

0.874  1.06337  40653  78 

0.875  1.06543  58165  11 

0.876  1.06750  52793  43 

0.877  1.06958  25500  24 

0.878  1.07166  77266  67 

0.879  1.07376  09094  07 

0.880  1.  07586  22004  54 

0.881  1,07797  17041  59 

0.882  1.08008  95270  75 

0.883  1.08221  57780  22 

0.884  1.08435  05681  59 

0.885  1.08649  40110  49 

0.886  1.08864  62227  36 

0.887  1.  09080  73218  22 

0.888  1.09297  74295  43 

0.889  1.09515  66698  56 

0.890  1.09734  51695  23 

0,891  1.09954  30581  99 

0.892  1,10175  04685  30 

0.893  1.10396  75362  43 

0.894  1.10619  44002  56 

0.895  1.10843  12027  75 

0.896  1.11067  80894  12 

0.897  1.11293  52092  94 

0.898  1.11520  27151  85 

0.899  1.  11748  07636  13 

0,900  1.11976  95149  99 


arctan  x 

0. 70449  40642  42 
0.70507  43293  58 
0.70565  40219  63 
0.70623  31425  16 
0.70681  16914  73 

0.70738  96692  96 
0.70796  70764  42 
0.70854  39133  73 
0.70912  01805  50 
0.70969  58784  34 

0.71027  10074  87 
0.71084  55681  72 
0.71141  95609  52 
0.71199  29862  92 
0.71256  58446  55 

0.71313  81365  07 
0.71370  98623  14 
0.71428  10225  41 
0.71485  16176  56 
0.71542  16481  25 

0.71599  11144  16 
0.71656  00169  99 
0.71712  83563  41 
0.71769  61329  12 
0.71826  33471  82 

0.71882  99996  22 

0.71939  60907  02 

0.71996  16208  94 

0.72052  65906  70 

0.72109  10005  03 

0.72165  48508  65 

0.72221  81422  30 

0.72278  08750  71 

0.72334  30498  64 

0.72390  46670  83 

0.72446  57272  04 

0.72502  62307  01 

0.72558  61780  53 

0.72614  55697  34 

0.72670  44062  23 

0.72726  26879  97 

0.72782  04155  34 

0.72837  75893  12 

0.72893  42098  11 

0.72949  02775  09 

0.73004  57928  87 

0.73060  07564  24 

0.73115  51686  02 

0.73170  90299  00 

0.73226  23408  01 

0.73281  51017  87 


=  1.57079  632t)7  95 
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Table  1. 1 4 


INVERSE  CIRCILAR  SINES  AND  TANGENTS 


0.900 
0.901 
0.902 
0.903 
0.904 

arcsin  ./ 
11976  95149 
12206  91337 
12437  97886 
12670  16524 
12903  49026 

99 
93 
21 
29 
45 

arctan  j 
0.73281  51017 
0.73336  73133 
0.73391  89759 
0.73447  00900 
0.73502  06562 

87 
38 
38 
70 
16 

0. 

0. 
0. 
0. 
0. 

950 
951 
952 
953 
954 

arcsin  i 
Ib^ll   58975 
25645  42223 
25970  47250 
26298  84259 
26630  64000 

03 
06 
03 
28 
67 

arctan  j 
0.75976  27548 
0.76028  81166 
0.76081  29540 
0.76133  72674 
0.76186  10574 

76 
70 
28 
43 
14 

00421  42513 
00412  90197 
00404  38274 
00395  86742 
00387  35601 

02 
55 
04 
15 
52 

0.905 
0.906 
0.907 
0.908 
0.909 

}• 

13137 
13373 
13610 
13848 
14087 

97213 
62953 
48166 
54823 
84946 

39 
96 
99 
12 
83 

0.73557 
0.73612 
0.  73666 
0.73721 
0.73776 

06748 
01464 
90715 
74506 
52841 

62 
89 
84 
30 
13 

0, 
0. 
0. 
0. 
0. 

955 
956 
957 
958 
959 

26965 
27304 
27647 
27994 
28345 

97812 
97667 
76222 
46878 
23838 

42 

20 
92 
88 
00 

0.76238 
0.76290 
0,76342 
0.  76395 
0.  76447 

43244 
70690 
92916 
09927 
21729 

37 
08 
23 
81 
78 

00378 
00370 
00361 
00353 
00344 

84851 
34492 
84523 
34944 
85754 

78 

58 
57 
39 
69 

0.910 
0.911 
0.912 
0.913 
0.914 

1. 

14328 
14570 
14813 
15057 
15303 

40618 
23976 
37219 
82610 
62474 

50 
58 
91 
10 
12 

0. 73831 
0. 73885 
0.73940 
0.73995 
0.74049 

25725 
93163 
55160 
11721 
62850 

17 
30 
36 
22 
76 

0. 
0, 
0. 
0. 
0. 

960 
961 
962 
963 
964 

28700 
29059 
29423 
29792 
30165 

22175 

57917 
48124 
10987 
65939 

87 

69 
14 
43 
20 

0.  76499 
0.76551 
0.76603 
0.  76655 
0.76707 

28327 
29724 
25927 
16941 
02769 

11 

78 
75 
02 
55 

00336 
00327 
00319 
00310 
00302 

36954 
88542 
40518 
92883 
45635 

10 
28 

88 
53 
89 

0.915 
0.916 
0.917 
0.918 
0.919 

1. 

15550 
15799 
16049 
16300 
16553 

79206 
35274 
33215 

75647 
65266 

90 
19 
50 
25 
04 

0.74104 
0.74158 
0.74212 
0.74267 
0.74321 

08553 
48835 
83700 
13153 
37199 

83 
32 
10 
04 
05 

0. 
0. 
0. 
0. 
0. 

965 
966 
967 
968 
969 

30544 
30928 
31317 
31713 
32115 

33771 
36776 
98896 
45907 
05615 

97 
35 
52 

19 
54 

0. 76758 
0. 76810 
0. 76862 
0.76913 
0. 76965 

83418 
58892 
29196 
94335 
54315 

33 
33 
53 
92 
49 

1- 

00293 
00285 
00277 
00268 
00260 

98775 
52302 
06215 
60515 
15201 

61 
33 
71 
39 
02 

0.920 
0.921 
0.922 
0.923 
0.924 

1; 

16808 
17063 
17321 
17580 
17841 

04852 
97273 
45487 
52550 
21615 

14 
16 
95 
71 
31 

0.74375 
0.74429 
0.  74483 
0.74537 
0.74591 

55842 
69089 
76944 
79411 
76495 

99 
76 
25 
35 
97 

0. 
0. 
0. 
0. 
0. 

970 
971 
972 
973 
974 

32523 
32937 
33359 
33789 
34226 

08092 
85940 
74601 
12711 
42528 

80 
93 
02 
79 
47 

0.77017 
0.77068 
0.77120 
0.77171 
0.77222 

09140 
58815 
03345 
42735 
76990 

20 
06 
05 
14 
34 

1- 

00251 
00243 
00234 
00226 
00217 

70272 
25728 
81570 
37796 
94406 

25 

74 
13 
07 
23 

0.925 
0.926 
0.927 
0.928 
0.929 

L 

18103 
18367 
18633 
18900 
19170 

55939 
58892 
33953 
84725 
14936 

97 
09 
44 
71 
35 

0.74645 
0.74699 
0.74753 
0.74807 
0. 74860 

68203 

54537 
35503 
11107 
81353 

00 
35 
92 
62 
36 

0. 
0. 

0. 
0. 
0. 

975 
976 
977 
978 
979 

34672 
35126 
35590 
36064 
36549 

10414 
67425 
69996 
80777 
69629 

93 

45 
85 
70 
42 

0. 77274 
0.77325 
0.77376 
0.77427 
0.77478 

06115 
30116 
48996 
62761 
71417 

63 
01 

45 
95 
51 

1- 

00209 
00201 
00192 
00184 
00175 

51400 
08777 
66538 
24682 
83208 

25 
78 
49 
01 
02 

0.930 
0.931 
0.932 
0.933 
0.934 

J- 

19441 
19714 
19989 
20266 
20544 

28444 
29249 
21492 
09472 
97647 

77 

00 
75 
92 
69 

0.  74914 
0.74968 
0.75021 
0.75075 
0.75128 

46246 
05790 
59991 
08855 
52384 

06 
63 
99 
06 
76 

0. 
0. 
0. 
0. 
0. 

980 
981 
982 

983 
984 

37046 
37555 
38077 
38614 
39167 

14844 
04644 
39033 
32129 
15119 

72 
29 
32 
70 
16 

0.77529 
0.  77580 
0.77631 
0.77682 
0.77733 

74968 
73418 
66774 
55040 
38220 

12 
77 
45 
17 
91 

1- 

00167 
00159 
00150 
00142 
00133 

42116 
01406 
61077 
21129 
81563 

16 
08 
45 
93 
16 

0.935 
0.936 
0.937 
0.938 
0.939 

1. 

20825 
21108 
21394 
21681 
21971 

90645 
93272 
10524 
47598 
09898 

07 

10 
70 
22 
74 

0.75181 
0.75235 
0.75288 
0.75341 
0.  75394 

90586 
23463 
51022 
73268 
90205 

03 
79 
96 
49 
30 

0. 
0. 
0. 
0. 
0. 

985 
986 
987 
988 
989 

39737 

40326 
40937 
41572 
42233 

40056 

84832 
59766 
16538 
60557 

99 

96 
46 
31 
98 

0. 77784 
0.  77834 
0.77885 
0.77936 
0.77986 

16321 
89347 
57303 
20194 
78024 

67 
44 
23 
04 
85 

j; 

0D125 
00117 
00108 
00100 
00091 

42376 
03570 
65143 
27096 
89428 

80 
52 
98 
82 
72 

0.940 
0.941 
0.942 
0.943 
0.944 

1- 

22263 
22557 
22854 
23153 
23455 

03055 
32932 
05645 
27575 
05382 

22 

59 
81 

05 
02 

0.  75448 
0.75501 
0.75554 
0.75607 
0. 75659 

01838 
08172 
09212 
04964 
95431 

34 
55 
86 
22 
57 

0. 
0. 
0. 
0. 
0. 

990 
991 
992 
993 
994 

42925 
43653 
44422 
45240 
46119 

68534 
14207 
07408 
56012 
69689 

70 
77 
32 
67 
63 

0.78037 
0.78087 
0.78138 
0.78188 
0.78238 

30800 
78526 
21207 
58848 
91453 

67 
49 
32 

15 
98 

1. 

00083 
00075 
00066 
00058 
00050 

52139 
15228 

78695 
42540 
06762 

33 
31 
32 

02 
08 

0.945 
0.946 
0.947 
0.948 
0.949 

}• 

23759 
24066 
24376 
24689 
25004 

46027 
56791 
45292 
19509 
87811 

74 
62 
24 

90 
06 

0.75712 

0.75765 
0.75818 
0.75871 
0.75923 

80619 
60534 
35179 
04559 
68681 

86 
05 
08 
90 
48 

0. 

0. 
0. 
0. 
0. 

995 
996 
997 
998 
999 

47075 
48132 
49331 
50754 
52607 

46131 
37665 
72818 
02279 
12396 

83 

90 
71 
20 
26 

0. 78289 
0.78339 
0. 78389 
0. 78439 
0. 78489 

19029 
41580 
59111 
71627 
79133 

81 

64 
47 
31 
14 

1- 

00041 
00033 
00025 
00016 
00008 

71361 
36336 
01689 
67417 
33520 

15 
91 
01 
11 
89 

0.950       1.25323  58975   03       0.75976  27548  76 

For  arctan  ^,  .>    \  see  Example  22. 

arcsin  r=|-[2(l 


1.000       1.57079   63267  95 


0.78539   81633  97 


1.00000   00000  00 


^)]VW 


1=1.57079  63267  95 
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HYPERBOLIC  FUNCTIONS 

Table  4.15 

T 

sinh 

.r 

cosh  :r 

tanh 

X 

coth  X 

0.00 

0.00000 

0000 

1.00000 

0000 

0.00000 

000 

00 

0.01 

0.01000 

0167 

1.00005 

0000 

0.00999 

967 

100.00333  33 

0.02 

0.02000 

1333 

1.00020 

0007 

0.01999 

733 

50.00666  65 

0.03 

0.03000 

4500 

1.00045 

0034 

0.02999 

100 

33.34333  27 

0.04 

0.04001 

0668 

1.00080 

0107 

0.03997 

868 

25.01333  19 

0.05 

0.05002 

0836 

1.00125 

0260 

0.04995 

838 

20.01666  39 

0.06 

0.06003 

6006 

1.00180 

0540 

0.05992 

810 

16.68666  19 

0.07 

0.07005 

7181 

1.00245 

1001 

0.  06988 

589 

14.30904  00 

0.08 

0.08008 

5361 

1.00320 

1707 

0.07982 

977 

12.52665  53 

0.09 

0.09012 

1549 

1.00405 

2734 

0.08975 

779 

11.14109  49 

0.10 

0.10016 

6750 

1.00500 

4168 

0.09966 

800 

10.03331  11 

0.11 

0.11022 

1968 

1.00605 

6103 

0.10955 

847 

9.12754  62 

0.12 

0.12028 

8207 

1.00720 

8644 

0.11942 

730 

8.37329  50 

0.13 

0.13036 

6476 

1.00846 

1907 

0.12927 

258 

7.73559  23 

0.14 

0.14045 

7782 

1.  00981 

6017 

0.13909 

245 

7. 18946  29 

0.15 

0.15056 

3133 

1.01127 

1110 

0.  14888 

503 

6.71659  18 

0.16 

0.16068 

3541 

1.01282 

7330 

0.15864 

850 

6.30324  25 

0.17 

0.17082 

0017 

1.01448 

4834 

0.16838 

105 

5.93891  07 

0.18 

0.18097 

3576 

1.01624 

3787 

0.17808 

087 

5.61542  64 

0.19 

0,19114 

5232 

1.01810 

4366 

0.  18774 

621 

5.32633  93 

0.20 

0.20133 

6003 

1.02006 

6756 

0.19737 

532 

5.06648  96 

0.21 

0.21154 

6907 

1.02213 

1153 

0.20696 

650 

4.83169  98 

0.22 

0.22177 

8966 

1.02429 

7764 

0.21651 

806 

4.61855  23 

0.23 

0.23203 

3204 

1.02656 

6806 

0.22602 

835 

4.42422  37 

0.24 

0.24231 

0645 

1.02893 

8506 

0.  23549 

575 

4.24636  11 

0.25 

0.25261 

2317 

1.03141 

3100 

0.24491 

866 

4.08298  82 

0.26 

0.26293 

9250 

1.03399 

0836 

0.25429 

553 

3.93243  24 

0.27 

0.27329 

2478 

1.03667 

1973 

0.26362 

484 

3.79326  93 

0.28 

0.28367 

3035 

1.03945 

6777 

0.27290 

508 

3.66427  77 

0.29 

0.29408 

1960 

1.04234 

5528 

0.28213 

481 

3.54440  49 

0.30 

0.30452 

0293 

1.04533 

8514 

0.29131 

261 

3.43273  84 

0.31 

0.31498 

9079 

1.04843 

6035 

0.30043 

710 

3.32848  38 

0.32 

0.32548 

9364 

1.05163 

8401 

0.30950 

692 

3.23094  55 

0.33 

0.33602 

2198 

1.05494 

5931 

0.31852 

078 

3.13951  26 

0.34 

0.34658 

8634 

1.05835 

8957 

0.32747 

740 

3.05364  59 

0.35 

0.35718 

9729 

1.06187 

7819 

0.33637 

554 

2.97286  77 

0.36 

0.36782 

6544 

1.06550 

2870 

0.34521 

403 

2.89675  36 

0.37 

0.37850 

0142 

1.06923 

4473 

0.35399 

171 

2.82492  49 

0.38 

0.38921 

1590 

1.07307 

2999 

0.36270 

747 

2.75704  28 

0.39 

0.39996 

1960 

1.07701 

8834 

0.37136 

023 

2.69280  32 

0.40 

0.41075 

2326 

1.08107 

2372 

0.  37994 

896 

2.63193  24 

0.41 

0.42158 

3767 

1.08523 

4018 

0.38847 

268 

2.57418  36 

0.42 

0.43245 

7368 

1.08950 

4188 

0.39693 

043 

2.51933  32 

0.43 

0.44337 

4214 

1.  09388 

3309 

0.40532 

131 

2.46717  85 

0.44 

0.45433 

5399 

1.  09837 

1820 

0.41364 

444 

2.41753  52 

0.45 

0.46534 

2017 

1.10297 

0169 

0.42189 

901 

2.37023  55 

0.46 

0.47639 

5170 

1.10767 

8815 

0.43008 

421 

2.32512  60 

0.47 

0.48749 

5962 

1.11249 

8231 

0.43819 

932 

2.28206  66 

0.48 

0.49864 

5505 

1.11742 

8897 

0.44624 

361 

2.24092  84 

0.49 

0.50984 

4913 

1.12247 

1307 

0.45421 

643 

2.20159  36 

0.50 

0.52109 

5305 

1.12762 

5965 

0.46211 

716 

2.16395  34 

-(-6)6] 

4 

[(-5 

4 

)!" 

[(-6)9] 

4 

For  coth  r,  r  <  .1  use  4.5.67. 

Compilation  of  tanh  x  and  coth  x  from  National  Bureau  of  Standards,  Table 
of  circular  and  hyperbolic  tangents  and  cotangents  for  radian  arguments,  2d 
printing.     Columbia  Univ.  Press,  New  York,  N.Y.,  1947  (with  permission). 
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ELEMENTARY   TRAXSCEXDEXTAL    FUXCTIONS 


Table  4.1 

5 

HYPERBOLIC 

FUNCTIONS 

X 

sinh  X 

cosh  X 

tanh  X 

cothx 

0.50 

0.52109  5305 

1.12762  5965 

0.46211  716 

2.16395  34 

0.51 

0.53239  7808 

1.13289  3387 

0.46994  520 

2.12790  77 

0.52 

0.54375  3551 

1.13827  4099 

0.47770  001 

2.09336  40 

0.53 

0.55516  3669 

1.14376  8639 

0.48538  109 

2.06023  68 

0.54 

0.56662  9305 

1.14937  7557 

0.49298  797 

2.02844  71 

0.55 

0.57815  1604 

1.15510  1414 

0.50052  021 

1.99792  13 

0.56 

0.58973  1718 

1.16094  0782 

0.50797  743 

1.96859  14 

0.57 

0.60137  0806 

1.16689  6245 

0.51535  928 

1.94039  39 

0.58 

0.61307  0032 

1.17296  8399 

0.52266  543 

1.91326  98 

0.59 

0.62483  0565 

1.17915  7850 

0.52989  561 

1.88716  42 

0.60 

0.63665  3582 

1.18546  5218 

0.53704  957 

1.86202  55 

0.61 

0.64854  0265 

1.19189  1134 

0.54412  710 

1.83780  59 

0.62 

0.66049  1802 

1.19843  6240 

0.55112  803 

1.81446  04 

0.63 

0.67250  9389 

1.20510  1190 

0.55805  222 

1.79194  70 

0.64 

0.68459  4228 

1.21188  6652 

0.56489  955 

1.77022  62 

0.65 

0.69674  7526 

1.21879  3303 

0.57166  997 

1.74926  10 

0.66 

0.70897  0500 

1.22582  1834 

0.57836  341 

1.72901  67 

0.67 

0.72126  4371 

1.23297  2949 

0.58497  988 

1.70946  05 

0.68 

0.73363  0370 

1.24024  7362 

0.59151  940 

1.69056  16 

0.69 

0.74606  9732 

1.24764  5801 

0.59798  200 

1.67229  11 

0.70 

0.75858  3702 

1.25516  9006 

0.  60436  778 

1.65462  16 

0.71 

0.77117  3531 

1.26281  7728 

0.61067  683 

1.63752  73 

0.72 

0.78384  0477 

1.27059  2733 

0.61690  930 

1.62098  38 

0.73 

0.79658  5809 

1.27849  4799 

0.62306  535 

1.60496  81 

0.74 

0.80941  0799 

1.28652  4715 

0.62914  516 

1.58945  83 

0.75 

0.82231  6732 

1.29468  3285 

0.63514  895 

1.57443  38 

0.76 

0.83530  4897 

1.30297  1324 

0.64107  696 

1.55987  51 

0.77 

0.84837  6593 

1.31138  9661 

0.64692  945 

1.54576  36 

0.78 

0.86153  3127 

1.31993  9138 

0.65270  671 

1.53208  17 

0.79 

0.87477  5815 

1.32862  0611 

0.65840  904 

1.51881  27 

0.80 

0.88810  5982 

1.33743  4946 

0.66403  677 

1.50594  07 

0.81 

0.90152  4960 

1.34638  3026 

0.66959  026 

1.49345  06 

0.82 

0.91503  4092 

1.35546  5746 

0.67506  987 

1.48132  81 

0.83 

0.92863  4727 

1.36468  4013 

0.68047  601 

1.46955  95 

0.84 

0.94232  8227 

1.37403  8750 

0.68580  906 

1.45813  18 

0.85 

0.95611  5960 

1.38353  0892 

0.69106  947 

1.44703  25 

0.86 

0.96999  9306 

1.39316  1388 

0.69625  767 

1.43624  99 

0.87 

0.98397  9652 

1.40293  1201 

0.70137  413 

1.42577  26 

0.88 

0.99805  8397 

1.41284  1309 

0.70641  932 

1.41558  98 

0.89 

1.01223  6949 

1.42289  2702 

0.71139  373 

1.40569  13 

0.90 

1.02651  6726 

1.43308  6385 

0.71629  787 

1.39606  73 

0.91 

1.04089  9155 

1.44342  3379 

0.72113  225 

1.38670  82 

0.92 

1.05538  5674 

1.45390  4716 

0.72589  742 

1.37760  51 

0.93 

1.06997  7734 

1.46453  1444 

0.73059  390 

1.36874  95 

0.94 

1.08467  6791 

1.47530  4627 

0.73522  225 

1.36013  29 

0.95 

1.09948  4318 

1.48622  5341 

0.73978  305 

1.35174  76 

0.96 

1.11440  1794 

1.49729  4680 

0.74427  687 

1.34358  60 

0.97 

1.12943  0711 

1.50851  3749 

0.74870  429 

1.33564  08 

0.98 

1.14457  2572 

1.51988  3670 

0.75306  591 

1.32790  50 

0.99 

1.15982  8891 

1.53140  5582 

0.75736  232 

1.32037  20 

1.00 

1.17520  1194 

1.54308  0635 

0.76159  416 

1.31303  53 

■(-5)1" 

■4 

'(-5)2" 
4 

'(-6)9" 

4 

■(-4)2' 
_  5  _ 
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HYP 

'ERBOLIC  FUNCTI 

ONS 

Table  4.15 

X 

sinh 

X 

cosh  X 

tanh 

X 

coth  X 

1.00 

1.17520 

1194 

1.54308  0635 

0.76159 

416 

1.31303  53 

1.01 

1.19069 

1018 

1.55490  9997 

0.76576 

202 

1.30588  87 

1.02 

1.20629 

9912 

1.56689  4852 

0.  76986 

654 

1.29892  64 

1.03 

1.22202 

9437 

1.57903  6398 

0.77390 

834 

1.29214  27 

1.04 

1.23788 

1166 

1.59133  5848 

0.77788 

807 

1.28553  20 

1.05 

1.25385 

6684 

1.60379  4434 

0.78180 

636 

1.27908  91 

1.06 

1.26995 

7589 

1.61641  3400 

0.78566 

386 

1.27280  90 

1.07 

1.28618 

5491 

1.62919  4009 

0.78946 

122 

1.26668  67 

1.08 

1.30254 

2013 

1.64213  7538 

0.79319 

910 

1.26071  75 

1.09 

1.31902 

8789 

1.65524  5283 

0.  79687 

814 

1.25489  70 

1.10 

1.33564 

7470 

1.66851  8554 

0.80049 

902 

1.24922  08 

1.11 

1.35239 

9717 

1.68195  8678 

0.80406 

239 

1.24368  46 

1.12 

1.36928 

7204 

1.69556  6999 

0.80756 

892 

1.23828  44 

1.13 

1.38631 

1622 

1.70934  4878 

0.81101 

926 

1.23301  63 

1.14 

1.40347 

4672 

1.72329  3694 

0.81441 

409 

1,22787  66 

1.15 

1.42077 

8070 

1.73741  4840 

0.81775 

408 

1.22286  15 

1.16 

1.43822 

3548 

1.75170  9728 

0.82103 

988 

1.21796  76 

1.17 

1.45581 

2849 

1.76617  9790 

0.82427 

217 

1.21319  15 

1.18 

1.47354 

7732 

1.78082  6471 

0.82745 

161 

1.20852  99 

1.19 

1.49142 

9972 

1.79565  1236 

0.83057 

887 

1.20397  96 

1.20 

1.50946 

1355 

1.81065  5567 

0.83365 

461 

1.19953  75 

1.21 

1.52764 

3687 

1.82584  0966 

0.83667 

949 

1.19520  08 

1.22 

1.54597 

8783 

1.84120  8950 

0.83965 

418 

1.19096  65 

1.23 

1.56446 

8479 

1.85676  1057 

0.84257 

933 

1.18683  19 

1.24 

1.58311 

4623 

1.87249  8841 

0.84545 

560 

1.18279  42 

1.25 

1.60191 

9080 

1.88842  3877 

0.84828 

364 

1.17885  10 

1.26 

1.62088 

3730 

1.90453  7757 

0.85106 

411 

1.17499  96 

1.27 

1.64001 

0470 

1.92084  2092 

0.85379 

765 

1.17123  77 

1.28 

1.65930 

1213 

1.93733  8513 

0.85648 

492 

1.16756  29 

1.29 

1.67875 

7886 

1.95402  8669 

0.85912 

654 

1.16397  29 

1.30 

1.69838 

2437 

1.97091  4230 

0.86172 

316 

1.16046  55 

1.31 

1.71817 

6828 

1.98799  6884 

0.86427 

541 

1.15703  86 

1.32 

1.73814 

3038 

2.00527  8340 

0.86678 

393 

1.15369  01 

1.33 

1.75828 

3063 

2.02276  0324 

0.86924 

933 

1.15041  79 

1.34 

1.77859 

8918 

2.04044  4587 

0.87167 

225 

1.14722  02 

1.35 

1.79909 

2635 

2.05833  2896 

0.87405 

329 

1.14409  50 

1.36 

1.81976 

6262 

2.07642  7039 

0. 87639 

307 

1.14104  05 

1.37 

1.84062 

1868 

2.09472  8828 

0.87869 

219 

1.13805  50 

1.38 

1.86166 

1537 

2.11324  0090 

0.88095 

127 

1.13513  66 

1.39 

1.88288 

7374 

2.13196  2679 

0.88317 

089 

1.13228  37 

1.40 

1.90430 

1501 

2.15089  8465 

0.  88535 

165 

1.12949  47 

1.41 

1.92590 

6060 

2. 17004  9344 

0.88749 

413 

1.12676  80 

1.42 

1.94770 

3212 

2.18941  7229 

0.88959 

892 

1.12410  21 

1.43 

1.96969 

5135 

2.20900  4057 

0.89166 

660 

1.12149  54 

1.44 

1.99188 

4029 

2.22881  1788 

0.  89369 

773 

1.11894  66 

1.45 

2.01427 

2114 

2.24884  2402 

0.89569 

287 

1.11645  41 

1.46 

2.03686 

1627 

2.26909  7902 

0.89765 

260 

1.11401  67 

1.47 

2.05965 

4828 

2.28958  0313 

0.89957 

745 

1.11163  30 

1.48 

2.08265 

3996 

2.31029  1685 

0.90146 

799 

1.10930  17 

1.49 

2.10586 

1432 

2.33123  4087 

0.90332 

474 

1.10702  16 

1.50 

2.12927 

9455 

2.35240  9615 

0.90514 

825 

1.10479  14 

r(-5 

4 

)3- 

[(-5)3-1 
5 

[(-6)8-1 
4 

"(-5)2- 
4 
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Table 

4.15 

HYPERBOLIC  FUNCTIONS 

X 

sinh . 

r 

cosh  I 

tanh. 

r 

cothi 

1.50 

2.12927 

9455 

2.35240  9615 

0.90514 

825 

1.10479  14 

1.51 

2.15291 

0408 

2.37382  0386 

0.90693 

905 

1.10260  99 

1.52 

2.17675 

6654 

2.39546  8541 

0.90869 

766 

1.10047  60 

1.53 

2.20082 

0577 

2.41735  6245 

0.91042 

459 

1.09838  86 

1.54 

2.22510 

4585 

2.43948  5686 

0.91212 

037 

1.09634  65 

1.55 

2.24961 

1104 

2.46185  9078 

0.91378 

549 

1.09434  87 

1.56 

2.27434 

2587 

2.48447  8658 

0.91542 

046 

1.09239  42 

1.57 

2.29930 

1506 

2.50734  6688 

0.91702 

576 

1.09048  19 

1.58 

2.32449 

0357 

2.53046  5455 

0.91860 

189 

1.08861  09 

1.59 

2. 34991 

1658 

2.55383  7270 

0.92014 

933 

1.08678  01 

1.60 

2.37556 

7953 

2.57746  4471 

0.92166 

855 

1.08498  87 

1.61 

2.40146 

1807 

2.60134  9421 

0.92316 

003 

1.08323  58 

1.62 

2.42759 

5809 

2.62549  4-508 

0.  92462 

422 

1.08152  04 

1.63 

2.45397 

2572 

2.64990  2146 

0.92606 

158 

1.07984  18 

1.64 

2.48059 

4735 

2.67457  4777 

0.92747 

257 

1.07819  90 

1.65 

2.50746 

4959 

2.69951  4868 

0.92885 

762 

1.07659  13 

1.66 

2.53458 

5932 

2.72472  4912 

0.93021 

718 

1.07501  78 

1.67 

2.56196 

0366 

2.75020  7431 

0.93155 

168 

1.07347  77 

1.68 

2.58959 

0998 

2.77596  4974 

0.93286 

155 

1.07197  04 

1.69 

2.61748 

0591 

2.80200  0115 

0.93414 

721 

1.07049  51 

1.70 

2.64563 

1934 

2.82831  5458 

0.93540 

907 

1.06905  10 

1.71 

2.67404 

7843 

2.85491  3635 

0.93664 

754 

1.06763  75 

1.72 

2.70273 

1158 

2.88179  7306 

0.93786 

303 

1.06625  38 

1.73 

2.73168 

4749 

2.90896  9159 

0.93905 

593 

1.06489  93 

1.74 

2.76091 

1511 

2.93643  1912 

0.94022 

664 

1.06357  34 

1.75 

2.79041 

4366 

2.96418  8310 

0.94137 

554 

1.06227  53 

1.76 

2.82019 

6265 

2.99224  1129 

0.94250 

301 

1.06100  46 

1.77 

2.85026 

0186 

3.02059  3175 

0.94360 

942 

1.05976  05 

1.78 

2.88060 

9136 

3.04924  7283 

0.94469 

516 

1.05854  25 

1.79 

2.91124 

6148 

3.07820  6318 

0.94576 

057 

1.05735  01 

1.80 

2.94217 

4288 

3.10747  3176 

0.  94680 

601 

1.05618  26 

1.81 

2.97339 

6648 

3. 13705  0785 

0.94783 

185 

1.05503  95 

1.82 

3.00491 

6349 

3.16694  2100 

0.  94883 

842 

1.05392  02 

1.83 

3.03673 

6545 

3.19715  0113 

0.94982 

608 

1.05282  43 

1.84 

3.  06886 

0417 

3.22767  7844 

0.95079 

514 

1.05175  13 

1.85 

3.10129 

1178 

3.25852  8344 

0.95174 

596 

1.05070  05 

1.86 

3.13403 

2071 

3.28970  4701 

0.95267 

884 

1.04967  17 

1.87 

3.16708 

6369 

3.32121  0031 

0.95359 

412 

1.04866  42 

1.88 

3.20045 

7378 

3. 35304  7484 

0.95449 

211 

1.04767  76 

1.89 

3.23414 

8436 

3.38522  0245 

0.95537 

312 

1.04671  15 

1.90 

3.26816 

2912 

3.41773  1531 

0.95623 

746 

1.04576  53 

1.91 

3.30250 

4206 

3.45058  4593 

0.95708 

542 

1.04483  88 

1.92 

3.33717 

5754 

3.48378  2716 

0.95791 

731 

1.04393  14 

1.93 

3.37218 

1022 

3.51732  9220 

0.95873 

341 

1.04304  28 

1.94 

3.40752 

3510 

3.55122  7460 

0.95953 

401 

1.04217  25 

1.95 

3.44320 

6754 

3.58548  0826 

0.96031 

939 

1.04132  02 

1.96 

3.47923 

4322 

3. 62009  2743 

0.96108 

983 

1.04048  55 

1.97 

3.51560 

9816 

3.65506  6672 

0.96184 

561 

1. 03966  79 

1.98 

3.55233 

6874 

3.69040  6111 

0,96258 

698 

1.03886  72 

1.99 

3.58941 

9168 

3.72611  4594 

0.96331 

422 

1.03808  29 

2.00 

3.62686 

0408 

3.76219  5691 

0.96402 

758 

1.03731  47 

"(-5)4"1 
5 

■(-5)5- 
_  5  _ 

■(-6)4-| 
4 

'(-6)6-] 
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H 

YPERBOLK 

:  FUNC 

ITIONS 

Table  4.15 

X 

sinh 

X 

cosh  : 

c 

tanh 

X 

coth 

I  X 

2.0 

3.62686 

0408 

3.76219 

5691 

0.96402 

75801 

1.03731 

47207 

2.1 

4. 02185 

6742 

4.14431 

3170 

0.97045 

19366 

1.03044 

77350 

2.2 

4.45710 

5171 

4.56790 

8329 

0.97574 

31300 

1.02485 

98932 

2.3 

4.93696 

1806 

5.03722 

0649 

0.98009 

63963 

1.02030 

78022 

2.4 

5.46622 

9214 

5.55694 

7167 

0.98367 

48577 

1. 01659 

60756 

2.5 

6.05020 

4481 

6.13228 

9480 

0.98661 

42982 

1.01356 

73098 

2.6 

6.  69473 

2228 

6.76900 

5807 

0.98902 

74022 

1.01109 

43314 

2.7 

7.40626 

3106 

7.47346 

8619 

0.99100 

74537 

1.00907 

41460 

2.8 

8.19191 

8354 

8.25272 

8417 

0.99263 

15202 

1.00742 

31773 

2.9 

9.05956 

1075 

9.11458 

4295 

0.99396 

31674 

1.00607 

34973 

3.0 

10.01787 

4927 

10.06766 

1996 

0.99505 

47537 

1.00496 

98233 

3.1 

11.07645 

1040 

11.12150 

0242 

0.99594 

93592 

1.00406 

71152 

3.2 

12.24588 

3997 

12.28664 

6201 

0.99668 

23978 

1.00332 

86453 

3.3 

13.53787 

7877 

13.57476 

1044 

0.99728 

29601 

1.00272 

44423 

3.4 

14.96536 

3389 

14.99873 

6659 

0.99777 

49279 

1.00223 

00341 

3.5 

16.54262 

7288 

16.57282 

4671 

0.99817 

78976 

1.00182 

54285 

3.6 

18.28545 

5361 

18.31277 

9083 

0.99850 

79423 

1.00149 

42872 

3.7 

20.21129 

0417 

20.23601 

3943 

0.99877 

82413 

1.00122 

32532 

3.8 

22.33940 

6861 

22.36177 

7633 

0.  99899 

95978 

1.00100 

14040 

3.9 

24.69110 

3597 

24.71134 

5508 

0.99918 

08657 

1.00081 

98059 

4.0 

27.28991 

7197 

27.30823 

2836 

0.99932 

92997 

1.00067 

11504 

4.1 

30.16185 

7461 

30.17843 

0136 

0.  99945 

08437 

1.00054 

94581 

4.2 

33.33566 

7732 

33.35066 

3309 

0.99955 

03665 

1.00044 

98358 

4.3 

36.84311 

2570 

36.85668 

1129 

0.99963 

18562 

1.00036 

82794 

4.4 

40.71929 

5663 

40.73157 

3002 

0.99969 

85793 

1.00030 

15116 

4.5 

45.00301 

1152 

45.01412 

0149 

0.99975 

32108 

1.00024 

68501 

4.6 

49.73713 

1903 

49.74718 

3739 

0.99979 

79416 

1.00020 

20992 

4.7 

54.96903 

8588 

54.97813 

3865 

0.  99983 

45656 

1.00016 

54618 

4.8 

60.75109 

3886 

60.75932 

3633 

0.99986 

45517 

1.00013 

54666 

4.9 

67.14116 

6551 

67.14861 

3134 

0.99988 

91030 

1.00011 

09093 

5.0 

74.20321 

0578 

74.20994 

8525 

0.99990 

92043 

1.00009 

08040 

5.1 

82.00790 

5277 

82.01400 

2023 

0.99992 

56621 

1.00007 

43434 

5.2 

90.63336 

2655 

90.63887 

9220 

0.99993 

91369 

1.00006 

08668 

5.3 

100.16590 

9190 

100.17090 

0784 

0.99995 

01692 

1. 00004 

98333 

5.4 

110.70094 

9812 

110.70546 

6393 

0.99995 

92018 

1.00004 

07998 

5.5 

122.34392 

2746 

122.34800 

9518 

0.99996 

65972 

1.00003 

34040 

5.6 

135.21135 

4781 

135.21505 

2645 

0.99997 

26520 

1.00002 

73488 

5.7 

149.43202 

7501 

149.43537 

3466 

0.99997 

76093 

1.00002 

23912 

5.8 

165.14826 

6177 

165.15129 

3732 

0.99998 

16680 

1.00001 

83323 

5.9 

182.51736 

4210 

182.52010 

3655 

0.99998 

49910 

1.00001 

50092 

6.0 

201.71315 

7370 

201.71563 

6122 

0.99998 

77117 

1.00001 

228 

85 

[(-4)1' 
6 

"(- 

c 

4)2" 
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Table  4.15 


HYPERBOLIC  FUNCTIONS 


6.0 
6.1 
6.2 
6.3 
6.4 

6.5 
6.6 
6.7 
6.8 
6.9 

7.0 
7.1 
7.2 
7.3 
7.4 

7.5 
7.6 
7.7 
7.8 
7.9 


sinh  X 
201.71315  7370 
222.92776  3607 
246.37350  5831 
272.28503  6911 
300.92168  8157 

332.57006  4803 
367.54691  4437 
406.20229  7128 
448.92308  8938 
496. 13685  3910 


548.31612 
605.98312 
669.71500 
740.  14962 
817.99190 

904.02093 

999.09769 

1104.17376 

1220.30078 

1348.64097 


3273 
4694 
8904 
6023 
9372 

0686 
7326 
9530 
3945 
8762 


cosh  X 

201.71563  6122 

222.93000  6475 

246.37553  5262 

272.28687  3215 

300.92334  9715 

332.57156  8242 

367.54827  4805 

406.20352  8040 

448.92420  2713 

496.  13786  1695 

548.31703  5155 

605.98394  9799 

669.71575  5490 

740.15030  1562 

817.99252  0624 

904.02148  3770 

999.09819  7773 

1104.17422  2357 

1220.30119  3680 

1348.64134  9506 


tanh  X 
0.99998  77117 
0.99998  99391 
0.99999  17629 
0.99999  32560 
0.99999  44785 

0.99999  54794 

0.99999  62988 

0.99999  69697 

0.99999  75190 

0.99999  79687 

0.99999  83369 
0.99999  86384 
0.99999  88852 
0.99999  90873 
0.99999  92527 

0.99999  93882 
0.99999  94991 
0.99999  95899 
0.99999  96642 
0.99999  97251 


coth  X 

1.00001  22885 

1.00001  00610 

1.00000  82372 

1.00000  67441 

1.00000  55216 

1.00000  45207 

1.00000  37012 

1.00000  30303 

1.00000  24810 

1.00000  20313 

1.00000  16631 

1. 00000  13616 

1.00000  11148 

1.00000  09127 

1.00000  07473 

1.00000  06118 

1.00000  05009 

1.00000  04101 

1.00000  03358 

1.00000  02749 


8.0  1490.47882  5790  1490.47916  1252 

8.1  1647.23388  5872  1647.23418  9411 

8.2  1820.47501  6339  1820.47529  0993 

8.3  2011.93607  2653  2011.93632  1170 

8.4  2223.53326  1416  2223.53348  6284 

8.5  2457.38431  8415  2457.38452  1884 

8.6  2715.82970  3629  2715.82988  7734 

8.7  3001.45602  5338  3001.45619  1923 

8.8  3317.12192  7772  3317.12207  8505 

8.9  3665.98670  1384  3665.98683  7772 

9.0  4051.54190  2083  4051.54202  5493 

9.1  4477.64629  5908  4477.64640  7574 

9.2  4948.56447  8852  4948.56457  9892 

9.3  5469.00955  8370  5469.00964  9795 

9.4  6044.19032  3746  6044.19040  6471 

9.5  6679.86337  7405  6679.86345  2257 

9.6  7382.39074  8924  7382.39081  6653 

9.7  8158.80356  8366  8158.80362  9649 

9.8  9016.87243  6188  9016.87249  1640 

9.9  9965.18519  4028  9965.18524  4202 

10.0  11013.23287  4703  11013.23292  0103 


0.99999  97749 
0.99999  98157 
0.99999  98491 
0.99999  98765 
0.99999  98989 

0.99999  99172 
0.99999  99322 
0.99999  99445 
0.99999  99546 
0.99999  99628 

0.99999  99695 
0.99999  99751 
0.99999  99796 
0.99999  99833 
0.99999  99863 

0.99999  99888 

0.99999  99908 

0.99999  99925 

0.99999  99939 

0.99999  99950 

0.99999  99959 

(-8)5' 
5 


1.00000  02251 
1.00000  01843 
1.00000  01509 
1.00000  01235 
1. 00000  01011 

1.00000  00828 
1.00000  00678 
1.00000  00555 
1.00000  00454 
1. 00000  00372 

1.00000  00305 
1.00000  00249 
1.00000  00204 
1. 00000  00167 
1.00000  00137 

1.00000  00112 
1.00000  00092 
1. 00000  00075 
1.00000  00061 
1.00000  00050 

1.00000   00041 

r(-8)7- 


] 


Fora;>>0,  sinh  x-coshx^^  e^.     Fora:>10,  tanh  x-1 -2e-2^,  coth  2~l+2e-2-r  to  lOD. 


*See  page  II. 
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EXPONENTIAL  AND  HYPERBOLIC 


FUNCTIONS  FOR  THE  ARGUMENT  irx 

siiih  ttx  cosh  trX 


0.00 
0.01 
0.02 
0.03 
0.04 

0.05 
0.  06 
0.07 
0.08 
0,09 

0.10 
0.11 
0.12 
0.13 
0.14 

0.15 
0.16 
0.17 
0.18 
0.  19 

0.20 
0.21 
0.22 
0.23 
0.24 

0.25 
0.26 
0.27 
0.28 
0.29 

0.30 
0.31 
0.32 
0.33 
0.34 

0.35 
0.36 
0.37 
0.38 
0.39 

0.40 
0.41 
0.42 
0.43 
0.44 

0.45 
0.46 
0.47 
0.48 
0.49 

0.50 


1.00000  00000 
1.03191  46153 
1.06484  77733 
1.09883  19803 
1.13390  07803 

1.17008  87875 
1.20743  17210 
1.24596  64399 
1.28573  09795 
1.32676  45892 

1.36910  77706 
1.41280  23184 
1.45789  13610 
1.50441  94029 
1.55243  23694 

1.60197  76513 
1.65310  41518 
1.70586  23348 
1.76030  42750 
1.81648  37088 

1.87445  60876 
1.93427  86325 
1.99601  03910 
2.05971  22948 
2.12544  72203 

2.19328  00507 

2.26327  77398 

2.33550  93782 

2.41004  62616 

2.48696  19609 

2.56633  23952 

2.64823  59064 

2.73275  33366 

2,81996  81081 

2.90996  63054 

3. 00283  67606 
3.  09867  11407 
3.19756  40381 
3.29961  30643 
3.40491  89460 

3,51358  56243 

3.62572  03579 

3,74143  38283 

3.86084  02496 

3.98405  74810 

4.11120  71429 

4.24241  47373 

4.37780  97717 

4.51752  58864 

4,66170  09873 


1.00000  00000 
0.96907  24263 
0.93910  13674 
0.91005  72407 
0.88191  13783 

0.85463  59992 
0.82820  41813 
0.80258  98355 
0.77776  76792 
0.75371  32120 

0.73040  26910 
0.70781  31080 
0.68592  21659 
0.66470  82576 
0.64415  04440 

0.62422  84336 
0,60492  25628 
0.58621  37756 
0.56808  36059 
0.55051  41583 

0.53348  80911 
0.51698  85988 
0.50099  93958 
0.48550  47001 
0.47048  92177 

0.45593  81278 
0.44183  70677 
0.42817  21192 
0.41492  97945 
0.40209  70227 

0.38966  11374 
0.37760  98638 
0.36593  13069 
0.35461  39395 
0.34364  65907 

0.33301  84355 

0.32271  89833 

0.31273  80681 

0.30306  58385 

0.29369  27474 

0.28460  95433 
0.27580  72607 
0.26727  72113 
0.25901  09757 
0.25100  03946 

0.24323  75614 
0.23571  48138 
0.22842  47266 
0.22136  01040 
0.21451  39731 


0. 00000  00000 
0.03142  10945 
0. 06287  32029 
0.09438  73698 
0.12599  47010 

0.15772  63942 
0. 18961  37699 
0.22168  83022 
0.25398  16502 
0.28652  56886 

0.31935  25398 
0.35249  46052 
0.38598  45975 
0.41985  55727 
0.45414  09627 

0.48887  46088 
0.52409  07945 
0.55982  42796 
0.59611  03346 
0.63298  47753 

0.67048  39982 
0.70864  50169 
0.74750  54976 
0.78710  37973 
0.82747  90013 

0.86867  09615 
0.91072  03361 
0.95366  86295 
0.99755  82336 
1. 04243  24691 

1.08833  56289 

1.13531  30213 

1.18341  10148 

1.23267  70843 

1.28315  98573 

1.33490  91626 

1.38797  60787 

1.44241  29850 

1,49827  36129 

1.55561  30993 

1.61448  80405 

1.67495  65486 

1.73707  83085 

1.80091  46370 

1.86652  85432 

1.93398  47907 

2.00334  99617 

2,07469  25226 

2,14808  28912 

2.22359  35071 


1.00000  00000 
1.00049  35208 
1,00197  45704 
1,00444  46105 
1.00790  60793 

1.01236  23933 
1.01781  79512 
1.02427  81377 
1.03174  93294 
1.04023  89006 

1.04975  52308 
1.06030  77132 
1.07190  67634 
1.08456  38303 
1.09829  14067 

1.11310  30425 
1.12901  33573 
1.14603  80552 
1.16419  39405 
1.18349  89335 

1.20397  20893 
1.22563  36157 
1.24850  48934 
1.27260  84975 
1.29796  82190 

1.32460  90893 
1.35255  74038 
1. 38184  07487 
1.41248  80280 
1.44452  94918 

1.47799  67663 
1.51292  28851 
1.54934  23218 
1.58729  10238 
1.62680  64481 

1.66792  75980 
1.71069  50620 
1.75515  10531 
1.80133  94514 
1.84930  58467 

1.89909  75838 
1.95076  38093 
2.00435  55198 
2.05992  56127 
2.11752  89378 

2.17722  23522 

2.23906  47756 

2.30311  72491 

2.36944  29952 

2.43810  74802 


Table  4.16 

tanh  ttx 

0.00000  00000 
0.03140  55952 
0.06274  93000 
0.09396  97111 
0.12500  63906 

0.15580  03292 

0.18629  43856 

0.21643  36952 

0.24616  60434 

0.27544  21974 


0.30421 
0.  33244 
0.36009 
0.38711 
0.41349 

0.43919 
0.46420 
0.48848 
0.51203 
0.  53484 

0.  55689 
0.  57818 
0.59872 
0.  61849 
0.63751 

0.  65579 
0.  67333 
0.69014 
0.70624 
0,72164 


61929 
55730 
15776 
92833 
76928 

97777 
24748 
66406 
69673 
18637 

33069 
66683 
05188 
64181 
86920 

42026 
21140 
36583 
19035 
15276 


0.73635  85995 

0.75041  03695 

0.76381  50706 

0.77659  17313 

0.78876  00021 

0.80033  99933 

0.81135  21279 

0.82181  70068 

0.83175  52873 

0.84118  75743 

0.85013  43239 

0.85861  57589 

0.  86665  17947 

0.87426  19762 

0.88146  54241 

0.88828  07899 

0.89472  62194 

0.90081  93236 

0.90657  71557 

0.91201  61950 


0.91715  23357 

(-5)9" 
7 


[•(-o,9J- 


4.81047   73810  0.20787   95764  2.30129   89023  2.50917   84787 

^,-«0J  ^(-4„]  ^,-^4,3J  ^(-^4.3J 

Compiled  from  British  Association  for  the  Advancement  of  Science,  Mathematical  Tables,  vol.  I.  Circular  and 
hyperbolic  functions,  exponential,  sine  and  cosine  integrals,  factorial  function  and  allied  functions,  Hermitian 
probability  functions,  3d  ed.  Cambridge  Univ.  Press,  Cambridge,  England,  1951  (with  permission).  Known 
errors  have  been  corrected. 
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Table  4.16     E] 

iCPONEN 

TIAL  AND 

HYPEI 

IBOLIC  FL 

fNCTIOr 

^S  FOR  TF 

IE  ARGl 

JMENT  «; 

X 

i. 

jrj- 

e 

-Tl 

sinh 

n, 

cosh 

■kx 

tanh 

TtX 

0.50 

4.81047 

73810 

0.20787 

95764 

2.30129 

89023 

2.50917 

%M^1 

0.91715 

l-h^bl 

0.51 

4.96400 

19160 

0.20145 

03654 

2.38127 

bllbl 

2.58272 

61407 

0.92200 

08803 

0.52 

5.12242 

61276 

0.19521 

99944 

2.46360 

30666 

2.65882 

30610 

0.92657 

65378 

0.53 

5.28590 

63869 

0.18918 

23136 

2.54836 

20366 

2.73754 

43503 

0.93089 

34251 

0.54 

5.45460 

40558 

0.18333 

13637 

2.63563 

63461 

2.81896 

77098 

0.93496 

50714 

0.55 

5.62868 

56460 

0.17766 

13694 

2.72551 

21383 

2.90317 

35077 

0.93880 

44259 

0.56 

5.80832 

29831 

0.17216 

67343 

2.81807 

81244 

2.99024 

48587 

0.  94242 

38675 

0.57 

5.99369 

33767 

0.16684 

20350 

2.91342 

56709 

3.08026 

77058 

0.94583 

52160 

0.58 

6. 18497 

97951 

0.16168 

20156 

3.01164 

88897 

3.17333 

09054 

0.  94904 

97460 

0.59 

6.  38237 

10460 

0.15668 

15832 

3.11284 

47314 

3.26952 

63146 

0.95207 

82009 

0.60 

6.58606 

19627 

0.15183 

58020 

3.21711 

30804 

3.  36894 

88823 

0.95493 

08086 

0.61 

6.79625 

35967 

0.14713 

98890 

3.32455 

68538 

3.47169 

67428 

0.95761 

72978 

0.62 

7.01315 

34158 

0.14258 

92093 

3.43528 

21032 

3.57787 

13125 

0.96014 

69151 

0.63 

7.23697 

55091 

0.13817 

92710 

3.54939 

81191 

3.68757 

73901 

0.96252 

84417 

0.64 

7.46794 

07985 

0.13390 

57214 

3.66701 

75386 

3.80092 

32600 

0.96477 

02118 

0.65 

7.70627 

72563 

0.12976 

43423 

3.78825 

64570 

3.91802 

07993 

0.96688 

01293 

0.66 

7.95222 

01304 

0.12575 

10461 

3.91323 

45422 

4.  03898 

55883 

0.96886 

56859 

0.67 

8.20601 

21768 

0.12186 

18713 

4.  04207 

51527 

4.16393 

70240 

0.97073 

39783 

0.68 

8.46790 

38986 

0.11809 

29793 

4.  17490 

54597 

4.29299 

84390 

0.97249 

17255 

0.69 

8.73815 

37941 

0.11444 

06500 

4.31185 

65720 

4.42629 

72220 

0.97414 

52857 

0.70 

9.01702 

86109 

0.11090 

12784 

4.45306 

36663 

4.56396 

49447 

0.97570 

06726 

0.71 

9.30480 

36103 

0.10747 

13709 

4.59866 

61197 

4.70613 

74906 

0.97716 

35718 

0.72 

9.60176 

28381 

0.10414 

75422 

4.74880 

76480 

4.85295 

51901 

0.97853 

93563 

0.73 

9.90819 

94054 

0.10092 

65114 

4.90363 

64470 

5.00456 

29584 

0.97983 

31019 

0.74 

10.22441 

57779 

0.09780 

50993 

5.06330 

53393 

5.16111 

04386 

0.98104 

96015 

0.75 

10.55072 

40742 

0.09478 

02248 

5.22797 

19247 

5.32275 

21495 

0.98219 

33800 

0.76 

10.88744 

63743 

0.09184 

89025 

5.  39779 

87359 

5.48964 

76384 

0.  98326 

87071 

0.77 

11.23491 

50371 

0.08900 

82388 

5.57295 

33992 

5.66196 

16379 

0.98427 

96111 

0.78 

11.59347 

30285 

0.08625 

54299 

5.75360 

87993 

5.83986 

42292 

0.98522 

98912 

0.79 

11.96347 

42604 

0.08358 

77587 

5.93994 

32508 

6.02353 

10095 

0.98612 

31297 

0.80 

12.34528 

39392 

0.08100 

25922 

6.13214 

06735 

6.21314 

32657 

0.98696 

27033 

0.81 

12.73927 

89270 

0.07849 

73785 

6.33039 

07743 

6.40888 

81528 

0.98775 

17946 

0.82 

13.14584 

81133 

0.  07606 

96451 

6.53488 

92341 

6.61095 

88792 

0.98849 

34022 

0.83 

13.56539 

27988 

0.07371 

69955 

6.74583 

79017 

6.81955 

48972 

0.98919 

03509 

0.84 

13.99832 

70916 

0.07143 

71077 

6.96344 

49919 

7.  03488 

20996 

0.98984 

53014 

0.85 

14.44507 

83157 

0.06922 

77313 

7.  18792 

52922 

7.25715 

30235 

0.99046 

07591 

0.86 

14.90608 

74333 

0.06708 

66855 

7.41950 

03739 

7.48658 

70594 

0.99103 

90830 

0.87 

15.38180 

94795 

0.06501 

18571 

7.65839 

88112 

7.72341 

06683 

0.99158 

24938 

0.88 

15.87271 

40119 

0.06300 

11981 

7.90485 

64069 

7.96785 

76050 

0.99209 

30818 

0.89 

16.37928 

55735 

0.06105 

27239 

8.15911 

64248 

8.22016 

91487 

0.99257 

28142 

0.90 

16.90202 

41717 

0.05916 

45113 

8.42142 

98302 

8.48059 

43415 

0.99302 

35419 

0.91 

17.44144 

57711 

0.05733 

46965 

8.69205 

55373 

8.74939 

02338 

0.99344 

70066 

0.92 

17.99808 

28034 

0.05556 

14735 

8.97126 

06650 

9.02682 

21384 

0.99384 

48468 

0.93 

18.57248 

46925 

0.05384 

30919 

9.25932 

08003 

9.31316 

38922 

0.99421 

86036 

0.94 

19.16521 

83968 

0.05217 

78557 

9.55652 

02706 

9.60869 

81263 

0.99456 

97268 

0.95 

19.77686 

89693 

0.  05056 

41212 

9.86315 

24240 

9.91371 

65453 

0.99489 

95797 

0.96 

20.40804 

01345 

0.04900 

02956 

10.17951 

99195 

10.22852 

02151 

0.99520 

94443 

0.97 

21.05935 

48847 

0.04748 

48354 

10.50593 

50247 

10.55341 

98601 

0.99550 

05263 

0.98 

21.73145 

60946 

0.04601 

62446 

10.84271 

99250 

10.88873 

61696 

0.99577 

39591 

0.99 

22.42500 

71560 

0. 04459 

30738 

11.19020 

70411 

11.23480 

01149 

0.99603 

08084 

1.00 

23.14069 

26328 

0.04321 

39183 

11.54873 

93573 

11.59195 

32755 

0.99627 

20762 

[(-3)31 
6 

"(- 

5)3" 
3 

r(-3)n 

6 

r(-3)n 

6 

e 

5)4- 
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.1' 
0.00 
0.01 
0.02 
0.03 
0.04 

0.05 
0.06 
0.07 
0.08 
0.09 

0.10 
0.11 
0.12 
0.13 
0.14 

0.15 
0.16 
0.17 
0.18 
0.19 

0.20 
0.21 
0.22 
0.23 
0.24 

0.25 
0.26 
0.27 
0.28 
0.29 

0.30 
0.31 
0.32 
0.33 
0.34 

0.35 
0.36 
0.37 
0.38 
0.39 

0.40 
0.41 
0.42 
0.43 
0.44 

0.45 
0.46 
0.47 
0.48 
0.49 

0.50 


arcsinh  ./ 
0.00000  0000 
0.00999  9833 
0.01999  8667 
0.02999  5502 
0.03998  9341 

0.04997  9190 
0.05996  4058 
0.06994  2959 
0.07991  4912 
0.08987  8941 

0.09983  4079 
0.10977  9366 
0.11971  3851 
0.12963  6590 
0.13954  6654 

0.14944  3120 
0.15932  5080 
0.16919  1636 
0.17904  1904 
0.18887  5015 

0.19869  0110 

0.20848  6350 

0.21826  2908 

0.22801  8972 

0.23775  3749 

0.24746  6462 
0.25715  6349 
0.26682  2667 
0.27646  4691 
0.28608  1715 

0.29567  3048 

0.30523  8020 

0.31477  5980 

0.32428  6295 

0.33376  8352 

0.34322  1555 

0.35264  5330 

0.36203  9121 

0.37140  2391 

0.38073  4624 

0.39003  5320 
0,  39930  4001 
0.40854  0208 
0.41774  3500 
0.42691  3454 

0.43604  9669 

0.44515  1759 

0.45421  9359 

0.46325  2120 

0.47224  9713 


INVERSE  HYPERBOLIC 

arctanh  .r  .? 

0.00000   0000  0.50 

0.01000   0333  0.51 

0.02000  2667  0.52 

0.03000  9004  0.53 

0.04002   1353  0.54 


0.05004  1729 
0.06007  2156 
0.07011  4671 
0.08017  1325 
0.09024  4188 

0.10033  5347 
0.11044  6915 
0.12058  1028 
0.13073  9850 
0.14092   5576 

0.15114  0436 
0.16138  6696 
0.17166  6663 
0.18198  2689 
0.19233   7169 

0.20273  2554 

0.21317  1346 

0.22365  6109 

0.23418  9466 

0.24477  4112 

0.25541  2812 
0.26610  8407 
0.27686  3823 
0.28768  2072 
0.29856   6264 

0.30951  9604 
0.32054  5409 
0.33164  7108 
0.34282  8254 
0.35409   2528 

0.36544  3754 
0.37688  5901 
0.38842  3100 
0.40005  9650 
0.41180   0034 

0.42364  8930 

0.43561  1223 

0.44769  2023 

0.45989  6681 

0.47223  0804 

0.48470  0279 

0.49731  1288 

0.51007  0337 

0.52298  4278 

0.53606  0337 


0.48121   1825  0.54930   6144 

For  use  of  the  table  see  Examples  26-28. 

VoC')  (Legendre  Function 


0.55 
0.56 
0.57 
0.58 
0.59 

0.60 
0.61 
0.62 
0.63 
0.64 

0.65 
0.66 
0.67 
0,68 
0.69 

0.70 
0.71 
0.72 
0.73 
0.74 

0.75 
0.76 
0.77 
0.78 
0.79 

0.80 
0.81 
0.82 
0.83 
0.84 

0.85 
0.86 
0.87 
0.88 
0.89 

0.90 
0.91 
0.92 
0.93 
0.94 


95 
96 
97 
98 


0.99 
1.00 


FUNCTIONS 

arcsinh  x 
0.48121  1825 
0.49013  8161 
0.49902  8444 
0.50788  2413 
0.51669   9824 

0.52548  0448 
0.53422  4074 
0.54293  0505 
0.55159  9562 
0. 56023  1077 

0.56882  4899 
0.57738  0892 
0.58589  8932 
0.59437  8911 
0.60282  0733 

0.61122  4314 
0.61958  9584 
0.62791  6485 
0.63620  4970 
0.64445  5005 

0.65266  6566 
0.66083  9641 
0.66897  4227 
0.67707  0332 
0.68512  7974 

0.69314  7181 
0.70112  7988 
0.70907  0441 
0.71697  4594 
0.72484  0509 

0.73266  8256 
0.74045  7912 
0.74820  9563 
0.75592  3300 
0.76359  9222 

0.77123  7433 
0.77883  8046 
0.78640  1177 
0.79392  6950 
0.80141  5491 

0.80886  6936 
0.81628  1421 
0.82365  9091 
0.83100  0091 
0.83830  4575 

0.84557  2697 
0.85280  4617 
0.86000  0498 
0.86716  0507 
0.87428  4812 


0.88137   3587 

■(-6)5- 


Table  4.17 

arctanh  x 

0.54930  6144 

0.56272  9769 

0.57633  9754 

0.59014  5160 

0.60415  5603 

0. 61838  1313 
0.63283  3186 
0.64752  2844 
0.  66246  2707 
0.67766  6068 

0. 69314  7180 
0.70892  1359 
0.72500  5087 
0.74141  6144 
0. 75817  3745 

0.77529  8706 
0.79281  3631 
0.81074  3125 
0.82911  4038 
0.84795  5755 

0.86730  0527 
0.88718  3863 
0.90764  4983 
0.92872  7364 
0.95047  9381 

0.97295  5074 

0.99621  5082 

1.02032  7758 

1.04537  0548 

1.07143  1684 

1. 09861  2289 

1.12702  9026 

1.15681  7465 

1.18813  6404 

1.22117  3518 

1.25615  2811 

1.29334  4672 

1.33307  9629 

1.37576  7657 

1.42192  5871 

1.47221  9490 

1.52752  4425 

1.58902  6915 

1.65839  0020 

1.73804  9345 

1.83178  0823 
1.94591  0149 
2.09229  5720 
2.29755  9925 
2.64665  2412 


Second  Kind)=arctanh  j-(|.r|<l) 
=arccoth  i'(|x|>l) 

Compiled  from  Harvard  Computation  Laboratory,  Tables  of  inverse  hyperbolic 
functions.     Harvard  Univ.  Press,  Cambridge,  Mass.,  1949  (with  permission). 
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Table 

4.17 

INVERSE  HYPERBOLIC  FUNCTIONS 

1 

arc  cosh 

X 

arccosh 

1 

X 

arcsinh  x 

(x2-i: 

T 

X 

arcsinh  x 

(a:2-l)i                                1 

1.00 

0.88137 

3587 

1.00000 

000 

1.50 

1.19476 

3217 

0.86081 

788 

1.01 

0.88842 

7007 

0.99667 

995 

1.51 

1.20029 

7449 

0.85849 

554 

1.02 

0.  89544 

5249 

0.99338 

621 

1.52 

1.20580 

6263 

0.85618 

806 

1.03 

0.90242 

8496 

0.99011 

848 

1.53 

1.21128 

9840 

0. 85389 

528 

1.04 

0.90937 

6928 

0.98687 

641 

1.54 

1.21674 

8362 

0.85161 

706 

1.05 

0.91629 

0732 

0.98365 

968 

1.55 

1.22218 

2008 

0.  84935 

324 

1.06 

0.92317 

0094 

0.98046 

798 

1.56 

1.22759 

0958 

0.84710 

368 

1.07 

0.93001 

5204 

0.97730 

099 

1.57 

1.23297 

5390 

0.84486 

823 

1.  08 

0.93682 

6251 

0.97415 

841 

1.58 

1.23833 

5478 

0.  84264 

676 

1.09 

0.94360 

3429 

0.97103 

994 

1.59 

1.24367 

1400 

0.  84043 

913 

1.10 

0.95034 

6930 

0.96794 

529 

1.60 

1.24898 

3328 

0.  83824 

520 

1.11 

0.95705 

6950 

0.96487 

415 

1.61 

1.25427 

1436 

0.83606 

483 

1.12 

0.96373 

3684 

0.96182 

625 

1.62 

1.25953 

5895 

0.  83389 

788 

1.13 

0.97037 

7331 

0.95880 

131 

1.63 

1.26477 

6877 

0.  83174 

424 

1.14 

0.97698 

8088 

0.95579 

904 

1.64 

1.26999 

4549 

0.82960 

376 

1.15 

0.98356 

6154 

0.95281 

918 

1.65 

1.27518 

9081 

0.82747 

632 

1.16 

0.99011 

1729 

0.94986 

146 

1.66 

1.28036 

0639 

0.82536 

179 

1.17 

0.99662 

5013 

0.94692 

561 

1.67 

1.28550 

9389 

0.82326 

005 

1.18 

1.00310 

6208 

0.94401 

139 

1.68 

1.29063 

5495 

0.82117 

097 

1.19 

1.00955 

5514 

0.94111 

853 

1.69 

1.29573 

9120 

0.81909 

443 

1.20 

1.01597 

3134 

0.93824 

678 

1.70 

1.30082 

0427 

0.81703 

032 

1.21 

1.02235 

9270 

0.93539 

589 

1.71 

1.30587 

9576 

0.81497 

850 

1.22 

1.02871 

4123 

0.93256 

563 

1.72 

1.31091 

6727 

0.81293 

888 

1.23 

1.03503 

7896 

0.92975 

576 

1.73 

1.31593 

2038 

0.81091 

132 

1.24 

1.04133 

0792 

0.92696 

604 

1.74 

1.32092 

5666 

0.  80889 

572 

1.25 

1.04759 

3013 

0.92419 

624 

1.75 

1.32589 

7767 

0.80689 

197 

1.26 

1.05382 

4760 

0.92144 

613 

1.76 

1.33084 

8496 

0.80489 

994 

1.27 

1.06002 

6237 

0.91871 

550 

1.77 

1.33577 

8006 

0.80291 

954 

1.28 

1.06619 

7645 

0.91600 

411 

1.78 

1.  34068 

6450 

0.80095 

066 

1.29 

1.  07233 

9185 

0.91331 

175 

1.79 

1.34557 

3978 

0.  79899 

318 

1.30 

1.07845 

1059 

0.91063 

821 

1.80 

1.  35044 

0740 

0.79704 

701 

1.31 

1.08453 

3467 

0.90798 

328 

1.81 

1.35528 

6886 

0.79511 

203 

1.32 

1.09058 

6610 

0.90534 

676 

1.82 

1.36011 

2562 

0.79318 

816 

1.33 

1.  09661 

0688 

0.90272 

843 

1.83 

1.36491 

7914 

0.79127 

527 

1.34 

1.10260 

5899 

0.90012 

810 

1.84 

1.36970 

3089 

0.78937 

328 

1.35 

1.10857 

2442 

0.  89754 

557 

1.85 

1.37446 

8228 

0.78748 

209 

1.36 

1.11451 

0515 

0.89498 

064 

1.86 

1.37921 

3477 

0.78560 

160 

1.37 

1.12042 

0317 

0.89243 

313 

1.87 

1.38393 

8975 

0.78373 

170 

1.38 

1.12630 

2042 

0.88990 

284 

1.88 

1.38864 

4863 

0.78187 

231 

1.39 

1.13215 

5887 

0.88738 

959 

1.89 

1.39333 

1280 

0.78002 

334 

1.40 

1.13798 

2046 

0.  88489 

320 

1.90 

1.39799 

8365 

0.77818 

468 

1.41 

1.14378 

0715 

0.88241 

348 

1.91 

1.40264 

6254 

0.77635 

625 

1.42 

1.14955 

2086 

0.87995 

026 

1.92 

1.40727 

5083 

0.77453 

796 

1.43 

1.15529 

6351 

0.87750 

336 

1.93 

1.41188 

4987 

0.  77272 

971 

1.44 

1.16101 

3703 

0.87507 

261 

1.94 

1.41647 

6099 

0.77093 

142                          1 

1.45 

1.16670 

4331 

0.87265 

784 

1.95 

1.42104 

8552 

0.76914 

300                          J 

1.46 

1.17236 

8425 

0.87025 

888 

1.96 

1.42560 

2476 

0.76736 

437                         ] 

1.47 

1.17800 

6174 

0.86787 

557 

1.97 

1.43013 

8002 

0.76559 

544                         ■ 

1.48 

1.18361 

7765 

0.86550 

774 

1.98 

1.43465 

5259 

0.76383 

612                         1 

1.49 

1.18920 

3384 

0.86315 

523 

1.99 

1.43915 

4374 

0.  76208 

633                         I 

1.50 

1.19476 

3217 

0.86081 

788 

2.00 

1.44363 

5475 

0.76034 

600                         1 

(-U)4 
4 

'1-6)3-1 
4 

[(-6)3" 
4 

■(-6)21                           ■ 
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INVERSE  HYPERBOLIC  FUNCTIONS 

Table  4.17 

J-l 

arcsinli  x  — In  x 

arccosh  x-ln  x 

<^.> 

X-' 

arcsinh  x— In  x 

arccosh 

r-ln  X 

<x> 

0.50 
0.49 
0.48 
0.47 
0.46 

0.75048   82946 
0.74839   16011 
0.74632   48341 
0.74428   85962 
0.74228   34908 

0.62381 
0.62685 
0.62981 
0.63268 
0.63547 

07164 
90940 
77884 
90778 
51194 

2 
2 
2 
2 
2 

0.25 
0.24 
0.23 
0.22 
0.21 

0.70841  81861 
0.70724  57326 
0.70611  72820 
0.70503  32895 
0.70399  41963 

0.67714 
0.67842 
0.67965 
0.68082 
0.68193 

27078              4 
57947              4 
18411              4 
14660              5 
52541               5 

0.45 
0.44 
0.43 
0.42 
0.41 

0.74031    01215 
0.73836  90921 
0.73646   10057 
0.73458   64641 
0.73274  60676 

0.63817 
0.64079 
0.64334 
0.64580 
0.64819 

79566 
95268 
16670 
61207 
45429 

2 
2 
2 
2 
2 

0.20 
0.19 
0.18 
0.17 
0.16 

0.70300  04288 
0.70205  23983 
0.70115  05002 
0.70029  51134 
0.69948   66000 

0.68299 
0.68399 
0.68494 
0.68584 
0.68668 

37571              5 
74947              5 
69555               6 
25981               6 
48518               6 

0.40 
0.39 
0.38 
0.37 
0.36 

0.73094   04145 
0.72917   01001 
0.72743   57167 
0.72573   78524 
0.72407   70912 

0.65050 
0.65274 
0.65491 
0.65701 
0.65904 

85051 
95004 
89477 
81952 
85249 

3 
3 
3 
3 
3 

0.15 
0.14 
0.13 
0.12 
0.11 

0.69872  53043 
0.69801  15527 
0.69734  56533 
0.69672  78946 
0.69615   85462 

0.68747 
0.68821 
0.68889 
0.68952 
0.69010 

41175               7 
07683               7 
51504               8 
75836               8 
83616               9 

0.35 
0.34 
0.33 
0.32 
0.31 

0.72245   40117 
0.72086   91873 
0.71932   31846 
0.71781    65636 
0.71634   98766 

0.66101 
0.66290 
0.66473 
0.66650 
0.  66820 

11555 
72458 
78974 
41577 
70226 

3 
3 
3 
3 
3 

0.10 
0.09 
0.08 
0.07 
U.  06 

0.69563  78573 
0.69516  60572 
0.69474  33542 
0.69436  99357 
0.69404   59680 

0.  69063 
0.69111 
0.69154 
0.69191 
0.69224 

77531             10 
60018             11 
33269             13 
99235             14 
59631             17 

0.30 
0.29 
0.28 
0.27 
0.26 

0.71492   36678 
0.71353   84725 
0.71219   48165 
0.71089   32154 
0.70963   41742 

0.66984 
0.67142 
0.67294 
0.67440 
0.67580 

74382 
63038 
44732 
27575 
19258 

3 
3 
4 
4 
4 

0.05 
0.04 
0.03 
0.02 
0.01 

0.69377  15954 
0.69354  69408 
0.69337  21047 
0.69324  71656 
0.69317   21796 

0.  69252 
0.69274 
0.69292 
0.69304 
0.69312 

15938             20 
69403             25 
21046             33 
71656             50 
21796           100 

0.25 

0.70841   81861 

0.67714 

27078 

4 

0.00 

0.69314   71806 

0.69314 

71806             « 

r(-6)5] 

5 

r(-5)i-| 

6 

,^     .,"^  —  i-irf^kn 

*»rf^c«+-    tv\^'r\rtr\in 

r(-6)6] 

5 

* 

'(- 

■6)7" 
5 

nearest  integer  to 


ROOTS  x„  OF  cos  x,,  cosh  x„=l 


Table    1.18 


1 

4. 

73004 

07 

2 

7. 

85320 

46 

3 

10. 

99560 

78 

4 

14. 

13716 

55 

5 

17. 

27875 

96 

For //> 5,  ,-„=,' [2«  +  l]^ 


ROOTS  x„  OF  cos  Xii  cosb  Xi,  =  -l 

n  X,, 


^ 

1. 

87510 

41 

2 

4. 

69409 

11 

3 

7. 

85475 

74 

4 

10. 

99554 

07 

5 

14. 

13716 

84 

For /r>5,  o,=.' [2"    1]t 


•See  page  11. 
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Table  4.19 


ROOTS  X// OF  tan  X,/    X*" 


-X 
0.00 
0.05 
0.10 
0.15 
0.20 

0.25 
0.30 
0.35 
0.40 
0.45 

0.50 
0.55 
0.60 
0.65 
0.70 

0.75 
0.80 
0.85 
0.90 
0.95 


Ti 

,14159 
,99304 
86277 
,75032 


2.65366 

2.57043 
2.49840 
2.43566 
2.38064 
2.33208 


2.28893 
2.25037 
2.21571 
2.18440 
2.15598 


2.13008 
2.10638 
2.08460 
2.06453 
2.04597 


6.28319 
5.99209 
5.76056 
5.58578 
5.45435 

5.35403 
5.27587 
5.21370 
5.16331 
5.12176 

5.08698 
5.05750 
5.03222 
5.01031 
4.99116 

4.97428 
4.95930 
4.94592 
4.93389 
4.92303 


r3 
9.42478 
9.00185 
8.70831 
8.51805 
8.39135 

8.30293 
8.23845 
8,18965 
8.15156 
8.12108 

8.09616 
8.07544 
8.05794 
8.04298 
8.03004 

8.01875 
8.00881 


99999 
99212 
98505 


■14 

12.56637 
12.02503 
11.70268 
11.52018 
11.40863 

11.33482 
11.28284 
11.24440 
11.21491 
11.19159 

11.17271 
11.15712 
11.14403 
11.13289 
11.12330 

11.11496 
11.10764 
11.10116 
11.09538 
11.09021 


J-5 

15.70796 
15.06247 
14,73347 
14.56638 
14,46987 

14.40797 
14,36517 
14.33391 
14.31012 
14.29142 

14.27635 
14.26395 
14.25357 
14.24475 
14.23717 

14.23059 
14,22482 
14,21971 
14.21517 
14.21110 


Tii 

18.84956 
18.11361 
17.79083 
17.64009 
17.55621 

17.50343 
17.46732 
17.44113 
17.42129 
17.40574 

17.39324 
17.38298 
17.37439 
17.36711 
17.36086 

17.35543 
17.35068 
17.34648 
17.34274 
17.33939 


21.99115 
21.17717 
20.86724 
20.73148 
20.65782 

20.61203 
20.58092 
20.55844 
20.54146 
20.52818 

20.51752 
20.50877 
20.50147 
20.49528 
20.48996 

20.48535 
20.48131 
20.47774 
20.47457 
20.47172 


rs 
25.13274 
24.25156 
23.95737 
23.83468 
23.76928 

23.72894 
23.70166 
23.68201 
23,66719 
23.65561 

23.64632 
23.63871 
23.63235 
23.62697 
23.62235 

23.61834 
23.61483 
23.61173 
23.60897 
23.60651 


2^ 

28.27433 
27.33519 
27,05755 
26.94607 
26.88740 

26,85142 
26.82716 
26.80971 
26.79656 
26.78631 

26.77809 
26.77135 
26.76572 
26,76096 
26,75688 

26.75333 
26.75023 
26.74749 
26.74506 
26.74288 


1.00   2.02876   4.91318   7.97867   11.08554   14.20744   17.33638   20.46917   23.60428   26.74092 


X-' 
-1,00 
-0,95 
-0.90 
-0.85 
-0.80 

-0.75 
-0,70 
-0.65 
-0.60 
-0.55 

-0.50 
-0.45 
-0.40 
-0.35 
-0,30 

-0,25 
-0.20 
-0.15 
-0.10 
-0.05 

0.00 
0.05 
0.10 
0.15 
0.20 

0.25 
0.30 
0.35 
0.40 
0.45 

0.50 
0.55 
0.60 
0.65 
0.70 

0.75 
0.80 
0.85 
0.90 
0.95 

1.00 
Forx 


2.02876 
2.01194 
1.99465 
1.97687 
1,95857 

1,93974 
1,92035 
1.90036 
1.87976 
1.85852 

1.83660 
1.81396 
1.79058 
1.76641 
1.74140 

1.71551 
1.68868 
1.66087 
1.63199 
1.60200 

1.57080 
1,53830 
1.50442 
1.46904 
1.43203 

1.39325 
1.35252 
1.30965 
1.26440 
1.21649 

1,16556 
1.11118 
1.05279 
0.98966 
0.92079 


84473 
75931 
66086 
54228 
38537 


4.91318 
4.90375 
4.89425 
4.88468 
4.87504 

4.86534 
4.85557 
4.84573 
4.83583 
4,82587 

4,81584 
4.80575 
4.79561 
4.78540 
4.77513 

4.76481 
4.75443 
4.74400 
4.73351 
4.72298 

4.71239 
4.70176 
4,69108 
4,68035 
4,66958 

4.65878 
4.64793 
4,63705 
4.62614 
4.61519 

4,60422 
4.59321 
4.58219 
4.57114 
4.56007 

4.54899 
4.53789 
4,52678 
4,51566 
4,50454 


J'3 
7.97867 
7,97258 
7,96648 
7,96036 
7,95422 

7,94807 
7.94189 
7.93571 
7.92950 
7.92329 

7.91705 
7.91080 
7.90454 
7,89827 
7.89198 

7.88567 
7.87936 
7.87303 
7.86669 
7.86034 

7.85398 
7.84761 
7.84123 
7.83484 
7.82844 

7.82203 
7.81562 
7.80919 
7,80276 
7,79633 

7,78988 
7,78344 
7,77698 
7,77053 
7,76407 

7,75760 
7.75114 
7.74467 
7,73820 
7,73172 


s-r4 
11.08554 
11.08110 
11.07665 
11.07219 
11.06773 

11.06326 
11.05879 
11.05431 
11,04982 
11.04533 

11.04083 
11.03633 
11.03182 
11.02730 
11.02278 

11.01826 
11.01373 
11.00920 
11.00466 
11.00012 

10.99557 
10.99102 
10.98647 
10,98192 
10,97736 

10.97279 
10.96823 
10.96366 
10.95909 
10.95452 

10.94994 
10.94537 
10.94079 
10,93621 
10,93163 

10,92704 
10,92246 
10,91788 
10,91329 
10,90871 


•'o 

14,20744 
14,20395 
14,20046 
14,19697 
14,19347 

14.18997 
14,18647 
14.18296 
14.17946 
14.17594 

14,17243 
14,16892 
14.16540 
14.16188 
14,15835 

14.15483 
14.15130 
14.14777 
14.14424 
14,14070 

14,13717 
14,13363 
14,13009 
14,12655 
14,12301 

14.11946 
14.11592 
14.11237 
14.10882 
14.10527 

14,10172 
14,09817 
14,09462 
14,09107 
14.08752 

14.08396 
14.08041 
14.07686 
14.07330 
14,06975 


J'6 
17.33638 
17.33351 
17.33064 
17.32777 
17.32490 

17.32203 
17,31915 
17,31628 
17,31340 
17,31052 

17,30764 
17.30476 
17.30187 
17.29899 
17.29610 

17.29321 
17.29033 
17.28744 
17.28454 
17.28165 

17.27875 
17.27586 
17.27297 
17.27007 
17.26718 

17.26428 
17.26138 
17.25848 
17.25558 
17,25268 

17,24978 
17,24688 
17,24398 
17,24108 
17,23817 

17.23527 
17.23237 
17.22946 
17.22656 
17.22366 


.77 

20.46917 
20.46673 
20.46430 
20,46187 
20,45943 

20.45700 
20,45456 
20.45212 
20,44968 
20,44724 

20,44480 
20.44236 
20,43992 
20,43748 
20,43503 

20,43259 
20,43014 
20,42769 
20,42525 
20.42280 

20.42035 
20.41790 
20.41545 
20.41300 
20,41055 

20.40810 
20,40565 
20,40320 
20,40075 
20.39829 

20.39584 
20,39339 
20,39094 
20,38848 
20,38603 

20,38357 
20,38112 
20,37867 
20,37621 
20,37376 


<X> 


23.60428 
23.60217 
23.60006 
23.59795 
23.59584 

23.59372 
23.59161 
23.58949 
23.58738 
23.58526 

23.58314 
23.58102 
23.57891 
23.57679 
23.57467 

23.57255 
23.57043 
23.56831 
23.56619 
23.56407 

23.56194 
23.55982 
23.55770 
23.55558 
23.55345 

23.55133 
23,54921 
23,54708 
23,54496 
23,54283 

23,54071 
23,53858 
23.53646 
23.53433 
23.53221 

23.53008 
23.52796 
23.52583 
23.52370 
23.52158 


0,00000   4.49341   7,72525 
-0,  see  ^1  s  of  Table  10,6, 


10.90412   14.06619 


17,22075   20,37130   23.51945 
<x>=nearest  integer  to  x. 


26.74092 
26.73905 
26.73718 
26.73532 
26,73345 

26,73159 
26,72972 
26,72785 
26,72598 
26.72411 

26.72225 
26.72038 
26.71851 
26.71664 
26.71477 

26.71290 
26.71102 
26.70915 
26.70728 
26.70541 

26.70354 
26.70166 
26.69979 
26.69792 
26.69604 

26.69417 
26,69230 
26,69042 
26.68855 
26,68668 

26,68480 
26,68293 
26,68105 
26,67918 
26.67730 

26.67543 
26.67355 
26.67168 
26.66980 
26.66793 

26.66605 


-  2 

-  2 

-  2 

-  2 

-  2 

-  3 

-  3 

-  3 

-  4 

-  5 

-  7 
-10 
-20 


20 

10 

7 

5 

4 
3 
3 
3 
2 

2 
2 
2 
2 

1 
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KUU 

»I3  X„  Ut    i 

;ot  x„=Xx„ 

Table  4.20 

X 

•r. 

■■^2 

^3 

J^4 

■f.-, 

•Tb 

X- 

•^9 

I'i 

0.00 

1.57080 

4.71239 

7.85398 

10.99557 

14.13717 

17.27876 

20.42035 

23.56194 

26.70354 

0.05 

1.49613 

4.49148 

7.49541 

10.51167 

13.54198 

16.58639 

19.64394 

22.71311 

25.79232 

0.10 

1.42887 

4.30580 

7.22811 

10.20026 

13.21418 

16.25936 

19.32703 

22.41085 

25.50638 

0.15 

1.36835 

4.15504 

7.04126 

10.01222 

13.03901 

16.10053 

19.18401 

22.28187 

25.38952 

0.20 

1.31384 

4.03357 

6.90960 

9.89275 

12.93522 

16.01066 

19.10552 

22.21256 

25.32765 

0.25 

1.26459 

3.93516 

6.81401 

'3.81188 

12.86775 

15.95363 

19.05645 

22.16965 

25.28961 

0.30 

1.21995 

3.85460 

6.74233 

9.75407 

12.82073 

15.91443 

19.02302 

22.14058 

25.26392 

0.35 

1.17933 

3.78784 

6.68698 

9.71092 

12.78621 

15.88591 

18.99882 

22.11960 

25.24544 

0.40 

1.14223 

3.73184 

6.64312 

9.67758 

12.75985 

15.86426 

18.98052 

22.10377 

25.23150 

0.45 

1.10820 

3.68433 

6.60761 

9.65109 

12.73907 

15.84728 

18.96619 

22.09140 

25.22062 

0.50 

1.07687 

3.64360 

6.57833 

9.62956 

12.72230 

15.83361 

18.95468 

22.08147 

25.21190 

0.55 

1.04794 

3.60834 

6.55380 

9.61173 

12.70847 

15.82237 

18.94523 

22.07333 

25.20475 

0.60 

1.02111 

3.57756 

6.53297 

9.59673 

12.69689 

15.81297 

18.93734 

22.06653 

25.19878 

0.65 

0.99617 

3.55048 

6.51508 

9.58394 

12.68704 

15.80500 

18.93065 

22.06077 

25.19373 

0.70 

0.97291 

3.52649 

6.49954 

9.57292 

12.67857 

15.79814 

18.92490 

22.05583 

25.18939 

0.75 

0.95116 

3.50509 

6.48593 

9.56331 

12.67121 

15.79219 

18.91991 

22.05154 

25.18563 

0.80 

0.93076 

3.48590 

6.47392 

9.55486 

12.66475 

15.78698 

18.91554 

22.04778 

25.18234 

0.85 

0.91158 

3.46859 

6.46324 

9.54738 

12.65904 

15.78237 

18.91168 

22.04447 

25.17943 

0.90 

0.89352 

3.45292 

6.45368 

9.54072 

12.65395 

15.77827 

18.90825 

22.04151 

25.17684 

0.95 

0.87647 

3.43865 

6.44508 

9.53473 

12.64939 

15.77459 

18.90518 

22.03887 

25.17453 

1.00 

0.86033 

3.42562 

6.43730 

9.52933 

12.64529 

15.77128 

18.90241 

22.03650 

25.17245 

1.00 
0.95 
0.90 
0.85 
0.80 

0.75 
0.70 
0.65 
0.60 
0.55 

0.50 

0.45 
0.40 
0.35 
0.30 

0.25 
0.20 
0.15 
0.10 

0.05 


XI 

0.86033 
0.84426 
0.82740 
0.80968 
0.79103 

0.77136 
0.75056 
0.72851 
0.70507 
0.68006 

0.65327 
0.62444 
0.59324 
0.55922 
0.52179 

0.48009 
0.43284 
0.37788 
0.31105 
0.22176 


X2 

3.42562 
3.41306 
3.40034 
3.38744 
3.37438 

3.36113 
3.34772 
3.33413 
3.32037 
3.30643 

3.29231 
3.27802 
3.26355 
3.24891 
3.23409 

3.21910 
3.20393 
3.18860 
3.17310 
3.15743 


Z3 

6.43730 
6.42987 
6.42241 
6.41492 
6.40740 

6.39984 
6.39226 
6.38464 
6.37700 
6.36932 

6.36162 
6.35389 
6.34613 
6.33835 
6.33054 

6.32270 
6.31485 
6.30696 
6.29906 
6.29113 


0.00  0.00000  3.14159 

[-r]['t']  [t'][ 


6.28319 
2 


X4 

9.52933 
9.52419 
9.51904 
9.51388 
9.50871 

9.50353 
9.49834 
9.49314 
9.48793 
9.48271 

9.47749 
9.47225 
9.46700 
9.46175 
9.45649 

9.45122 
9.44595 
9.44067 
9.43538 
9.43008 

9.42478 


12.64529 
12.64138 
12.63747 
12.63355 
12.62963 

12.62570 
12.62177 
12.61784 
12.61390 
12.60996 

12.60601 
12.60206 
12.59811 
12.59415 
12.59019 

12.58623 
12.58226 
12.57829 
12.57432 
12.57035 


X6 

15.77128 
15.76814 
15.76499 
15.76184 
15.75868 

15.75553 
15.75237 
15.74921 
15.74605 
15.74288 

15.73972 
15.73655 
15.73338 
15.73021 
15.72704 

15.72386 
15.72068 
15.71751 
15.71433 
15.71114 


12.56637  15.70796 


—  o 
2 


XT 

18.90241 
18.89978 
18.89715 
18.89451 
18.89188 

18.88924 
18.88660 
18.88396 
18.88132 
18.87868 

18.87604 
18.87339 
18.87075 
18.86810 
18.86546 

18.86281 
18.86016 
18.85751 
18.85486 
18.85221 

18.84956 


X8 

22.03650 
22.03424 
22.03197 
22.02971 
22.02745 

22.02519 
22.02292 
22.02066 
22.01839 
22.01612 

22.01386 
22.01159 
22.00932 
22.00705 
22.00478 

22.00251 
22.00024 
21.99797 
21.99569 
21.99342 


X9 

25.17245 

25.17047 
25.16848 
25.16650 
25.16452 

25.16254 
25.16055 
25.15857 
25.15659 
25.15460 

25.15262 
25.15063 
25.14864 
25,14666 
25.14467 

25.14268 
25.14070 
25.13871 
25.13672 
25.13473 


<x> 


3 
3 
3 

4 

5 

7 

10 

20 


21.99115 
5  1' 
2 


[T] 


25.13274   00 


<X>  =  nearest  integer  to  X. 


For  X-'  >  .20,  the  maximum  error  in  linear  interpolation  is  (—4)7;  five-point  interpolation  gives  5D. 


For  x-'«.20, 


X, 


'M 


6X 


11 
360X 


9  — - 


432X 
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5.  Exponential  Integral  and  Related  Functions 


^Mathematical  Properties 


5.1.  Exponential  Integral 
Definitions 


5.1.1  E 

5.1.2  Ei(j-)  =  - 


i(2)=J^°^^«         (|arg3|<T) 

^'  —  dt=-^'    ^dt        {x>0) 


J-x    t    ^^     J-^t 
C'  dt 

5.1.3      liW=  J  i^=Ei(ln  X)  (x>l) 


5.1.4 
5.1.5 


dt 


(n=0, 1,2,  .  .  .;^2>0) 


/»  CO 

a„(2)=         rg-^'c?^         (71=0,  1,2,..  .;  ^^>0) 

5.1.6     /3„(2)=  r   r6-^'(f«  (n=0,  1,2,...) 

In  5.1.1  it  is  assumed  that  the  path  of  integration 
excludes  the  origin  and  does  not  cross  the  negative 
real  axis. 

Analytic  continuation  of  the  functions  in  5.1.1, 
5.1.2,  and  5.1.4  for  r(>0  yields  multi-valued  func- 
tions with  branch  points  at  2=0  and  2=00.3 
They  are  single-valued  functions  in  the  2-plane 
cut  along  the  negative  real  axis.*  The  function 
li(2),  the  logarithmic  integral,  has  an  additional 
branch  point  at  2=1. 


5.1.7 


Interrelations 


£:i(-x±iO)  =  -Ei(x)Tix, 

-Ei(x)=i[£'i(-x+iO)-f£'i(-x-iO)]         (x>0) 


'  Some   authors    [5.14],    [5.16]   use   the   entire   function 

{\  —  e~')dt't   as   the  basic  function   and  denote  it   bv 
Jo 

Ein(z).    We  have  Ein(z)  =  .Ei(2)-rln  24-7-. 

*  Various  authors  define  the  integral  i        {e'lt)di  in  the 

2-plane  cut  along  the  positive  real  axis  and  denote  it  also 
by  Ei(2).  For  2=i>0  additional  notations  such  as  Ei(j) 
(e.g.,  in  [5.10],  [5.25]),  E*{x)  (in  [5.2]),  Ei*(x)  (in  [5.6]^  are 
then  used  to  designate  the  principal  value  of  the  integral. 
Correspondingly,  £,(i)  is  often  denoted  by  —  Ei(— z). 
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Explicit  Expressions  for  0,(2)  and  /SmCz) 


;.1.8     a„{2)  =  n\2-"-'e-'  (i  +  ^^Lm  .  .  .  4.1^) 


5.1.9 

/3„(2)=n.!2-»-^{gMl-2+|-r 


2! 


•+(-1)".^] 


-.-Ml+2+|j-F...-H^)l 


Figure  5.1.     ?/=Ei(x)  and  y=Ei(x). 


Figure  5.2.     y=E„{x) 

n=0,  1,2,  3,  5,  10 


n=0  n=l  n»2  n=3  n=4  n=5  n=6 
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Symmetry  Relation 

5.1.13 
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1.0  1.5  2.0  2.5  3.0  3.5 


Figure  5.3.     y=an{x) 
n=0(l)6 


Figure  5.4.     y=0n{x) 

71=0,  1,2,5,  10,  15 


Series  Expansions 

5.1.10         Ei(x)=y+\nx-i-J2—, 
5.1.11 

5.1.12 


(n-iy. 


{x>0) 
(|arg  z\<t) 

0  (m  — ri+l)m! 
(|arg  2|<7r) 


m  =  l  ''^ 

7=. 57721  56649  .  .  .  is  Euler's  constant. 


5.1.14 


Recurrence  Relations 

E„+,{2)=l[e-'-2E„(z)]  (n=l,2,3,  ...) 


5.1.15     2a„(2)  =  e-^+n«„_i(2)         (n=l,2,  3,  .  .  . ) 

5.1.16 

2/3„(2)  =  (-l)"e^-e-^+n/3„_i(2)        (n=l,2,3,  .  .  .) 

Inequalities  [5.8],  [5.4] 


5.1.17 

n—1 


n 


EM<:En+,(x)<E„(x)     {x>0;n=l,2,3,  . .  .) 


5.1.18 

E',(x)<En_,{x)E,+M         (x>0;n=l,2,Z,  .  .  .) 

5.1.19 


^    <e^E„(x)<       ^ 


x-\-n 
5.1.20 


x+w— 1 


(a;>0;n=l,2,3,  .  .  .) 


I  In  (l+l^<e^E,{x)<]n  (l+^)         (x>0) 


5.1.21 

d 

dx 


f.[|!i)]>°     (->o;-i.2,3,...) 


5.1.22 


£.W=^-'(^T 


Continued  Fraction 

1      n     1    n+1    2 


5.1.23 


5.1.24 


+  2+    1+    2  + 
Special  Values 
1 


. .  .  j     (|arg  2|<7r) 


£^n(0)  = 


n-1 


£■0(2)=- 


(n>l) 


e~*  2  .  , 

5.1.25  "0(2)= — '  /3o(2)=-sinh  2 

2  z 
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EXPONENTIAL    INTEGRAL 
Derivatives 


AND    RELATED    FUNCTIONS 

5.1.36 


5.1.26    ^^=-^„_i(0)         (n=l,2,3,...) 
5.1.27 


(-irin-iy. 


(n=l,2,3,...) 


Definite  and  Indefinite  Integrals 

(For  more  extensive  tables  of  integrals  see 
[5.3],  [5.6],  [5.11],  [5.12],  [5.13].  For  integrals 
involving  Enix)  see  [5.9].) 


5.1.28 
5.1.29 


j; 


6+^ 


dt^e^^Eiiab) 


j: 


h-\-t 


dt=e-""'Ei{-iab)        (a>0, 6>0) 


5.1.30 


j; 


[ct  e"''dt  =  e'"Ei{ab)         (a>0,  b>0) 


5.1.31 


r  ^^2  e"''dt=e-'"'{-Ei(ab)-\-iw) 


(a>0,  6>0) 


5.1.32 


X 


dt=]n- 
0  t  a 


r    El{t)dt=2]n2 


5.1.33 

5.1.34 

J      e-"' En{t)dt  = 


fc=i 


5.1.35 

e"'  sin  6« 


r 


c?<=B— arctan  -  -\-yEi(—a-\-ib) 


(a>0,6>0) 


"  ""  (/^= arc  tan  -  -j-^Eiia-^-ib) 

J  0  ^  d 


(a>0,6  real) 


5.1.37 


j:^ 


(1— cos  bt)  ,.     1 


^  (/i=lln(^l+^^+Ei(a) 

+^£'i(-a+i6)     (a>0,6real) 

5.1.38 

f'  6-°'(l-cos60  ,^     1  ,    /,  ,  62\ 
Jo  ^ ^^^=2ln(l+^)-^.(a) 

+^^i(a+i6)         (a>0,6real) 


5.1.39 


r:- 


—e 


C?<  =  £'l(2)+ln2+7 


5.1.4«     r^V^(f«=Ei(a:)-lna;-7         (a;>0) 
Jo       f 


5.1.41 


]'J^^  ^^=h  [e-'Eii-a-ixj-e'E^ia-ix)] 


'-^-x"         2a 


+ const. 


5.1.42 

xe" 


+  2)2 


dx=—^[e-''Ei{—a—ix)-\-e''Ei(a—ix)] 


+const. 


5.1.43 


1^37^  dx=--  J'ie"'Ei(-x+ia)) -+const.  (a>0) 


5.1.44 


J. 


(/a:=  — ^(e*«£'i(— x+ia))+const.      (a>0) 


Relation  to  Incomplete  Gamma  Function  (see  6.5) 

5.1.45  £:„(2)=2"-ir(i-7i,  z) 

5.1.46  a„(2)  =  2-"-^r(n+l,  2) 

5.1.47  /3„(2)  =  2-'-'[r(n+l,  -2)-r(n+l,  z)] 

Relation  to  Spherical  Bessel  Functions  (see  10.2) 

5.1.48  ao(z)=^^^Ki{z),  /3o(2)  =  ^/i(2) 

5.1.49  a,{z)=^^^K,n{z),  /3, (2)  =  -^y 73/2(2) 
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(Assuming  Riemann's  hypothesis  that  all  non- 
real  zeros  of  f  (2)  have  a  real  part  of  j) 


5.1.50     li  (a;)--n-(a;)  =  0(v'«  In  x) 


(X- 


ir(a;)  is  the  number  of  primes  less  than  or  equal 
to  X. 


200 


150  - 


200  400  600  800  1000 

Figure  5.5.     y=li{x)  and  y=r{x) 

Asymptotic  Expansion 


>x 


5.1.51 


w  f.\      ^~'/i     y^  ,  n(n+l)     7i(n+l)(n+2)  , 
z  z         z^  zr 

(|arg  2|<f7r) 

Representation  of  ^a(z)  for  Large  n 


5.1.52 


n         n(n—2x) 


x-\-n         {x-\-ny      {x-\-ny 

n{6x^—8nx-{-ri^ 


■         (x+n)'         +-^("'^» 
-.36).-'<fi(n,x)<(l+j-j-i— j^Ti-'    (x>0) 

Polynomial  and  Rational  Approximations  ^ 
5.1.53  0<a;<l 
£"1(2;) +ln  x=ao-\-aiX-'ra-2x'^-\-a33^-\-aiX^-^as?:^-\-t(x) 
|c(x)|<2X10-^ 

*  The  approximation  5.1.53  is  from  E.  E.  Allen,  Note 
169,  MTAC  8,  240  (1954);  approximations  5.1..54  and 
5.1. .56  are  from  C.  Hastings,  Jr.,  Approximations  for  digital 
computers,  Princeton  Univ.  Press,  Princeton,  N.J.,  1955; 
approximation  5.1.55  is  from  C.  Hastings,  Jr.,  Note  143, 
MTAC  7,  68  (1953)  (with  permission). 


ao= -.57721  566  a3=  .05519  968 
ai=  .99999  193  04=  — .00976  004 
02= -.24991  055    as=     .00107  857 


5.1.54 


xe'Ei{x)  = 


l<X<oo 

x^-\-aiX-\-a2 


x'^-'rbix-'rbi 
€(x)|<5X10-« 


(x) 


5.1.55 


5.1.56 


01=2.334733         6,  =  3.330657 
02=   .250621         62=1.681534 

10<Z<oo 

k(x)|<10-^ 

ai=4.03640         6i  =  5.03637 
02=1.15198         62=4.19160 

l<a:<oo 


^'  ^^(^)-^^+6,x3+62X^+63X+6.+^^^^ 

|c(x)|<2X10-« 

Oi=  8.57332  87401  61=  9.57332  23454 

02=18.05901  69730  62=25.63295  61486 

03=  8.63476  08925  63=21.09965  30827 

04=     .26777  37343  64=  3.95849  69228 

5.2.   Sine  and  Cosine  Integrals 
Definitions 


5.2.1 
5.2.2  " 


Si 


,  ,      C'sint 


dt 


cos  t—1 


Ci(2)  =  7+ln2+JJ        ^ 

Shi(.)=r^-^ 
Jo        t 


dt        (|arg  z\<t) 
dt 


5.2.3  ' 

5.2.4  ' 

Chi(2)  =  7+ln  2+ JJ  ^osht-l  ^^         ^j^^g  ^1^^^ 

«  Some   authors   [5.14],   [5.16]   use  the  entire   function 

I    (1  — cos  t)di/t  as   the  basic  function  and  denote  it  by 

Cin(z).     We  have 

Cin(2)  =  -Ci(z)+ln  z  +  y. 

^  The    notations    Sih(z)=  j' sinh  <  d^A, 
Cinh(z)=  J    (cosh  t—l)dt/t  have  also  been  proposed  [5.14.] 
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5.2.5 
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si  (2)  =  Si  (2)  "2 


Auxiliary  Functions 

5.2.6  /(2)  =  Ci(2)  sin  2— si(2)  cos  2 

5.2.7  ^(2)=  — Ci(2)  cos  2— si(2)  sin  2 

Sine  and  Cosine   Integrals   in   Terms  of  Auxiliary 
Functions 

5.2.8  Si(2)=^— /(2)  cos  z—g(z)  sin  2 

5.2.9  Ci(2)=/(2)  sin  z—g{z)  cos  2 

Integral  Representations 


5.2.10      si 


(2)  =  -  f 
Jo 


g-rcos«  ^Qg  (^2  sin  t)dt 


5.2.11    Ci(2)+£:i(2)=  r  e-^*^"^'  sin  (2  sin  t)dt 

5.2.12  y(3)=j;5i^^ </,=/;  1^*  (^^>o) 

5.2.13  g(,)^£^^jt^j^'i^^jt     (m.yo) 


Figure  5.6.     y=Si(x)  and  y=Ci{x) 

Series  Expansions 


5.2.14  Si(2)=i: 

5.2.15 


;J^o(2n+l)(2M+l)! 

si(2)=7ri:j„v,(0 


5.2.16         Ci(.)=.+!n.+Sy;|r 


5.2.17  Shi(2)=Z) 


,2n+l 


;f=^o(2M+l)(2n+l)! 


5.2.18  Chi(2)=7+ln  2+Xj 


^i2n{2nV. 

Symmetry  Relations 


5.2.19        Si(-2)  =  -Si(2),  Si(i)=Si(2) 

5.2.20 

Ci(-2)  =  Ci(2)-i7r         (0<arg  2<7r) 


Ci(I)  =  Ci(2) 

Relation  to  Exponential  Integral 


5.2.21 


Si{z)=^.[ES^)-EA-iz)]+l        (|arg  2|<|) 


5.2.22     Si(ix)=^[Ei(a:)+^,(z)]         (ar>0) 


5.2.23 

Ci(2)  =  -^  [ES^)-hE,i-iz)]         (|arg  2|<^) 


5.2.24    Ci(ix)=^[Ei{x)-E,{x)nil         (x>0) 


Value  at  Infinity 


5.2.25 


lim  Si(x)=^ 


Integrals 


(For   more    extensive    tables    of   integrals    see 
[5.3],  [5.6],  [5.11],  [5.12],  [5.13].) 


5.2.26 


sin  t 


I      ^^dt  =  -si(z)         (|arg2|<7r) 


5.2.27  r^dt  =  -Ci{z)         (!arg2i<T) 

5.2.28  r 

5.2.29  r 


e-^'Ci  (t)dt=^  lu  (1  +a')         (^a>0) 


e-"'  si  (t)dt=—-  arctan  a         (^a>0) 


5.2.30      r     cos  f  Ci  (/)(/f  =  r    sin  « si  (Of/<=-^ 


I 


5.2.31  r  Ci' {t)dt=j    si' it)dt=^ 

/•  CD 

5.2.32  Ci  it)  si  {t)dt= -In  2 
5.2.33 

+  ^E,(a-\-ib)  (a  real,  6>0) 
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5.2.37  l<x<c» 
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Asymptotic  Expansions 


5.2.34 


/(^)40-|+?-?+-  •  •)         (larg^K.) 


5.2.35 


y(3)~i,(l-|+p-^l+.  .  .)        (larg  z\<.) 


Rational  Approximations 

5.2.36  l<x<oo 


|e(a;)|<2X10-* 
ai  =  7.241163         6i  =  9.068580 
02  =  2.463936         62=7.157433 


,  .      1  /x*-\-aix'^-\-ch\  ,    ,  V 

k(a;)l<io-* 

ai=7.547478         6,  =  12.723684 
02=1.564072         62=15.723606 


5.2.38 


y(.)=K; 


l<X<oo 

a;^+Oia:^+02Z*+033:''4-oA       ,  . 
x«+6iX«+62X*+63a:'+64/"^'^''^ 

leWKSXlO-^ 


Oi=  38.027264 
02=265.187033 
03=335.677320 
04=  38.102495 


6,=  40.021433 
62=322.624911 
63=570.236280 
64=157.105423 


5.2.39 


P(-)=^( 


l<X<oo 
X^+0iX^  +  02xV03X^  +  04\  ,   . 

x«+6iX«+62X*+63x2+64/"^'  ^^^ 
6(x)!<3X10-' 


Oi=  42.242855 
02=302.757865 
03=352.018498 
04=  21.821899 


61=  48.196927 
62=  482.485984 
63=1114.978885 
64=  449.690326 


Numerical  Methods 


5.3.  Use  and  Extension  of  the  Tables 

Example  1.     Compute  Ci  (.25)  to  5D. 
From  Tables  5.1  and  4.2  we  have 


Ci(.25)-ln(.25)-7 
(.25)^ 


.249350, 


Ci  (.25)  =  (.25)2(- .249350)  +  (-1.38629) 

+  .577216  =  -.82466. 

Example  2.     Compute  Ei  (8)  to  5S. 

From  Table  5.1  we  have  x^-'Ei  (x)  =  1.18185  for 
x=8.  From  Table  4.4,  e«  =  2.98096X10^  Thus 
Ei  (8)  =440.38. 


•See  page  U. 

*  From  C.  Hastings,  Jr.,  Approximations  for  digital 
computers.  Princeton  Univ.  Press,  Princeton,  N.J.,  1955 
(with  permission). 


Example  3.     Compute  Si  (20)  to  5D. 

Since  1/20  =  .05  from  Table  5.2  we  find 
/(20)  =  .049757,  ^(20)  =  .002464.  From  Table  4.8, 
sin  20  =  .912945,  cos  20  =  .408082.     Using  5.2.8 


Si(20)=|-/(20)  cos  20-£7(20)  sin  20 

=  1.570796-.022555  =  1.54824. 


Example  4.  Compute  £:„(x),  n  =  l(l)iV,  to  58 
for  x=  1.275,  Ar=  10. 

If  X  is  less  than  about  five,  the  recurrence 
relation  5.1.14  can  be  used  in  increasing  order  of  n 
without  serious  loss  of  accuracy. 

By  quadratic  interpolation  in  Table  5.1  we  get 
E, (1.275)  =  .1408099,  and  from  Table  4.4,  c"'-*" 
=  .2794310.  The  recurrence  formula  5.1.14  then 
yields 
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n 

£•»(!.  275) 

^n(  1.275) 

1 

.1408099 

6 

.0430168 

2 

.0998984 

7 

.0374307 

3 

.0760303 

8 

.0331009 

4 

.0608307 

9 

.0296534 

5 

.0504679 

10 

.0268469 

Interpolating  directly  in  Table  5.4  for  7i  =  10 
we  get  £"10(1. 275)  =  .0268470  as  a  check. 

Example  5.  Compute  En(x),  n=lil)N,  to  5S 
forx=10,  A^=10. 

If,  as  in  this  example,  x  is  appreciably  larger 
than  five  and  A^<a;,  then  the  recurrence  relation 
5.1.14  may  be  safely  used  in  decreasing  order  of 
n([5.5]).  From  Table  5.5  for  x~^  =  .l  we  get 
(x+10)6'£'io(z)  =  1.02436  so  that  £"10(10)  =2.32529 
XIO"^.  Using  this  as  the  initial  value  we  obtain 
column  (2). 


n 

IQS^ndO) 
(1) 

10*£:„(10) 

(2) 

1 

.41570 

.41570 

2 

.38300 

.38302 

3 

.35500 

.35488 

4 

.33000 

.33041 

5 

.31000 

.30898 

6 

.28800 

.29005 

7 

.27667 

.27325 

8 

.25333 

.25822 

9 

.25084 

.24472 

0 

.22573 

.23253 

From  Table  5.2  we  get  xe'Ei(x)  =  . 915633  so 
that  £i(10)=4. 15697X10-^  as  a  check.  Forward 
recurrence  starting  with  £i(10)=4. 1570X10"^ 
yields  the  values  in  column  (1).  The  imderHned 
figiires  are  in  error. 

Example  6.  Compute  En(x),  n  =  l{l)X,  to  5S 
for  z=12.3,  A'=20. 

If  A'^  is  appreciably  larger  than  x,  and  x  appre- 
ciably larger  than  five,  then  the  recurrence  rela- 
tion 5.1.14  should  be  used  in  the  backward  direc- 
tion to  generate  E„(x)  for  7i<no,  and  in  the  forward 
direction  to  generate  E„{x)  for  n^rio,  where 
no=(x). 

From  5.1.52,  with  no=12,  x=12.3,  we  have 


En^ix). 


,-12.3 


_(l  +  .02032-.n0043-.00001) 
"^^"^  =1. 91038  XIO-^ 


Using  the  recurrence  relation  5.1.14,  as  indicated, 
we  get 


n 

10«^„(12.3) 

10«£;„(12.3) 

n 

12 

. 191038 

.  191038 

12 

11 

. 199213 

. 183498 

13 

10 

.  208098 

.  176516 

14 

9 

.217793 

.  170042 

15 

8 

. 228406 

.  164015 

16 

7 

. 240073 

. 158397 

17 

6 

. 252951 

.  153144 

18 

5 

. 267234 

. 148226 

19 

4 

.283155 

. 143608 

20 

3 

. 300998 

2 

.321117 

1 

. 343953 

From  Tables  5.2  and  5.5  we  find  £1(12.3)  =  .343953 
X10-^  £20(12.3)  =  .143609  X10-«  as  a  check. 

Example  7.     Compute  a„(2)  to  6Sforn=  1(1)5. 

The  recurrence  formula  5.1.15  can  be  used  for 
all  a;>0  in  increasing  order  of  n  without  loss  of 


accuracy 

=  .0676676,  so  we  get 


From    5.1.25    we    have    ao{2)=-^  e 


-2 


an(2) 

.0676676 
.101501 
.169169 
.321421 
.710510 
1.84394 


Independent  calculation  with  5.1.8  yields  the 
same  result  for  05(2). 

The  functions  ao(aj)  and  ai(x)  can  be  obtained 
from  Table  10.8  using  5.1.48,  5.1.49. 

Examples.  Compute  /3„(2-),  n=^{\)N  to  6S 
for  2-=l,  A'=5. 

Use  the  recurrence  relation  5.1.16  in  increasing 
order  of  n  if 

a;>.368A^+.184  In  A^+.821 

and  in  decreasing  order  of  n  otherwise  [5.5]. 

From  5.1.9  with  n=5  we  get  /35(1)=  — -324297 
correctly  rounded  to  6D.  Using  the  recurrence 
formula  5.1.16  in  decreasing  order  of  n  and 
carrying  9D  we  get  the  values  in  column  (2). 


n 

/3„(1) 
(1) 

^n(l) 

(2) 

0 

2.35040  2 

2.35040  2389 

1 

-.73575  9269 

—  .73575  8880 

2 

.87888  3849 

.87888  4629 

3 

-.44950  9722 

-.44950  7383 

4 

.55236  3499 

.55237  2854 

5 

-.32434  3774 

-.32429  7 

Using  forward  recurrence  instead,  starting  with 
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/3o(l)=2  sinh  1=2.350402  and  again  carrying  9D, 
we  obtain  column  (1).  The  underlined  figures 
are  in  error.  The  above  shows  that  three  signifi- 
cant figures  are  lost  in  forward  recurrence,  whereas 
about  three  significant  figures  are  gained  in  back- 
ward recurrence! 

An  alternative  procedure  is  to  start  with  an 
arbitrary  value  for  n  sufficiently  large  (see  also 
[5.1]).  To  illustrate,  starting  with  the  value 
zero  at  n=ll  we  get 


n 

11 

10 

9 

8 
7 
6 


/3„(1) 

0. 

.280560 
-.206984 

■319908 
-.2538^2 

.404621 


n 

^«(1) 

5 

-.324297 

4 

.552373 

3 

-.449507 

2 

.878885 

1 

-.735759 

0 

2.350402 

The  functions  ^q{x)  and  /3i(a-)  can  be  obtained 
from  Table  10.8  using  5.1.48,  5.1.49. 

Example    9.     Compute    £"1(2)    for    2=3.2578 
+  6.8943i. 
From  Table  5.6  we  have  for  2o=a;o+'iyo=3+7i 

z^'oEi  (2o)  =  .934958  +  .095598i, 

e^o^-j  (20)  =  .059898 -.1078951. 

From  Taylor's  formula  with /(2)=e  ^£"1(2)  we  have 


y(2)=/(2o+A2)=/(2o)-f 


1! 


^z 


2! 


(A2)2+ 


with  A2=2-2o=.2578-.1057i.    Thus  with  5.1.27 
we  get 


f"'K2o)/k\ 


(Az)''f^>'Hzo)/k\ 


059898  -.  107895t 

008174  +.  0127951 

001859  +.  000155i 

000088  -.  0002121 


059898  -.  107895t 

003460  +.  002435* 

000094  +.000110t 

000003  -.  0000041 


/(2)  =  . 063261     -.1053541 

e-^=. 031510     -.0220751 

£"1(2)  = -.000332     -.0047161 

Repeating    the    calculation    with    2o=3  +  6i    and 
A2=. 2578 +  .89431  we  get  the  same  result. 

An  alternative  procedure  is  to  perform  bivariate 
interpolation  in  the  real  and  imaginary  parts  of 

ze'Eiiz). 

Example     10.     Compute    Ei(z)    for    2=— 4.2 
+  12.7i. 
Using  the  formula  at  the  bottom  of  Table  5.6 

.711093 


e^E,{z) 


-3.784225  +  12.71 

.278518 


.010389 


'  —1.90572+12.71  '  2.0900+12.71 

=  -.0184106-. 07366981 
£1(2) «- 1.87133-4.705401. 


References 


Texts 


[5.1]  F.  J.  Corbato,  On  the  computation  of  auxiliary 
functions  for  two-center  integrals  by  means  of  a 
high-speed  computer,  J.  Chem.  Phys.  24,  452-453 
(1956). 

[5.2]  A.  Erdelyi  et  al.,  Higher  transcendental  functions, 
vol.  2  (McGraw-Hill  Book  Co.,  Inc.,  New  York, 
N.Y.,  1953). 

[5.3]  A.  Erdelyi  et  al.,  Tables  of  integral  transforms,  vols. 
1,  2  (McGraw-Hill  Book  Co.,  Inc.,  New  York, 
N.Y.,  1954). 

[5.4]  W.  Gautschi,  Some  elementary  inequalities  relating 
to  the  gamma  and  incomplete  gamma  function, 
J.  Math.  Phys.  38,  77-81  (1959). 

[5.5]  \V.  Gautschi,  Recursive  computation  of  certain 
integrals,  J.  Assoc.  Comput.  Mach.  8,  21-40 
(1961). 


[5.6]  W.  Grobner  and  N.  Hofreiter,  Integraltafel 
(Springer- Verlag,  Wien  and  Innsbruck,  Austria, 
1949-50). 

[5.7]  C.  Hastings,  Jr.,  Approximations  for  digital  com- 
puters (Princeton  Univ.  Press,  Princeton,  N.J., 
1955). 

[5.8]  E.  Hopf,  Mathematical  problems  of  radiative 
equilibrium,  Cambridge  Tracts  in  Mathematics 
and  Mathematical  Physics,  No.  31  (Cambridge 
Univ.  Press,  Cambridge,  England,   1934). 

[5.9]  V.  Kourganoflf,  Basic  methods  in  transfer  problems 
(Oxford  Univ.  Press,  London,  England,  1952). 
[5.10]  F.  Losch  and  F.  Schoblik,  Die  Fakultat  und  ver- 
wandte  Funktionen  (B.  G.  Teubner,  Leipzig, 
Germany,  1951). 
[5.11]  N.  Nielsen,  Theorie  des  Integrallogarithmus  (B.  G. 
Teubner,  Leipzig,  Germany,  1906). 


236 


EXPOXEXTIAL    DsTEGRAL    AXD    RELATED    FUNCTIONS 


[5.12]  F.  Oberhettinger,  Tabellen  zur  Fourier  Transforma- 
tion (Springer-Verlag,  Berlin,  Gottingen,  Heidel- 
berg, Germany,  1957). 

[5.13]  T.  M.  Ryshik  and  I.  S.  Gradstein,  Tables  of  series, 
products  and  integrals  (VEB  Deutscher  Verlag 
der  Wissenschaften,  Berlin,  Germany,  1957). 

[5.14]  S.  A.  SchelkunofiF,  Proposed  symbols  for  the  modified 
cosine  and  exponential  integral,  Quart.  Appl. 
Math.  2,  90  (1944). 

[5.15]  J.  Todd,  Evaluation  of  the  exponential  integral  for 
large  complex  arguments,  J.  Research  NBS  52, 
313-317  (1954)  RP  2508. 

[5.16]  F.  G.  Tricomi,  Funzioni  ipergeometriche  confluent! 
(Edizioni  Cremonese,  Rome,  Italj-,  1954). 


Tables 


[5.17] 


[5.18] 


British  Association  for  the  Advancement  of  Science, 
Mathematical  Tables,  vol.  I.  Circular  and 
hyperbolic  functions,  exponential,  sine  and  cosine 
integrals,  etc.,  3d  ed.  (Cambridge  Univ.  Press, 
Cambridge,  England,  1951).  Ei(z)— In  x,  —Ei{x) 
-In  I,  Ci(x)-ln  x,  Si(i),  i=0(.l)5,  IID;  Ei(i), 
i  =  o(.l)15,  10-llS;£'j(x),i=5(.l)15,  13-14D; 
Si(z),  Ci(i),  i  =  5(.l)20(.2)40,     lOD. 

L.  Fox,  Tables  of  Weber  parabolic  cylinder  functions 
and  other  functions  for  large  arguments,  Mathe- 
matical Tables,  vol.  4,  National  Phj-sical  Labora- 
tory (Her  Majesty's  Stationery  Ofl5ce,  London, 
England,  1960).  e-^Ei(x),  e'Edx),  x-i  =  0(.001).l, 
lOD;  fix),  gix),  x-i  =  0(.001).l,  lOD. 
[5.19]  J.  W.  L.  Glaisher,  Tables  of  the  numerical  values 
of  the  sine-integral,  cosine-integral  and  expo- 
nential integral,  Philos.  Trans.  Roy.  Soc. 
London  160,  367-388  (1870).  Si(x),  Ci(x'),  Ei(x), 
-£'i(x),  x  =  0(.01)l,  18D,  x=l(.l)5(l)15,  IID. 
[5.20]  B.  S.  Gourary  and  M.  E.  Lynam,  Tables  of  the 
auxiliary  molecular  integrals  An{x)  and  the 
auxiliary  functions  C„(x),  The  Johns  Hopkins 
Univ.  Applied  Physics  Laboratory,  CM  Report 
905,  Baltimore,  Md.  (1957).  a„(x),  n\en{x), 
x=.05(.05)15,  n  =  0(l)18,     9S. 

F.  E.  Harris,  Tables  of  the  exponential  integral 
Ei(x),  Math.  Tables  Aids  Comp.  11,  9-16  (1957). 
Ex{x),  e-Eiix),  Ei(x),  e-'Ei(x),  i=l(l)4(.4)8(l)50, 
18-19S. 

Harvard  University,  The  Annals  of  the  Computa- 
tion Laboratory,  vols.  18,  19;  Tables  of  the  gen- 
eralized sine-  and  cosine-integral  functions,  parts 
I,  II   (Harvard  Univ.  Press,  Cambridge,   Mass., 

1949).   5(a,x)=r!Hlifdx,C(a,x)=ri::i£^dx, 
Jo     u  Jo        w 

6D;    Ss(a,    x)=         !iB_Jf    sin  xdj:,      Sc(a,    x)=: 
Jo  u 

J;^cosxdx,     6D;Cs(a,x)=J;£^sinxdx, 

Cc(a,x)=|    — ^(l-cosx)dx,     6D;w  =  ^x2+a^ 

0<a<25,  0<x<25. 
[5.23]  Harvard  University,  The  Annals  of  the  Computa- 
tion Laboratory,  vol.  21;  Tables  of  the  generalized 
exponential-integral    functions     (Harvard    Univ. 
Press,     Cambridge,     Mass.,     1949).      E(a,    x)  = 


[5.21] 


[5.22] 


Jo       u 

X 


dx,  Es(a,  x) 


-j: 


sin  u 


dx,  Ec(a,x)  = 


cos  u 


dx,     6D;  w  =  Vx»-|-a»,  0<a<10, 


10  u 

0<x<10. 

[5.24]  A.  V.  Hershey,  Computing  programs  for  the  com- 
plex exponential  integral,  U.S.  Naval  Proving 
Ground,  Dahlgren,  Va.,  NPG  Report  No.  1646 
(1959).  -Ed-z),-  2=x  +  iy,  x= -20(1)20, 
2/  =  0(l)20,  13S. 

[5.25]  E.  Jahnke  and  F.  Emde.  Tables  of  functions,  4th 
ed.  (Dover  Publications,  Inc.,  New  York,  N.Y., 
1945).  -Ei(x),  Ei(x),  x  =  0(.01)l(.l)5(l)15,  4- 
6S;  Si(x),  Ci(x),  x  =  0(.01)l(.l)5(l)15(5)  100(10) 
200(10a)10'">-,  generally  4-5S;  maxima  and 
minima  of  Ci(x)  and  si(x),  0<x<16,     5S. 

[5.26]  K.  A.  Karpov  and  S.  N.  Razumovskii,  Tablitsy 
integral'  nogo  logarifma  (Izdat.  Akad.  Nauk 
SSSR.,  Moscow,  U.S.S.R.,  1956).  li(x),  x= 
O(.OOOl)  2.5  (.001)  20  (.01)200  (.1)  500  (1)  10000  (10) 
25000,  7S;  li(x)-ln  |l-x|,  x  =  .95(.0001)1.05, 
6D. 

[5.27]  M.  Kotani,  A.  Amemiya,  E.  Ishiguro,  T.  Kimura, 
Table  of  molecular  integrals  (Maruzen  Co.,  Ltd., 
Tokvo,  Japan,  1955).  a„(x),  x=  .25(.25)9(.5)  19(1) 
25,  n=0(l)15,  US;  /3,(x),  x=.25(.25)8(.5)19(l) 
25,  n  =  0(l)8,     lis. 

[5.28]  M.  Mashiko,  Tables  of  generalized  exponential-, 
sine-  and  cosine-integrals,  Numerical  Computa- 
tion Bureau  Report  No.  7,  Tokyo,  Japan  (1953). 
.&,(2)-Mn|2i  =  C„(^)-|-ln  |-t5,(|)',  2  =  |€-,  {=0(.05) 
5,  a=0°(2°)60°(l°)90°,     6D;  ze'E^iz)  =  Aaiv)  exp 

[t*a(n)],  2=- e",   i7=.01(.01).2,    o=0°(2'=')60°(l°) 

V 

90°,     5-6D. 

[5.29]  G.  F.  Miller,  Tables  of  generalized  exponential 
integrals,  Mathematical  Tables,  vol.  3,  National 
Physical  Laboratory  (Her  Majesty's  Stationery 
Office,  London,  England,  1958).  (x-t-n)e^£',(x), 
x  =  0(.01)l,  n=l(l)8,  x  =  0(,l)20,  n=l(l)24, 
x-i  =  0(.001).05,  n=l(l)24;     8D. 

[5.30]  J.  Miller,  J.  M.  Gerhauser,  and  F.  A.  Matsen, 
Quantum  chemistry  integrals  and  tables  (Univ.  of 
Texas  Press,  Austin,  Tex.,  1959).  a„(x),  x  =  .125 
(.125)25,n  =  0(l)16,  14S;/3,(x),x  =  0(.  125)  24.875, 
71  =  0(1)16,     12-14S. 

[5.31]  J.  Miller  and  R.  P.  Hurst,  Simplified  calculation  of 
the  exponential  integral,  Math.  Tables  Aids 
Comp.  12,  187-193  (1958).  e-'Ei(x),  Ei(x), 
e^Exix),  Eiix),  x  =  .2(.05)5(.l)10(.2)20(.5)50(l)80; 
16S. 

[5.32]  National  Bureau  of  Standards,  Tables  of  sine, 
cosine  and  exponential  integrals,  vol.  I  (U.S. 
Government  Printing  Office,  Washington,  D.C., 
1940).  Si(x),  Ci(x),  Ei(x),  Ei{x),  x  =  0(.0001)2, 
x  =  0(.l)10;     9D. 

[5.33]  National  Bureau  of  Standards,  Tables  of  sine,  cosine 
and  exponential  integrals,  vol.  II  (U.S.  Govern- 
ment Printing  Office,  Washington,  D.C.,  1940). 
Si(x),  Ci(x),  Ei(i),  Eiix),  x  =  0(.001)10,  9-10  D 
or  S;  Si(x),  Ci(x),  x=10(.l)40,  lOD;  Ei(x), 
i:i(x),  x=10(.l)15,     7-llS. 


\ 


EXPONENTIAL  INTEGRAL  AND  RELATED  FUNCTIONS 


237 


[5.34]  National  Bureau  of  Standards,  Table  of  sine  and 
cosine  integrals  for  arguments  from  10  to  100, 
Applied  Math.  Series  32  (U.S.  Government 
Printing  Office,  Washington,  D.C.,  1954).  Si(x). 
Ci(x),x=10(.01)100,     lOD. 

[5.35]  National  Bureau  of  Standards,  Tables  of  functions 
and  of  zeros  of  functions.  Collected  short  tables 
of  the  Computation  Laboratory,  Applied  Math. 
Series  37  (U.S.  Government  Printing  Office, 
Washington,  D.C.,  1954).  En{x),  n  =  0(l)20, 
x  =  0(.01)2(.l)10,  4-9S;  E2{x)-x\nx,  x-O(.Ol) 
.5,     7S;£:3(x)  +  ^xMnx,  x  =  0(.01).l,     7S. 

[5.36]  National  Bureau  of  Standards,  Tables  of  the  ex- 
ponential integral  for  complex  arguments.  Ap- 
plied Math.  Series  51  (U.S.  Government  Printing 
Office,  Washington,  D.C.,  1958).  E,{z)+\nz, 
6D,  x  =  0(.02)l,  ?/  =  0(.02)l,  x=-l(.l)0,  y  = 
0(.1)1;  EAz),  6D,  x-0(.02)4,  2/=0(.02)3(.05)10, 
x  =  0(l)20,  2/  =  0(l)20,  x--3.1(.l)0,  2/=0(.l)3.1, 
x=-4.5(.5)0,  2/=0(.l)4(.5)10,  x=  -  10(.5)-4.5, 
?/  =  0(.5)10,  x=  -20(1)0,  ?/=0(l)20;  6^.^1(2),  6D, 
x  =  4(.l)10,  2/  =  0(.5)10. 

[5.37]  S.  Oberlander,  Tabellen  von  Exponentialfunktionen 
und-integralen  zur  Anwendung  auf  Gebieten  der 
Thermodynamik,  Halbleitertheorie  und  Gas- 
kinetik  (Akademie-Verlag,  Berlin,  Germany, 
^E    kT  /-A£\     kT  /-^E\ 

w  -ke'  "'^p  \rkrr  ^  "''p  vi^r 


1959). 


^\If)'^}o 


exp 


-AE\  ,„  A^         /AE 


kT  J"'    '  kT^'^^KkT 


exp 


X 


[5.38] 


r=25(25)1000,       T=  150(10)390,      3-4S;      i-i, 

exp(— x-'),  X  exp  (— x-'),  ^i(x-'),  I    exp  {  —  t-^)dl, 

x-'exp  (x->)^i(x-'),  1-x-i  exp  (x-')^i(x-0;x  =  .01 
(.0001).!,     5-6S. 
V.  I.  Pagurova,  Tables  of  the  exponential  integral 


^,(x)=J" 


e~"m~''du.  Translated  from  the  Rus- 


sian by  D.  G.  Fry  (Pergamon  Press,  New  York, 
N.Y.;  Oxford,  London,  England;  Paris,  France, 
1961).  E„{x),  n  =  0(l)20,  x  =  0(.01)2(.l)10,  4- 
9S;  £^2(x)-x  In  x,  x  =  0(.01)5,  7S;  E3{x)  +  ^x*  In  x, 
x=0(.01).l,  7S;  e-En{x),  n  =  2(l)10,  x=10(.l)20, 
7D;  e'E,{x),  ^=0(.1)1,  x  =  .01(.01)7(.05)12(.l)20, 
7  S  or  D. 

[5.39]  Tablitsy  integral'nogo  sinusa  i  kosinusa  (Izdat. 
Akad.  Nauk  SSSR.,  Moscow,  U.S.S.R.,  1954). 
Si(x),  Ci(x),  x  =  0(.0001)2(.001)10(.005)100,  7D; 
Ci(x)-lnx,  x=-0(.0001).01,     7D. 

[5.40]  Tablitsy  integral'noi  pokazatel'nol  funktsii  (Izdat. 
Akad.  Nauk  SSSR.,  Moscow,  U.S.S.R.,  1954). 
Ei(x),^i(z),x-0(.0001)1.3(.001)3(.0005)10(.1)15, 
7D. 

[5.41]  D.  K.  Trubey,  A  table  of  three  exponential  inte- 
grals. Oak  Ridge  National  Laboratory  Report 
2750,  Oak  Ridge,  Tenn.  (June  1959).  Ei{x), 
Eiix),  Ei{x),  x-0(.0005).l(.001)2(.01)10(.l)20, 
6S. 


■ 


238 


EXPONENTIAL    INTEGRAL    AND    RELATED    FUNCTIONS 


Table  5.1 

J 

X    'Sifj) 

0.00 

1.00000  00000 

0.01 

0.99999  44444 

0.02 

0.99997  77781 

0.03 

0.99995  00014 

0.04 

0.99991  11154 

0.05 

0.99986  11215 

0.06 

0.99980  00216 

0.07 

0.99972  78178 

0.08 

0.99964  45127 

0.09 

0.99955  01094 

0.10 

0.99944  46111 

0.11 

0.99932  80218 

0.12 

0.99920  03455 

0.13 

0.99906  15870 

0.14 

0.99891  17512 

0.15 

0.99875  08435 

0.16 

0.99857  88696 

0.17 

0.99839  58357 

0.18 

0.99820  17486 

0.19 

0.99799  66151 

0.20 

0.99778  04427 

0.21 

0.99755  32390 

0.22 

0.99731  50122 

0.23 

0.99706  57709 

0.24 

0.99680  55242 

0.25 

0.99653  42813 

0.26 

0.99625  20519 

0.27 

0.99595  88464 

0.28 

0.99565  46750 

0.29 

0.99533  95489 

0.30 

0.99501  34793 

0.31 

0.99467  64779 

0.32 

0.99432  85570 

0.33 

0.99396  97288 

0.34 

0.99360  00064 

0.35 

0.99321  94028 

0.36 

0.99282  79320 

0.37 

0.99242  56078 

0.38 

0.99201  24449 

0.39 

0.99158  84579 

0.40 

0.99115  36619 

0.41 

0.99070  80728 

0.42 

0.99025  17063 

0.43 

0.98978  45790 

0.44 

0.98930  67074 

0.45 

0.98881  81089 

0.46 

0.98831  88008 

0.47 

0.98780  88010 

0.48 

0.98728  81278 

0.49 

0.98675  67998 

0.50 

0.98621  48361 

"(-6)1 
4 

SINE,  COSINE  AND  EXPONENTIAL  INTEGRALS 

x-i[Ei(j-)-ln  x-y\ 


See  Examples  1-2. 


-0.25000 

00000 

1.00000 

0000 

-0.24999 

89583 

1.00250 

5566 

-0.24999 

58333 

1.00502 

2306 

-0.24999 

06250 

1.00755 

0283 

-0.24998 

33339 

1.01008 

9560 

-0.24997 

39598 

1. 01264 

0202 

-0.24996 

25030 

1.01520 

2272 

-0.24994 

89639 

1.01777 

5836 

-0.24993 

33429 

1.02036 

0958 

-0.24991 

56402 

1.02295 

7705 

-0.24989 

58564 

1.02556 

6141 

-0.24987 

39923 

1.02818 

6335 

-0.24985 

00480 

1.03081 

8352 

-0.24982 

40244 

1.03346 

2259 

-0.24979 

59223 

1.03611 

8125 

-0.24976 

57422 

1.03878 

6018 

-0.24973 

34850 

1.04146 

6006 

-0.24969 

91516 

1.04415 

8158 

-0.24966 

27429 

1.  04686 

2544 

-0.24962 

42598 

1.04957 

9234 

-0.24958 

37035 

1.05230 

8298 

-0.24954 

10749 

1.05504 

9807 

-0.24949 

63752 

1.05780 

3833 

-0.24944 

96056 

1.06057 

0446 

-0.24940 

07674 

1.06334 

9719 

-0.24934 

98618 

1.06614 

1726 

-0.24929 

68902 

1.06894 

6539 

-0.24924 

18540 

1.07176 

4232 

-0.24918 

47546 

1.07459 

4879 

-0.24912 

55938 

1.07743 

8555 

-0.24906 

43727 

1.08029 

5334 

-0.24900 

10933 

1.08316 

5293 

-0.24893 

57573 

1.08604 

8507 

-0.24886 

83662 

1.08894 

5053 

-0. 24879 

89219 

1.09185 

5008 

-0.24872 

74263 

1.09477 

8451 

-0.24865 

38813 

1.09771 

5458 

-0.24857 

82887 

1.10066 

6108 

-0.24850 

06507 

1.10363 

0481 

-0.  24842 

09693 

1.10660 

8656 

-0.24833 

92466 

1.10960 

0714 

-0.24825 

54849 

1.11260 

6735 

-0.24816 

96860 

1.11562 

6800 

-0.24808 

18528 

1.11866 

0991 

-0.24799 

19870 

1.12170 

9391 

-0.24790 

00913 

1.12477 

2082 

-0.24780 

61685 

1.12784 

9147 

-0.24771 

02206 

1.13094 

0671 

-0.24761 

22500 

1.13404 

6738 

-0.24751 

22600 

1.13716 

7432 

-0.24741 

02526 

1.14030 

2841 

'(- 
4 

7)3" 

"i-6 
4 

2" 

y 

=  0.57721  56649 

x-^E)(x)+\nx+y] 

1.00000  00000 

0.99750  55452 

0.99502  21392 

0.99254  97201 

0.99008  82265 

0.98763  75971 

0.98519  77714 

0.98276  86889 

0.98035  02898 

0.97794  25142 

0.97554  53033 

0.97315  85980 

0.97078  23399 

0.96841  64710 

0.96606  09336 

0.96371  56702 

0.96138  06240 

0.95905  57383 

0.95674  09569 

0.95443  62237 

0.95214  14833 

0.94985  66804 

0.94758  17603 

0.94531  66684 

0.94306  13506 

0.94081  57528 

0.93857  98221 

0.93635  35046 

0.93413  67481 

0.93192  94997 

0.92973  17075 

0.92754  33196 

0.92536  42845 

0.92319  45510 

0.92103  40684 

0.91888  27858 

0.91674  06533 

0.91460  76209 
0.91248 '36388 

0.91036  86582 

0.90826  26297 

0.90616  55048 

0.90407  72350 

0.90199  77725 

0.  89992  70693 

0.89786  50778 

0.89581  17511 

0.89376  70423 

0.89173  09048 

0.88970  32920 

0.88768  41584 
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SIN 

E,  COSII 

VE  AND  E> 

[PONEN^ 

riAL  INTE 

-GRALS 

Table  5.1 

X 

Si  (J) 

C 

(x) 

i:i( 

X) 

E\{x) 

0.50 

0.49310 

74180 

-0.17778 

40788 

0.45421 

9905 

0.55977 

3595 

0.51 

0.50268 

77506 

-0.  16045 

32390 

0.48703 

2167 

0.54782 

2352 

0.52 

0.51225 

15212 

-0.  14355 

37358 

0.51953 

0633 

0.53621 

9798 

0.53 

0.52179 

84228 

-0.12707 

07938 

0.55173 

0445 

0.52495 

1510 

0.54 

0.53132 

81492 

-0.11099 

04567 

0.58364 

5931 

0.51400 

3886 

0.55 

0.  54084 

03951 

-0.09529 

95274 

0.  61529 

0657 

0.50336 

4081 

0.56 

0.55033 

48563 

-0.07998 

55129 

0.  64667 

7490 

0.49301 

9959 

0.57 

0.55981 

12298 

-0.06503 

65744 

0.67781 

8642 

0.48296 

0034 

0.58 

0.56926 

92137 

-0.  05044 

14815 

0.70872 

5720 

0.47317 

3433 

0.59 

0.57870 

85069 

-0.03618 

95707 

0.73940 

9764 

0.46364 

9849 

0.60 

0.58812 

88096 

-0.02227 

07070 

0. 76988 

1290 

0.45437 

9503 

0.61 

0.59752 

98233 

-0.00867 

52486 

0.80015 

0320 

0.  44535 

3112 

0.62 

0.60691 

12503 

+  0.00460 

59849 

0.83022 

6417 

0.43656 

1854 

0.63 

0.61627 

27944 

0.01758 

17424 

0.86011 

8716 

0.42799 

7338 

0.64 

0.62561 

41603 

0.03026 

03686 

0.88983 

5949 

0.41965 

1581 

0.65 

0.  63493 

50541 

0.04264 

98293 

0.91938 

6468 

0.41151 

6976 

0.66 

0.64423 

51831 

0.05475 

77343 

0.94877 

8277 

0.40358 

6275 

0.67 

0.65351 

42557 

0.  06659 

13594 

0.97801 

9042 

0.39585 

2563 

0.68 

0.66277 

19817 

0.  07815 

76659 

1.00711 

6121 

0.38830 

9243 

0.69 

0.67200 

80721 

0.  08946 

33195 

1.03607 

6576 

0.38095 

0010 

0.70 

0.68122 

22391 

0.10051 

47070 

1.06490 

7195 

0.37376 

8843 

0.71 

0.69041 

41965 

0.11131 

79525 

1.09361 

4501 

0. 36675 

9981 

0.72 

0.69958 

36590 

0.12187 

89322 

1.12220 

4777 

0.35991 

7914 

0.73 

0.70873 

03430 

0.13220 

32879 

1.15068 

4069 

0.35323 

7364 

0.74 

0.71785 

39660 

0.  14229 

64404 

1.17905 

8208 

0.  34671 

3279 

0.75 

0.72695 

42472 

0.15216 

36010 

1.20733 

2816 

0.34034 

0813 

0.76 

0.73603 

09067 

0.16180 

97827 

1.23551 

3319 

0.33411 

5321 

0.77 

0.74508 

36664 

0.17123 

98110 

1.26360 

4960 

0.32803 

2346 

0.78 

0.75411 

22494 

0.18045 

83335 

1.29161 

2805 

0.32208 

7610 

0.79 

0.76311 

63804 

0.18946 

98290 

1.31954 

1753 

0.  31627 

7004 

0.80 

0.77209 

57855 

0.19827 

86160 

1. 34739 

6548 

0.31059 

6579 

0.81 

0.78105 

01921 

0.20688 

88610 

1.37518 

1783 

0.30504 

2539 

0.82 

0.78997 

93293 

0.21530 

45859 

1.40290 

1910 

0.29961 

1236 

0.83 

0.  79888 

29277 

0.22352 

96752 

1.43056 

1245 

0.29429 

9155 

0.84 

0.80776 

07191 

0.23156 

78824 

1.45816 

3978 

0.28910 

2918 

0.85 

0.81661 

24372 

0.23942 

28368 

1.48571 

4176 

0.28401 

9269 

0.86 

0.82543 

78170 

0.24709 

80486 

1.51321 

5791 

0.27904 

5070 

0.87 

0.  83423 

65953 

0.25459 

69153 

1.54067 

2664 

0.27417 

7301 

0.88 

0.84300 

85102 

0.26192 

27264 

1.56808 

8534 

0.26941 

3046 

0.89 

0.85175 

33016 

0.26907 

86687 

1.59546 

7036 

0.  26474 

9496 

0.90 

0.86047 

07107 

0.27606 

78305 

1.62281 

1714 

0.26018 

3939 

0.91 

0.86916 

04808 

0.28289 

32065 

1.65012 

6019 

0.25571 

3758 

0.92 

0.  87782 

23564 

0.  28955 

77018 

1.67741 

3317 

0.25133 

6425 

0.93 

0.  88645 

60839 

0.29606 

41358 

1.70467 

6891 

0.24704 

9501 

0.94 

0.89506 

14112 

0.  30241 

52458 

1.73191 

9946 

0.24285 

0627 

0.95 

0.90363 

80880 

0.30861 

36908 

1.75914 

5612 

0.23873 

7524 

0.96 

0.91218 

58656 

0.  31466 

20547 

1.78635 

6947 

0.23470 

7988 

0.97 

0.92070 

44970 

0.32056 

28495 

1.81355 

6941 

0.23075 

9890 

0.98 

0.92919 

37370 

0.32631 

85183 

1.84074 

8519 

0.22689 

1167 

0.99 

0.93765 

33420 

0.33193 

14382 

1.86793 

4543 

0.22309 

9826 

1.00 

0.94608 

30704 

0.  33740 

39229 

1.89511 

7816 

0.21938 

3934 

"'  -6)4' 
4 

( 

5)5" 
3 

5 

)4" 

'(  -5 
5 
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Table 

5.1 

SINE.  COSINE  AND 

EXPONENTIAL  INTEGRALS 

X 

Si 

(Tl 

C 

'  j'l 

Ki'xi 

Ei(x) 

1.00 

0.94608 

30704 

0.33740 

39229 

1.89511  7816 

0.21938  3934 

1.01 

0.95448 

26820 

0.  34273 

82254 

1.92230  1085 

0.21574  1624 

1.02 

0.96285 

19387 

0.  34793 

65405 

1.94948  7042 

0.21217  1083 

1.03 

0,97119 

06039 

0.35300 

10067 

1.97667  8325 

0.20867  0559 

1.04 

0.97949 

84431 

0.  35793 

37091 

2.00387  7525 

0.20523  8352 

1.05 

0.98777 

52233 

0.36273 

66810 

2.03108  7184 

0.20187  2813 

1.06 

0.99602 

07135 

0.  36741 

19060 

2.05830  9800 

0.19857  2347 

1.07 

1.00423 

46846 

0.37196 

13201 

2.08554  7825 

0.19533  5403 

1.08 

1.01241 

69091 

0.37638 

68132 

2.11280  3672 

0.19216  0479 

1.09 

1.02056 

71617 

0.38069 

02312 

2.14007  9712 

0.18904  6118 

1.10 

1.02868 

52187 

0.  38487 

33774 

2.16737  8280 

0.18599  0905 

1.11 

1.03677 

08583 

0.  38893 

80142 

2.19470  1672 

0.18299  3465 

1.12 

1.04482 

38608 

0.39288 

58645 

2.22205  2152 

0.18005  2467 

1.13 

1.05284 

40082 

0.39671 

86134 

2.24943  1949 

0.17716  6615 

1.14 

1.06083 

10845 

0.  40043 

79090 

2.27684  3260 

0.17433  4651 

1.15 

1.06878 

48757 

0.40404 

53647 

2.30428  8252 

0.17155  5354 

1.16 

1.07670 

51696 

0.40754 

25593 

2.33176  9062 

0.16882  7535 

1.17 

1.08459 

17561 

0.41093 

10390 

2.35928  7800 

0.16615  0040 

1.18 

1.09244 

44270 

0.41421 

23185 

2.38684  6549 

0.16352  1748 

1.19 

1.10026 

29760 

0.41738 

78816 

2.41444  7367 

0.16094  1567 

1.20 

1.10804 

71990 

0.42045 

91829 

2.44209  2285 

0.15840  8437 

1.21 

1.11579 

68937 

0.42342 

76482 

2.46978  3315 

0.15592  1324 

1.22 

1.12351 

18599 

0.42629 

46760 

2.49752  2442 

0.15347  9226 

1.23 

1.13119 

18994 

0.42906 

16379 

2.52531  1634 

0.15108  1164 

1.24 

1.13883 

68160 

0.43172 

98802 

2.55315  2836 

0.14872  6188 

1.25 

1.14644 

64157 

0.43430 

07240 

2.58104  7974 

0.14641  3373 

1.26 

1.15402 

05063 

0.43677 

54665 

2.60899  8956 

0.14414  1815 

1.27 

1.16155 

88978 

0.43915 

53815 

2.63700  7673 

0.14191  0639 

1.28 

1.16906 

14023 

0.  44144 

17205 

2.66507  5997 

0.13971  8989 

1.29 

1.17652 

78340 

0.44363 

57130 

2.69320  5785 

0.13756  6032 

1.30 

1.18395 

80091 

0.  44573 

85675 

2.72139  8880 

0.13545  0958 

1.31 

1.19135 

17459 

0.44775 

14723 

2.74965  7110 

0.13337  2975 

1.32 

1.19870 

88649 

0.44967 

55955 

2.77798  2287 

0.13133  1314 

1.33 

1.20602 

91886 

0.45151 

20863 

2.80637  6214 

0.12932  5224 

1.34 

1.21331 

25418 

0.  45326 

20753 

2.83484  0677 

0.12735  3972 

1.35 

1.22055 

87513 

0.  45492 

66752 

2.86337  7453 

0. 12541  6844 

1.36 

1.22776 

76460 

0.45650 

69811 

2.89198  8308 

0.12351  3146 

1.37 

1.23493 

90571 

0.45800 

40711 

2.92067  4997 

0.12164  2198 

1.38 

1.24207 

28180 

0.45941 

90071 

2.94943  9263 

0.11980  3337 

1.39 

1.24916 

87640 

0.46075 

28349 

2.97828  2844 

0.11799  5919 

1.40 

1.25622 

67328 

0.46200 

65851 

3.00720  7464 

0.11621  9313 

1.41 

1.26324 

65642 

0.46318 

12730 

3.03621  4843 

0.11447  2903 

1.42 

1.27022 

81004 

0.46427 

78995 

3.06530  6691 

0.11275  6090 

1.43 

1.27717 

11854 

0.46529 

74513 

3.09448  4712 

0.11106  8287 

1.44 

1.28407 

56658 

0.46624 

09014 

3.12375  0601 

0.10940  8923 

1.45 

1.29094 

13902 

0.46710 

92094 

3.15310  6049 

0.10777  7440 

1.46 

1.29776 

82094 

0.  46790 

33219 

3.18255  2741 

0.10617  3291 

1.47 

1.30455 

59767 

0.  46862 

41732 

3.21209  2355 

0.10459  5946 

1.48 

1.31130 

45473 

0.46927 

26848 

3.24172  6566 

0.10304  4882 

1.49 

1.31801 

37788 

0.46984 

97667 

3.27145  7042 

0.10151  9593 

1.50 

1.32468 

35312 

0.47035 

63172 

3.30128  5449 

0.10001  9582 

"(-6)5" 
4 

5 

"(-5)]" 
5 

"1-6)9" 
_  5  _ 
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SINE,  ( 

COSINE 

AND  EXPO 

NENTIAL 

INTEGR 

ALS 

Table  5.1 

X 

S 

(X) 

Ci 

(t) 

Ki 

X) 

E\(x) 

1.50 

1.32468 

35312 

0.47035 

63172 

3.30128 

5449 

0.10001  9582 

1.51 

1.33131 

36664 

0.47079 

32232 

3.33121 

3449 

0.09854  4365 

1.52 

1.33790 

40489 

0.47116 

13608 

3.36124 

2701 

0.09709  3466 

1.53 

1. 34445 

45453 

0.47146 

15952 

3.39137 

4858 

0.09566  6424 

1.54 

1.35096 

50245 

0.47169 

47815 

3.42161 

1576 

0.09426  2786 

1.55 

1.35743 

53577 

0.47186 

17642 

3.45195 

4503 

0.09288  2108 

1.56 

1.36386 

54183 

0.47196 

33785 

3.48240 

5289 

0.09152  3960 

1.57 

1.37025 

50823 

0.47200 

04495 

3.51296 

5580 

0.09018  7917 

1.58 

1.37660 

42275 

0.47197 

37932 

3.54363 

7024 

0.08887  3566 

1.59 

1.38291 

27345 

0.47188 

42164 

3.  57442 

1266 

0.08758  0504 

1.60 

1.38918 

04859 

0.47173 

25169 

3.60531 

9949 

0.08630  8334 

1.61 

1.39540 

73666 

0.47151 

94840 

3.63633 

4719 

0.08505  6670 

1.62 

1.40159 

32640 

0.47124 

58984 

3.66746 

7221 

0.08382  5133 

1.63 

1.40773 

80678 

0.47091 

25325 

3.69871 

9099 

0.08261  3354 

1.64 

1.41384 

16698 

0.  47052 

01507 

3.73009 

1999 

0.08142  0970 

1.65 

1.41990 

39644 

0.47006 

95096 

3.76158 

7569 

0.08024  7627 

1.66 

1.42592 

48482 

0.46956 

13580 

3.79320 

7456 

0.07909  2978 

1.67 

1.43190 

42202 

0.  46899 

64372 

3.  82495 

3310 

0.07795  6684 

1.68 

1.43784 

19816 

0.  46837 

54812 

3.85682 

6783 

0.07683  8412 

1.69 

1.44373 

80361 

0.  46769 

92169 

3.  88882 

9528 

0.07573  7839 

1.70 

1.44959 

22897 

0.46696 

83642 

3.92096 

3201 

0.07465  4644 

1.71 

1.45540 

46507 

0.46618 

36359 

3.95322 

9462 

0.07358  8518 

1.72 

1.46117 

50299 

0.46534 

57385 

3.98562 

9972 

0.07253  9154 

1.73 

1.46690 

33404 

0.  46445 

53716 

4.01816 

6395 

0.07150  6255 

1.74 

1.47258 

94974 

0.46351 

32286 

4.05084 

0400 

0.07048  9527 

1.75 

1.47823 

34189 

0.46251 

99967 

4.08365 

3659 

0.06948  8685 

1.76 

1.48383 

50249 

0.46147 

63568 

4.11660 

7847 

0.06850  3447 

1.77 

1.48939 

42379 

0.46038 

29839 

4.14970 

4645 

0.06753  3539 

1.78 

1.49491 

09830 

0.45924 

05471 

4.18294 

5736 

0.06657  8691 

1.79 

1.50038 

51872 

0.45804 

97097 

4.21633 

2809 

0.06563  8641 

1.80 

1.50581 

67803 

0.45681 

11294 

4.24986 

7557 

0.06471  3129 

1.81 

1.51120 

56942 

0.45552 

54585 

4.28355 

1681 

0.06380  1903 

1.82 

1.51655 

18633 

0.45419 

33436 

4.31738 

6883 

0.06290  4715 

1.83 

1.52185 

52243 

0.45281 

54262 

4.35137 

4872 

0.06202  1320 

1.84 

1.52711 

57165 

0.45139 

23427 

4.38551 

7364 

0.06115  1482 

1.85 

1.53233 

32813 

0.44992 

47241 

4.41981 

6080 

0.06029  4967 

1.86 

1.53750 

78626 

0.  44841 

31966 

4.45427 

2746 

0.05945  1545 

1.87 

1.54263 

94066 

0.44685 

83813 

4. 48888 

9097 

0.05862  0994 

1.88 

1.54772 

78621 

0.44526 

08948 

4.52366 

6872 

0.05780  3091 

1.89 

1.55277 

31800 

0.  44362 

13486 

4.55860 

7817 

0.05699  7623 

1.90 

1.55777 

53137 

0.44194 

03497 

4.59371 

3687 

0.05620  4378 

1.91 

1.56273 

42192 

0.44021 

85005 

4.62898 

6242 

0.05542  3149 

1.92 

1.56764 

98545 

0.  43845 

63991 

4. 66442 

7249 

0.05465  3731 

1.93 

1.57252 

21801 

0.43665 

46388 

4.70003 

8485 

0.05389  5927 

1.94 

1.57735 

11591 

0.43481 

38088 

4.73582 

1734 

0.05314  9540 

1.95 

1.58213 

67567 

0.43293 

44941 

4.77177 

8785 

0.05241  4380 

1.96 

1.58687 

89407 

0.43101 

72752 

4.80791 

1438 

0.05169  0257 

1.97 

1.59157 

76810 

0.42906 

27288 

4.84422 

1501 

0.05097  6988 

1.98 

1.59623 

29502 

0.42707 

14273 

4.88071 

0791 

0.05027  4392 

1.99 

1.  60084 

47231 

0.42504 

39391 

4.91738 

1131 

0.04958  2291 

2.00 

1.60541 

29768 

0.42298 

08288 

4.95423 

4356 

0.04890  0511 

"f  — 
4 

i)5" 

• 

» 

1  —  5 
4 

i2" 

■(-6)3" 
4 
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Table  5.1 


SINE,  COSINE  AND  EXPONENTIAL  INTEGRALS 


I 

SKx) 

Ci(x) 

xe-^Ei{x) 

xe^E\(x) 

2.0 

1.60541 

29768 

0.42298  08288 

1.34096 

5420 

0.72265  7234 

2.1 

1.64869 

86362 

0.40051  19878 

1.37148 

6802 

0.73079  1502 

2.2 

1.68762 

48272 

0.37507  45990 

1.39742 

1992 

0.73843  1132 

2.3 

1.72220 

74818 

0. 34717  56175 

1.41917 

1534 

0.74562  2149 

2.4 

1.75248 

55008 

0.31729  16174 

1.43711 

8315 

0.75240  4829 

2.5 

1.77852 

01734 

0.28587  11964 

1.45162 

5159 

0.75881  4592 

2.6 

1.80039 

44505 

0.25333  66161 

1.46303 

3397 

0.76488  2722 

2.  7 

1.81821 

20765 

0.22008  48786 

1.47166 

2153 

0.77063  6987 

2.8 

1.83209 

65891 

0.18648  83896 

1.  47780 

8187 

0.77610  2123 

2.9 

1.84219 

01946 

0.15289  53242 

1.48174 

6162 

0.78130  0252 

3.0 

1.84865 

25280 

0.11962  97860 

1.48372 

9204 

0.78625  1221 

3.1 

1.85165 

93077 

0.  08699  18312 

1.48398 

9691 

0.79097  2900 

3.2 

1.85140 

08970 

0.05525  74117 

1.48274 

0191 

0.79548  1422 

3.3 

1.84808 

07828 

+0.02467  82846 

1.48017 

4491 

0.79979  1408 

3.4 

1.84191 

39833 

-0.00451  80779 

1.47646 

8706 

0.80391  6127 

3.5 

1.83312 

53987 

-0.03212  85485 

1.47178 

2389 

0.80786  7661 

3.6 

1.82194 

81156 

-0.05797  43519 

1.46625 

9659 

0.81165  7037 

3.7 

1.80862 

16809 

-0.08190  10013 

1.46003 

0313 

0.81529  4342 

3.8 

1.79339 

03548 

-0.10377  81504 

1.45321 

0902 

0.81878  8821 

3.9 

1.77650 

13604 

-0.  12349  93492 

1.44590 

5765 

0.82214  8967 

4.0 

1.75820 

31389 

-0.14098  16979 

1.43820 

8032 

0.82538  2600 

4.1 

1.73874 

36265 

-0.15616  53918 

1.43020 

0557 

0.82849  6926 

4.2 

1.71836 

85637 

-0.16901  31568 

1.42195 

6813 

0.83149  8602 

4.3 

1.69731 

98507 

-0.  17950  95725 

1.41354 

1719 

0.83439  3794 

4.4 

1.67583 

39594 

-0.18766  02868 

1.40501 

2424 

0.83718  8207 

4.5 

1.65414 

04144 

-0.19349  11221 

1.39641 

9030 

0.83988  7144 

4.6 

1.63246 

03525 

-0.19704  70797 

1.38780 

5263 

0.84249  5539 

4.7 

1.61100 

51713 

-0.19839  12468 

1.37920 

9093 

0.84501  7971 

4.8 

1.58997 

52782 

-0.19760  36133 

1.37066 

3313 

0.84745  8721 

4.9 

1.56955 

89381 

-0.19477  98060 

1.36219 

6054 

0.84982  1778 

5.0 

1.54993 

12449 

-0.19002  97497 

1.35383 

1278 

0.85211  0880 

5.1 

1.53125 

32047 

-0.18347  62632 

1.34558 

9212 

0.85432  9519 

5.2 

1.51367 

09468 

-0.17525  36023 

1.33748 

6755 

0.85648  0958 

5.3 

1.49731 

50636 

-0.16550  59586 

1.32953 

7845 

0.85856  8275 

5.4 

1.  48230 

00826 

-0.15438  59262 

1.32175 

3788 

0.86059  4348 

5.5 

1.46872 

40727 

-0.14205  29476 

1.31414 

3566 

0.86256  1885 

5.6 

1.45666 

83847 

-0.  12867  17494 

1.30671 

4107 

0.86447  3436 

5.7 

1.44619 

75285 

-0.11441  07808 

1.29947 

0536 

0.86633  1399 

5.8 

1.43735 

91823 

-0.09944  06647 

1.29241 

6395 

0.86813  8040 

5.9 

1.43018 

43341 

-0.08393  26741 

1.28555 

3849 

0.86989  5494 

6.0 

1.42468 

75513 

-0.06805  72439 

1.27888 

3860 

0.87160  5775 

6.1 

1.42086 

73734 

-0.  05198  25290 

1.27240 

6357 

0.87327  0793 

6.2 

1.41870 

68241 

-0.03587  30193 

1.26612 

0373 

0.87489  2347 

6.3 

1.41817 

40348 

-0.01988  82206 

1.26002 

4184 

0.87647  2150 

6,4 

1.41922 

29740 

-0.00418  14110 

1.25411 

5417 

0.87801  1816 

6.5 

1.42179 

42744 

+0.01110  15195 

1.24839 

1155 

0.87951  2881 

6.6 

1.42581 

61486 

0.02582  31381 

1.24284 

8032 

0.88097  6797 

6.7 

1.43120 

53853 

0.03985  54400 

1.23748 

2309 

0.88240  4955 

6.8 

1.43786 

84161 

0.05308  07167 

1.23228 

9952 

0.88379  8662 

6.9 

1.44570 

24427 

0.06539  23140 

1.22726 

6684 

0.88515  9176 

7.0 

1.45459 

66142 

0.07669  52785 

1.22240 

8053 

0.88648  7675 

"( - 

4)5 

"(-4)4" 
8 

"(-4)tr 

_  7  _ 

■(-5)6" 
6 
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SINE, 

COSINE 

AND  EXPONENIIAL  INTE(;RALS 

Tabic  .1.1 

r 

Si(.') 

CiW 

rr-^E\{x) 

.TC^/v,(.r) 

7,0 

1.45459 

66142 

0.  07669 

52785 

1.22240 

8053 

0.88648  7675 

7.1 

1.46443 

32441 

0. 08690 

68881 

1.21770 

9472 

0.88778  5294 

7.2 

1.47508 

90554 

0. 09595 

70643 

1.21316 

6264 

0.88905   3119 

7.3 

1.48643 

64451 

0.10378 

86664 

1.20877 

3699 

0,89029   2173 

7.4 

1.49834 

47533 

0.11035 

76658 

1.20452 

7026 

0,89150   3440 

7.5 

1.51068 

15309 

0.11563 

32032 

1.20042 

1500 

0,89268   7854 

7.6 

1.52331 

37914 

0.11959 

75293 

1.19645 

2401 

0.89384  6312 

7.7 

1.53610 

92381 

0.12224 

58319 

1.19261 

5063 

0.89497  9666 

7.8 

1.54893 

74581 

0.12358 

59542 

1,18890 

4881 

0.89608   8737 

7.9 

1.56167 

10702 

0.12363 

80071 

1,18531 

7334 

0.89717   4302 

8.0 

1.57418 

68217 

0.12243 

38825 

1,18184 

7987 

0.89823  7113 

8.1 

1.58636 

66225 

0.12001 

66733 

1,17849 

2509 

0.89927   7888 

8.2 

1.59809 

85106 

0,11644 

00055 

1,17524 

6676 

0.90029   7306 

8.3 

1,60927 

75419 

0.11176 

72931 

1.17210 

6376 

0.90129   6033 

8.4 

1.61980 

65968 

0,10607 

09196 

1.  16906 

7617 

0.90227   4695 

8.5 

1.62959 

70996 

0,09943 

13586 

1.16612 

6526 

0.90323   3900 

8.6 

1.63856 

96454 

0,  09193 

62396 

1.16327 

9354 

0.90417  4228 

8.7 

1. 64665 

45309 

0,08367 

93696 

1.16052 

2476 

0.90509   6235 

8.8 

1.65379 

21861 

0,07475 

97196 

1.15785 

2390 

0.90600   0459 

8.9 

1. 65993 

35052 

0. 06528 

03850 

1.15526 

5719 

0.90688  7415 

9.0 

1.66504 

00758 

0.05534 

75313 

1.15275 

9209 

0.90775   7602 

9.1 

1.66908 

43056 

0,04506 

93325 

1,15032 

9724 

0.90861   1483 

9.2 

1.67204 

94480 

0, 03455 

49134 

1.14797 

4251 

0.90944  9530 

9,3 

1.67392 

95283 

0,02391 

33045 

1,14568 

9889 

0.91027   2177 

9.4 

1.67472 

91725 

0,01325 

24187 

1,14347 

3855 

0.91107  9850 

9.5 

1.67446 

33423 

+  0.  00267 

80588 

1.14132 

3476 

0.91187   2958 

9.6 

1.67315 

69801 

-0.00770 

70361 

1.13923 

6185 

0.91265   1897 

9,7 

1.67084 

45697 

-0.01780 

40977 

1.13720 

9523 

0.91341   7043 

9,8 

1.66756 

96169 

-0.02751 

91811 

1.13524 

1130 

0.91416   8766 

9,9 

1.66338 

40566 

-0.03676 

39563 

1. 13332 

8746 

0.91490   7418 

0.0 

1.  65834 

75942 

-0.  04545 

64330 

1.13147 

0205 

0,91563   3339 

[(-4)1-1 

7 

r(-4)2] 

7 

■(-5)2] 
5 

■(-6)4- 
4 

Table  5.2 

SINE,  COSINE  AND  EXPONENTIAL  INTEGRALS  FOR  LARGE  ARCU  MEMS 


0.100 
0.095 
0.090 
0.085 
0.080 

0.075 
0.070 
0.065 
0.060 
0.055 

0.050 
0.045 
0.  040 
0.035 
0.030 

0.025 
0.020 
0.015 
0.010 
0.005 

0.000 


'x/(x) 

0.98191  0351 

0.98353  4427 

0.98509  9171 

0.98660  1776 

0.98803  9405 

0.98940  9188 

0.99070  8244 

0.99193  3695 

0.99308  2682 

0.99415  2385 

0. 99514  0052 

0.99604  3013 

0.99685  8722 

0.99758  4771 

0.99821  8937 

0.99875  9204 

0.99920  3795 

0.99955  1207 

0.99980  0239 

0.99995  0015 

1.00000  0000 


0.94885  39 

0.95323  18 

0.95748  44 

0.96160  17 

0.96557  23 

0.96938  56 

0.97302  98 

0.97649  35 

0.97976  47 

0.98283  17 

0.98568  24 

0.98830  52 

0.99068  81 

0.99282  12 

0.99469  37 

0.99629  57 

0.99761  89 

0. 99865  60 

0.99940  12 

0.99985  01 

1.00000  00 


['1"]        [T] 

Si(.')  =  2~-^(')  cosr-.7(.r)  sin 
"=L57079  63268 


xfl-«Ei(ci') 
1.13147  021 
1.12249  671 
1.11389  377 
1.10564  739 
1.09773  775 

1.09014  087 
1.08283  054 
1.07578  038 
1. 06896  548 
1.06236  365 

1.05595  591 

1.04972  640 

1.04366  194 

1.03775  135 

1.03198  503 

1.02635  451 

1.02085  228 

1.01547  157 

1.01020  625 

1.00505  077 

1.00000  000 


x'''^A'i(x) 
0.91563  33394 
0.91925  68286 
0.92293  15844 
0.92665  90998 
0.93044  09399 

0.93427  87466 
0.93817  42450 
0.94212  92486 
0.94614  56670 
0.95022  55126 

0.95437  09099 
0.95858  41038 
0.96286  74711 
0.96722  35311 
0.97165  49596 

0.97616  46031 

0.98075  54965 

0.98543  08813 

0.99019  42287 

0.99504  92646 


10 
11 
11 
12 
13 

13 
14 
15 
17 
18 

20 
22 
25 
29 
33 

40 

50 

67 

100 

200 


1.00000  00000 
■(-5)1- 
6 


['1''] 


Ci(.r)  =/(.>■)  sin./-.7(r)  COS 

<.r>=nearest  integer  to  r. 


See  Example  3. 
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EXPOXENTIAL    INTEGRAL    AXD    RELATED    FUNCTIONS 


SINE  AND  COSINE  INTEGRALS  FOR  ARGUMENTS  wx 

0.00000  00 

0.02457  28 

0.09708  67 

0.21400  75 

0.36970  10 

0.55679  77 

0.76666  63 

0.98995  93 

1.21719  42 

1.43932  68 

1.64827  75 
1.83737  48 
2.00168  51 
2.13821  22 
2.24595  41 
2.32581  82 
2.38040  96 
2.41370  98 
2.43067  75 
2.43680  30 

2.43765  34 
2.43844  23 
2.44365  73 
2.45676  95 
2.48004  47 
2.51446  40 
2.55975  53 
2.61452  59 
2.67647  93 
2.74269  41 

2.80993  76 

2.87498  49 

2.93491  77 

2.98737  63 

3.03074  73 

3.06427  25 

3. 08807  51 

3.10310  38 

3.11100  53 

3.11393  95 

3.11435  65 

3.11475  82 

3.11746  60 

3.12441  61 

3.13699  91 

3.15595  79 

3.18134  84 

3.21256  74 

3.24843  85 

3.28734  92 

3.32742  23 

Ci(T^)=')'+ln  ^+ln  (-Cin('r.r) 
Si(«»-)  are  maximum  values  of  Si(.»)    if  ?(>0  is  odd,  and  minimum  values  if  ">0  is  even. 


Table  5.3 

X 

Si(-.r) 

0.0 

0.00000  00 

0.1 

0.31244  18 

0.2 

0.61470  01 

0.3 

0.89718  92 

0.4 

1.15147  74 

0.5 

1.37076  22 

0.6 

1.55023  35 

0.7 

1.68729  94 

0.8 

1.78166  12 

0.9 

1.83523  65 

1.0 

1.85193  70 

1.1 

1.83732  28 

1.2 

1.79815  90 

1.3 

1.74191  10 

1.4 

1.67621  68 

1.5 

1.60837  27 

1.6 

1.54487  36 

1.7 

1.49103  51 

1.8 

1.45072  37 

1.9 

1.42621  05 

2.0 

1.41815  16 

2.1 

1.42569  13 

2.2 

1.44667  38 

2.3 

1.47794  03 

2.4 

1.51568  40 

2.5 

1.55583  10 

2.6 

1.59441  60 

2.7 

1.62792  16 

2.8 

1.65355  62 

2.9 

1.66945  05 

3.0 

1.67476  18 

3.1 

1.66968  11 

3.2 

1.65535  02 

3.3 

1.63369  82 

3.4 

1.60721  88 

3.5 

1.57870  92 

3.6 

1.55099  62 

3.7 

1.52667  49 

3.8 

1.50788  19 

3.9 

1.49612  20 

4.0 

1.49216  12 

4.1 

1.49599  24 

4.2 

1.50687  40 

4.3 

1.52343  40 

4.4 

1.54382  74 

4.5 

1.56593  04 

4.6 

1.58755  15 

4.7 

1.60664  04 

4.8 

1.62147  45 

4.9 

1.63080  69 

5.0 

1.63396  48 

1 1 

CO  00 

!/■ 

Si('.r) 

Cin(T.r) 

5.0 

1.63396  48 

3.32742  23 

5.1 

1.63088  98 

3.36670  50 

5.2 

1.62211  92 

3.40335  81 

5.3 

1.60871  21 

3.43582  68 

5.4 

1.59212  99 

3.46297  82 

5.5 

1.57408  24 

3.48419  47 

5.6 

1.55635  75 

3.49941  45 

5.7 

1.54064  82 

3.50911  89 

5.8 

1.52839  53 

3.51426  89 

5.9 

1.52065  96 

3.51619  81 

6.0 

1.51803  39 

3.51647  44 

6.1 

1.52060  20 

3.51674  38 

6.2 

1.52794  77 

3.51857  25 

6.3 

1.53921  04 

3.52330  06 

6.4 

1.55318  17 

3.53192  30 

6.5 

1.56843  12 

3.54500  55 

6.6 

1.58344  97 

3.56264  55 

6.7 

1.59679  62 

3.58447  72 

6.8 

1.60723  30 

3.60972  10 

6.9 

1.61383  85 

3.63727  15 

7.0 

1.61608  55 

3.66581  26 

7.1 

1.61388  08 

3.69395  05 

7.2 

1.60756  18 

3.72034  97 

7.3 

1.59785  21 

3.74385  98 

7.4 

1.58578  13 

3.76362  13 

7.5 

1.57257  88 

3.77914  01 

7.6 

1.55954  96 

3.79032  64 

7.7 

1.54794  81 

3.79749  22 

7.8 

1.53885  84 

3.80131  21 

7.9 

1.53309  50 

3.80274  91 

8.0 

1.53113  13 

3.80295  56 

8.1 

1.53306  26 

3.80315  83 

8.2 

1.53860  67 

3.80453  88 

8.3 

1.54713  99 

3.80812  16 

8.4 

1.55776  52 

3.81467  97 

8.5 

1.56940  54 

3.82466  68 

8.6 

1.58091  06 

3.83818  15 

8.7 

1.59117  06 

3.85496  61 

8.8 

1.59922  11 

3.87444  05 

8.9 

1.60433  29 

3.89576  52 

9.0 

1.60607  69 

3.91792  84 

9.1 

1.60435  85 

3.93984  77 

9.2 

1.59942  00 

3.96047  61 

9.3 

1.59180  91 

3.97890  22 

9.4 

1.58232  00 

3.99443  58 

9.5 

1.57191  16 

4.00666  94 

9.6 

1.56161  12 

4.01551  22 

9.7 

1.55241  46 

4.02119  22 

9.8 

1.54519  00 

4.02422  80 

9.9 

1.54059  74 

4.02537  29 

0.0 

1.53902  91 

4.02553  78 

[(-4)7- 
7 

r(-4)7-| 

7 

7+ln  ^=1.72194 

55508 

Ci 


("+2) 


are  maximum  values  of  Ci(.r)  if  n>0  is  even,  and  minimum  values  if  «>0  is 


odd.     We  have 


Si(H~i-tf"[i_|l_^.^_...],_) 

ci[{.,4)ry- 


('"2)'   ("4/-"'  ("4)*'" 


(11—) 
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EXPO\ENTL4 

lL  integrals 

Enix) 

Table  5.4 

X 

Eiix)  —X  In  X 

Ezix) 

E,ix) 

Eio(x) 

E-20(X) 

0.00 

1.00000 

00 

0.50000  00 

0.33333  33 

0.11111 

11 

0.05263  16 

0.01 

0.99572 

22 

0.49027  66 

0.32838  24 

0. 10986 

82 

0.05207  90 

0.02 

0.99134 

50 

0.48096  83 

0.32352  64 

0.10863 

95 

0.05153  21 

0.03 

0.  98686 

87 

0.47199  77 

0.31876  19 

0.10742 

46 

0.05099  11 

0.04 

0.98229 

39 

0.46332  39 

0.31408  55 

0.10622 

36 

0.  05045  58 

0.05 

0.97762 

11 

0.45491  88 

0.30949  45 

0.10503 

63 

0.04992  60 

0.06 

0.97285 

08 

0.44676  09 

0.30498  63 

0.10386 

24 

0.04940  19 

0.07 

0.96798 

34 

0.43883  27 

0.30055  85 

0.10270 

18 

0.04888  33 

0.08 

0.96301 

94 

0.43111  97 

0.29620  89 

0.10155 

44 

0.04837  02 

0.09 

0.95795 

93 

0.42360  96 

0.29193  54 

0.  10042 

00 

0.04786  24 

0.10 

0.95280 

35 

0.41629  15 

0.28773  61 

0.09929 

84 

0.04736  00 

0.11 

0.94755 

26 

0.40915  57 

0.28360  90 

0.09818 

96 

0.04686  29 

0.12 

0.94220 

71 

0.40219  37 

0.27955  24 

0.09709 

34 

0.04637  10 

0.13 

0.93676 

72 

0.39539  77 

0.27556  46 

0.  09600 

95 

0.  04588  43 

0.  14 

0.93123 

36 

0.38876  07 

0.27164  39 

0.  09493 

80 

0.04540  27 

0.15 

0.92560 

67 

0.38227  61 

0.26778  89 

0.  09387 

86 

0.04492  62 

0.16 

0.91988 

70 

0.37593  80 

0.26399  79 

0.09283 

12 

0.04445  47 

0.17 

0.91407 

48 

0.36974  08 

0.26026  96 

0.  09179 

56 

0.04398  82 

0.18 

0.90817 

06 

0.36367  95 

0.25660  26 

0.09077 

18 

0.04352  66 

0.19 

0.90217 

50 

0.35774  91 

0.25299  56 

0.  08975 

95 

0.04306  98 

0.20 

0.  89608 

82 

0.35194  53 

0.24944  72 

0.08875 

87 

0.04261  79 

0.21 

0.88991 

09 

0,34626  38 

0.24595  63 

0.08776 

93 

0.04217  07 

0.22 

0.  88364 

33 

0.34070  05 

0.24252  16 

0.  08679 

10 

0.04172  82 

0.23 

0.87728 

60 

0.33525  18 

0.23914  19 

0.  08582 

38 

0.04129  03 

0.24 

0.87083 

93 

0.32991  42 

0.23581  62 

0.08486 

75 

0.04085  71 

0.25 

0.86430 

37 

0.32468  41 

0.23254  32 

0.08392 

20 

0.04042  85 

0.26 

0.85767 

97 

0.31955  85 

0.22932  21 

0.08298 

72 

0.04000  43 

0.27 

0.85096 

76 

0.31453  43 

0.22615  17 

0.08206 

30 

0.  03958  46 

0.28 

0.84416 

78 

0.30960  86 

0.22303  11 

0.08114 

92 

0.03916  93 

0.29 

0.83728 

08 

0.30477  87 

0.21995  93 

0.08024 

57 

0.03875  84 

0.30 

0.83030 

71 

0.30004  18 

0.21^93  52 

0.07935 

24 

0.03835  18 

0.31 

0.82324 

69 

0.29539  56 

0.21395  81 

0.  07846 

93 

0.  03794  95 

0.32 

0.81610 

07 

0.29083  74 

0.21102  70 

0.07759 

60 

0.03755  15 

0.33 

0.80886 

90 

0.28636  52 

0.20814  11 

0.07673 

27 

0.03715  76 

0.34 

0.80155 

21 

0.28197  65 

0.20529  94 

0.07587 

90 

0.03676  78 

0.35 

0.79415 

04 

0.27766  93 

0.20250  13 

0.07503 

50 

0.03638  22 

0.36 

0.78666 

44 

0.27344  16 

0.19974  58 

0.07420 

06 

0.03600  06 

0.37 

0.77909 

43 

0.26929  13 

0.19703  22 

0.  07337 

55 

0.03562  31 

0.38 

0.  77144 

07 

0.26521  65 

0.19435  97 

0.07255 

97 

0.03524  95 

0.39 

0.76370 

39 

0.26121  55 

0.19172  76 

0.07175 

31 

0.03487  98 

0.40 

0.75588 

43 

0.25728  64 

0.18913  52 

0.07095 

57 

0.03451  40 

0.41 

0.74798 

23 

0.25342  76 

0.18658  16 

0.07016 

71 

0.03415  21 

0.42 

0.73999 

82 

0.24963  73 

0.18406  64 

0.06938 

75 

0.03379  39 

0.43 

0.73193 

24 

0.24591  41 

0.18158  87 

0.06861 

67 

0.03343  96 

0.44 

0.72378 

54 

0.24225  63 

0. 17914  79 

0.06785 

45 

0.03308  89 

0.45 

0.71555 

75 

0.23866  25 

0.17674  33 

0.  06710 

09 

0.03274  20 

0.46 

0.70724 

91 

0.23513  13 

0.17437  44 

0.06635 

58 

0.03239  87 

0.47 

0.69886 

05 

0.23166  12 

0.17204  05 

0.06561 

91 

0.03205  90 

0.48 

0.69039 

21 

0.22825  08 

0.16974  10 

0.  06489 

07 

0.03172  29 

0.49 

0.  68184 

43 

0.22489  90 

0.16747  53 

0.06417 

04 

0.03139  03 

0.50 

0.67321 

75 

0.22160  44 

0.16524  28 

0.  06345 

83 

0.03106  12 

3 

L" 

■(-5)5" 
6 

"(-5)1" 
4 

"(-6)2" 
3 

"(-7)7" 
3 

See  Examples  i— 
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Table  5.4 

EXP< 

ONEIN 

TIAL  INT] 

EGRA 

LS  En{x) 

X 

Eiix) 

E-^ix) 

Ea{x) 

Eioix) 

E2oix) 

0.50 

0.32664  39 

0.22160 

44 

0. 16524 

28 

0.06345  83 

0.03106  12 

0.51 

0.32110  62 

0.21836 

57 

0.16304 

30 

0.06275  42 

0.03073  56 

0.52 

0.31568  63 

0.21518 

18 

0.16087 

53 

0.06205  80 

0.03041  34 

0.53 

0.31038  07 

0.21205 

16 

0. 15873 

92 

0.06136  96 

0.03009  46 

0.54 

0.30518  62 

0.20897 

39 

0. 15663 

41 

0.06068  89 

0.02977  91 

0.55 

0.30009  96 

0.20594 

75 

0. 15455 

96 

0.06001  59 

0.  02946  70 

0.56 

0.29511  79 

0.20297 

15 

0.15251 

50 

0.05935  05 

0.02915  81 

0.57 

0.29023  82 

0.20004 

48 

0.15050 

00 

0.05869  25 

0.02885  25 

0.58 

0.28545  78 

0.19716 

64 

0. 14851 

39 

0.  05804  19 

0.02855  01 

0.59 

0.28077  39 

0. 19433 

53 

0.14655 

65 

0.05739  86 

0.02825  08 

0.60 

0.27618  39 

0.19155 

06 

0.14462 

71 

0.05676  26 

0.02795  48 

0.61 

0.27168  55 

0.  18881 

14 

0.  14272 

53 

0.05613  36 

0.02766  18 

0.62 

0.26727  61 

0.18611 

66 

0.14085 

07 

0.05551  18 

0.02737  19 

0.63 

0.26295  35 

0.18346 

56 

0.13900 

28 

0.05489  69 

0.02708  50 

0.64 

0.25871  54 

0. 18085 

73 

0.13718 

13 

0.05428  89 

0.02680  12 

0.65 

0.25455  97 

0.17829 

10 

0.13538 

55 

0.05368  77 

0.02652  04 

0.66 

0.25048  44 

0.  17576 

58 

0.13361 

53 

0.05309  33 

0.02624  25 

0.67 

0.24648  74 

0.17328 

10 

0.13187 

01 

0.05250  55 

0.02596  75 

0.68 

0.24256  67 

0.17083 

58 

0.13014 

95 

0.05192  43 

0.02569  54 

0.69 

0.23872  06 

0. 16842 

94 

0. 12845 

33 

0. 05134  97 

0.02542  62 

0.70 

0.23494  71 

0.  16606 

12 

0.12678 

08 

0.05078  15 

0.02515  98 

0.71 

0.23124  46 

0.16373 

03 

0.12513 

19 

0.05021  96 

0.02489  62 

0.72 

0.22761  14 

0.16143 

60 

0.12350 

61 

0.04966  40 

0.02463  53 

0.73 

0.22404  57 

0.15917 

78 

0.12190 

31 

0.04911  47 

0.02437  72 

0.74 

0.22054  61 

0.  15695 

49 

0.12032 

24 

0.04857  15 

0.02412  19 

0.75 

0.21711  09 

0.15476 

67 

0.11876 

38 

0.04803  44 

0.  02386  92 

0.76 

0.21373  88 

0.15261 

25 

0.11722 

70 

0.  04750  33 

0.02361  91 

0.77 

0.21042  82 

0.15049 

17 

0.11571 

15 

0.04697  81 

0.02337  17 

0.78 

0.20717  77 

0. 14840 

37 

0. 11421 

70 

0.04645  88 

0.02312  69 

0.79 

0.20398  60 

0.14634 

79 

0.11274 

33 

0.04594  53 

0.02288  46 

0.80 

0.20085  17 

0. 14432 

38 

0.11129 

00 

0.04543  76 

0.02264  49 

0.81 

0.19777  36 

0.  14233 

07 

0. 10985 

67 

0.  04493  56 

0.02240  78 

0.82 

0.19475  04 

0. 14036 

81 

0. 10844 

33 

0.04443  91 

0.02217  31 

0.83 

0.19178  10 

0. 13843 

55 

0.10704 

93 

0.04394  82 

0.02194  08 

0.84 

0.18886  41 

0.13653 

24 

0. 10567 

44 

0.04346  28 

0.02171  11 

0.85 

0.18599  86 

0. 13465 

81 

0. 10431 

85 

0.04298  29 

0.02148  37 

0.86 

0.18318  33 

0.13281 

22 

0.  10298 

12 

0.04250  82 

0.02125  87 

0.87 

0.18041  73 

0.13099 

43 

0.10166 

22 

0.04203  89 

0.02103  61 

0.88 

0.17769  94 

0.12920 

37 

0.10036 

12 

0.04157  49 

0.02081  58 

0.89 

0.17502  87 

0. 12744 

01 

0.  09907 

80 

0.04111  60 

0.02059  78 

0.90 

0.  17240  41 

0.  12570 

30 

0.  09781 

23 

0.  04066  22 

0.02038  21 

0.91 

0.16982  47 

0. 12399 

19 

0.09656 

39 

0.04021  35 

0.02016  87 

0.92 

0.16728  95 

0. 12230 

63 

0.09533 

24 

0.03976  98 

0.01995  75 

0.93 

0.16479  77 

0.12064 

59 

0.09411 

77 

0.03933  11 

0.01974  86 

0.94 

0.16234  82 

0. 11901 

02 

0.09291 

94 

0.03889  73 

0.01954  18 

0.95 

0.15994  04 

0. 11739 

88 

0.09173 

74 

0.03846  83 

0.01933  72 

0.96 

0.15757  32 

0.11581 

13 

0.09057 

13 

0.03804  41 

0.01913  47 

0.97 

0.15524  59 

0.11424 

72 

0. 08942 

11 

0.03762  46 

0.01893  44 

0.98 

0.15295  78 

0.11270 

63 

0. 08828 

63 

0.03720  98 

0.01873  62 

0.99 

0.15070  79 

0.11118 

80 

0.08716 

69 

0.03679  96 

0.01854  01 

1.00 

0.14849  55 

0. 10969 

20 

0.  08606 

25 

0.03639  40 

0.01834  60 

■(-5)1" 
4 

r(-6)7"i 

3 

"(-6)4" 
3 

'(-6)1" 
3 

"(-7)4"| 
3 
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EXPOINENTIAL  IISTK(;RALS  £„(*) 


Pahli-   3.4 


.(■ 

M') 

JU') 

A'4f') 

A',o(.') 

A'.mO) 

1.00 

0.  14849 

55 

0.10969  20 

0.08606 

25 

0. 03639 

40 

0.01834  60 

1.01 

0.14631 

99 

0.10821  79 

0.08497 

30 

0.03599 

29 

0.01815  39 

1.02 

0.14418 

04 

0.10676  54 

0.08389 

81 

0.03559 

63 

0.01796  39 

1.03 

0.14207 

63 

0.10533  42 

0.08283 

76 

0.03520 

41 

0.01777  59 

1.04 

0.14000 

68 

0.10392  38 

0.08179 

13 

0.  03481 

63 

0.01758  98 

1.05 

0.13797 

13 

0.10253  39 

0.08075 

90 

0. 03443 

28 

0.01740  57 

1.06 

0.13596 

91 

0.10116  43 

0. 07974 

06 

0. 03405 

35 

0.01722  35 

1.07 

0.13399 

96 

0.  09981  45 

0.07873 

57 

0. 03367 

85 

0.01704  33 

1.08 

0.13206 

22 

0.09848  42 

0.07774 

42 

0.  03330 

77 

0.01686  49 

1.09 

0.13015 

62 

0.09717  31 

0.07676 

59 

0. 03294 

10 

0.01668  84 

1.10 

0.  12828 

11 

0.09588  09 

0.07580 

07 

0.03257 

84 

0.01651  37 

1.11 

0.12643 

62 

0.09460  74 

0. 07484 

83 

0.03221 

98 

0.01634  09 

1.12 

0.  12462 

10 

0.09335  21 

0.  07390 

85 

0.03186 

52 

0.01616  99 

1.13 

0.12283 

50 

0.09211  49 

0.07298 

12 

0.03151 

45 

0.01600  07 

1.14 

0.12107 

75 

0.09089  53 

0.07206 

61 

0.03116 

78 

0.01583  33 

1.15 

0.11934 

81 

0. 08969  32 

0.07116 

32 

0. 03082 

49 

0.01566  76 

1.16 

0.11764 

62 

0.08850  83 

0.07027 

22 

0.03048 

58 

0.01550  37 

1.17 

0.11597 

14 

0. 08734  02 

0. 06939 

30 

0.03015 

05 

0.01534  14 

1.18 

0.11432 

31 

0.08618  88 

0.06852 

53 

0.02981 

89 

0.01518  09 

1.19 

0.11270 

08 

0.08505  37 

0.06766 

91 

0.  02949 

10 

0.01502  21 

1.20 

0.11110 

41 

0.08393  47 

0.06682 

42 

0.02916 

68 

0.01486  49 

1.21 

0.10953 

25 

0,08283  15 

0. 06599 

04 

0. 02884 

61 

0.01470  94 

1.22 

0.10798 

55 

0. 08174  39 

0.06516 

75 

0.02852 

90 

0.01455  55 

1.23 

0.  10646 

27 

0.08067  17 

0.  06435 

55 

0.02821 

55 

0.01440  32 

1.24 

0.10496 

37 

0.07961  46 

0.06355 

40 

0.02790 

54 

0.01425  26 

1.25 

0.  10348 

81 

0.07857  23 

0.06276 

31 

0.02759 

88 

0.01410  35 

1.26 

0.10203 

53 

0.07754  47 

0.06198 

25 

0.02729 

55 

0.01395  59 

1.27 

0.10060 

51 

0.07653  16 

0.06121 

22 

0.02699 

57 

0.01381  00 

1.28 

0.09919 

70 

0.07553  26 

0. 06045 

19 

0.02669 

91 

0.01366  55 

1.29 

0.09781 

06 

0.07454  76 

0.05970 

15 

0.  02640 

59 

0.01352  26 

1.30 

0.  09644 

55 

0.07357  63 

0.05896 

09 

0.02611 

59 

0.01338  11 

1.31 

0.09510 

15 

0.07261  86 

0.05822 

99 

0.02582 

91 

0.01324  12 

1.32 

0.09377 

80 

0.07167  42 

0.05750 

85 

0.02554 

55 

0.01310  27 

1.33 

0.  09247 

47 

0.07074  29 

0.05679 

64 

0.02526 

51 

0.01296  57 

1.34 

0.09119 

13 

0.06982  46 

0.05609 

36 

0.  02498 

78 

0. 01283  01 

1.35 

0.08992 

75 

0.06891  91 

0.05539 

98 

0.02471 

35 

0.01269  59 

1.36 

0.08868 

29 

0.06802  60 

0.05471 

51 

0.  02444 

23 

0.01256  31 

1.37 

0.08745 

71 

0.06714  53 

0.05403 

93 

0.02417 

41 

0.  01243  17 

1.38 

0.08624 

99 

0.06627  68 

0.05337 

22 

0.02390 

88 

0.01230  17 

1.39 

0.08506 

10 

0.06542  03 

0.05271 

37 

0.02364 

65 

0.01217  31 

1.40 

0.08388 

99 

0.06457  55 

0.05206 

37 

0.02338 

72 

0.01204  58 

1.41 

0.08273 

65 

0.06374  24 

0.05142 

22 

0.02313 

06 

0.01191  98 

1.42 

0.08160 

04 

0.06292  07 

0.05078 

89 

0.02287 

70 

0.01179  52 

1.43 

0.  08048 

13 

0.06211  04 

0.05016 

37 

0.02262 

61 

0.01167  19 

1.44 

0.  07937 

89 

0.06131  11 

0.04954 

66 

0.02237 

80 

0.01154  99 

1.45 

0.  07829 

30 

0,06052  27 

0.04893 

74 

0.02213 

27 

0.01142  91 

1.46 

0.  07722 

33 

0.05974  52 

0.04833 

61 

0.02189 

01 

0.01130  96 

1.47 

0.  07616 

94 

0.05897  82 

0. 04774 

25 

0.02165 

01 

0.01119  14 

1.48 

0.07513 

13 

0.05822  17 

0.04715 

65 

0.02141 

28 

0.01107  44 

1.49 

0.07410 

85 

0.05747  55 

0.04657 

80 

0.02117 

82 

0.01095  86 

1.50 

0.07310 

08 

0.05673  95 

0.04600 

70 

0.02094 

61 

0.01084  40 

1.51 

0.07210 

80 

0.05601  35 

0.04544 

32 

0.02071 

67 

0.01073  07 

1.52 

0.07112 

98 

0.05529  73 

0.04488 

67 

0.02048 

97 

0.01061  85 

1.53 

0.07016 

60 

0.05459  08 

0.04433 

72 

0.02026 

53 

0.01050  75 

1.54 

0.06921 

64 

0,05389  39 

0.04379 

48 

0.02004 

33 

0.01039  77 

1.55 

0.06828 

07 

0.05320  64 

0.04325 

93 

0.01982 

38 

0.01028  90 

1.56 

0.06735 

87 

0.05252  83 

0.04273 

07 

0.01960 

67 

0.01018  15 

1.57 

0.  06645 

02 

0,05185  92 

0.04220 

87 

0.01939 

21 

0.01007  50 

1.58 

0.06555 

49 

0,05119  92 

0.04169 

35 

0.01917 

98 

0.00996  97 

1.59 

0.  06467 

26 

0.05054  81 

0.04118 

47 

0.01896 

98 

0.00986  56 

1.60 

0.06380 

32 

0.04990  57 

0.04068 

25 

0.01876 

22 

0.00976  24 

3  . 

r(-6)3- 

3 

rf-6)2i 

3 

[(-'7)61 
3 

■f  -7)3- 
3 
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Table 

.'5.4. 

EXP< 

)NE 

NTIAL  INT 

EG  I 

\A 

LS  E„(x) 

.r 

/•;..(.) 

A:i(-.) 

E,{.r) 

Ewi-r) 

E2u{r) 

1.60 

0. 06380 

32 

0, 04990 

57 

0. 04068 

25 

0.01876 

22 

0.00976  24 

1.61 

0,06294 

64 

0,04927 

20 

0. 04018 

66 

0.01855 

68 

0.00966  04 

1.62 

0.06210 

20 

0, 04864 

67 

0. 03969 

70 

0.01835 

38 

0.00955  95 

1.63 

0.06126 

98 

0,  04802 

99 

0.03921 

36 

0.01815 

30 

0.00945  96 

1.64 

0,06044 

97 

0.  04742 

13 

0. 03873 

64 

0.01795 

43 

0.00936  07 

1.65 

0, 05964 

13 

0,  04682 

09 

0.03826 

52 

0.01775 

79 

0.00926  29 

1.66 

0,  05884 

46 

0,04622 

84 

0,03779 

99 

0.01756 

37 

0.00916  61 

1.67 

0,05805 

94 

0. 04564 

39 

0,03734 

06 

0.01737 

16 

0.00907  03 

1.68 

0.05728 

54 

0.04506 

72 

0. 03688 

70 

0. 01718 

16 

0.00897  56 

1.69 

0,05652 

26 

0. 04449 

82 

0. 03643 

92 

0.  01699 

37 

0.00888  18 

1.70 

0.05577 

06 

0, 04393 

67 

0.  03599 

70 

0.01680 

79 

0. 00878  90 

1.71 

0,05502 

94 

0, 04338 

27 

0. 03556 

04 

0. 01662 

42 

0.00869   72 

1.72 

0,05429 

88 

0.04283 

61 

0. 03512 

93 

0.01644 

24 

0.00860  63 

1.73 

0,05357 

86 

0.04229 

67 

0. 03470 

37 

0.01626 

27 

0.00851   64 

1.74 

0,  05286 

86 

0.  04176 

45 

0. 03428 

34 

0.01608 

50 

0.00842   74 

1.75 

0.05216 

87 

0,04123 

93 

0. 03386 

84 

0.01590 

92 

0.00833  94 

1.76 

0.05147 

88 

0,04072 

11 

0. 03345 

86 

0.01573 

54 

0.00825  22 

1.77 

0.05079 

86 

0,04020 

97 

0.03305 

39 

0.01556 

34 

0.00816  60 

1.78 

0,05012 

81 

0,03970 

51 

0.03265 

44 

0.  01539 

34 

0. 00808  07 

1.79 

0,04946 

70 

0,03920 

71 

0.03225 

98 

0.01522 

53 

0.00799  63 

1.80 

0.  04881 

53 

0,  03871 

57 

0.03187 

02 

0.01505 

90 

0. 00791   28 

1.81 

0. 04817 

27 

0, 03823 

08 

0.03148 

55 

0.01489 

45 

0.00783  02 

1.82 

0,04753 

92 

0, 03775 

22 

0.03110 

56 

0.01473 

18 

0.00774  84 

1.83 

0, 04691 

46 

0,03728 

00 

0.03073 

04 

0.  01457 

10 

0.00766  74 

1.84 

0,  04629 

87 

0,03681 

39 

0.03035 

99 

0. 01441 

19 

0,00758  74 

1.85 

0, 04569 

15 

0,03635 

40 

0.  02999 

41 

0.01425 

46 

0.00750  81 

1.86 

0, 04509 

28 

0.03590 

01 

0.02963 

28 

0. 01409 

90 

0.00742  97 

1.87 

0.04450 

24 

0.  03545 

21 

0.02927 

61 

0. 01394 

51 

0.00735  21 

1,88 

0,04392 

03 

0.03501 

00 

0, 02892 

38 

0.  01379 

29 

0.00727  53 

1.89 

0.04334 

63 

0.03457 

37 

0.02857 

59 

0.01364 

24 

0.00719  93 

1.90 

0,04278 

03 

0.  03414 

30 

0.02823 

23 

0.01349 

35 

0.00712  42 

1.91 

0,04222 

22 

0.03371 

80 

0,02789 

30 

0. 01334 

63 

0.00704  98 

1.92 

0,04167 

18 

0.  03329 

86 

0.02755 

79 

0.01320 

07 

0.00697  62 

1.93 

0,04112 

91 

0. 03288 

46 

0.  02722 

70 

0.01305 

67 

0.00690  33 

1.94 

0, 04059 

38 

0.03247 

59 

0. 02690 

02 

0.01291 

43 

0.00683  12 

1.95 

0,  04006 

60 

0.03207 

27 

0.02657 

75 

0.01277 

34 

0.00675  99 

1,96 

0.03954 

55 

0,03167 

46 

0.02625 

87 

0.01263 

41 

0.00668  93 

1.97 

0,03903 

22 

0,03128 

17 

0.02594 

40 

0.01249 

64 

0.00661  95 

1.98 

0,03852 

59 

0,  03089 

39 

0.02563 

31 

0.01236 

01 

0.00655   04 

1.99 

0,03802 

67 

0,03051 

12 

0,02532 

61 

0.01222 

54 

0.00648  20 

2,00 

0.03753 

43 

0.03013 

34 

0.02502 

28 

0.01209 

21 

0.00641   43 

r(-6)2] 

3 

r(-6)i] 

3 

r(-7)8] 

3 

r(-7)3-| 

3 

■(-7)1- 
3 

Table  5.5 

EXPONENTIAL  INTEGRALS  £„(x)   FOR  LARGE 

ARGUMENTS 

.r-i 

{.r+2)r'E^J.,) 

(.r+S)e^  £,,{.,) 

{.r+i)e^E,{,-] 

( 

r+ 

10)e^E,,(.r)   (. 

r+; 

20)e^E,^(.,) 

0.50 

1.10937 

1,11329 

1.10937 

.07219 

04270 

0.45 

1.  09750 

1,10285 

1.10071 

.06926 

04179 

0.40 

1.08533 

1.09185 

1.09136 

. 06586 

04067 

0.35 

1.  07292 

1,08026 

1,08125 

.06187 

03932 

0.30 

1.06034 

1,06808 

1.07031 

.05712 

03762 

0.25 

1.  04770 

1.05536 

1,05850 

.05138 

03543 

0.20 

1.  03522 

1,04222 

1,04584 

,04432 

03249 

0.15 

1,02325 

1,02895 

1.03247 

.03550 

02837 

0.10 

1,01240 

1,01617 

1.01889 

02436 

02222 

0.09 

1,01045 

1.01377 

1.01624 

02182 

02060 

0.08 

1. 00861 

1.01147 

1. 01366 

01917 

01883 

0.07 

1.00688 

1.00927 

1.01116 

01642 

01688 

0.06 

1. 00528 

1,00721 

1.00878 

01360 

01472 

0.05 

1. 00384 

1.00531 

1.00654 

01074 

01234 

0.04 

1,00258 

1.00361 

1,00451 

00790 

00973 

0.03 

1.00152 

1,00217 

1,00275 

00516 

00692 

0.02 

1,00071 

1,00103 

1.00133 

00271 

00401 

0.01 

1,00019 

1,00027 

1,00036 

00081 

00137 

0.00 

1.00000 

1.00000 

1,00000 

00000 

00000 

■(-4)1- 
4 

"(-5)7- 
4 

"(-4)1- 
4 

"' 

-4)3- 
4 

■( 

-4)3- 
4 

<r>=nearest  integer  to  '. 
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2 
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3 
4 
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7 
10 
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20 
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33 
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100 
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EXPONENTIAL  INTEGRAL  FOR  COMPLEX  ARGUMENTS 


Table  5.6 


^ 

./ 

9i 

J 

.^ 

./ 

^ 

./ 

.^ 

J 

y\x 

-19 

-18 

-17 

-16 

-15 

0 

1 

2 
3 
4 

1.059305 
1.059090 
1.058456 
1.057431 
1.056058 

0.000000 
0.003539 
0.007000 
0.010310 
0.013410 

1.063087 
1,062827 
1,062061 
1,060829 
1,059190 

0.000001 
0.004010 
0.007918 
0.011633 
0.015079 

1.067394 
1.067073 
1.066135 
1.064636 
1.062657 

0.000002 
0.004584 
0.009032 
0.013226 
0.017075 

1.072345 
1.071942 
1.070774 
1.068925 
1.066508 

0.000006 
0.005296 
0,010403 
0.015172 
0.019486 

1.078103 
1,077584 
1,076102 
1,073783 
1,070793 

0.000014 
0.006195 
0,012118 
0.017579 
0.022432 

5 
6 
7 
8 
9 

1.054391 
1.052490 
1.050413 
1,048217 
1.045956 

0.016252 
0.018806 
0.021055 
0.022996 
0.024637 

1.057215 
1.054981 
1,052565 
1.050037 
1.047458 

0.018202 
0.020969 
0.023364 
0.025391 
0.027066 

1.060297 
1.057655 
1,054829 
1,051905 
1,048958 

0.020512 
0.023505 
0.026044 
0.028141 
0.029824 

1.063659 
1.060510 
1.057187 
1.053795 
1.050421 

0.023272 
0.026499 
0.029167 
0.031306 
0.032960 

1,067318 
1,063538 
1,059610 
1,055664 
1,051797 

0.026598 
0.030055 
0.032823 
0.034957 
0.036527 

10 
11 
12 
13 
14 

1.043672 
1.041402 
1.039177 
1.037018 
1.034942 

0.025993 
0.027086 
0,027940 
0.028581 
0.029034 

1.044880 
1.042345 
1.039882 
1.037515 
1.035259 

0.028412 
0.029461 
0.030245 
0.030796 
0.031148 

1,046045 
1,043212 
1.040490 
1.037901 
1.035456 

0.031130 
0.032102 
0.032781 
0.033211 
0.033431 

1.047129 
1.043967 
1.040965 
1.038140 
1.035501 

0.034183 
0.035034 
0.035567 
0,035836 
0.035888 

1.048081 
1,044559 
1.041259 
1.038192 
1.035359 

0.037609 
0.038282 
0.038616 
0.038677 
0.038520 

15 
16 
17 
18 
19 

1.032959 
1.031076 
1.029296 
1.027620 
1.026046 

0.029326 
0.029477 
0.029511 
0,029445 
0.029296 

1.033123 
1.031110 
1.029222 
1.027456 
1.025809 

0.031330 
0.031368 
0.031288 
0.031110 
0.030854 

1.033162 
1.031019 
1.029025 
1.027174 
1.025459 

0.033476 
0.033377 
0,033162 
0.032855 
0.032474 

1.033049 
1.030780 
1.028685 
1.026756 
1.024981 

0.035765 
0.035502 
0.035129 
0.034672 
0.034150 

1,032754 
1.030365 
1.028180 
1.026183 
1.024360 

0.038193 
0.037735 
0.037179 
0.036552 
0.035873 

20 

1.024570 

0,029080 

1.024275 

0.030534 

1,023872 

0.032037 

1.023349 

0.033582 

1.022695 

0.035160 

y\x 

-14 

-13 

-12 

-11 

-10 

0 

1 

2 
3 

4 

1.084892 
1.084200 
1.082276 
1.079313 
1.075560 

0.000037 
0.007359 
0,014306 
0,020604 
0,026075 

1.093027 
1.092067 
1.089498 
1.085635 
1.080853 

0.000092 
0.008913 
0.017161 
0.024471 
0.030637 

1.102975 
1.101566 
1.098025 
1.092873 
1.086686 

0.000232 
0.011063 
0.020981 
0.029507 
0.036422 

1.115431 
1.113230 
1.108170 
1.101137 
1.093013 

0.000577 
0.014169 
0.026241 
0.036189 
0.043843 

1.131470 
1.127796 
1.120286 
1.110462 
1.099666 

0.001426 
0.018879 
0.033700 
0.045218 
0.053451 

5 
6 
7 
8 
9 

1.071279 
1.066708 
1.062046 
1,057448 
1.053021 

0.030642 
0.034303 
0.037117 
0.039174 
0.040580 

1.075522 
1,069960 
1,064412 
1,059054 
1,053997 

0.035599 
0.039405 
0.042169 
0.044041 
0.045176 

1.079985 
1.073185 
1,066578 
1,060352 
1.054606 

0.041724 
0.045552 
0.048115 
0.049644 
0.050359 

1.084526 
1.076197 
1.068350 
1.061159 
1.054687 

0.049336 
0.052967 
0.055093 
0.056057 
0.056158 

1.088877 
1.078701 
1.069450 
1.061235 
1.054046 

0.058817 
0.061886 
0.063225 
0.063322 
0.062566 

10 
11 
12 
13 
14 

1.048834 
1.044928 
1.041320 
1.038010 
1.034989 

0.041444 
0.041867 
0.041938 
0.041734 
0.041321 

1.049303 
1,044997 
1,041080 
1.037537 
1.034344 

0.045719 
0.045801 
0.045531 
0.044999 
0,044277 

1.049380 
1.044674 
1.040464 
1.036713 
1.033378 

0,050452 
0.050084 
0.049384 
0,048452 
0,047365 

1.048933 
1.043853 
1.039389 
1.035473 
1.032040 

0.055640 
0,054695 
0,053465 
0.052056 
0.050547 

1.047807 
1.042417 
1,037766 
1.033752 
1.030282 

0.061249 
0.059584 
0.057719 
0.055758 
0.053773 

15 
16 
17 
18 
19 

1.032241 
1.029747 
1.027486 
1.025437 
1.023580 

0,040751 
0,040066 
0.039301 
0.038481 
0.037629 

1,031474 
1.028895 
1,026579 
1.024499 
1.022628 

0,043422 
0,042477 
0,041475 
0,040444 
0,039401 

1,030414 
1,027781 
1.025438 
1.023352 
1.021489 

0.046180 
0.044941 
0.043679 
0.042417 
0.041170 

1.029026 
1.026377 
1,024043 
1.021981 
1.020155 

0.048991 
0.047428 
0.045883 
0.044374 
0.042912 

1.027274 
1.024658 
1.022375 
1.020375 
1.018617 

0.051808 
0.049894 
0.048049 
0.046282 
0.044599 

20 

1.021896 

0,036759 

1.020942 

0.038361 

1.019824 

0.039950 

1.018533 

0.041505 

1.017066 

0.043001 

yV 

_ 

9 

- 

8 

- 

7 

-< 

s 

_ 

5 

0 

1 

2 
3 

4 

1.152759 
1.146232 
1.134679 
1,120694 
1.106249 

0,003489 
0,026376 
0,044579 
0,057595 
0.065948 

1,181848 
1,169677 
1.151385 
1.131255 
1,111968 

0.008431 
0.038841 
0.060814 
0.074701 
0.082156 

1.222408 
1.199049 
1.169639 
1.140733 
1.115404 

0.020053 
0.060219 
0.085335 
0.098259 
0.102861 

1.278884 
1.233798 
1,186778 
1.146266 
1.114273 

0.046723 
0.097331 
0,122162 
0.130005 
0.128440 

1.353831 
1.268723 
1.196351 
1.142853 
1.105376 

0.105839 
0.160826 
0.175646 
0.170672 
0.158134 

5 
6 
7 
8 
9 

1.092564 
1.080246 
1.069494 
1.060276 
1.052450 

0.070592 
0.072520 
0.072580 
0.071425 
0.069523 

1,094818 
1,080188 
1,067987 
1.057920 
1.049645 

0.085055 
0.084987 
0.083120 
0.080250 
0.076885 

1.094475 
1.077672 
1.064339 
1.053778 
1.045382 

0.102411 
0.099188 
0.094618 
0.089537 
0.084405 

1.089952 
1.071684 
1.057935 
1.047493 
1.039464 

0.122397 
0.114638 
0.106568 
0,098840 
0,091717 

1.079407 
1.061236 
1.048279 
1.038838 
1.031806 

0.143879 
0.130280 
0.118116 
0.107508 
0.098337 

10 
11 
12 
13 
14 

1,045832 
1.040241 
1.035508 
1.031490 
1,028065 

0.067197 
0.064664 
0.062063 
0.059482 
0.056975 

1.042834 
1.037210 
1.032539 
1.028638 
1.025359 

0.073340 
0.069803 
0.066381 
0.063128 
0.060070 

1.038659 
1,033231 
1.028808 
1.025171 
1.022152 

0.079462 
0.074821 
0.070524 
0.066576 
0.062962 

1.033205 
1.028260 
1.024300 
1.021090 
1.018458 

0,085271 
0,079488 
0,074315 
0.069688 
0.065542 

1.026459 
1.022317 
1.019052 
1.016439 
1.014319 

0.090413 
0.083544 
0,077561 
0,072320 
0,067702 

15 
16 
17 
18 
19 

1,025132 
1.022608 
1,020426 
1.018530 
1.016874 

0.054573 
0.052291 
0.050135 
0.048106 
0,046201 

1,022583 
1,020219 
1.018192 
1.016444 
1.014929 

0.057215 
0.054559 
0.052094 
0.049806 
0.047684 

1.019626 
1.017494 
1.015681 
1.014129 
1.012790 

0.059658 
0.056638 
0.053874 
0.051341 
0.049015 

1.016277 
1.014452 
1.012912 
1.011600 
1.010476 

0.061817 
0.058460 
0.055424 
0.052670 
0.050161 

1.012577 
1.011130 
1.009915 
1.008887 
1.008009 

0.063610 
0.059962 
0=056694 
0.053752 
0,051092 

20 

1.015422 

0,044413 

1.013607 

0.045714 

1.011629 

0.046875 

1.009505 

0.047870 

1.007254 

0.048675 

For|z|>4,  linear  interpolation  will  yield  about  four  decimals,  eight-point  interpolation  will 
yield  about  six  decimals. 

See  Examples  9  -1(). 
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Table  5.6  EXPONENTIAL  INTEGRAL  FOR  COMPLEX  ARGUMENTS 

ze^Ei  (2) 

yx  -4  -3  -2  -1  0 


0 

1.438208 

0,230161 

1,483729 

0,469232 

1,340965 

0.850337 

0.697175 

1.155727 

0,577216 

0,000000 

1 

1.287244 

0.263705 

1.251069 

0,410413 

1.098808 

0.561916 

0,813486 

0.578697 

0,621450 

0,343378 

2 

1.185758 

0,247356 

1.136171 

0.328439 

1,032990 

0.388428 

0,896419 

0,378838 

0,798042 

0,289091 

3 

1.123282 

0,217835 

1.080316 

0,262814 

1.013205 

0,289366 

0,936283 

0.280906 

0,875873 

0.237665 

4 

1.085153 

0,189003 

1.051401 

0,215118 

1.006122 

0,228399 

0,957446 

0.222612 

0,916770 

0.198713 

5 

1,061263 

0,164466 

1.035185 

0,180487 

1.003172 

0.187857 

0.969809 

0.183963 

0,940714 

0.169481 

6 

1.045719 

0,144391 

1.025396 

0,154746 

1,001788 

0.159189 

0.977582 

0.156511 

0.955833 

0.147129 

7 

1.035205 

0,128073 

1.019109 

0,135079 

1,001077 

0,137939 

0.982756 

0,136042 

0.965937 

0.129646 

8 

1.027834 

0,114732 

1.014861 

0,119660 

1,000684 

0,121599 

0.986356 

0,120218 

0.972994 

0.115678 

9 

1.022501 

0.103711 

1.011869 

0,107294 

1,000454 

0.108665 

0,988955 

0,107634 

0.978103 

0.104303 

10 

1.018534 

0.094502 

1.009688 

0,097181 

1.000312 

0,098184 

0,990887 

0,097396 

0.981910 

0.094885 

11 

1.015513 

0,086718 

1.008052 

0,088770 

1.000221 

0.089525 

0,992361 

0.088911 

0.984819 

0.086975 

12 

1.013163 

0.080069 

1,006795 

0.081673 

1.000161 

0.082255 

0.993508 

0,081769 

0.987088 

0.080245 

13 

1.011303 

0,074333 

1,005809 

0,075609 

1.000119 

0.076067 

0.994418 

0,075676 

0.988891 

0,074457 

14 

1.009806 

0,069340 

1.005022 

0,070371 

1,000090 

0.070738 

0.995151 

0,070419 

0.990345 

0,069429 

15 

1.008585 

0,064959 

1.004384 

0.065803 

1.000070 

0,066102 

0,995751 

0,065838 

0.991534 

0,065024 

16 

1.007577 

0.061086 

1.003859 

0.061786 

1.000055 

0,062032 

0.996246 

0.061812 

0.992518 

0,061135 

17 

1.006735 

0,057640 

1,003423 

0,058227 

1.000043 

0,058432 

0,996661 

0,058246 

0,993342 

0,057677 

18 

L006025 

0,054555 

1,003057 

0,055052 

1.000035 

0,055224 

0,997011 

0.055066 

0,994038 

0,054583 

19 

1.005420 

0,051779 

1.002747 

0,052202 

1.000028 

0,052349 

0.997309 

0.052214 

0.994631 

0,051801 

20 

1.004902 

0.049267 

1.002481 

0.049631 

1.000023 

0,049757 

0,997565 

0,049640 

0.995140 

0,049284 

y\x 

1 

2 

3 

4 

5 

0 

0.596347 

0.000000 

0.722657 

0.000000 

0.786251 

0,000000 

0,825383 

0.000000 

0.852111 

0,000000 

1 

0.673321 

0.147864 

0.747012 

0.075661 

0.797036 

0,045686 

0.831126 

0,030619 

0.855544 

0,021985 

2 

0,777514 

0,186570 

0.796965 

0.118228 

0.823055 

0.078753 

0.846097 

0,055494 

0.864880 

0.040999 

3 

0,847468 

0,181226 

0.844361 

0,132252 

0.853176 

0.096659 

0,865521 

0,072180 

0.877860 

0.055341 

4 

0,891460 

0.165207 

0.881036 

0,131686 

0.880584 

0.103403 

0.885308 

0,081408 

0.892143 

0.064825 

5 

0,919826 

0.148271 

0.907873 

0,125136 

0.903152 

0,103577 

0.903231 

0.085187 

0.906058 

0.070209 

6 

0.938827 

0.132986 

0.927384 

0.116656 

0.921006 

0.100357 

0.918527 

0,085460 

0.918708 

0.072544 

7 

0.952032 

0,119807 

0.941722 

0.107990 

0,934958 

0.095598 

0,931209 

0,083666 

0.929765 

0.072792 

8 

0,961512 

0,108589 

0.952435 

0.099830 

0,945868 

0.090303 

0.941594 

0.080755 

0.939221 

0.071700 

9 

0.968512 

0,099045 

0.960582 

0.092408 

0.954457 

0.084986 

0.950072 

0,077313 

0,947219 

0,069799 

10 

0.973810 

0.090888 

0,966885 

0.085758 

0.961283 

0,079898 

0.957007 

0,073688 

0.953955 

0.067447 

11 

0.977904 

0.083871 

0,971842 

0,079836 

0,966766 

0,075147 

0.962708 

0.070080 

0.959626 

0.064878 

12 

0.981127 

0.077790 

0.975799 

0.074567 

0,971216 

0,070769 

0.967423 

0.066599 

0.964412 

0.062242 

13 

0.983706 

0.072484 

0.979000 

0,069873 

0.974865 

0,066762 

0.971351 

0,063300 

0.968464 

0,059630 

14 

0,985799 

0,067822 

0.981621 

0,065679 

0.977888 

0.063104 

0.974646 

0,060206 

0,971911 

0,057096 

15 

0,987519 

0.063698 

0.983791 

0,061921 

0.980414 

0,059767 

0,977430 

0,057322 

0,974858 

0,054671 

16 

0.988949 

0.060029 

0.985606 

0,058539 

0,982544 

0.056723 

0,979799 

0,054644 

0.977391 

0.052371 

17 

0.990149 

0.056745 

0,987138 

0,055485 

0,984353 

0,053941 

0,981827 

0,052162 

0,979579 

0.050200 

18 

0,991167 

0.053792 

0,988442 

0.052717 

0,985902 

0.051394 

0,983574 

0.049861 

0,981478 

0.048160 

19 

0.992036 

0,051122 

0.989561 

0,050199 

0.987237 

0,049057 

0,985089 

0,047728 

0,983135 

0.046245 

20 

0,992784 

0.048699 

0,990527 

0,047900 

0,988395 

0,046909 

0,986410 

0.045749 

0.984587 

0,044449 

yx 

6 

7 

8 

9 

10 

0 

0,871606 

0,000000 

0,886488 

0,000000 

0,898237 

0.000000 

0.907758 

0.000000 

0.915633 

0,000000 

1 

0,873827 

0.016570 

0,888009 

0.012947 

0.899327 

0,010401 

0,908565 

0.008543 

0,916249 

0,007143 

2 

0,880023 

0,031454 

0,892327 

0,024866 

0.902453 

0,020140 

0,910901 

0.016639 

0.918040 

0.013975 

3 

0,889029 

0.043517 

0,898793 

0.034995 

0.907236 

0,028693 

0.914531 

0.023921 

0,920856 

0,020230 

4 

0,899484 

0.052380 

0,906591 

0,042967 

0.913167 

0,035755 

0,919127 

0,030145 

0.924479 

0.025717 

5 

0,910242 

0,058259 

0,914952 

0.048780 

0,919729 

0,041242 

0,924336 

0,035208 

0.928664 

0.030334 

6 

0.920534 

0.061676 

0,923283 

0,052667 

0.926481 

0,045242 

0,929836 

0,039123 

0,933175 

0,034063 

7 

0,929945 

0,063220 

0.931193 

0,054971 

0,933096 

0,047942 

0.935365 

0,041986 

0,937807 

0,036944 

8 

0,938313 

0,063425 

0,938469 

0,056047 

0,939359 

0.049570 

0.940731 

0.043936 

0.942398 

0,039060 

9 

0,945629 

0.062714 

0,945023 

0.056211 

0,945154 

0,050349 

0,945812 

0,045128 

0.946833 

0.040514 

10 

0,951965 

0,061408 

0,950850 

0,055725 

0,950427 

0,050481 

0,950535 

0.045711 

0.951035 

0,041413 

11 

0.957427 

0,059735 

0,955987 

0,054790 

0,955176 

0,050135 

0,954870 

0.045818 

0.954959 

0.041861 

12 

0,962128 

0,057855 

0.960495 

0,053560 

0.959421 

0,049444 

0.958814 

0.045563 

0.958586 

0,041948 

13 

0,966178 

0,055877 

0.964444 

0,052146 

0,963201 

0.048514 

0.962379 

0.045038 

0.961913 

0,041755 

14 

0.969673 

0,053874 

0.967903 

0.050627 

0,966559 

0.047425 

0.965591 

0.044319 

0.964949 

0,041347 

15 

0.972699 

0,051894 

0.970935 

0.049062 

0,969539 

0.046236 

0.968477 

0.043463 

0.967710 

0,040780 

16 

0,975326 

0,049966 

0.973597 

0.047489 

0,972185 

0.044992 

0.971067 

0.042516 

0.970214 

0,040095 

17 

0,977617 

0,048109 

0.975940 

0.045935 

0.974538 

0.043724 

0.973393 

0,041512 

0,972484 

0,039329 

18 

0,979622 

0,046332 

0.978009 

0,044419 

0.976632 

0.042456 

0.975481 

0,040477 

0.974540 

0,038508 

19 

0,981384 

0.044641 

0,979839 

0,042951 

0.978500 

0.041205 

0,977357 

0.039431 

0.976402 

0.037653 

20 

0.982938 

0.043036 

0.981465 

0,041538 

0,980169 

0.039980 

0,979047 

0.038388 

0.978090 

0,036781 

*     If  x>10  or  j>10  then  (see  [5.15]) 

0.711093 


jp,  ,  v,..xx»^^   0.278518  0.010389   ,  .  ..  ^^ 
'   z-0.415775  z^2.29428  =6.2900   '  ' 


£i(ij)=-Ci(j)+i  si(  J)  (y  real) 


•See  page  ii. 
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EXPO^E^TIAL  INTEGRAL  FOR  COMPLEX  ARGLMEiNTS 


Tal.le  5.6 


20 


y\x 
d.o 

0.2 
0.4 
0.6 
0.8 
1.0 


ze^Ei{z) 


.^ 


.y 


y\x 
0 

1 

0.922260 

1 

0.000000 

1 
0,927914 

2 

0,000000 

1 

0,932796 

3 

0,000000 

1 
0.937055 

4 

0,000000 

15 

0,940804  0.000000 

1 

0.922740 

0.006063 

0,928295 

0.005212 

0,933105 

0,004528 

0.937308 

0,003972 

0.941014 

0.003512 

2 

0.924143 

0,011902 

0,929416 

0,010258 

0,934013 

0,008932 

0.938055 

0.007847 

0,941636 

0,006949 

3 

0.926370 

0.017321 

0,931205 

0,014991 

0.935473 

0,013098 

0,939261 

0.011540 

0,942643 

0,010242 

4 

0.929270 

0.022171 

0,933560 

0.019295 

0,937408 

0,016934 

0,940870 

0.014974 

0,943994 

0,013331 

5 

0.932672 

0.026361 

0,936356 

0,023091 

0,939729 

0,020373 

0.942816 

0,018095 

0,945640 

0,016169 

6 

0.936400 

0.029857 

0,939462 

0,026339 

0,942338- 

0,023378 

0,945024 

0,020867 

0.947522 

0,018725 

7 

0.940297 

0.032670 

0.942757 

0,029036 

0.945140 

0,025934 

0,947419 

0.023273 

0,949582 

0,020980 

8 

0.944229 

0.034847 

0.946132 

0.031205 

0.948047 

0,028052 

0,949933 

0,025315 

0,951765 

0,022931 

9 

0.948093 

0,036453 

0.949500 

0.032887 

0,950985 

0,029756 

0,952502 

0.027004 

0,954018 

0,024582 

10 

0.951816 

0.037566 

0,952792 

0.034134 

0,953895 

0,031081 

0,955075 

0,028365 

0,956296 

0,025949 

11 

0.955347 

0.038261 

0,955958 

0.035004 

0,956729 

0,032068 

0,957610 

0.029426 

0,958563 

0,027052 

12 

0.958659 

0,038612 

0,958968 

0,035552 

0,959454 

0.032761 

0,960073 

0,030221 

0,960787 

0,027915 

13 

0.961739 

0,038684 

0,961800 

0,035833 

0,962049 

0,033201 

0,962443 

0,030781 

0,962947 

0,028564 

14 

0.964583 

0.038534 

0.964447 

0,035893 

0,964499 

0,033428 

0,964702 

0.031140 

0.965026 

0,029024 

15 

0.967199 

0.038211 

0,966907 

0,035775 

0,966799 

0,033479 

0,966843 

0.031327 

0,967011 

0.029320 

16 

0.969597 

0.037756 

0,969184 

0,035515 

0,968947 

0,033384 

0,968860 

0.031370 

0,968897 

0.029476 

17 

0.971789 

0,037200 

0,971285 

0,035144 

0,970946 

0.033172 

0,970752 

0.031293 

0.970680 

0.029512 

18 

0.973792 

0,036572 

0.973220 

0,034687 

0,972802 

0.032865 

0,972521 

0.031117 

0,972359 

0.029448 

19 

0.975621 

0,035893 

0.974999 

0,034166 

0,974521 

0,032485 

0.974172 

0.030862 

0,973936 

0.029301 

20 

0.977290 

0.035179 

0.976634 

0.033597 

0,976112 

0,032049 

0.975709 

0.030542 

0,975414 

0.029086 

y\x 

16 

17 

18 

19 

20 

0 

0.944130 

0,000000 

0.947100 

0,000000 

0,949769 

0,000000 

0.952181 

0.000000 

0,954371 

0.000000 

1 

0,944306 

0,003128 

0.947250 

0,002804 

0.949897 

0,002527 

0,952291 

0.002290 

0,954467 

0,002085 

2 

0.944829 

0,006196 

0.947693 

0,005560 

0.950277 

0,005016 

0.952619 

0.004549 

0,954752 

0.004144 

3 

0.945678 

0.009150 

0.948416 

0,008223 

0.950898 

0,007430 

0,953156 

0,006745 

0,955219 

0,006151 

4 

0.946824 

0,011940 

0,949395 

0,010754 

0.951741 

0,009735 

0,953887 

0,008853 

0,955856 

0.008084 

5 

0.948226 

0.014529 

0,950600 

0,013121 

0.952782 

0,011904 

0,954793 

0,010847 

0,956650 

0.009922 

6 

0.949842 

0.016886 

0.951995 

0,015296 

0.953995 

0,013916 

0.955853 

0,012709 

0,957581 

0.011649 

7 

0.951624 

0.018994 

0,953545 

0,017265 

0.955349 

0,015753 

0.957043 

0,014425 

0.958631 

0.013253 

8 

0.953527 

0.020847 

0,955212 

0.019019 

0.956815 

0,017409 

0.958337 

0,015986 

0,959779 

0,014723 

9 

0.955509 

0.022445 

0,956960 

0,020555 

0,958363 

0,018878 

0,959712 

0,017387 

0,961004 

0,016056 

10 

0.957530 

0.023797 

0,958758 

0,021878 

0,959966 

0,020163 

0,961144 

0,018628 

0,962288 

0,017250 

11 

0.959559 

0.024917 

0.960576 

0,022998 

0,961598 

0,021270 

0,962612 

0,019712 

0,963611 

0.018305 

12 

0.961568 

0.025823 

0,962391 

0,023927 

0.963238 

0,022207 

0,964097 

0.020645 

0,964956 

0.019227 

13 

0.963534 

0.026534 

0,964181 

0.024679 

0,964868 

0,022984 

0,965582 

0.021436 

0,966310 

0,020021 

14 

0.965443 

0.027070 

0,965931 

0.025271 

0,966472 

0,023616 

0,967052 

0.022094 

0,967658 

0,020694 

15 

0.967280 

0.027453 

0.967628 

0.025720 

0.968039 

0,024114 

0,968496 

0.022629 

0,968990 

0,021255 

16 

0,969038 

0,027700 

0.969264 

0,026041 

0.969558 

0.024493 

0,969906 

0.023052 

0,970297 

0,021712 

17 

0.970712 

0,027831 

0,970832 

0,026249 

0,971023 

0.024765 

0,971273 

0,023375 

0.971571 

0.022075 

18 

0.972300 

0,027862 

0,972328 

0,026361 

0,972430 

0.024943 

0,972594 

0,023607 

0,972808 

0,022352 

19 

0.973800 

0,027809 

0,973751 

0,026388 

0,973775 

0.025038 

0,973863 

0,023760 

0,974004 

0,022552 

0.975215  0,027685 


0,975099  0.026343 


0,975057  0.025062    0.975079  0.023842 


0.975155  0,022684 


-4.0 

-0,359552  -0,057540 

-0,347179  -0,078283 

-0,333373  -0,096648 

-0,318556  -0.112633 

-0.303109  -0.126301 

-0.287369  -0.137768 


EXPONENTIAL  INTEGRAL  FOR  SMALL  COMPLEX  ARGUMENTS 

-3.0 

-0.494576  -0,156411 


Table  .1.7 


y\x 

0.0 
0.2 
0.4 
0.6 
0.8 
1.0 


-2.0 


-4.261087 
-4,219228 
-4.094686 
-3.890531 
-3.611783 
-3.265262 


0.000000 
0.636779 
1,260867 
1.859922 
2,422284 
2,937296 


-3.5 

-0,420509  -0,094868 

-0,400596  -0,119927 

-0,379278  -0,141221 

-0,357202  -0,158890 

-0,334923  -0,173169 

-0,312894  -0,184355 


-1.5 

-2,895820  0,000000 


-0.462493  -0,185573 
-0,429554  -0.208800 
-0,396730  -0,226575 
-0,364785  -0,239500 
-0.334280  -0,248231 

E\(z)\\n  z 
-1.0 


-2.867070 
-2,781497 
-2,641121 
-2,449241 
-2,210344 


0,462804 
0,917127 
1,354712 
1,767748 
2,149077 


-1,895118 
-1,875155 
-1.815717 
-1,718135 
-1,584591 
-1,418052 


0,000000 
0,342700 
0,679691 
1,005410 
1,314586 
1,602372 


-2.5 

-0.580650  -0.257878 

-0.528987  -0.289009 

-0.478303  -0.310884 

-0,429978  -0,324774 

-0,384941  -0.332047 

-0,343719  -0,334043 


-0.5 

-1.147367  0.000000 


-2.0 

-0,670483  -0.425168 

-0,587558  -0,451225 

-0,510543  -0,463193 

-0,441128  -0,464163 

-0,380013  -0.457088 

-0.327140  -0.444528 


-1.133341 
-1.091560 
-1.022911 
-0.928842 
-0.811327 


0.258840 
0.513806 
0.761122 
0.997200 
1.218731 


-0.577216 
-0.567232 
-0.537482 
-0.488555 
-0.421423 
-0,337404 


0,000000 
0,199556 
0,396461 
0,588128 
0.772095 
0,946083 


yx 

0,0 
0.2 

0,4 
0.6 
0.8 
1.0 


0.5 


-0.133374 
-0.126168 
-0.104687 
-0.069328 
-0.020743 
+  0,040177 


0.000000 
0.157081 
0.312331 
0.463961 
0.610264 
0,749655 


1.0 

0,219384  0,000000 


1.5 

0,505485  0,000000 


2.0 

0,742048     0,000000 


2.5 

0,941206  0,000000 


0,224661 
0,240402 
0,266336 
0,302022 
0.346856 


0.126210 
0.251143 
0.373547 
0.492229 
0.606074 


0.509410 
0.521123 
0.540441 
0,567061 
0,600568 


0,103432 
0,205962 
0,306707 
0.404823 
0.499516 


0.745014 
0,753871 
0,768490 
0,788664 
0,814107 


0,086359 
0,172075 
0,256515 
0,339075 
0,419185 


0,943484 
0.950289 
0.961532 
0,977068 
0,996699 


0,073355 
0,146246 
0.218215 
0.288822 
0.357653 


ir^ 
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6.  Gamina  Function  and  Related  Functions 

Mathematical   Properties 


6.1.  Gamma  (Factorial)  Function 
Euler's  Integral 


6.1.1 


r(2) 


=1 


t'-'e-'dt 


(^2>0) 


=iP  r  t'-'e-"' dt      (^2>0,  ^k>0) 


6.1.2 

r(2)=liin 


Euler's  Formula 


2(2+1)  .  .  .  (z+n) 

Euler's  Infinite  Product 


(2  5^0-1,-2,...) 


6.1.3 


1 


r(2) 


=  ze' 


iK'^iy-"] 


I^K") 


=  .57721  56649.  .  . 

y  is  known  as  Euler's  constant  and  is  given  to  25 
decimal  places  in  chapter  1.  T(z)  is  single  valued 
and  analytic  over  the  entire  complex  plane,  save 
for  the  points  z=—n(n=0,  1,  2,  ...  )  where  it 
possesses  simple  poles  with  residue  (— l)"/^'-  Its 
reciprocal  1/r  (2)  is  an  entire  function  possessing 
simple  zeros  at  the  points  z=—n(n=0,  1,  2,  .  .  .). 


6.1.4 


r( 


Hankel's  Contour  Integral 


(i3i<<=) 


The  path  of  integration  C  starts  at  +  »  on  the 
real  axis,  circles  the  origin  in  the  counterclockwise 
direction  and  returns  to  the  starting  point. 


6.1.1 


6.1.6 


6.1.7 


Factorial  and  n  Notations 

n(2)=2!=r(2+i) 

Integer  Values 

r(7i+l)  =  1.2-3  .  .  .  (n-l)n=n\ 


1 


lim  „,       . 

,^n    T(-Z) 


1 


6.1.8 

r(^)  =  2j^° 


(-n-l)! 

Fractional  Values 


(71=0,1,2,...) 


e-'^/^  =  ;r^=1.77245  38509  .  .  .=(-|)! 


mm 

3!       ^        -I  --.--0''        T        2         3        4      * 

3Ez=zE= 

-3 


Figure  6.1.  Gamma  function.        * 

,  2/=--r(x),         ,  y=l/r(x) 


6.1.9  r (3/2)  =  ^7r^=. 88622  69254  .  .  .  =(^)! 

6.1.10  rin+l)  =  '-'-'-''-^'^-'^Ta) 

r(i) =3.62560  99082  .  .  . 

6.1.11  r(.+|)='-^-^-'°-3V<^''-^'r(|) 

r(i)=2.67893  85347  .  .  . 

6.1.12  r(n+i)  =  ''-''--J"^-'h(i) 


6.1.13   r(n+j)=''-^-«-"   -  <^"-"  r(i) 


6.1.14    r(n+f)  = 


r(f)  =  1.35411  79394.  .  . 
3-7-1M5.  .  .  (471-1) 


r(f) 


r  (I)  =  1.22541  67024  .   .   . 

'See  page  ii.  265 
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Recurrence  Formulas 

6.1.15       T(z+l)  =  zT(z)  =  z\=2(z-l)\ 


6.1.16 

r(n+2)  =  (7J-l  +  2)(n-2+2)  .  .  .  (l  +  2)r(H-2) 
=  (n-H-2)! 
=  (n-l-2)(n-2+2)  .  .  .  (1  +  2)2! 

Reflection  Formula 

6.1.17    r(2)r(i-2)=-2r(-2)r(2)=f^  esc  vz 


=J: 


dt 


(0<^2<1) 


0    l  +  t 
Duplication  Formula 

6.1.18  T{2z)  =  {2t)-^2^'-^  T(z)  r(2+i) 

Triplication  Formula 

6.1.19  t(Sz)={2t)-'3''-^  r(2)r(2+i)r(2+|) 

Gauss'  Multiplication  Formula 

6.1.20  r(/i2)  =  (2T)^"-»'n'"-^Vrr2-^-^ 

Binomial  Coefficient 


6    121         f^\=:  ^-  =  ^'^^^^) 

\wj   w\{z—w)\    r(tc+i)r(2- 


w+l) 


Pochhammer's  Svmbol 


6.1.22 

(2)0=1, 

(2).=  2(2  +  l)(2  +  2)    .   .   .    (2  +  n-l): 


T(z+n) 
T(z) 


6.1.29      T(iy)T(-iy)  =  \r(hj)\'^ 


y  sinh  xy 


Gamma  Function  in  the  Complex  Plane 


6.1.23  r(^)=r(2);liir(2)=ln  r(2) 

6.1.24  arg  r(2+l)  =  arg  r(2)-|-arctan^ 

n=oL      '    (^+^)'J 

r(a;+iy)|<|r(a:)| 


6.1.25   \^py'^ 


6.1.26 

6.1.27 

arg  r(ar+iy)=y^(z)+f:  (-T arctan  -^^ 

»=o  \x-\-n  y+n/ 

(x+iy?^0 -1 -2,  .  .  .  ) 
where  ^(2)  =  r'(2)/r(2) 

6.1.28  T{\+iy)  =  iyT{iy) 


6.1.30    r(i+iy)r(i-{y)=|r(i+ii/)|2=^ 


Ty 


-nj 


6.1.31    r(i+iV)r(i-iy)=ir(i+iy)l^=^j^^ 


'T?/ 


6.1.32     r(i+iy)r(|-iy)= — r — "".v.  , 
^*      ^      ^*      ^      cosh  iry+i  sinh 

Power  Series 

6.1.33 

hi  r(l  +  2)=-hl(l  +  2)+2(l-7) 


+Z:(-i)"[r(^)-i]2"M   (|2|<2) 

n=2 

f  (n)  is  the  Riemann  Zeta  Function  (see  chapter 


23). 


6.1.34 


Series  Expansion  ^  for  1  jT  (2) 


r(.)    ge..' 

k 

c* 

1 

1.  00000 

00000 

000000 

2 

0.  57721 

56649 

015329 

3 

—0.  65587 

80715 

202538 

4 

—0.  04200 

26350 

340952 

5 

0.  16653 

86113 

822915 

6 

—0.  04219 

77345 

555443 

7 

—0.  00962 

19715 

278770 

8 

0.  00721 

89432 

466630 

9 

—0.00116 

51675 

918591 

10 

—0.  00021 

52416 

741149 

11 

0.  00012 

80502 

823882 

12 

—0.  00002 

01348 

547807 

13 

-0.  00000 

12504 

934821 

14 

0.  00000 

11330 

272320 

15 

-0.  00000 

02056 

338417 

16 

0.  00000 

00061 

160950 

17 

0.  00000 

00050 

020075 

18 

-0.  00000 

00011 

812746 

19 

0.  00000 

00001 

043427 

20 

0.  00000 

00000 

077823 

21 

-0.  00000 

00000 

036968 

22 

0.  00000 

00000 

005100 

23 

-0.  00000 

00000 

000206 

24 

-0.  00000 

00000 

000054 

25 

0.  00000 

00000 

000014 

26 

0.  00000 

00000 

000001 

(NK") 


2  The  coefficients  Ct  are  from  H.  T.  Da\ns,  Tables  of 
higher  mathematical  functions,  2  vols.,  Principia  Press, 
Bloomington,  Ind.,  1933,  1935  (with  permission);  with 
corrections  due  to  H.  E.  Salzer. 


GAMMA    FUNCTION    AND 
Polynomial  Approximations' 

6.1.35  0<x<l 

r(x+ 1)  =x\=  l+aiX+a2x'^-\-a3X^-\-aiX*-\-a6X^-\-  e(x) 
|«(x)|<5Xl«-' 

aj=-.  57486  46  a4=  .42455  49 
02=  .95123  63  a5=-.  10106  78 
a3=  — .69985  88 

6.1.36  0<a-<l 

T(x-\-l)=x\=l-\-biX-\rb2X^+    .   .   .   +M'+e(a^) 
h(a;)|<3X10-^ 


6j  =  _.  57719  1652  65= 

62=  .98820  5891  ^6^ 

63=-.  89705  6937  67= 

64=  .91820  6857  h- 


•.  75670  4078 
.48219  9394 
. 19352  7818 
.03586  8343 


Stirling's  Formula 


6.1.37 


Ti^)^e-'z-H2r)i[l+^^+^^ 


139 


28822    518402^ 


571 


24883202 


-i-\ (2-^00  in  |arg  2|<7r) 


6.1.38 


Asymptotic  Formulas 

6.1.39 

r(a2  +  6)  ^^f2^e-'"(az)'^+'-^         (|arg  z\<ir,  a>0) 

6.1.40 

In  r(2)~(2-i)  In  2-2+i  In  (2ir) 

B2m 


+z: 


^1  2m(2m— l)22"'-i 

For  Bn  see  chapter  23 


(2^00  in  |arg  z\<C't) 


6.1.41 


In  r(2)  ^(2-i)  In  2-2+i  In  (2^)  +  ^-^, 


1 


1 


12602^     16802^ 


(2^00  in  |arg  z\<CiT) 


'  From  C.  Hastings,  Jr.,  Approximations  for  digital 
computers,  Princeton  Univ.  Press,  Princeton,  N.J.,  1955 
(with  permission). 
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Error  Term  for  Asymptotic  Expansion 

6.1.42 

If 

R„iz)=  In  r  (2)-(2-i)  In  2  +  2-^  In  (27r) 


r^i2m(2m— l)2  2«-i 


then 


where 


\R   (2)\  <  \B2n+2\K(z) 

'    "^  ^'-(2n+l)(2ri+2)|2|2''+i 


^(2)= upper  bound  1 27(^2+ 2^)1 

u>0 


For  2  real  and  positive,  R„  is  less  in  absolute  value 
than  the  first  term  neglected  and  has  the  same 
sign. 

6.1.43 

^In  T(iy)  =  mn  T(-iy) 

=iln(-.-V-) 
\y  sinh  Try/ 

~i  In  (27r)  — ^— ^In  y,  (y-^^  » ) 

6.1.44 

J^ln  T{iy)=aTg  T{iy)  =—&Tg  T{—iy) 
=  — J^ln  T(—iy) 

(-ir-'B^n 


^y  In  y—y-^T—^ 


tri  (271-1)  i2n)y^''-' 

(y-^+'=°) 


6.1.45  \im(2ir)-^T(x-\-iy)\e^'^«^\y\i-'=l 

|y|-»oo 

6.1.46  limn-''^^=l 

n^co         T(n-\-b) 


6.1.47 


.,_,  r(2+o)     ,  ,  (a-fc)(a+6-l) 
^       r(2+6)'"'"^  22 

as  2^00  along  any  curve  joining  2=0  and  2=a>, 
providing  2?^  —a,  —a—1,  .  .  .  ;  25^  —b,  —6—1, 
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Continued  Fraction 


RELATED    FUNCTIONS 


6.1.4S 

In  r(2)  +  2-(2-i)  In  2-iln  (2ir) 

Oo       fll       0'2       el's       ffl4       tts 

~2+  2+  2+  2+  2+  2+  • 


1  1  53  195 

^=12'  ^^==30'  ^^=210'  "^'^.371' 


(^2>0) 


04= 


6.1.49 


22999  29944523 


109535241009 


22737 


>  a5= 


19733142'  °'  "48264275462 

Wallis'  Formula* 


r'/ysinV"    ^^_l-3-5  .  .  .  (2n-l) 
Jo    \cos/ 


2-4-6  .  .  .  (2rt) 

_  (2n)!  _  1    /2n\       r(7i+i) 
22''(n!)2    22"  Vn/    7r§r(n+l) 

"'  Su^  L^~8n~^128n2~  '  '  J 

Some  Definite  Integrals 


6.1.50 


lnr(.)=j;[(.-l)e--5^]f    («.>0) 

=  (2— i)  In  2— 2+^  In  2ir 
arctan  (t/z) 


_  f"  arctanj^  , 
"^  Jo        62"-l      "^^ 

6.2.  Beta  Function 


(^2>0) 


6.2.1 


Jo  Jo 


\2  +  tC 


d< 


'0    (1  +  0^ 
rrl2 

=2  I       (sin  0^-'  (cos  0^''-'(^« 

(^2>0,  ^WJ>0) 


6.2.2 


B{z,w)=  ^f^  ,  ;;^,  =B{w,z) 


T(z-\-w) 
6.3.  Psi  (Digamma)  Function  ^ 

6.3.1       ^(2)=rf[ln  r(2)]/c?2=r'(2)/r(2) 

*  Some  authors  employ  the  special  double  factorial  nota- 
tion as  follows: 

(2n)  !  !  =2-4-6  .   .   .    (2n)=2"n  ! 

(2n-l)  !  !  =1.3-5  .  .  .  (2n-l)=,r-i  2"  r(n  +  i) 

*  Some  authors  write  \^(z)  =3-  In  r(z+ 1)  and  similarly  for 

az 

the  polygamma  functions. 


.4 


. 
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Figure  6.2.  Psi  function. 

j/=^(x)=dln  T(x)/dx 


Integer  Values 


n-1 


6.3.2  ^(l)  =  -7,  ^(n)  =  -'>'+Z)^~'        (n>2) 

k=l 


Fractional  Values 

6.3.3 

^(1)  = -7-2  In  2= -1.96351  00260  21423  .  .  . 

6.3.4 

^(n4-i)  =  -7-21n2+2(l+^+  -  -  -  +2^) 


(n>l) 


6.3.5 


6.3.6 


Recurrence  Formulas 

^(2+l)=^(2)4-^ 


^(^+^)  =  (^_l)  +  2  +  (n-2)+3  + 


+2T-2+iT-3+^^^+^^ 


1 


GAMMA   FUNCTION    AND 
Reflection  Formula 

6.3.7  ^(1— 2)=^(z)  +  T  cot  ir2 

Duplication  Formula 

6.3.8  iA(22)=i^(2)+iiA(2+i)  +ln  2 
Psi  Function  in  the  Complex  Plane 

6.3.9  ^(i)=^ 
6.3.10 

6.3.11  J'Hiy)=^~'+h  ^  coth  iry 

6.3.12  JH^+iy)  =iir  tanh  Try 

6.3.13  J^^(l+i2/)  =  -^+^  xcoth  t^ 

11=1 

Series  Expansions 

6.3.14  ^(i+2)=-74-i:(-i)*rN2"-'    (|2|<i) 

n=2 

6.3.15 

^(H-Z)  =  l2-I_lx  cot  T2-(l-22)-l  +  l-7 

-f:[f(27i+l)-l]2'^"  {\z\<2) 

n=l 

6.3.16 


„=i  n{n-\-z) 
6.3.17 
^^(l+it/)  =  l-7- 


(25^-1,-2,-3,  .  .  .  ) 


1  +  2/* 


+z:(-i)"+Hr(2n+i)-%2« 

(|y|<2) 

=  -74-2/'Z]^"'(w'+2/')~' 

n=l 

(— co<7/<oo) 

Asymptotic  Formulas 


6.3.18 


^(2)Mn2-^-f:   ^^» 


=lll  2- 


22      ;^i  27J22» 

1      1.1 


1 


22     122*  '  1202*    2522«  '   ■  ■  • 

(2^ 00  in  |arg2|<ir) 


RELATED    FUNCTIONS 

6.3.19 

^^(l+iy)~ln  2/4-2 

=\ny 
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(-1)"-152„ 


n=i       2n2/^ 
1     .      1 


1 


122/2  '  I2O2/*  '  2522/^ 


(y-^00) 


Extrema*of  r(a;)     —     Zeros  of  ^(x) 


n 

2;n 

T{Xn) 

0 

+  1.462 

+  0.  886 

1 

-0.  504 

-3.  545 

2 

-1.573 

+  2.  302 

3 

-2.611 

-0.  888 

4 

-3.635 

+  0.  245 

5 

-4.  653 

-0.  053 

6 

-5.667 

+  0.  009 

7 

-6.  678 

-0.  001 

2-0=1.46163  21449  68362 
r(a:o)=  .88560  31944  10889 

6.3.20    Xn=  -n+  Gn  n)-^+o[([n  n)-^\ 

Definite  Integrals 

6.3.21 

dt 


22     ^Jo   («*+2=')(e2"-l) 


=ln  2 


(|arg  2l<  0 


6.3.22 


</< 


rf^ 
< 


«  From  W.  Sibagaki,  Theory  and  applications  of  the 
gamma  function,  Iwanami  Syoten,  Tokyo,  Japan,  1952 
(with  permission). 


273-888  0-67—!  8 
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6.4.  Polygamma  Functions ' 
6.4.1 

in  Jn+1 


D    RELATED    FUNCTIONS 

Series  Expansions 

6.4.9 

^('')(i+2)=(-i)n+i  rn!f(7i+r) 


dz' 


dz' 


(71=1,2,3,  .  .  .  ) 

/»oo   fn„-zl 
*  Jo    1  —  6"' 

\^^'''(2),(n  =  0,l,  .  .  .),  is  a  single  valued  analytic 
function  over  the  entire  complex  plane  save  at 
the  points  2==  — 7n(m  =  0,l,2,  .  .  .  )  where  it  pos- 
sesses poles  of  order  (n+1)- 

Integer  Values 

6.4.2 

^"'>(l)  =  (-l)"+'rj!fU+l)  (n=l,2,3,  .  .) 

6.4.3 

^<""(n  +  l)  =  (-l)'"w!  r-f(7n4-l)  +  l 

Fractional  Values 

6.4.4 

^<«)(^)  =  (_  i)"+i^!(2«+i-  i)f  (n  +  1) 

{n=\,2,  .  .  .  ) 

6.4.5  ,/,'(n+^)  =.i7r2-4  iz  (2^-1) '' 

k  =  l 
Recurrence  Formula 

6.4.6  r/'^">(2+l)='A^"'(2)  +  (-l)"^!2"""^ 


Reflection  Formula 


6.4.7 


d" 


^""(l-2)  +  (-l)''+y>(2)  =  (-l)'-7r-^  cot  TTZ 


dz' 


6.4.8 


Multiplication  Formula 


1       m-1  /  Z.\ 


5=1,    n=0 
5  =  0,    n>0 


'  ^' is  known  as  the  trigamma  function.  ^",  ^">,  ^<*'  ore 
the  tetra-,  penta-,  and  hcxapamma  functions  respectively. 
Some  authors  write  1^(2)  =rf[ln  r(2+ l)]/(/z,  and  simihirly 
for  the  polygamma  functions. 

♦See  page  ii. 


-(^V(n+2)a  +  (^t?^W3).'-...] 


6.4.10 

t=0 


(l2l<l) 


(2?^0,-l,-2,  ...) 


Asymptotic  Formulas 


6.4.11 


^<«)(3)^(-l)"-i[i!L_ll'+^^ 


+JZB, 


k  =  \ 


(2^-fn-l)! 
^  {2k)\z 


1k+ 


^'] 


(2  -^  00  in  I  arg  z  \  <7r) 


6.4.12 

,,,,1,1.1         1,1  1 


6.4.13 

^"(2)- 


2  '  2^2  '  62^     302^  '  422^     302^  '   ■  ■  • 

{z^'co  in  I  arg  2|<7r) 

J__J^ !_     J 1__^ 3 5_ 

'22      2^      22''"'"62''      62»"'"l02l°      62'2"^""' 

(2-^  00  in  I  arg  2  j<7r) 


6.4.14 

,(3).  s      2,3,2      1  ,    4       3    ,10 

(2— >oo  in  I  arg  2  Kir) 

6.5.  Incomplete  Gamma  Function 

(see  also  26.4) 


6.5.1 


(^a>0) 


6.5.2 

7(a,j)=P(a,  a-)r(a)=  pe-'f'-io^/  (^a>0) 

/»  CD 

r(a,  j)  =r(a)-7(a,  J-)=  I    e-'t"-'^ 


6.5.3 


6.5.4 


'^< 


7*(a,  T)  =  x-''P{a,  •^)=f(^->'(«.  •^) 


7*  is  a  single  valued  analytic  function  of  a  and 
X  possessing  no  finite  singularities. 


I 


\ 
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-3 


-2-101234 

Figure  6.3.  Incomplete  gamma  junction. 
From  F.  G.  Tricomi,  Sulla  funzione  gamma  incompleta,  Annali  di  Matematica,  IV,  33,  1950  (with  permission). 


•See  page  n. 
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Probability  Integral  of  the  x^-Distribution 

6.5.6 

(Pearson's  Form  of  the  Incomplete  Gamma  Function) 


I(u,p)  =  ^J;'^'e-f 


dt 


6.5.7 


t"-^  COS  tdt  (^a<l) 


6.5.8         S(x,a)=\    t"-' sin  tdt  (^a<l) 


6.5.9 


/•  00 

E^  (x)=  I    e-'H-"dt=x''-'T(l-n,x) 


6.5.10 


OCn  (j-)=  J 


e-'"t"dt=x-"-^T(l-\-n,x) 


6.5.11 


n     -r.^ 


J=0  J! 


Incomplete  Gamma  Function  as  a  Confluent 
Hypergeometric  Function  (see  chapter  13) 


6.5.12       y{a,x)  =  a-'x''e-^Mil,  l-\-a,x) 
^^a-^x"  M{a,  l-\-a,—x) 

Special  Values 


6.5.13 

P 


(n,x)  =  l-(l+^+^+ .  .  .  4     "^ 


2! 


=  1— e„_i(x)g  ' 


For  relation   to    the   Poisson   distribution,   see 
26.4. 

6.5.14  7*(— n,  a-)=x" 

6.5.15  V{Q,x)=re-H-'dt=E,{x) 


6.5.16         7(i  x2)=2  re-''(ff=^/^erfa; 

/»  00 

r(i,a-2)^2  I     e-''(ff=V^  erfc  a; 


6.5.17 
6.5.18 


(-1)" 


F-'[-.(^)-'S^'] 


6.5.19  r(-n,x): 

6.5.20  T{a,ix)=e^^"'  [C{x,a)-iS{x,a)] 

Recurrence  Formulas 


6.5.21 
6.5.22 
6.5.23 

6.5.24 


P{a+l,x)=P{a,x)' 


Te- 


r(a+i) 

7(a+l,x)=a7(a,a;)— a;"e~* 
7*(a— I,2;)=2;7*(a,x)+Yr7^ 

Derivatives  and  Differential  Equations 


(^)„r-r-=;^-— -(^'^ 


6.5.25 
6.5.26 

6.5.27 


dx 


d7(a,3:)^    .^r(g,x)^^^_,^. 
dx  dx 


-[x-T(a,x)]=(-l)"x-''-''r(a+n,x) 


(n=0,l,2,  ...) 


dx 


-  [e^x''7*  (a,x)]=6'x"-''7*(a-w,  a;) 


(n=0,l,2,...) 


52-,*  5-,* 

6.5.28         •^^+^«+l+^)^+«'^*=0 

Series  Developments 


6.5.29 


l*{a,z)=e-'Y^ 


.  =  J_f^    (-2)1 


;^o  r(a+7i+l)     r(a)  ;fb"o  (a+7i)n! 

(I2K") 


6.5.30 

y{a,  x+?/)— 7(a,  x) 
=e-x»-'  ±  (''-')(''-2)---(«-'')[i_,-.,,(y)] 

n=0  2/ 

(M<W) 
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Continued  Fraction 


6.5.31 


\x+  1+   a:+  1+   x+       / 

(a;>0,|a|<co) 


Asymptotic  Expansions 


6.5.32 

(^2->oo  in  larg^Kyj 

Suppose  /?„(a,2)=w„+i(a,2)-f  ...  is  the  re- 
mainder after  n  terms  in  this  series.  Then  if  a,z 
are  real,  we  have  for  n^a— 2 

!^n(a,2)!<|w»+i(a,2)| 
and  sign  i?„(a,2)  =  sign  w„+i(a,2). 


6.5.33      7(a,2)~l] 


6.5.34 


„=o  (a+?i)n! 
e  Can)       I  ^  ^^^  «>1 


(a^+») 


1  for  0<a<l 


6.5.35 

r(2+i,2)~e 


-'<Vi 


^3^  24    z 


(2-^00  in  I  arg2|<^7r) 


6.5.36 

(^(a+c)>0,^6>-l) 
6.5.37 

Jo  a 

(^(a+6)>0,     ^a>0) 

6.6.  Incomplete  Beta  Function 

6.6.1  B^(a,b)=  r  f'-'il-ty-'dt 

6.6.2  Ua,b)  =  BMb)/Bia,b) 
For  statistical  applications,  see  26.5. 

Symmetry 

6.6.3  ^(a,6)  =  l-/,_j(6,a) 

Relation  to  Binomial  Expansion 

6.6.4  /,(a,7i-a+l)  =  Z;0)2>'(l-p)"-' 
For  binomial  distribution,  see  26.1. 

Recurrence  Formulas 

6.6.5  IAa,b)  =xl,{a- 1  ,b)  +  {l-x)I^(a,b-l) 

6.6.6  {a+b-ab)h{a',b) 

=a{l-x)h{a+\,b-\)  +  bh{a,b+\) 

6.6.7  (a+6)/x(a,6)=a/x(a+l,6)+6/z(a,6+l) 

Relation  to  Hyp ei geometric  Function 

6.6.8  B^{a,b)=a-'x''F{a,\-b)  a+1;  x) 


Numerical  Methods 

6.7.  Use  and  Extension  of  the  Tables 


Example  1.     Compute    r(6.38)   to  8S.     Using 
the  recurrence  relation  6.1.16  and  Table  6.1  we 

have, 

r(6.38)  =  [(5.38)(4.38)(3.38)(2.38)(1.38)]r(1.38) 
=  232.43671. 

Example  2.    Compute  In  r(56.38),  using  Table 
6.4  and  linear  interpolation  in/2.     We  have 

lnr(56.38)  =  (56.38-i)  In  (56.38) -(56.38) 

+/2(56.38) 


The  error  of  linear  interpolation  in  the  table  of 
the  function /2  is  smaller  than  10~^  in  this  region. 
Hence, /2(56.38)  =  . 92041  67  and  In  r(56.38)  = 
169.85497  42. 

Direct  interpolation  in  Table  6.4  of  logio  r(n) 
eliminates  the  necessity  of  employing  logarithms. 
However,  the  error  of  linear  interpolation  is  .002  so 
that  logio  r(n)  is  obtained  with  a  relative  error 
of  10-^ 


*See  page  ii. 
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Examples.    Compute  ^'6.381  to  SS.    Using  the 
recurrence  relation  6.3.6  and  Table  6.1. 


^6.38) 


1 


1 


1 


1 


5.38^4.38^3.38^2.38^1.38 
=  1.77275  59. 


-1^(1.38) 


Example  4.  Compute  ^(56.38).  Using  Table 
6.3  we  have  ^(56.38)  =hi  56.38-/3(56.38). 

The  error  of  linear  interpolation  in  the  table  of 
the  fimction  j^  is  smaller  than  8X10~"  in  this 
region.  Hence,/3(56.38)  =  .00889  53  and  ^(56.38)  = 
4.023219. 

Example  5.  Compute  In  r(l  — i).  From  the 
reflection      principle      6.1.23      and     Table     6.7, 

hi  r(l-0=hir(l-0  =  -.6509-.3016i. 

Example  6.  Compute  In  r(|^-rii)-  Taking 
the  logarithm  of  the  recurrence  relation  6.1.15  we 
have, 


hir(i 


ii)=hi  r(f-iO-hi  (i^-^i) 
=  -.23419-.0.3467i 
—  (i  In  i+i  arctan  1) 

=  .  11 239-.  75073  >■ 


The  logarithms  of  complex  numbers  are  fotmd 
from  4.1.2. 

Example  7.  Compute  Jn  r(3-^7«')  using  the 
dupKcation  formula  6.1.18.  Taking  the  logarithm 
of  6.1.18,  we  have 

— iln2T=—   .91894 
(f+7i)hi2=     1.73287^4.85203? 
hi  r(f-i0  =  -3.31598-  2..32553i 
hi  r(2-ii.i  = -2.66047-  2.93869i 


In  r(3+7i)  =  — 5.16252+10.116251* 

Example  8.     Compute  In  r(3-r7i)  to  5D  using 
the  asymptotic  formula  6.1.41.     We  have 


In  (3 4- 7i)  =2.03022  15-1.16590  45?. 


Then, 


(2.5-7i)  In  (3-7u  =  -3.  0857779-17. 1263119i 

-(3^70  =  -3.  0000000-  7.00000001 

iln(2T)=   .9189385 

[12(3  +  701"'=       .0043103-     .  010057.5t 

-[360(3  +  70^-'=       .0000059-     .0000022?" 


hi  r(3  +  7?;  =  -5.  16252     -10.  11625?' 


6.8.   Summation  of  Rational  Series  by   Means 
of  Polygamma  Functions 

An  infinite  series  whose  general  term  is  a  ra- 
tional function  of  the  index  may  always  be  reduced 
to  a  finite  series  of  psi  and  polygamma  functions. 
The  method  will  be  illustrated  by  writing  the  ex- 
plicit formula  when  the  denominator  contains  a 
triple  root. 

Let  the  general  term  of  an  infinite  series  have 
the  form 


w-= 


p{n) 


di{n)d-2{n)dz{n) 


where 


(/j(n)  =  (n  +  ai)(n  +  a2)  . 
(/2(n)  =  (n+A)*(n+ft)* 
d^{n)  =  (n^y,Y{n^y,Y 


(n+cr,) 
.  (n+7.)' 


where  7>(n)  is  a  polynomial  of  degree  m+2r+3s  — 2 
at  most  and  where  the  constants  a,,  j3,,  and  7,  are 
distinct.    Expand  u,  in  partial  fractions  as  follows 


«.=z: 


a* 


61. 


62. 


t^  (n+oi)     i^i  (n+/3t)     (n+/3t)2 
Cn  Cat 


+z; 


f» 


t^i  (7l+7t)      (/l+Tk)*      (Ti^t^y 


z;  at+z;  6u+z:  ^^=0. 

t=l  t=l  i  =  l 


Then,  we  mav  express  Z  '-^i  i^  terms  of  the 

n  =  l 

constants  appearing  in  this  partial  fraction  expan- 
sion as  foUows 


z:'^,=-z;a>^(i+«>) 

«=1  ;=1 


-z  6i,\^(i^/3,)+i:  62,^' (1+^,) 


-z:  cuv^(i-7,)+i:  f2>i^'(i^7,) 

;=1  >=1 


-±:tf^"(i+T,). 

;=1  ^■ 


Higher  order  repetitions  in  the  denominator  are 
handled  similariv.     If  the  denominator  contains 


only  simple  or  double  roots,  omit  the  correspond 
ing  lines. 

Example  9.     Find 

1 

^^S  (n+l)(2n  +  l)(4n+l)' 
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Since 


1 


1 


x  + 


(n-fl)(2n-rl)(4n  +  l)     n  +  1     n  +  ^  '  n-\-\ 
we  have 


1,  0C3-- 


j,  ai=i,  a2=—l,  03= 


ai  =  l,  a2- 
Thus, 

s=  -  i^(2) +^(U)  -  l^(li)  =  .047198. 

Example  10. 

1 


Find  s=  Z) 
Since 


1  16 


16 


1 


1 


n2(8n  +  l)2         n   '  n+i  '  n^  '  (ri+i)^ 
we  have, 
)8i=0,  02=h  ^ii=-16,  612=16,  621  =  1,  622=1 


s=16./'(l)-16i/'(l|)  +  ^'(l)4-^'(li)  =  .013499. 

Example  11. 

1 


Evaluate  s=S 
We  have, 


;^i(n2+l)(n2+4) 
1 


(see  also  6.3.13). 


_=1  ('J L\ 

12  \n+2i     n— 21/ 


Hence,  ai=g'  ^^"^~6~'  ^^""W  ^^^^12' 


ai^i,  0:2^  —  i,  a3=2{,  a4=  —  21, 


and  therefore 


s=-^  [^(l  +  t)-^(l-i)]  +  j^  [^(l+2i)-^(l-2i)]. 


By  6.3.9,  this  reduces  to 


S=^J'rPil  +  i)-^J^Pil  +  2i). 


From  Table  6.8,  s  =  . 13876. 
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Table  6.1 

X 

ri-r) 

In 

r(.') 

H-v) 

^'(x) 

1.000 

1.00000  00000 

0.00000 

00000 

-0.57721 

56649 

1.64493 

40668 

0.000 

1.005 

0.99713  85354 

-0.00286 

55666 

-0.56902 

09113 

1.63299 

41567 

0.005 

1.010 

0.99432  58512 

-0.00569 

03079 

-0.56088 

54579 

1.62121 

35283 

0.010 

1.015 

0.99156  12888 

-0.00847 

45187 

-0.55280 

85156 

1.60958 

91824 

0.015 

1.020 

0.98884  42033 

-0.01121 

84893 

-0.54478 

93105 

1.59811 

81919 

0.020 

1.025 

0.98617  39633 

-0.01392 

25067 

-0.53682 

70828 

1.58679 

76993 

0.025 

1.030 

0.98354  99506 

-0.01658 

68539 

-0.52892 

10873 

1.57562 

49154 

0.030 

1.035 

0.98097  15606 

-0.01921 

18101 

-0.52107 

05921 

1.56459 

71163 

0.035 

1.040 

0.97843  82009 

-0.02179 

76511 

-0.51327 

48789 

1.55371 

16426 

0.040 

1.045 

0.97594  92919 

-0.02434 

46490 

-0.50553 

32428 

1.54296 

58968 

0.045 

1.050 

0.97350  42656 

-0.02685 

30725 

-0.49784 

49913 

1.53235 

73421 

0.050 

1.055 

0.97110  25663 

-0.02932 

31868 

-0.49020 

94448 

1.52188 

35001 

0.055 

1.060 

0.96874  36495 

-0.03175 

52537 

-0.48262 

59358 

1.51154 

19500 

0.060 

1.065 

0.96642  69823 

-0.03414 

95318 

-0.47509 

38088 

1.50133 

03259 

0.065 

1.070 

0.96415  20425 

-0.03650 

62763 

-0.46761 

24199 

1.49124 

63164 

0.070 

1.075 

0.96191  83189 

-0.03882 

57395 

-0.46018 

11367 

1.48128 

76622 

0.075 

1.080 

0.95972  53107 

-0.04110 

81702 

-0.45279 

93380 

1.47145 

21556 

0.080 

1.085 

0.95757  25273 

-0.04335 

38143 

-0.44546 

64135 

1.46173 

76377 

0.085 

1.090 

0.95545  94882 

-0.04556 

29148 

-0.43818 

17635 

1.45214 

19988 

0.090 

1.095 

0.95338  57227 

-0.04773 

57114 

-0.43094 

47988 

1.44266 

31755 

0.095 

1.100 

0.95135  07699 

-0.04987 

24413 

-0.42375 

49404 

1.43329 

91508 

0.100 

1.105 

0.94935  41778 

-0.05197 

33384 

-0.41661 

16193 

1.42404 

79514 

0.105 

1.110 

0.94739  55040 

-0.05403 

86341 

-0.40951 

42761 

1.41490 

76482 

0.110 

1.115 

0.94547  43149 

-0.05606 

85568 

-0.40246 

23611 

1.40587 

63535 

0.115 

1.120 

0.94359  01856 

-0.05806 

33325 

-0.39545 

53339 

1.39695 

22213 

0.120 

1.125 

0.94174  26997 

-0.06002 

31841 

-0.38849 

26633 

1.38813 

34449 

0.125 

1.130 

0.93993  14497 

-0.06194 

83322 

-0.38157 

38268 

1.37941 

82573 

0.130 

1.135 

0.93815  60356 

-0.06383 

89946 

-0.37469 

83110 

1.37080 

49288 

0.135 

1.140 

0.93641  60657 

-0.06569 

53867 

-0.36786 

56106 

1.36229 

17670 

0.140 

1.145 

0.93471  11562 

-0.06751 

77212 

-0.36107 

52291 

1.35387 

71152 

0.145 

1.150 

0.93304  09311 

-0.06930 

62087 

-0.35432 

66780 

1.34555 

93520 

0.150 

1.155 

0.93140  50217 

-0.07106 

10569 

-0.34761 

94768 

1.33733 

68900 

0.155 

1.160 

0.92980  30666 

-0.07278 

24716 

-0.34095 

31528 

1.32920 

81752 

0.160 

1.165 

0.92823  47120 

-0.07447 

06558 

-0.33432 

72413 

1.32117 

16859 

0.165 

1.170 

0.92669  96106 

-0.07612 

58106 

-0.32774 

12847 

1.31322 

59322 

0.170 

1.175 

0.92519  74225 

-0.07774 

81345 

-0.32119 

48332 

1.30536 

94548 

0.175 

1.180 

0.92372  78143 

-0.07933 

78240 

-0.31468 

74438 

1.29760 

08248 

0.180 

1.185 

0.92229  04591 

-0.08089 

50733 

-0.30821 

86809 

1.28991 

86421 

0.185 

1.190 

0.92088  50371 

-0.08242 

00745 

-0.30178 

81156 

1.28232 

15358 

0.190 

1.195 

0.91951  12341 

-0.08391 

30174 

-0.29539 

53259 

1.27480 

81622 

0.195 

1.200 

0.91816  87424 

-0.08537 

40900 

-0.28903 

98966 

1.26737 

72054 

0.200 

1.205 

0.91685  72606 

-0.08680 

34780 

-0.28272 

14187 

1.26002 

73755 

0.205 

1.210 

0.91557  64930 

-0.08820 

13651 

-0.27643 

94897 

1.25275 

74090 

0.210 

1.215 

0.91432  61500 

-0.08956 

79331 

-0.27019 

37135 

1.24556 

60671 

0.215 

1.220 

0.91310  59475 

-0.09090 

33619 

-0.26398 

37000 

1.23845 

21360 

0.220 

1.225 

0.91191  56071 

-0.09220 

78291 

-0.25780 

90652 

1.23141 

44258 

0.225 

1.230 

0.91075  48564 

-0.09348 

15108 

-0.25166 

94307 

1.22445 

17702 

0.230 

1.235 

0.90962  34274 

-0.09472 

45811 

-0.24556 

44243 

1.21756 

30254 

0.235 

1.240 

0.90852  10583 

-0.09593 

72122 

-0.23949 

36791 

1.21074 

70707 

0.240 

1.245 

0.90744  74922 

-0.09711 

95744 

-0.23345 

68341 

1.20400 

28063 

0.245 

1.250 

0.90640  24771 

-0.09827 

18364 

-0.22745 

35334 

1.19732 

91545 

0.250 

yl 

In 

.'/! 

'^  1 
-r-  In 

d>/ 

yl 

.7^2  In?/! 

.'/ 

r(-6)6i 

5 

[(-6)51 
5 

[(-6)71 
5 

7-- 5)2-1 
5 

r  .'•>2  see 

Examples  1-4. 

log. 

10  ^=0.43429  44819 

For 

Compiled  from  H.  T.  Davis.  Tables  of  the  higher  mathematical  functions,  2  vols.  (Principia 
Press,  Bloomington,  Ind.,  1933, 1935)  (with  permission).    Known  error  lias  been  corrected. 
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Table 

6.1 

GA 

MMA,  DIG 

AMMA  J 

\ND  TRIG 

AMMA 

FUNCTIOr 

vs 

X 

1 

^(.r) 

In 

t(x) 

Hx) 

^'(x) 

1.250 

0.90640 

24771 

-0.09827 

18364 

-0.22745 

35334 

1.19732 

91545 

0.250 

1.255 

0.90538 

57663 

-0.09939 

41651 

-0.22148 

34266 

1.19072 

50579 

0.255 

1.260 

0.90439 

71178 

-0.10048 

67254 

-0.21554 

61686 

1.18418 

94799 

0.260 

1.265 

0.90343 

62946 

-0.10154 

96809 

-0.20964 

14193 

1.17772 

14030 

0.265 

1.270 

0.90250 

30645 

-0.10258 

31932 

-0.20376 

88437 

1.17131 

98301 

0.270 

1.275 

0.90159 

71994 

-0.10358 

74224 

-0.19792 

81118 

1.16498 

37821 

0.275 

1.280 

0.90071 

84765 

-0.10456 

25269 

-0.19211 

88983 

1.15871 

22990 

0.280 

1.285 

0.89986 

bblb9 

-0.10550 

86634 

-0.18634 

08828 

1.15250 

44385 

0.285 

1.290 

0.89904 

15863 

-0.10642 

59872 

-0.18059 

37494 

1.14635 

92764 

0.290 

1.295 

0.89824 

29947 

-0.10731 

46519 

-0.17487 

71870 

1.14027 

59053 

0.295 

1.300 

0.89747 

06963 

-0.10817 

48095 

-0.16919 

08889 

1.13425 

34350 

0.300 

1.305 

0.89672 

44895 

-0.10900 

66107 

-0.16353 

45526 

1.12829 

09915 

0.305 

1.310 

0.89600 

41767 

-0.10981 

02045 

-0.15790 

78803 

1.12238 

77175 

0.310 

1.315 

0.89530 

95644 

-0.11058 

57384 

-0.15231 

05782 

1.11654 

27706 

0.315 

1.320 

0.89464 

04630 

-0.11133 

33587 

-0.14674 

23568 

1.11075 

53246 

0.320 

1.325 

0.89399 

66866 

-0.11205 

32100 

-0.14120 

29305 

1.10502 

45678 

0.325 

1.330 

0.89337 

80535 

-0.11274 

54356 

-0.13569 

20180 

1.09934 

97037 

0.330 

1.335 

0.89278 

43850 

-0.11341 

01772 

-0.13020 

93416 

1.09372 

99497 

0.335 

1.340 

0.89221 

55072 

-0.11404 

75756 

-0.12475 

46279 

1.08816 

45379 

0.340 

1.345 

0.89167 

12485 

-0.11465 

77697 

-0.11932 

76069 

1.08265 

27136 

0.345 

1.350 

0.89115 

14420 

-0.11524 

08974 

-0.11392 

80127 

1.07719 

37361 

0.350 

1.355 

0.89065 

59235 

-0.11579 

70951 

-0.10855 

55827 

1.07178 

68773 

0.355 

1.360 

0.89018 

45324 

-0.11632 

64980 

-0.10321 

00582 

1.06643 

14226 

0.360 

1.365 

0.88973 

71116 

-0.11682 

92401 

-0.09789 

11840 

1.06112 

66696 

0.365 

1.370 

0.88931 

35074 

-0.11730 

54539 

-0.09259 

87082 

1.05587 

19286 

0.370 

1.375 

0.88891 

35692 

-0.11775 

52707 

-0.08733 

23825 

1.05066 

65216 

0.375 

1.380 

0.88853 

71494 

-0.11817 

88209 

-0.08209 

19619 

1.04550 

97829 

0.380 

1.385 

0.88818 

41041 

-0.11857 

62331 

-0.07687 

72046 

1.04040 

10578 

0.385 

1.390 

0.88785 

42918 

-0.11894 

76353 

-0.07168 

78723 

1.03533 

97036 

0.390 

1.395 

0.88754 

75748 

-0.11929 

31538 

-0.06652 

37297 

1.03032 

50881 

0.395 

1.400 

0.88726 

38175 

-0.11961 

29142 

-0.06138 

45446 

1.02535 

65905 

0.400 

1.405 

0.88700 

28884 

-0.11990 

70405 

-0.05627 

00879 

1.02043 

36002 

0.405 

1.410 

0.88676 

46576 

-0.12017 

56559 

-0.05118 

01337 

1.01555 

55173 

0.410 

1.415 

0.88654 

89993 

-0.12041 

88823 

-0.04611 

44589 

1.01072 

17518 

0.415 

1.420 

0.88635 

57896 

-0.12063 

68406 

-0.04107 

28433 

1.00593 

17241 

0.420 

1.425 

0.88618 

49081 

-0.12082 

96505 

-0.03605 

50697 

1.00118 

48640 

0.425 

1.430 

0.88603 

62361 

-0.12099 

74307 

-0.03106 

09237 

0.99648 

06113 

0.430 

1.435 

0.88590 

96587 

-0.12114 

02987 

-0.02609 

01935 

0.99181 

84147 

0.435 

1.440 

0.88580 

50635 

-0.12125 

83713 

-0.02114 

26703 

0.98719 

77326 

0.440 

1.445 

0.88572 

23397 

-0.12135 

17638 

-0.01621 

81479 

0.98261 

80318 

0.445 

1.450 

0.88566 

13803 

-0.12142 

05907 

-0.01131 

64226 

0.97807 

87886 

0.450 

1.455 

0.88562 

20800 

-0.12146 

49657 

-0.00643 

72934 

0.97357 

94874 

0.455 

1.460 

0.88560 

43364 

-0.12148 

50010 

-0.00158 

05620 

0.96911 

96215 

0.460 

1.465 

0.88560 

80495 

-0.12148 

08083 

+0.00325 

39677 

0.96469 

86921 

0.465 

1.470 

0.88563 

31217 

-0.12145 

24980 

0.00806 

64890 

0.96031 

62091 

0.470 

1.475 

0.88567 

94575 

-0.12140 

01797 

0.01285 

71930 

0.95597 

16896 

0.475 

1.480 

0.88574 

69646 

-0.12132 

39621 

0.01762 

62684 

0.95166 

46592 

0.480 

1.485 

0.88583 

55520 

-0.12122 

39528 

0.02237 

39013 

0.94739 

46509 

0.485 

1.490 

0.88594 

51316 

-0.12110 

02585 

0.02710 

02758 

0.94316 

12052 

0.490 

1.495 

0.88607 

56174 

-0.12095 

29852 

0.03180 

55736 

0.93896 

38700 

0.495 

1.500 

0.88622 

69255 

-0.12078 

22376 

0.03648 

99740 

0.93480 

22005 

0.500 

!J 

1 

In. 
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T(r) 


In  r(r) 


Hr) 


i'(-r) 


1.500 
1.505 
1.510 
1.515 
1.520 

1.525 
1.530 
1.535 
1.540 
1.545 

1.550 
1.555 
1.560 
1.565 
1.570 

1.575 
1.580 
1.585 
1.590 
1.595 

1.600 
1.605 
1.610 
1.615 
1.620 

1.625 
1.630 
1.635 
1.640 
1.645 

1.650 
1.655 
1.660 
1.665 
1.670 

1.675 
1.680 
1.685 
1.690 
1.695 

1.700 
1.705 
1.710 
1.715 
1.720 

1.725 
1.730 
1.735 
1.740 
1.745 

1.750 


0.88622 
0.88639 
0.88659 
0.88680 
0.88703 

0.88729 
0.88756 
0.88786 
0.88817 
0.88851 

0.88886 
0.88924 
0.88963 
0.89005 
0.89048 

0.89094 
0.89141 
0.89191 
0.89242 
0.89296 

0.89351 
0.89408 
0.89468 
0.89529 
0.89592 

0.89657 
0.89724 
0.89793 
0.89864 
0.89936 

0.90011 
0.90088 
0.90166 
0.90247 
0.90329 

0.90413 
0.90500 
0.90588 
0.90678 
0.90770 

0.90863 
0.90959 
0.91057 
0.91156 
0.91258 

0.91361 
0.91466 
0.91573 
0.91682 
0.91793 


69255 
89744 
16850 
49797 
87833 

30231 
76278 
25287 
76586 
29527 

83478 
37830 
91990 
45387 
97463 

47686 

95537 
40515 
82141 
19949 

53493 
82342 
06085 
24327 
36685 

42800 
42326 
34930 
20302 
98138 

68163 
30104 
83712 
28748 
64995 

92243 
10302 
18996 
18160 
07650 

87329 
57079 
16796 
66390 
05779 

34904 
53712 
62171 
60252 
47950 


0.91906  25268 


-0.12078 
-0.12058 
-0.12037 
-0.12013 
-0.11986 

-0.11957 
-0.11927 
-0.11893 
-0.11858 
-0.11820 

-0.11780 
-0.11738 
-0.11693 
-0.11647 
-0.11598 

-0.11547 
-0.11494 
-0.11438 
-0.11380 
-0.11321 

-0.11259 
-0.11195 
-0.11128 
-0.11060 
-0.10990 

-0.10917 
-0.10842 
-0.10765 
-0.10687 
-0.10606 

-0.10523 
-0.10437 
-0.10350 
-0.10261 
-0.10170 

-0.10077 
-0.09981 
-0.09884 
-0.09785 
-0.09684 

-0.09580 
-0.09475 
-0.09368 
-0.09259 
-0.09147 

-0,09034 
-0.08919 
-0.08802 
-0.08683 
-0.08562 


22376 

81200 
07353 
01860 
65735 

99983 
05601 
83580 
34900 
60534 

61446 
38595 
92928 
25388 
36908 

28415 
00828 
55058 
92009 
12579 

17657 
08127 
84864 
48737 
00610 

41338 
71769 
92746 
05105 
09676 

07282 
98739 
84860 
66447 
44301 

19212 
91969 
63351 
34135 
05088 

76974 
50552 
26573 
05785 
88929 

76741 
69951 
69286 
75466 
89203 


■(-6)3-] 


■0.08440  11210 
In//! 


0.03648 
0.04115 
0.04579 
0.05041 
0.05502 

0.05960 
0.06416 
0.06871 
0.07323 
0.07773 

0.08222 
0.08668 
0.09113 
0.09556 
0.09997 

0.10436 
0.10873 
0.11309 
0.11742 
0.12174 

0.12604 
0.13033 
0.13459 
0.13884 
0.14307 

0.14729 
0.15148 
0.15566 
0.15983 
0.16398 

0.16811 
0.17222 
0.17632 
0.18040 
0.18447 

0.18852 
0.19256 
0.19658 
0.20058 
0.20457 


99740 
36543 
67896 
95527 
21146 

46439 
73074 
02697 
36936 
77400 

25675 
83334 
51925 
32984 
28024 

38544 
66023 
11923 
77690 
64754 

74528 
08407 
67772 
53988 
68404 

12354 
87158 
94120 
34529 
09660 

20776 
69122 
55933 
82427 
49813 

59282 
12015 
09180 
51931 
41410 


0.20854  78749 

0.21250  65064 

0.21645  01462 

0.22037  89037 

0.22429  28871 


0.22819 
0.23207 
0.23594 
0.23980 
0.24364 


22037 
69593 
72589 
32061 
49038 


0.24747  24535 
-r  In//! 


0.93480 
0.93067 
0.92658 
0.92252 
0.91850 

0.91451 
0.91055 
0.90663 
0.90274 
0.89888 

0.89505 
0.89125 
0.88749 
0,88375 
0.88005 

0.87637 
0.87272 
0.86911 
0.86552 
0.86196 

0.85843 
0.85492 
0.85145 
0.84800 
0.84457 

0.84118 
0.83781 
0.83446 
0,83115 
0,82785 


22005 
57588 
41142 
68425 
35265 

37552 
71245 
32361 
16984 
21253 

41371 
73596 
14249 
59699 
06378 

50766 
89402 
18871 
35815 
36921 

18931 
78630 
12856 
18488 
92455 

31730 
33330 
94315 
11790 
82897 


0,82459  04826 

0,82134  74802 

0.81812  90092 

0,81493  48001 

0,81176  45875 


0,80861 
0,80549 
0,80239 
0.79931 
0.79626 

0.79323 
0.79022 
0.78723 
0.78427 
0.78132 

0.77840 
0.77550 
0.77262 
0.76976 
0.76692 


81094 
51079 
53282 
85198 
44350 

28302 
34645 
61012 
05060 
64486 

37011 
20396 
12424 
10915 
13714 


0.76410  18699 

'^~    1        f 
.F2l"'/! 


0.500 
0.505 
0.510 
0.515 
0.520 

0.525 
0.530 
0.535 
0.540 
0.545 

0.550 

0.555 
0.560 
0.565 
0.570 

0.575 
0.580 
0.585 
0.590 
0.595 

0.600 
0.605 
0,610 
0,615 
0,620 

0,625 
0.630 
0,635 
0,640 
0.645 

0.650 
0.655 
0.660 
0.665 
0.670 

0.675 
0.680 
0.685 
0.690 
0.695 

0.700 
0.705 
0.710 
0.715 
0.720 

0.725 
0.730 
0.735 
0.740 
0.745 

0.750 
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Table 

6.1 

GAMMA,  DIGAMMA  AND 

TRIGAMMA  FUNCTIONS 

.r 

] 

r(.r) 

In 

rO) 

Hr) 

^'(,r) 

1.750 

0.91906 

25268 

-0.08440 

11210 

0.24747 

24535 

0.76410 

18699 

0.750 

1.755 

0.92020 

92224 

-0.08315 

42192 

0.25128 

59559 

0.76130 

23773 

0.755 

1.760 

0.92137 

48846 

-0.08188 

82847 

0.25508 

55103 

0.75852 

26870 

0.760 

1.765 

0.92255 

95178 

-0.08060 

33871 

0.25887 

12154 

0.75576 

25950 

0.765 

1.770 

0.92376 

31277 

-0.07929 

95955 

0.26264 

31686 

0.75302 

19003 

0.770 

1.775 

0.92498 

57211 

-0.07797 

69782 

0.26640 

14664 

0.75030 

04040 

0.775 

1.780 

0.92622 

73062 

-0.07663 

56034 

0.27014 

62043 

0.74759 

79107 

0.780 

1.785 

0.92748 

78926 

-0.07527 

55386 

0.27387 

74769 

0.74491 

42268 

0,785 

1.790 

0.92876 

74904 

-0.07389 

68509 

0.27759 

53776 

0.74224 

91617 

0.790 

1.795 

0.93006 

61123 

-0.07249 

96070 

0.28129 

99992 

0.73960 

25271 

0.795 

1.800 

0.93138 

37710 

-0.07108 

38729 

0.28499 

14333 

0.73697 

41375 

0.800 

1,805 

0.93272 

04811 

-0.06964 

97145 

0.28866 

97707 

0.73436 

38093 

0.805 

1.810 

0.93407 

62585 

-0.06819 

71969 

0.29233 

51012 

0.73177 

13620 

0.810 

1.815 

0.93545 

11198 

-0.06672 

63850 

0.29598 

75138 

0.72919 

66166 

0.815 

1.820 

0.93684 

50832 

-0.06523 

73431 

0.29962 

70966 

0.72663 

93972 

0.820 

1.825 

0.93825 

81682 

-0.06373 

01353 

0.30325 

39367 

0.72409 

95297 

0.825 

1.830 

0.93969 

03951 

-0.06220 

48248 

0.30686 

81205 

0.72157 

68426 

0.830 

1.835 

0.94114 

17859 

-0.06066 

14750 

0.31046 

97335 

0.71907 

11662 

0.835 

1.840 

0.94261 

23634 

-0.05910 

01483 

0.31405 

88602 

0.71658 

23333 

0.840 

1.845 

0.94410 

21519 

-0.05752 

09071 

0.31763 

55846 

0.71411 

01788 

0.845 

1.850 

0.94561 

11764 

-0.05592 

38130 

0.32119 

99895 

0.71165 

45396 

0.850 

1.855 

0.94713 

94637 

-0.05430 

89276 

0.32475 

21572 

0.70921 

52546 

0.855 

1.860 

0.94868 

70417 

-0.05267 

63117 

0.32829 

21691 

0.70679 

21650 

0.860 

1.865 

0.95025 

39389 

-0.05102 

60260 

0.33182 

01056 

0.70438 

51138 

0.865 

1.870 

0.95184 

01855 

-0.04935 

81307 

0.33533 

60467 

0.70199 

39461 

0.870 

1.875 

0.95344 

58127 

-0.04767 

26854 

0.33884 

00713 

0.69961 

85089 

0.875 

1.880 

0.95507 

08530 

-0.04596 

97497 

0.34233 

22577 

0.69725 

86512 

0.880 

1.885 

0.95671 

53398 

-0.04424 

93824 

0.34581 

26835 

0.69491 

42236 

0,885 

1.890 

0.95837 

93077 

-0.04251 

16423 

0.34928 

14255 

0.69258 

50790 

0,890 

1.895 

0.96006 

27927 

-0.04075 

65875 

0.35273 

85596 

0.69027 

10717 

0.895 

1.900 

0.96176 

58319 

-0.03898 

42759 

0.35618 

41612 

0.68797 

20582 

0.900 

1.905 

0.96348 

84632 

-0.03719 

47650 

0.35961 

83049 

0.68568 

78965 

0.905 

1.910 

0.96523 

07261 

-0.03538 

81118 

0.36304 

10646 

0.68341 

84465 

0.910 

1.915 

0.96699 

26608 

-0.03356 

43732 

0.36645 

25136 

0.68116 

35696 

0.915 

1.920 

0.96877 

43090 

-0.03172 

36054 

0.36985 

27244 

0.67892 

31293 

0,920 

1.925 

0.97057 

57134 

-0.02986 

58646 

0.37324 

17688 

0.67669 

69903 

0,925 

1.930 

0.97239 

69178 

-0.02799 

12062 

0.37661 

97179 

0.67448 

50194 

0.930 

1.935 

0.97423 

79672 

-0.02609 

96858 

0.37998 

66424 

0.67228 

70846 

0.935 

1.940 

0.97609 

89075 

-0.02419 

13581 

0.38334 

26119 

0.67010 

30559 

0.940 

1.945 

0.97797 

97861 

-0.02226 

62778 

0.38668 

76959 

0.66793 

28044 

0.945 

1.950 

0.97988 

06513 

-0.02032 

44991 

0.39002 

19627 

0.66577 

62034 

0.950 

1.955 

0.98180 

15524 

-0.01836 

60761 

0.39334 

54805 

0.66363 

31270 

0.955 

1.960 

0.98374 

25404 

-0.01639 

10621 

0.39665 

83163 

0.66150 

34514 

0.960 

1.965 

0.98570 

36664 

-0.01439 

95106 

0.39996 

05371 

0.65938 

70538 

0.965 

1.970 

0.98768 

49838 

-0.01239 

14744 

0.40325 

22088 

0.65728 

38134 

0.970 

1.975 

0.98968 

65462 

-0.01036 

70060 

0.40653 

33970 

0.65519 

36104 

0.975 

1.980 

0.99170 

84087 

-0.00832 

61578 

0.40980 

41664 

0.65311 

63266 

0.980 

1.985 

0.99375 

06274 

-0.00626 

89816 

0.41306 

45816 

0.65105 

18450 

0.985 

1.990 

0.99581 

32598 

-0.00419 

55291 

0.41631 

47060 

0.64900 

00505 

0.990 

1.995 

0.99789 

63643 

-0.00210 

58516 

0.41955 

46030 

0.64696 

08286 

0.995 

2.000 

1.00000 

00000 

0.00000 

00000 

0.42278 

43351 

0.64493 

40668 

1.000 

y 

1 
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TETRAGAMMA 

AND  PEN! 

AGAMU 

►lA  FUNCTIONS 

Tab 

Ie6.2 

./■ 

r'(.r) 

^(:<)(.r) 

.(■ 

^"(.r) 

^(:<)(.r) 

1.00 

-2.40411 

38063 

6.49393  94023 

0.00 

1.50 

-0.82879  66442 

1.40909  10340 

0.50 

1.01 

-2.34039 

86771 

6.25106  18729 

0.01 

1.51 

-0.81487  76121 

1.37489  70527 

0.51 

1.02 

-2.27905 

42052 

6.01969  49890 

0,02 

1.52 

-0.80129  51399 

1.34177  21104 

0.52 

1.03 

-2.21996 

85963 

5.79918  38573 

0.03 

1.53 

-0.78803  87419 

1.30967  56244 

0.53 

1.04 

-2.16303 

63855 

5.58891  68399 

0,04 

1,54 

-0.77509  83287 

1.27856  88154 

0,54 

1.05 

-2.10815 

80219 

5.38832  23132 

0.05 

1.55 

-0.76246  41904 

1.24841  46160 

0,55 

1.06 

-2.05523 

94833 

5.19686  56970 

0.06 

1.56 

-0.75012  69793 

1.21917  75841 

0.56 

1.07 

-2.00419 

19194 

5.01404  67303 

0.07 

1.57 

-0.73807  76946 

1.19082  38216 

0.57 

1.08 

-1.95493 

13213 

4.83939  69702 

0,08 

1.58 

-0.72630  76669 

1.16332  08979 

0.58 

1.09 

-1.90737 

82154 

4.67247  74947 

0.09 

1.59 

-0.71480  85441 

1.13663  77770 

0.59 

1.10 

-1.86145 

73783 

4.51287  67903 

0.10 

1.60 

-0.70357  22779 

1.11074  47490 

0,60 

1.11 

-1.81709 

75731 

4.36020  88083 

0.11 

1.61 

-0.69259  11105 

1.08561  33658 

0.61 

1.12 

-1.77423 

13035 

4.21411  11755 

0.12 

1.62 

-0.68185  75627 

1.06121  63792 

0.62 

1.13 

-1.73279 

45852 

4.07424  35447 

0.13 

1.63 

-0.67136  44220 

1.03752  76835 

0.63 

1.14 

-1.69272 

67342 

3.94028  607^7 

0.14 

1.64 

-0.66110  47316 

1.01452  22608 

0,64 

1.15 

-1.65397 

01677 

3.81193  80220 

0.15 

1.65 

-0.65107  17793 

0.99217  61290 

0,65 

1.16 

-1.61647 

02206 

3.68891  64540 

0.16 

1.66 

-0.64125  90881 

0,97046  62927 

0.66 

1.17 

-1.58017 

49731 

3.57095  50416 

0.17 

1,67 

-0.63166  04061 

0.94937  06973 

0.67 

1.18 

-1.54503 

50903 

3,45780  29554 

0.18 

1,68 

-0.62226  96973 

0.92886  81843 

0.68 

1.19 

-1.51100 

36723 

3.34922  38402 

0.19 

1.69 

-0.61308  11332 

0.90893  84502 

0,69 

1.20 

-1.47803 

61144 

3.24499  48647 

0,20 

1.70 

-0.60408  90841 

0.88956  20066 

0.70 

1.21 

-1.44608 

99765 

3.14490  58422 

0.21 

1.71 

-0.59528  81112 

0.87072  01433 

0.71 

1.22 

-1.41512 

48602 

3.04875  84139 

0.22 

1.72 

-0.58667  29593 

0.85239  48922 

0.72 

1.23 

-1.38510 

22950 

2.95636  52925 

0.23 

1.73 

-0.57823  85490 

0.83456  89940 

0.73 

1.24 

-1.35598 

56308 

2.86754  95589 

0.24 

1.74 

-0.56997  99702 

0.81722  58660 

0.74 

1.25 

-1.32773 

99375 

2,78214  40092 

0.25 

1.75 

-0.56189  24756 

0.80034  95719 

0.75 

1.26 

-1.30033 

19112 

2.69999  05478 

0.26 

1.76 

-0.55397  14738 

0.78392  47929 

0.76 

1.27 

-1.27372 

97857 

2.62093  96227 

0.27 

1.77 

-0.54621  25238 

0.76793  68005 

0.77 

1.28 

-1.24790 

32496 

2.54484  97000 

0.28 

1.78 

-0.53861  13291 

0.75237  14300 

0.78 

1.29 

-1.22282 

33691 

2.47158  67746 

0.29 

1.79 

-0.53116  37320 

0.73721  50564 

0.79 

1.30 

-1.19846 

25147 

2.40102  39143 

0,30 

1.80 

-0.52386  57084 

0.72245  45705 

0.80 

1.31 

-1.17479 

42923 

2.33304  08348 

0,31 

1.81 

-0.51671  33630 

0.70807  73565 

0.81 

1.32 

-1.15179 

34794 

2.26752  35032 

0,32 

1.82 

-0.50970  29242 

0.69407  12710 

0.82 

1.33 

-1.12943 

59642 

2.20436  37678 

0,33 

1.83 

-0.50283  07396 

0.68042  46226 

0.83 

1.34 

-1.10769 

86881 

2.14345  90132 

0.34 

1.84 

-0.49609  32712 

0.66712  61527 

0.84 

1.35 

-1.08655 

95925 

2.08471  18367 

0.35 

1.85 

-0.48948  70921 

0.65416  50169 

0.85 

1.36 

-1.06599 

75682 

2.02802  97472 

0,36 

1.86 

-0.48300  88813 

0.64153  07680 

0.86 

1.37 

-1.04599 

24073 

1.97332  48830 

0,37 

1.87 

-0.47665  54207 

0.62921  33389 

0.87 

1.38 

-1.02652 

47586 

1.92051  37473 

0.38 

1.88 

-0.47042  35909 

0.61720  30270 

0.88 

1.39 

-1.00757 

60850 

1.86951  69616 

0.39 

1.89 

-0.46431  03677 

0.60549  04793 

0,89 

1.40 

-0.98912 

86236 

1.82025  90339 

0,40 

1.90 

-0.45831  28188 

0.59406  66772 

0,90 

1.41 

-0.97116 

53479 

1.77266  81419 

0,41 

1.91 

-0.45242  81007 

0.58292  29238 

0.91 

1.42 

-0.95366 

99322 

1.72667  59295 

0.42 

1.92 

-0.44665  34549 

0.57205  08299 

0.92 

1.43 

-0.93662 

67177 

1.68221  73161 

0,43 

1.93 

-0.44098  62055 

0.56144  23020 

0.93 

1.44 

-0.92002 

06808 

1.63923  03178 

0.44 

1.94 

-0.43542  37563 

0.55108  95304 

0.94 

1.45 

-0.90383 

74031 

1.59765  58792 

0,45 

1.95 

-0.42996  35876 

0.54098  49774 

0,95 

1.46 

-0.88806 

30426 

1.55743  77157 

0,46 

1.96 

-0.42460  32537 

0.53112  13668 

0.96 

1.47 

-0.87268 

43070 

1.51852  21649 

0.47 

1.97 

-0.41934  03805 

0.52149  16733 

0.97 

1.48 

-0,85768 

84281 

1.48085  80478 

0.48 

1.98 

-0.41417  26631 

0.51208  91127 

0,98 

1.49 

-0.84306 

31376 

1.44439  65370 

0.49 

1.99 

-0.40909  78630 

0.50290  71324 

0,99 

1.50 

-0.82879 

66442 

1.40909  10340 

0.50 

2.00 

-0.40411  38063 

0.49393  94023 

1.00 

^  1 
dy» 

in  2/! 

y 

>^' 

y 

r(-4)3-| 

7 

[(-3)11 
7  J 

r(-5)4] 

6 

[(-4)11 
6  . 

Compiled  from  H. 

T.  Davis,  Tables  of  the  higher  mathematical  functions, 

2  vols.  (Principia 

Press, 

Bloomington,  Ind., 

1933,  1935)  (with  permission) 

•See  page  ii. 
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GAMMA    FUXCnON    AXD    RELATED    FUNCTIONS 


Tabic  6.3        GAMMA  AND  DIGAMMA  FINCTIOVS  K>R   IMKIiKR    \M>   II  M.K-IM  K(;FR  VALIKS 


1 
2 
3 

4 
5 

6 
7 
8 
9 
10 

11 
12 
13 
14 
15 

16 
17 
18 
19 
20 

21 
22 
23 
24 
25 

26 
27 
28 
29 
30 

31 
32 
33 
34 

35 

36 
37 
38 
39 
40 

41 
42 
43 
44 
45 

46 
47 
48 
49 
50 

51 


ri(M| 

11.00000  00000 
1.00000  00000 
2.00000  00000 
6.00000  00000 


(  1)2.40000  00000 

(  2)1.20000  00000 
2)7.20000  00000 
3)5.04000  00000 
(  4)4.03200  00000 
(  5)3.62880  00000 

(  6)3.62880  00000 

57)3.99168  00000 
8)4.79001  60000 
9)6.22702  08000 
10)8.71782  91200 

(12)1.30767  43680 
(13)2.09227  89888 
(14)3.55687  42810 
(15)6.40237  37057 
(17)1.21645  10041 

(18)2.43290  20082 
(19)5.10909  42172 
(21)1.12400  07278 
(22)2.58520  16739 
(23)6.20448  40173 

(25)1.55112  10043 

(30)8.E-:-:  1-937 
(32)2.6525;   5  il 

33) 8.222 e:  -f-: 

3512.63130  83693 

36)8.68331  76188 

(38)2.95232  79904 

(40)1.03331  47966 
(41)3.71993  32679 

543)1.37637  53091 
44)5.23022  61747 
46)2.03978  82081 

(47)8.15915  28325 

i  49)  3.34525  26613 
51)1.40500  61178 
52)6.04152  63063 
(54)2.65827  15748 

(56)1.19622  22087 

(57)5.50262  21598 

(59)2.58623  24151 

(61)1.24139  15593 

(62)6.08281  86403 


1/rf.) 

(   0)1.00000  000 
0)1.00000  000 

-  1)5.00000  000 

-  1)1.66666  667 
(-  2)4.16666  667 

(-  3)8.33333  333 

-  3)1.38888  889 

-  4)1.98412  698 

-  5)2.48015  873 
(-  6)2.75573  192 

(-  7)2.75573  192 
(-  8)2.50521  084 
(-  9)2,08767  570 
(-10)1.60590  438 
(-11)1.14707  456 

-13)7.64716  373 
-14)4.77947  733 
-15)2.81145  725 
-16)1.56192  070 
! -18)  8.22063  525 


(-19)4.11031  762 
(-20)1.95729  411 
(-22)8.89679  139 
(-23)3.86817  017 
(-24)1.61173  757 


(-26)6.44695  029 
(-27)2.47959  626 
( -29)  9.18368  986 
t  -30)  3.27988  924 
-31)1.13099  629 

(-33)3.76998  763 
(-34)1.21612  504 
(-36)3.80039  076 
(-37)1.15163  356 
(-39)3.38715  754 

.-41)9.67759  296 
(-42)2.68822  027 
(-44)7.26546  018 
(-45)1,91196  320 
(-47)4.90246  976 

(-48)1,22561  744 
(-50)2.98931  083 
(-52)7.11740  673 
(-53)1.65521  087 
(-55)3.76184  288 

(-57)8.35965  084 

(-58)1.81731  540 

(-60)3.86662  851 

(-62)8.05547  607 

(-63)1.64397  471 


(-1)8.86226 

0)1.32934 
0)3.32335 
1)1.16317 


93 
04 
ID 
28 


1)5.23427  78 

2)2.87885  28 
3)1.87125  43 

4)1.40344  07 
5)1.19292  46 
6)1.13327  84 

7)1.18994  23 

8)1.36843  37 

9)1.71054  21 

10)2.30923  18 

11)3.34838  61 

12)5.18999  85 

13)8.56349  74 

15)1.49861  21 

16)2.77243  23 

17)5.40624  30 

19)1.10827  98 

20)2.38280  16 

21)5.36130  36 

23)1.25990  63 

24)3.08677  05 


25)7.87126 
27)2.06588 
28)5.73618 
30)1.63481 
31)4.82269 

33)1.47092 
34)4.63340 
36)1.50585 
37)5.04462 
39)1.74039 


49 
52 
43 
25 
69 

26 
61 
70 
09 
42 


40)6.17839  94 
42)2.25511  58 
43)8.45668  42 
45)3.25582  34 
47)1.28605   02 


48)5.20850 
50)2.16152 
51  9.18649 
53)3.99612 
55)1.77827 


35 
90 
81 
67 

64 


56)8.09115  74 
58)3.76238  82 
60)1.78713  44 
61)8.66760  18 
63)4.29046  29 

65)2.16668  38 


4,(11) 

-0.57721  56649 
+  0.4227B 

0.92278 

1.25611 

1.50611 


43351 
43351 
76684 
76684 


1.70611 
1.87278 

2.01564 
2.14064 
2.25175 

2.35175 

2.44266 
2.52599 
2.60291 

2.67434 

2.74101 
2.80351 
2.86233 
2.91789 
2.97052 

3.02052 
3.06814 
3.11359 
3.15707 
3.19874 

3.23874 
3.27720 
3.31424 
3.34995 
3.38443 

3.41777 
3.45002 
3.48127 
3.51158 
3.54099 

3.56956 
3.59734 
3.62437 
3.65068 
3.67632 

3.70132 
3.72571 
3.74952 
3.77278 
3.79551 


76684 
43351 
14780 
14780 
25891 

25891 

16800 
50133 
80902 
66617 

33283 
33283 
68577 
24133 
39922 

39922 

30399 
75853 
58462 
25129 

25129 
40513 
10884 
53741 
81327 

14660 
95305 
95305 
25608 
43255 

57541 
35319 

05589 
63484 
73740 

73740 
76179 
71417 
29557 
02284 


3.81773  24506 

3.83947  15811 

3.86074  81768 

3.88158  15102 

3.90198  96734 


1.08443  755 

1.04220  712 

1.02806  452 

1.02100  830 

1.01678  399 


1.01397  285 
1.01196  776 
1.01046 
1.00929 


565 
843 


1.00836  536 


1.00760 
1.00696 
1.00642 
1.00596 
1.00557 

1.00522 
1.00491 
1.00463 
1.00439 
1.00417 


243 

700 
958 
911 
019 

124 
343 
988 
519 

501 


1.00397  584 
1.00379  480 
1.00362 
1.00347 
1.00333 


953 
806 
872 


Oil 
105 


1.00321 
1.00309 
1.00298  050 
1.00287  758 
1.00278  154 


1.00269 
1.00260 
1.00252 
1.00245 
1.00238 

1.00231 
1.00225 
1.00219 
1.00213 
1.00208 

1.00203 
1.00198 
1.00193 
1.00189 
1.00185 


170 
748 
837 
392 
372 

744 
474 
534 
899 
546 

455 
606 
983 
570 
354 


1.00181  321 
1.00177  460 
1.00173  759 
1.00170  210 
1.00166  803 


./';;('0 

0.57721  566 

0.27036 

0.17582 

0.13017 

0.10332 


285 
795 
669 
024 


0.08564 
0.07312 
0.06380 
0.05658 
0.05083 

0.04614 
0.04224 
0.03895 
0.03613 
0.03370 

0.03157 

0.02970 
0.02803 
0.02654 
0.02520 

0.02399 
0.02289 
0.02189 
0.02097 
0.02013 

0.01935 
0.01863 
0.01796 
0.01734 
0.01675 

0.01621 
0.01570 
0.01522 
0.01477 
0.01435 

0.01395 
0.01357 
0.01321 
0.01287 
0.01255 

0.01224 
0.01195 
0.01167 
0.01140 
0.01115 


180 
581 
006 
310 
250 

268 
497 

434 
924 

354 

539 
002 
490 
657 
826 

645 
941 
663 
798 
331 

403 
281 
342 

046 
925 

574 
637 
603 
796 
374 

318 
438 
560 
530 
208 

469 
200 
297 
666 
226 


0.01090  895 
0.01067  602 
0.01045  263 
0.01023  679 
0.01003  333 


("-!)! 


3.92198  96734 

^lni"-l)l   * 
an 


1.00163   530     0.00983  596 


(64)3.04140  93202       (-65)3.28794  942 
(»-l)!  l/(«-l)! 

«!=(2^|^»^'^»«"— '/i(m)         r(i»)=(2r)V'-v-*/,(«)        *(«)=lii  «-/:»(*») 

H»l  compfled  from  H.  T.  Davis,  Tables  of  the  higher  mathematical  functions,  2  vols.  (Principia  Press, 
Bloomington,  Ind.,  1933,  1935)  (with  permission). 


(2x)  == 2.50662  82746  31001 
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c. 

A  MM  A  A>D 

dk;amma  unctions  for  intk(.kr  and  iialk-intk(;kr  vali  ks  lahh 

u.:\ 

// 

r(// 

) 

l/ri//) 

I"("  +  5) 

^(; 

') 

J\{n 

) 

./■.;(" 

) 

51 
52 

53 
54 
55 

[  64)3.04140 
'    66)1.55111 
[  67)8.06581 
[  69)4.27488 
(  71)2.30843 

93202 
87533 
75171 
32841 
69734 

[-  65)3.28794 
[-  67)6.44695 
[-  68)1.23979 
-  70)2.33924 
[-  72)4,33193 

942 
964 
993 
515 
547 

65)2,16668 

'  67)1,11584 
'  68  5,85817 
(  70)3.13412 
'  72)1.70809 

38 
21 
12 
16 
63 

3.92198 
3.94159 
3.96082 
3.97969 
3.99821 

96734 

75166 
82858 
62103 
47288 

1.00163 
1.00160 
1.00157 
1.00154 
1.00151 

530 
383 
355 
438 
628 

0.00983 
0.00964 
0.00946 
0.00928 
0.00911 

596 
620 
363 
784 
846 

56 
57 
58 
59 
60 

[  73)1.26964 
(  74)7.10998 
'  76)4.05269 
[  78)2.35056 
[  80)1.38683 

03354  ( 

58780 

19505 

13313 

11855 

-  74)7.87624 
[-  75)1.40647 
[-  77)2.46749 

-  79)4,25430 
[-  81)7,21068 

631 
255 
571  ( 
295 
296  ( 

'    73)9.47993 
[  75)5.35616 
'  77)3.07979 
'  79)1.80167 
81)1.07199 

44 
29 
37 
93 
92 

4.01639 
4.03425 
4.05179 
4.06903 
4,08598 

65470 
36899 
75495 
89288 
80814 

1.00148 
1.00146 
1.00143 
1,00141 
1,00138 

919 
304 
780 
341 
984 

0.00895 
0,00879 
0.00864 
0,00849 
0,00835 

514 
758 
546 
852 
648 

61  ( 

62  ( 

63  ( 

64  ( 

65  ( 

'  81)8.32098 
83)5.07580 
85)3.14699 
87)1.98260 
89)1.26886 

71127  . 

21388 

73260 

83154 

93219 

[-  82)1,20178 
;-  84)1.97013 
'-  86)3,17763 
'-  88)5,04386 
'-  90)7,88103 

049  ( 
196  ( 
219  ( 
062  ( 
221  ( 

82)6.48559 
84)3.98864 
86)2,49290 
88)1.58299 
90)1.02102 

51 
10 
06 
19 
98 

4.10265 
4.11904 
4.13517 
4.15105 
4.16667 

47481 
81907 
72229 
02388 
52388 

1,00136 
1,00134 
1,00132 
1,00130 
1.00128 

704 
498 
362 
292 
286 

0,00821 
0.00808 
0.00795 
0.00783 
0.00771 

912 
619 
750 
284 
203 

66  < 

67  ( 

68  ( 

69  ( 

70  ( 

90)8.24765 
92)5.44344 
94)3.64711 
96)2.48003 
98)1.71122 

05921  ( 
93908  ( 
10918  ( 
55424  ( 
45243  ( 

'-  91)1.21246 

-  93)1.83707 
'-   95)2,74189 

-  97)4,03220 

-  99)5,84376 

649  ( 
044  ( 
619  ( 
028  ( 
852  ( 

'  91)6.68774 
93  4.44735 

'    95)3.00196 
97)2.05634 
99)1.42915 

50 
04 
15 
36 
88 

4.18205 
4.19721 
4.21213 
4.22684 
4.24133 

98542 
13693 
67425 
26248 
53785 

1.00126 
1.00124 
1.00122 
1.00120 
1.00119 

341 
455 
623 
845 
118 

0.00759 
0.00748 
0.00737 
0.00726 
0.00715 

489 
125 
096 
388 
986 

71  ( 

72  ( 

73  ( 

74  ( 

75  ( 

100)1.19785 
101)8.50478 
103)6.12344 
105)4.47011 
107)3.30788 

71670  ( 
58857  ( 
58377  ( 
54615  ( 
54415  ( 

-101)8.34824 
-102)1,17580 
-104  1,63306 
-106)2,23707 
-108)3.02307 

074  ( 
856  ( 
744  ( 
868  ( 
930  ( 

101)1.00755 
102)7.20403 
104)5.22292 
106)3.83884 
108)2.85994 

70 
24 
35 
87 
23 

4.25562 
4,26970 
4,28359 
4,29729 
4,31080 

10927 
55998 
44887 
31188 
66323 

1.00117 
1.00115 
1.00114 
1.00112 
1.00111 

439 
807 
220 
675 
172 

0.00705 
0.00696 
0.00686 
0.00677 
0.00668 

878 
052 
495 
197 
148 

76  ( 

77  ( 

78  ( 

79  ( 

80  ( 

109)2.48091 
111)1.88549 
113)1.45183 
115)1.13242 
116)8.94618 

40811  ( 
47017  ( 
09203  ( 
81178  ( 
21308  ( 

-110)4,03077 
-112)5.30364 
-114  6.88785 
-116)8.83058 
-117)1.11779 

240  ( 
789  ( 
441   ( 
257  ( 
526  ( 

110)2.15925 
112)1.65183 
114)1.28016 
116)1.00493 
117)7.98921 

64 
12 
92 
28 
57 

4,32413 
4,33729 
4,35028 
4.36310 
4.37576 

99657 
78604 
48734 
53862 
36140 

1.00109 
1.00108 
1.00106 
1.00105 
1.00104 

709 
283 
894 
540 
220 

0.00659 
0.00650 
0.00642 
0.00634 
0.00626 

337 
756 
395 
247 

302 

81  ( 

82  ( 

83  ( 

84  ( 

85  ( 

118)7.15694 
120)5.79712 
122)4.75364 
124)3.94552 
126)3.31424 

57046  ( 
60207  ( 
33370  ( 
39697  ( 
01346  ( 

-119)1.39724 
-121)1.72499 
-123)2.10364 
-125)2.53451 
-127)3.01728 

408  ( 
269  ( 
962  ( 
761  ( 
287  ( 

119)6.43131 
121)5.24152 
123)4.32425 
125)3.61075 
127)3.05108 

87 
47 
79 
53 
83 

4.38826 
4.40060 
4,41280 
4.42485 
4.43675 

36140 
92931 
44150 
26078 
73697 

1.00102 
1.00101 
1.00100 
1.00099 
1.00098 

933 
677 
452 
255 
087 

0.00618 
0.00610 
0.00603 
0.00596 
0.00589 

554 
995 
619 
419 
389 

86  ( 
37  ( 

88  ( 

89  ( 

90  ( 

128)2.81710 
130)2.42270 
132)2.10775 
134)1.85482 
136)1.65079 

41144  ( 
95384  ( 
72984  ( 
64226  ( 
55161  ( 

-129)3.54974 
-131)4.12760 
-133)4.74437 
-135)5.39134 
-137)6.05768 

456  ( 
995  ( 
926  ( 
006  ( 
546  ( 

129)2.60868 
131)2.25650 
133)1.97444 
135  1.74738 
137)1.56390 

05 
86 
50 
38 
85 

4,44852 
4,46014 
4,47164 
4.48300 
4.49424 

20756 
99825 
42354 
78718 
38268 

1.00096 
1.00095 
1.00094 
1.00093 
1.00092 

946 
831 
741 
676 
635 

0.00582 
0.00575 
0.00569 
0.00562 
0.00556 

522 
814 
258 
850 
584 

91  ( 

92  ( 

93  ( 

94  ( 

95  ( 

138)1.48571 
140)1.35200 
142)1.24384 
144)1.15677 
146)1.08736 

59645  ( 
15277  ( 
14055  ( 
25071  ( 
61567  ( 

-139)6.73076 
-141)7.39644 
-143)8.03961 
-145)8.64474 
-147)9.19653 

163  ( 
134  ( 
016  ( 
211  ( 
415  ( 

139)1.41533 
141)1.29503 
143)1.19790 
145)1.12004 
147)1.05843 

72 
36 
60 
22 
98 

4.50535 
4.51634 
4.52721 
4.53796 
4,54860 

49379 
39489 
35142 
62023 
45002 

1.00091 
1.00090 
1.00089 
1.00088 
1.00087 

617 
620 
646 
691 
757 

0.00550 
0.00544 
0.00538 
0.00532 
0.00527 

457 
463 
598 
858 
239 

96  ( 

97  ( 

98  ( 

99  ( 
.00  ( 

148)1.03299 
149)9.91677 
151)9.61927 
153  9.42689 
155)9.33262 

78488  ( 
93487  ( 
59682  ( 
04489  ( 
15444  ( 

-149)9.68056 
-150)1.00839 
-152)1,03957 
-154)1,06079 
-156)1,07151 

227  ( 

190  ( 
928  ( 
519  ( 
029  ( 

149)1.01081 
150)9.75431 
152)9.51045 
154  9.,36780 
156)9.32096 

00 
69 
90 
21 
31 

4,55913 
4,56954 
4,57985 
4.59006 
4.60016 

08160 
74827 
67610 
08426 
18527 

1.00086 
1.00085 
1.00085 
1.00084 
1.00083 

843 
947 
070 
210 
368 

0.00521 
0.00516 
0.00511 
0.00505 
0.00500 

738 
350 
072 
901 
833 

01  ( 

157)9,33262  15444  ( 
(»-l)! 

-158)1,07151 

029  ( 
)! 

158)9.36756 

79 

4.61016  18527 

1.00082  542 

r(-7)2-| 

3 

0.00495  866 

r(  6)n 

4 

//!=f2r)^//"-' 

f'-"/\(>i) 

r(,0  =  (2r)' 

/.-I 

-"J'\(n)           (A(")=ln  ii-f:\{iit 

(2r)*=2.50662  82746  31001 

*S««  pai^  Q. 
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Table  6.4 


1 
2 

3 
4 
5 

6 
7 
8 

9 

10 

11 
12 
13 
14 
15 

16 
17 
18 
19 
20 

21 
22 

23 
24 
25 

26 
27 
28 
29 
30 

31 
32 
33 
34 
35 

36 
37 
38 
39 
40 

41 
42 
43 
44 
45 

46 
47 
48 

49 
50 

51 


logio  r  (") 

0.00000  000 

0.00000  000 

0.30103  000 

0.77815  125 

1.38021  1? 


LOGARITHMS  OF  THE  GAMMA  FUNCTION 

logio  r  ("+-D  log,o  r  (n+i)  logm  r  (h+|) 


A(«) 


2.07918 
2.85733 
3.70243 
4.60552 
5.55976 

6.55976 
7.60115 
8.68033 
9.79428 
10.94040  8 

12.116500 
13.320620 
14.551069 
15.806341 
17.085095 

18.386125 
19.708344 
21.050767 
22.412494 
23.792706 

25.190646 
26.605619 
28.036983 
29.484141 
30.946539 

32.423660 
33.915022 
35.420172 
36.938686 
38.470165 

40.014233 
41.570535 
43.138737 
44.718520 
46.309585 

47.911645 
49.524429 
51.147678 
52.781147 
54.424599 

56.077812 
57.740570 
59.412668 
61.093909 
62.784105 


12 
25 
05 
05 
30 

30 
57 
70 
03 


-0.04915 

+0.07578 

0.44375 

0.96663 

1.60345 

2.33045 
3.13208 
3.99739 
4.91820 
5.88824 

6.90248 

7.95684 

9.04792 

10.17286 

11.32921 

12.514847 
13.727922 
14.966804 
16.230045 
17.516352 

18.824561 
20.153619 
21.502573 
22.870550 
24.256751 

25.660444 
27.080949 
28.517642 
29.969940 
31.437301 

32.919221 
34.415228 
35.924878 
37.447757 
38.983473 

40.531658 
42.091963 
43.664060 
45.247636 
46.842397 


48.448061 
50.064362 
51.691044 
53.327866 
54.974597 

56.631014 
58.296908 
59.972075 
61.656322 
63.349462 


851 
023 
702 
576 
79 

66 
89 
04 
91 
59 

63 

40 

45 

3 

0 


-0.05245 

+0.12363 

0.52157 

1.06564 

1.71885 


506 

620 

621 

43 

68 


2.45921  95 
3.27213  28 
4.14719  41 
5.07661  30 
6.05433  66 


7.07552 

8.13622 

9.23313 

10.36346 

11.52483 


59 

37 

38 

8 

6 


12.715167 
13.932651 
15.175689 
16.442861 
17.732896 

19.044649 
20.377088 
21.729270 
23.100338 
24.489504 

25.896045 
27.319290 
28.758623 
30.213468 
31.683290 

33.167590 
34.665900 
36.177784 
37.702829 
39.240648 

40.790876 
42.353169 
43.927200 
45.512661 
47.109258 

48.716713 
50.334761 
51.963150 
53.601639 
55.249999 

56.908011 
58.575464 
60.252157 
61.937899 
63.632504 


-0.04443 

+  0.17741 

0.60338 

1.16765 

1.83666 


477 

398 

271 

41 

09 


2.58998  86 
3.41389  73 
4.29850  39 
5.23635  60 
6.22163  27 


7.24966 

8.31660 

9.41927 

10.55493 

11.72126 

12.916241 
14.138090 
15.385245 
16.656311 
17.950042 

19.265313 
20.601105 
21.956492 
23.330629 
24.722740 

26.132109 
27.558078 
29.000035 
30.457412 
31.929681 

33.416347 
34.916950 
36.431055 
37.958255 
39.498167 

41.050429 
42.614701 
44.190658 
45.777995 
47.376420 

48.985659 
50.605448 
52.235536 
53.875686 
55.525670 

57.185269 
58.854276 
60.532491 
62.219723 
63.915788 


15 

83 

06 

3 

5 


1.00000 
0.96027 
0.94661 
0.93972 
0.93558 

0.93281 
0.93083 
0.92934 
0.92819 
0.92726 

0.92651 
0.92588 
0.92534 
0.92488 
0.92449 

0.92414 
0.92383 
0.92356 
0.92332 
0.92310 

0.92290 
0.92272 
0.92256 
0.92241 
0.92227 

0.92214 
0.92202 
0.92191 
0.92181 
0.92171 

0.92162 
0.92154 
0.92146 
0.92138 
0.92131 

0.92125 
0.92119 
0.92113 
0.92107 
0.92102 

0.92097 
0.92092 
0.92087 
0.92083 
0.92079 

0.92075 
0.92071 
0.92067 
0.92063 
0.92060 


000 
923 
646 
921 
323 

466 
524 
980 
400 
910 

221 

137 
753 
990 
327 

619 
993 
769 
409 
485 

649 
615 
149 
055 
169 

350 
481 
460 
198 
621 

661 
262 
371 
944 
942 

329 
073 
146 
524 
182 

101 
262 

648 
244 
035 

010 

156 
462 
919 
518 


0.92057   250 


64.483075  65.051318  65.335796  65.620510 

log.o  (»-l) !  log,o  (n-l) !  logK,  ("-!) !  logio  ("-i^ ' 

In  r(")=ln  (n-l)\=(n-\)  In  n-u  +  Uln)  In  10=2.30258  509299 

logio  r(")  compiled  from  E.  S.  Pearson,  Table  of  the  logarithms  of  the  complete  r-function,  arguments 
2  to  1200.  Tracts  for  Computers  No.  VIII  (Cambridge  Univ.  Press,  Cambridge,  England,  1922)  (with 
permission;. 
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Table  6.4 


11 

51 
52 

53 
54 
55 

56 
57 
58 
59 
60 

61 
62 

63 
64 
65 

66 
67 
68 
69 
70 

71 
72 
73 
74 
75 

76 
77 
78 
79 
80 

81 
82 
83 
84 
85 

86 
87 
88 
89 
90 

91 
92 
93 
94 
95 

96 
97 
98 
99 
100 

101 


logio  r  (n) 
64.483075 
66.190645 
67.906648 
69.630924 
71.363318 

73.103681 
74.851869 
76.607744 
78.371172 
80.142024 

81.920175 
83.705505 
85.497896 
87.297237 
89.103417 

90.916330 
92.735874 
94.561949 
96.394458 
98.233307 

100.07841 
101.92966 
103.78700 
105.65032 
107.51955 

109.39461 
111.27543 
113.16192 
115.05401 
116.95164 

118.85473 
120.76321 
122.67703 
124.59610 
126.52038 

128.44980 
130.38430 
132.32382 
134.26830 
136.21769 

138.17194 
140.13098 
142.09477 
144.06325 
146.03638 

148.01410 
149.99637 
151.98314 
153,97437 
155.97000 


logio  r  (n+i)  logjo  r  (n+i) 


65.051318 
66.761717 
68.480496 
70.207494 
71.942561 

73.685548 
75.436313 
77.194720 
78.960637 
80.733936 

82.514493 
84.302190 
86.096910 
87.898542 
89.706978 

91.522113 
93.343845 
95.172075 
97.006708 
98.847650 

100.69481 
102.54810 
104.40744 
106.27274 
108.14393 

110.02091 
111.90363 
113.79200 
115.68594 
117.58540 

119.49029 
121.40056 
123.31614 
125.23696 
127.16296 

129.09407 
131.03025 
132.97143 
134.91756 
136.86857 

138.82442 
140.78505 
142.75041 
144.72044 
146.69511 

148.67435 
150.65813 
152.64639 
154.63909 
156.63619 


65.335796 
67.047603 
68.767762 
70.496116 
72.232512 

73.976805 
75.728854 
77.488522 
79.255677 
81.030194 

82.811950 
84.600825 
86.396705 
88.199479 
90.009038 

91.825280 
93.648101 
95.477405 
97.313096 
99.155080 

101.00327 
102.85758 
104.71791 
106.58420 
108.45636 

110.33430 
112.21797 
114.10727 
116.00214 
117.90250 

119.80830 
121.71946 
123.63591 
125.55760 
127.48445 

129.41642 
131.35344 
133.29545 
135.24239 
137.19421 

139.15086 
141.11228 
143.07842 
145.04923 
147.02467 

149.00467 
150.98920 
152.97820 
154.97164 
156.96946 


157.97000       158.63763 
log.o  ("-!)!     log,o(^^-|)! 

lnr(n)=ln  {ji-l)\={n-l)  In //-/^+/2(/0 


158.97163 

log, 0  ("-!)! 


logio  r  (n+i) 
65.620510 
67.333720 
69.055256 
70.784961 
72.522683 

74.268279 
76.021606 
77.782531 
79.550922 
81.326654 

83.109604 
84.899655 
86.696691 
88.500604 
90.311284 

92.128629 
93.952538 
95.782913 
97.619659 
99.462684 

101.31190 
103.16722 
105.02855 
106.89582 
108.76895 

110.64785 
112.53246 
114.42269 
116.31848 
118.21976 

120.12646 
122.03850 
123.95583 
125.87838 
127.80610 

129.73891 
131.67676 
133.61959 
135.56735 
137.51999 

139.47743 
141.43964 
143.40657 
145.37815 
147.35435 

149.33511 
151.32039 
153.31013 
155.30430 
157.30285 

159.30574 
login  ("-3-)! 


/2(") 
0.92057  250 
0.92054 
0.92051 
0.92048 
0.92045 


108 
084 
173 
367 


0.92042 
0.92040 
0.92037 
0.92035 
0.92032 

0.92030 
0.92028 
0.92026 
0.92024 
0.92022 

0.92020 
0.92018 
0.92016 
0.92014 
0.92012 

0.92011 
0.92009 
0.92008 
0.92006 
0.92004 

0.92003 
0.92002 
0.92000 
0.91999 
0.91998 

0.91996 
0.91995 
0.91994 
0.91993 
0.91991 

0.91990 
0.91989 
0.91988 
0.91987 
0.91986 

0.91985 
0.91984 
0.91983 
0.91982 
0.91981 

0.91980 
0.91979 
0.91978 
0.91978 
0.91977 


661 
051 
530 
095 
741 

464 
261 
127 
061 
057 

115 
231 

401 
625 
900 

223 

593 
008 
465 
964 

502 

078 
690 
338 
019 

733 
479 
254 
059 
892 

752 
638 
550 
486 
446 

428 
433 
459 
505 
572 

659 
764 
887 
028 
186 


In  10=2.30258  509299 


0.91976   361 

(-7)2- 
3 


tr] 
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Table  6.5 

AUXILIARY 

FLXCTIOXS  FOR  GAMMA 

AND  DIGAMMA 

.  FUNCTIONS 

x-i 

fi(x) 

f2(x) 

Mx) 

<x> 

0.015 

1.00125 

077 

0.92018 

852 

0.00751 

875 

67 

0.014 

1.00116 

735 

0.92010 

519 

0.  00701 

633 

71 

0.013 

1.00108 

391 

0.92002 

186 

0.00651 

408 

77 

0.012 

1.00100 

050 

0.91993 

853 

0.  00601 

200 

83 

0.011 

1.00091 

708 

0.91985 

520 

0.00551 

008 

91 

0.010 

1.00083 

368 

0.91977 

186 

0.00500 

833 

100 

0.009 

1.00075 

028 

0.91968 

853 

0.00450 

675 

111 

0.008 

1.00066 

689 

0.91960 

520 

0.00400 

533 

125 

0.007 

1.00058 

350 

0.91952 

187 

0.00350 

408 

143 

0.006 

1.00050 

012 

0.91943 

853 

0.00300 

300 

167 

0.005 

1.00041 

675 

0.91935 

52C 

0.00250 

208 

200 

0.004 

1.00033 

339 

0.91927 

187 

0.00200 

133 

250 

0.003 

1.00025 

003 

0.91918 

853 

0.00150 

075 

333 

0.002 

1.00016 

668 

0.91910 

520 

0.00100 

033 

500 

0.001 

1.00008 

334 

0.91902 

187 

0.00050 

008 

1000 

0.000 

1.00000 

000 

0.9: 

L893 

853 

0.00000 

000 

00 

r(-8)n 

2 

-(-8)11 
2 

[(-8)2-) 
3 

f 


x\=i2T)ix'+ie-^fi{x) 
r  (x)  =  {2ir)  5x^-  ^e  -^/i  (x) 
In  r(x)=ln  (a:-l)!=(x-i)  In  x-x+f2{x) 
xl^ix)  =ln  x-fsix) 
(27r)i=2.50662  82746  31001 
<x>= nearest  integer  to  x. 


Table  6.6 


FACTORIALS  FOR  LARGE  ARGUMENTS 


n] 


100   (  157)9.3326  21544  39441  52682 

200   (  374)7.8865  78673  64790  50355 

300   (  614)3.0605  75122  16440  63604 

400   (  868)6.4034  52284  66238  95262 

500   (1134)1.2201  36825  99111  00687 

r(n+i) 

Compiled  from  Ballistic  Research  Laboratory,  A 
from  1!  to  1000!  to  20  significant  digits,  Technical 
(with  permission). 


n  nl 

600  (1408)1.2655  72316  22543  07425 

700  (1689)2.4220  40124  75027  21799 

800  (1976  7. 7105  30113  35386  00414 

900  (2269)6.7526  80220  96458  41584 

1000  (2567)4.0238  72600  77093  77354 

r(n+l) 

table  of  the  factorial  numbers  and  their  reciprocals 
Note  No.  381,  Aberdeen  Proving  Ground,  Md.(1951) 
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'lnr(2) 


0 
0 
0 
0 
0. 

.0 
1 
2 

,3 
4 

0 

-  0 

-  0 

-  0 

-  0 

00000  00000  00 

00819  77805  65 

.03247  62923  18 

.07194  62509  00 

12528  93748  21 

0, 
0. 
0 
0. 
0. 

5 
6 
7 
8 
9 

-  0. 

-  0 

-  0. 

-  0, 

-  0. 

19094  54991  87 
26729  00682  14 
35276  86908  60 
44597  87835  49 
54570  51286  05 

0 
1 
2 
3 
4 

-  0. 

-  0. 

-  0, 

-  0. 

-  1. 

65092  31993  02 
76078  39588  41 
87459  04638  95 
99177  27669  59 
11186  45664  26 

5 
6 
7 
8 
9 

-  I. 

23448  30515  47 
35931  22484  65 
48608  96127  57 
61459  53960  00 
74464  42761  74 

2. 
2. 
2. 
2. 
2. 

0 
1 
2 
3 
4 

-  1. 

-  2. 

-  2. 

-  2. 

-  2. 

87607  87864  31 
00876  41504  71 
14258  42092  96 
27743  81922  04 
41323  81411  84 

2. 
2. 
2. 
2. 
2, 

5 
6 
7 
8 
9 

-  2. 

-  2. 

-  2. 

-  2. 

-  3. 

54990  68424  95 
68737  61537  50 
82558  56411  91 
96448  14617  89 
10401  54399  01 

3. 
3. 
3. 
3. 
3. 

0 
1 
2 
3 
4 

-  3. 

-  3. 

-  3. 

-  3. 

-  3. 

24414  42995  90 
38482  90223  77 
52603  43067  09 
66772  81104  88 
80988  12618  23 

3. 
3. 
3. 

3. 
3. 

5 
6 
7 
8 
9 

-  3. 

-  4. 

-  4. 

-  4. 

-  4. 

95246  71261  89 
09546  13204  51 
23884  14660  71 
38258  69752  28 
52667  88647  16 

4. 
4. 
4. 
4, 
4. 

0 
1 
2 
3 
4 

-  4. 

-  4. 

-  4. 

-  5. 

-  5. 

67109  95934  09 
81583  29197  96 
96086  37766  87 
10617  81606  63 
25176  30342  30 

4. 
4. 
4. 
4. 
4. 

5 
6 
7 
8 
9 

-  5. 

-  5. 

-  5. 

-  5. 

-  5. 

39760  62389  84 
54369  64183  04 
69002  29483  73 
83657  58764  54 
98334  58655  32 

5.0   -  6.13032  41445  53 


.r=1.0 

,/lnr(2)  // 

0.00000  00000  00  5.0 

-  0.05732  29404  17  5.1 

-  0.11230  22226  44  5.2 

-  0.16282  06721  68  5.3 

-  0.20715  58263  16  5.4 

-  0.24405  82989  05  5.5 

-  0..27274  38104  91  5.6 

-  0.29282  63511  87  5.7 

-  0.30422  56029  76  5.8 

-  0.30707  43756  42  5.9 

-  0.30164  03204  68  6.0 

-  0.28826  66142  39  6.1 

-  0.26733  05805  81  6.2 

-  0.23921  67844  65  6.3 

-  0.20430  07241  49  6.4 

-  0.16293  97694  80  6.5 

-  0.11546  87935  89  6.6 

-  0.06219  86983  29  6.7 

-  0.00341  66314  77  6.8 
+  0.06061  28742  95  6.9 

0.12964  63163  10  7.0 

0.20345  94738  33  7.1 

0.28184  56584  26  7.2 

0.3646140489  50  7.3 

0.45158  81524  41  7.4 

0.54260  44058  52  7.5 

0.63751  09190  46  7.6 

0.73616  63516  79  7.7 

0.83843  89130  96  7.8 

0.94420  54730  39  7.9 

1.05335  07710  69  8.0 

1.16576  67132  86  8.1 

1.28135  17459  32  8.2 

1.4000102965  76  8.3 

1.52165  22746  73  8.4 

1.64619  26242  69  8.5 

1.77355  09225  91  8.6 

1.90365  10190  19  8.7 

2.03642  07096  93  8.8 

2.17179  14436  05  8.9 

2.30969  80565  73  9.0 

2.45007  85299  47  9.1 

2.59287  37713  19  9.2 

2.73802  74148  20  9.3 

2.88548  56389  27  9.4 

3.03519  69999  22  9.5 

3.18711  22793  89  9.6 

3.34118  43443  27  9.7 

3.49736  80186  15  9.8 

3.65561  99647  12  9.9 

3.81589  85746  15  10.0 


^In  r(z) 

-  6.13032  41445  53 

-  6.27750  24635  84 

-  6.42487  30533  35 

-  6.57242  85885  29 

-  6.72016  21547  03 

-  6.86806  72180  48 

-  7.01613  75979  76 

-  7.16436  74421  06 

-  7.31275  12034  30 

-  7.46128  36194  29 

-  7.60995  96929  51 

-  7.75877  46746  55 

-  7.90772  40468  98 

-  8.05680  35089  04 

-  8.20600  89631  00 

-  8.35533  65025  11 

-  8.50478  23991  25 

-  8.65434  30931  23 

-  8.80401  51829  10 

-  8.95379  54158  79 

-  9.10368  06798  32 

-  9.25366  79950  15 

-  9.40375  45067  08 

-  9.55393  74783  21 

-  9.70421  42849  72 

-  9.85458  24074  86 
-10.00503  94267  90 
-10.15558  30186  86 
-10.30621  09489  48 
-10.45692  10687  39 

-10.60771  13103  15 
-10.75857  96829  95 
■10.90952  42693  78 
-11.06054  32217  92 
-11.21163  47589  48 

-11.36279  71628  04 
■11.51402  87756  02 
-11.66532  79970  81 
■11.81669  32818  48 
■11.96812  31369  01 

■12.11961  61192  81 
12.27117  08338  67 
■12.42278  59312  81 
■12.57446  01059  08 
•12.72619  20940  29 


■12.87798 
■13.02982 
■13.18172 
■13.33367 
13.48567 


06720  44 
46547  89 
28939  51 
42765  47 
77234  95 


./lnr(2) 

3.81589  85746  15 
3.97816  38691  88 
4.14237  74050  86 
4.30850  21885  83 
4.47650  25956  68 

4.64634  42978  70 
4.81799  41933  05 
4.99142  03424  89 
5.16659  19085  37 
5.34347  91013  53 

5.52205  31255  15 
5.70228  61315  35 
5.88415  11702  39 
6.06762  21500  13 
6.25267  37967  05 

6.43928  16159  76 
6.62742  18579  12 
6.81707  14837  44 
7.00820  81345  02 
7.20081  01014  93 

7.39485  62984  36 
7.59032  62351  84 
7.78719  99928  77 
7.98545  82004  68 
8.18508  20125  03 

8.38605  30880  89 
8.58835  35709  62 
8.79196  60705  87 
8.99687  36442  29 
9.  20305  97799  25 

9.41050  83803  12 

9.61920  37472  42 

9.82913  05671  62 

10.04027  38971  80 

10.25261  91518  09 

10.46615  20903  24 
10.68085  88047  12 
10.89672  57081  77 
11.11373  95241  57 
11.33188  72758  53 

11.55115  62762  02 
11.77153  41183  09 
11.99300  86662  85 
12.21556  80464  79 
12.43920  06390  90 


12.66389 
12.88964 
13.11642 
13.34423 
13.57307 


50701  28 
02037  08 
51346  66 
91814  77 
18794  55 


■13.63773  21882  47 


13.80291  29742  30 


Linear  interpolation  will  yield  about  three  figures;  eight-point  interpolation  will  yield  about  eight  figures. 
For  2  outside  the  range  of  the  table,  see  Examples  5-8. 

i^lnr(2)=lnir(2)j  ./In  r('2)=arg  r(z) 
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Table  6.7 


GAMMA    FUNCTION    AND    RELATED    FUNCTIONS 
GAMMA  FUNCTION  FOR  COMPLEX  ARGUMENTS 
.r=l.l 


.^lnr(2) 


J  In  r(2) 


y 


0.0 

-  0.04987  24412  60 

0.00000  00000  00 

5.0 

0.1 

-  0.05702  02290  38 

-  0.04206  65443  76 

5.1 

0.2 

-  0.07824  35801  68 

-  0.08230  97383  98 

5.2 

0.3 

-  0.11291  43470  17 

-  0.11905  06275  18 

5.3 

0.4 

-  0.16008  21257  99 

-  0.15086  79240  09 

5.4 

0.5 

-  0.21858  96764  09 

-  0.17666  11398  43 

5.5 

0.6 

-  0.28718  99839  43 

-  0.19566  16788  64 

5.6 

0.7 

-  0.36464  38731  53 

-  0.20740  35526  60 

5.7 

0.8 

-  0.44978  83131  87 

-  0.21167  10325  55 

5.8 

0.9 

-  0.54157  54093  11 

-  0.20843  91333  00 

5.9 

1.0 

-  0.63908  78153  48 

-  0.19781  78257  67 

6.0 

1.1 

-  0.74153  80620  74 

-  0.18000  55175  74 

6.1 

1.2 

-  0.84825  85646  26 

-  0.15525  33222  12 

6.2 

1.3 

-  0.95868  73364  97 

-  0.12383  93047  38 

6.3 

1.4 

-  1.07235  26519  67 

-  0.08605  08957  00 

6.4 

1.5 

-  1.18885  84815  22 

-  0.04217  34907  11 

6.5 

1.6 

-  1.30787  15575  95 

+  0.00751  65191  79 

6.6 

1.7 

-  1.42911  03402  04 

0.06275  56777  30 

6.7 

1.8 

-  1.55233  58336  11 

0.12329  53847  15 

6.8 

1.9 

-  1.67734  40572  49 

0.18890  25358  69 

6.9 

2.0 

-  1.80395  99248  63 

0.25935  93780  23 

7.0 

2.1 

-  1.93203  22878  13 

0.33446  29085  79 

7.1 

2.2 

-  2.06142  99239  46 

0.41402  40321  50 

7.2 

2.3 

-  2.19203  82866  29 

0.49786  66085  82 

7.3 

2.4 

-  2.32375  68617  01 

0.58582  64745  04 

7.4 

2.5 

-  2.45649  70097  26 

0.67775  04868  09 

7.5 

2.6 

-  2.59018  01959  43 

0.77349  56148  91 

7.6 

2.7 

-  2.72473  65306  67 

0.87292  80949  66 

7.7 

2.8 

-  2.86010  35591  81 

0.97592  26515  07 

7.8 

2.9 

-  2.99622  52529  98 

1.08236  17859  08 

7.9 

3.0 

-  3.13305  11644  50 

1.19213  51297  05 

8.0 

3.1 

-  3.27053  57144  30 

1.30513  88581  77 

8.1 

3.2 

-  3.40863  75892  32 

1.42127  51595  43 

8.2 

3.3 

-  3.54731  92273  03 

1.54045  17547  76 

8.3 

3.4 

-  3.68654  63804  17 

1.66258  14631  94 

8.4 

3.5 

-  3.82628  77368  25 

1.78758  18092  68 

8.5 

3.6 

-  3.96651  45962  20 

1.91537  46664  26 

8.6 

3.7 

-  4.10720  05882  64 

2.04588  59340  24 

8.7 

3.8 

-  4.24832  14278  81 

2.17904  52440  32 

8.8 

3.9 

-  4.38985  47017  40 

2.31478  56943  26 

8.9 

4.0 

-  4.53177  96812  84 

2.45304  36058  25 

9.0 

4.1 

-  4.67407  71584  70 

2.59375  83010  13 

9.1 

4.2 

-  4.81672  93009  83 

2.73687  19016  54 

9.2 

4.3 

-  4.95971  95242  44 

2.88232  91437  48 

9.3 

4.4 

-  5.10303  23779  21 

3.03007  72080  09 

9.4 

4.5 

-  5.24665  34450  28 

3.  18006  55643  29 

9.5 

4.6 

-  5.39056  92519  72 

3.33224  58288  43 

9.6 

4.7 

-  5.53476  71881  64 

3.48657  16324  07 

9.7 

4.8 

-  5.67923  54339  89 

3.64299  84993  84 

9.8 

4.9 

-  5.82396  28961  29 

3.80148  37357  79 

9.9 

5.96893  91493  52 
6.11415  43840  05 
6.25959  93585  61 
6.40526  53566  40 
6.55114  41480  20 

6.69722  79531  89 
6.84350  94110  69 
6.98998  15495  70 
7.13663  77586  96 
7.28347  17659  19 

7.43047  76136  25 
7.57764  96383  95 
7.72498  24519  72 

•  7.87247  09237  38 
8.02011  01645  61 

8.16789  55118  88 
8.31582  25159  69 
8.46388  69271  17 
8.61208  46838  95 

■  8.76041  19021  72 

8.90886  48649  60 

•  9.05744  00129  63 

•  9.20613  39357  92 

■  9.35494  33637  73 

■  9.50386  51603  25 

■  9.65289  63148  29 
-  9.80203  39359  83 

■  9.95127  52455  81 
■10.10061  75726  94 
-10.25005  83482  21 

-10.39959  50997  80 
-10.54922  54469  17 
-10.69894  70966  06 
-10.84875  78390  24 
-10.99865  55435  72 

-11.14863  81551  38 
-11.29870  36905  72 
-11.44885  02353  71 
-11.59907  59405  42 
-11.74937  90196  53 

-11.89975  77460  43 
-12.05021  04501  83 
-12.20073  55171  88 
-12.35133  13844  58 
-12.50199  65394  43 

-12.65272  95175  33 
-12.80352  89000  52 
-12.95439  33123  60 
-13.10532  14220  44 
-13.25631  19372  14 


^  In  r(2) 

3.96198  63258  60 
4.12446  68364  90 
4.28888  73284  80 
4.45521  12743  47 
4.62340  34819  04 

4.79343  00232  04 
4.96525  81683  67 
5.13885  63238  91 
5.31419  39750  77 
5.49124  16322  40 

5.66997  07803  94 
5.85035  38321  46 
6.03236  40835  50 
6.21597  56726  90 
6.40116  35407  92 

6.58790  33956  67 
6.77617  16773  32 
6.96594  55256  30 
7.15720  27497  24 
7.34992  17993  20 

7.54408  17375  09 
7.73966  22151  13 
7.93664  34464  25 
8.13500  61862  70 
8.33473  17082  71 

8.53580  17842  76 
8.73819  86648  33 
8.94190  50606  84 
9.14690  41251  84 
9.35317  94376  01 

9.56071  49872  49 

9.76949  51583  85 

9.97950  47158  43 

10.19072  87913  49 

10.40315  28704  84 

10.61676  27802  52 
10.83154  46772  22 
11.04748  50362  14 
11.26457  06394  86 
11.48278  85664  18 

11.70212  61836  32 
11.92257  11355  62 
12.14411  13354  15 
12.36673  49565  33 
12.59043  04241  06 


I 


12.81518 
13.04099 
13.26783 
13.49570 
13.72459 


64072  43 
18113  65 
57709  12 
76423  49 
69974  44 


5.0   -  5.96893  91493  52 


3.96198  63258  60 


10.  0   -13.  40736  36048  74    13.  95449  36168  27 


GAMMA    FUNCTION    AND    RELATED    FUNCTIONS 

GAMMA  FUNCTION  FOR  COMPLEX  ARGUMENTS 

.r=1.2 


y 

0.0 
0.1 
0.2 
0.3 
0.4 

0.5 
0.6 
0.7 
0.8 
0.9 

1.0 
1.1 
1.2 
1.3 
1.4 

1.5 
1.6 
1.7 
1.8 
1.9 

2.0 
2.1 
2.2 
2.3 
2.4 

2.5 
2.6 
2.7 
2.8 
2.9 

3.0 
3.1 
3.2 
3.3 
3.4 

3.5 
3.6 
3.7 
3.8 
3.9 

4.0 
4.1 
4.2 
4.3 
4.4 

4.5 
4.6 
4.7 
4.8 
4.9 


0.08537  40900  03 
0.09169  75124  13 
0.11050  89067  86 
0.14135  09532  62 
0.18352  07443  57 

0.23614  32688  51 
0.29824  98509  35 
0.36884  83560  49 
0.44697  73864  90 
0.53174  22756  96 

0.62233  46814  87 
0.71803  95313  44 
0.81823  34133  20 
0.92237  79303  78 
1.03001  06294  86 

1.14073  52341  62 
1.25421  22047  39 
1.37015  01536  37 
1.48829  83245  09 
1.60844  01578  57 

1.73038  78680  93 
1.85397  79144  87 
1.97906  72374  32 
2.10553  01371  17 
2.23325  56848  33 

2.36214  55727  43 
2.49211  23232  46 
2.62307  77928  95 
2.75497  19177  39 
2.88773  16568  77 

3.02130  00992  07 
3.15562  57049  65 
3.29066  16590  00 
3.42636  53170  56 
3.56269  77297  54 

3.69962  32317  85 
3.83710  90860  24 
3.97512  51741  07 
4.11364  37264  61 
4.25263  90859  57 

4.39208  75003  42 
4.53196  69393  70 
4.67225  69332  23 
4.81293  84293  30 
4.95399  36651  50 


Jf  In  r(2) 

0.00000  00000  00 

-  0.02865  84973  21 

-  0.05586  39903  67 

-  0.08025  91592  09 

-  0.10066  05658  03 

-  0.11610  77219  87 

-  0.12588  00935  13 

-  0.12948  68069  28 

-  0.12663  80564  16 

-  0.11720  77278  71 

-  0.10119  48344  90 

-  0.07868  85726  52 

-  0.04983  92764  14 

-  0.01483  57562  65 
+  0.02611  15201  47 

0.07278  23932  61 
0.12495  51937  38 
0.18241  21090  01 
0.24494  25273  48 
0.31234  49712  35 

0.38442  80719  73 
0.46101  09100  87 
0.54192  29484  31 
0.62700  37140  16 
0.71610  23338  39 

0.80907  69945  69 
0.90579  43715  71 
1.00612  90561  43 
1.10996  29987  33 
1.21718  49784  62 

1.32769  01044  18 
1.44137  93510  29 
1.55815  91278  68 
1.67794  08829  56 
1.80064  07379  67 

1.92617  91533  49 
2.05448  06211  84 
2.18547  33836  08 
2.31908  91746  67 
2.45526  29835  70 

2.59393  28374  55 
2.73503  96019  03 
2.87852  67976  01 
3.02434  04316  86 
3.17242  88424  26 


5.09540 
5.23716 
5.37924 
5.52163 
5.66433 


60548  36 
00880  20 
12391  93 
58863  97 
12381  00 


3.32274 
3.47523 
3.62985 
3.78657 
3.94533 


25560  43 
41545  72 
81537  79 
08902  31 
04167  32 


y 

5.0 
5.1 
5.2 
5.3 
5.4 

5.5 
5.6 
5.7 
5.8 
5.9 

6.0 
6.1 
6.2 
6.3 
6.4 

6.5 
6.6 
6.7 
6.8 
6.9 

7.0 
7.1 
7.2 
7.3 
7.4 

7.5 
7.6 
7.7 
7.8 
7.9 

8.0 
8.1 
8.2 
8.3 
8.4 

8.5 
8.6 
8.7 
8.8 
8.9 

9.0 
9.1 
9.2 
9.3 
9.4 

9.5 
9.6 
9.7 
9.8 
9.9 


^lnr(2) 

-  5.80731  52672  85 

-  5.95057  66519  39 

-  6.09410  47211  91 

-  6.23788  94064  81 

-  6.38192  11972  10 

-  6.52619  11003  82 

-  6.67069  06038  24 

-  6.81541  16425  98 

-  6.96034  65682  97 

-  7.10548  81209  15 

-  7.25082  94030  54 

-  7.39636  38562  29 

-  7.54208  52390  70 

-  7.68798  76072  47 

-  7.83406  52949  57 

-  7.98031  28978  26 

-  8.12672  52570  99 

-  8.27329  74450  10 

-  8.42002  47512  17 

-  8.56690  26702  20 

-  8.71392  68896  74 

-  8.86109  32795  24 

-  9.00839  78818  89 

■  9.15583  69016  37 

-  9.30340  66975  98 

■  9.45110  37743  60 

-  9.59892  47746  01 

■  9.74686  64719  23 

■  9.89492  57641  38 
■10.04309  96669  84 

■10.19138  53082  31 
■10.33977  99221  46 
■10.48828  08443  04 
■10.63688  55067  01 
■10.78559  14331  66 

-10.93439  62350  38 
■11.08329  76070  93 
■11.23229  33237  11 
■11.38138  12352  53 
-11.53055  92646  46 

■11.67982  54041  57 
■11.82917  77123  44 
■11.97861  43111  70 
■12.12813  33832  78 
■12.27773  31694  04 
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Table  6.7 


y  In  T{z) 

4.10609  64053  70 
4.26883  00575  53 
4.43349  40204  01 
4.60005  23089  91 
4.76847  02339  50 

4.93871  43339  56 
5.11075  23127  64 
5.28455  29803  68 
5.46008  61980  02 
5.63732  28266  55 

5.81623  46788  41 
5.99679  44733  73 
6.17897  57929  16 
6.36275  30441  11 
6.54810  14200  83 

6.73499  68651  55 
6.92341  60416  24 
7.11333  62984  34 
7.30473  56416  32 

7.  49759  27064  69 

7.69188  67310  43 
7.88759  75313  86 
8.08470  54778  77 
8.28319  14729  22 
8.48303  69297  94 

8.  68422  37525  82 
8.88673  43171  55 
9.09055  14530  96 
9.29565  84265  39 
9.50203  89238  50 

9.70967  70361  08 

9.91855  72443  36 

10.12866  44054  34 

10.33998  37387  77 

10.55250  08134  40 

10.76620  15360  05 
10.98107  21389  38 
11.19709  91694  76 
11.41426  94790  19 
11.63257  02129  90 

11.85198  88011  32 
12.07251  29482  35 
12.29413  06252  48 
12.51683  00607  77 
12.74059  97329  36 


■12.42741 
■12.57716 
•12.72700 
■12.87690 
■13.02688 


19659  29 
81225  64 
00401  42 
61685  35 
50046  68 


12.96542 
13. 19130 
13.41821 
13.64615 
13.87511 


83615  35 
49005  92 
85311  47 
86543  64 
48849  16 


5.0   -  5.80731  52672  85 


4.10609  64053  70 


10.0   -13.17693  50906  38   14.10507  70446  23 
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Table 

6.7 

GAMMA  FUNCTION  FOR  COMPLEX  ARGUMENTS 

, —  1   o 

y 

^lnr(2) 

•'  —  i. 

J  In  T{z) 

y 

^lnr(2) 

J  In  r(2) 

0.0 

-   0.10817  48095  08 

0.00000  00000  00 

5.0 

_ 

5.64541  41381  33 

4.24823  90621  27 

0.1 

-   0.11383  61080  85 

-   0.01671  99199  34 

5.1 

- 

5.78673  23355  37 

4.41126  31957  95 

0.2 

-   0.13070  20636  90 

-    0.03225  84033  35 

5.2 

- 

5.92835  35606  66 

4.57620  66023  67 

0.3 

-   0.15843  10081  49 

-   0.04549  95427  81 

5.3 

- 

6.07026  64370  51 

4.74303  39118  17 

0.4 

-   0.19649  12771  78 

-   0.05544  82296  06 

5.4 

- 

6.21246  02140  03 

4.91171  10050  12 

0.5 

-   0.24420  93680  45 

-   0.06126  78750  55 

5.5 

_ 

6.35492  47217  66 

5.08220  49501  77 

0.6 

-   0.30082  34434  02 

-   0.06229  79103  48 

5.6 

_ 

6.49765  03305  97 

5.25448  39434  72 

0.7 

-   0.36553  39002  19 

-   0.05805  28252  04 

5.7 

- 

6.64062  79133  72 

5.42851  72533  50 

0.8 

-   0.43754  53407  27 

-   0.04820  73993  35 

5.8 

- 

6.78384  88113  55 

5.60427  51684  12 

0.9 

-   0.51609  74046  40 

-   0.03257  37450  94 

5.9 

- 

6.92730  48028  21 

5.78172  89485  09 

1.0 

-   0.60048  45154  05 

-   0.01107  52190  48 

6.0 

_ 

7.07098  80742  52 

5.96085  07788  45 

1.1 

-   0.69006  62005  12 

+   0.01627  90894  04 

6.1 

- 

7.21489  11938  62 

6.14161  37268  52 

1.2 

-   0.78427  03001  02 

0.04941  70710  23 

6.2 

- 

7.35900  70872  13 

6.32399  17016  49 

1.3 

-   0.88259  13601  03 

0.08822  25250  96 

6.3 

- 

7.50332  90147  58 

6.50795  94158  99 

4 

1.4 

-   0.98458  61322  90 

0.13255  01649  50 

6.4 

- 

7.64785  05510  98 

6.69349  23498  81 

1.5 

-    1.08986  76158  16 

0.18223  70479  17 

6.5 

_ 

7.79256  55658  27 

6.88056  67176  38 

1.6 

-    1.19809  86148  04 

0.23711  09920  47 

6.6 

- 

7.93746  82058  02 

7.06915  94350  45 

1.7 

-    1.30898  54162  82 

0.29699  65855  44 

6.7 

- 

8.08255  28787  24 

7.25924  80896  76 

1.8 

-    1.42227  19237  14 

0.36171  93463  93 

6.8 

- 

8.22781  42379  13 

7.45081  09123  38 

1.9 

-    1.53773  44011  63 

0.43110  85022  51 

6.9 

- 

8.37324  71681  76 

7.64382  67501  64 

2.0 

-   1.65517  68709  10 

0.50499  87656  67 

7.0 

2.1 

-    1.77442  71431  91 

0.58323  13926  09 

7.1 

2.2 

-    1.89533  34239  28 

0.66565  47394  67 

7.2 

2.3 

-   2.01776  14331  34 

0.75212  44759  30 

7.3 

2.4 

-   2.14159  19646  87 

0.84250  35670  42 

7.4 

2.5 

-   2.26671  88222  04 

0.93666  21049  03 

7.5 

2.6 

-   2.39304  70725  18 

1.03447  70464  53 

7.6 

2.7 

-   2.52049  15659  37 

1.13583  18965  15 

7.7 

2.8 

-    2.64897  56799  18 

1.24061  63628  56 

7.8 

2.9 

-   2.77843  02497  03 

1.34872  60013  87 

7.9 

3.0 

-    2.90879  26554  06 

1.46006  18633  96 

8.0 

3.1 

-   3.04000  60402  26 

1.57453  01525  07 

8.1 

3.2 

-   3.17201  86387  60 

1.69204  18960  57 

8.2 

3.3 

-   3.30478  31979  94 

1.81251  26335  69 

8.3 

3.4 

-   3.43825  64765  05 

1.93586  21235  97 

8.4 

3.5 

-   3.57239  88099  07 

2.06201  40693  37 

8.5 

3.6 

-   3.70717  37325  19 

2.19089  58627  45 

8.6 

3.7 

-   3.84254  76469  59 

2.32243  83465  44 

8.7 

3.8 

-   3.97848  95346  95 

2.45657  55932  86 

8.8 

3.9 

-   4.11497  07016  98 

2.59324  47004  59 

8.9 

4.0 

-   4.25196  45543  18 

2.73238  56006  34 

9.0 

4.1 

-   4.38944  64012  12 

2.87394  08855  80 

9.1 

4.2 

-   4.52739  32778  30 

3.01785  56433  48 

9.2 

4.3 

-   4.66578  37904  84 

3.16407  73073  22 

9.3 

4.4 

-   4.80459  79774  65 

3.31255  55163  23 

9.4 

4.5 

-   4.94381  71850  33 

3.46324  19848  78 

9.5 

4.6 

-   5.08342  39564  42 

3.61609  03828  59 

9.6 

4.7 

-    5.22340  19323  94 

3.77105  62237  32 

9.7 

4.8 

-   5.36373  57615  52 

3.92809  67607  19 

9.8 

4.9 

-   5.50441  10199  31 

4.08717  08902  55 

9.9 

-  8.51884  67726  68 

-  8.66460  83606  78 

-  8.81052  74362  48 

-  8.95659  96875  66 

-  9.10282  09770  73 

■  9.24918  73322  19 

-  9.39569  49368  29 

-  9.54234  01230  14 

-  9.68911  93636  11 

-  9.83602  92650  88 

-  9.98306  65608  89 
-10.13022  81051  96 
■10.27751  08670  60 
■10.42491  19248  88 
-10.57242  84612  54 

■10.72005  77580  15 
-10.86779  71917  09 
■11.01564  42292  16 
■11.16359  64236  64 
■11.31165  14105  63 

■11.45980  69041  59 
■11.60806  06939  74 
■11.75641  06415  49 
•11.90485  46773  52 
■12.05339  07978  49 

-12.20201  70627  34 
•12.35073  15923  02 
•12.49953  25649  49 
•12.64841  82148  10 
■12.79738  68295  12 


7.83827  50411  67 
8.03413  57901  50 
8.23138  95458  91 
8.43001  73795  19 
8.63000  08640  04 

8.83132  20546  97 
9.03396  34708  43 
9.23790  80780  23 
9.44313  92714  58 
9.64964  08601  22 

9.85739  70516  25 
10.06639  24378  12 
10.27661  19810  47 
10.48804  10011  24 
10.70066  51627  91 

10.91447  04638  39 
11.12944  32237  30 
11.34557  00727  24 
11.56283  79415  00 
11.78123  40512  20 

12.00074  59040  23 
12.22136  12739  31 
12.44306  81981  38 
12.66585  49686  64 
12.88971  01243  51 


13.11462 
13.34058 
13.56757 
13.79559 
14.02462 


24431  99 
09350  03 
48342  95 
35935  62 
68767  33 


5.0   -  5.64541  41381  33 


4.24823  9062127    10.0   -12.94643  67480  34   14.25466  45529  28 
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GAMMA    FUNCTION    AND    RELATED    FUNCTIONS 
GAMMA  FUNCTION  FOR  COMPLEX  ARGUMENTS 

.r=1.4 


y 

0.0 
0.1 
0.2 
0.3 
0.4 

0.5 
0.6 
0.7 

0.8 
0.9 

1.0 
1.1 
1.2 
1.3 
1.4 

1.5 

1.6 
1.7 
1.8 
1.9 

2.0 
2.1 
2.2 
2.3 
2.4 

2.5 
2.6 
2.7 
2.8 
2.9 

3.0 
3.1 
3.2 
3.3 
3.4 

3.5 
3.6 
3.7 
3.8 
3.9 

4.0 
4.1 
4.2 
4.3 
4.4 

4.5 
4.6 
4.7 
4.8 

4.9 


^\-aV{z) 

0.11961  29141  72 
0.12473  21357  76 
0.14000  01552  88 
0.16515  59551  89 
0.19978  93616  12 

0.24337  34438  09 
0.29530  16779  62 
0.35492  46161  10 
0.42158  20669  55 
0.49462  85345  46 

0.57345  12921  03 
0.65748  16506  41 
0.74620  06322  98 
0.83914  04638  04 
0.93588  32199  21 

1.03605  77156  27 
1.13933  54742  88 
1.24542  63479  49 
1.35407  41615  64 
1.46505  26007  14 

1.57816  14562  85 
1.69322  32702  19 
1.81008  03838  54 
1.92859  23663  09 
2.04863  37884  08 

2.17009  23032  73 
2.29286  69947  17 
2.41686  69570  58 
2.54201  00734  84 
2.66822  19640  86 

2.79543  50784  95 
2.92358  79116  75 
3.05262  43245  92 
3.18249  29542  71 
3.31314  67001  61 

3.44454  22757  38 
3.57663  98160  21 
3.70940  25331  00 
3.84279  64130  02 
3.97678  99482  49 

4.11135  39012  79 
4.24646  10946  69 
4.38208  62246  51 
4.51820  56949  47 
4.65479  74683  75 


4.79184 
4.92931 
5.06720 
5.20549 
5.34416 


09340  18 
67880  70 
69267  30 
43497  23 
30732  30 


y\nT{z)  y 

0.00000  00000  00  5.0 

-  0.00597  40017  43  5.1 

-  0.01097  08056  66  5.2 

-  0.01405  93840  03  5.3 

-  0.01439  47989  49  5.4 

-  0.01124  72025  18  5.5 

-  0.00401  77865  38  5.6 
+  0.00775  78473  84  5.7 

0.0244165124  32  5.8 

0.04618  11610  42  5.9 

0.07317  82199  73  6.0 

0.10545  58409  92  6.1 

0.14300  11986  37  6.2 

0.18575  57618  52  6.3 

0.23362  80933  40  6.4 

0.28650  41540  26  6.5 

0.34425  53337  92  6.6 

0.40674  45404  87  6.7 

0.47383  07041  21  6.8 

0.54537  20299  26  6.9 

0.62122  82885  81  7.0 

0.70126  23803  49  7.1 

0.78534  13608  50  7.2 

0.87333  70735  61  7.3 

0.96512  64991  00  7.4 

1.06059  19035  92  7.5 

1.15962  08468  95  7.6 

1.26210  60952  18  7.7 

1.36794  54704  02  7.8 

1.47704  1659147  7.9 

1.58930  19987  43  8.0 

1.70463  82510  60  8.1 

1.82296  63729  35  8.2 

1.94420  62885  89  8.3 

2.06828  16678  10  8.4 

2.19511  97123  13  8.5 

2.32465  09517  70  8.6 

2.45680  90502  77  8.7 

2.59153  06235  98  8.8 

2.72875  5067188  8.9 

2.86842  43947  56  9.0 

3.01048  30870  18  9.1 

3.15487  7950177  9.2 

3.30155  79836  24  9.3 

3.45047  42563  18  9.4 

3.60157  97913  33  9.5 

3.75482  94580  13  9.6 

3.91017  98712  52  9.7 

4.06758  92973  81  9.8 

4.2270175662  27  9.9 


^  In  T{z) 

-  5.48319  80511  50 

-  5.62258  51037  75 

-  5.76231  08530  59 

-  5.90236  26637  68 

-  6.04272  85898  90 

-  6.18339  73257  62 

-  6.32435  81614  11 

-  6.46560  09417  01 

-  6.60711  60288  99 

-  6.74889  42683  24 

-  6.89092  69567  80 

-  7.03320  58135  18 

-  7.17572  29534  78 

-  7.31847  08625  98 

-  7.46144  23750  25 

-  7.60463  06520  25 

-  7.74802  91624  64 

-  7.89163  16647  23 

-  8.03543  21899  02 

-  8.17942  50262  34 

-  8.  32360  47045  82 

-  8.46796  59849  44 

-  8.61250  38438  82 

-  8.75721  34627  90 

-  8.90209  02169  54 

-  9.04712  96653  17 

-  9.19232  75409  21 

-  9.33767  97419  53 

-  9.48318  23233  58 

-  9.62883  14889  78 

-  9.77462  35841  76 

-  9.92055  50889  05 
-10.06662  26112  05 
-10.21282  28810  76 
-10.35915  27447  20 

-10.50560  91591  10 
-10.65218  91868  81 
-10.79888  99915  05 
-10.94570  88327  39 
-11.09264  30623  27 

-11.23969  01199  39 
-11.38684  75293  27 
-11.53411  28946  97 
-11.68148  38972  65 
-11.82895  82920  01 
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Table  6.7 


J\nY{z) 

4.38842  59888  87 
4.55177  72808  10 
4.71703  54898  14 
4.88416  59286  80 
5.05313  51119  86 

5.22391  06968  84 
5.39646  14275  35 
5.57075  70829  41 
5.74676  84279  33 
5.92446  71670  92 

6.10382  59013  94 
6.28481  80874  01 
6.46741  79988  09 
6.65160  06901  96 
6.83734  19628  28 

7.02461  83323  73 
7.21340  69984  03 
7.40368  58155  67 
7.59543  32663  20 
7.78862  84351  12 

7.98325  09839  40 
8.  17928  11291  83 
8.37669  96196  29 
8.57548  77156  28 
8.77562  71692  98 

8.97710  02057  23 
9.17988  95050  80 
9.38397  81856  34 
9.58934  97875  68 
9.79598  82575  76 

10.00387  79341  91 
10.21300  35337  97 
10.42335  01372  94 
10.63490  31773  72 
10.84764  84263  58 

11.06157  19846  19 
11.27666  02694  74 
11.49290  00045  92 
11.71027  82098  57 
11.92878  21916  70 

12.14839  95336  59 
12.36911  80877  89 
12.59092  59658  40 
12.81381  15312  39 
13.03776  33912  29 


•11.97653 
•12.12420 

12.27198 
■12.41984 

12.56780 


39045  38 
86282  47 
04214  52 
73048  02 
73587  55 


13.26277 
13.48882 
13.71590 
13.94401 
14.17313 


03893  53 
15982  45 
63127  03 
40430  46 
45087  16 


5.0   -  5.48319  80511  50 


4.38842  59888  87 


10.0   -12.71585  87212  03    14.40325  7632142 
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GAMMA   FUNCTION    AND    RELATED    FUNCTIONS 


Table  6.7 


GAMMA  FUNCTION  FOR  COMPLEX  ARGUMENTS 

.r=1.5 


y  ^lnr(2) 

0.0  -  0.12078  22376  35 

0.1  -  0.12545  03928  11 

0.2  -  0.13938  53175  79 

0.3  -  0.16238  37050  76 

0.4  -  0.19412  35254  45 

0.5  -  0.23418  63474  70 

0.6  -  0.28208  36136  63 

0.7  -  0.33728  34790  33 

0.8  -  0.39923  54301  20 

0.9  -  0.46739  08704  08 

1.0  -  0.54121  88685  47 

1.1  -  0.62021  70896  71 

1.2  -  0.70391  84698  97 

1.3  -  0.79189  44573  28 

1.4  -  0.88375  56946  74 

1.5  -  0.97915  09391  81 

1.6  -  1.07776  48736  47 

1.7  -  1.17931  53061  81 

1.8  -  1.28355  01134  19 

1.9  -  1.39024  41643  92 

2.0  -  1.49919  63725  85 

2.1  -  1.61022  69592  23 

2.2  -  1.72317  49667  28 

2.3  -  1.83789  60327  96 

2.4  -  1.95426  04180  71 

2.5  -  2.07215  12706  83 

2.6  -  2.19146  31061  38 

2.7  -  2.31210  04795  77 

2.8  -  2.43397  68277  27 

2.9  -  2.55701  34593  17 

3.0  -  2.68113  86746  74 

3.1  -  2.80628  69972  89 

3.2  -  2.93239  85022  62 

3.3  -  3.05941  82284  63 

3.4  -  3.18729  56630  57 

3.5  -  3.31598  42885  64 

3.6  -  3.44544  11840  65 

3.7  -  3.57562  66733  10 

3.8  -  3.70650  40135  44 

3.9  -  3.83803  91197  27 

4.0  -  3.97020  03195  93 

4.1  -  4.10295  81356  26 

4.2  -  4.23628  50905  75 

4.3  -  4.37015  55336  09 

4.4  -  4.50454  54845  89 

4.5  -  4.63943  24943  00 

4.6  -  4.77479  55187  51 

4.7  -  4.91061  48059  11 

4.8  -  5.04687  17934  63 

4.9  -  5.18354  90163  32 


y  In  r(2) 

0.00000  00000  00 
0.00378  68415  10 
0.00839  39012  17 
0.01460  80536  11 
0.02315  34211  15 

0.03466  89612  75 
0.04969  46638  36 
0.06866  64150  66 
0.09191  83319  43 
0.11969  06415  60 

0.15214  09934  52 
0.18935  73091  01 
0.23137  07067  73 
0.27816  75270  32 
0.32969  99180  52 

0.38589  47712  67 
0.44666  10201  49 
0.51189  54441  75 
0.58148  71805  09 
0.65532  11610  93 

0.73328  06816  91 
0.81524  92850  60 
0.90111  21116  92 
0.99075  68430  94 
1.08407  43370  92 

1.18095  90329  08 
1.28130  91860  05 
1.38502  69784  97 
1.49201  85397  98 
1.60219  39035  70 

1.71546  69204  67 
1.83175  51411  18 
1,95097  96800  61 
2.07306  50684  28 
2.19793  91011  06 

2.32553  26824  38 
2.45577  96733  92 
2.58861  67421  82 
2.72398  32197  35 
2.86182  09608  36 

3.00207  42115  08 
3.14468  94828  47 
3.28961  54314  23 
3.43680  27461  51 
3.58620  40415  07 


3.73777 

3.89146 
4.04724 
4.20506 
4.36488 


37568  62 
80616  79 
47663  05 
32380  55 
43223  09 


5.0 
5.1 
5.2 
5.3 
5.4 

5.5 
5.6 
5.7 
5.8 
5.9 

6.0 
6.1 
6.2 
6.3 
6.4 

6.5 
6.6 
6.7 
6.8 
6.9 

7.0 
7.1 
7.2 
7.3 
7.4 

7.5 
7.6 
7.7 
7.8 
7.9 

8.0 
8.1 
8.2 
8.3 
8.4 

8.5 
8.6 
8.7 
8.8 
8.9 

9.0 
9.1 
9.2 
9.3 
9.4 

9.5 
9.6 
9.7 
9.8 
9.9 


-  5.32063  00229  09 

-  5.45809  92990  12 

-  5.59594  21987  69 

-  5.73414  48816  77 

-  5.87269  42552  05 

-  6.01157  79223  61 

-  6.15078  41337  33 

-  6.29030  17435  55 

-  6.43012  01693  96 

-  6.57022  93551  39 

-  6.71061  97369  14 

-  6.85128  22117  36 

-  6.99220  81085  67 

-  7.13338  91616  09 

-  7.27481  74856  07 

-  7.41648  55529  97 

-  7.55838  61727  29 

-  7.70051  24706  26 

-  7.84285  78711  49 

-  7.98541  60804  40 

-  8.12818  10705  51 

-  8.27114  70647  52 

-  8.41430  85238  40 

-  8.55766  01333  52 

-  8.70119  67916  34 

-  8.84491  35986  81 

-  8.98880  58456  98 

-  9.13286  90053  22 

-  9.27709  87224  65 

-  9.42149  08057  13 

-  9.56604  12192  67 

-  9.71074  60753  60 

-  9.85560  16271  36 
-10.00060  42619  46 
-10.14575  04950  41 

-10.29103  69636  22 
-10.43646  04212  40 
-10.58201  77325  09 
-10.72770  58681  09 
-10.87352  19000  77 

-11.01946  29973  44 
-11.16552  64215  28 
-11.31170  95229  33 
-11.45800  97367  84 
-11.60442  45796  38 


■11.75095 
■11.89758 
■12.04433 
12.19118 
■12.33813 


16459  94 
86050  76 
31977  78 
32337  59 
65886  95 


.y  lnr(2) 

4.52667  02683  19 
4.69038  46594  51 
4.85599  23475  89 
5.02345  93914  30 
5.19275  29984  42 

5.36384  14702  24 
5.53669  41510  65 
5.71128  13794  95 
5.88757  44426  18 
6.06554  55330  63 

6.24516  77083  65 
6.42641  48526  40 
6.60926  16403  83 
6.79368  35022  65 
6.97965  65928  01 

7.16715  77597  60 
7.35616  45152  22 
7.54665  50081  65 
7.73860  79984  87 
7.93200  28323  86 

8.12681  94190  02 
8.32303  82082  45 
8.52064  01697  48 
8.71960  67728  67 
8.91991  99676  60 

9.12156  21668  12 
9.32451  62284  17 
9.52876  54395  97 
9.73429  35008  92 
9.94108  45113  82 

10.14912  29545  01 
10.35839  36845  06 
10.56888  19135  53 
10.78057  31993  69 
10.99345  34334  60 

11.20750  88298  51 
11.42272  59143  12 
11.63909  15140  53 
11.85659  27478  60 
12.07521  70166  56 

12.29495  19944  46 
12.51578  56196  58 
12.73770  60868  20 
12.96070  18385  99 
13.18476  15581  47 

13.40987  41617  61 
13.63602  87918  31 
13.86321  48100  75 
14.09142  17910  27 
14.32063  95157  82 


5.0   -  5.32063  00229  09 


4.52667  02683  19 


10.0 


12.48519  12016  51   14.55085  79659  84 
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GAMMA  FUNCTION  FOR  COMPLEX  ARGUMENTS 


Table  6.7 


1.6 


^lnr(z) 


y\nr{z) 


0.0 

-  0.11259  17656  97 

0.00000  00000  00 

5.0 

0.1 

-  0.11687  93076  07 

0.01272  17953  11 

5.1 

0.2 

-  0.12968  70233  13 

0.02614  08547  67 

5.2 

0.3 

-  0.15085  38452  14 

0.04092  98346  69 

5.3 

0.4 

-  0.18012  29875  82 

0.05771  47266  93 

5.4 

0.5 

-  0.21715  76591  72 

0.07705  74009  90 

5.5 

0.6 

-  0.26155  99560  50 

0.09944  39491  75 

5.6 

0.7 

-  0.31289  07142  69 

0.12527  90746  90 

5.7 

0.8 

-  0.37068  83847  40 

0.15488  59553  99 

5.8 

0.9 

-  0.43448  55339  80 

0.18851  04588  87 

5.9 

1.0 

-  0.50382  21960  58 

0.22632  83631  44 

6.0 

1.1 

-  0.57825  58588  66 

0.26845  42738  89 

6.1 

1.2 

-  0.65736  82809  44 

0.31495  11405  00 

6.2 

1.3 

-  0.74076  95833  61 

0.36583  95580  78 

6.3 

1.4 

-  0.82810  01661  20 

0.42110  63293  75 

6.4 

1.5 

-  0.91903  10002  05 

0.48071  20031  31 

6.5 

1.6 

-  1.01326  27864  52 

0.54459  72874  22 

6.6 

1.7 

-  1.11052  43845  66 

0.61268  83586  73 

6.7 

1.8 

-  1.21057  08228  70 

0.68490  11588  51 

6.8 

1.9 

-  1.31318  11150  50 

0.76114  48080  60 

6.9 

2.0 

-  1.41815  60399  85 

0.84132  42695  09 

7.0 

2.1 

-  1.52531  59861  47 

0.92534  23984  61 

7.1 

2.2 

-  1.63449  89215  98 

1.01310  14934  56 

7.2 

2.3 

-  1.74555  85219  99 

1.10450  44515  88 

7.3 

2.4 

-  1.85836  24696  22 

1.19945  56127  07 

7.4 

2.5 

-  1.97279  09238  15 

1.29786  13618  36 

7.5 

2.6 

-  2.08873  51557  24 

1.39963  05453  39 

7.6 

2.7 

-  2.20609  63358  10 

1.50467  47448  81 

7.7 

2.8 

-  2.32478  44606  95 

1.61290  84436  93 

7.8 

2.9 

-  2.44471  74052  94 

1.72424  91120  48 

7.9 

3.0 

-  2.56582  00865  46 

1.83861  72327  21 

8.0 

3.1 

-  2.68802  37258  40 

1.95593  62824  65 

8.1 

3.2 

-  2.81126  51983  53 

2.07613  26817  55 

8.2 

3.3 

-  2.93548  64586  59 

2.19913  57221  55 

8.3 

3.4 

-  3.06063  40331  69 

2.32487  74784  17 

8.4 

3.5 

-  3.18665  85710  48 

2.45329  27106  82 

8.5 

3.6 

-  3.31351  44463  00 

2.58431  87608  00 

8.6 

3.7 

-  3.44115  94046  31 

2.71789  54457  96 

8.7 

3.8 

-  3.56955  42495  22 

2.85396  49506  80 

8.8 

3.9 

-  3.69866  25626  62 

2.99247  17222  46 

8.9 

4.0 

-  3.82845  04545  47 

3.13336  23649  89 

9.0 

4.1 

-  3.95888  63415  67 

3.27658  55399  89 

9.1 

4.2 

-  4.08994  07464  23 

3.42209  18672  73 

9.2 

4.3 

-  4.22158  61190  90 

3.56983  38320  36 

9.3 

4.4 

-  4.35379  66759  32 

3.71976  56948  92 

9.4 

4.5 

-  4.48654  82548  65 

3.87184  34062  62 

9.5 

4.6 

-  4.61981  81847  38 

4.02602  45248  92 

9.6 

4.7 

-  4.75358  51673  33 

4.18226  81404  46 

9.7 

4.8 

-  4.88782  91705  81 

4.34053  48000  81 

9.8 

4.9 

-  5.02253  13317  74 

4.50078  64388  72 

9.9 

5.0 

-  5.15767  38696  89 

4.66298  63139  40 

10.0 

^lnr(2) 

-  5.15767  38696  89 

-  5.29324  00046  70 

-  5.42921  38858  50 

-  5.56558  05247  67 

-  5.70232  57347  10 

-  5.83943  60752  49 

-  5.97689  88014  04 

-  6.11470  18170  24 

-  6.25283  36319  59 

-  6.39128  33226  66 

-  6.53004  04959  33 

-  6.66909  52554  28 

-  6.80843  81708  20 

-  6.94806  02492  33 

-  7.08795  29088  41 

-  7.22810  79544  00 

-  7.36851  75545  64 

-  7.50917  42208  19 

-  7.65007  07879  17 

-  7.79120  03956  68 

-  7.93255  64719  90 

-  8.07413  27171  08 

-  8.21592  30888  20 

-  8.35792  17887  32 

-  8.50012  32493  99 

-  8.64252  21222  97 

-  8.78511  32665  62 

-  8.92789  17384  38 

-  9. 07085  27813  87 

-  9.21399  18168  02 

-  9.35730  44352  92 

-  9.50078  63884  89 

-  9.64443  35813  39 

-  9.78824  20648  48 

-  9.93220  80292  58 

-10.07632  77975  98 
-10.22059  78196  20 
-10.36501  46660  67 
-10.50957  50232  55 
-10.65427  56879  66 

■10.79911  35626  11 
■10.94408  56506  53 
-11.08918  90522  76 
-11.23442  09602  86 
■11.37977  86562  21 

-11.52525  95066  64 
•11.67086  09597  45 
11.81658  05418  21 
■11.96241  58543  24 
•12.10836  45707  60 


^  In  r(2) 

4.66298  63139  40 
4.82709  89421  23 
4.99309  00410  26 
5.16092  64732  77 
5.33057  61938  29 

5.50200  82001  33 
5.67519  24850  30 
5.85009  99922  08 
6.02670  25740  71 
6.20497  29518  79 

6.38488  46780  37 
6.56641  21003  90 
6.74953  03284  11 
6.93421  52011  79 
7.12044  32570  25 

7.30819  17047  52 
7.49743  83963  44 
7.68816  18010  64 
7.88034  09808  67 
8.07395  55670  43 

8.26898  57380  27 
8.46541  21983  05 
8.66321  61583  45 
8.86237  93155  10 
9.06288  38358  78 

9.26471  23369  30 
9.46784  78710  61 
9.67227  39098  48 
9.87797  43290  61 
10.08493  33943  44 

10.29313  57475  61 
10.50256  63937  51 
10.71321  06886  60 
10.92505  43268  31 
11.13808  33302  08 

11.35228  40372  42 
11.56764  30924  55 
11.78414  74364  58 
12.00178  42963  80 
12.22054  11767  06 

12.44040  58504  89 
12.66136  63509  22 
12.88341  09632  56 
13.10652  82170  40 
13.33070  68786  75 

13.55593  59442  57 
13.78220  46327  06 
14.00950  23791  60 
14.23781  88286  23 
14.46714  38298  57 


-12.25442  44338  60   14.69746  74295  03 
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GAMMA  FUNCTION   FOR  COMPLEX  ARGUMENTS 


y  ■^\\\V{z) 

0.0  -  0.09580  76974  07 

0.1  -  0.09977  01624  55 

0.2  -  0.11161  35203  43 

0.3  -  0.13120  82417  20 

0.4  -  0.15834  67099  43 

0.5  -  0.19275  44989  43 

0.6  -  0.23410  41754  11 

0.7  -  0.28203  01468  30 

0.8  -  0.33614  32007  35 

0.9  -  0.39604  36829  33 

1.0  -  0.46133  26441  19 

1.1  -  0.53162  06562  78 

1.2  -  0.60653  43029  30 

1.3  -  0.68572  05552  37 

1.4  -  0.76884  93610  19 

1.5  -  0.85561  48134  32 

1.6  -  0.94573  52538  42 

1.7  -  1.03895  26210  76 

1.8  -  1.13503  13039  83 

1.9  -  1.23375  66975  90 

2.0  -  1.33493  36116  09 

2.1  -  1.43838  46369  05 

2.2  -  1.54394  85411  53 

2.3  -  1.65147  87389  10 

2.4  -  1.76084  18623  15 


..=1.7 

y  In  T{z)  xj 

0.00000  00000  00  5.0 

0.02095  5310147  5.1 

0.04250  9978199  5.2 

0.06524  48506  20  5.3 

0.08970  54480  34  5.4 

0.11638  82473  83  5.5 

0.14573  09476  06  5.6 

0.17810  70108  82  5.7 

0.21382  42284  85  5.8 

0.25312  66649  29  5.9 

0.29619  91243  57  6.0 

0.34317  32455  42  6.1 

0.39413  44205  39  6.2 

0.44912  88915  80  6.3 

0.50817  05624  82  6.4 

0.57124  72307  84  6.5 

0.63832  60866  03  6.6 

0.70935  84280  02  6.7 

0.78428  36123  89  6.8 

0.86303  23052  04  6.9 

0.94552  91079  51  7.0 

1.03169  46541  37  7.1 

1.12144  72591  94  7.2 

1.21470  42030  73  7.3 

1.31138  27144  41  7.4 


4.99429  42740  24 
5.12797  31077  01 
5.26209  29486  79 
5.39663  77210  79 
5.53159  21994  12 

5.66694  19505  53 
5.80267  32805  14 
5.93877  31855  28 
6.07522  93070  61 
6.21202  98903  76 

6.34916  37463  25 
6.48662  02160  75 
6.62438  91385  04 
6.76246  08200  42 
6.90082  60067  27 

7.03947  58582  98 
7.17840  19241  47 
7.31759  61209  77 
7.45705  07120  18 
7.59675  82876  82 

7.73671  17475  34 
7.87690  42834  81 
8.01732  93640  69 
8.15798  07198  22 
8.29885  23295  23 


.f\nT{z] 

^.79738  98064  85 
4.96193  49448  28 
5.12834  25830  88 
5.  29658  04404  97 
5.46661  72692  91 

5.63842  28098  55 
5.81196  77481  03 
5.98722  36749  88 
6.16416  30480  45 
6.34275  91548  66 

6.52298  60784  05 
6.70481  86640  24 
6.88823  24881  89 
7.07320  38287  20 
7.25970  96365  25 

7.  44772  75087  22 
7.63723  56630  84 
7.82821  29137  39 
8.02063  86480  35 
8.21449  28045  37 

8.40975  58520  62 
8.60640  87697  25 
8.80443  30279  13 
9.00381  05701  63 
9.20452  37958  73 


2.5  -  1.87191  64452  44 

2.6  -  1.98459  17246  80 

2.7  -  2.09876  65571  99 

2.8  -  2.21434  84448  82 

2.9  -  2.33125  26629  53 

3.0  -  2.44940  14805  61 

3.1  -  2.56872  34658  89 

3.2  -  2.68915  28670  03 

3.3  -  2.81062  90603  59 

3.4  -  2.93309  60594  79 


1.41140  07152  26  7.5 

1.51467  73744  45  7.6 

1.62113  35114  76  7.7 

1.73069  18813  34  7.8 

1.84327  73680  71  7.9 

1.95881  71071  34  8.0 

2.07724  0553198  8.1 

2.19847  95064  74  8.2 

2.32246  81077  41  8.3 

2.44914  28100  87  8.4 


8.43993  84073  80 
8.58123  33910  02 
8.72273  19301  22 
8.86442  88760  30 
9.00631  92716  38 

9.14839  83421  51 
9.29066  14862  98 
9.43310  42680  75 
9.57572  24089  73 
9.71851  17806  54 


9.40655  55438  14 

9.60988  90763  93 

9.81450  80646  38 

10.02039  65738  46 

10.22753  90498  84 

10.43592  03060  85 
10.64552  55107  28 
10.85634  01750  59 
11.06835  01418  23 
11.28154  15743  00 


3.5  -  3.05650  20770  24 

3.6  -  3.18079  91341  33 

3.7  -  3.30594  27115  93 

3.8  -  3.43189  14379  84 

3.9  -  3.55860  68105  24 

4.0  -  3.68605  29448  47 

4.1  -  3.81419  63503  82 

4.2  -  3.94300  57284  13 

4.3  -  4.07245  17902  59 

4.4  -  4.20250  70933  22 

4.5  -  4.33314  58930  01 

4.6  -  4.46434  40087  52 

4.7  -  4.59607  87027  47 

4.8  -  4.72832  85697  79 

4.9  -  4.86107  34372  26 


2.57844  23336  16  8.5 

2.71030  76079  67  8.6 

2.84468  17064  22  8.7 

2.98150  97744  80  8.8 

3.12073  8955142  8.9 

3.26231  83125  99  9.0 

3.40619  87555  93  9.1 

3.55233  29614  33  9.2 

3.70067  53013  46  9.3 

3.85118  17677  02  9.4 

4.00380  99034  45  9.5 

4.1585187339  90  9.6 

4.31526  87017  23  9.7 

4.47402  16031  94  9.8 

4.63474  05290  18  9.9 


•  9.86146  83980  47 
■10.00458  84128  32 
•10.14786  81072  85 
■10.29130  38884  74 
10.43489  22827  58 

10.57862  99305  96 
■10.72251  35816  27 
•10.86654  00900  14 
•11.01070  64100  32 

11.15500  95918  83 


■11.29944 
■11.44401 
■11.58871 
■11.73353 
■11.87848 


67777  28 
51979  25 
21674  47 
50824  91 
14172  43 


11.49590  09457  89 
11.71141  50295  52 
11.92807  08891  58 
12.14585  58692  46 
12.36475  75866  47 

12.58476  39218  81 
12.80586  30109  93 
13.02804  32377  08 
13.25129  32259  06 
13.47560  18323  86 


13.70095 
13.92735 
14.15477 
14.38320 
14.61264 


81399  16 
14505  47 
12791  90 
73474  23 
95775  51 


5.0   -  4.99429  42740  24 


4.79738  98064  85 


10.0   -12.02354  87208  09   14.84308  80868  68 
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Table  6.7 


^  In  T{z) 


J  In  r(2) 


y 


^lnr(2) 


./  lnr(2) 


0. 
0. 
0. 
0. 
0. 

0 
1 
2 
3 
4 

-  0. 

-  0. 

-  0. 

-  0. 

-  0. 

07108  38729  14 
07476  57386  86 
08577  55297  09 
10400  76857  32 
12929  22486  30 

0.00000  00000  00 
0.02858  63331  36 
0.05769  29209  31 
0.08782  58538  91 
0.11946  40495  57 

5.0 

5.1 
5.2 
5.3 
5.4 

-  4.83045  68451  13 

-  4.96226  53555  54 

-  5.09454  72216  70 

-  5.22728  53433  89 

-  5.36046  35143  73 

4. 

5. 
5. 
5. 
5. 

92989  76263  84 
09490  86275  80 
26176  50781  04 
43043  56009  62 
60088  97905  12 

0. 
0. 
0. 
0. 
0. 

5 
6 
7 
8 
9 

-  0. 

-  0. 

-  0. 

-  0. 

-  0. 

16140  31015  52 
20006  82029  53 
24498  08149  51 
29581  07721  71 
35221  50054  25 

0.15304  83729  82 
0.18897  35429  70 
0.22758  31014  17 
0.26916  73612  58 
0.31396  39650  50 

5.5 
5.6 
5.7 
5.8 
5.9 

-  5.49406  63619  68 

-  5.62807  92920  13 

-  5.76248  84380  56 

-  5.89728  06145  63 

-  6.03244  32737  64 

5. 
5. 
6. 
6. 
6. 

77309  81726  78 
94703  21669  16 
12266  40498  86 
29996  69207  68 
47891  46681  58 

0 
1 
2 
3 
4 

-  0. 

-  0. 

-  0. 

-  0. 

-  0. 

41384  67690  74 
48036  32669  52 
55143  15880  74 
62673  30272  43 
70596  59713  03 

0.36216  05120  09 
0.41389  86472  00 
0.46927  90315  88 
0.52836  66950  54 
0.59119  63857  23 

6.0 
6.1 
6.2 
6.3 
6.4 

-  6.16796  44658  02 

-  6.30383  28019  05 

-  6.44003  74202  92 

-  6.57656  79546  04 

-  6.71341  45046  23 

6. 
6. 
7. 
7. 
7. 

65948  19384  99 
84164  41059  65 
02537  72437  42 
21065  80966  53 
39746  40550  43 

1- 

5 
6 
7 
8 
9 

-  0. 

-  0. 

-  0, 

78884  75850  80 
87511  45440  57 
96452  30468  26 
05684  83111  80 
15188  37223  02 

0.65777  76436  65 
0.72809  94297  11 
0.80213  42229  48 
0.87984  15616  08 
0.96117  10434  30 

6.5 
6.6 
6.7 
6.8 
6.9 

-  6.85056  76090  92 

-  6.98801  82204  65 

-  7.12575  76814  17 

-  7.26377  77029  87 

-  7.40207  03441  98 

7. 
7. 
7. 
8. 
8. 

58577  31298  85 
77556  39290  39 
96681  56346  11 
15950  79813  46 
35362  12360  30 

2. 
2. 
2. 
2. 
2. 

0 
1 
2 
3 
4 

-  i! 

24943  97659  29 
34934  28469  99 
45143  40669  35 
55556  80105  11 
66161  15761  22 

1.04606  48267  65 
1.13445  96865  98 
1.22628  86841  72 
1.32148  25078  65 
1.41997  05387  49 

7.0 
7.1 
7.2 
7.3 
7.4 

-  7.54062  79930  63 

-  7.67944  33488  49 

-  7.81850  94055  06 

-  7.95781  94361  78 

-  8.09736  69787  03 

8. 
8. 
8. 
9. 
9. 

54913  61778  15 
74603  40794  54 
94429  66893  74 
14390  62145  64 
34484  53042  25 

2. 
2. 
2. 
2. 
2. 

5 
6 
7 
8 
9 

-  2. 

-  2. 

76944  28703  84 
87895  01786  38 
99003  10163  61 
10259  12619  95 
21654  43688  12 

1.52168  16884  90 
1.62654  50508  69 
1.73449  04020  35 
1.84544  85788  28 
1.95935  17594  45 

7.5 
7.6 
7.7 
7.8 
7.9 

-  8.23714  58220  35 

-  8.37714  99935  16 

-  8.51737  37469  39 

-  8.65781  15513  42 

-  8.79845  80804  75 

9. 
9. 
9. 

10. 
10. 

54709  70341  42 
75064  48917  54 
95547  27618  74 
16156  49130  30 
36890  59844  02 

3. 
3. 
3. 
3. 
3. 

0 
1 
2 
3 
4 

-  2. 

-  2. 

-  2. 

-  2. 

-  2. 

33181  06516  27 
44831  66432  13 
56599  45147  78 
68478  15548  41 
80461  97009  53 

2.07613  36663  29 
2.19572  97074  49 
2.31807  70690  52 
2.44311  47704  17 
2.57078  36890  62 

8.0 
8.1 
8.2 
8.3 
8.4 

-  8.93930  82029  08 

-  9.08035  69727  14 

-  9.22159  96207  08 

-  9.36303  15461  81 

-  9.50464  83091  20 

10. 
10. 
10. 
11. 
11. 

57748  09733  12 
78727  52232  56 
99827  44124  32 
21046  45427  62 
42383  19293  59 

3. 
3. 
3. 
3. 
3. 

5 
6 
7 
8 
9 

-  2. 

-  3. 

-  3. 

-  3. 

-  3. 

92545  51190  19 
04723  78253  42 
16992  13469  31 
29346  24159  89 
41782  06949  39 

2.70102  65631  50 
2.83378  79764  90 
2.96901  43304  05 
3.10665  38058  79 
3.24665  63186  51 

8.5 
8.6 
8.7 
8.8 
8.9 

-  9.64644  56228  63 

-  9.78841  93471  63 

-  9.93056  54816  43 
-10.07288  01596  06 
-10.21535  96421  85 

11. 
11. 
12. 
12. 
12. 

63836  31904  38 
85404  52376  37 
07086  52667  34 
28881  07487  37 
50786  94213  31 

4. 
4. 
4. 
4. 
4. 

0 
1 
2 
3 
4 

-  3. 

-  3. 

-  3. 

-  3. 

-  4. 

54295  85286  89 
66884  07212  13 
79543  43338  26 
92270  85028  21 
05063  42744  24 

3.38897  34693  93 
3.53355  84906  21 
3.68036  61916  47 
3.82935  29025  75 
3.98047  64181  31 

9.0 
9.1 
9.2 
9.3 
9.4 

-10.35800  03128  01 
-10.50079  86719  24 
-10.64375  13321  05 
-10.78685  50132  67 
-10.93010  65382  43 

12. 
12. 
13. 
13. 
13. 

72802  92806  69 
94927  85734  79 
17160  57894  90 
39499  96541  43 
61944  91215  87 

4. 
4. 
4. 
4. 
4. 

5 
6 
7 
8 
9 

-  4. 

-  4. 

-  4. 

-  4. 

-  4. 

17918  44552  05 
30833  34763  48 
43805  72703  06 
56833  31585  96 
69913  97495  61 

4.13369  59419  14 
4.28897  20315  17 
4.44626  65448  66 
4.60554  25879  92 
4.76676  44644  38 

9.5 
9.6 
9.7 
9.8 
9.9 

-11.07350  28285  39 
-11.21704  09003  12 
-11.36071  78605  47 
-11.50453  09034  33 
-11.64847  73069  06 

13. 
14. 
14. 
14. 
14. 

84494  33679  42 
07147  17848  17 
29902  39730  75 
52758  97368  21 
75715  90776  29 

5. 

0 

-  4. 

83045  68451  13 

4.92989  76263  84 

10.0 

-11.79255  44293  69 

14. 

98772  21889  61 
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Table  6.7 


GAMMA  FUNCTION  FOR  COMPLEX  ARGL.MENTS 


=1.9 


y 

^In  Tiz) 

y  In  ri2i 

y 

^  In  T(z) 

yhiT(z) 

1 

0.0 

-   0.03898  42759  23 

0.00000  00000  00 

5.0 

-   4.66612  81728  77 

5.06052  77830  38 

1 

0.1 

-  0.04242  16648  18 

0.03569  47077  36 

5.1 

-  4.79608  44074  24 

5.22603  70297  75 

1 

0.2 

-  0.05270  43596  13 

0.07184  49288  73 

5.2 

-  4.92654  53878  64 

5.39337  36626  27 

0.3 

-  0.06974  53071  16 

0.10889  51730  33 

5.3 

-  5.05749  30552  47 

5.56250  72499  47 

0.4 

-  0.09340  38158  25 

0.14726  87453  39 

5.4 

-  5.18891  02823  51 

5.73340  82679  93 

0.5 

-  0.12349  16727  26 

0.18735  90383  60 

5.5 

-  5.32078  08121  05 

5.90604  80662  49 

0.6 

-  0.15978  08372  30 

0.22952  28050  02 

5.6 

-  5.45308  92008  98 

6.08039  88340  38 

0.7 

-  0.20201  20244  82 

0.27407  56544  06 

5.7 

-  5.58582  07663  21 

6.25643  35684  02 

0.8 

-  0.24990  35004  09 

0.32128  97690  64 

5.8 

-  5.71896  15389  41 

6.43412  60432  49 

0.9 

-  0.30315  95035  34 

0.37139  36389  55 

5.9 

-  5.85249  82177  50 

6.61345  07797  49 

1.0 

-  0.36147  78527  10 

0.42457  34706  81 

6.0 

-  5.98641  81289  78 

6.79438  30179  35 

1.1 

-  0.42455  64621  11 

0.48097  58618  37 

6.1 

-  6.12070  91879  56 

6.97689  86894  96 

1.2 

-  0.49209  86372  39 

0.54071  13247  70 

6.2 

-  6.25535  98637  85 

7.16097  43917  16 

1.3 

-  0.56381  71504  20 

0.60385  82827  52 

6.3 

-  6.39035  91465  66 

7.34658  73625  14 

1.4 

-  0.63943  71834  98 

0.67046  72268  81 

6.4 

-  6.52569  65169  71 

7.53371  54565  59 

1.5 

-  0.71869  82795  42 

0.74056  47971  47 

6.5 

-  6.66136  19179  75 

7.72233  71224  13 

1.6 

-  0.80135  54698  30 

0.81415  76239  52 

6.6 

-  6.79734  57285  54 

7.91243  13806  57 

1.7 

-  0.88717  97447  03 

0.89123  58296  55 

6.7 

-  6.93363  87392  01 

8.10397  78029  64 

1.8 

-  0.97595  80247  42 

0.97177  61401  47 

6.8 

-  7.07023  21291  12 

8.29695  64920  80 

1.9 

-  1.06749  27687  53 

1.05574  45936  43 

6.9 

-  7.20711  74449  04 

8.49134  80626  65 

2.0 

-  1.16160  13318  68 

1.14309  88592  34 

7.0 

-  7.34428  65807  56 

8.68713  36229  72 

2.1 

-  1.25811  51641  83 

1.23379  01934  57 

7.1 

-  7.48173  17598  49 

8.88429  47573  07 

2.2 

-  1.35687  89195  14 

1.32776  50714  39 

7.2 

-  7.61944  55170  18 

9.08281  35092  45 

2.3 

-  1.45774  95259  72 

1.42496  65323  75 

7.3 

-  7.75742  06825  11 

9.28267  23655  74 

2.4 

-  1.56059  52554  63 

1.52533  52787  28 

7.4 

-  7.89565  03667  87 

9.48385  42409  11 

2.5 

-  1.66529  48176  11 

1.62881  05662  06 

7.5 

-  8.03412  79462  62 

9.68634  24629  88 

2.6 

-  1.77173  64947  51 

1.73533  09179  80 

7.6 

-  8.17284  70499  43 

9.89012  07585  45 

2.7 

-  1.87981  73280  00 

1.84483  46926  69 

7.7 

-  8.31180  15468  79 

10.09517  32398  33 

2.8 

-  1.98944  23595  80 

1.95726  05315  67 

7.8 

-  8.45098  55343  75 

10.30148  43916  76 

2.9 

-  2.10052  39332  16 

2.07254  77068  08 

7.9 

-  8.59039  33269  14 

10.50903  90590  64 

3.0 

-  2.21298  10520  42 

2.19063  63887  13 

8.0 

-  8.73001  94457  32 

10.71782  24352  78 

3.1 

-  2.32673  87919  77 

2.31146  78475  36 

8.1 

-  8.86985  86090  10 

10.92782  00504  91 

3.2 

-  2.44172  77675  72 

2.43498  46022  00 

8.2 

-  9.00990  57226  31 

11.13901  77608  39 

3.3 

-  2.55788  36468  15 

2.56113  05263  98 

8.3 

-  9.15015  58714  69 

11.35140  17379  39 

3.4 

-  2.67514  67111  48 

2.68985  09205  60 

8.4 

-  9.29060  43111  75 

11.56495  84588  29 

3.5 

-  2.79346  14569  24 

2.82109  25566  19 

8.5 

-  9.43124  64604  23 

11.77967  46963  13 

3.6 

-  2.91277  62346  38 

2.95480  37012  40 

8.6 

-  9.57207  78935  85 

11.99553  75096  87 

M 

3.7 

-  3.03304  29224  14 

3.09093  41220  91 

8.7 

-  9.71309  43338  13 

12.21253  42358  42 

1 

3.8 

-  3.15421  66305  10 

3.22943  50808  91 

8.8 

-  9.85429  16464  97 

12.43065  24807  06 

^ 

3.9 

-  3.27625  54337  96 

3.37025  93162  16 

8.9 

-  9.99566  58330  75 

12.64988  OHIO  27 

j 

4.0 

-  3.39912  01294  42 

3.51336  10185  24 

9.0 

-10.13721  30251  72 

12.87020  52464  75 

1 

4.1 

-  3.52277  40173  08 

3.65869  57993  21 

9.1 

-10.27892  94790  52 

13.09161  62520  42 

1 

4.2 

-  3.64718  27007  49 

3.80622  06560  50 

9.2 

-10.42081  15703  58 

13.31410  17307  41 

4.3 

-  3.77231  39057  84 

3.95589  39339  63 

9.3 

-10.56285  57891  26 

13.53765  05165  78 

4.4 

-  3.89813  73167  71 

4.10767  52859  66 

9.4 

-10.70505  87350  54 

13.76225  16677  85 

4.5 

-  4.02462  44269  53 

4.26152  56312  41 

9.5 

-10.84741  71130  08 

13.98789  44603  16 

i 

4.6 

-  4.15174  84023  59 

4.41740  71132  72 

9.6 

-10.98992  77287  64 

14.21456  83815  73 

4.7 

-  4.27948  39577  56 

4.57528  30577  67 

9.7 

-11.13258  74849  48 

14.44226  31243  75 

4.8 

-  4.40780  72434  44 

4.73511  79308  60 

9.8 

-11.27539  33771  93 

14.67096  85811  36 

4.9 

-  4.53669  57418  38 

4.89687  72979  01 

9.9 

-11.41834  24904  66 

14.90067  48382  65 

5.0 

-  4.66612  81728  77 

5.06052  77830  38 

10.0 

-11.56143  19955  88 

15.13137  21707  60 

GAMMA    FUNCTION    AND    RELATED    FTJNCTIONS 
GAMiVIA  FUNCTION  FOR  COMPLEX  ARGUMENTS 


.'•=2.0 


.^\ur{z) 


J  In  r(2) 


0.0 

0.00000  00000  00 

0.00000  00000  00 

5.0 

0.1 

-  0.00322  26151  39 

0.04234  57120  74 

5.1 

0.2 

-  0.01286  59357  41 

0.08509  33372  06 

5.2 

0.3 

-  0.02885  74027  79 

0.12863  61223  10 

5.3 

0.4 

-  0.05107  93722  62 

0.17335  05507  97 

5.4 

0.5 

-  0.07937  37235  30 

0.21958  93100  95 

5.5 

0.6 

-  0.11354  77183  40 

0.26767  56897  80 

5.6 

0.7 

-  0.15338  06308  81 

0.31789  96132  02 

5.7 

0.8 

-  0.19863  06626  31 

0.37051  53392  47 

5.8 

0.9 

-  0.24904  17059  66 

0.42574  07261  44 

5.9 

1.0 

-  0.30434  96090  22 

0.48375  78429  30 

6.0 

1.1 

-  0.36428  77010  76 

0.54471  46524  35 

6.1 

1.2 

-  0.42859  14442  42 

0.60872  74700  17 

6.2 

1.3 

-  0.49700  21701  52 

0.67588  39160  88 

6.3 

1.4 

-  0.56926  99322  58 

0.74624  61166  63 

6.4 

1.5 

-  0.64515  55533  76 

0.81985  39537  67 

6.5 

1.6 

-  0.72443  19760  33 

0.89672  82178  63 

6.6 

1.7 

-  0.80688  50339  42 

0.97687  35612  07 

6.7 

1.8 

-  0.89231  37613  78 

1.06028  11909  26 

6.8 

1.9 

-  0.98053  03476  69 

1.14693  12720  53 

6.9 

2.0 

-  1.07135  98302  14 

1.23679  50341  04 

7.0 

2.1 

-  1.16463  96040  42 

1.32983  65907  26 

7.1 

2.2 

-  1.26021  88108  76 

1.42601  44920  94 

7.2 

2.3 

-  1.35795  76568  48 

1.52528  30352  04 

7.3 

2.4 

-  1.45772  66961  57 

1.62759  33595  36 

7.4 

2.5 

-  1.55940  61080  61 

1.73289  43555  35 

7.5 

2.6 

-  1.66288  49866  52 

1.84113  34120  22 

7.6 

2.7 

-  1.76806  06566  17 

1.95225  70264  63 

7.7 

2.8 

-  1.87483  80234  65 

2.06621  12994  71 

7.8 

2.9 

-  1.98312  89631  02 

2.18294  23322  91 

7.9 

3.0 

-  2.09285  17530  93 

2.30239  65434  67 

8.0 

3.1 

-  2.20393  05460  64 

2.42452  09185  18 

8.1 

3.2 

-  2.31629  48844  77 

2.54926  32043  52 

8.2 

3.3 

-  2.42987  92551  37 

2.67657  20582  60 

8.3 

3.4 

-  2.54462  26813  03 

2.80639  71597  50 

8.4 

3.5 

-  2.66046  83499  73 

2.93868  92920  59 

8.5 

3.6 

-  2.77736  32717  84 

3.07340  03990  47 

8.6 

3.7 

-  2.89525  79709  78 

3.21048  36221  88 

8.7 

3.8 

-  3.01410  62029  30 

3.34989  33215  16 

8.8 

3.9 

-  3.13386  46968  42 

3.49158  50837  57 

8.9 

4.0 

-  3.25449  29213  81 

3.63551  57202  41 

9.0 

4.1 

-  3.37595  28711  45 

3.78164  32567  78 

9.1 

4.2 

-  3.49820  88720  59 

3.92992  69172  45 

9.2 

4.3 

-  3.62122  74039  03 

4.08032  71023  23 

9.3 

4.4 

-  3.74497  69383  89 

4.23280  53645  81 

9.4 

4.5 

-  3.86942  77912  99 

4.38732  43808  43 

9.5 

4.6 

-  3.99455  19873  65 

4.54384  79226  20 

9.6 

4.7 

-  4.12032  31366  90 

4.70234  08252  48 

9.7 

4.8 

-  4.24671  63216  20 

4.86276  89562  20 

9.8 

4.9 

-  4.37370  79930  87 

5.02509  91831  32 

9.9 

.^lnr(2) 

-  4.50127  58755  42 

-  4.62939  88796  82 

-  4.75805  70222  52 

-  4.88723  13522  76 

-  5.01690  38831  33 

-  5.14705  75299  57 

-  5.27767  60518  81 

-  5.40874  39987  03 

-  5.54024  66615  82 

-  5.67217  00274  24 

-  5.80450  07366  29 

-  5.93722  60439  25 

-  6.07033  37820  31 

-  6.20381  23278  98 

-  6.33765  05713  36 

-  6.47183  78858  22 

-  6.  60636  41013  16 

-  6.74121  94789  19 

-  6.87639  46872  45 

-  7.01188  07803  50 

-  7.14766  91771  18 

-  7.28375  16419  82 

-  7.42012  02668  81 

-  7.55676  74543  62 

-  7.69368  59017  46 

-  7.83086  85862  69 

-  7.96830  87511  38 

-  8.10599  98924  36 

-  8.  24393  57468  08 

-  8.38211  02798  83 

-  8.52051  76753  67 

-  8.65915  23247  82 

-  8.79800  88177  87 

-  8.93708  19330  47 

-  9.07636  66296  28 

■  9.21585  80388  55 

-  9.35555  14566  37 

-  9.49544  23361  92 

-  9.63552  62811  84 

-  9.77579  90392  11 

■  9.91625  64956  49 
■10.05689  46678  12 
-10.19770  96994  20 
■10.33869  78553  49 
■10.47985  55166  49 

■10.62117  91758  12 
■10.76266  54322  81 
■10.90431  09881  75 
■11.04611  26442  29 
11.18806  72959  27 
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./  lnr(2) 

5.18929  93415  60 
5.35533  82031  27 
5.52318  54439  62 
5.69281  16137  11 
5.86418  81052  00 

6.  03728  71248  73 
6.21208  16640  30 
6.38854  54709  43 
6.56665  30238  56 
6.  74637  95048  97 

6.  92770  07748  95 
7.11059  33491  13 
7.29503  43738  76 
7.48100  16040  81 
7.66847  33815  76 

7.85742  86143  76 
8.04784  67567  00 
8.23970  77898  07 
8.43299  22035  86 
8.62768  09788  99 

8.82375  55706  27 
9.02119  78914  05 
9.21999  02960  14 
9.42011  55664  09 
9.62155  68973  45 

9.82429  78825  87 
10.02832  25016  83 
10.23361  51072  54 
10.44016  04128  09 
10.64794  34810  35 

10.85694  97125  60 
11.06716  48351  59 
11.27857  48933  86 
11.49116  62386  10 
11.70492  55194  45 

11.91983  96725  52 
12.13589  59137  86 
12.35308  17297  01 
12.57138  48693  62 
12.  79079  33364  76 

13.01129  53818  23 
13.23287  94959  63 
13.45553  44022  19 
13.67924  90499  21 
13.90401  26078  95 

14.12981  44581  93 
14.35664  41900  46 
14.58449  15940  42 
14.81334  66565  09 
15.04319  95540  92 


5.0   -  4.50127  58755  42 


5.18929  93415  60 


10.0   -11.33017  19298  27 


15.27404  06485  34 
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Table  6.8        DIGAMMA  FUNCTION   FOR  COMPLEX  ARGIME^TS 


1.0 


y 

0.0 
0.1 
0.2 
0.3 
0.4 

0.5 
0.6 
0.7 
0.8 
0.9 

1.0 
1.1 
1.2 
1.3 
1.4 

1.5 
1.6 
1.7 
1.8 
1.9 

2.0 
2.1 
2.2 
2.3 
2.4 

2.5 
2.6 
2.7 
2.8 
2.9 

3.0 
3.1 
3.2 
3.3 
3.4 

3.5 
3.6 
3.7 
3.8 
3.9 

4.0 
4.1 
4.2 
4.3 
4.4 

4.5 
4.6 
4.7 
4.8 
4.9 

5.0 


-0.57721  56649 
-0.56529  77902 
-0.53073  04055 
-0.47675  48934 
-0.40786  79442 

-0.32888  63572 

-0.24419  65809 

-0.15733  61258 

-0.07088  34022 

+0.01345  20154 

0,09465  03206 
0.17219  05426 
0.24588  65515 
0.31576  20906 
0.38196  28134 

0.44469  79402 
0.50420  34618 
0.56072  00645 
0.61448  06554 
0.66570  39172 

0.71459  15154 
0.76132  74328 
0.80607  84807 
0.84899  54079 
0.89021  42662 

0.92985  78387 
0.96803  70243 
1.00485  21252 
1.04039  40175 
1.07474  51976 

1.10798  07107 
1.14016  89703 
1.17137  24783 
1.20164  84581 
1.23104  94107 

1.25962  36033 
1.28741  54995 
1.31446  61381 
1.34081  34679 
1.36649  26435 

1.39153  62879 
1.41597  47255 
1.43983  61892 
1.46314  70060 
1.48593  17620 

1.50821  34505 

1.53001  36052 

1.55135  24197 

1.57224  88550 

1.59272  07370 

1,61278  48446 


0.00000 
0.16342 
0,32064 
0.46653 
0.59770 

0.71269 
0.81160 
0.89563 
0.96655 
1.02628 

1.07667 
1.11938 
1,15580 
1.1870'7 
1.21413 

1,23772 
1.25843 
1,27675 
1.29306 
1.30766 

1.32081 
1.33271 
1,34353 
1.35341 
1.36246 

1.37080 
1.37849 
1.38561 
1.39222 
1,39838 

1,40413 
1.40951 
1.41455 
1.41928 
1.42374 

1.42794 
1.43191 
1.43566 
1.43922 
1.44259 

1.44580 
1.44885 
1.45175 
1.45452 
1.45716 

1.45969 
1,46210 
1.46441 
1.46663 
1.46876 

1,47080 


y 

/Jf^\ 

^) 

5.0 

1.61278 

48446 

5.1 

1.63245 

69889 

5,2 

1.65175 

20861 

5.3 

1,67068 

42228 

5.4 

1,68926 

67162 

5.5 

1.70751 

21687 

5.6 

1,72543 

25175 

5.7 

1,74303 

90807 

5.8 

1,76034 

25988 

5.9 

1.77735 

32733 

6.0 

1.79408 

08018 

6.1 

1,81053 

44105 

6.2 

1.82672 

28842 

6.3 

1,84265 

45939 

6.4 

1,85833 

75219 

6.5 

1.87377 

92858 

6,6 

1.88898 

71602 

6.7 

1.90396 

80964 

6.8 

1.91872 

87422 

6,9 

1.93327 

54582 

7.0 

1.94761 

43346 

7.1 

1.96175 

12062 

7,2 

1.97569 

16663 

7,3 

1.98944 

10799 

7.4 

2,00300 

45959 

7,5 

2.01638 

71585 

7,6 

2.02959 

35177 

7,7 

2.04262 

82397 

7,8 

2.05549 

57159 

7.9 

2.06820 

01717 

8.0 

2.08074 

56749 

8.1 

2,09313 

61434 

8,2 

2.10537 

53524 

8,3 

2.11746 

69410 

8.4 

2.12941 

44191 

8,5 

2.14122 

11731 

8.6 

2.15289 

04718 

8.7 

2.16442 

54716 

8.8 

2.17582 

92217 

8,9 

2.18710 

46687 

9,0 

2.19825 

46616 

9,1 

2.20928 

19555 

9,2 

2.22018 

92160 

9,3 

2.23097 

90229 

9,4 

2.24165 

38740 

9.5 

2.25221 

61882 

9.6 

2,26266 

83093 

9.7 

2,27301 

25085 

9.8 

2,28325 

09877 

9,9 

2.29338 

58823 

0,0 

2.30341 

92637 

.U{z) 

1.47080 
1.47276 
1.47464 
1.47646 
1.47820 

1.47989 
1.48151 
1.48308 
1.48459 
1.48605 

1.48746 
1.48883 
1,49015 
1,49143 
1.49267 

1.49387 
1.49504 
1,49617 
1.49727 
1.49333 

1.49937 
1.50037 
1.50135 
1.50230 
1.50323 

1.50413 
1.50501 
1.50586 
1.50669 
1.50751 

1.50830 
1.50907 
1.50982 
1.51056 
1.51127 

1.51197 
1.51266 
1.51332 
1.51398 
1.51462 

1.51524 
1.51585 
1.51645 
1,51703 
1,51760 

1.51816 
1.51871 
1.51925 
1.51978 
1.52029 

1.52080 


(- 


3)2' 
5 


-5)5" 
6 


-5)1- 
2 


.y^(l+ij)=.i7rCOth7rj    2y 


^(z)  to  5D,  computed  by  M.  Goldstein,  Los  Alamos  Scientific  Laboratory 


AUXILIARY  FUNCTION  FOR 


y-' 

/4(J) 

0.11 

0.00100  956 

0.10 

0.00083  417 

0.09 

0,00067  555 

0.08 

0.00053  368 

0.07 

0,00040  853 

0.06 

0,00030  Oil 

[(-6)2- 

3 

9 

10 
11 
13 
14 
17 


y 

0,05 
0.04 
0,03 
0,02 
0.01 
0.00 


/4(V) 


<j; 


'.^A,{Uiy)   \nyMy) 
nearest  integer  to  j. 


0.00020  839 

0.00013  335 

0.00007  501 

0.00003  333 

0.00000  833 

0,00000  000 

(-6)21 


<y> 

20 
25 
33 
50 
100 


GAMMA    FUNCTION    AND    RELATED    FUNCTIONS 


289 


DIGA 

VIMA  FL> 

CTION  FC 

)R  CO 

»MPLEX  A 

RGUMEN1 

rs 

T 

able  6.8 

x  =  l.l 

x  =  1.2 

u 

.<*^(2) 

JH^) 

.'/ 

^^i^z) 

.n{z) 

.'/ 

^^(^{z) 

.H{z) 

// 

.*^(2) 

■H{z) 

0.0 

-0.42375 

0.00000 

5.0 

1.61498 

1.45097 

0.0 

-0.28904 

0.00000 

5,0 

1.61756 

1.43125 

0.1 

-0.41451 

0.14258 

5.1 

1.63457 

1.45332 

0.1 

-0.28169 

0.12620 

5,1 

1.63705 

1.43396 

0.2 

-0.38753 

0.28082 

5.2 

1.65378 

1.45557 

0.2 

-0.26014 

0.24926 

5.2 

1.65617 

1.43658 

0.3 

-0.34490 

0.41099 

5.3 

1.67264 

1.45774 

0.3 

-0.22578 

0.36640 

5.3 

1.67494 

1.43910 

0.4 

-0.28961 

0.53042 

5.4 

1.69115 

1.45983 

0.4 

-0.18064 

0.47552 

5.4 

1.69336 

1.44152 

0.5 

-0.22498 

0.63764 

5.5 

1.70933 

1.46184 

0.5 

-0.12710 

0.57530 

5.5 

1.71146 

1.44386 

0.6 

-0.15426 

0.73229 

5.6 

1.72718 

1.46378 

0.6 

-0.06753 

0.66517 

5.6 

1.72924 

1.44612 

0,7 

-0.08023 

0.81484 

5.7 

1.74473 

1.46565 

0.7 

-0.00412 

0.74519 

5.7 

1.74672 

1.44829 

0.8 

-0.00509 

0.88630 

5.8 

1.76197 

1.46746 

0.8 

+0.06130 

0.81589 

5.8 

1.76390 

1.45039 

0.9 

+0.06954 

0.94792 

5.9 

1.77893 

1.46921 

0.9 

0.12730 

0.87806 

5.9 

1.78079 

1.45243 

1.0 

0.14255 

1.00102 

6.0 

1.79561 

1.47090 

1.0 

0.19280 

0.93260 

6.0 

1.79740 

1.45439 

1.1 

0.21327 

1.04687 

6.1 

1.81201 

1.47253 

1.1 

0.25707 

0.98046 

6.1 

1.81375 

1.45629 

1.2 

0.28131 

1.08660 

6.2 

1.82815 

1.47411 

1.2 

0.31960 

1.02252 

6.2 

1.82983 

1.45813 

1.3 

0.34649 

1.12119 

6.3 

1.84404 

1.47565 

1.3 

0.38012 

1.05960 

6.3 

1.84567 

1.45991 

1.4 

0.40880 

1.15146 

6.4 

1.85968 

1.47713 

1.4 

0.43846 

1,09240 

6.4 

1.86126 

1.46164 

1.5 

0.46829 

1.17810 

6.5 

1.87508 

1.47857 

1.5 

0.49459 

1.12153 

6.5 

1.87661 

1.46331 

1.6 

0.52507 

1.20169 

6.6 

1.89025 

1.47996 

1.6 

0.54851 

1.14752 

6.6 

1.89173 

1.46493 

1.7 

0.57930 

1.22269 

6.7 

1.90519 

1.48132 

1.7 

0.60028 

1.17082 

6.7 

1.90663 

1.46651 

1.8 

0.63111 

1.24148 

6.8 

1.91992 

1.48263 

1.8 

0.64999 

1.19179 

6.8 

1.92132 

1.46803 

1.9 

0.68067 

1.25839 

6.9 

1.93443 

1,48391 

1.9 

0.69774 

1.21074 

6.9 

1.93579 

1.46952 

2.0 

0.72813 

1.27368 

7.0 

1.94874 

1.48515 

2.0 

0.74362 

1.22794 

7.0 

1.95006 

1.47096 

2.1 

0.77363 

1.28755 

7.1 

1.96284 

1.48635 

2.1 

0.78775 

1.24362 

7.1 

1.96413 

1.47236 

2.2 

0.81730 

1.30021 

7.2 

1.97675 

1,48752 

2.2 

0.83022 

1.25796 

7.2 

1.97800 

1.47372 

2.3 

0.85928 

1.31179 

7.3 

1.99047 

1.48866 

2.3 

0.87114 

1.27112 

7.3 

1.99169 

1.47505 

2.4 

0.89967 

1.32243 

7.4 

2.00401 

1.48977 

2.4 

0.91060 

1.28323 

7.4 

2.00519 

1.47634 

2.5 

0.93858 

1.33224 

7.5 

2.01736 

1.49085 

2.5 

0.94868 

1.29442 

7.5 

2.01852 

1.47760 

2.6 

0.97610 

1.34131 

7.6 

2.03054 

1.49190 

2.6 

0,98546 

1.30478 

7, '6 

2.03167 

1.47882 

2.7 

1.01234 

1.34972 

7.7 

2.04356 

1.49292 

2.7 

1.02103 

1.31441 

7,7 

2.04465 

1.48001 

2.8 

1.04736 

1.35753 

7.8 

2.05640 

1.49392 

2.8 

1.05546 

1.32337 

7.8 

2.05746 

1.48117 

2.9 

1.08124 

1.36482 

7.9 

2.06908 

1.49489 

2.9 

1.08881 

1,33173 

7.9 

2.07012 

1.48230 

3.0 

1.11405 

1.37162 

8.0 

2.08160 

1.49584 

3.0 

1.12113 

1.33955 

8.0 

2.08262 

1.48341 

3.1 

1.14586 

1.37800 

8.1 

2.09397 

1.49676 

3.1 

1.15250 

1.34688 

8.1 

2.09496 

1.48448 

3.2 

1.17671 

1.38398 

8.2 

2.10619 

1.49767 

3.2 

1,18295 

1,35377 

8.2 

2.10716 

1.48553 

3.3 

1.20667 

1.38960 

8.3 

2.11826 

1.49855 

3.3 

1,21254 

1.36024 

8.3 

2.11921 

1.48656 

3.4 

1.23578 

1.39489 

8.4 

2.13019 

1.49940 

3.4 

1,24132 

1.36635 

8.4 

2.13111 

1.48756 

3.5 

1.26409 

1.39989 

8.5 

2.14198 

1.50024 

3.5 

1.26932 

1.37211 

8.5 

2.14288 

1,48853 

3.6 

1.29164 

1.40461 

8.6 

2.15363 

1.50106 

3.6 

1.29659 

1.37756 

8.6 

2.15451 

1,48949 

3.7 

1.31847 

1.40907 

8.7 

2.16515 

1.50186 

3.7 

1.32315 

1.38272 

8.7 

2.16601 

1.49042 

3.8 

1.34461 

1.41331 

8.8 

2.17654 

1.50265 

3.8 

1.34905 

1.38761 

8.8 

2.17738 

1.49133 

3.9 

1.37010 

1.41732 

8.9 

2.18780 

1.50341 

3.9 

1.37432 

1.39226 

8.9 

2.18862 

1.49222 

4.0 

1.39496 

1.42114 

9.0 

2.19893 

1.50416 

4.0 

1.39898 

1.39667 

9,0 

2.19973 

1.49310 

4.1 

1.41924 

1.42478 

9.1 

2.20995 

1.50489 

4.1 

1.42306 

1.40088 

9.1 

2.21073 

1.49395 

4.2 

1.44294 

1.42824 

9.2 

2.22084 

1.50561 

4.2 

1.44659 

1.40489 

9.2 

2.22160 

1.49478 

4.3 

1.46611 

1.43154 

9.3 

2.23161 

1.50631 

4.3 

1.46959 

1.40871 

9.3 

2.23236 

1.49560 

4.4 

1.48876 

1.43469 

9.4 

2.24228 

1.50699 

4.4 

1.49209 

1.41236 

9.4 

2.24301 

1.49640 

4.5 

1.51092 

1.43771 

9.5 

2.25283 

1.50766 

4.5 

1.51410 

1.41586 

9.5 

2.25354 

1.49718 

4.6 

1.53261 

1.44059 

9.6 

2.26326 

1.50832 

4.6 

1.53565 

1.41920 

9.6 

2.26397 

1.49794 

4.7 

1.55384 

1.44335 

9.7 

2.27360 

1.50896 

4.7 

1.55676 

1.42240 

9.7 

2.27429 

1.49869 

4.8 

1.57463 

1.44600 

9.8 

2.28382 

1.50960 

4.8 

1.57743 

1.42547 

9.8 

2.28450 

1.49943 

4.9 

1.59501 

1.44854 

9.9 

2.29395 

1.51021 

4.9 

1.59769 

1.42842 

9.9 

2.29461 

1.50015 

5.0 

1.61498 

1.45097 

10.0 

2.30397 

1.51082 

5.0 

1.61756 

1.43125 

10.0 

2.30462 

1.50085 

■(-3)2- 
5 

■(-3)2- 
5 

[(-5)5]  r(-5)ll 
.  3  J  L  2  . 

■(-3)11   (-a)i 

.  5  J   L  5  . 

r(-5)5-|  r(-5)i"i 

3  J  L  2 
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Table  6.8 

DIGAMMA  FUNCtlON  FOR  COMPLEX  ARGUMENTS 

1 

.V 

^^(z) 

.Hiz) 

m{z) 

J^iz) 

// 

m{z) 

.H{z) 

y 

: 

m{z) 

J^iz) 

0.0 

-0.16919 

0.00000 

5.0 

1.62052 

1.41163 

0.0 

-0.06138 

0.00000 

5.0 

1.62386 

1.39213 

0.1 

-0.16323 

0.11303 

5.1 

1.63990 

1.41472 

0.1 

-0.05646 

0.10223 

5.1 

1.64311 

1.39559 

0.2 

-0.14567 

0.22372 

5.2 

1.65891 

1.41769 

0.2 

-0.04192 

0.20269 

5.2 

1.66200 

1.39891 

0.3 

-0.11748 

0.32997 

5.3 

1.67758 

1.42055 

0.3 

-0.01844 

0.29974 

5.3 

1.68055 

1.40211 

0.4 

-0.08009 

0.43011 

5.4 

1.69591 

1.42331 

0.4 

+0.01295 

0.39204 

5.4 

1.69878 

1.40519 

0.5 

-0.03520 

0.52298 

5.5 

1.71392 

1.42597 

0.5 

0.05100 

0.47862 

5.5 

1.71668 

1.40817 

0.6 

+0.01541 

0.60796 

5.6 

1.73161 

1.42853 

0.6 

0.09436 

0.55886 

5.6 

1.73428 

1.41103 

0.7 

0.07003 

0.68491 

5.7 

1.74900 

1.43101 

0.7 

0.14171 

0.63250 

5.7 

1.75158 

1.41380 

0.8 

0.12718 

0.75404 

5.8 

1.76611 

1.43340 

0.8 

0.19183 

0.69957 

5.8 

1.76860 

1.41648 

0.9 

0.18561 

0.81582 

5.9 

1.78292 

1.43571 

0.9 

0.24367 

0.76033 

5.9 

1.78533 

1.41907 

1.0 

0.24434 

0.87085 

6.0 

1.79947 

1.43794 

1.0 

0.29635 

0.81517 

6.0 

1.80180 

1.42157 

1.1 

0.30262 

0.91983 

6.1 

1.81575 

1.44011 

1.1 

0.34918 

0.86457 

6.1 

1.81800 

1.42399 

1.2 

0.35994 

0.96341 

6.2 

1.83177 

1.44220 

1.2 

0.40163 

0.90903 

6.2 

1.83395 

1.42634 

1.3 

0.41593 

1.00227 

6.3 

1.84754 

1.44423 

1.3 

0.45331 

0.94907 

6.3 

1.84966 

1.42861 

1.4 

0.47035 

1.03698 

6.4 

1.86308 

1.44619 

1.4 

0.50395 

0.98517 

6.4 

1.86513 

1.43081 

1.5 

0.52310 

1.06809 

6.5 

1.87837 

1.44810 

1.5 

0.55336 

1.01778 

6.5 

1.88036 

1.43294 

1.6 

0.57409 

1.09605 

6.6 

1.89344 

1.44995 

1.6 

0.60144 

1.04730 

6.6 

1.89537 

1.43502 

1.7 

0.62333 

1.12126 

6.7 

1.90829 

1.45174 

1.7 

0.64811 

1.07409 

6.7 

1.91017 

1.43702 

1.8 

0.67084 

1.14409 

6.8 

1.92293 

1.45348 

1.8 

0.69337 

1.09849 

6.8 

1.92475 

1.43898 

1.9 

0.71667 

1.16483 

6.9 

1.93735 

1.45517 

1.9 

0.73722 

1.12075 

6.9 

1.93912 

1.44087 

2.0 

0.76087 

1.18373 

7.0 

1.95158 

1.45681 

2.0 

0.77968 

1.14113 

7.0 

1.95330 

1.44271 

2.1 

0.80353 

1.20102 

7.1 

1.96560 

1.45841 

2.1 

0.82078 

1.15984 

7.1 

1.96727 

1.44450 

2.2 

0.84470 

1.21688 

7.2 

1.97944 

1.45996 

2.2 

0.86058 

1.17707 

7.2 

1.98106 

1.44625 

2.3 

0.88447 

1.23148 

7.3 

1.99309 

1.46147 

2.3 

0.89913 

1.19296 

7.3 

1.99467 

1.44794 

2.4 

0.92290 

1.24495 

7.4 

2.00655 

1.46294 

2.4 

0.93647 

1.20768 

7.4 

2.00809 

1.44959 

2.5 

0.96007 

1.25743 

7.5 

2.01984 

1.46438 

2.5 

0.97265 

1.22133 

7.5 

2.02134 

1.45119 

2.6 

0.99604 

1.26900 

7.6 

2.03296 

1.46577 

2.6 

1.00775 

1.23402 

7.6 

2.03442 

1.45276 

2.7 

1.03088 

1.27976 

7.7 

2.04591 

1.46713 

2.7 

1.04179 

1.24585 

7.7 

2.04733 

1.45428 

2.8 

1.06464 

1.28980 

7.8 

2.05869 

1.46845 

2.8 

1.07484 

1.25689 

7.8 

2.06008 

1.45576 

2.9 

1.09739 

1.29918 

7.9 

2.07131 

1.46974 

2.9 

1.10693 

1.26723 

7.9 

2.07267 

1.45721 

3.0 

1.12917 

1.30797 

8.0 

2.08378 

1.47100 

3.0 

1.13813 

1.27693 

8.0 

2.08510 

1.45862 

3.1 

1.16004 

1.31621 

8.1 

2.09610 

1.47223 

3.1 

1.16846 

1.28604 

8.1 

2.09739 

1.46000 

3.2 

1.19005 

1.32396 

8.2 

2.10827 

1.47342 

3.2 

1.19797 

1.29461 

8.2 

2.10952 

1.46134 

3.3 

1.21923 

1.33126 

8.3 

2.12029 

1.47459 

3.3 

1.22670 

1.30269 

8.3 

2.12151 

1.46266 

3.4 

1.24763 

1.33814 

8.4 

2.13217 

1.47573 

3.4 

1.25469 

1.31032 

8.4 

2.13337 

1.46394 

3.5 

1.27529 

1.34464 

8.5 

2.14391 

1.47685 

3.5 

1.28196 

1.31753 

8.5 

2.14508 

1.46519 

3.6 

1.30223 

1.35080 

8.6 

2.15552 

1.47794 

3.6 

1.30855 

1.32436 

8.6 

2.15666 

1.46641 

3.7 

1.32851 

1.35663 

8.7 

2.16700 

1.47900 

3.7 

1.33450 

1.33084 

8.7 

2.16811 

1.46760 

3.8 

1.35413 

1.36216 

8.8 

2.17834 

1.48004 

3.8 

1.35983 

1.33699 

8.8 

2.17943 

1.46877 

3.9 

1.37915 

1.36742 

8.9 

2.18956 

1.48106 

3.9 

1.38456 

1.34283 

8.9 

2.19063 

1.46991 

4.0 

1.40357 

1.37242 

9.0 

2.20066 

1.48205 

4.0 

1.40873 

1.34840 

9.0 

2.20170 

1.47103 

4.1 

1.42744 

1.37718 

9.1 

2.21163 

1.48302 

4.1 

1.43235 

1.35370 

9.1 

2.21265 

1.47212 

4.2 

1.45077 

1.38172 

9.2 

2.22249 

1.48397 

4.2 

1.45546 

1.35876 

9.2 

2.22349 

1.47319 

4.3 

1.47358 

1.38606 

9.3 

2.23323 

1.48490 

4.3 

1.478C6 

1.36359 

9.3 

2.23421 

1.47423 

4.4 

1.49590 

1.39020 

9.4 

2.24386 

1.48582 

4.4 

1.50019 

1.36821 

9.4 

2.24481 

1.47525 

4.5 

1.51775 

1.39416 

9.5 

2.25437 

1.48671 

4.5 

1.52185 

1.37263 

9.5 

2.25531 

1.47626 

4.6 

1.53914 

1.39795 

9.6 

2.26478 

1.48758 

4.6 

1.54307 

1.37686 

9.6 

2.26570 

1.47724 

4.7 

1.56010 

1.40158 

9.7 

2.27508 

1.48844 

4.7 

1.56387 

1.38092 

9.7 

2.27598 

1.47820 

4.8 

1.58064 

1.40507 

9.8 

2.28528 

1.48927 

4.8 

1.58425 

1.38481 

9.8 

2.28616 

1.47914 

4.9 

1.60078 

1.40841 

9.9 

2.29537 

1.49010 

4.9 

1.60425 

1.38854 

9.9 

2.29623 

1.48006 

5.0 

1.62052 

1.41163 

10.0 

2.30537 

1.49090 

5.0 

1.62386 

1.39213 

10.0 

2.30621 

1.48096 

"(-3)2-| 
5 

-(-3)1- 

-(-r))5-l  r(-5)2" 
_  3  J  L  3 

-  4  J   L  4  _ 

"(-5)5"|  r(-5)2- 
_  3  J  L  3   _ 
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DIGAMMA  FLNCTIO\  FOR  COMPLEX  ARGUMENTS 

x  =  \.o  x=1.6 


Tabic  6.8 


y 

0.0 
0.1 
0.2 
0.3 
0.4 

0.5 
0.6 
0.7 
0.8 
0.9 

1.0 
1.1 
1.2 
1.3 
1.4 

1.5 
1.6 
1.7 
1.8 
1.9 

2.0 
2.1 
2.2 
2.3 
2.4 

2.5 
2.6 
2.7 
2.8 
2.9 

3.0 
3.1 
3.2 
3.3 
3.4 

3.5 
3.6 
3.7 
3.8 
3.9 

4.0 
4.1 
4.2 
4.3 
4.4 

4.5 
4.6 
4.7 
4.8 
4.9 

5.0 


0.03649 
0.04062 
0.05284 
0.07266 
0.09932 

0.13189 
0.16935 
0.21064 
0.25479 
0.30091 

0.34824 
0.39614 
0.44411 
0.49175 
0.53878 

0.58497 
0.63018 
0.67432 
0.71732 
0.75916 

0.79983 
0.83935 
0.87772 
0.91499 
0.95118 

0.98634 
1.02050 
1.05370 
1.08598 
1.11738 

1.14794 
1.17769 
1.20667 
1.23491 
1.26245 

1.28931 
1.31552 
1.34112 
1.36612 
1.39055 

1.41443 
1.43779 
1.46065 
1.48302 
1.50493 

1.52639 
1.54742 
1.56804 
1.58826 
1.60810 


0.00000 
0.09325 
0.18511 
0.27432 
0.35978 

0.44066 
0.51640 
0.58668 
0.65144 
0.71078 

0.76494 
0.81424 
0.85907 
0.89980 
0.93684 

0.97054 
1.00127 
1.02932 
1.05500 
1.07855 

1.10020 
1.12015 
1.13857 
1.15563 
1.17146 

1.18618 
1.19990 
1.21271 
1.22469 
1.23592 

1.24647 
1.25639 
1.26574 
1.27457 
1.28290 

1.29080 
1.29828 
1.30537 
1.31212 
1.31853 

1.32464 
1.33047 
1.33603 
1.34134 
1.34642 

1.35128 
1.35594 
1.36041 
1.36470 
1.36882 


y 

5.0 
5.1 
5.2 
5.3 
5.4 

5.5 
5.6 
5.7 
5.8 
5.9 

6.0 
6.1 
6.2 
6.3 
6.4 

6.5 
6.6 
6.7 
6.8 
6.9 

7.0 
7.1 
7.2 
7.3 
7.4 

7.5 
7.6 
7.7 
7.8 
7.9 

8.0 
8.1 
8.2 
8.3 
8.4 

8.5 
8.6 
8.7 
8.8 
8.9 

9.0 
9.1 
9.2 
9.3 
9.4 

9.5 
9.6 
9.7 
9.8 
9.9 


1.62756 
1.64667 
1.66543 
1.68386 
1.70196 

1.71976 
1.73725 
1.75445 
1.77137 
1.78801 

1.80439 
1.82051 
1.83638 
1.85201 
1.86741 

1.88258 
1.89752 
1.91225 
1.92677 
1.94109 

1.95521 
1.96914 
1.98287 
1.99643 
2.00981 

2.02301 
2.03604 
2.04891 
2.06162 
2.07417 

2.08657 
2.09882 
2.11092 
2.12288 
2.13470 

2.14638 
2.15794 
2.16936 
2.18065 
2.19182 

2.20286 
2.21379 
2.22460 
2.23530 
2.24588 

2.25635 
2.26672 
2.27698 
2.28714 
2.29720 


■Hiz) 
1.37278 
1.37658 
1.38025 
1.38378 
1.38719 

1.39047 
1.39364 
1.39670 
1.39965 
1,40251 

1.40528 
1.40796 
1.41055 
1.41306 
1.41549 

1.41786 
1.42015 
1.42237 
1.42453 
1.42663 

1.42866 
1.43065 
1.43257 
1.43445 
1.43628 

1.43805 
1.43978 
1.44147 
1.44312 
1.44472 

1.44628 
1.44781 
1.44930 
1.45075 
1.45217 

1.45355 
1.45491 
1,45623 
1.45753 
1.45879 

1.46003 
1.46124 
1.46242 
1.46358 
1.46471 

1.46582 
1.46691 
1.46798 
1.46902 
1.47004 


y 

0.0 
0.1 
0.2 
0.3 
0.4 

0.5 
0.6 
0.7 
0.8 
0.9 

1.0 
1.1 
1.2 
1.3 
1.4 

1.5 
1.6 
1.7 
1.8 
1.9 

2.0 
2.1 
2.2 
2.3 
2.4 

2.5 
2.6 
2.7 
2.8 
2.9 

3,0 
3.1 
3.2 
3.3 

3.4 

3.5 
3.6 
3.7 
3.8 
3.9 

4.0 
4.1 
4.2 
4.3 
4.4 

4.5 
4.6 
4.7 
4.8 
4.9 


■''^Mz) 
0.12605 
0.12955 
0.13995 
0.15687 
0.17976 

0.20790 
0.24050 
0.27674 
0.31581 
0.35697 

0.39957 
0.44305 
0.48692 
0.53082 
0.57445 

0.61757 
0.66001 
0.70167 
0.74244 
0.78228 

0.82115 
0.85905 
0.89597 
0.93193 
0.96694 

1.00102 
1.03421 
1.06653 
1.09801 
1.12867 

1.15856 
1.18770 
1.21611 
1.24383 
1.27089 

1.29731 
1.32311 
1.34833 
1.37297 
1.39707 

1.42065 
1.44373 
1.46632 
1.48844 
1.51012 

1,53136 
1,55219 
1,57262 
1,59265 
1.61232 


-y^z) 

0.00000 
0,08566 
0,17023 
0.25268 
0.33214 

0.40789 
0.47942 
0.54642 
0.60875 
0.66642 

0.71957 
0.76840 
0.81319 
0.85423 
0,89183 

0,92629 
0,95790 
0,98693 
1.01363 
1.03824 

1.06096 
1.08197 
1.10144 
1.11953 
1.13635 

1.15204 
1.16668 
1.18039 
1.19324 
1.20530 

1.21664 
1.22733 
1.23741 
1.24693 
1.25594 

1.26448 
1.27257 
1.28026 
1.28757 
1.29454 

1.30117 
1.30750 
1.31354 
1.31932 
1.32485 

1.33014 
1.33522 
1.34009 
1.34476 
1.34925 


y 

5,0 
5.1 
5,2 
5,3 
5,4 

5,5 
5,6 
5,7 
5.8 
5.9 

6.0 
6.1 
6.2 
6.3 
6.4 

6,5 
6,6 
6,7 
6,8 
6,9 

7,0 
7,1 
7.2 
7.3 
7.4 

7,5 
7,6 
7,7 
7,8 
7,9 

8,0 
8,1 
8.2 
8.3 
8.4 

8.5 
8.6 
8.7 
8.8 
8.9 

9.0 
9.1 
9.2 
9.3 
9.4 

9.5 
9.6 
9.7 
9.8 
9.9 


1.62756 

■(-3)r 

4 


rf] 


1.37278    10.0 


2.30716      1,47105        5.0 


[■t1  ['71 


1.63162 
4 


1.35357    10.0 


['-,""]     ['-4^'"] 


1.63162 
1.65057 
1,66919 
1,68748 
1,70546 

1,72313 
1,74051 
1,75760 
1,77441 
1.79095 

1.80724 
1.82327 
1.83906 
1.85460 
1.86992 

1.88501 
1.89989 
1.91455 
1.92900 
1.94326 

1.95731 
1.97118 
1.98487 
1.99837 
2.01169 

2.02485 
2.03784 
2.05066 
2.06332 
2.07583 

2.08819 
2.10040 
2.11246 
2.12439 
2.13617 

2.14782 
2.15934 
2.17073 
2.18199 
2.19313 

2.20415 
2.21504 
2.22583 
2.23650 
2.24706 

2.25751 
2.26785 
2.27809 
2.28822 
2.29826 

2.30820 


■Hiz) 
1,35357 
1,35773 
1,36173 
1,36558 
1,36930 

1,37289 
1,37635 
1,37969 
1,38293 
1,38605 

1,38908 
1.39200 
1.39484 
1.39759 
1.40025 

1.40284 
1.40534 
1.40778 
1.41014 
1.41244 

1.41467 
1,41684 
1,41895 
1,42101 
1,42301 

1,42496 
1,42686 
1,42871 
1.43051 
1.43227 

1.43398 
1.43565 
1.43728 
1.43888 
1.44043 

1.44195 
1.44344 
1.44489 
1.44631 
1.44770 

1.44905 
1.45038 
1.45168 
1.45295 
1.45420 

1.45542 
1.45661 
1.45778 
1.45892 
1.46005 

1.46115 

['7'-'] 


Jtt  tanh  TTii ^"^ 

4/+1 
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Table  6.8 

DIGAMMA  FINCTION  FOR  COMPLEX  ARGl  MEN 

rs 

y 

^^C:) 

■f^(z) 

y^iz) 

'/ 

^r^(z) 

■y^(z) 

'/ 

■i^^(z) 

■/^(z) 

0.0 

0.20855 

0.00000 

5.0 

1.63603 

1.33453 

0.0 

0.28499 

0.00000 

5.0 

1.64078 

1.31566 

0.1 

0.21156 

0.07918 

5.1 

1.65482 

1.33902 

0.1 

0.28760 

0.07358 

5.1 

1.65939 

1.32048 

0.2 

0.22050 

0.15747 

5.2 

1.67328 

1.34335 

0.2 

0.29537 

0.14644 

5.2 

1.67769 

1.32513 

0.3 

0.23511 

0.23407 

5.3 

1.69142 

1.34752 

0.3 

0.30809 

0.21792 

5.3 

1.69567 

1.32961 

0.4 

0.25494 

0.30824 

5.4 

1.70926 

1.35154 

0.4 

0.32541 

0.28740 

5.4 

1.71336 

1.33393 

0.5 

0.27945 

0.37937 

5.5 

1.72680 

1.35543 

0.5 

0.34693 

0.35437 

5.5 

1.73076 

1.33810 

0.6 

0.30803 

0.44701 

5.6 

1.74405 

1.35918 

0.6 

0.37215 

0.41842 

5.6 

1.74787 

1.34213 

0.7 

0.34001 

0.51086 

5.7 

1.76102 

1.36280 

0.7 

0.40053 

0.47928 

5.7 

1.76472 

1.34603 

0.8 

0.37474 

0.57074 

5.8 

1.77772 

1.36630 

0.8 

0.43155 

0.53675 

5.8 

1.78130 

1.34979 

0.9 

0.41161 

0.62661 

5.9 

1.79416 

1.36969 

0.9 

0.46469 

0.59076 

5.9 

1.79762 

1.35344 

1.0 

0.45005 

0.67852 

6.0 

1.81034 

1.37297 

1.0 

0.49947 

0.64131 

6.0 

1.81369 

1.35697 

1.1 

0.48957 

0.72661 

6.1 

1.82627 

1.37614 

1.1 

0.53546 

0.68847 

6.1 

1.82952 

1.36038 

1.2 

0.52973 

0.77107 

6.2 

1.84196 

1.37922 

1.2 

0.57226 

0.73237 

6.2 

1.84511 

1.36369 

1.3 

0.57018 

0.81211 

6.3 

1.85742 

1.38220 

1.3 

0.60955 

0.77316 

6.3 

1.86047 

1.36690 

1.4 

0.61063 

0.84996 

6.4 

1.87266 

1.38509 

1.4 

0.64706 

0.81103 

6.4 

1.87561 

1.37001 

1.5 

0.65085 

0.88488 

6.5 

1.88767 

1.38789 

1.5 

0.68455 

0.84617 

6.5 

1.89053 

1.37303 

1.6 

0.69065 

0.91710 

6.6 

1.90246 

1.39061 

1.6 

0.72184 

0.87877 

6.6 

1.90525 

1.37596 

1.7 

0.72990 

0.94685 

6.7 

1.91705 

1.39326 

1.7 

0.75879 

0.90903 

6.7 

1.91975 

1.37881 

1.8 

0.76849 

0.97436 

6.8 

1.93143 

1.39582 

1.8 

0.79528 

0.93713 

6.8 

1.93406 

1.38158 

1.9 

0.80636 

0.99982 

6.9 

1.94562 

1.39832 

1.9 

0.83122 

0.96326 

6.9 

1.94817 

1.38426 

2.0 

0.84345 

1.02342 

7.0 

1.95961 

1.40074 

2.0 

0.86655 

0.98757 

7.0 

1.96210 

1.38688 

2.1 

0.87973 

1.04533 

7.1 

1.97342 

1.40310 

2.1 

0.90123 

1.01022 

7.1 

1.97583 

1.38942 

2.2 

0.91519 

1.06570 

7.2 

1.98704 

1.40539 

2.2 

0.93523 

1.03136 

7.2 

1.98939 

1.39189 

2.3 

0.94981 

1.08468 

7.3 

2.00048 

1.40762 

2.3 

0.96853 

1.05110 

7.3 

2.00277 

1.39430 

2.4 

0.98362 

1.10238 

7.4 

2.01375 

1.40980 

2.4 

1.00111 

1.06957 

7.4 

2.01598 

1.39664 

2.5 

1.01661 

1.11893 

7.5 

2.02685 

1.41191 

2.5 
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DIGAMMA  FUNCTION  FOR  COMPLEX  ARGLMENTJS 
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Figure  7.3.     Altitude  Chart  of  w{z). 


7.1.13 


1 


a;+Va^+2 


<e 


Inequalities  [7.11],  [7.17] 
1 


X 


e-'^dt< 


(For  otlier  inequalities  see  [7.2].) 


(a;>0) 


Continued  Fractions 


7.1.14 


/: 


2en      e-''dt^^q^^^ 

z-\-  z-\-  z-j-  z-\-  z-\- 


(^z>0) 


^J-»   z-t 


■\T 


''dt_J_y2J_S/2J__ 
z—  z—  z—  z—  z— 

1  n        JJin) 

=-f  lim  S 


-y'-TT  «-»<»    k=\  Z  —  X 


-r^") 


(J^2  5^0) 


x^"^  and  fl";^">  are  the  zeros  and  weight  factors  of 
the  Hermite  polynomials.  For  numerical  values 
see  chapter  25. 

Value  at  Infinity 
7.1.16     erf  z-^\  {z^<^  m  |arg  A<^^ 

Maximum  and  Inflection  Points  for  Dawson's 
Integral  [7.31] 


nx) 


--i 


e'^dt 


7.1.17  F(.92413  88730  .  .  .  )  =  . 54104  42246  .  .  . 

7.1.18  i^(l. 50197  52682  .  .  .  )  =  . 42768  66160  .  .  . 

Derivatives 

7.1.19 

^^eviz={-lY  ~Hn{z)e-^        (n=0,l,2,  .  .  .) 
7.1.20 

yj(n+2)  (2)  +22'm;(«+i>  (2)  +2(ri+ 1)^^"^  (3)  =0 

(n=0,l,2,  ...) 

W(0)(2)  =  w?(2),  ^'(3)  =  _22t^(2)4-?^ 

■yTT 

(For  the  Hermite  polynomials  Hn{z)  see  chapter 
22.) 

Relation  to  Confluent  Hypergeometric  Function   (see 

chapter  13) 
7.1.21 

erf  .=|mQ,  I  -.^)=|  e-'M{l,  |  z^) 

The  Normal  Distribution  Function  With  Mean  m  and 
Standard  Deviation  a  (see  chapter  26) 


rV2 


7.1.23 

V^2e^'erfc2~l  +  Z)  (-1) 


Asymptotic  Expansion 

1-3  ..  .  (2w-l) 


m  =  \ 


(22^)'" 

(z-^co,  |arg2J<^j 
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If  R^iz)  is  the  remainder  after  n  terms  then 


7  1  ■"'4 


f  \~'"* 


dt 


(!a.?-'l<i) 


For  X  real.  i?,(x)  is  less  in  absolute  value  than 
the  first  neglected  term  and  of  the  same  sign. 


Rational  Approxunations  '  (0  <x<  <=  ) 


Infinite  Series  Approximation  for  Complex  Error 
Function  [7.19] 

7.1.29 

erf  (jr+ii/)=erf  a:+2—  [(1— cos  2xy)-{-i  sin  2xy] 


r.1.25 


erf  x=l-iait^(ht'-^(ht^)e-''-\-€(x),  '=]Tr 

|6(x)[<2.5X10-' 


^px 


/)  =  . 47047        ai  =  .34S02  42        02=  — -09587  98 

03=. 74785  56 
7.1.26 

erf  J-=l-  a-J-a-:t'^—a3e+aJ*4-a5t^e-''-he{x), 

f€(x)i<  1.5X10-' 

i5  =  . 32759  11         ai  =  . 25482  9592 

a2=-J2S449  6736         03=1-421413741 

a^=  — 1.45315  2027         05=1-06140  5429 


7.1.27 

erf  7=1 


[1 —(iiX-ra^j-^-j-aajr^ +a4X*]'* 
|e(jr)|<5X10-' 

Oi  =  .278393        a. = .230389 
a3=.OC0972        04= -078108 


7.1.28 

erfx  =  l- 


il-raiX~ra-:ijr-r  ■  ■  •  -ra^x^ 
l«(x)l<3X10-' 


U6  +  *(^) 


ai=. 07052  30784  a.,=. 04228  20123 
a^=  .00927  05272  0^=  .00015  20143 
05=00027  65672        a,=  .00004  30638 


-  Approximatioas  T.1.2o-7.1.28  are  from  C.  Hastings,  Jr., 
Approximations  for  digital  computers.  Princeton  Univ. 
Pre:?.^.  Princeton,  N.  J.,  1955  C^ith  permission). 


where 

/»(^>y)=2j'— 2^  cosh  ny  cos  2xy-\-n  sinh  ny  sin  2xy 
Qnix,  y)=2x  cosh  ny  sin  2xy-\-n  sinh  ny  cos  2xy 

|€(a:,y)i-10-i«|erf  (x-f-iy)| 

7.2.  Repeated  Integrals  of  the  Error  Function 

Definition 
7.2.1 

i*  erfc  3=  I     i"-^  erfc  t  dt        (ri=0, 1,2,...) 

2     _  2    . 
i  *  erfc  -=-^  €  ■  ,  i°  erfc  2=erfc  z 

Differential  Equation 


7.2.2 


^+2^-  ^-2nv=0 


y=^-li''  erfc  i  +  Si"  erfc  (—2) 
{A  and  5  are  constants.) 

Expression  as  a  Single  Integral 

o     C"  (f -"l" 

7.2.3  i''ert'c2=^         ^      .^     6-''<f< 


7.2.4  i»  erfc  £=X) 


Power  Series  ^ 

(-1)*2* 


*=^2«-*A-!r(i+^) 


7.2.5 


Recurrence  Relations 


i*  erfc  2=—-  i"  '  erfc  2+;^-  i"  '  erfc  2 
n  2n 

(n=l,2,3,...) 

7.2.6 

2(n-fl)(n+2)i"+2erfc  2 

=  (2Ai+l+22-)i"  erfc  2-^  i»-=  erfc  2 

(n  =  l,2,3,  ...> 


'  The   terms   in   this  series  corresponding  to   k  =  n-\-'2, 
n4-4,  n  +  6,  .  .  .  are  understood  to  be  zero. 
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7.2.7 
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Value  at  Zero 


i"  erfc  0=- 


2"r 


a-o 


(n=-l,0,l,2,  ...) 


0  1.2  1.4  1.6  1.8 


Figure  7.4.     Repeated  Integrals  of  the  Error  Function. 
r=2-r(|-fl)i-erfcx 
n=0, 1,  2.  4,  8, 14,  22 


Derivatives 

7.2.8     ^^i'-erfc  2=-i''-ierfc  2       (n=0, 1,2,  .  .  .) 
az 

7.2.9 


dz 


-  (e'^  erfc  2)  =  (-l)"2Vt!e^V  erfc  z 


(71=0,1,2,...) 


Relation  to  Hhniz)  (see  19.14) 

7.2.10  i"  erfc  -^=^2^^i  HK{y1z) 

Relation    to    Hermite    Polynomials    (see    chapter    22) 


7.2.11     (-l)'4''erfc  2  +  i"erfc  (-2)^ 


2"-^! 


Hn{iz) 


Relation   to  the  Confluent  Hypergeometric   Function 
(see  chapter  13) 

7.2.12 


i"  erfc  z=e  ^* 


1 


2T 


(1-0 


M 


/n+1   1     2\ 


.-r(^) 


-m(^+i,%^' 


.2  '     '2 


Relation  to  Parabolic  Cylinder  Functions  (see 
chapter  19) 


7.2.13 


7.2.14 


i"  erfc  g=(2"-V)*  ^-"-1(2^2) 

Asymptotic  Expansion 


i"  erfc  2~-^ 


2      e- 


-iS 


(— l)'"(2m+7i)! 


V^(22)''+i^o      n!m!(22)2™ 

(^2^00,  jarg  2| 

7.3.  Fresnel  Integrals 
Definition 


<¥) 


7.3.1  C(2)=  rcos('|<2')^t 

7.3;2  S{z)={\m(^t^\dt 


The  following  functions  are  also  in  use 
7.3.3 

Ci  (x)=J-  r  cos  f2(f^,  Ciix) 

7.3.4 


-v27rJo     V^ 


Auxiliary  Functions 


7.3.5 


/(.)=[i-S(.)]  COS  (I  .-)-[i-C(.-)]sin  (I  .') 

7.3.6 

i,(^)=[i-C(z)]  cos  (I  ^»)+[l-S(r)]sin  (|  z') 


Interrelations 


7.3.7  Cix)=C,(^x^^=C,.(^x^ 


7.3.8  Six)  =  S^  (^y[l)=S2  (I  x^) 

7.3.9  C(z)^l+f(2)  sin  (|  z'^-giz)  cos  (^  z'^ 

7.3.10  5'(2)=|-/(2)  cos  (^  z'^-g(z)  sin  (^  z'^ 

Series  Expansions 

7  ^  11        r(2)=T^  (— l)"(7r/2)'"'     .„^j 
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7.3.12 


7.3.13 


Ciz)=cos(lz^)±- 


(-l)V 


3  .  .  .  (4w+l) 

(_l)n^2n+l 


3  .  .  .  (4ri+3) 


■,4n+l 


,4n+3 


"  _(-lVV/2)^^ 
^^     J^o  (2n+l)!(4n+3)  ^ 


4n+3 


Figure  7.5.     Fresnel  Integrals. 
y=Cix),y=S(i) 


\2     /  „=o  1  •  3  .  .  .  (4? 


(4n+3) 


7.3.15  C2{z)=Jy2(z)'^Js/2iz)+J,/2(z)+  .  .  . 

7.3.16  *S'2(2)=J3/2(2)+J7/2(2)+Jll/2(2)+    .   .   . 

For  Bessel  functions  Jn+u2(z)  see  chapter  10. 

Symmetry  Relations 

7.3.17  C(-z)  =  -C(z),    S(-z)  =  -S(2) 

7.3.18  C{iz)=iC{z),    S(iz)  =  -iS(z) 

7.3.19  Ciz)=C{^,    S(^)=S(z) 


,4n+3 


,4n+l 


Value  at  Infinity 


7.3.20 


C(x)^, 


Six)- 


1 


(X^co) 


Derivatives 


Relation  to  Error  Function  (see  7.1.1,  7.1.3) 


7.3.22 


7.3.23  g(x)=^^^  w  [^  (l+i)x]| 

7.3.24  /(x)=J^|^^[^(l+i)x]j^ 

Relation  to  Confluent  Hypergeometric   Function  (see 
chapter  13) 

7.3.25 

C{z)-\-iS(z)  =  zMQ,l,ilz''^ 

Relation  to  Spherical  Bessel  Functions  (see  chapter  10) 

7.3.26     C2{z)=^^j^  J-i(t)dt,S2iz)=^£  JUt)dt 
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7.3.28 

rzg{z)^iZ  (-1)' 


1.3...  (4m  +  l) 


jn=0 


(ttS^) 


2'\2nH-l 


^2_^oo,  |arg2|<|j 


If  B\!^{z),  Rn^\z)  are  the  remainders  after  n  terms 
in  7.3.27,  7.3.28,  respectively,  then 

7.3.29 


(^2^)^ 


e^f": 


T{2n- 


7.3.30 


i?;"(4=(-i)"i^^^(#ti),«,, 


0^*': 


r(2n- 


7.3.31     \d'^'\<\Ad^''\<\  (|arg2|<|) 

For  X  real,  Rl!\x)  and  R\^^{x)  are  less  in  absolute 
value  than  the  first  neglected  term  and  of  the 
same  sign. 

Rational  Approximations  *  {0<x<  oo) 
7.3.32 

1  +  .926Z  ,    ,_,  ,  /„M^ox,-,A-3 


f{x)  = 
7.3.33 

g(x)= 


2  +  1.792z+3.104z2 


2+4.1422+3.492x2+6.670x3 


f€(x)  |e(x)|<2XlO- 


■:{X) 


|c(x)|<2X10-3 

(For  more  accurate  approximations  see  [7.1].) 

7.4.  Definite  and  Indefinite  Integrals 

For  a  more  extensive  list  of  integrals  see  [7.5], 
[1.8],  [7.15]. 


7.4.1 


J  I  CD  ' 


*  Approximations  7.3.32,  7.3.33  are  based  on  those  given 
in  C.  Hastings,  Jr.,  Approximations  for  calculating  Fresnel 
integrals,  Approximation  Newsletter,  April  1956,  Note  10. 
[See  also  MTAC  10,  173,  1956.] 


FRESNEL    INTEGRALS 

7.4.2 

7.4.3 


e     «    erfc—         (^a>0) 


e  -"'  -'2(/f=-^-e-2Va''  (^a>0,  m>0) 

'  0  ^  jI  Q, 

7.4.4 


7.4.5 


j: 


71! 


t2n+ie-at^dt=,r-^,  i^a>0;n=0, 1,  2, . . .) 


2a 


7.4.6 


e-'^'  cos  (2x0c?< 


1    ^   -^ 
=2Va^    " 


(^a>0) 


7.4.7 


e-'^'sin  (2x0c?^=^e-^'/''        ^\i'dt 
J  0  Vtt  *f  0 


(^a>0) 


7.4.8 


r  -dM=^lle<'^'  evicy'^z  (^a>0,  ^2>0) 

Jo   ^^  +  02     \a 


7.4.9 


^t{t+z)     yZ 


(^a>0,  2?^0,|arg2|<T) 


7.4.10 


(a>0,  x>0) 


7.4.11 


7.4.12      r^^^=^^°[l-(erfVa)^]         (a>0) 


7.4.13 


r°    ,  ^'"'?/   ,=7r  ^^;(x+iy)  (xreal,2/>0) 


•See  page  ii. 


7.4.14 
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7.4.15 


Jo    "t' 


(zreal,y>0) 


7.4.16 


2xye-'  dt 


^v  jW{x-\-{y) 


r  2r 

Jo    t*-2(x2-y2)<=^+(x2+2/')'     2"      y-ix 

(zreal,y>0) 


7.4.17 


a* 

f"  e-°'  erf  6^  c^f  =-  e^'  erfc   ^ 
Jo  « 


26 


(^a>0,  |arg  6|<^) 


7.4.18 


j: 


sin  (2a<)  erfc  6i  dt=^  [\-e-"'''>n{a>0,m>Q) 


7.4.19 


f  "6-  eriyfbtdt^U-^        G^(a+6)>0) 
Jo  aV<^- 


7.4.20 

e""'  erfc 


r  e-"'  erfc  J^dt=^e-'^        {^a>0,  ^6>0) 


7.4.21 


V6(V^+V6) 


7.4.22 


j;.-..-f)..=i[i-c(iv?)j 


+ 


iB-<iV;)J  ^^">»^ 


7.4.25 


Q-S'  ("Y^^)]  sin  (ab)  \     (^a>0,  ^6>0) 


+ 
7.4.26 


7.4.27 


7.4.28 


7.4.29 

j: 


ttJ         2a(^/a'-{-l-a)i^/a^+l 


(^a>0) 


7.4.30 


/;.-«.  cos  ,v.=vKG-<5V;)]-(i) 


7.4.23 


r--(V?)^'^ 


2a(Va'+l+a)S''a^+l 


(^a>0) 


•"1  r{[i-^('>]+B-«(«]i'«=i 


7 
7.4.32 


r-(ax2+26^+c)^2._l    /![g  *  a"  erf  ('vax+-^^+const. 

(a  5^0) 
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7.4.38 


+  6-^*erf('aa:-^')1+const.         (a5^0) 


7.4.34 


+  if( |-^aJ;)   +  const.         (a?^0) 

7.4.35         erf  xdx=x  erf  x-\ — p  e"^^+const. 


J' 


V^ 


7.4.36 


fe"  erf  6x(ix=^re'"  erf  bx-e*^  erf  (^-c-^")  1 

+const.         (o?^0) 
7.4.37 

+i  e"-|[«)(v5i+i  -^1)+'"  (-VSi+i  "^')]} 


I  COS  (ax^+26x4-c)(f2 

+sin(^^)s[^/|(ax+6)]}+const. 


7.4.39 


+  const.         (a7»^0) 


sin  (ax^-\-2bx-{-c)dx 

—  sin  f j  C    -W—  (ax+6)     >-+const. 

7.4.40  fc(x)dx=xC(x)~  sin  (^^  y^V  pQ^g^^ 

7.4.41  ^S{x)dx=xS(x)+^  cos  ("^  xA+const. 


Numerical  ^Methods 
7.5.  Use  and  Extension  of  the  Tables 


Example   1.     Compute    erf    .745    and   g-'-'*^^ 
using  Taylor's  series. 

With  the  aid  of  Taylor's  theorem  and  7.1.19 

it  can  be  shown  that 

erf  (xQ-\-ph)=eTf  Xq 

+;^  e-^oph  ^l-phxo+^p'h'{2xl-l)']+e 


g-(Xi+pft)2_g. 


■^o[l-2phx^+pW  (2x^-1) 


where   |eI<1.2X10-^°,    l77l<3.2X10-^°  if  h=lO-\ 
\p\^h     With  Xo=.74.  p  =  .o  and  using  Table  7.1 


erf  .745  =  . 70467  80779  + (.5)  (.00652  58247)  X 
[1  -  (.005)  (.74)  +  (.00000  83333)  (.0952)] 

=  .70792  8920 

g_(.745)2=:vV  (.65258  24665)  [1-.0074 

+  (.000025)  (.0952)  +  (.00000  00833)  (.74)  (1 .9048) ] 

=  .57405  7910. 

As  a  check  the  computation  was  repeated  with 
Zo=-"5,  ^=  —  .5. 

Example  2.     Compute  erfc  x  to  5S  for  a;=4.8. 

We  have  l/x2=. 0434028.  With  Table  7.2  and 
linear  interpolation  in  Table  7.3,  we  obtain 


erfc  4.8=^  (1.11253)(10-^°)(.552669)  ^ 


=  (1.1352)10-". 


ERROR    FUNCTION   AND    FRESNEL   INTEGRALS 


305 


Example   3.     Compute   e"^'  I   e'*dt    to    5S    for 
2=6.5. 

With   l/a:^^  0236686   and    linear   interpolation 
in  Table  7.5 


,-(6 


5>'r'V</^=(.506143)/(6.5)  =  .077868. 


Example  4.  Compute  i^  erfc  1.72  using  the 
recurrence  relation  and  Table  7.1. 

By  7.2.1,  using  Table  7.1, 

i-ierfc  1.72  =  .05856  50. 

Using  the  recurrence  relation  7.2.5  and  Table  7.1 

i  erfc  1.72= -(1.72) (.01499  72) +  (.5) (.05856  50) 

=  .0034873 
i^  erfc  1.72= -(.86) (.0034873) +  (.25) (.01499  72) 

=  .0007502. 

Note  the  loss  of  two  significant  digits. 

Example  5.  Compute  i*  erfc  1.72  for  k=\,  2,  3 
by  backward  recurrence. 

Let  the  sequence  vfl!{x){n=m,  m—\,  .  .  .,  1,  0, 
—  1)  be  generated  by  backward  use  of  the  recur- 
rence relation  7.2.5  starting  with  w^+2=0,  ^^+1  =  1- 
Then,  for  any  fixed  k,  (see  [7.7]), 


lim  ^^=^  e^'i'  erfc  x       {x>0). 


With  x=1.72,  m=15  we  obtain 


M 

u'l.'a.72) 

M 

"'"(1.72) 

M 

M'i'(1.72) 

M 

«'i'(1.72) 

17 
16 
15 
14 
13 

0 
1 
3.44 

(1)  4.3834 

(2)  2.5399 

12 
11 
10 
9 

8 

(3)  2.1011 

(4)  1.3831 

(4)  9.8005 

(5)  6.4143 

(6)  4.1666 

7 
6 
5 
4 
3 

(71  2.5879 
(8)  1.5569 

(8)  8.9787 

(9)  4.9570 
(10)  2.6031 

2 

1 

0 

-1 

(11)  1.2920 

(11)  6.0064 

(12)  2.5830 

(13)  1.0087 

o 

From  Table  7.1  we  have  ^  e" "-^2)2^ -053565 

Thus, 

i  erfc  1.72  « (.058565) (6.0064 X10'')/l. 0087 XIO'3 

=  3.4873X10"^ 

i^  erfc  1 .72  « (.058565)  (1 .2920  X  10")/1 .0087  X 10'' 

=  7.5013X10-* 

i'  erfc  1.72«(.058565)(2.6031X10"')/1.0087X10'3 

=  1.5114X10-". 

Example  6.     Compute  C(8.65)  using  Table  7.8. 
With  x=8.65,  l/a:=.n5607  we  have  from  Table 
7.8  by  linear  interpolation 

/(8.65)  =  .036797,  5f(8.65)  =  .000159. 
From  Table  4.6 

sin  (^  x2\     _  ggj3g2^  cos  (^  x^\=-.27b2lS. 

Using  7.3.9 

C(8.65)  =  .5+ (.036797)(-. 961382) 

-  (.000159)  (-  .275218)  =  .46467. 

Example  7.     Compute  *S'i(l.l)  to  lOD. 
Using  7.3.8  and  7.3.10  we  obtain  by  6-pt  inter- 
polation in  Table  7.8 

>S,(l.l)=^(l.l^^) 

=5'(.87767  30169)  =  .31865  57172. 

Example  8.     Compute  <S'2(5.24)  to  6D. 
Enter  Table  7.7  in  the  column  headed  by  u- 
Using  Aitken's  scheme  of  interpolation 


5.  20310  58 
5. 31808  80 
5. 08938  01 
5.  43432  70 
4.97691  11 


Sj(w) 


43280  06 

.  03689  42 

41573  97  - 

-.  07808  80 

. 42732  63 

45093  88 

.  15061  99 

691  63 

. 42718  63 

39999  44  - 

-.19432  70 

756  60 

6  52 

.42717  71 

46990  94 

.  26308  89 

674  79 

9  39 

61 

. 42717  67 


^'2(5.24)  =  . 427177 

Example  9.     Compute  »S'2(5.24)  using  Taylor's 
series  and  Table  7.8. 

Using  7.3.21  we  can  write  Taylor's  series  for/2  {u) 

=j  ( -*/ —  )  and  Qi  (u)  =g  (-J—Jm  the  form 
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^2(w)  =  —  Ci-\-C2(u—Uo) 

+|t  (^-^o)^+|  (u-u,y+ . . .], 
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By  numerical  integration,  using  Table  9.1, 


where 

Co=/2  (wo)  ,Ci=  —  g2  (uo) , 

l-3...(2k-l) 
Ct+2=-Ct+(-l)* — - — ,-    .^ 
V27rUo(2uo)* 

(A:  =  0,  1,2,  .  .  .)• 

Consulting  Table  7.8  we  chose  Wo=l/.185638 
=  5.386819,  thus  having  w-Wo=5.24-5.386819 
=  -  .146819.     From  Table  7.8 

/2(uo)  =  .168270,  ^2(wo)  =  .014483. 

Hence,  applying  the  series  above, 

/2(5.24)  =  .170436,  fif2(5.24)  =  .015030. 

Using  the  4th  formula  at  the  bottom  of  Table  7.8 

5'2(5.24)  =  .5-  (.170436)  (.503471) 

-  (.015030)  (-  .864012)  =  .42718. 

Example  10.     Compute  52(2)  using  7.3.16. 
Generating  the  values  of  J'„+j(2)  as  described 
in  chapter  10  we  find 

5-2(2)  =J3/2(2)+J7/2(2)+Jn/2(2)+Ji5/2(2)+     .     .     . 

=  .49129  +  .06852  +  .00297  +  .00006  =  . 56284. 

r°°  Y  (t) 

Example  11.  Compute  °      dt  by  numerical 

integration  using  Tables  9.1  and  7.8.     [Yo{t)  is  the 
Bessel  function  of  thesecond  kind  defined  in  9.1.16.] 
We  decompose  the  integral  into  three  parts 

j'  Yo(t)  j=f^'  Yoit)  f+£  [Yo{t)-Yo(t)]  ^ 

r*  ~      dt 

+        Yoit)^ 

J 10  f 


where 
Yo(t)={  1 


^H'-ik^ 


sin(t-l) 


^|^t 


\       128iV 


cos 


(-i) 


8«>V^ 


represents  the  first  two  terms  of  the  asymptotic 
expansion  9.2.2. 


I 


^°  dt 

I^o(0-r=.41826  00. 
1  t 


Using  the  fact  that  the  remainder  terms  of  the 
asymptotic  expansion  are  less  in  absolute  value 
than  the  first  neglected  terms,  we  can  estimate 


|j;:in(o-f.(o,f|.^£P-i;i^' 


-11/2 


3^=  •  5'  •  7^  •  9^ 
2^5  •  5! 


Finally, 


-13/2 


c?^  =  7.33X10- 


Ji( 


-»         dt      14fi.'iQ    ^ 

1^0(0  f=^A^[l-a(10)-S2(10)] 

5953819  cos  10— sin  10 


2688000  ^Tott 

23107    cos  10+sin  10 


2150400         ^/To;^ 
using  Tables  7.8  and  4.8.     Hence 


=  -.02298  78, 


/. 


dt 


5^o(0-r=-41826  00-.02298  78=.39527  22. 
I  * 


The  answer  correct  to  8D  is  .39527  290    (Table 
11.2). 

Example  12.  Compute  w(.44  +  .67i)  using  bi- 
variate  linear  interpolation. 

By  linear  interpolation  in  Table  7.9  along  the 

x-direction  at  ?/=.6  and  y—.l 

w(.44  +  .6i)«.6(.522246  +  .167880i)  +  .4(.498591 

+  .202666i)  =  .512784  +  .181794z 

w(.44  +  .7i)«.6(.487556  +  .147975i)  +  .4(.467521 

+  .179123i)  =  . 479542  +  . 160434/. 

By  linear  interpolation  along  the  ?/-direction  at 
2  =.44 

w(.44  +  .67i)«.3(.512784  +  .181794i)  +  .7(.479542 
+  .160434i)  =  .489515  +  .166842i 

The  correct  answer  is  .489557 +  .166889i. 

Example  13.     Compute  ^w(2)  for  2=.44  +  .61z. 

Bivariate  linear  interpolation,  as  described  in 
Example  12,  is  most  accurate  if  z  lies  near  the 
center  or  along  a  diagonal  of  one  of  the  squares 
of  the  tabular  grid  [7.6].  It  is  not  as  accurate  for 
z  near  the  midpoint  of  a  side  of  a  square,  as  in  this 
example.     However,  we  may  introduce  an  auxil- 


■^- 


ERROR    FUNCTION    AND    FRESNEL   INTEGRALS 


307 


iary  square  (see  diagram)  which  contains  z  close 
to  its  center.  Bivariate  Unear  interpolation  can 
then  be  appHed  within  this  auxiliary  square. 

The  values  of  1^(2)  needed  at  2=^1,  and  2=^2 
are  easily  approximated  by  the  average  of  the  four 
neighboring  tabular  values.  Furthermore  the 
parts  to  be  used  are  given  by 


ho-fif 


I  20-^2! 


Zo»QI 


where  2=2o+.l(Pi+'ip2).  Thus,  with  2o=.4  +  .6i, 
fi=.45+.652,  f2=.45  +  .55i,  Pi=.4,  P2=.l,  we  get 
from  Table  7.9 

^w(ri)  «K-522246  +.498591  +  .487556  +  .467o21) 

=  .493979 

^«>(f2)«K-522246 +  .498591 +  .561252 +  .533157) 

=  .528812 

^^(2)  «[1- (.4  +  . 1)]{[1- (.4-. 1)1.522246 

+  (.4-.l).528812}  +  (.4  +  .l)X 
{ [l-(.4-  .1)1    .493979  +  (.4-.l).498591 }  =  .509789. 

The  correct  answer  is  .509756.  Straightforward 
bivariate  interpolation  gives  .509460. 

Example  14.  Compute  J^iy(.39  +  .61i)  to  6D 
using  Taylor's  series. 

Let  2  =  .39  +  .61i,  2o  =  .4  +  .6i.  From  7.1.20, 
and  using  Table  7.9,  we  have 

«;(2o)  =  . 522246 +  .1678801 

w'(2o)  =  -.21634  +  .36738i,  2-20=  (-1+^)10-2 
^"(2o)=-.215-.185i,  (2-2o)2=-2iX10-* 

J^w(2)  =  .  167880 -.002 1634 -.0036738 

+  .0000430=. 162086. 

Example  15.     Compute  ■U7(.4—l. Si). 
From  7.1.11,  7.1.12 


w(.4-1.3i)  =  w(-.4-1.3i)=2e-^''-'-3"' 


-'^(.4+1.32). 


Usmg  Tables  7.9,  4.4  and  4.6 

«j(.4-1.3i)=4.33342  +  8.0420H. 

273-888  0-67— 21 


Example  16.     Compute  ^(7  +  22). 

Using  the  second  formula  at  the  end  of  Table  7.9 


i/;(7+2i)  =  (-2+7i)(^ 


.5124242 


44.72474+28i 
.05176536 


42.27525+28i 


)=■ 


021853+.075010i. 


Example  17.    Compute  erf  (2+i). 
From  7.1.3,  7.1.12  we  have 


.-^2 


erf  2=1— e-'iz;(i2)  =  l— e''''-^''(cos  2x\f 


—i  sin  2xy)w(y-\-ix)         (z=x-'riy). 
Using  Tables  7.9,  4.4,  4.6 


erf  (2+i)  =  l— e  ^  (cos  4— i  sin  4)w(l+2i) 

=  1.003606-.0112590i 

Example  18.     Compute  Si((  x+i  )  V2  )• 
From  7.3.22,  7.3.8,  7.3.18  we  have 

_l±i,-.=„[(i_i)^]. 

Setting  z  =(  ^+i  )  ^/2  and  making  use  of  7.1.11, 
7.1.12,  and  Table  7.9 

S,((i+i)V2)= 


i     l—i 


(cos|-isin|)^Q+|i) 


,  1+i    2/       3,  .    .     3\      /3,  1  A 
4.__  e^  (^cos  2+i  sm -J  1^  (^-+- ij 


Example  19.     Compute  I 


=  -.990734-.681619i. 

-(i/4)r2-3«cos(20(^< 


using  Table  7.9. 

Setting  b=y-^ix,  e=0  in  7.4.2  and  using  7.1.3, 
7.1.12  we  find 


j: 


C-«"-W  COS 


{ay>0,x,y  real). 
Hence  from  Table  7.9 

r"^_„/4)«»-3,  (.Qs  (20(/«=V^^w(2+3i)  =  . 231761. 
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Table  7.1 


ERROR  Fl  NCTION  AND  ITS  DERIVATIVE 


.1- 

2  .,-.' 

erf  r 

J- 

2  .-.3 
\7r 

erf 

.r 

0.00 

1.12837  91671 

0.00000  00000 

0.50 

0.87878  25789 

0.  52049 

98778 

0.01 

1.12826  63348 

0.01128  34156 

0.51 

0.86995  15467 

0,52924 

36198 

0.02 

1.12792  79057 

0.02256  45747 

0.52 

0.86103  70343 

0.53789 

86305 

0.03 

1.12736  40827 

0.03384  12223 

0.53 

0.85204  34444 

0.  54646 

40969 

0.04 

1.12657  52040 

0,04511  11061 

0.54 

0.84297  51813 

0,  55493 

92505 

0.05 

1.12556  17424 

0.05637  19778 

0.55 

0.83383  66473 

0,  56332 

33663 

0.06 

1.12432  43052 

0. 06762  15944 

0.56 

0.82463  22395 

0,  57161 

57638 

0.07 

1.12286  36333 

0,07885  77198 

0.57 

0.81536  63461 

0.57981 

58062 

0.08 

1.12118  06004 

0.09007  81258 

0.58 

0.80604  33431 

0,  58792 

29004 

0.09 

1.11927  62126 

0.10128  05939 

0.59 

0.79666  75911 

0,59593 

64972 

0.10 

1.11715  16068 

0.11246  29160 

0.60 

0.78724  34317 

0,  60385 

60908 

0.11 

1.11480  80500 

0.12362  28962 

0.61 

0.77777  51846 

0,61168 

12189 

0.12 

1.11224  69379 

0.13475  83518 

0.62 

0.76826  71442 

0,61941 

14619 

0.13 

1.10946  97934 

0.14586  71148 

0.63 

0.75872  35764 

0,62704 

64433 

0.14 

1.10647  82654 

0.15694  70331 

0.64 

0.74914  87161 

0.63458 

58291 

0,15 

1.10327  41267 

0,16799  59714 

0.65 

0.73954  67634 

0.64202 

93274 

0.16 

1.09985  92726 

0,17901  18132 

0.66 

0.72992  18814 

0,64937 

66880 

0.17 

1.09623  57192 

0.18999  24612 

0.67 

0.72027  81930 

0,  65662 

77023 

0.18 

1.09240  56008 

0.20093  58390 

0.68 

0,71061  97784 

0.  66378 

22027 

0.19 

1.08837  11683 

0.21183  98922 

0.69 

0.70095  06721 

0.  67084 

00622 

0.20 

1.08413  47871 

0.22270  25892 

0.70 

0,69127  48604 

0.  67780 

11938 

0.21 

1.07969  89342 

0.23352  19230 

0.71 

0.68159  62792 

0.  68466 

55502 

0.22 

1.07506  61963 

0.24429  59116 

0.72 

0.67191  88112 

0.69143 

31231 

0.23 

1.07023  92672 

0.25502  25996 

0.73 

0.66224  62838 

0.  69810 

39429 

0.24 

1.06522  09449 

0.26570  00590 

0.74 

0. 65258  24665 

0.  70467 

80779 

0.25 

1.06001  41294 

0.27632  63902 

0.75 

0.64293  10692 

0.71115 

56337 

0.26 

1.05462  18194 

0.28689  97232 

0.76 

0.63329  57399 

0.71753 

67528 

0.27 

1.04904  71098 

0.29741  82185 

0.77 

0.62368  00626 

0,  72382 

16140 

0.28 

1.04329  31885 

0. 30788  00680 

0.78 

0.61408  75556 

0,73001 

04313 

0.29 

1.03736  33334 

0.31828  34959 

0.79 

0.60452  16696 

0,73610 

34538 

0.30 

1.03126  09096 

0,32862  67595 

0.80 

0.59498  57863 

0,74210 

09647 

0.31 

1.02498  93657 

0,33890  81503 

0.81 

0.58548  32161 

0,74800 

32806 

0.32 

1.01855  22310 

0,34912  59948 

0.82 

0.57601  71973 

0,75381 

07509 

0.33 

1.01195  31119 

0.35927  86550 

0.83 

0.56659  08944 

0,  75952 

37569 

0.34 

1.00519  56887 

0.36936  45293 

0.84 

0.55720  73967 

0,76514 

27115 

0.35 

0.99828  37121 

0,37938  20536 

0.85 

0.54786  97173 

0,77066 

80576 

0.36 

0.99122  10001 

0,38932  97011 

0.86 

0.53858  07918 

0,77610 

02683 

0.37 

0.98401  14337 

0.  39920  59840 

0.87 

0.52934  34773 

0,78143 

98455 

0.38 

0.97665  89542 

0,40900  94534 

0.88 

0.52016  05514 

0,  78668 

73192 

0.39 

0,96916  75592 

0.41873  87001 

0.89 

0.51103  47116 

0.  79184 

32468 

0.40 

0.96154  12988 

0.42839  23550 

0.90 

0.50196  85742 

0.79690 

82124 

0.41 

0.95378  42727 

0.43796  90902 

0.91 

0.49296  46742 

0,80188 

28258 

0.42 

0.94590  06256 

0.44746  76184 

0.92 

0.48402  54639 

0.  80676 

77215 

0.43 

0.93789  45443 

0.45688  66945 

0,93 

0. 47515  33132 

0,81156 

35586 

0.44 

0.92977  02537 

0.46622  51153 

0,94 

0.46635  05090 

0,81627 

10190 

0.45 

0.92153  20130 

0.47548  17198 

0,95 

0.45761  92546 

0,82089 

08073 

0.46 

0.91318  41122 

0.48465  53900 

0.96 

0.44896  16700 

0,82542 

36496 

0.47 

0,90473  08685 

0.49374  50509 

0.97 

0.44037  97913 

0,  82987 

02930 

0.48 

0,89617  66223 

0.50274  96707 

0.98 

0.43187  55710 

0,83423 

15043 

0.49 

0.88752  57337 

0.51166  82612 

0.99 

0.42345  08779 

0,83850 

80696 

0.50 

0.87878  25789 

0.52049  98778 

1.00 

0.41510  74974 

0.84270 

07929 

f  5)3- 
5 

5 

[(-5)1- 
5 

7-5)11 
.  5 

See  Example  1 . 
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Table  7.1 


,r 

2    , 

AT 

erf 

r 

.r 

2 

AT 

erf  X 

1.00 

0.41510  74974 

0.84270 

07929 

1.50 

0.11893  02892 

0.96610  51465 

1.01 

0.40684  71315 

0.84681 

04962 

1.51 

0.11540  38270 

0.96727  67481 

1.02 

0.39867  13992 

0.85083 

80177 

1.52 

0.11195  95356 

0.96841  34969 

1.03 

0.39058  18368 

0.85478 

42115 

1.53 

0.10859  63195 

0.96951  62091 

1.04 

0.38257  98986 

0.85864 

99465 

1.54 

0.10531  30683 

0.97058  56899 

1.05 

0.37466  69570 

0.86243 

61061 

1.55 

0.10210  86576 

0.97162  27333 

1.06 

0.36684  43034 

0.86614 

35866 

1.56 

0.09898  19506 

0.97262  81220 

1.07 

0.35911  31488 

0.  86977 

32972 

1.57 

0.09593  17995 

0.97360  26275 

1.08 

0.35147  46245 

0.87332 

61584 

1.58 

0.09295  70461 

0.97454  70093 

1.09 

0.34392  97827 

0.87680 

31019 

1.59 

0.09005  65239 

0.97546  20158 

1.10 

0.33647  95978 

0.88020 

50696 

1.60 

0.08722  90586 

0.97634  83833 

1.11 

0.32912  49667 

0.88353 

30124 

1.61 

0.08447  34697 

0.97720  68366 

1.12 

0.32186  67103 

0.  88678 

78902 

1.62 

0.08178  85711 

0.97803  80884 

1.13 

0.31470  55742 

0.  88997 

06704 

1.63 

0.07917  31730 

0.97884  28397 

1.14 

0.30764  22299 

0.89308 

23276 

1.64 

0.07662  60821 

0.97962  17795 

1.15 

0.30067  72759 

0.89612 

38429 

1.65 

0.07414  61034 

0.98037  55850 

1.16 

0.29381  12389 

0.89909 

62029 

1.66 

0.07173  20405 

0.98110  49213 

1.17 

0.28704  45748 

0.90200 

03990 

1.67 

0.06938  26972 

0.98181  04416 

1.18 

0.28037  76702 

0.90483 

74269 

1.68 

0.  06709  68781 

0.98249  27870 

1.19 

0.27381  08437 

0.90760 

82860 

1.69 

0.06487  33895 

0.98315  25869 

1.20 

0.26734  43470 

0.91031 

39782 

1.70 

0.06271  10405 

0.98379  04586 

1.21 

0.26097  83664 

0.91295 

55080 

1.71 

0.06060  86436 

0.98440  70075 

1.22 

0.25471  30243 

0.91553 

38810 

1.72 

0.05856  50157 

0.98500  28274 

1.23 

0.24854  83805 

0.91805 

01041 

1.73 

0.05657  89788 

0.98557  84998 

1.24 

0.24248  44335 

0.92050 

51843 

1.74 

0.05464  93607 

0.98613  45950 

1.25 

0.23652  11224 

0.92290 

01283 

1.75 

0.05277  49959 

0.98667  16712 

1.26 

0.23065  83281 

0.92523 

59418 

1.76 

0.05095  47262 

0.98719  02752 

1.27 

0.22489  58748 

0.92751 

36293 

1.77 

0.04918  74012 

0.98769  09422 

1.28 

0.21923  35317 

0.92973 

41930 

1.78 

0.04747  18791 

0.98817  41959 

1.29 

0.21367  10145 

0.93189 

86327 

1.79 

0.04580  70274 

0.98864  05487 

1.30 

0.20820  79868 

0.93400 

79449 

1.80 

0.04419  17233 

0.98909  05016 

1.31 

0.20284  40621 

0.93606 

31228 

1.81 

0.04262  48543 

0.98952  45446 

1.32 

0.19757  88048 

0.93806 

51551 

1.82 

0.04110  53185 

0.98994  31565 

1.33 

0.19241  17326 

0.94001 

50262 

1.83 

0.03963  20255 

0.99034  68051 

1.34 

0.  18734  23172 

0.94191 

37153 

1.84 

0.03820  38966 

0.99073  59476 

1.35 

0.18236  99865 

0.94376 

21961 

1.85 

0.03681  98653 

0.99111  10301 

1.36 

0.17749  41262 

0.94556 

14366 

1.86 

0.03547  88774 

0.99147  24883 

1.37 

0.17271  40811 

0.94731 

23980 

1.87 

0.03417  98920 

0.99182  07476 

1.38 

0.16802  91568 

0.94901 

60353 

1.88 

0.03292  18811 

0.99215  62228 

1.39 

0.16343  86216 

0.95067 

32958 

1.89 

0.03170  38307 

0.99247  93184 

1.40 

0.15894  17077 

0.95228 

51198 

1.90 

0.03052  47404 

0.99279  04292 

1.41 

0.15453  76130 

0.  95385 

24394 

1.91 

0.02938  36241 

0.99308  99398 

1.42 

0.15022  55027 

0.95537 

61786 

1.92 

0.  02827  95101 

0.99337  82251 

1.43 

0.14600  45107 

0.95685 

72531 

1.93 

0.02721  14412 

0.99365  56502 

1.44 

0.14187  37413 

0.95829 

65696 

1.94 

0.02617  84752 

0.99392  25709 

1.45 

0.13783  22708 

0.95969 

50256 

1.95 

0.02517  96849 

0.99417  93336 

1.46 

0.13387  91486 

0.96105 

35095 

1.96 

0.02421  41583 

0.99442  62755 

1.47 

0.13001  33993 

0.96237 

28999 

1.97 

0.02328  09986 

0.99466  37246 

1.48 

0.12623  40239 

0.96365 

40654 

1.98 

0.02237  93244 

0.99489  20004 

1,49 

0.  12254  00011 

0.96489 

78648 

1.99 

0.02150  82701 

0.99511  14132 

1.50 

0.11893  02892 

0.96610 

51465 

2.00 

0.02066  69854 

0.99532  22650 

'(-5)11 
5 

"(-5)n 

5 

■(-5)1- 
5 

r(  6)4- 

.  5  . 

\T_ 

0.88622  69255 
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Tablt 


DERIVATIVE  OF  THE  ERROR  FUNCTION 


z 

X 

2   ^ 

jr 

2 

r 

T 

2   ^ 

2.00 

{-   2)2.0666  985 

2.50 

(-  3)2.1782  842 

3.00 

(-  4)1.3925 

305 

3.50 

[-   6)5.3994  268 

2.01 

[-  2)1.9854  636 

2.51 

[-  3)2.0718  409 

3.01 

[-  4)1.3113 

047 

3.51  ( 

[-  6)5.0338  887 

2.02 

(-  2)1.9070  402 

2.52 

[-  3)1.9702  048 

3.02 

(-  4)1.2345 

698 

3.52 

[-  6)4.6921  589 

2.03 

(-  2)1.8313  482 

2.53 

[-  3)1.8731  800 

3.03 

[-  4)1.1620 

929 

3.53 

[-  6)4.3727  530 

2.04 

-  2)1.7583  088 

2.54 

[-  3)1.7805  771 

3.04 

[-  4)1.0936 

521 

3.54  ( 

[-   6)4.0742  749 

2.05  ( 

'-  2)1.6878  448 

2.55 

(-  3)1.6922  136 
(-  3)1.6079  137 

3.05 

[-  4)1.0290 

362 

3.55 

:-  6)3.7954  113 

2.06  ( 

:-  2)1.6198  806 

2.56 

3.06 

[-  5)9.6804 

434 

3.56 

[-  6)3.5349  275 

2.07 

[-  2)1.5543  422 

2.57 

[-  3)1.5275  078 

3.07 

[-  5)9.1048 

542 

3.57 

[-  6)3.2916  626 

2.08 

;-  2)1.4911  571 

2.58 

[-  3)1.4508  325 

3.08 

:-  5)8.5617 

765 

3.58 

[-  6)3.0645  257 

2.09  1 

[-  2)1.4302  545 

2.59 

[-  3)1.3777  304 

3.09 

[-  5)8.0494 

817 

3.59 

[-  6)2.8524  914 

2.10  ( 

;-  2)1.3715  650 

2.60 

[-  3)1.3080  500 

3.10 

{-   5)7.5663 

267 

3.60 

;-  6)2.6545  968 

2.11  ( 

'-  2)1.3150  207 

2.61  1 

[-  3)1.2416  455 

3.11 

i-  5)7.1107 

499 

3.61  ( 

;-  6)2.4699  374 

2.12  ( 

'-  2)1.2605  554 

2.62 

-  3)1.1783  764 

3.12 

:-  5)6.6812 

674 

3.62 

[-  6)2.2976  636 

2.13  ( 

;-  2)1.2081  043 

2.63 

[-  3)1.1181  075 

3.13 

[-  5)6.2764 

699 

3.63 

[-  6)2.1369  782 

2.14  ( 

'-  2)1.1576  041 

2.64 

[-  3)1.0607  090 

3.14 

[-  5)5.8950 

187 

3.64 

;-  6)1.9871  328 

2.15  ( 

-  2)1.1089  930 

2.65 

[-  3)1.0060  558 
[-  4)9.5402  778 

3.15 

;-  5)5.5356 

429 

3.65  ( 

[-  6)1.8474  250 

2.16  ( 

'-  2)1.0622  108 

2.66 

3.16 

[-  5)5.1971 

360 

3.66 

[-  6)1.7171  961 

2.17 

;-  2)1.0171  986 

2.67  ( 

:-  4)9.0450  949 

3.17 

[-  5)4.8783 

532 

3.67 

[-  6  1.5958  281 

2.18  ( 

'-  3  9.7389  910 

2.68  < 

' -   4)8.5738  992 

3.18 

[-  5)4.5782 

082 

3.68  ( 

;-  6)1.4827  416 

2.19  ( 

:-  3)9.3225  623 

2.69 

[-  4)8.1256  247 

3.19 

[-  5)4.2956 

707 

3.69 

;-  6)1.3773  933 

2.20  ( 

'-  3)8.9221  551 

2.70  ( 

[-  4)7.6992  476 

3.20 

[-   5)4.0297  636 

3.70  ( 

[-  6)1.2792  741 
[-  6)1.1879  068 

2.21  ( 

'-  3)8.5372  378 

2.71 

[-  ^)l.l'^ll   850 

3.21  ( 

:-  5)3.7795 

604 

3.71 

2.22  ( 

-  3)8.1672  930 

2.72 

[-  4)6.9082  932 

3.22  ( 

[-   5)3.5441 

831 

3.72  1 

[-  6)1.1028  445 

2.23  ( 

-  3)7.8118  164 

2.73 

-  4)6.5418  671 

3.23  ( 

[-  5)3.3227 

997 

3.73  ( 

[-  6)1.0236  686 
[-  7)9.4998  679 

2.24  ( 

-  3)7.4703  176 

2.74  ( 

;-  4)6.1936  378 

3.24 

[-  5)3.1146 

217 

3.74  ( 

2.25  ( 

-  3)7.1423  190 

2.75  ( 

'  -   4)5.8627  725 

3.25 

;-  5)2.9189 

025 

3.75  ( 

;-  7)8.8143  219 

2.26  ( 

;-  3)6.8273  562 

2.76  ( 

'-  4)5.5484  722 

3.26 

[-  5)2.7349 

351 

3.76 

(-  7)8.1766  120 

2.27  ( 

'-  3)6.5249  776 

2.77  ( 

[-  4)5.2499  713 

3.27  ( 

:-  5)2.5620 

500 

3.77  ( 

[-  7)7.5835  232 

2.28  ( 

-  3)6.2347  440 

2.78  ( 

:-  4)4.9665  360 
[-  4)4.6974  632 

3.28  ( 

.-  5)2.3996 

135 

3.78  ( 

^-  7)7.0320  473 

2.29  ( 

-  3)5.9562  287 

2.79 

3.29  ( 

-  5)2.2470 

263 

3.79  ( 

:-  7)6.5193  709 

2.30  ( 

-  3)5.6890  172 

2.80 

:-  4)4.4420  794 

3.30  ( 

:-  5)2.1037 

210 

3.80  ( 

[-  7)6.0428  629 

2.31  ( 

-  3)5.4327  069 

2.81  ( 

'-  4)4.1997  400 

3.31  ( 

:-  5)1.9691 

613 

3.81  ( 

-  7)5.6000  632 

2.32  ( 

'-  3)5.1869  067 

2.82  ( 

-  4)3.9698  274 

3.32 

[-  5)1.8428 

397 

3.82  ( 

-  7)5.1886  725 

2.33  ( 

'-  3)4.9512  374 

2.83  ( 

:-  4)3.7517  508 

3.33 

[-  5)1.7242 

768 

3.83  ( 

:-  7)4.8065  419 

2.34  ( 

:-  3)4.7253  306 

2.84  ( 

'  -   4)3.5449  449 

3.34  ( 

'-  5)1.6130 

192 

3.84  ( 

:-  7)4.4516  637 

2.35  ( 

'-  3)4.5088  292 

2.85  ( 

-  4)3.3488  688 

3.35  ( 

-  5)1.5086 

387 

3.85  ( 

:-  7)4.1221  624 

2.36  ( 

'-  3)4.3013  869 

2.86  ( 

'-  4)3.1630  053 

3.36  ( 

-  5)1.4107 

306 

3.86  , 

;-  7)3.8162  867 

2.37  ( 

'-  3)4.1026  681 

2.87 

[-  4)2.9868  598 

3.37  ( 

'-  5)1.3189 

127 

3.87  ( 

-  7)3.5324  013 

2.38  ( 

'-  3)3.9123  473 

2.88  ( 

:-  4)2.8199  597 

3.38  ( 

-  5)1.2328 

243 

3.88  ( 

-  7)3.2689  796 

2.39  ( 

'-  3)3.7301  092 

2.89  ( 

-  4)2.6618  533 

3.39  ( 

'-  5)1.1521 

246 

3.89  ( 

-  7)3.0245  971 

2.40  ( 

'-  3)3.5556  487 

2.90  ( 

'-  4)2.5121  089 

3.40  \ 

:-  5)1.0764 

921 

3.90  ( 

-  7)2.7979  245 

2.41 

'  -   3)3.3886  700 

2.91  ( 

'-  4)2.3703  144 

3.41  ( 

:-  5)1.0056 

235 

3.91  ( 

-  7)2.5877  218 

2.42  ( 

'-  3)3.2288  871 

2.92  ( 

-  4)2.2360  761 

3.42  ( 

;-  6  9.3923 

243 

3.92  ( 

;-  7)2.3928  327 

2.43  ( 

'-  3)3.0760  230 

2.93  ( 

:-  4)2.1090  184 

3.43  ( 

:-  6)8.7704 

910 

3.93  ( 

;-  7)2.2121  788 

2.44 

'-   3)2.9298  098 

2.94  ( 

;-  4)1.9887  824 

3.44  ( 

-  6)8.1881 

894 

3.94  ( 

-  7)2.0447  548 

2.45 

'-  3)2.7899  886 

2.95  ( 

:-  4)1.8750  262 

3.45  ( 

-  6)7.6430 

199 

3.95  1 

-  7)1.8896  240 

2.46  ( 

'-  3)2.6563  089 

2.96  ( 

[-  4)1.7674  231 

3.46  ( 

-  6)7.1327 

211 

3.96  ( 

-  7)1.7459  135 

2.47 

:-  3)2.5285  285 

2.97  ( 

;-  4)1.6656  619 

3.47  ( 

'-  6  6.6551 

620 

3.97  ( 

-  7)1.6128  098 

2.48  ( 

'-  3)2.4064  136 

2.98  ( 

'-  4)1.5694  459 

3.48  ( 

:-  6)6.2083 

353 

3.98  ( 

-  7)1.4895  557 

2.49  ( 

'-  3)2.2897  383 

2.99  ( 

'-  4)1.4784  919 

3.49  ( 

'-  6)5.7903 

503 

3.99  ( 

-  7)1.3754  458 

2.50 

'-  3)2.1782  842 

3.00  ( 

:-  4)1.3925  305 

^  =  0.886 

3.50  ( 
22  6925.: 

'-  6)5.3994 
) 

268 

4.00  ( 

-  7)1.2698  235 
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4.00 
4.01 
4.02 
4.03 
4.04 

4.05 
4.06 
4.07 
4.08 
4.09 

4.10 
4.11 
4.12 
4.13 
4.14 

4.15 
4.16 
4.17 
4.18 
4.19 

4.20 
4.21 
4.22 
4.23 
4.24 

4.25 
4.26 
4.27 
4.28 
4.29 

4.30 
4.31 
4.32 
4.33 
4.34 

4.35 
4.36 
4.37 
4.38 
4.39 

4.40 
4.41 
4.42 
4.43 
4.44 

4.45 
4.46 
4.47 
4.48 
4.49 


(- 

{: 

(- 
(- 


(- 

(- 
(- 
(- 
(- 
(- 

(- 


(- 
(- 

(- 


(- 
(- 

(- 
(- 
(- 
(- 


(- 
(- 
(- 
(- 
(- 


{-- 

(- 

(- 
(-  8 

(- 


2   . 

7)1.2698  235 

7)1.1720  776 

7)1.0816  394 

8)9.9797  993 

8  9.2060  694 


8)8.4906 
7.8292 
7.2178 
6.6529 

8)6.1310 


(-  8 
(-  8 
(- 


8)1.6143 
8)1.4826 
1.3614 
1.2498 
8)1.1472 


-  9)3. 

-  9)3. 


281 
207 
923 
674 
313 


8)5.6489  121 

8)5.2036  639 

8)4.7925  517 

8)4.4130  364 

8)4.0627  618 

8)3.7395  414 

8)3.4413  471 

8)3.1662  977 

8)2.9126  490 

8)2.6787  841 

8)2.4632  041 

8)2.2645  204 

8)2.0814  463 

8)1.9127  901 

8)1.7574  484 


994 
974 
673 
993 
445 


8)1.0528  102 

9)9.6595  598 

9)8.8608  977 

9)8.1266  442 

9)7.4517  438 

9)6.8315  260 

9)6.2616  772 

9)5.7382  144 

9)5.2574  603 

9)4.8160  210 

9)4.4107  647 

9)4.0388  018 

9)3.6974  673 

9)3.3843  033 

9)3.0970  439 


9)2.8336  002 

9  2.5920  474 

9)2.3706  118 

9)2.1676  596 

9  1.9816  862 


4.50 
4.51 
4.52 
4.53 
4.54 

4.55 
4.56 
4.57 
4.58 
4.59 

4.60 
4.61 
4.62 
4.63 
4.64 

4.65 
4.66 
4.67 
4.68 
4.69 

4.70 
4.71 
4.72 
4.73 
4.74 

4.75 
4.76 
4.77 
4.78 
4.79 

4.80 
4.81 
4.82 
4.83 
4.84 

4.85 
4.86 
4.87 
4.88 
4.89 

4.90 
4.91 
4.92 
4.93 
4.94 

4.95 
4.96 
4.97 
4.98 
4.99 


4.50  (-  9)1.8113  059    5.00 


( 


9)1.8113 
9)1.6552 
9)1.5123 
9)1.3814 
9)1.2616 


059 
434 
248 
699 
849 


(-  9)1.1520  559 

(-  9)1.0517  423 

-10)9.5997  127 

(-10)8.7603  264 

(-10)7.9927  363 

-10)7.2909  450 

-10)6.6494  435 

-10)6.0631  724 

-10)5.5274  864 

-10)5.0381  209 

(-10)4.5911  621 
-10)4.1830  187 
(-10)3.8103  962 
(-10)3.4702  727 
(-10)3.1598  772 

(-10)2.8766  694 

-10)2.6183  207 

-10)2.3826  973 

-10)2.1678  441 

(-10)1.9719  702 

(-10)1.7934  357 
(-10)1.6307  388 
(-10)1.4825  049 
(-10)1.3474  759 
(-10)1.2245  007 

(-10)1.1125  261 
(-10)1.0105  888 
(-11)9.1780  821 
(-11)8.3337  894 
(-11)7.5656  500 

(-11)6.8669  377 

(-11)6.2315  074 

(-11)5.6537  456 

-11)5.1285  259 

(-11)4.6511  675 


-11)4.2173 
-11  3.8233 
-11)3.4653 
-11)3.1402 
-11)2.8451 


976 
166 
660 
998 
570 


-11)2.5772  379 
-11)2.3340  811 
-11)2.1134  428 
■11)1.9132  785 
-11)1.7317  254 


(-11)1.5670  866 
2 


5.00 
5.01 
5.02 
5.03 
5.04 

5.05 
5.06 
5.07 
5.08 
5.09 

5.10 
5.11 
5.12 
5.13 
5.14 

5.15 
5.16 
5.17 
5.18 
5.19 

5.20 
5.21 
5.22 
5.23 
5.24 

5.25 
5.26 
5.27 
5.28 
5.29 

5.30 
5.31 
5.32 
5.33 
5.34 

5.35 
5.36 
5.37 
5.38 
5.39 

5.40 
5.41 
5.42 
5.43 
5.44 


V 

(-11)1.5670  866 

(-11)1.4178  169 

-11)1.2825  089 

-ll)l.l598  820 

(-11)1.0487  702 

(-12)9.4811  285 

-12)8.5694  483 

-12)7.7438  839 

-12)6.9964  533 

(-12)6.3198  998 

-12)5.7076  270 

-12)5.1536  405 

(-12)4.6524  937 

(-12)4.1992  391 

(-12)3.7893  835 


Table 

2 


7.2 


(-12)3.4188 
-12)3.0839 
(-12)2.7812 
(-12)2.5077 
(-12)2.2607 


-13)2.7245 


(-13)2.4458 
(-13)2.1952 
(-13)1.9699 
-13)1.7673 
(-13)1.5853 


470 
257 
580 
937 
652 


(-12)2.0376  626 

(-12)1.8362  094 

(-12)1.6543  420 

(-12)1.4901  896 

(-12)1.3420  568 

-12)1.2084  075 

-12)1.0878  501 

-13)9.7912  433 

■13)8.8108  899 

-13)7.9271  093 


■13)7.1305 
■13)6.4127 
-13  5.7660 
-13)5.1835 
-13)4.6589 

(-13)4.1865 

(-13)3.7613 

(-13)3.3786 

-13)3.0343 

(-: 


979 
895 
913 
233 
096 

396 
336 
112 
627 
234 


(-13)1.4217  499 

-13)1.2747  989 

-13)1.1428  081 

-13)1.0242  785 

-14  9.1785  895 


5.50  (-14)8.2233  160 
0.88622  69255 


5.50 
5.51 
5.52 
5.53 
5.54 

5.55 
5.56 
5.57 
5.58 
5.59 

5.60 
5.61 
5.62 
5.63 
5.64 

5.65 
5.66 
5.67 
5.68 
5.69 

5.70 
5.71 
5.72 
5.73 
5.74 

5.75 
5.76 
5.77 
5.78 
5.79 


505 

5.80 

516 

5.81 

568 

5.82 

412 

5.83 

423 

5.84 

5.85 
5.86 
5.87 
5.88 
5.89 

5.90 
5.91 
5.92 
5.93 
5.94 

5.95 
5.96 
5.97 
5.98 
5.99 


-14)8.2233  160 
-14)7.3659  906 
-14)6.5967  265 
-14)5.9066  187 
-14)5.2876  480 

■14)4.7325  943 
-14)4.2349  585 
-14  3.7888  917 
-14)3.3891  310 
-14)3.0309  422 

-14)2.7100  675 
-14)2.4226  780 
-14  2.1653  317 
-14)1.9349  346 
-14)1.7287   067 


-14)1.5441 
-14)1.3790 
-14J1.2313 
-14)1.0991 
-15)9.8105 


-15)2.7719 
-15)2.4681 
-15)2.1971 
-15)1.9555 
-15)1.7401 


-16)4.7571 
-16  4.2229 
-16)3.7480 
,3259 
.9507 


-16  3.: 
-16)2. < 


499 
206 
037 
900 
529 


-15)8.7544  193 

-15)7.8104  192 

-15)6.9668  183 

-15)6.2130  917 

-15)5.5398  013 

(-15)4.9384  851 

-15)4.4015  583 

-15)3.9222  232 

-15  3.4943  893 

-15)3.1126  008 


710 
247 
447 
249 
279 


(-15)1.5481  468 

-15J 1.3770  708 

-15)1.2246  543 

-15)1.0888  898 

-16)9.6798  241 

-16)8.6032  817 

-16)7.6449  380 

-16)6.7919  883 

-16)6.0329  959 

-16)5.3577  479 


261 
913 
801 
113 
038 


6.00  (-16)2.6173  012 


314 


ERROR    FUNCTION    AND    FRESNEL    INTEGRALS 
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DEI 

EllVATIVE  i 

OF  TI 

iE  ERR 

OR  FUNCT 

ION 

X 

2^_ 

x» 

X 

2 

r" 

J- 

2  ^_ 

r' 

X 

2 

-1=  ^~ 

^ 

6.00 

(-16)2.6173 

012 

6.50 

(-19)5.0525 

800 

7.00 

(-22)5.9159 

630 

7.50 

(-25)4.2013 

654 

6.01 

(-16)2.3211 
(-16)2.0580 

058 

6.51 

-19  4.4362 

038 

7.01 

-22)5.1425 

768 

7.51 

-25)3.6157 

871 

6.02 

187 

6.52 

(-19)3.8942 

418 

7.02 

-22)4.4694 

005 

7.52 

-25)3.1112 

033 

6.03 

(-16)1.8243 
(-16)1.6169 

864 

6.53 

(-19)3.4178 

066 

7.03 

-22)3.8835 

679 

7.53 

(-25)2.6764 

989 

6.04 

533 

6.54 

(-19)2.9990 

603 

7.04 

(-22)3.3738 

492 

7.54 

(-25)2.3020 

719 

6.05 

(-16)1.4328 
(-16)1.2693 

188 

6.55 

(-19)2.6310 

921 

7.05 

(-22)2.9304 

450 

7.55 

(-25)1.9796 
-25)1.7020 

292 

6.06 

992 

6.56 

(-19)2.3078 

100 

7.06 

-22)2.5448 

057 

7.56 

094 

6.07 

(-16)1.1243 
(-17)9.9575 

934 

6.57 

-19)2.0238 

447 

7.07 

-22)2.2094 

736 

7.57 

-25)1.4630 

299 

6.08 

277 

6.58 

-19  1.7744 

651 

7.08 

-22  1.9179 

450 

7.58 

-25)1.2573 

541 

6.09 

(-17)8.8165 

340 

6.59 

(-19)1.5555 

031 

7.09 

[-22)1.6645 

491 

7.59 

(-25)1.0803 

765 

6.10 

(-17)7.8047 

211 

6.60 

(-19)1.3632 
(-19)1.1945 

874 

7.10 

[-22)1.4443 

426 

7.60 

(-26)9.2812 

353 

6.11 

(-17)6.9076 

453 

6.61 

852 

7.11 

[-22)1.2530 

171 

7.61 

[-26)7.9716 

752 

6.12 

(-17)6.1124 

570 

6.62 

-19  1.0465 

500 

7.12 

-22  1.0868 

181 

7.62 

[-26)6.8455 

216 

6.13 

(-17  5.4077 

268 

6.63 

-20)9.1667 

618 

7.13 

-23)9.4247 

516 

7.63 

-26)5.8772 

834 

6.14 

(-17)4.7832 

911 

6.64 

[-20)8.0275 

879 

7.14 

[-23)8.1713 

928 

7.64 

[-26)5.0449 

849 

6.15 

(-17)4.2301 
(-17)3.7401 

135 

6.65 

[-20)7.0285 
[-20)6.1526 

758 

7.15  ( 

[-23)7.0832 

963 

7.65 

(-26)4.3296 
[-26)3.7150 

844 

6.16 

616 

6.66 

575 

7.16 

[-23)6.1388 

620 

7.66 

594 

6.17 

-17)3.3062 

970 

6.67 

(-20)5.3848 
; -20)4.7118 

212 

7.17 

[-23  5.3192 

876 

7.67 

-26  3.1870 

466 

6.18 

-17  2.9221 

768 

6.68 

664 

7.18  ( 

-23  4.6082 

095 

7.68 

-26  2.7335 

323 

6.19 

(-17)2.5821 

666 

6.69  ( 

[-20)4.1221 

880 

7.19 

[-23)3.9913 

893 

7.69 

[-26)2.3440 

839 

6.20 

(-17)2.2812 

620 

6.70 

[-20)3.6055 
; -20)  3.1530 

852 

7.20 

[-23)3.4564 

408 

7.70  ( 

[-26)2.0097 

185 

6.21 

(-17)2.0150 

194 

6.71  < 

937 

7.21 

[-23)2.9925 

904 

7.71  ( 

-26)1.7227 

031 

6.22 

(-17)1.7794 

936 

6.72  ( 

-20)2.7568 

372 

7.22  ( 

[-23)2.5904 

701 

7.72 

[-26)1.4763 

822 

6.23 

(-17  1.5711 

830 

6.73  ( 

-20  2.4098 

972 

7.23  ( 

-23)2.2419 

351 

7.73 

-26  1.2650 

285 

6.24 

(-17)1.3869 

801 

6.74  ( 

'-20)2.1061 

973 

7.24  ( 

-23)1.9399 

057 

7.74  ( 

[-26)1.0837 

147 

6.25 

(-17)1.2241 

281 

6.75  ( 

-20)1.8404 

021 

7.25  { 

-23)1.6782 
'-23)1.4515 

295 

7.75  ( 

'-27)9.2820 
[-27)7.9484 

251 

6.26 

(-17  1.0801 

812 

6.76  ( 

-20)1.6078 

278 

7.26  ( 

608 

7.76  ( 

7.77  ( 

723 

6.27 

(-18  9.5297 

064 

6.77  ( 

-20)1.4043  634 

7.27  ( 

-23)1.2552 

558 

-27)6.8051 

505 

6.28 

(-18  8.4057 
(-18)7.4128 

325 

6.78  ( 

-20)1.2264 

013 

7.28  ( 

-23  1.0852 

815 

7.78  ( 

-27)5.8251 

209 

6.29 

421 

6.79  ( 

-20)1.0707 

765 

7.29  ( 

-24)9.3813 

574 

7.79  ( 

-27)4.9852 

310 

6.30 

(-18)6.5359 

252 

6.80  ( 

-21)9.3471 
-21)8.1577 

286 

7.30  ( 

-24)8.1077 

830 

7.80  ( 

-27)4.2655 
-27)3.6490 

868 

6.31 

-18)5.7615 

925 

6.81  ( 

565 

7.31  ( 

-24)7.0057 

026 

7.81  ( 

970 

6.32 

(-18)5.0779 

819 

6.82  ( 

-21  7.1183 

018 

7.32  ( 

-24  6.0522 

159 

7.82  ( 

-27)3.1210 
-27)2.6689 

820 

6.33 

(-18)4.4745 

863 

6.83  ( 

-21)6.2100 

515 

7.33  ( 

-24)5.2274 

546 

7.83  ( 

356 

6.34 

(-18)3.9421 

013 

6.84  ( 

-21)5.4166 

048 

7.34  ( 

-24)4.5141 

841 

7.84  ( 

-27)2.2818 

346 

6.35 

(-18)3.4722 

886 

6.85  ( 

-21)4.7235 

904 

7.35  ( 

-24)3.8974 

577 

7.85  ( 

-27)1.9504 

883 

6.36 

(-18)3.0578 

557 

6.86  ( 

-21)4.1184 

183 

7.36  ( 

-24  3.3643 

153 

7.86  ( 

-27  1.6669 

236 

6.37 

-18)2.6923 
(-18  2.3700 

486 

6.87 

-21)3.5900 

610 

7.37  ( 

-24)2.9035 

220 

7.87  ( 

-27  1.4242 

990 

6.38 

568 

6.88  ( 

-21)3.1288 

615 

7.38  ( 

-24)2.5053 

400 

7.88  ( 

-27)1.2167 

456 

6.39 

(-18)2.0859 

281 

6.89  ( 

-21)2.7263 

649 

7.39  ( 

-24)2.1613 

315 

7.89  ( 

-27)1.0392 

297 

6.40 

(-18)1.8354  945 

6.90  ( 

-21)2.3751 

704 

7.40  ( 

-24)1.8641 

859 

7.90  ( 

-28)8.8743 

478 

6.41 

(-18  1.6148 

045 

6.91 

-21)2.0688 

010 

7.41  ( 

-24  1.6075 

712 

7.91 

-28  7.5766 

022 

6.42 

-18)1.4203 

650 

6.92  ( 

-21  1.8015 

892 

7.42 

-24)1.3860 

036 

7.92 

-28  6.4673 

396 

6.43 

(-18)1.2490 

883 

6.93  ( 

-21)1.5685 

776 

7.43  ( 

-24)1.1947 

351 

7.93  ( 

-28)5.5193 

762 

6.44 

(-18)1.0982 

455 

6.94  ( 

-21)1.3654 

297 

7.44  ( 

-24)1.0296 

557 

7.94  ( 

-28)4.7094 

204 

6.45 

(-19)9.6542 

574 

6.95  ( 

-21)1.1883 

540 

7.45  ( 

-25)8.8720 

826 

7.95  ( 

-28)4.0175 

202 

6.46 

-19  8.4849 

924 

6.96  ( 

-21  1.0340 

356 

7.46  ( 

-25  7.6431 

480 

7.96  ( 

-28)3.4265 

874 

6.47 

(-19)7.4558 

503 

6.97 
6.98  ( 

-22)8.9957 

684 

7.47 

-25)6.5831 

250 

7.97  ( 

-28  2.9219 

899 

6.48 

(-19)6.5502 

224 

-22)7.8244 

565 

7.48 

-25  5.6689 

820 

7.98  ( 

-28)2.4912 

008 

6.49 

(-19)5.7534 

461 

6.99  ( 

-22)6.8042 

967 

7.49  ( 

-25)4.8808 

021 

7.99  ( 

-28)2.1234 

982 

I 


6.50     (-19)5.0525   800 


7.00     (-22)5.9159   630  7.50     (-25)4.2013   654 

\^= 0.88622  69255 


8.00     (-28)1.8097   068 
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8.00 
8.01 
8.02 
8.03 
8.04 

8.05 
8.06 
8.07 
8.08 
8.09 

8.10 
8.11 
8.12 
8.13 
8.14 

8.15 
8.16 
8.17 
8.18 
8.19 

8.20 
8.21 
8.22 
8.23 
8.24 

8.25 
8.26 
8.27 
8.28 
8.29 

8.30 
8.31 
8.32 
8.33 
8.34 

8.35 
8.36 
8.37 
8.38 
8.39 

8.40 
8.41 
8.42 
8.43 
8.44 

8.45 
8.46 
8.47 
8.48 
8.49 


2   , 

AT 


(-28 


28)l.i 
28)1.! 


.8097  068 

(-28)1.5419  762 

(-28)1.3135  913 

(-28)1.1188  091 

(-29)9.5271  911 

(-29)8.1112  334 

(-29)6.9043  382 

(-29)5.8758  453 

(-29)4.9995  601 

(-29)4.2531  077 

(-29)3.6173  797 

(-29)3.0760  612 

(-29)2.6152  245 

(-29)2.2229  829 

(-29)1.8891  933 

(-29)1.6052  025 

(-29)1.3636  296 

(-29)1.1581  801 

(-30)9.8348  778 

(-30)8.3497  786 


-30)7.0875 
-30)6.0148 
-30)5.1035 
-30)4.3294 
-30)3.6719 


167 
717 
431 
262 
947 


(-30)3.1137  725 

(-30)2.6398  841 

(-30)2.2376  697 

(-30)1.8963  577 

(-30)1.6067  846 

(-30)1.3611  569 

-30)1.1528  476 

-31)9.7622  228 

-31)8.2649  206 

-31)6.9958  710 

(-31)5.9204  954 

(-31)5.0094  199 

(-31)4.2376  977 

(-31)3.5841  456 

(-31)3.0307  803 

-31)2.5623  380 

-31)2.1658  657 

-31)1.8303  736 

-31)1.5465  399 

(-31)1.3064  586 

-31)1.1034  263 

-32)9.3176  012 

-32)7.8664  369 

-32)6.6399  552 

(-32)5.6035  774 


8.50 
8.51 
8.52 
8.53 
8.54 

8.55 
8.56 
8.57 
8.58 
8.59 

8.60 
8.61 
8.62 
8.63 
8.64 

8.65 
8.66 
8.67 
8.68 
8.69 

8.70 
8.71 
8.72 
8.73 
8.74 

8.75 
8.76 
8.77 
8.78 
8.79 

8.80 
8.81 
8.82 
8.83 
8.84 

8.85 
8.86 
8.87 
8.88 
8.89 

8.90 
8.91 
8.92 
8.93 
8.94 

8.95 
8.96 
8.97 
8.98 
8.99 


2         ^ 


\ir 


-32)4.7280 
-32)3.9884 
-32)3.3639 
-32)2.8365 
-32)2.3914 


8.50     (-32)4.7280   139  9.00 


-33)1.5160 
-33)1.2737 
-33)1.0700 
-34)8.9869 
■34)7.5464 


139 
601 
141 
973 
628 


-32)2.0157  780 
-32)1.6987  713 
-32)1.4313  316 
-32)1.2057  541 
-32)1.0155  245 

-33)8.5513  598 
-33)7.1993  468 
-33)6.0598  819 
-33)5.0997  438 
-33)4.2908  734 

-33)3.6095  760 
-33)3.0358  465 
-33)2.5527  988 
-33)2.1461  817 
-33)1.8039  709 


228 
818 
339 
668 
360 


-34)6.3355  422 
-34)5.3178  836 
-34)4.4627  957 
-34)3.7444  525 
-34)3.1411  074 

-34)2.6344  525 
-34)2.2090  784 
-34)1.8520  172 
-34)1.5523  585 
-34)1.3009  248 

-34)1.0899  975 
-35)9.1308  655 
-35)7.6473  600 
-35)6.4036  010 
-35)5.3610  534 

-35)4.4873  418 
-35)3.7552  711 
-35)3.1420  030 
-35)2.6283  611 
-35)2.1982  476 

-35)1.8381  516 
-35)1.5367  357 
-35)1.2844  884 
-35)1.0734  315 
-36)8.9687  435 


9.00 
9.01 
9.02 
9.03 
9.04 

9.05 
9.06 
9.07 
9.08 
9.09 


9.15 
9.16 
9.17 
9.18 
9.19 

9.20 
9.21 
9.22 
9.23 
9.24 

9.25 
9.26 
9.27 
9.28 
9.29 

9.30 
9.31 
9.32 
9.33 
9.34 

9.35 
9.36 
9.37 
9.38 
9.39 

9.40 
9.41 
9.42 
9.43 
9.44 

9.45 
9.46 
9.47 
9.48 
9.49 


..-/' 


(-36)7.4920  734 
(-36)6.2572  800 
(-36)5.2249  519 
(-36)4.3620  651 
(-36)3.6409  535 


-36)3.0384 
-36)2.5351 
-36)2.1147 
-36)1.7637 
-36)1.4707 


(- 
(- 
(- 
(- 


(- 
(- 


(- 


(- 
(- 


(- 


441 
317 
690 
559 
105 


-36)1.2261  088 
-36)1.0219  837 
-37)8.5167  148 
-37)7.0959  960 
-37)5.9110  925 

37)4.9230  619 
37)4.0993  592 
37)3.4127  918 
37)2.8406  437 
37)2.3639  423 

-37)1.9668  449 
-37)1.6361  251 
-37)1.3607  427 
-37)1.1314  847 
-38)9.4066  395 


38)7.8186 
38)6.4974 
38)5.3984 
38)4.4844 
38)3.7244 


802 
888 
710 
496 
373 


38)3.0926  112 

38)2.5674  566 

38)2.1310  520 

38)1.7684  718 

38)1.4672  880 

38)1.2171  545 

38)1.0094  602 

39  8.3703  932 

39)6.9392  997 

39)5.7517  311 

39)4.7664  456 

39  3.9491  520 

39)3.2713  439 

39)2.7093  286 

39)2.2434  186 

39)1.8572  574 

39  1.5372  589 

39)1.2721  404 

39)1.0525  343 

40)8.7066  400 


9.50 
9.51 
9.52 
9.53 
9.54 

9.55 
9.56 
9.57 
9.58 
9.59 

9.60 
9.61 
9.62 
9.63 
9.64 

9.65 
9.66 
9.67 
9.68 
9.69 

9.70 
9.71 
9.72 
9.73 
9.74 

9.75 
9.76 
9.77 
9.78 
9.79 

9.80 
9.81 
9.82 
9.83 
9.84 

9.85 
9.86 
9.87 
9.88 
9.89 

9.90 
9.91 
9.92 
9.93 
9.94 

9.95 
9.96 
9.97 
9.98 
9.99 


(-40 
(-40 
(-40 
(-40 
(-40 

(-40 
-40 
(-40 
(-40 
(-40 

(-40 
(-41 
(-41 
5-41 
(-41 

(-41 
(-41 
(-41 
(-41 
(-41 

(-41 
-41 
(-41 
(-42 
(-42 

(-42 

(-42 

-42 

-42 

(-42 

(-42 
-42 
-42 

(-42 

(-43 

-43 

-43 

(-43 

(-43 

(-43 
(-43 
j-43 
(-43 
(-43 

j-43 
(-44 
-44 
(-44 
(-44 


AT 


7.2007 
5.9541 
4.9223 
4.0685 
3.3621 


1.0662 
8.7992 
7.2599 
5.9886 
4.9390 

4.0725 
3.3574 
2.7672 
2.2804 
1.8788 

1.5477 
1.2746 
1.0495 
8.6404 
7.1118 


8.2436 
6.7689 
5.5569 
4.5609 
3.7428 


1.1381 
9.3271 
7.6417 
6.2596 
5.1265 


555 
351 
495 
471 
678 


2.7778  742 
2.2946  629 
1.8951  272 
1.5648  437 
1.2918  638 


907 
901 
363 
802 
403 

570 
141 
971 
460 
710 

017 
493 
600 
628 
055 


5.8524  252 
4.8150  968 
3.9608  401 
3.2574  873 
2.6784  979 


2.2019  782 
1.8098  720 
1.4872 
1.2219 
1.0037 


907 
600 
632 


338 
179 
047 
970 
271 


096 
477 


3.0708 
2.5189 
2.0658  489 
1.6939  130 
1.3886  628 


922 
204 
477 
629 
162 


-36)7.4920  734    9.50  (-40)7.2007  555    10.00  (-44)4.1976  562 
^  =  0.88622  69255 


T 
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ERROR 

FUNCTION    AND    FRESNEL    INTEGRALS 

Table  7.3 

COMPLEMENTARY 

ERROR 

FUNCTION 

1 

a:-2 

x€^  ^  erf c  X 

<x> 

X-2 

xe^^  erfc  x 

<x>           1 

0.  250 

0.51079   14 

2 

0.125 

0.53406  72 

\      1 

0.  245 

0.51163  07 

2 

0.120 

0.53511  47 

^       1 

0.  240 

0.51247   67 

2 

0.115 

0.53617  29 

I       J 

0.  235 

0.51332   94 

2 

0.110 

0.53724  20 

3 

0.230 

0.51418  90 

2 

0.105 

0.53832  23 

3 

0.225 

0.51505   55 

2 

0.100 

0.53941   41 

3 

0.220 

0.51592   92 

2 

0.095 

0.54051   76 

3 

0.215 

0.51681   01 

2 

0.090 

0.54163   32 

3 

0.210 

0.51769   83 

2 

0.085 

0.54276  11 

3 

0.205 

0.51859   40 

2 

0.080 

0.54390  16 

4 

0.200 

0.51949   74 

2 

0.075 

0.54505   51 

4 

0.195 

0.52040   85 

2 

0.070 

0.54622   19 

4 

0.190 

0.52132  75 

2 

0.065 

0.54740  24 

4 

0.185 

0.52225  45 

2 

0.060 

0.54859   69 

4 

0.180 

0.52318  98 

2 

0.055 

0.54980  58 

4 

0.  175 

0.52413   33 

2 

0.050 

0.55102   95 

4 

0. 170 

0.52508  55 

2 

0.045 

0.55226  85 

5 

0. 165 

0.52604  63 

2 

0.040 

0.55352   32 

5 

0.160 

0.52701   59 

3 

0.035 

0.55479   41 

5 

0.155 

0.52799  46 

3 

0.030 

0.55608  17 

6 

0.  150 

0.52898  25 

3 

0.025 

0.55738  65 

6 

0.  145 

0.52997  98 

3 

0.020 

0.55870  90 

7 

0.  140 

0.53098  67 

3 

0.015 

0.56005   00 

8 

0*  135 

0.53200   35 

3 

0.010 

0.56140  99 

10 

w  «      i   _•  _> 

0.130 

0.53303   02 

3 

0.005 

0.56278  96 

14 

0.125 

0.53406  72 

3 

0.000 

0.56418  96 

00 

[(-6)11 
3 

[-(-6)3- 
3 

See  Example 

2. 

<x>  =  nearest  integer  to  x. 


n 

1 
2 

3 
4 
5 


erfc  y'nir 

0.01218  88821  84803 

0.00039  27505  88282 

0.00001  41444  02689 

0.00000  05351  64662 

0.00000  00208  26552 


erfc  X 


n 

erfc  ^nir 

6 
7 
8 
9 

10 

0.00000   00008  25422 
0.00000  00000   33136 
0.00000   00000  01343 
0.00000   00000  00055 
0.00000   00000   00002 

i'dt- 

=  1  — erf  X 

erfc  y'nir  compiled  from  0.  Emersleben,  Numerische  Werte  des  Fehlerintegrals  fiir  ^.tiw, 
Z.  Angew.  Math.  Mech.  31,393-394,  1951  (with  permission). 


tttf 


0.0 
0.1 
0.2 
0.3 
0.4 

0.5 
0.6 
0.7 
0.8 
0.9 

1.0 
1.1 
1.2 
1.3 
1.4 

1.5 
1.6 
1.7 
1.8 
1.9 

2.0 
2.1 
2.2 
2.3 
2.4 

2.5 
2.6 
2.7 
2.8 
2.9 

3.0 
3.1 
3.2 
3.3 
3.4 

3.5 
3.6 
3.7 
3.8 
3.9 

4.0 
4.1 
4.2 
4.3 
4.4 

4.5 
4.6 
4.7 
4.8 
4.9 

5.0 


ERROR    FUNCTION    AND    FRESNEL    INTEGRALS 
REPEATED  INTEGRALS  OF  THE  ERROR  FINCTION 


/;=1 
1.00000 

-  1)8.32738 

-  1)6.85245 

-  1)5.56938 

-  1)4.46884 


-  1)3.53855 

-  1)2.76388 

-  1)2.12869 

61601 
20884 


{--  \]\: 


-  2)8.90739 

-  2  6.  46332 

-  2)4.61706 

-  2)3.24613 

-  2)2.24570 

-  2)1.52836 

-  2)1.02305 

-  3)6.73408 

-  3)4.35805 

-  3)2.77245 

-  3)1.73350 

-  3)1.06515 

-  4)6.43074 
81436 
22250 


-  V- 

-   4)2. 


-  4)1.27195 

-  5)7.14929 

-  5)3.94619 

-  5)2.13882 

-  5)1.13820 


(-  6)5.94664 
-  6  3.  05003 
(-  6)1.53562 
(-  7)7.58899 
(-  7)3.68109 


-  7)1.75241 

-  8)8.18726 

-  8)3.75373 

-  8  1.68883 
(-  9)7.45575 

-  9)3.22966 

-  9)1.37267 
(-10)5.72405 
(-10  2.  34181 
(-11)9.  39929 

-11)3.70102 
-11)1.42960 
-12)5.41708 
-12)2.  01353 
-13)7.34149 

(-13)2.62561 


(-1)5.64189   58355 
See  Examples*  1  and  o. 


>»r(^+l)i" 


erfc 


2 

1.00000 
93573 
22654 
(-   1)4.82842 
(-  1)3.69906 


i:  mi 


1)2.79859 
1)2.09021 
1)1.54061 
11. 12021 
2)8.03288 


5.67901 
3.95711 
2.71686 
1.83748 
1.22388 


3)8.02626 
3)5.18140 
3)3.29192 
3)2.05795 
3)1.26566 

4)7.65644 
4)4.55498 
4)2.66457 
4)1.53245 
i)8. 


-  5  8. 66372 


-  6 


5)4.81417 
5)2.62896 
5)1.41072 
6)7.43784 
)3. 


85260 


6)1.96029 
7)9.79725 
7)4.80916 
7)2.31835 
7)1.09748 

8)5.10148 
8  2.32831 
8)1.  04329 
9)4.58945 
9)1.98190 


-  9)4. 

-  9)1. 


-10)8.40124 
-10)3.49560 
-10  1.42757 
-11)5.72196 
-11)2.25085 


-12)8. 
-12)3. 


68930 
29184 
-12)1.22375 
-13)4.46407 
-13)1.59785 


//=3 
1.00000 
1)7.62409 
1)5.74882 
1)4.28565 
1)3.15756 


1)2.29846 

1  1.65244 
1)1.17295 

2  8.  21802 
2)5.68138 


}:  l]l: 


2)3.87449 
2)2.60573 
2)1.72776 
2)1.12918 
3)7.27211 


3)4.61400 
3)2.88347 
3)1.77452 
3  1.07519 
4)6.41281 


-  3)i: 

-  4)6. 


4)3.76431 
4)2.17431 
4)1.23562 
5  6.90731 
5)3.79773 

-  5)2.05339 

-  5  1.09167 

-  6)5.70591 
93172 
48058 


-  6|2: 

-  6)1. 


-  7)7.34867 

-  7)3.58429 

-  7)1.71780 

-  8)8.08871 

-  8)3.74180 


8)1.70036 
9)7.58967 
9)3.32733 
43260 
05736 


-  9)i: 
-10)6. 


-10)2.51501 
-10)1.02533 
-11  4. 10427 
-11  1.61297 
-12)6.22316 

-12)2.35705 
-13)8.76348 
-13  3. 19826 
-13  1.14567 
-14)4.02809 


(-14)5.61169  (-14)1.38998 

(-1)2.50000   00000  (-2)9.40315   97258 
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Table  7.4. 


«=4 


-  17 

-  1)5 

-  V 

-  1)2 

-  1)1 

-  1)1 

-  2)9 


00000 
36220 
36163 
86125 
74894 

93408 
34438 
22962 
25650 
18643 

76442 
80092 
15720 
33229 
58017 

81992 
71085 
02261 
02074 
49094 

99301 
12014 
19670 
37364 
80727 

52500 
93818 
51807 
26274 
22654 

01870 
43874 
74044 
10379 
40460 

24636 
72947 
17184 
94271 
04800 

33554 
33230 
30837 
04508 
91041 

10366 
59364 
29786 
27252 
13080 


(-15)3.83592 


(-2)3.12500 
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Table  7.4. 

X 

ri=b 

0.0 
0.1 
0.2 
0.3 
0.4 

1.00000 
(-  1)7.13475 
(-  1)5.03608 
(-  1)3.51572 
(-  1)2.42671 

0.5 
0.6 
0.7 
0.8 
0.9 

(-  1)1.65569 
(-  1)1.11630 
(-  2)7.43528 
(-  2  4.  89121 
{-  2)3.17704 

1.0 
1.1 
1.2 
1.3 
1.4 

(-  2)2.03707 
(-  2)1.28901 
(-  3)8.04765 
(-  3  4.  95614 
(-  3)3.01008 

1.5 

1.7 
1.8 
1.9 

(-  3)1.80252 
(-  3  1.06403 
(-  4)6.19032 
(-  4)3.54870 
(-  4)2.00419 

2.0 
2.1 
2.2 
2.3 
2.4 

(-  4)1.11492 
(-  5)6.10810 
(-  5)3.29497 
(-  5)1.74988 
{-  6)9.14767 

2.5 
2.6 
2.7 
2.8 
2.9 

(-  6)4.70641 
(-  6)2.38278 
(-  6)1.18695 
(-  7)5.81672 
(-  7)2.80391 

3.0 
3.1 

3.2  ( 

3.3  ( 

3.4  ( 

(-  7)1.32935 
'-  8)6.19798 
'-  8)2.84151 

-  8)1.28082 

-  9)5.67576 

3.6  ( 

3.7  ( 
3.8 

3.9               J 

-  9)2.47236 

-  9)1.05855 
-10)4.45435 
-10)1.84200 
-11)7.48503 

4.0  ( 

4.1  \ 

4.2  ( 

4.3  ( 

4.4  ( 

-11)2.98854 
-11)1.17234 
-12)4.51802 
-12)1.71044 
-13)6.36069 

4.5  ( 

4.6  ( 

4.7  ( 

4.8  ( 
4.  9               ( 

-13)2.32332 
-14)8.33482 
-14)2.93656 
-14)1.01604 
-15)3.45215 

5.0              (. 

-15)1.15173 

ERROR    FUXCnOX    .^VD    FRESXEL    INTEGRALS 
REPEATED  INTEGRALS  OF  THE  ERROR  FINCTION 


^^'r(-%,)i« 


erf  c  X 


«=6 
1.00000 
(-  1)6.93283 
(-  1)4.75548 
(-  1  3.22652 
(-  1)2.16478 

1)1.43588 
2)9.41309 
2)6.09742 
2)3.90166 
2)2.46567 

-  2)1.53850 

-  3)9.47623 

-  3)5.76033 

-  3  3.45489 

-  3)2.04411 


\-- 


3)1.19278 
4)6.86307 
4)3.89303 
4)2.17663 
4)1.19930 


-  5)6.51088 

-  5)3.48211 

-  5)1.83427 
(-  6)9.51547 
(-  6)4.86044 

(-  6)2.44418 

(-  6)1.20988 

(-  7)5.89435 

(-  7)2.82592 

(-  7)1.33308 

(-  8)6.18684 
(-  8  2.  82454 
(-  8)1.26835 
(-  9  5.  60145 
(-  9)2.43265 


{-  9)1.03880 
(-10)4.36132 
(-10)1.80009 
(-11)7.30331 
(-11)2.91245 

(-11)1.14149 
(-12)4.39668 
(-12)1.66412 
(-13)6.18894 
(-13)2.26147 

(-14)8.11851 
-14)2.86315 
-15)9.91898 
-15)3.37534 
-15)1.12815 


n  =  10 

1.00000 
(-  1)6.28971 
(-  1)3.91490 
(-  1)2.41089 
(-  1)1.46861 

(-  2)8.84744 
(-  2)5.27007 
(-  2)3.10323 
(-  2)1.80600 
(-  2)1.03859 

-  3)5.90062 

-  3)3.31130 

-  3)1.83510 
(-  3  1.00415 
(-  4)5.42413 


(-  4)2.89186 
(-  4  1.52145 
(-  5)7.89765 
(-  5)4.04407 
(-  5)2.04244 

(-  5)1.  01722 
(-  6)4.99509 
(-  6)2.41807 
(-  6)1.15378 
(-  7)5.42553 

-  7)2.51397 

-  7)1.14766 

-  8)5.16116 
(-  8)2.28612 
(-  9)9.97266 


(-  9)4.28380 
(-  9)1.81176 
(-10)7.54345 
(-10)3.09165 
(-10)1.24712 

(-11)4.95086 
(-11)1.93401 
(-12)7.43354 
(-12)2.81094 
(-12)1.04564 

(-13)3.82601 
(-13)1.37691 
(-14)4.87328 
(-14)1.69612 
(-15)5.80461 


(-15)1.95316 

-16)6.46126 
-16)2.10125 
-17  6.  71719 
-17)2.11065 


(-3)9.40315  97258 


(-16)3.70336         (-18)6.51829 

[2T(«..)]- 

(-3)2.60416  66667     (-6)8.13802  08333 


i: 


n  =  n 

1.00000 
1)6.15727 
1)3.75188 
1)2.26201 
1)1.34906 


-  2)7.95749 

-  2)4.64127 

-  2)2.67626 
(-  2)1.52533 
(-  3)8.59126 

(-  3)4.78106 
(-  3)2.62835 
I-  3)1.42708 
[-  4)7.65146 
[-  4)4.05030 


(-  4)2.11641 
(-  4)1.09146 
(-  5)5.55435 
(-  5)2.78871 
(-  5)1.38116 

(-  6)6.74666 
(-  6)3.24987 
(-  6)1.54350 
|-7j7.  22681 


(- 


33519 
51693 


-  7)1. 
(-  8)6.79864 
(-  8)3.00212 
(-  8)1.30595 
(-  9)5.59577 

-  9)2.36143 

-10)9.81330 
-10)4.01541 
-10)1.61759 
-11)6.41479 


(-11)2.50393 
(-12)9.61928 
(-12)3.63661 
(-12)1.35283 
(-13)4.95149 

(-13)1.78294 
(-14)6.31544 
(-14)2.20038 
(-15)7.54020 
(-15)2.54109 

(-16)8.42124 
(-16)2.74419 
(-17)8.79230 
(-17)2.76954 
(-18)8.57626 

(-18)2.61062 


(-6)1.69609  66316 
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1 

DAWSON'. 

S  INTEGRAL 

Table  7.5 

.? 

Jo 

.(• 

'-f: 

/(It 

_9 

V     - 

Jo 

/(/I 

<x> 

0.00 

0.00000  00000 

1.00 

0.53807 

95069 

0.250 

0.60268 

0777 

2 

0.02 

0.01999  46675 

1.02 

0.53637 

44359 

0.245 

0.60046 

6027 

2 

0.04 

0.03995  73606 

1.04 

0.53431 

71471 

0.240 

0.59819 

8606 

2 

0.06 

0.05985  62071 

1.06 

0.53192 

50787 

0.235 

0.59588 

1008 

2 

0.08 

0.07965  95389 

1.08 

0.52921 

57454 

0.230 

0.59351 

6018 

2 

0.10 

0.09933  59924 

1.10 

0.52620 

66800 

0.225 

0.59110 

6724 

2 

0.12 

0.11885  46083 

1.12 

0.52291 

53777 

0.220 

0.  58865 

6517 

2 

0.14 

0.13818  49287 

1.14 

0.51935 

92435 

0.215 

0.58616 

9107 

2 

0.16 

0.15729  70920 

1.16 

0.51555 

55409 

0.210 

0.58364 

8516 

2 

0.18 

0.17616  19254 

1.18 

0.51152 

13448 

0.205 

0.58109 

9080 

2 

0.20 

0.19475  10334 

1.20 

0.50727 

34964 

0.200 

0.57852 

5444 

2 

0.22 

0.21303  68833 

1.22 

0.50282 

85611 

0.195 

0.57593 

2550 

2 

0.24 

0.23099  28865 

1.24 

0.49820 

27897 

0.190 

0.57332 

5618 

2 

0.26 

0.24859  34747 

1.26 

0.49341 

20827 

0.185 

0.57071 

0126 

2 

0.28 

0.26581  41727 

1.28 

0.48847 

19572 

0.180 

0.56809 

1778 

2 

0.30 

0.28263  16650 

1.30 

0.48339 

75174 

0.175 

0.56547 

6462 

2 

0.32 

0.29902  38575 

1.32 

0.47820 

34278 

0.170 

0.56287 

0205 

2 

0.34 

0.31496  99336 

1.34 

0.47290 

38898 

0.165 

0.56027 

9114 

2 

0.36 

0.33045  04051 

1.36 

0.46751 

26208 

0.160 

0.55770 

9305 

3 

0.38 

0.34544  71562 

1.38 

0.46204 

28368 

0.155 

0.55516 

6829 

3 

0.40 

0.35994  34819 

1.40 

0.45650 

72375 

0.150 

0.55265 

7582 

3 

0.42 

0.37392  41210 

1.42 

0.45091 

79943 

0.145 

0.55018 

7208 

3 

0.44 

0.38737  52812 

1.44 

0.44528 

67410 

0.140 

0.54776 

0994 

3 

0.46 

0.40028  46599 

1.46 

0.43962 

45670 

0.135 

0.54538 

3766 

3 

0.48 

0.41264  14572 

1.48 

0.43394 

20135 

0.130 

0.54305 

9774 

3 

0.50 

0.42443  63835 

1.50 

0.42824 

90711 

0.125 

0.54079 

2591 

3 

0.52 

0.43566  16609 

1.52 

0.42255 

51804 

0.120 

0.53858 

5013 

3 

0.54 

0.44631  10184 

1.54 

0.41686 

92347 

0.115 

0.53643 

8983 

3 

0.56 

0.45637  96813 

1.56 

0.41119 

95842 

0.110 

0.53435 

5529 

3 

0.58 

0.46586  43551 

1.58 

0.40555 

40424 

0.105 

0.53233 

4747 

3 

0.60 

0.47476  32037 

1.60 

0.39993 

98943 

0.100 

0,53037 

5810 

3 

0.62 

0.48307  58219 

1.62 

0.39436 

39058 

0.095 

0.52847 

7031 

3 

0.64 

0.49080  32040 

1.64 

0.  38883 

23346 

0.090 

0.52663 

5967 

3 

0.66 

0.49794  77064 

1.66 

0.38335 

09429 

0.085 

0.52484 

9575 

3 

0.68 

0.50451  30066 

1.68 

0.37792 

50103 

0.080 

0.52311 

4393 

4 

0.70 

0.51050  40576 

1.70 

0.37255 

93490 

0.075 

0.52142 

6749 

4 

0.72 

0.51592  70382 

1.72 

0.36725 

83182 

0.070 

0.51978 

2972 

4 

0.74 

0.52078  93010 

1.74 

0.36202 

58410 

0.065 

0.51817 

9571 

4 

0.76 

0.52509  93152 

1.76 

0.35686 

54206 

0.060 

0.51661 

3369 

4 

0.78 

0.52886  66089 

1.78 

0.35178 

01580 

0.055 

0.51508 

1573 

4 

0.80 

0.53210  17071 

1.80 

0.34677 

27691 

0.050 

0.51358 

1788 

4 

0.82 

0.53481  60684 

1.82 

0.34184 

56029 

0.045 

0.51211 

1971 

5 

0.84 

0.53702  20202 

1.84 

0.33700 

06597 

0.040 

0.51067 

0372 

5 

0.86 

0.53873  26921 

1.86 

0.33223 

96091 

0.035 

0.50925 

5466 

5 

0.88 

0.53996  19480 

1.88 

0.32756 

38080 

0.030 

0.50786 

5903 

6 

0.90 

0.54072  43187 

1.90 

0.32297 

43193 

0.025 

0.50650 

0473 

6 

0.92 

0.54103  49328 

1.92 

0.31847 

19293 

0.020 

0.50515 

8078 

7 

0.94 

0.54090  94485 

1.94 

0.31405 

71655 

0.015 

0.50383 

7717 

8 

0.96 

0.54036  39857 

1.96 

0.30973 

03141 

0.010 

0.50253 

8471 

10 

0.98 

0.53941  50580 

1.98 

0.30549 

14372 

0.005 

0.50125 

9494 

14 

1.00 

0.53807  95069 

2.00 

0.30134 

03889 

0.000 

0.50000 

0000 

00 

"(-5)71 
4 

■(- 

5)4" 

1 

6 

See  Example  3. 

<a;>  =  nearest  integer 

to  r. 

Compiled  from  J.  B.  Rosser,  Theory  and  application  of  L'  <'  'V.r  and  f"  e-P^'A/i/  C''  (■-■^'dr. 
Mapleton  House,  Brooklyn,  N.Y.,  1948;  and  B.  Lohmander  and  S.  Rittsten,  Table  of  the 
function  ,/=e-'^f'/di,Kung\.  Fysiogr.  Sallsk.  i  Lund  Forh.  28,  45-52,  1958  (with  permission). 


320 


ERROR    FUNCTION    AND    FRESNEL    INTEGRALS 


Table  7.6 

X 

r^)^""' 

0.00 
0.02 
0.04 
0.06 
0.08 

0.00000  00 
0.02239  69 
0.04479  31 
0.06718  72 
0.08957  63 

0.10 
0.12 
0.14 
0.16 
0.18 

0.11195  67 
0.13432  36 
0.15667  11 
0.17899  22 
0.20127  90 

0.20 
0.22 
0.24 
0.26 
0.28 

0.22352  24 
0.24571  24 
0.26783  80 
0.28988  71 
0.31184  70 

0.30 
0.32 
0.34 
0.36 
0.38 

0.33370  37 
0.35544  26 
0.37704  82 
0.39850  45 
0.41979  45 

0.40 
0.42 
0.44 
0.46 
0.48 

0.44090  07 
0.46180  52 
0.48248  96 
0.50293  51 
0.52312  25 

0.50 
0.52 
0.54 
0.56 
0.58 

0.54303  28 
0.56264  66 
0.58194  46 
0.60090  80 
0.61951  78 

0.60 
0.62 
0.64 
0.66 
0.68 

0.63775  57 
0.65560  39 
0.67304  52 
0.69006 '30 
0.70664  18 

0.70 

0.72276  69 

[(-5)61 
4 

l\Jo 


a) 


(D 


^dt 


e-<"dt 


0.70 

0.72276  69 

0.72 

0.73842  49 

0.74 

0.75360  34 

0.76 

0.76829  12 

0.78 

0.78247  88 

0.80 

0.79615  78 

0.82 

0.80932  16 

0.84 

0.82196  48 

0.86 

0.83408  41 

0.88 

0.84567  73 

0.90 

0.85674  42 

0.92 

0.86728  62 

0.94 

0.87730  62 

0.96 

0.88680  89 

0.98 

0.89580  05 

1.00 

0.90428  86 

1.02 

0.91228  25 

1.04 

0.91979  27 

1.06 

0.92683  11 

1.08 

0.93341  06 

1.10 

0.93954  56 

1.12 

0.94525  09 

1.14 

0.95054  27 

1.16 

0.95543  76 

1.18 

0.95995  30 

1.20 

0.96410  64 

1.22 

0.96791  62 

1.24 

0.97140  05 

1.26 

0.97457  79 

1.28 

0.97746  66 

1.30 

0.98008  48 

1.32 

0.98245  07 

1.34 

0.98458  18 

1.36 

0.98649  52 

1.38 

0.98820  77 

1.40 

0.98973  54 

"(-5)7- 
5 

-4^=0.89297  951 

1.40 
1.42 
1.44 
1.46 
1.48 

1.50 
1.52 
1.54 
1.56 
1.58 

1.60 
1.62 
1.64 
1.66 
1.68 

1.70 


Jo 


e-^  dt 


0.98973  54 
0.99109  36 
0.99229  70 
0.99335  97 
0.99429  49 

0.99511  49 
0.99583  14 
0.99645  52 
0.99699  62 
0.99746  38 

0.99786  63 
0.99821  16 
0.99850  65 
0.99875  75 
0.99897   03 

0.99914  99 


1.70 

0.99914  99 

1.74 

0.99942  75 

1.78 

0.99962  05 

1.82 

0.99975  26 

1.86 

0.99984  14 

1.90 

0.99990  01 

1.94 

0.99993  82 

1.98 

0.99996  24 

2.02 

0.99997  76 

2.06 

0.99998  69 

2.10 

0.99999  25 

2.14 

0.99999  57 

2.18 

0.99999  77 

2.22 

0.99999  87 

2.26 

0.99999  93 

2.30 

0.99999  97 

r(-5)n 

5 

Compiled  from  M.  Abramowitz,  Table  of  the  integral  pe-"'dM,  J.  Math.  Phys.  30, 162-163, 1951 
(with  permission) .  ^ 
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FRESNEL  INTEGRALS 


TabU 


c'w=r<^^(i^o 


^(")=vij:^-^'(>?: 


SW=j;sm(|r2) 

dt 

S.in)^^^ 

K^ 

1) 

T 

"=i^ 

C{t)=Co{u) 

S(r)=S2(«) 

J" 

"=i^ 

C{t)=C2{u) 

.SW  =  .S'2(») 

0.00 

0.00000  00 

0.00000  00 

0.00000  00 

1.00 

1.57079  63 

0. 77989 

34 

0.43825  91 

0,02 

0.00062  83 

0.02000  00 

0.00000  42 

1.02 

1.63425  65 

0.77926 

11 

0.45824  58 

0.04 

0.00251  33 

0.04000  00 

0.00003  35 

1.04 

1.69897  33 

0.77735 

01 

0.47815  08 

0.06 

0.00565  49 

0.05999  98 

0.00011  31 

1.06 

1.76494  68 

0.  77414 

34 

0.49788  84 

0,08 

0,01005  31 

0.07999  92 

0.00026  81 

1.08 

1.83217  68 

0.  76963 

03 

0.51736  86 

0.10 

0,01570  80 

0.09999  75 

0.00052  36 

1.10 

1.90066  36 

0.76380 

67 

0.53649  79 

0,12 

0,02261  95 

0.11999  39 

0.00090  47 

1.12 

1.97040  69 

0.75667 

60 

0.55517  92 

0.14 

0,03078  76 

0.13998  67 

0.00143  67 

1.14 

2.04140  69 

0.  74824 

94 

0.57331  28 

0.16 

0.04021  24 

0.15997  41 

0.00214  44 

1.16 

2.11366  35 

0.73854 

68 

0.59079  66 

0,18 

0,05089  38 

0.17995  34 

0.00305  31 

1.18 

2.18717  68 

0.  72759 

68 

0.60752  74 

0,20 

0,06283  19 

0.19992  11 

0.00418  76 

1.20 

2.26194  67 

0.71543 

77 

0.62340  09 

0,22 

0,07602  65 

0.21987  29 

0.00557  30 

1.22 

2.33797  33 

0.70211 

76 

0.63831  34 

0.24 

0,09047  79 

0.23980  36 

0.00723  40 

1.24 

2.41525  64 

0.68769 

47 

0.65216  19 

0.26 

0,10618  58 

0.25970  70 

0.00919  54 

1.26 

2.49379  62 

0,67223 

78 

0.66484  56 

0.28 

0,12315  04 

0.27957  56 

0.01148  16 

1.28 

2.57359  27 

0,65582 

63 

0.67626  72 

0.30 

0,14137  17 

0.29940  10 

0.01411  70 

1.30 

2.65464  58 

0.63855 

05 

0.68633  33 

0.32 

0,16084  95 

0.31917  31 

0.01712  56 

1.32 

2.73695  55 

0.62051 

11 

0.69495  62 

0.34 

0.18158  41 

0.33888  06 

0.02053  11 

1.34 

2.82052  19 

0.60181 

95 

0.70205  50 

0.36 

0.20357  52 

0.35851  09 

0.02435  68 

1.36 

2.90534  49 

0.  58259 

73 

0.70755  67 

0.38 

0.22682  30 

0.37804  96 

0,02862  55 

1.38 

2.99142  45 

0.56297 

59 

0.71139  77 

0.40 

0.25132  74 

0.39748  08 

0,03335  94 

1.40 

3.07876  08 

0.54309 

58 

0.71352  51 

0.42 

0,27708  85 

0.41678  68 

0,03858  02 

1.42 

3.16735  37 

0.52310 

58 

0.71389  77 

0.44 

0.30410  62 

0.43594  82 

0,04430  85 

1.44 

3.25720  33 

0.50316 

23 

0.71248  78 

0.46 

0.33238  05 

0.45494  40 

0,05056  42 

1.46 

3.34830  95 

0.48342 

80 

0.70928  16 

0.48 

0.36191  15 

0.47375  10 

0,05736  63 

1.48 

3.44067  23 

0. 46407 

05 

0.70428  12 

0.50 

0.39269  91 

0.49234  42 

0,06473  24 

1.50 

3.53429  17 

0.44526 

12 

0.69750  50 

0.52 

0.42474  33 

0.51069  69 

0,07267  89 

1.52 

3.62916  78 

0.  42717 

32 

0.68898  88 

0.54 

0.45804  42 

0.52878  01 

0.08122  06 

1.54 

3.72530  06 

0.40997 

99 

0.67878  67 

0.56 

0.49260  17 

0.54656  30 

0.09037  08 

1.56 

3.82268  99 

0.  39385 

29 

0.66697  13 

0.58 

0.52841  59 

0.56401  31 

0.10014  09 

1.58 

3.92133  60 

0. 37895 

96 

0.65363  46 

0.60 

0.56548  67 

0.58109  54 

0.11054  02 

1.60 

4.02123  86 

0.  36546 

17 

0.63888  77 

0.62 

0.60381  41 

0.59777  37 

0.12157  59 

1.62 

4.12239  79 

0.  35351 

20 

0.62286  07 

0,64 

0.64339  82 

0.61400  94 

0.13325  28 

1.64 

4.22481  38 

0.34325 

29 

0.60570  26 

0.66 

0.68423  89 

0.62976  25 

0.14557  29 

1.66 

4.32848  64 

0. 33481 

32 

0.58758  04 

0.68 

0.72633  62 

0.64499  12 

0.15853  54 

1.68 

4.43341  56 

0. 32830 

61 

0.56867  83 

0.70 

0.76969  02 

0.65965  24 

0.17213  65 

1.70 

4.53960  14 

0.  32382 

69 

0.54919  60 

0.72 

0.81430  08 

0.67370  12 

0.18636  89 

1.72 

4.64704  39 

0.32145 

02 

0.52934  73 

0.74 

0.86016  81 

0.68709  20 

0.20122  21 

1.74 

4.75574  30 

0.32122 

83 

0.50935  84 

0,76 

0.90729  20 

0.69977  79 

0.21668  16 

1.76 

4.86569  87 

0.32318 

87 

0.48946  49 

0,78 

0.95567  25 

0.71171  13 

0.23272  88 

1.78 

4.97691  11 

0.32733 

25 

0.46990  94 

0,80 

1,00530  96 

0.72284  42 

0.24934  14 

1,80 

5.08938  01 

0.  33363 

29 

0.45093  88 

0.82 

1.05620  35 

0.73312  83 

0.26649  22 

1.82 

5.20310  58 

0.34203 

39 

0.43280  06 

0,84 

1.10835  39 

0.74251  54 

0.28414  98 

1.84 

5.31808  80 

0. 35244 

96 

0.41573  97 

0,86 

1.16176  10 

0.75095  79 

0.30227  80 

1.86 

5.43432  70 

0.  36476 

35 

0.39999  44 

0.88 

1.21642  47 

0.75840  90 

0.32083  55 

1.88 

5.55182  25 

0. 37882 

93 

0.38579  25 

0.90 

1.27234  50 

0.76482  30 

0.33977  63 

1.90 

5.67057  47 

0.  39447 

05 

0,37334  73 

0.92 

1.32952  20 

0.77015  63 

0.35904  93 

1.92 

5.79058  36 

0.41148 

24 

0,36285  37 

0.94 

1.  38795  56 

0.77436  72 

0.37859  81 

1.94 

5.91184  91 

0.42963 

33 

0,35448  37 

0.96 

1.44764  59 

0.77741  68 

0.39836  12 

1.96 

6.03437  12 

0. 44866 

69 

0,34838  30 

0.98 

1.50859  28 

0.77926  95 

0.41827  21 

1.98 

6.15814  99 

0.  46830 

56 

0,34466  65 

1.00 

1.57079  63 

0.77989  34 

0.43825  91 

2.00 

6.28318  53 

0.  48825 

34 

0,34341  57 

ri -4  2] 
3 

■  -4.2- 
5 

■i-.5)8' 
5 

3 

■  -4i3- 
5 

■<-4,3-l 
6 

See  Example  8. 

For  r^:C{x)^r-^ 

r^          5W=^ 

"'  336'' 
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Table 

7.7 

FRESNEL  INTEGRALS 

C(.r)  =j;;  cos  (|/2)(// 

''''w^j; 

sin 

^2")" 

T 

C{r) 

.S(.,) 

J- 

C(.r) 

S{r) 

T 

C(.) 

<S'(.,) 

2.00 

0.  48825 

34 

0. 34341 

57 

3.00 

0.60572  08 

0.49631 

30 

4.00 

0. 49842 

60 

0.42051  58 

2.02 

0.50820 

04 

0. 34467 

48 

3.02 

0.60383  73 

0.51619 

42 

4.02 

0.51821 

54 

0.42301  99 

2.04 

0.52782 

73 

0. 34844 

87 

3.04 

0.59823  78 

0.  53536 

29 

4.04 

0.  53675 

05 

0.43039  00 

2.06 

0. 54681 

06 

0.35470 

04 

3.06 

0.58910  11 

0.55311 

95 

4.06 

0. 55284 

04 

0.44217  81 

2.08 

0. 56482 

79 

0. 36334 

98 

3.08 

0.57674  01 

0.  56880 

28 

4.08 

0.  56543 

47 

0.45764  45 

2.10 

0.58156 

41 

0.37427 

34 

3.10 

0.56159  39 

0. 58181 

59 

4.10 

0.57369 

56 

0.47579  83 

2.12 

0,  59671 

75 

0.38730 

37 

3.12 

0.54421  58 

0. 59165 

11 

4.12 

0.57705 

88 

0.49545  71 

2.14 

0.61000 

60 

0.40223 

09 

3.14 

0.52525  53 

0.59791 

29 

4.14 

0.57527 

76 

0.51532  14 

2.16 

0.62117 

32 

0.41880 

45 

3.16 

0.50543  56 

0.60033 

66 

4.16 

0. 56844 

74 

0.53405  87 

2.18 

0.  62999 

53 

0.43673 

63 

3.18 

0.48552  76 

0. 59880 

34 

4.18 

0.55700 

75 

0.55039  41 

2.20 

0.63628 

60 

0.45570 

46 

3.20 

0.46632  03 

0.59334 

95 

4.20 

0. 54171 

92 

0.56319  89 

2.22 

0.63990 

31 

0.47535 

85 

3.22 

0.44858  96 

0. 58416 

97 

4.22 

0.52362 

06 

0.57157  23 

2.24 

0.  64075 

25 

0.49532 

41 

3.24 

0.43306  55 

0.57161 

47 

4.24 

0.50396 

08 

0.57491  03 

2.26 

0.63879 

28 

0.51521 

11 

3.26 

0.42040  05 

0.55618 

06 

4.26 

0. 48411 

63 

0.57295  47 

2.28 

0.63403 

83 

0.53462 

03 

3.28 

0.41113  97 

0. 53849 

35 

4.28 

0. 46549 

61 

0.56582  05 

2.30 

0.62656 

17 

0.55315 

16 

3.30 

0.40569  44 

0.51928 

61 

4.30 

0. 44944 

12 

0.55399  59 

2.32 

0.  61649 

45 

0.57041 

28 

3.32 

0.40431  99 

0.49936 

95 

4.32 

0.  43712 

50 

0.53831  55 

2.34 

0.  60402 

69 

0. 58602 

84 

3.34 

0.40709  96 

0.47960 

04 

4.34 

0.42946 

40 

0.51990  77 

2.36 

0. 58940 

65 

0.59964 

89 

3.36 

0.41393  66 

0.  46084 

46 

4.36 

0.  42704 

39 

0.50011  73 

2.38 

0.57293 

44 

0.61095 

96 

3.38 

0.42455  18 

0.44393 

82 

4.38 

0.43006 

79 

0.48041  08 

2.40 

0.55496 

14 

0.61969 

00 

3.40 

0.43849  17 

0.42964 

95 

4.40 

0.43833 

29 

0.46226  80 

2.42 

0.53588 

11 

0.62562 

11 

3.42 

0.45514  37 

0.41864 

11 

4.42 

0.45123 

59 

0.44707  06 

2.44 

0.51612 

29 

0. 62859 

38 

3.44 

0.47375  96 

0.41143 

69 

4.44 

0.46781 

05 

0.43599  33 

2.46 

0.49614 

28 

0. 62851 

43 

3.46 

0.49348  70 

0.40839 

28 

4.46 

0. 48679 

41 

0.42990  86 

2.48 

0.  47641 

35 

0.62535 

98 

3.48 

0.51340  62 

0. 40967 

54 

4.48 

0. 50671 

95 

0.42931  16 

2.50 

0.  45741 

30 

0.61918 

18 

3.50 

0.53257  24 

0. 41524 

80 

4.50 

0.52602 

59 

0.43427  30 

2.52 

0.43961 

32 

0.61010 

76 

3.52 

0.55006  11 

0.42486 

72 

4.52 

0.  54318 

11 

0.44442  34 

2.54 

0.42346 

72 

0.59834 

06 

3.54 

0.56501  32 

0.43808 

83 

4.54 

0.55680 

46 

0.45897  36 

2.56 

0.40939 

65 

0. 58415 

75 

3.56 

0.57668  02 

0.45428 

17 

4.56 

0.56578 

27 

0.47676  89 

2.58 

0.39777 

91 

0.56790 

42 

3.58 

0.58446  43 

0.47265 

92 

4.58 

0. 56936 

57 

0.49637  56 

2.60 

0.  38893 

75 

0. 54998 

93 

3.60 

0.58795  33 

0.49230 

95 

4.60 

0.56723 

67 

0.51619  23 

2.62 

0.38312 

73 

0.53087 

53 

3.62 

0.58694  64 

0.51224 

12 

4.62 

0.55954 

81 

0.53457  97 

2.64 

0.  38052 

80 

0.51106 

79 

3.64 

0.58147  10 

0.53143 

21 

4.64 

0.  54691 

86 

0.54999  67 

2.66 

0.38123 

50 

0.49110 

35 

3.66 

0.57178  75 

0. 54888 

15 

4.66 

0.53039 

13 

0.56113  28 

2.68 

0. 38525 

32 

0.47153 

52 

3.68 

0.55838  18 

0. 56366 

38 

4.68 

0.51135 

38 

0.56702  44 

2.70 

0.  39249 

40 

0.45291 

75 

3.70 

0.54194  57 

0.57498 

04 

4.70 

0.49142 

65 

0.56714  55 

2.72 

0.40277 

39 

0.43578 

98 

3.72 

0.52334  49 

0. 58220 

56 

4.72 

0.47232 

71 

0.56146  19 

2.74 

0.41581 

68 

0.42066 

03 

3.74 

0.50357  70 

0. 58492 

61 

4.74 

0.45572 

30 

0.55044  52 

2.76 

0.43125 

85 

0.40798 

90 

3.76 

0.48371  94 

0.58296 

92 

4.76 

0.44308 

30 

0.53504  16 

2.78 

0.  44865 

46 

0. 39817 

24 

3.78 

0.46487  19 

0.57641 

91 

4.78 

0.43554 

28 

0.51659  82 

2.80 

0.46749 

17 

0,39152 

84 

3.80 

0.44809  49 

0.  56561 

87 

4.80 

0.43379 

66 

0.49675  02 

2.82 

0.48720 

04 

0.38828 

41 

3.82 

0.43434  86 

0.55115 

74 

4.82 

0.43802 

47 

0.47728  00 

2.84 

0.50717 

21 

0. 38856 

43 

3.84 

0.42443  43 

0. 53384 

32 

4.84 

0.  44786 

69 

0.45995  75 

2.86 

0.52677 

66 

0. 39238 

50 

3.86 

0.41894  43 

0.51466 

22 

4.86 

0.46244 

40 

0.44637  74 

2.88 

0.  54538 

21 

0.39964 

80 

3.88 

0.41822  16 

0. 49472 

45 

4.88 

0.  48042 

90 

0.43780  82 

2.90 

0.56237 

64 

0.41014 

06 

3.90 

0.42233  27 

0.47520 

24 

4.90 

0.50016 

10 

0.43506  74 

2.92 

0.57718 

78 

0.42353 

87 

3.92 

0.43105  68 

0.45726 

13 

4.92 

0.  51979 

51 

0.43843  48 

2.94 

0.58930 

60 

0.43941 

39 

3.94 

0.44389  17 

0.44198 

92 

4.94 

0.53747 

34 

0.44761  56 

2.96 

0.  59830 

19 

0.45724 

45 

3.96 

0.46007  70 

0.43032 

79 

4.96 

0.55150 

25 

0.46175  67 

2.98 

0.  60384 

56 

0.47643 

06 

3.98 

0.47863  51 

0.42301 

17 

4.98 

0.56051 

94 

0.47951  78 

3.00 

0.60572 

08 

0. 49631 

30 

4.00 

0.49842  60 

0.42051 

58 

5.00 

0. 56363 

12 

0.49919  14 

r(-4)5] 

6 

[(-4)4-1 
6 

[(-4)6- 
7 

[(-4)6-1 

7 

[(-4)71 

7 

[(-4)81 

7 

sin  /tt  ,o\ 

cos  Itr 

A 

For 

=  0.5 

±(0.3183099  -  O-^f «)  ^^  ^2  ■'-)    ^0.10132  ^  ^"^f 

l\  sin  \2 

] 

e(j)K3xlO-7 

)         ^' 

+  *  V) 

17 

or  «>39 

S'2(«) 

-  =  0.5 ±f 0.3989423  ^f 

sin  („) 
H«^^  -(0.19947 -^- 

.748 

\  sin  ^  ^ 
/  "V" 

+  e(//)   €(»/)!< 

3  X 10-^ 

r 

m2 

ERROR    FUNCTION    AND    FRESNEL    INTEGRALS 


323 


"-2'" 


0.00 

0.00000 

00000 

00000 

0.02 

0.00062 

83185 

30718 

0.04 

0.00251 

32741 

22872 

0.06 

0.00565 

48667 

76462 

0.08 

0.01005 

30964 

91487 

0.10 

0.01570 

79632 

67949 

0.12 

0.  02261 

94671 

05847 

0.14 

0.03078 

76080 

05180 

0.16 

0.04021 

23859 

65949 

0.18 

0.05089 

38009 

88155 

0.20 

0.06283 

18530 

71796 

0.22 

0.07602 

65422 

16873 

0.24 

0. 09047 

78684 

23386 

0.26 

0.10618 

58316 

91335 

0.28 

0.12315 

04320 

20720 

0.30 

0.14137 

16694 

11541 

0.32 

0.16084 

95438 

63797 

0.34 

0.18158 

40553 

77490 

0.36 

0.20357 

52039 

52619 

0.38 

0.22682 

29895 

89183 

0.40 

0.25132 

74122 

87183 

0.42 

0.27708 

84720 

46620 

0,44 

0.30410 

61688 

67492 

0.46 

0.33238 

05027 

49800 

0.48 

0.36191 

14736 

93544 

0.50 

0. 39269 

90816 

98724 

0.52 

0.42474 

33267 

65340 

0.54 

0. 45804 

42088 

93392 

0.56 

0.49260 

17280 

82880 

0.58 

0.52841 

58843 

33803 

0.60 

0,56548 

66776 

46163 

0.62 

0.60381 

41080 

19958 

0.64 

0.64339 

81754 

55190 

0.66 

0,68423 

88799 

51857 

0.68 

0.72633 

62215 

09960 

0.70 

0.76969 

02001 

29499 

0.72 

0.81430 

08158 

10474 

0.74 

0.86016 

80685 

52885 

0.76 

0.90729 

19583 

56732 

0.78 

0.95567 

24852 

22015 

0.80 

1.00530 

96491 

48734 

0.82 

1.05620 

34501 

36888 

0.84 

1.10835 

38881 

86479 

0.86 

1.16176 

09632 

97506 

0.88 

1.21642 

46754 

69968 

0.90 

1.27234 

50247 

03866 

0.92 

1.32952 

20109 

99200 

0.94 

1.38795 

56343 

55971 

0.96 

1.44764 

58947 

74177 

0.98 

1.50859 

27922 

53819 

AUXILIARY  FUNCTIONS 

/(.<•)  =  /2(") 

0.50000  00000  00000 

0.49969  41196  39303 

0.49880  88057  20520 

0.49739  07811  66949 

0.49548  44294  00553 

0.49313  18256  06624 
0.49037  27777  82254 
0.48724  48761  11561 
0.48378  35493  31728 
0.48002  21268  70713 

0.47599  19056  49140 
0.47172  22205  45221 
0.46724  05176  22164 
0.46257  24293  12303 
0.45774  18508  40978 

0.45277  10172  56087 
0.44768  05805  06203 
0.44248  96860  81319 
0.43721  60487  95888 
0.43187  60273  53913 

0.42648  46973  90789 

0.42105  59227  36507 

0.41560  24246  90070 

0.41013  58491  35691 

0.40466  68313  67950 

0,39920  50585  25702 

0. 39375  93295  63563 

0,38833  76127  15400 

0.38294  71004  26771 

0.37759  42617  52882 

0.37228  48922  35620 

0.36702  41612  87842 

0.36181  66571  25476 

0,35666  64292  98472 

0,35157  70288  80259 

0,34655  15463  82434 

0,34159  26474  67053 

0,33670  26065  33192 

0.33188  33382  57734 

0.32713  64271  72503 

0.32246  31553  61284 

0.31786  45283  60796 

0.31334  12993  49704 

0.30889  39917  09068 

0.30452  29200  36579 

0.30022  82096  95385 
0.29600  98149  76518 
0.29186  75359  51781 
0.28780  10340  91658 
0.28380  98467  20271 


Table  7.8 

.7(')=.92(") 

0.50000  00000  00000 
0.48031  40626  54163 
0.46125  51239  79101 
0.44281  99356  00196 
0.42500  33536  38036 

0.40779  85545  29930 
0.39119  72364  96391 
0.37518  98069  99885 
0.35976  55566  09573 
0.34491  28197  39391 

0.33061  91227  69034 
0.31687  13200  89318 
0.30365  57186  36191 
0.29095  81914  92531 
0.27876  42811  44593 


0.26705  92929 
0.25582  83796 
0.24505  66166 
0.23472  90703 
0.22483  08578 

0.21534  72003 
0.20626  34704 
0.19756  52322 
0.18923  82774 
0.18126  86555 

0.17364  26996 
0.16634  70480 
0.15936  86623 
0.15269  48414 
0.14631  32329 

0.14021  18419 
0.13437  90361 
0.12880  35503 
0.12347  44874 
0.11838  13187 


81728 
24420 
57772 
35799 
07150 

95520 
48744 
49727 
60398 
47172 

13238 
39628 
13733 
00876 
91905 

37684 
59907 
06985 
03863 
25611 


0.11351  38821  06517 

0.10886  23788  79214 

0.10441  73696  22082 

0.10016  97688  77848 

0.09611  08389  91866 

0.09223  21832  05037 
0.08852  57381  23702 
0.08498  37656  77045 
0.08159  88446  61614 
0.07836  38619  62362 

0.07527  20035  30280 
0.07231  67451  87932 
0.06949  18433  26312 
0.06679  13255  49021 
0.06420  94813  13093 


1.00        1.57079  63267  94897 
See  Examples  6,  7,  and  9. 


0.27989  34003  76823 


m 


0.06174  08526   09645 


['If] 


C'(.r)=2  +/{^)  sin  {h^A-^oi-i)  cos  (g.7-2J      C2(»)-  g  +Mii)  sin  n-'nO')  cos  » 


.S'(x)  =  ^-/(.,)C0s(|.r2)-r/(x) 


sin 


(2-) 


^■2{it)=^'^-j2{ii)  COS  '1-92(11)  sin  '/ 


273-888  0-67— 22 
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Table  7.8 


AUXILIARY  FLNCTIONS 

/W=/2(") 


^(•r)=&2(«) 


'^(a-)  =2~-^^-^''  cos  (l  j^^ -  y(x)  sin  (g  r-' J        .So ( "j 


<r>=nearest  integer  to  r. 


j2{>i)  COS  ii-g-2i>')  sin  » 


<r> 


<M> 


1.00 

0.  63661 

97723  67581 

0.27989 

34003  76823 

0.06174  08526  09645 

2 

0.98 

0.61140 

96293  81825 

0.27597 

33733  36442 

0.05933  31378  64174 

2 

0.96 

0.58670 

87822  13963 

0.27197 

11505  76851 

0.05693  89827  01255 

2 

0.94 

0.56251 

72308  63995 

0.26788 

56989  47656 

0.05456  06112  91100 

2 

0.92 

0.  53883 

49753  31921 

0.26371 

60682  37287 

0.05220  03510  52931 

2 

0.90 

0.  51566 

20156  17741 

0.25946 

14023  65674 

0.04986  06317  93636 

2 

0.88 

0.49299 

83517  21455 

0.25512 

09512  80091 

0.04754  39838  94725 

2 

0.86 

0.47084 

39836  43063 

0.25069 

40835  25766 

0.04525  30354  03048 

2 

0.84 

0.44919 

89113  82565 

0.24618 

02994  44393 

0.04299  05078  69390 

2 

0.82 

0.42806 

31349  39962 

0.24157 

92449  31459 

0.04075  92107  68723 

2 

0.80 

0,40743 

66543  15252 

0.23689 

07256  57089 

0.03856  20343  27312 

2 

0.78 

0.38731 

94695  08436 

0.23211 

47216  24632 

0.03640  19405  75704 

3 

0.76 

0.36771 

15805  19515 

0,22725 

14019  06110 

0.03428  19524  44132 

3 

0.74 

0.34861 

29873  48488 

0.22230 

11393  53995 

0.03220  51407  19129 

3 

0.72 

0.33002 

36899  95354 

0.21726 

45250  44609 

0.03017  46086  88637 

3 

0.70 

0.31194 

36884  60115 

0.21214 

23821  60229 

0.02819  34743  19381 

3 

0.68 

0.29437 

29827  42770 

0.20693 

57789  65521 

0.02626  48498  36510 

3 

0.66 

0.27731 

15728  43318 

0.20164 

60404  80635 

0.02439  18186  13588 

4 

0.64 

0.26075 

94587  61761 

0.19627 

47584  00004 

0.02257  74093  32978 

2 

4 

0.62 

0.24471 

66404  98098 

0.19082 

37987  55563 

0.02082  45674  44482 

2 

4 

0.60 

0.22918 

31180  52329 

0.18529 

53067  79209 

0.01913  61240  35536 

2 

4 

0.58 

0.21415 

88914  24454 

0.17969 

17083  86674 

0.01751  47623  30357 

2 

5 

0.56 

0.19964 

39606  14474 

0.17401 

57076  89207 

0.01596  29821  58470 

2 

5 

0.54 

0.18563 

83256  22387 

0.16827 

02799  47273 

0.01448  30628  73722 

2 

5 

0.52 

0.17214 

19864  48194 

0.16245 

86594  19322 

0.01307  70253  60097 

2 

6 

0.50 

0.15915 

49430  91895 

0.15658 

43216  36302 

0. 01174  65939  24659 

2 

6 

0.48 

0.14667 

71955  53491 

0.15065 

09597  56320 

0.01049  31590  42015 

2 

7 

0.46 

0.13470 

87438  32980 

0.14466 

24548  29603 

0.00931  77420  66589 

2 

7 

0.44 

0.12324 

95879  30364 

0.13862 

28400  34552 

0.00822  09631  52815 

2 

8 

0.42 

0.11229 

97278  45641 

0.13253 

62592  29647 

0.00720  30137  00215 

2 

9 

0.40 

0.10185 

91635  78813 

0.12640 

69204  94864 

0.00626  36346  49122 

3 

10 

0.38 

0.09192 

78951  29879 

0.12023 

90456  93806 

0.00540  21018  72942 

3 

11 

0.36 

0.08250 

59224  98839 

0.11403 

68174  47880 

0.00461  72197  27002 

3 

12 

0.34 

0.07359 

32456  85692 

0.10780 

43252  41741 

0.00390  73235  12822 

3 

14 

0.32 

0.06518 

98646  90440 

0.10154 

55126  32988 

0.00327  02912  03254 

3 

15 

0.30 

0.  05729 

57795  13082 

0.09526 

41276  74844 

0.00270  35642  68526 

3 

17 

0.28 

0.04991 

09901  53618 

0.  08896 

36786  39974 

0.00220  41768  84885 

4 

20 

0.26 

0.  04303 

54966  12048 

0.08264 

73969  33180 

0.00176  87922  53708 

4 

23 

0.24 

0.03666 

92988  88373 

0. 07631 

82087  00913 

0.00139  37442  77909 

4 

27 

0.22 

0.  03081 

23969  82591 

0. 06997 

87161  16730 

0.00107  50825  02743 

5 

32 

0.20 

0.  02546 

47908  94703 

0.06363 

11887  04012 

0.00080  86180  82883 

5 

39 

0.18 

0.02062 

64806  24710 

0.05727 

75644  30652 

0.00058  99686  10701 

6 

48 

0.16 

0.01629 

74661  72610 

0.05091 

94597  59575 

0.00041  45999  18234 

6 

61 

0.14 

0.01247 

77475  38405 

0. 04455 

81874  32960 

0.00027  78633  97799 

7 

80 

0.12 

0.00916 

73247  22093 

0.  03819 

47805  44642 

0.00017  50279  00844 

8 

109 

0.10 

0.00636 

61977  23676 

0.03183 

00214  15118 

0.00010  13057  94484 

10 

157 

0.08 

0.00407 

43665  43153 

0. 02546 

44738  95252 

0.00005  18732  17470 

13 

245 

0.06 

0.00229 

18311  80523 

0.01909 

85179  38105 

0.00002  18849  44630 

17 

436 

0.04 

0.00101 

85916  35788 

0.01273 

23855  39770 

0.00000  64845  30524 

25 

982 

0.02 

0.00025 

46479  08947 

0.00636 

61974  14061 

0.00000  08105  69272 

50 

3927 

0.00 

0. 00000 

00000  00000 

0.00000 

00000  00000 

0.00000  00000  00000 

00 

00 

'(-5)6" 
L  3 

r(-5)ii 

12 

rr-5)n 

12 

Cir)J^- 

-/(z)  sin  \^T2y 

-g(j)  cos  U 

'=)  CM,„=|- 

^-/2(»/)  sin  ?/-«/2(m)  cos  " 

ERROR    FUNCTION    AND    FRESNEL    ENTEGRALS 
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ERROR  FUNCTIOIN  FOR  COMPLEX  ARGUMENTS         Table  7.9 


y 

0.0 
0.1 
0.2 
0.3 
0.4 

0.5 
0.6 
0.7 
0.8 
0.9 

1.0 
1.1 
1.2 
1.3 
1.4 

1.5 
1.6 
1.7 
1.8 
1.9 

2.0 
2.1 
2.2 
2.3 
2.4 

2.5 
2.6 
2.7 
2.8 
2.9 


y 

0.0 
0.1 
0.2 
0.3 
0,4 

0.5 
0.6 
0.7 
0.8 
0.9 

1.0 
1.1 
1.2 
1.3 
1.4 

1.5 
1.6 
1.7 
1.8 
1.9 

2.0 
2.1 
2.2 
2.3 
2.4 

2.5 
2.6 
2.7 
2.8 
2.9 


^w{z)  Jw{z) 

1.000000  0.000000 
0.896457  0.000000 
0.809020  0.000000 
0.734599  0.000000 
0.670788  0.000000 

0.615690  0.000000 
0.567805  0.000000 
0.525930  0.000000 
0.489101  0.000000 
0.456532  0.000000 

0.427584  0.000000 
0.401730  0.000000 
0.378537  0.000000 
0.357643  0.000000 
0.338744  0.000000 

0.321585  0.000000 
0.305953  0,000000 
0,291663  0,000000 
0,278560  0,000000 
0,266509  0,000000 

0.255396  0.000000 
0.245119  0.000000 
0.235593  0,000000 
0,226742  0,000000 
0,218499  0,000000 

0,210806  0,000000 
0,203613  0,000000 
0,196874  0,000000 
0,190549  0,000000 
0,184602  0,000000 


w{z)=e- 
0tw{z)  Jw(z) 

x^O,l 

0,990050  0,112089 
0.888479  0.094332 
0.802567  0,080029 
0,729337  0,068410 
0,666463  0,058897 

0,612109  0,051048 

0.564818  0.044524 

0.523423  0.039064 

0,486982  0,034465 

0,454731  0,030566 

0,426044  0,027242 

0,400406  0,024392 

0.377393  0,021934 

0,356649  0.019805 

0,337876  0,017951 

0.320825  0.016329 
0.305284  0.014905 
0,291072  0,013648 
0,278035  0,012536 
0.266042  0,011547 

0.254978  0,010664 
0,244745  0,009874 
0,235256  0,009165 
0.226438  0,008526 
0,218224  0,007949 

0.210557  0,007427 
0.203387  0.006952 
0.196668  0,006520 
0,190360  0.006125 
0.184429  0,005764 


^^  erfc  (-iz)   z= 
y^w{z)  Jw{z) 
x=Q.2 

0,960789  0.219753 
0,864983  0,185252 
0,783538  0,157403 
0,713801  0.134739 
0.653680  0.116147 

0.601513  0.100782 
0.555974  0.087993 
0.515991  0,077275 
0,480697  0,068235 
0,449383  0.060563 

0.421468  0,054014 
0,396470  0.048393 
0,373989  0,043542 
0,353691  0,039336 
0.335294  0.035671 

0,318561  0.032463 

0.303290  0,029643 

0.289309  0.027154 

0,276470  0,024948 

0,264648  0.022987 

0.253732  0,021236 

0,243628  0.019669 

0.234251  0,018260 

0,225531  0,016991 

0,217404  0,015845 

0.209813  0.014806 

0.202710  0,013862 

0,196050  0,013002 

0,189796  0.012216 

0.183912  0.011498 


-x+iy 

^w(z)  Jw{z) 
^=0.3 

0.913931  0,318916 
0.827246  0,269600 
0.752895  0.229653 
0.688720  0,197037 
0.632996  0,170203 

0.584333  0.147965 
0.541605  0,129408 
0.503896  0.113821 
0.470452  0,100647 
0.440655  0.089444 

0,413989  0,079864 

0,390028  0,071628 

0.368412  0.064510 

0,348839  0.058329 

0,331054  0.052936 

0.314839  0.048210 

0.300009  0,044051 

0,286406  0.040377 

0.273892  0,037118 

0,262350  0.034217 

0.251677  0.031626 

0,241783  0.029304 

0,232592  0,027217 

0,224033  0,025335 

0,216047  0.023633 

0.208582  0.022090 

0,201589  0.020687 

0.195028  0.019409 

0.188861  0.018241 

0.183056  0,017172 


Sfwiz)  Jw{z) 
x^OA 

0,852144  0.406153 

0.777267  0,344688 

0,712146  0.294653 

0,655244  0,253613 

0.605295  0,219706 

0.561252  0,191500 

0.522246  0,167880 

0,487556  0,147975 

0,456579  0,131101 

0,428808  0.116714 

0.403818  0.104380 
0.381250  0,093752 
0.360799  0.084547 
0.342206  0.076538 
0.325248  0.069538 

0.309736  0.063393 
0.295506  0.057978 
0.282417  0,053186 
0.270346  0.048931 
0.259186  0.045139 

0.248844  0.041748 
0.239239  0.038706 
0.230300  0,035968 
0,221963  0.033498 
0.214172  0.031263 

0,206879  0.029234 
0.200039  0.027389 
0.193613  0.025706 
0.187566  0.024168 
0.181868  0.022759 


3.0    0.179001  0,000000   0.178842  0,005433    0,178368  0,010839   0.177581  0,016192   0.176491  0.021466 


0,778801  0,478925 
0,717588  0,408474 
0,663223  0,350751 
0,614852  0,303124 
0,571717  0,263563 

0.533157  0,230488 
0,498591  0.202666 
0,467521  0,179123 
0,439512  0,159087 
0.414191  0,141945 

0,391234  0.127202 
0.370363  0.114460 
0.351335  0.103395 
0,333942  0,093744 
0,318001  0.085288 

0.303355  0,077851 
0,289866  0,071283 
0,277412  0.065461 
0,265890  0,060283 
0.255205  0,055661 

0,245276  0,051521 
0,236031  0,047804 
0,227407  0,044454 
0,219347  0.041428 
0.211800  0.038686 

0.204723  0.036196 
0,198074  0.033929 
0,191818  0.031859 
0.185924  0.029966 
0.180361  0,028231 


x=0.6 

0.697676  0.535713 

0,651076  0.459665 

0,608322  0,396852 

0.569238  0.344645 

0.533581  0.300989 

0.501079  0.264268 
0.471453  0.233206 
0,444434  0.206787 
0,419766  0,184200 
0.397216  0,164793 

0,376571  0.148036 
0.357637  0.133501 
0,340241  0,120838 
0.324229  0.109759 
0.309463  0.100026 

0.295820  0,091443 
0.283192  0.083845 
0.271479  0.077096 
0,260598  0,071081 
0,250469  0,065701 

0,241025  0,060876 
0,232204  0,056534 
0.223952  0.052617 
0.216219  0,049073 
0,208961  0,045859 

0,202139  0,042936 
0,195717  0,040271 
0,189664  0.037836 
0,183950  0,035607 
0,178549  0,033561 


x-0.1 

0,612626  0,576042 

0,580698  0.497744 

0.549739  0,432442 

0,520192  0.377688 

0,492289  0.331535 

0.466127  0.292432 
0,441712  0.259136 
0.418998  0.230646 
0.397906  0,206155 
0,378341  0.185005 

0,360200  0,166660 
0,343375  0,150681 
0,327766  0.136706 
0.313273  0,124435 
0.299804  0.113620 

0.287274  0.104054 
0.275602  0,095563 
0,264718  0.088001 
0,254554  0.081245 
0.245050  0.075190 

0,236152  0,069748 
0,227810  0.064842 
0,219978  0.060409 
0.212616  0.056391 
0,205686  0.052741 

0,199155  0.049417 
0,192992  0.046384 
0.187170  0.043608 
0.181662  0.041064 
0.176447  0.038728 


x=0.8 

0.527292  0.600412 

0.509299  0.522932 

0.489710  0.457569 

0.469480  0,402194 

0.449244  0,355082 

0.429418  0.314828 
0,410264  0.280290 
0,391936  0,250532 
0.374518  0,224789 
0.358043  0.202429 

0,342511  0,182932 
0,327900  0,165868 
0,314176  0,150877 
0,301294  0.137661 
0,289208  0,125971 

0,277869  0,115594 
0,267228  0,106355 
0,257237  0.098103 
0,247851  0,090710 
0,239027  0,084068 

0,230724  0.078085 
0.222905  0.072680 
0.215535  0.067785 
0.208581  0,063342 
0,202013  0,059298 

0,195804  0,055610 
0,189928  0,052238 
0.184362  0,04915C 
0,179084  0,046315 
0,174074  0.043708 


x=0.9 

0.444858  0.610142 

0.439421  0,536087 

0,430271  0,472773 

0,418736  0.418491 

0.405763  0,371813 

0,392021  0.331544 
0,377977  0.296692 
0.363957  0.266427 
0.350182  0.240057 
0.336799  0,217004 

0.323899  0.196783 
0,311537  0,178990 
0,299741  0,163281 
0,288519  0.149370 
0.277865  0.137012 

0.267766  0.126002 
0.258203  0.116164 
0.249151  0.107348 
0,240586  0,099427 
0.232482  0.092291 

0.224813  0.085845 
0,217552  0,080009 
0.210676  0.074712 
0.204160  0,069894 
0.197982  0,065500 

0.192120  0.061486 
0,186554  0,057811 
0,181265  0.054439 
0.176237  0.051339 
0.171452  0,048485 


3.0    0.175105  0.026636   0.173437  0.031680 

See  Examples  12- J  9. 


0.171502   0.036577      0.169315  0.041306       0.166895   0.045851 
w(x-iy)  2ey^-^'^  (COS  2jrv  •  /  sin  2a:v)   ii(.v   iy) 


..    2i    _i2 

w(x)-e-^^-    ,  e 

V"- 


w(-x+iy)=  w(x+iy) 
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EBEOB  FrXCnOX  AXD  FRESXEL  INTEGRALS 


Table  7.9 


ERROR  Fl  NCnO.N  FOR  COMPLEX  ARGl  MENTS 


•.1 
•J 

•.3 

•.4 

CIS 
iL6 
t.7 
•.8 

(L9 

1.0 

la 

1-2 
1.3 
1.4 

L3 
1.6 
1-7 
1.8 
1.9 

2.8 
2.1 
2J 
2.3 
2.4 

23 

2.fc 
2.7 


x=1.0 
8J67879  OLbSTlSS 
•J7317t  8338555 
8373153  8.478W1 
8.369386  fi.427225 
8.363828  0382166 

8354988  8342S72 
83tf649  iL388S38 
8335721  8.278445 
8325446  8.252824 
8315864  8.2287S9 

8384744  8.288219 
8.294686  1398836 
8.28(731  8373896 
8.275174  8359531 
8.26S967  8346712 

8.257128  8335242 
&248666  8324954 
8.248578  0L115782 
8.232861  8387361 
8.225583  8.899824 


dtitiz\  JtKiyzi 
x=l.l 

8J!98197  8.593761 

8312136 

8319717 

0322586 

8321993 


8^77419 
8.429275 
8386777 


8318884  8349266 
8313978  8316128 
8387816  8.286815 
•L388887  8.260847 
8.293259  0237888 

8.285482  11217386 
01277487  8399846 
8.2M481  8382742 
8261476  0L168151 
8.253697  8355866 

0L246112  8343385 
8.238752  8332711 
8231635  0323147 
8.224775  8314495 
8.218176  8386658 


8218*93  8.092998  0.711839  8.899523 

0211?:*   ?.??*?-:  -  "■'-'bi  8.893035 

8.205^:'  5  0.087116 

0.1^-i::  r  "9S1706 

0.1=  :-&753 


8.1 
8.2 
83 
8.4 


X=1.5 

8385399  0.483227 
0334849  0.451763 
8356521  8.421876 
8.173866  8391665 
8386984  8363828 


83  8396636  0337728 

8.6  8283461  8.313397 

8.7  8.287998  8398847 

8.8  8218664  8378816 

8.9  8311846  8358823 


1.8 
1-1 
1-2 
1-3 
1-4 

1-5 
1.6 
1-7 
1-8 
1-9 

2.0 
23 
23 
23 
2.4 

23 
2.6 
2.7 
2.8 
2.9 


0311837  8233171 
8318881  8316954 
0289182  0382867 
0306982  8388483 
8384177  8375862 

8281115  0364349 
0.197886  8353773 
01194328  0344854 
8398717  8335113 
8.187843  8.126883 

01183335  0319298 
8379623  0312382 
8.175938  0305842 
0372276  0399870 
0368674  8.894343 


x=1.6 

8377385  0.451284 
8385843  8.42U68 
8.128895  8.I088J7 
8.147272  037S911 
0361782  8361883 

8372828  8328777 
8.18U77  0306998 
83872«  0386617 
8391423  0367378 
8394849  8349556 

8.195487  8333889 
8395734  0217678 
8.195228  8383494 
8394853  8398384 
8.192347  0378275 

0398222  0367892 
8.187772  8356766 
0.186873  8347226 
0382189  8338412 
8.179172  0338262 

0376064  0322723 
0372901  0315744 
0.1M718  8389277 
8366513  8383280 
0363330  8.897713 


8366136  0389222  0.168175 

8361669  0L084472  8.157868 

8.158281  0388861  8353993 

8354975  8375968  8358981 

8.151753  0372142  0348838 


"effC(-iz»  z= 

dttc(z)  Jwiz) 

8396828  8372397 
8357374  8.5U283 
8378928  8.469488 
8379199  0.425667 
0383443  0386412 

8381638  0351299 

•jaasm  0319910 

•Jtrniim  0391851 
8376693  0L266757 
0371752  0344295 

0366189  8324168 
0368213  8386188 
8353985  0389878 
0347628  0.175271 
0341233  0362100 

0334870  0358285 
0328592  8339441 
0322436  0329684 
0L216428  0.120822 
0310587  0312760 

0304926  0305411 
0399«2  0398780 
8394166  8392S62 
8.189872  0386936 
8384165  0L881773 

8379444  8377824 
8374983  8372661 
0378538  8368617 
: -166342  01864898 
:2310  0361440 


X-rir 

3ttr(z)    >ir(rl 
x=0 


034>4&b 
0389431  8.499216 
8227362  0.436555 
0339793  a.«7491 
0347908  0.381900 

0352654  03496U 
0354784  0320368 
0354895  0.293927 
0353461  0270040 
03S0858  0348462 

0347381  0328967 
0343266  0311343 
0338695  0395398 
8333813  0388957 
0328733  0367863 

8323542  0355975 
0318389  0345167 
0213086  0335326 
0387912  0326353 
0382818  0318158 

0.197827  8310662 
8392953  8303796 
0388288  0.897495 
8383599  0L891786 
8379131  8.886378 

0374885  8381467 
0378623  8376933 
0.166682  0372742 
0362681  0.868863 
0358916  836S266 


dtw{z)  Jw(z) 
x=1.4 

0340858  0.515113 
0.168407  0.476535 
03B92<7  n.«40WK 
03M6fa2  0.416823 
0315711  0374110 

0323262  IL344868 
8.?78826  0318C22 
8238578  0393453 
8331386  0371015 
0330826  0.258549 

0329205  0331897 
022&767  0314982 
0323710  0399416 
0320192  0385299 
OL216340  0372«3 

01212253  0360668 
8308014  0349927 
0303684  0348103 
0399315  0.131106 
0394947  0322868 

0390608  0315286 
0386324  0308325 
8382112  0381919 
8377985  0396815 
8373964  0.898667 

8378824  8385532 
8366281  0.080873 
036MS7  0376657 
0358883  0372553 
03K389  0368834 


.S84»  0356243       0.155285  0361926        n.l5?0W  0.065375 


x=1.7 

8.856676  8.428388 
8383112  0.488743 
8386929  8380161 
8324612  8359313 
0339717  8338676 

8351751  8318584 
036U71  8399261 
8368379  8380846 
8373725  8363418 
0377613  8347812 

0388882  8231638 
8381414  8317253 
0381938  8383847 
0381733  0391366 
0388933  8379762 

0379651  0368988 
8377983  8358969 
8376888  0349674 
8373792  03418^ 
8371398  8333833 

8368849  0325598 
0366286  8318674 
0163493  0312243 
0368737  0306260 
8357958  0300689 


=1.8 


8.839164  a3?12?l 
e3Ti21« 
8359721 
8385622  8342479 
8328793  8324985 

0333288  8387689 
8343369  0398613 
0351366  0374180 
0357578  0358431 
0362268  0243439 

0365667  8329244 
0367977  0215857 
0369373  0203272 
0170003  0391471 
8369997  0188426 

0369465  0378899 
8368688  0168457 
8367183  8351458 
036S579  0343863 
8363746  8335234 

0361733  8327931 
8399588  0321118 
0357320  0114761 
0354982  8388827 
8352591  8383286 


8392541  0356175  0895499  8358166  8398187 

0887732  8352482  0890660  0347722  0.093265 

0883264  8349649  0386143  a.l«274  0888735 

0879882  8346927  0381925  0342834  0384493 

0875191  0144243  0877982  8348411  0888619 


x^l.9 

:;.D27jS2  z.y->t*3~ 

C.K1D3E  L.353066 
0.071011  &3400M 
8389992  0325873 
8384641  0311161 

0317233  0296240 
0327644  03S1392 
0136134  0366823 
0342949  0252681 
8348318  0339867 

0352418  0326846 
83^452  0213656 
83575W  0381914 
8358986  0390821 
0359585  0388367 

8359709  0370534 
0199369  0361300 
8358641  0352637 
0357593  0144516 
0356282  0336908 

8354757  0329781 
8353859  0323108 
0351224  0316858 
8349281  0311003 
0347256  0305519 

0345172  0300378 
0343845  099»58 
0340892  0891037 
8338725  0.086794 
8336565  0002889 


33        0148618  0868606      01«144 

See  Exjwple^  12-19. 


0871568       8341682  8374293      01388I2  0076794       0334391  0379865 


«t'>=«^- 


2.-  -^ 


t^* 


wc{hr}=«s^  erfc  ¥ 


m{x-iy)=Ze9^-^  (COS  2xr-i  an  2x;»  >-k\x 
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0.0 
0.1 
0.2 
0.3 
0.4 

0.5 
0.6 
0.7 
0.8 
0.9 

1.0 
1.1 
1.2 
1.3 
1.4 

1.5 
1.6 
1.7 
1.8 
1.9 

2.0 
2.1 
2.2 
2.3 

2.4 

2.5 
2.6 
2.7 
2.8 
2.9 


V 

0^0 
0.1 
0.2 
0.3 


0.5 
0.6 
0.7 
0.8 

0.9 

1.0 
1.1 
1.2 

1.3 
1.4 

1.5 
1.6 
1.7 
1.8 
1.9 

2.0 
2.1 
2.2 
2.3 
2.4 

2.5 
2.6 
2,7 
2.8 
2.9 


x=2.0 

0.018316  0.340026 

0.040201  0.331583 

0.059531  0.321332 

0.076396  0.309831 

0.090944  0.297529 

0.103359  0.284786 

0.113836  0.271881 

0.122574  0.259031 

0.129768  0.246396 

0.135600  0.234096 

0.140240  0.222213 
0.143840  0.210805 
0.146541  0.199904 
0.148466  0.189529 
0.149725  0.179687 

0.150415  0.170371 
0.150622  0.161572 
0.150418  0.153274 
0.149870  0.145457 
0.149032  0.138100 

0,147953  0.131180 
0.146675  0.124674 
0.145234  0.118558 
0.143660  0.112810 
0.141982  0.107408 

0.140220  0.102329 

0.138395  0.097554 

0,136523  0.093062 

0,134619  0.083837 

0.132693  0.084859 


ti\z)=e-'- 
0iw(z)   ./W(z) 

x=2.1 

0.012155  0.318073 
0.031936  0.311886 
0.049726  0.303894 
0.065521  0.294574 
0.079385  0.284327 

0.091422  0.273482 
0.101765  0.262308 
0.110558  0.251016 
0.117948  0.239772 
0.124081  0.228703 

0.129097  0.217904 
0.133125  0.207442 
0.136286  0.197366 
0.138689  0.187705 
0.140432  0.178478 

0.141604  0.169691 
0.142283  0.161343 
0.142540  0.153429 
0.142434  0.145938 
0.142021  0.138855 

0.141347  0.132164 
0.140453  0.125849 
0.139375  0.119891 
0.138145  0.114272 
0.136789  0.108973 

0.135331  0.103977 
0.133791  0.099265 
0.132187  0.094822 
0.130533  0.090631 
0.128842  0.086677 


ofc  {-iz)  z= 

diwiz)    JU!{Z) 

x=2.2 

0.007907  0.298468 
0.025678  0.293982 
0.041927  0.287771 
0.056586  0.280232 
0.069655  0.271710 

0.081182  0.262499 
0.091245  0.252844 
0.099943  0.242947 
0.107383  0.232968 
0.113679  0.223037 

0.118941  0.213253 
0.123277  0.203692 
0.126788  0.194410 
0.129570  0.185446 
0.131709  0.176827 

0.133284  0.168569 
0.134367  0.160680 
0.135021  0.153161 
0.135305  0.146009 
0.135269  0.139217 

0.134959  0.132773 
0.134414  0.126667 
0.133669  0.120885 
0.132755  0.115413 
0.131699  0.110236 

0.130524  0.105339 
0.129252  0.100709 
0.127900  0.096330 
0.126483  0.092189 
0.125016  0.088273 


^:^u:(z)  Ju!{z) 
x=2.S 

0.005042  0.281026 
0.020958  0.277795 
0.035728  0.272968 
0.049248  0.266865 
0.061473  0.259775 

0.072408  0.25195  3 
0.082092  0.243617 
0.090585  0.234952 
0.097963  0.226111 
0.104309  0.217219 

0.109709  0.208376 
0.114251  0.199660 
0.118019  0.191133 
0.121092  0.182840 
0.123548  0.174814 

0.125454  0.167078 
0.126877  0.159646 
0.127873  0.152526 
0.128495  0.145721 
0.128792  0.139229 

0.128805  0.133045 
0.128574  0.127161 
0.128130  0.121569 
0.127506  0.116258 
0.126726  0.111218 

0.125814  0.106436 
0.124792  0.101901 
0.123676  0.097601 
0.122484  0.093523 
0.121229  0.089658 


Table  7.9 

^U!{Z)     Jwiz) 

x=2.4 

0.003151  0.265522 
0.017397  0.263201 
0.030792  0.259435 
0.043211  0.254478 
0.054585  0.248566 

0.064890  0.241914 
0.074132  0.234714 
0.082345  0.227129 
0.089576  0.219302 
0.095884  0.211349 

0.101336  0.203368 
0.105999  0,195438 
0.109942  0.187620 
0.113232  0.179965 
0.115935  0.172510 

0.118109  0.165281 
0.119812  0.158299 
0.121096  0.151576 
0.122010  0.145120 
0.122597  0.138933 

0.122897  0.133015 
0.122945  0.127363 
0.122773  0.121972 
0.122411  0.116834 
0.121884  0.111942 

0.121215  0.107286 
0.120424  0.102858 
0.119530  0.098648 
0.118548  0.094646 
0.117492  0.090842 


3.0    0.130757  0.081113   0.127125  0.082944   0.123510  0.084568   0.119922  0.085992   0.116375  0.087227 


-r=2.5 

0.001930  0.251723 
0.014698  0.250050 
0.026841  0.247092 
0.038226  0.243042 


.r=2.6 

0.001159  0.239403 
0.012635  0.238187 
0.023653  0.235838 
0.034087  0.232504 


x=2.7 

0.000682  0.228355 
0.011037  0.227458 
0.021057  0.225569 
0.030626  0.222800 


.t=2.8 

0.000394  0.218399 
0.009778  0.217722 
0.018918  0.216181 
0.027707  0.213858 


x=2.9 

0.000223  0.209377 
0.008769  0.208854 
0.017134  0.207577 
0.025225  0.205607 


0.4    0.048773  0.238092   0.043849  0.228337   0.039656  0.219268   0.036064  0.210843   0.032967  0.203014 


0.058437  0.232420 
0.067205  0.226190 
0.075088  0.219546 
0.082112  0.212614 
0.088317  0.205504 

0.093751  0.198307 
0.098466  0.191099 
0.102518  0.183943 
0.105960  0.176889 
0.108848  0.169977 

0,111233  0.163237 
0,113165  0.156692 
0.114690  0.150359 
0.115851  0.144249 
0,116689  0.138368 

0,117239  0.132720 
0.117534  0.127305 
0,117606  0.122121 
0,117481  0.117164 
0.117184  0.112428 

0.116737  0,107909 
0.116160  0.103597 
0,115471  0.099487 
0,114685  0.095570 
0.113816  0.091838 


0.052885  0.223482 
0.061167  0.218077 
0.068691  0.212247 
0.075467  0.206103 
0.081521  0.199744 

0.086885  0.193255 

0.091598  0.186707 

0.095702  0.180163 

0.099243  0.173670 

0.102264  0.167270 

0.104811  0.160996 
0.106925  0.154872 
0.108647  0.148918 
0.110016  0.143147 
0.111067  0.137569 

0,111834  0.132191 
0.112347  0.127015 
0.112635  0.122042 
0.112723  0.117271 
0.112633  0.112699 

0.112389  0.108322 
0.112008  0.104136 
0.111508  0.100133 
0.110904  0.096309 
0.110210  0.092657 


0.048090  0.215093 
0.055890  0.210387 
0.063043  0.205258 
0.069548  0.199804 
0.075416  0.194111 

0.080670  0.188258 
0.085338  0.182311 
0.089451  0.176328 
0.093044  0.170357 
0.096155  0.164438 

0.098820  0.158604 
0.101076  0.152882 
0.102957  0.147292 
0.104498  0.141851 
0.105730  0.136571 

0.106683  0.131459 
0.107386  0.126522 
0.107864  0.121762 
0.108140  0.117180 
0,108238  0.112775 

0.108177  0.108546 
0.107975  0.104489 
0.107648  0.100601 
0.107213  0.096876 
0.106682  0.093310 


0.043930  0.207232 
0.051264  0.203119 
0.058046  0.198594 
0.064266  0.193741 
0.069927  0.188638 

0,075043  0.183354 
0.079632  0.17795Q 
0.083718  0.172430 
0.087328  0.166990 
0.09Q492  0.161519 

0.093239  0.156099 
0.095601  0.150758 
0.097608  0.145518 
0.099288  0.140395 
0.100671  0.135403 

0.101783  0.130553 
0.102649  0.125851 
0.103293  0.121303 
0.103737  0.116911 
0.104002  0.11267b 

0.104105  0.108597 
0.104066  0.104674 
0.103898  0.100905 
0.103617  0.097234 
0.103236  a.Q9381C 


3.0    0.112878  0.088283   0.109439  0.089170   0.106067  0.089898   0.102767  0.090479 
See  Examples  12-19.         w(x)=e-^-^ -  ^  ^-^^Jj^e^^ rf, 


0.040304  0.199873 
0.047194  0.196262 
0.053611  0.192256 
0.059543  0.187927 
0.064986  0.183344 

0.069944  0.173568 
0.074431  0.173654 
0.073462  0.168651 
0.032059  0.163603 
0.085245  0.158547 

0.088044  0.153515 
0.090482  0.148534 
0.092584  0.143625 
0.094376  0.133807 
0.095882  0.134094 

0.097127  0.129498 
0.093133  0.125027 
0.093922  0.120688 
0.099513  0.116434 
0.099925  0.112419 

0.100177  0.108493 


0.099544  0.090921 


ir( -Jc-ij)=M;(x-iy) 
w(ij)=e»2  erfc  ,v 


M7(jr-rr)=2ew2-^^  (COS  2rv-i  sin  2jnr)-ic(j-iy) 
i4;[(  1  -0"]=e-2"^{l-(«-l)[c{^)-»^7^)]} 
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Table  7.9  ERROR  FUNCTION  FOR  COMPLEX  ARGLMENTS 

w(2)=e--- eric  (-iz)         z=x+iy 


.^w(z)  Jw{z) 

0tiio{z)  Jw(z) 

^u;(z)  Jw(z) 

Jfw(z) 

./w{2) 

^w(z) 

yw(z) 

Y 

v  3.0 

A  3.1 

V  3.2 

A- 

3.3 

A  = 

3.4 

0,0 

0.000123  0.201157 

0.000067  0.193630 

0.000036  0.186704 

0.000019 

0.180302 

0,000010 

0.174362 

0.1 

0.007943  0.200742 

0.007254  0.193292 

0.006670  0.186421 

0.006167 

0.180061 

0,005728 

0.174152 

0.2 

0.015627  0.199669 

0,014338  0,192376 

0.013225  0.185630 

0.012252 

0,179369 

0.011394 

0.173542 

0.3 

0.023095  0.197980 

0,021250  0,190915 

0.019639  0.184354 

0.018222 

0.178245 

0.016966 

0.172545 

0.4 

0.030279  0,195732 

0,027929  0,188951 

0.025862  0.182626 

0.024032 

0.176715 

0.022403 

0.171181 

0.5 

0.037126  0.192984 

0,034328  0.186532 

0,031849  0.180484 

0,029643 

0.174808 

0.027670 

0.169475 

0.6 

0.043598  0.189798 

0,040407  0.183709 

0,037565  0,177970 

0,035022 

0.172560 

0.032738 

0.167455 

0.7 

0.049665  0.186239 

0.046141  0.180534 

0.042983  0,175128 

0.040144 

0,170006 

0.037582 

0.165151 

0.8 

0.055311  0,182368 

0.051509  0.177061 

0,048083  0,172003 

0.044989 

0,167184 

0.042185 

0,162596 

0.9 

0.060529  0.178243 

0.056501  0.173340 

0,052854  0.168637 

0,049544 

0,164132 

0,046532 

0,159821 

1.0 

0.065318  0.173918 

0.061114  0,169418 

0,057289  0,165072 

0,053801 

0.160886 

0.050615 

0,156858 

1.1 

0,069685  0,169445 

0.065350  0,165339 

0,061387  0,161349 

0.057757 

0.157480 

0,054428 

0.153738 

1.2 

0,073641  0,164866 

0.069216  0.161145 

0.065151  0.157502 

0.061413 

0.153948 

0,057971 

0.150490 

1.3 

0,077202  0.160223 

0,072722  0.156872 

0.068589  0.153567 

0.064773 

0.150320 

0,061246 

0.147141 

1.4 

0.080385  0.155551 

0,075883  0.152553 

0.071711  0,149572 

0.067844 

0.146623 

0.064258 

0,143717 

1.5 

0.083210  0.150880 

0.078712  0.148217 

0,074529  0,145545 

0.070636 

0.142882 

0.067012 

0.140239 

1.6 

0.085697  0.146236 

0.081229  0.143888 

0,077055  0,141510 

0.073158 

0,139120 

0.069518 

0,136731 

1.7 

0.087870  0.141640 

0,083450  0,139588 

0.079306  0.137488 

0.075423 

0,135357 

0,071785 

0.133209 

1.8 

0.089749  0.137113 

0,085394  0,135335 

0.081297  0.133495 

0.077445 

0,131609 

0,073823 

0,129691 

1.9 

0,091355  0,132667 

0.087080  0.131146 

0,083044  0,129548 

0.079236 

0.127892 

0,075646 

0,126192 

2.0 

0,092711  0,128317 

0,088525  0,127031 

0,084562  0.125660 

0.080811 

0.124219 

0,077263 

0.122723 

2.1 

0,093835  0,124071 

0,089749  0.123003 

0,085867  0.121840 

0,082182 

0.120600 

0,078687 

0.119296 

2.2 

0,094748  0,119936 

0,090767  0,119068 

0.086974  0.118099 

0.083364 

0.117045 

0,079930 

0.115919 

2.3 

0,095467  0,115919 

0,091597  0,115233 

0.087900  0.114442 

0.084370 

0.113560 

0.081004 

0.112602 

2.4 

0.096010  0.112023 

0.092255  0,111503 

0.088657  0.110875 

0.085213 

0,110153 

0.081921 

0.109349 

2.5 

0,096393  0,108249 

0,092754  0,107881 

0.089259  0,107403 

0.085905 

0,106827 

0.082690 

0.106166 

2.6 

0.096632  0,104600 

0.093110  0,104370 

0.089719  0,104027 

0.086458 

0,103586 

0.083324 

0.103057 

2.7 

0,096739  0,101076 

0,093336  0,100969 

0,090050  0,100751 

0,086883 

0,100433 

0,083832 

0.100026 

2.8 

0.096729  0.097674 

0,093442  0,097680 

0,090263  0,097575 

0.087190 

0,097369 

0,084225 

0.097073 

2.9 

0.096613  0.094395 

0,093442  0,094502 

0.090368  0.094499 

0.087391 

0.094396 

0,084511 

0,094202 

3.0 

0.096402  0,091236 

0,093345  0,091434 

0.090375  0,091523 

0.087493 

0.091513 

0,084700 

0,091413 

■\- 

.r=.3.5 

A-=3.6 

.v-3.7 

A  = 

3.8 

A 

3.9 

0.0 

0.000005  0.168830 

0.000002  0,163662 

0,000001  0.158821 

0.000001 

0.154273 

0.000000 

0.149992 

0.1 

0.005340  0.168645 

0,004995  0,163498 

0.004685  0,158673 

0.004406 

0.154140 

0.004153 

0.149871 

0.2 

0,010633  0,168102 

0,009952  0,163011 

0,009339  0,158235 

0,008786 

0.153743 

0.008282 

0,149510 

0.3 

0,015846  0,167212 

0.014841  0,162211 

0,013935  0.157513 

0.013115 

0,153088 

0.012368 

0,148913 

0.4 

0.020944  0.165990 

0,019632  0.161111 

0.018446  0.156516 

0.017370 

0,152183 

0.016389 

0,148088 

0,5 
0,6 
0,7 
0,8 
0,9 

1.0 
1.1 
1.2 
1.3 
1.4 

1.5 
1.6 
1,7 
1,8 
1,9 

2,0 
2.1 
2.2 
2.3 
2.4 

2,5 
2.6 
2.7 
2.8 
2.9 

3.0 


0.025897  0.164456 
0.030677  0,162633 
0,035263  0.160548 
0.039637  0.158227 
0.043785  0.155698 

0.047698  0.152988 
0.051370  0,150124 
0,054798  0.147132 
0,057984  0,144038 
0.060928  0.140862 

0.063637  0.137628 
0.066116  0.134354 
0.068374  0,131058 
0.070419  0.127755 
0,072260  0.124460 

0,073908  0.121185 
0.075373  0.117940 
0.076666  0.114735 
0.077796  0.111578 
0.078774  0.108474 

0.079611  0.105431 
0,080316  0.102451 
0.080898  0.099538 
0.081366  0.096696 
0.081730  0,093927 

0.081996  0.091230 


0.024297  0.159725 
0.028812  0,158075 
0.033158  0.156181 
0.037316  0.154066 
0.041274  0.151755 

0.045023  0,149271 
0.048556  0,146637 
0.051869  0.143878 
0.054962  0.141014 
0.057835  0.138067 


0.060491 
0.062936 
0,065176 
0,067217 
0,069068 


0,135056 
0.131999 
0.128913 
0.125812 
0.122709 


If  x>3.9  or  v:  3  iv{z)=izl- 


0.070736  0.119617 

0.072232  0.116545 

0.073563  0.113503 

0.074739  0,110500 

0,075770  0.107540 

0,076664  0.104631 

0.077430  0.101777 

0.078076  0.098981 

0.078612  0,096247 

0,079044  0,093577 

0.079381  0.090973 

0.4613135 


0.022847  0.155260 
0.027118  0.153760 
0.031239  0.152034 
0.035195  0.150102 
0.038974  0.147985 

0.042565  0.145703 
0.045962  0.143277 
0.049161  0.140727 
0.052159  0.138074 
0,054958  0.135336 

0.057557  0.132530 
0,059962  0,129674 
0,062177  0.126782 
0.064206  0.123869 
0.066058  0.120947 

0.067738  0.118027 
0.069254  0,115120 
0.070615  0.112234 
0.071829  0.109377 
0.072902  0.106556 

0.073845  0.103777 
0.074663  0.101044 
0,075366  0.098362 
0,075961  0,095734 
0,076455  0,093162 


0,021529  0,151040 
0,025574  0.149672 
0,029486  0.148094 
0.033253  0.146324 
0.036861  0.144380 

0.040301  0.142279 
0.043567  0.140039 
0.046653  0.137680 
0,049558  0.135218 
0.052279  0,132671 

0,054819  0,130054 
0,057179  0,127384 
0,059362  0.124673 
0,061374  0,121935 
0,063219  0,119182 

0,064903  0.116425 
0,066433  0,113673 
0,067815  0.110935 
0.069058  0.108218 
0.070166  0.105530 

0.071149  0.102875 
0.072013  0.100260 
0.072764  0.097688 
0.073411  0.095163 
0.073959  0.092688 


0.020326  0.147044 
0.024162  0,145792 
0,027880  0.144346 
0,031469  0,142721 
0.034916  0.140931 

0.038212  0.138993 
0.041352  0,136922 
0.044328  0.134735 
0.047139  0.132448 
0.049783  0.130076 

0.052260  0.127633 
0,054572  0,125133 
0.056720  0.122591 
0.058708  0.120016 
0.060540  0.117422 

0,062222  0,114817 
0,063759  0,112212 
0.065156  0.109614 
0.066420  0,107031 
0,067556  0.104469 


If jc>6orv  6  m(z)  =  iz 


0.076855  0.090649   0.074415  0.090265 

0.09999216  0.002883894  \ 

0.1901635%--1.7844927"r-'-5.5253437J 

/  0.5124242   0.05176536 \ 

U^-0.275255l\--2.724745r''^^*   ^^^^  ^^~" 


0.068572 

0,101935 

0.069474 

0.099433 

0.070267 

0.096968 

0.070959 

0.094543 

0.071555 

0,092162 

0,072061 

0,089826 

-€(»  €(z)       2   10-6 


•See  page  ii. 


ERROR    FUNCTION    AND    FRESNEL   INTEGRALS 


329 


COMPLEX  ZEROS  OF  THE  ERROR  FirvJCTION 

Table  7.10 

erf2„=0               Zn- 

=.f«+/ 

Vn 

n 

■r,i 

f/n                                                n 

■Vn 

Vn 

1 
2 
3 
4 
5 

1.45061   616 
2.24465  928 
2.83974  105 
3.33546  074 
3.76900  557 

1.88094   300                              6 
2.61657  514                              7 
3.17562   810                              8 
3.64617  438                              9 
4.06069  723                            10 

4.15899  840 
4.51631   940 
4.84797   031 
5.15876  791 
5.45219  220 

4.43557  144 
4.78044  764 
5.10158  804 
5.40333  264 
5.68883  744 

» 

erf  Zn  =erf  ( - z,,)  =erf  3„  = 

=erf  ( 

-:„)=0 

lv,l    _.    lo. 

.  n 

:4v<^"-^)^ 


^V^) 


(;*>0) 


From  H.  E.  Salzer,  Complex  zeros  of    the  error   function,  J.  Franklin   Inst.  260, 209-211, 
1955    (with  permission). 


COMPLEX  ZEROS  OF  FRESNEL  INTEGRALS 

C{z„)=0  Zn=j-n  +  il/„ 


■rn 
0.0000 
1.  7437 
2.6515 
3.3208 

3.  8759 

4.  3611 


'S'(2,*)=0  4  =.!•«+ ///,* 

II  * 

Vn  Xn 

0.0000  0.0000 

0.3057  2.0093 

0.2529  2.8335 

0.  2239  3.  4675 

0.2047  4.0026 

0.  1909  4.  4742 


">  ('  (<  ('     _       ('  ('  c  c 


.^2  ,-    ln(2xV») 


///<: 


Jn(^V4»-l) 

7r-^4?(  - 1 


>/n 


>^ln(2^V») 


(">0) 


Table  7.11 


Vh 

0.0000 
0.  2886 
0.2443 
0.2185 
0.2008 

0.  1877 


MAXIMA  AND  MINIMA  OF  FRESNEL  INTEGRALS  Table  7.12 


3f„ 
0. 779893 
0.640807 
0.605721 
0.588128 
0.577121 


0.569413 


0.321056 
0.380389 
0.404260 
0.417922 
0.427036 

0.433666 
2(471+1)2-3 


^"^2^  ir3(4n  +  l)5/2 

1   .2(4n+2)2-3 

^•^"^2      7r3(4n  +  2)5/2 


0.713972 
0.  628940 
0. 600361 
0.584942 
0.  574957 

0.  567822 

1  ^2(4n+3)2-3 

"2      ir3(4n+3)5/2 

1    16^2(n+l)2_3 
'2 


(n-^oo) 


Win 
0.343415 
0.387969 
0.408301 
0.420516 
0.428877 

0.435059 


32t3(« +  1)5/2 

From  G.  N.  Watson,  A  treatise  on  the  theory  of  Bessel  functions,  2d  ed.    Cambridge  Univ. 
Press,  Cambridge,  England,  1958  (with  permission). 
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Notation 


8.  Legendre  Functions 

Mathematical  Properties 

8.1.  Differential  Equation 


The  conventions  used  are  z=x-\-iy,  x,  y  real, 
and  in  particular,  x  always  means  a  real  number 
in  the  interval  —  l<x<H-l  with  cos  d=^x  where 
6  is  likewise  a  real  number;  n  and  m  are  positive 
integers  or  zero;  v  and  m  nre  unrestricted  except 
where  otherwise  indicated. 

Other  notations  are: 


P»(x)  for 


nLP„(a:) 


(2n-l)!! 
Pnrnix)  for  {-irP^ix) 
T^{x)  for  {-\rP^{x) 


P^{x)  for  ( 


-dV 


(2n+l)(7i-m)! 


P^{x) 


2(n+m)! 

^-(2)  forPif(3),  C;f(3)  for  (?if(2)         (^2>1) 
0{!(2)  for  e'"*(?if(2) 

Various  other  definitions  of  the  functions  occur 
as  well  as  mixing  of  definitions. 


8.1.1 


Solutions 

(Degree  v  and  order  ^  with  singularities  at 
z=±l,  00  as  ordinary  branch  points — n,  v  arbi- 
trary complex  constants.) 

^*(2),  0{| ( 2 )— Associated  Legendre  Functions  (Spher- 
ical Harmonics)  of  the  First  and  Second  Kinds  ^ 

|arg(2±l)|<x,         |arg2|<7r 

(For  Py^z),  M=0,  Legendre  polynomials,  see 
chapter  22.) 

8.1.2 

^'^^^=r(i^[STK-^'^+^^^-^^^) 

(|1-2|<2) 
(For  F{a,  b;  c;  z)  see  chapter  15.) 


8.1.3     Q,(e)  =  e-'2-.-Mr^±^).-.-.-.(.-l).'f(l+|+^,i+^+|;.+|i)       (kl») 


Alternate  Forms 


(Additional  forms  may  be  obtained  by  means    of    the    transformation    formulas     of    the    hyper- 
geometric  function,  see  [8.1].) 


8.1.4     P,^(2)  =  2*'7r'(2'-1)-^''H 


{\z'<l) 


8.1.5    Pt{z) 


V2"^2~2'^+2~2"^"^2-^    y 


F\ 


{z^-\y''T{-v-y.)  ^  V2  '  2     2'  ^  '  2     2"  '  2 

2'V{\+v)z'^<' 


8.1.6     e-*'"$;f(2): 


(22-i)''/2r(i+^ 


r(i+»>+M)r(-M)(2-i)^^(2+i)-''' 
2r(i+i'-M) 


f(^-.,  1+>';1+m;^) 
+  1  V{y.){z+\)Hz-l)-'-'F(^-v,  l+v;  1-m;  ^)     (|l-2l<2) 

^  The  functions  Y^{fi,^)^=  .    "'^[P;:(cos  6)  called  surface  harmonics  of  the  first  kind,  tesseral  for  m<n  and  sectoral 
sin  mip] 

for  m  =  n.     With  Q<e<v,  0<<p<2ir,  they  are  everywhere  one  valued  and  continuous  functions  on  the  surface  of  the 
unit  sphere  j'  +  ?/^+  g'=  1  where  x= sine  cos  v,  i/  =  sinflsin  v^and  2  =  cos  0. 

•See  pagre  n. 
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5.1.:     e-'-'Qt(z)=-> 


G-i-O 


/I    »'    M 

V2~2~2' 


^+2-2' 2'^ 


(|2^I<1) 


Wronskian 


iriP:W,er(2);=- 


,..2-*r(!^±^)r(^+|±i) 
-..r(^)r(^) 


(1 

8.1.9        W{PM,  QM]  =  -{z'-i)-' 

8.2.  Relations  Between  Legendre  Functions 
Negative  Degree 

8.2.1  p^-x(3)=Pr(2) 

8.2.2 

+Q:{2)  sin  [x(«.+M)]}/sin  [t(v-m)] 

Negative  Argument  (-->^«<0) 
8.2.3 

P;C-2)  =  6"''^Pr(2)--  ^-"•'  sin  [iri,v-\-n)]Qti2) 

T 


8.2.4 
8.2.5 


Negative  Order 

r(^-M+i) 


^^"^^^^Hv+M+l)  [^'(^)-^-'''^i"  MQ^(^)] 


8.2.6 


r(i'+M+i) 

Degree  u.^  i  and  Order  i -t-  j 


8.2.8 

8.3.  Values  on  the  Cut 

(-l<x<l) 
8.3.1 


(Upper  and  lower  signs  according  as  ^2^0.) 


8.3.2 


pM(x)=6±i^'P:(x±i'o)  * 


8.3.3 


8.3.4 


(Formulas  for  P;;'(x)  and  Qi{x)  are  obtained  with 
the  replacement  of  2— 1  by  (1— x)e^'',  (2"'— 1)  by 
(1— x2)e=t",  24-1  by  z+1  for  2=x±iQ.) 

8.4.  Explicit  Expressions 

(z=cos  6) 
8.4.1  Po(2)  =  l         Po{x)  =  \ 

=  xF(il;f;x^) 
8.4.3  Pi(2)=2        P,(x)=2=cosd 

t(t)=|.n(i±i)-I         <?,(x)4ln(l±-0- 

8.4.5 

P2(2)  =  K32'-1)         P,(z)=i(3z2-1) 

=  H3  cos2<?+l) 
8.4.6 

Q,(3)=|P2(2)ln(^)  (?3(X)  = 


32 

"2 


/3x2-l\,    /l+x\     3x 


8.5.  Recurrence  Relations 

(Both  Pr  and  ^  satisfy  the  same  recurrence 
relations.) 

Varying  Order 

8.5.1 

P;*»(2)  =  (22-l)-»{(„-M)2Pr(2)-(.  +  M)/'r-.(2)} 


•See  page  O. 
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8.6.9 


-UiZPliz) 
Varying  Degree 

(.-M+l)P!:  +  i(2)  =  (2.+  l)2Pi;(2)-(v+M)Pi:-l(2) 

(IP'M 


8.5.3 


8.5.4    (s^-i) 


dz 


■.vzPt{z)-{y-\-n)Pt-,{z) 


Varying  Order  and  Degree 
8.5.5     P:J+:(2)=P^j(2)  +  (2.  +  l)(22_l)ipM-i(3) 

8.6.   Special  Values 

a;=0 
8.6.1 

P'M 

=  2''7r-J  COS  {hTr{v  +  n)]T{\v^hn+\)lT{\v-\n-^\) 
8.6.2 

-2"-^  sin  [h<v  +  y)]V{\v+\n+\)lT{\v-\y.+\) 
8.6.3 


2''+v-isin  [M^+m)]  r(i^+iM+i)/r(^.-fM+^) 

8.6.4 


L  (/x  _L=o 


2M  cos  (M^'+m)]  r(iv+iM+i)/r(§v-iM+i) 
l^(P^(x),(2^(.)}.=o=';^^ni^^^ 

^=m  =  l,  2,  3,  .  .  . 


8.6.6 


8.6.7 


8.6.8 


P7{z)  =  {z'-l)^-^^~^, 

ax'" 


+  [2  +  (22-l)l/2]--J} 


8.6.10 

Q\{z)=i{\iry'Kz^-\y'''[z+{z'-\Y"]-^-i 

8.6.11 

8.6.12 

PKcos  e)  =  (i7r)-i  (sin  ^)-^  cos  [{v+^)d] 
8.6.13 

0(cos  0)=.-(iT)^  (sin  0)-i  sill  [(v+i)^] 
8.6.14 

P;Kcos  e)  =  {\ir)-Kv-V\)-Ks\n  d)-i  sin  [(»'+§)^] 
8.6.15 
Q:Kcosd)={2n)  i{2v-\-l)-\smd)-i  cos  [(i'+^)^]* 


8.6.16 


8.6.17 


pr(2) 


H=  —  v 

2-''(22-l)i* 


P;''(cos^)^ 


r(.+i) 
2 -'(sin  ey 


8.6.18 


r(.+i) 

(Rodrigues'  Formula) 


8.6.19       $„(x)=^P„(x)  In  \^^-Wn-,{x) 
where 

Ty„_,(,)=?-ip^_^(,)+^p„_3(,) 


5(n-2) 


=i:  -p.-,(x)p.-.(x) 

m=i  W 


W^_,(x)=0 


1 


I 


*See  page  ii. 
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v=0, 1 

8.6.20  r^^i^l     =2  In  (cos  i^) 

8.6.21  [^^""'(cos  e)-\      ^_^^^  i^_2  cot  i0  In  (cos  |0) 

8.6.22  [^^""'^^^^^n     =-h  tan  ^5  sin^  i0+sin  d  In  (cos  |0) 

8.7.  Trigonometric  Expansions   (O<^0<^7r) 

8.7.1  PiJfcos  ^)  =  ,r-^/^2''+^(sm  ey  ^^P^  ±  ^^'^^u^'^s''^^^''  si"  [(.+M+2Ar+l)^] 

8.7.2  e:(cos  «)=.-2.(sin  6)'  ^^^^  ±  ^'^f,'}'^,",'^''''  cos  l(.+,+2k+m 

r(»'+r)     t=o         A:Ki'+2)/t 

8.7.3  P„(cose)='^g^[sin  („+l),+iLti  ^i„  („+3),+L3^|^±il(^sin  (n+5)«+  .  .  .] 

8.7.4  Q,(cos  ,)=|^^[cos  („+,),+|±loos  („+3).+L^^i^±il||±|  cos  (.+5).+  .  .  .] 

8.8.  Integral  Representations 

{z  not  on  the  real  axis  between  —  1  and  » ) 

8.8.1  P'M  =  j.r^^^'^lVL^    r  (2+cosh  0"-"-^  (sinh  ty+W  (^(-n)>^p>-l) 

T{—v—n)T{v^l)  Jo 

8.8.2  Q>i{z)=^-^:^^q^lpi^(22-i)y     r[z+{2'-l)icosht]-'-'^-'(smhty>^dt       (^(.±m+1)>0) 

r(M+2)  r(i'— M+i)  Jo 

8.8.3  (?„(2)=^\2-0-'P.(0rf^=(-l)"+^Qn(-2) 

(For  other  integral  representations  see  [8.2].) 

8.9.   Summation  Formulas 
8.9.1     (^-2)±{2m  +  l)PJz)PM)  =  (n+l)[P„+,{^)Pn(2)-Pn(^)Pn+d2)] 


771=0 


8.9.2     {^-z)JZ(2m  +  l)PM)QM)^l-in'^l)[Pn+i(2)Qn(^)-Pn(e)Qn+ii^)] 


m=0 


8.10.  Asymptotic  Expansions 


For  fixed   z  and   p  and   ^m-^°°,  8.10.1-8.10.3  are  asymptotic  expansions  if  z  is  not  on  the  real 
axis  between   —  oo   and  —1   and  +<»   and   +1.     (Upper  or  lower  signs  according  as  J^s^O.) 

8.10.1  P,(.)=I(i±^+illO^  (i±l)"s,„  ,.  [n-. .+!;.+.;  i+i.) 

sin  ;/7r    ^,  , /2  — IV  r  /  ii    i   i       i      i^n"I 

Sni  MTT  \2+l/  J 

8.10.2  QUz)=he^^^  ^rt+i)^  (Sry'  ^^^""^  [Pi-"'  »'+i;  1+m;  K^2) 


•See  pafre  II. 
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8.10.3    Q:^i^)='~tltt7^^  [^"^'  i^T^  ^^-''  ^+^'  '^''  ^-^'^ 

With  M  replaced  by  —n,  8.1.2  is  an  asymptotic  expansion  for  P^^iz)  for  fixed  z  and  v  and  ^  m^°° 
if  2  is  not  on  the  real  axis  between  — »  and  —1. 

For  fixed  z  and  n  and  ^v-^oo,  8.10.4  and  8.10.6  are  asymptotic  expansions  if  z  is  not  on  the  real 
axis  between  — oo  and  —1  and  +<»  and  +1 ;  8.10.5  if  z  is  not  on  the  real  axis  between  — oo  and  +1. 

8.10.4  P^{z)  =  {2^)-Kz'-l)-"'  ^rtlt)^  |[2+(2^-l)^r^F(i+Mj-M;f+v;^±^|f^') 

+^6-^''1^-U^-l)i]''+^F(i+MJ-M;|+v;  ~lp^^^l^') } 

8.10.5  Qi:{2)==e^^-{^,r)Kz'-l)-'''^^^^^^  [z-iz'-in^'Fih+n,  ^-m;I+'';  ^^0^^) 

8.10.6  ^^(^)-       si„  [^(^_,)j        ^^(T:^^  |cos  .7r[e+(2^-l)^]-   ./r(i+^,i_^.  i+,.  _____  ) 

-z-\-{z'-\ 


+  16*-"  COS  M7r[2-(32-l)^]''-^i^(HM,  ^-M;  h  +  V', 


2(22. 

The  related  asymptotic  expansion  for  P-^(z)  may  be  derived  from  8.10.4  together  with  8.2.1. 

8.10.7  Pi;(cose)^^^;+|+^^|7r  sin^)-^cos[(.+l)^-^+^]  +  O(.-0 

8.10.8  QrCcos  ^)-^r(t+f/^(rf^J"^'  [(''+^)^+^+f  l  +  OC^-O  «e<7r-6,  6>0) 

For  other  asymptotic  expansions,  see  [8.7]  and  [8.9]. 

8.11.  Toroidal  Functions  (or  Ring  Functions) 

(Only  special  properties  are  given ;  other  properties  and  representations  follow  from  the  earlier 
sections.) 

8.11.1     P,^.(cosh  v)  =  [Til-(Ji)]-'2''^{l-e-^')-''e-^^+'^'''F{h-fi.  I  +  i'-m;  1-2m;  l-^"''^ 

8  112      P-    (rn^h    N         r(n+m  +  ^)(sinh  r?)"'       f' (sin  ^y^d^ 

8.11.3  ^^.(cosh  7?)  =  [r(l+.)]-VVe*''-r(i  +  ^+M)(l-e-''')''e-^^^''''^(^+M,  I  +  »'+m;  !+»';  e-'") 

«ii^     On     ^      T     ^     (-l)"T(ri+i)   f°  coshm/f/^  ^  r«>^> 

8.11.4  V^-^(cosh77)  =  ^-y- ^ —    ,  1.^'  . r ^ ,    ,    •   ,     .„+,  *  {n>m) 

r(n— m  +  ^)    Jo    (cosh  7j+cosh  t  smh  7jr+» 

♦See  page  ii. 


kifil 


LEGEXDRE    FUNCTIONS 


337 


8.12.  Conical  Functions 

(Only  special  properties  are  given  as  other 
properties  and  representations  follow  from  earlier 
sections  with  v=—^-riX  (X,  a  real  parameter)  and 
2= cos  6.) 

8.12.1 

,       ,,     ,  ,  4x24-1'   .   ,^ 
P-i^iX  (cos  d)  =  l-\ 2^ —  sm^- 


,  (4V-^l2)(4V+3')    .   ,d. 

■4-- ^— ^ sm   — I- 

-r  2242  ^"'  2 

8.12.2  P_j^,x(cos  ^)=P_}_,x(cos  d) 

o  la  o     n         /       .X     2   r*        cosh  \tdt 

8.12.3  P_i^.x(cos  e)=- 

8.12.4 

^.     /    /,\    ,  •  •  i_  \   r*      cos  X 

V'-iTa(cos  9)  =  ±i  smh  Xt  I  = 

Jo    -^  2(cosli  ^ 


iO<d<T) 


2  (cos  <— cos  ^) 
Xtdt 


+ 


X 


+  C0S   5) 

cosh  Xtdt 
0    V2(cosh  «— cos  e) 


8.12.5 

P_j^,x(— cos  5) 

cosh  Xt 


[Q_j+,x(cos  e)  +  Q_i_<x(cos  e)] 


8.13.2  P_j(cosh7,)=r^cosh^1  'Kft&nh^ 

8.13.3  <J..(.)  =  ^k(^) 


8.13.4  Q_i(coshT?)=26-''/2ii:(6-n) 

8.13.5 

2 

IT 


(-1<X<1) 


8.13.6        Pj(cosh  t;)=?  e''/2£'(^i_g-2,) 

IT 

8.13.7 

-12(.+,)1.£(^A_) 

8.13.8  P.,(.)=?/f(^lz:f) 

8.13.9  P-,(cos  «)  =?  K  (sin  0 

8.13.10         q.,w=a:(-^S?)  . 

8.13.11  P,.)==?[3^(^1H£)-^(^IP)] 

8.13.12  «.(.)  =K  (^W)-2E  ( ^if^)   * 


8.13.  Relation  to  Elliptic  Integrals 

(see  chapter  17) 

8.13.1        P-.(.)=?V^if(Vf=j) 

8.14.   Integrals 

8.14.1  j' p,(x)Q,ix)dx=[(p-p)(p^u+l)]-'  {^p>^v>0) 

8.14.2  J^     ^,(x)Q^(x)rfx=[(p_,)(p+,+  l)]-i[^(p+l)_^(,+  l)]         (^(p+,)>_i^p+, 4-1^0; 

V,  p5^  — 1,  —2,  —3,   .   .   .) 

8.14.3  j'  [Q,(x)Ydx=i2u^l)-'rP'{,^l)  (^^>-|) 

8.14.4  \     P,(x)Pp(z)r/z=^[(p-v)(p-f.'+l)]-'{2sin7r,/sin7rp[^(^+l)-^(p4-l)]  +  irsin(irp-irO} 
J-i  T 

(p+^+l5^0) 

8.14.5  f  [P.(,)p,,^^-2(sin  ..);^>-'-l)      * 

8.14.6  j      Q,(z)Q<,(z)r/z=  [(p-O (p4- ^+ 1)]->{[,/;(^+ l)_^(p^  1)][1  4-cos  pr  cos  i^ttI- iir  sin  (i/ir-pTT)}  * 

(p+v-f  Ij^O;  ^  P5^-1,  -2,  -3,   .  .  .) 

8.14.7  r  [Q,{x)]^dx=(2v^\)-'{^ir^-r(^  +  l)[l^(cosvTy]]  (^?^-l.  -2,  -3 ) 

•Sep  page  ii. 
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8.14.8  r  P,{x)Q,(x)dx=[(v-p)(p-{-v+l)]-'  /1-C05  (px-FT)-|sm  rv  cos  Ty[^(„+i)-^(p-Li)]\ 

(^v>0,  .^p>0,  p9^v) 

8.14.9  r'p,(z)Q,(2y2=-^(2>'^l)-'  sin  2yT^'(v-f  1)  (^»'>0) 

(m,  n,  Z  positive  integers) 

8.14.13     r_[P^iz)ydx=in-^)-\n-rm)\j{n-m)\ 


8.14.10 


Q^(x)P?ix)dx=(—l)'"  j-j 7^71-^ ^Vt —vi 

j-i  (l  —  n)(l  —  n  —  l)(n—m)\ 

8.14.11  r  P:!(x)PTix)dx=0        {l9^n) 

8.14.12  V  ri{x)Pi{x){l-x^-^dx=0        ij9^ra) 


8.14.14 


V   {l-x'r'[P:{xjfdx={n+m)\lm{n-m)\ 


8.14.15 


Jo  r(l-r2P— 2»'^r(2P— ^''-rt. 


) 
(^P>-1) 


8.14.16 


2-'^7rrf^a— iM^rr^a— ^m) 


(sin  t)«   ^P,  "(cos  t)rff  =:p75— 3 r,r,i        1   ^^(^        1       i    r^i        1        i> 

Jo  r(2  — 2"— 2'';r  2"— 2»'>)r(2M— 2»'-^i>r(2M— i*-^!) 


(^(a±M)>0) 


8.14.17 


Pr"(2)=(22-i)-i"-'  J'  •  •  •  r^p,{2){dzy 


8.14.18 


Q7"'(3)  =  (-l)'"(3^-l)-*'"  J^°  •  •  •  ^'^Q.izWzy 


2.0  — 


For  other  integrals,  see  [8.2].  [8.4]  and  chapter 


22. 


Figure  8.1.     PJcosd).     n  =  0(l)3. 


Figure  S.2.     Pi(x).     n  =  l(l)3,  i<l. 
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234  56789         10 


Figure  8.3.     P„(x).     n  =  0(l)3,  x>l. 


Qn(x) 


•-X 
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, 

10° 

E\ 
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I0-' 

\\              ^^^--->__ 

=\  \ 

\  \     \ 

-\ '      \ 

\    \               N. 

'  \           \ 

10"' 
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234  56789 

Figure  8.5.     Q,(j).     n=0(l)3,  i>1. 


Figure  8.4.     Q,(i).     n  =  0(l)3,  x<l. 
273-888  0-67— 23 


Numerical  Methods 

8.15.  Use  and  Extension  of  the  Tables 

Computation  of  P«(j) 

For  all  values  of  i  there  is  very  little  loss  of 
significant  figures  (except  at  zeros)  in  using  the 
recurrence  relation  8.5.3  for  increasing  values  of  n. 

Example  1.  ComputeP,(a:)  forx=.31415  926.54 
andx=2.6  forn  =  2(l)8. 


340 


LEGENDRE  FUNCTIONS 


n  P„(.31415  92654) 

0  1 

1  .31415  92654 

2  -.35195  59340 

3  -.39372  32064 

4  .04750  63122 

5  .34184  27517 

6  . 15729  86975 

7  -.20123  39354 

8  -.25617  29328 


P,(2.6) 
1 

2.6 
9.64 
40.04 
174. 952 
786.  74336 
3604. 350016 
16729.  51005 
78402. 55522 


Computing  P^ix)  using  Table  22.9  carrying  ten 
significant  figures, PgC-SHlo  92654)  =  -. 256 r7  2933 
and  P8(2.6)  =  78402. 55526. 

Computation  of  Q„(x) 

For  x<Cl,  use  of  8.5.3  for  increasing  values  of  n 
leads  to  very  little  loss  of  significant  figures. 
However,  for  a:>l,  the  recurrence  relation  8.5.3 
should  be  used  only  for  decreasing  values  of  n, 
after  ha\dng  first  obtained  Q„  using  the  formulas 
in  terms  of  hypergeometric  functions. 

Example  2.  Compute  Qnix)  for  a;=  .3141 5  92654 
and  71=0(1)4. 

With  the  aid  of  8.4.2  and  8.4.4  we  obtain 


Q„(.31415  92654) 

. 32515  34813 

-.89785  00212 

-.58567  85953 

.29190  60854 

.59974  26989 


Using  the  results  of  Example  1  together  with 
8.6.19.    we    find    Q,{x)  =  ^P,{x)\n  Q±^\-W^{x) 

where  ^"3=7  P3+J  Pi,  giving  ^4(.31415  92654)  = 


Example  3.     Compute  Qsix)  for  x=2.6. 

Ten  terms  in  the  series  for  F  (''^>  '^i  p-\--;  -^ 

of  8.1.3  are  necessary  to  obtain  nine  significant 
figures  giving  ^5(2.6)  =4.8182  4468  XIO'^  Using 
8.5.3  with  increasing  values  of  n  carrying  ten 
significant  figures  we  obtain 


Q„(2.6) 
.40546  51081 
.05420  928 
.00868  364 
. 00148  95 
. 00026  49 
,00004  81 


.59974  26989. 


where  ^0  and  ^i  are  obtained  using  8.4.2  and  8.4.4. 

Computation  of  P±iix),  Q±j(x) 

For  all  values  of  x,  P±i(x)  and  ^±^(2;)  are  most 
easily  computed  by  means  of  8.13. 

Example  4.     Compute  Q-^ix)  for  2=2.6. 
Using  8.13.3  and  interpolating  in  Table  17.1  for 

iiC(.5),  wefind 

=  (.74535  59925)  (1.90424  1417) 
=  1.41933  7751. 

On  the  other  hand,  at  least  nine  terms  in  the 

-  rA+2    p-\-l.      ,  3.  1\     ,  o  1  o 
expansion  of  r  I  —^>  ~9~'  ""'"o'  ~2 )  ^^  8.1.3  are 

necessary  to  obtain  comparable  accuracy. 
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Table  8.1 

LEGENDRE 

FUNCTION- 

-FIR« 

»T  KIND  1 

'n(*) 

Po(x) 

=  1 

P.(x) 

=  x 

X 

arccos  r 

P2(a;) 

P3(X) 

P9(X) 

Pio(x) 

0.00 

90.00000   00 

-0.50000 

0.00000 

00 

0.00000 

000 

-0.24609  37 

0.01 

89.42703   26 

-0.  49985 

-0.  01499 

75 

0.  02457 

330 

-0,24474   14 

0.02 

88.85400   80 

-0.49940 

-0.  02998 

00 

0. 04893 

045 

-0.24069  84 

0.03 

88.28086   87 

-0.  49865 

-0.  04493 

25 

0.07285 

701 

-0.23400   69 

0.04 

87.70755   72 

-0.49760 

-0.05984 

00 

0.  09614 

188 

-0.22473   64 

0.05 

87.13401   60 

-0.49625 

-0. 07468 

75 

0.11857 

899 

-0.21298  35 

0.06 

86.56018  72 

-0.  49460 

-0.  08946 

00 

0,13996 

890 

-0.19887  11 

0.07 

85.98601   28 

-0. 49265 

-0.10414 

25 

0.16012 

040 

-0.18254   68 

0.08 

85.41143   43 

-0.49040 

-0.11872 

00 

0.17885 

206 

-0.16418  20 

0.09 

84.83639   29 

-0. 48785 

-0.13317 

75 

0.19599 

366 

-0.14397   02 

0.10 

84.26082   95 

-0.48500 

-0.14750 

00 

0.21138 

764 

-0.12212   50 

0.11 

83.68468  44 

-0.48185 

-0.16167 

25 

0.22489 

042 

-0.09887   86 

0.12 

83.10789   74 

-0. 47840 

-0.17568 

00 

0.23637 

363 

-0.07447  93 

0.13 

82.53040   77 

-0.47465 

-0.18950 

75 

0.24572 

526 

-0.04918  90 

0.14 

81.95215   37 

-0.47060 

-0.20314 

00 

0.25285 

070 

-0.02328  12 

0.15 

81.37307  34 

-0.46625 

-0.21656 

25 

0.25767 

367 

+0.00296  18 

0.16 

80.79310   38 

-0.46160 

-0.22976 

00 

0.26013 

706 

0.02925   20 

0.17 

80.21218  10 

-0.  45665 

-0.24271 

75 

0.26020 

358 

0.05529   81 

0.18 

79.63024   02 

-0.45140 

-0.25542 

00 

0.25785 

632 

0.08080   85 

0.19 

79.04721   58 

-0,44585 

-0.26785 

25 

0.25309 

918 

0.10549  42 

0.20 

78.46304   10 

-0.44000 

-0.28000 

00 

0.24595 

712 

0.12907  20 

0.21 

77.87764   77 

-0.43385 

-0.29184 

75 

0.  23647 

631 

0.15126  74 

0.22 

77.29096  70 

-0.42740 

-0.30338 

00 

0.22472 

407 

0,17181   75 

0.23 

76.70292   82 

-0.42065 

-0.31458 

25 

0.21078 

870 

0.19047  36 

0.24 

76.11345   96 

-0.41360 

-0.32544 

00 

0.19477 

914 

0.20700  49 

0.25 

75.52248  78 

-0.40625 

-0.33593 

75 

0.17682 

442 

0.22120   02 

0.26 

74.92993   79 

-0.39860 

-0.34606 

00 

0.15707 

305 

0.23287  14 

0.27 

74.33573   31 

-0.39065 

-0.35579 

25 

0.13569 

215 

0.24185   52 

0.28 

73.73979   53 

-0.38240 

-0.36512 

00 

0.11286 

642 

0.24801   62 

0.29 

73.14204   40 

-0.37385 

-0.37402 

75 

0. 08879 

707 

0.25124   81 

0.30 

72.54239   69 

-0.36500 

-0.38250 

00 

0. 06370 

038 

0.25147   63 

0.31 

71.94076  95 

-0.35585 

-0.39052 

25 

0.  03780 

634 

0.24865   91 

0.32 

71.33707   51 

-0.  34640 

-0.39808 

00 

+0. 01135 

691 

0.24278  89 

0.33 

70.73122   45 

-0.33665 

-0.40515 

75 

-0.  01539 

566 

0.23389  37 

0.34 

70.12312   59 

-0.32660 

-0. 41174 

00 

-0.  04219 

085 

0.22203   73 

0.35 

69.51268  49 

-0.31625 

-0.41781 

25 

-0.06876 

185 

0.20732   00 

0.36 

68.89980   39 

-0.30560 

-0.42336 

00 

-0.  09483 

780 

0.18987  83 

0.37 

68.28438  27 

-0.29465 

-0.42836 

75 

-0.12014 

608 

0.16988  48 

0.38 

67.66631   73 

-0. 28340 

-0.43282 

00 

-0.14441 

472 

0.14754   72 

0.39 

67.04550   06 

-0.27185 

-0.43670 

25 

-0.16737 

489 

0.12310   73 

0.40 

66.42182   15 

-0.26000 

-0.44000 

00 

-0.18876 

356 

0.09683   91 

0.41 

65.79516   52 

-0.24785 

-0. 44269 

75 

-0.20832 

609 

0.06904  71 

0.42 

65.16541   25 

-0.23540 

-0.44478 

00 

-0.22581 

900 

0.04006  39 

0.43 

64.53243   99 

-0.22265 

-0. 44623 

25 

-0.24101 

269 

+0.01024  69 

0.44 

63.89611   88 

-0.20960 

-0. 44704 

00 

-0.25369 

426 

-0.02002   45 

0.45 

63.25631   61 

-0.19625 

-0.44718 

75 

-0.26367 

022 

-0.05035   30 

0.46 

62.61289   25 

-0.18260 

-0.44666 

00 

-0.27076 

932 

-0.080^2   72 

0.47 

61.96570   35 

-0.16865 

_0. 44544 

25 

-0.27484 

521 

-0.10952   64 

0.48 

61.31459   80 

-0.15440 

-0.44352 

00 

-0.27577 

908 

-0.13752   51 

0.49 

60.65941   84 

-0.13985 

-0.44087 

75 

-0.27348 

225 

-0.16389   87 

0.50 

60.00000   00 

-0.12500 

-0.43750 

00 

-0.26789 

856 

-0.18822   86 

"(-4)51 
5 

rf-5)4"l 
3 

r(-5)9i 

4 

"(-4)4' 
6 

-(-4)4- 
6 

P2(X)  =  |(- 

-1+3x2) 

P3(x)  = 

1  (-3+5x2) 

Pg(x)  =  ^  (1260-18480x2+72072x^-102960x6+48620x8) 

Pio(x)  =  :f7^(  -252+13860x2-  12012(^^+360360x6 -437580x8+184756x10) 
1024 

(n+l)P„+i(x)  =  (2n+l)xP„(x)-nP„-i(x) 
For  coefficients  of  other  polynomials,  see  chapter  22. 
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LEGENDRE  FUNCTION— FIRST  KIND  P„(*) 

Po(a;)  =  l  Pi(x)=x 


Table  8.1 


X 

arccos  x 

P2(X) 

P3(X) 

P'Ax) 

Pio(x) 

0.50 

60. 00000 

00 

-0.12500 

-0.43750  00 

-0.26789 

856 

-0.18822  86 

0.51 

59.33617 

03 

-0.10985 

-0.43337  25 

-0.25900 

667 

-0.21010  83 

0.52 

58. 66774 

85 

-0. 09440 

-0.42848  00 

-0.24682 

215 

-0.22914  92 

0.53 

57. 99454 

51 

-0. 07865 

-0.42280  75 

-0.23139 

939 

-0.24498  73 

0.54 

57.31636 

11 

-0. 06260 

-0.41634  00 

-0.21283 

321 

-0.25728  92 

0.55 

56.63298 

70 

-0. 04625 

-0.40906  25 

-0.19126 

025 

-0.26575  85 

0.56 

55.94420 

22 

-0. 02960 

-0.40096  00 

-0. 16686 

000 

-0.27014  28 

0.57 

55.24977 

42 

-0.01265 

-0.39201  75 

-0.13985 

552 

-0.27023  97 

0.58 

54. 54945 

74 

+0.00460 

-0.38222  00 

-0.11051 

366 

-0.26590  30 

0.59 

53.84299 

18 

0.  02215 

-0.37155  25 

-0.07914 

497 

-0.25704  92 

0.60 

53.13010 

24 

0.  04000 

-0.36000  00 

-0.04610 

304 

-0.24366  27 

0.61 

52.41049 

70 

0.05815 

-0.34754  75 

-0.01178 

332 

-0.22580  16 

0.62 

51.68386 

55 

0. 07660 

-0.33418  00 

+0.02337 

862 

-0.20360  19 

0.63 

50. 94987 

75 

0. 09535 

-0.31988  25 

0.05890 

951 

-0.17728  16 

0.64 

50.20818 

05 

0.11440 

-0.30464  00 

0. 09430 

141 

-0.14714  41 

0.65 

49.45839 

81 

0.13375 

-0.28843  75 

0.12901 

554 

-0.11358  05 

0.66 

48.70012 

72 

0.15340 

-0.27126  00 

0.16248 

693 

-0.07707  01 

0.67 

47. 93293 

52 

0.17335 

-0.25309  25 

0.19412 

981 

-0.03818  08 

0.68 

47.15635 

69 

0.19360 

-0.23392  00 

0.22334 

410 

+0.00243  30 

0.69 

46.36989 

11 

0.21415 

-0.21372  75 

0.24952 

270 

0.04403  37 

0.70 

45.57299 

60 

0.23500 

-0.19250  00 

0.27205 

993 

0.08580  58 

0.71 

44.76508 

47 

0.25615 

-0.17022  25 

0.29036 

111 

0.12686  31 

0.72 

43.94551 

96 

0.27760 

-0.14688  00 

0.30385 

323 

0.16625  89 

0.73 

43.11360 

59 

0.29935 

-0.12245  75 

0.31199 

698 

0.20299  76 

0.74 

42.26858 

44 

0.32140 

-0.09694  00 

0.31430 

004 

0.23605  08 

0.75 

41.40962 

21 

0.34375 

-0.07031  25 

0.31033 

185 

0.26437  45 

0.76 

40.53580 

21 

0.36640 

-0.04256  00 

0.29973 

981 

0.28693  19 

0.77 

39. 64611 

11 

0.38935 

-0.01366  75 

0.28226 

712 

0.-30271  79 

0.78 

38.73942 

46 

0.41260 

+0.01638  00 

0.25777 

224 

0.31078  93 

0.79 

37.81448 

85 

0.43615 

0.04759  75 

0.22625 

012 

0.31029  79 

0.80 

36. 86989 

76 

0.46000 

0.08000  00 

0.18785 

528 

0.30052  98 

0.81 

35.90406 

86 

0.48415 

0.11360  25 

0.14292 

678 

0.28094  87 

0.82 

34.91520 

62 

0.50860 

0.14842  00 

0.  09201 

529 

0.25124  52 

0.83 

33.90126 

20 

0.53335 

0.18446  75 

+0.03591 

226 

0.21139  19 

0.84 

32.85988 

04 

0.55840 

0.22176  00 

-0. 02431 

874 

0.16170  50 

0.85 

31.  78833 

06 

0.58375 

0.26031  25 

-0.  08730 

820 

0.10291  23 

0.86 

30.68341 

71 

0.  60940 

0.30014  00 

-0.15134 

456 

+0.03622  91 

0.87 

29.54136 

05 

0.63535 

0.34125  75 

-0.21433 

544 

-0.03655  86 

0.88 

28.35763 

66 

0.66160 

0.38368  00 

-0.27376 

627 

-0.11300  29 

0.89 

27.12675 

31 

0.68815 

0.42742  25 

-0.32665 

610 

-0.18989  29 

0.90 

25.84193 

28 

0.71500 

0.47250  00 

-0.36951 

049 

-0.26314  56 

0.91 

24. 49464 

85 

0.74215 

0.51892  75 

-0.39827 

146 

-0.32768  58 

0.92 

23.07391 

81 

0.76960 

0.56672  00 

-0.40826 

421 

-0.37731  58 

0.93 

21.56518 

50 

0.79735 

0.61589  25 

-0.39414 

060 

-0.40457  43 

0.94 

19. 94844 

36 

0.82540 

0.66646  00 

-0.34981 

919 

-0.40058  29 

0.95 

18.19487 

23 

0. 85375 

0.71843  75 

-0.26842 

182 

-0.35488  03 

0.96 

16.26020 

47 

0.88240 

0.77184  00 

-0.14220 

642 

-0.25524  34 

0.97 

14. 06986 

77 

0.91135 

0.82668  25 

+0.03750 

397 

-0.08749  40 

0.98 

11.47834 

09 

0.  94060 

0.88298  00 

0.28039 

609 

+0.16470  81 

0.99 

8.10961 

44 

0.97015 

0.94074  75 

0.59724 

553 

0.52008  90 

1.00 

0.00000 

00 

1.00000 

1.00000  00 

1.00000 

000 

1.00000  00 

[(-5)41 
3 

r(-4)2"l 
4 

r(-2)ii 

7 

[(-2)21 
7 

P2(X)  =  K- 

-1+3x2)      P3(x) 

=  1  (-3+5x2) 

Pa(x)  =  gj2  (1260-  18480x2 +72072x^  -  102960x6+48620x8) 
Piofj.)  =    1     ( -  252 + 13860x2  -  120120x '  +  360360x6  _  437580x8  +  184756x'0) 


(n+l)P„+i(x)  =  (2n+l)xP„(x)  -nPn- 
For  coefficients  of  other  polynomials,  see  chapter  22. 
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Table   8.2 

DERIV.V 

FIVE  OF  THE 

LEGENDR 

E  FLNCTION- 

-FIRST  KIND  K(,x) 

P'i(x)  =  l 

P2(x)  =  3a: 

X 

P3(X) 

P\iT) 

Pofx) 

Pio(x) 

0.00 

-1. 50000 

0.00000 

00 

2.46093 

75 

0.00000   00 

0.01 

-1.49925 

-0. 07498 

25 

2. 45011 

64 

0.27023   41 

0.02 

-1.49700 

-0.14986 

00 

2.41773 

75 

0.53765  93 

0.03 

-1.49325 

-0.22452 

75 

2.36405 

34 

0.79949  17 

0.04 

-1.48800 

-0.29888 

00 

2.28948 

35 

1.05299  82 

0.05 

-1.48125 

-0.37281 

25 

2. 19461 

13 

1.29552   05 

0.06 

-1.47300 

-0.44622 

00 

2.08018 

11 

1.52449   98 

0.07 

-1.46325 

-0.51899 

75 

1. 94709 

32 

1.73750  05 

0.08 

-1.45200 

-0.59104 

00 

1.79639 

87 

1.93223   25 

0.09 

-1.43925 

-0. 66224 

25 

1.62929 

31 

2.10657  29 

0.10 

-1.42500 

-0.73250 

00 

1.44710 

87 

2.25858  73 

0.11 

-1.40925 

-0.80170 

75 

1.25130 

64 

2.38654  80 

0.12 

-1.39200 

-0. 86976 

00 

1. 04346 

68 

2.48895  24 

0.13 

-1.37325 

-0.93655 

25 

0.  82528 

00 

2.56453  90 

0.14 

-1.35300 

-1.00198 

00 

0.  59853 

47 

2.61230  18 

0.15 

-1.33125 

-1.06593 

75 

0.36510 

73 

2.63150  28 

0.16 

-1.30800 

-1.12832 

00 

+0. 12694 

88 

2.62168  25 

0.17 

-1.28325 

-1.18902 

25 

-0.11392 

76 

2.58266   81 

0.18 

-1. 25700 

-1. 24794 

00 

-0.35546 

01 

2.51458  04 

0.19 

-1. 22925 

-1.30496 

75 

-0.59555 

27 

2.41783  68 

0.20 

-1.20000 

-1.36000 

00 

-0.83208 

96 

2.29315  33 

0.21 

-1.16925 

-1.41293 

25 

-1. 06295 

03 

2.14154  35 

0.22 

-1.13700 

-1.46366 

00 

-1. 28602 

54 

1.96431   51 

0.23 

-1.10325 

-1.51207 

75 

-1.49923 

18 

1.76306  37 

0.24 

-1.06800 

-1. 55808 

00 

-1.70052 

94 

1.53966  43 

0.25 

-1.03125 

-1. 60156 

25 

-1. 88793 

72 

1.29625  99 

0.26 

-0.99300 

-1. 64242 

00 

-2. 05954 

92 

1.03524  77 

0.27 

-0.95325 

-1. 68054 

75 

-2.21355 

15 

0.75926  26 

0.28 

-0.91200 

-1.71584 

00 

-2. 34823 

78 

0.47115  77 

0.29 

-0.86925 

-1.74819 

25 

-2. 46202 

63 

+0.17398  30 

0.30 

-0. 82500 

-1.77750 

00 

-2.55347 

51 

-0.12903   87 

0.31 

-0. 77925 

-1. 80365 

75 

-2. 62129 

80 

-0.43453   90 

0.32 

-0.73200 

-1.82656 

00 

-2. 66437 

95 

-0.73903   23 

0.33 

-0. 68325 

-1. 84610 

25 

-2. 68178 

96 

-1.03894  72 

0.34 

-0.63300 

-1. 86218 

00 

^2. 67279 

74 

-1.33065  96 

0.35 

-0.58125 

-1. 87468 

75 

-2. 63688 

47 

-1.61052   81 

0.36 

-0.52800 

-1. 88352 

00 

-2. 57375 

82 

-1.87493  10 

0.37 

-0.47325 

-1. 88857 

25 

-2. 48336 

07 

-2.12030  43 

0.38 

-0.41700 

-1. 88974 

00 

-2.36588 

14 

-2.34318  21 

0.39 

-0.35925 

-1. 88691 

75 

-2.22176 

52 

-2.54023   74 

0.40 

-0.30000 

-1.88000 

00 

-2.05172 

01 

-2.70832  36 

0.41 

-0.23925 

-1. 86888 

25 

-1. 85672 

35 

-2.84451   75 

0.42 

-0.17700 

-1.85346 

00 

-1. 63802 

69 

-2.94616  13 

0.43 

-0.11325 

-1. 83362 

75 

-1.39715 

86 

-3.01090   51 

0.44 

-0.04800 

-1.80928 

00 

-1.13592 

50 

-3.03674   96 

0.45 

+0.  01875 

-1. 78031 

25 

-0.  85640 

91 

-3.02208  63 

0.46 

0.08700 

-1.74662 

00 

-0.56096 

76 

-2.96573   83 

0.47 

0.15675 

-1.70809 

75 

-0.25222 

53 

-2.86699  80 

0.48 

0.22800 

-1. 66464 

00 

+0. 06693 

30 

-2.72566  30 

0.49 

0.30075 

-1. 61614 

25 

0.39337 

29 

-2.54206  98 

0.50 

0.37500 

-1. 56250 

00 

0. 72372 

44 

-2.31712   34 

[(-4)21 
3 

[(-4)6 
4 

r(-3)3i 

6 

r(-3)5i 

6 

P3(x)  =  K -3+15x2)  P4(x)=|  (-60+140x2) 

P9(x)  =  gj2  (1260-55440x2+360360x^-720720x-6+437580x8) 
Pio(x)  =  j^  (27720-480480x2+2162160x^-3500640x6+1847560x8) 

P;(X)  =  ^2  [xPn(x)  -P„  +  1(X)] 
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DERIVATIVE  OF  THE  LEGENDRE  FUNCTION— FIRST  KIND  P'n(x) 

P[(x)  =  l  P2(a:)  =  3x 


Table  8.2 


0.50 
0.51 
0.52 
0.53 
0.54 

0.55 
0.56 
0.57 
0.58 
0.59 

0.60 
0.61 
0.62 
0.63 
0.64 

0.65 
0.66 
0.67 
0.68 
0.69 

0.70 
0.71 
0.72 
0.73 
0.74 

0.75 
0.76 
0.77 
0.78 
0.79 

0.80 
0.81 
0.82 
0.83 
0.84 

0.85 
0.86 
0.87 
0.88 
0.89 

0.90 
0.91 
0.92 
0.93 
0.94 

0.95 
0.96 
0.97 
0.98 
0.99 

1.00 


Pz(x) 
0.37500 
0.45075 
0.  52800 
0.60675 
0.68700 

0.  76875 
0.85200 
0.  93675 
1.02300 
1.11075 

1.20000 
1.29075 
1.38300 
1.47675 
1.57200 

1.66875 
1.76700 
1.86675 
1.96800 
2.07075 

2.17500 
2.28075 
2.38800 
2.49675 
2.60700 

2.  71875 
2.83200 
2.94675 
3.06300 
3.18075 

3.30000 
3.42075 
3.54300 
3. 66675 
3.79200 

3.91875 
4.04700 
4.17675 
4.30800 
4.  44075 

4.57500 
4.71075 
4. 84800 
4.98675 
5.12700 

5.26875 
5.41200 
5.55675 
5.70300 
5.85075 

6.00000 


P'lfx) 

-  1.56250  00 

-  1.50360  75 

-  1.43936  00 

-  1.36965  25 

-  1.29438  00 

-  1.21343  75 

-  1.12672  00 

-  1.03412  25 

-  0.93554  00 

-  0.83086  75 

-  0.72000  00 

-  0.60283  25 

-  0.47926  00 

-  0.34917  75 

-  0.21248  00 

-  0.06906  25 
+  0.08118  00 

0.23835  25 
0.40256  00 
0.57390  75 

0.75250  00 

0.93844  25 

1.13184  00 

1.33279  75 

1.54142  00 

1.75781  25 

1.98208  00 

2.21432  75 

2.45466  00 

2.70318  25 

2.96000  00 

3.22521  75 

3.49894  00 

3.78127  25 

4.07232  00 

4.37218  75 

4.68098  00 

4.99880  25 

5.32576  00 

5.66195  75 

6.00750  00 
6.36249  25 
6.72704  00 
7.10124  75 
7.48522  00 

7.87906  25 

8.28288  00 

8.69677  75 

9.12086  00 

9.55523  25 

10.00000  00 


p-4).]  p-,1] 


Poix) 

0.72372 

44 

1. 05439 

75 

1.38160 

24 

1.70137 

21 

2.00958 

86 

2.30201 

29 

2.57431 

87 

2.82213 

05 

3.04106 

49 

3.22677 

77 

3.37501 

44 

3.48166 

60 

3.54283 

00 

3.55487 

57 

3.51451 

63 

3.41888 

50 

3.26561 

84 

3. 05294 

51 

2.77978 

03 

2.44582 

82 

2.05168 

93 

1.59897 

66 

1.09043 

73 

+  0.53008 

28 

-  0.07667 

36 

-  0.72287 

14 

-  1.39984 

93 

-  2.09708 

32 

-  2.80201 

52 

-  3.49987 

45 

-  4.17348 

81 

-  4.80308 

26 

-  5.36607 

64 

-  5.83686 

10 

-  6.18657 

35 

-  6.38285 

68 

-  6.38961 

06 

-  6.16672 

97 

-  5.66983 

23 

-  4.84997 

54 

-  3.65335 

89 

-  2.02101 

73 

+  0.11150 

20 

2.81447 

18 

6.16433 

35 

10.24405 

70 

15.14351 

59 

20.95987 

66 

27.79800 

16 

35.77086 

77 

45.00000 

00 

r(-i)2 

7 

P'wix) 

-  2.31712  34 

-  2.05232  40 

-  1.74978  82 

-  1.41226  67 

-  1.04315  43 

-  0.64649  54 

-  0.22698  16 
+  0.21005  92 

0.65868  10 
1.11234  92 

1.56397  82 
2.00598  31 
2.43034  08 
2.82866  68 
3.19230  45 

3.51243  07 
3.78017  74 
3.98677  13 
4.12369  16 
4.18284  84 

4.15678  18 
4.03888  45 
3.82364  72 
3.50693  03 
3.08626  20 

2.56116  49 

1.93351  26 

1.20791  71 

+  0.39215  05 

-  0.50239  96 

-  1.46023  77 

-  2.46122  91 

-  3.48002  97 

-  4.48547  21 

-  5.43990  91 

-  6.29851  03 

-  7.00851  07 

-  7.50840  93 

-  7.72711  51 

-  7.58303  90 

-  6.98312  79 

-  5.82184  03 

-  3.98006  04 

-  1.32394  73 
+  2.29628  14 

7.04763  58 

13.11571  11 

20.70612  01 

30.04600  25 

41.38561  43 

55.00000   00 
[<-)3] 


P3(a;)  =  K-3+15x2) 
1 


P4(2:)  =  g  (-60+140x2) 


P'c,  (x)  =  ~  (1260  -  55440x2 + 360360x^  -  720720xfi + 437580x8) 
P',o(x)  =  j^  (27720  -  480480x2 +2162160X'  _  3500640xfi+ 1847560x8) 

P;(X)=^2(XP„(X)-P„+.(X)] 
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LEGEXDRE    FUNCTIOXS 


Table  8.3 


LEGENDRE  FUNCTION— SECOND  KIND  Qnix) 


0.00 
0.01 
0.02 
0.03 
0.04 

0.05 
0.06 
0.07 
0.08 
0.09 

0.10 
0.11 
0.12 
0.13 
0.14 

0.15 
0.16 
0.17 
0.18 
0.19 

0.20 
0.21 
0.22 
0.23 
0.24 

0.25 
0.26 
0.27 
0.28 
0.29 

0.30 
0.31 
0.32 
0.33 
0.34 

0.35 
0.36 
0.37 
0.38 
0.39 

0.40 
0.41 
0.42 
0.43 
0.44 

0.45 
0.46 
0.47 
0.48 
0.49 


Qo(x) 
0.00000  000 
0.01000  033 
0.02000  267 
0.03000  900 
0.04002  135 

0.05004  173 
0.06007  216 
0.07011  467 
0.08017  133 
0.09024  419 

0.10033  535 
0.11044  692 
0.12058  103 
0.13073  985 
0.14092  558 

0.15114  044 
0.16138  670 
0.17166  666 
0.18198  269 
0.19233  717 

0.20273  255 
0.21317  135 
0.22365  611 
0.23418  947 
0.24477  411 

0.25541  281 
0.26610  841 
0.27686  382 
0.28768  207 
0.29856  626 

0.30951  960 

0.32054  541 

0.33164  711 

0.34282  825 

0.35409  253 

0.36544  375 

0.37688  590 

0.38842  310 

0.40005  965 

0.41180  003 

0.42364  893 

0.43561  122 

0.44769  202 

0.45989  668 

0.47223  080 

0.48470  028 

0.49731  129 

0.51007  034 

0.52298  428 

0.53606  034 


Q>(x) 
-1.00000  000 

-0.99990  000 
-0.99959  995 
-0.99909  973 
-0.99839  915 

-0.99749  791 
-0.99639  567 
-0.99509  197 
-0.99358  629 
-0.99187  802 

-0. 98996  647 
-0.98785  084 
-0.98553  028 
-0.98300  382 
-0.98027  042 

-0.97732  893 
-0.97417  813 
-0.97081  667 
-0.96724  312 
-0.96345  594 

-0.95945  349 
-0.95523  402 
-0.95079  566 
-0.94613  642 
-0.94125  421 

-0.93614  680 
-0.93081  181 
-0.92524  677 
-0.91944  902 
-0.91341  578 

-0.90714  412 
-0.90063  092 
-0.89387  293 
-0.38686  668 
-0.87960  854 

-0.87209  469 
-0. 86432  108 
-0.85628  345 
-0.84797  733 
-0.83939  799 

-0.83054  043 
-0.82139  940 
-0.81196  935 
-0.80224  443 
-0.79221  845 

-0.78188  487 
-0.77123  681 
-0.76026  694 
-0.74896  755 
-0.73733  044 


Q2(X) 

0. 00000  000 
-0.01999  867 
-0.03998  933 
-0.05996  399 
-0.07991  463 

-0.09983  321 
-0.11971  169 
-0.13954  199 
-0.15931  602 
-0.17902  563 

-0.19866  264 
-0.21821  885 
-0.23768  596 
-0.25705  567 
-0.27631  958 

-0.29546  923 

-0.31449  610 
-0.33339  158 
-0.35214  699 
-0.37075  353 

-0.38920  232 
-0.40748  439 
-0.42559  062 
-0.44351  180 
-0.46123  857 

-0.47876  145 
-0.49607  081 
-0.51315  685 
-0.53000  962 
-0.54661  900 

-0.56297  466 
-0.57906  608 
-0.59488  256 
-0.61041  313 
-0.62564  662 

-0.64057  159 
-0.65517  633 
-0.66944  887 
-0.68337  690 
-0.69694  784 

-0.71014  872 
-0.72296  624 
-0.73538  670 
-0.74739  600 
-0.75897  958 

-0.77012  243 
-0.78080  904 
-0.79102  336 
-0.80074  877 
-0.80996  804 


Qz(x} 
0.66666  667 
0,66626  669 
0.66506  699 
0.66306  829 
0.66027   179 

0.65667  917 
0.65229  261 
0.64711  475 
0.64114  873 
0.63439  817 

0.62686  720 
0.61856  044 
0.60948  299 
0.59964  048 
0.58903  905 

0.57768  532 
0.56558  646 
0.55275  016 
0.53918  465 
0.52489  868 

0.50990  155 
0.49420  314 
0.47781  388 
0.46074  476 
0.44300  738 

0.42461  393 
0.40557  719 
0.38591  059 
0.36562  819 
0.34474  467 

0.32327  542 
0.30123  647 
0.27864  459 
0.25551  723 
0.23187  261 

0.2a772  970 

0.18310  825 

0.15802  883 

0.13251  285 

0.10658  256 

0.08026  114 

0.05357  267 

+0.02654  221 

-0.00080  418 

-0.02843  939 

-0.05633  524 
-0.08446  239 
-0. 112?9  034 
-0.14128  732 
-0.16992  027 


Q^ix) 

-0.40634  921 
-0.40452  191 
-0.39905  538 
-0.38999  553 
-0.37741  852 

-0.36143  026 
-0.34216  562 
-0.31978  750 
-0.29448  565 
-0.26647  538 

-0.23599  595 
-0.20330  891 
-0.16869  616 
-0.13245  792 
-0.09491  050 

-0.05638  395 

-0.01721  959 

+0.02223  260 

0.06161  670 

0.10057  361 

0.13874  395 
0.17577  093 
0.21130  336 
0.24499  861 
0.27652  557 

0.30556  765 
0.33182  571 
0.35502  089 
0.37489  746 
0.39122  551 

0.40380  351 
0.41246  080 
0.41705  981 
0.41749  822 
0.41371  084 

0.40567  128 
0.39339  336 
0.37693  227 
0.35638  546 
0.33189  317 

0.30363  867 
0.27184  811 
0.23679  006 
0.19877  461 
0.15815  208 

0.11531  136 

0.07067  773 

+0.02471  030 

-0.02210  100 

-0.06923  897 


0.50  0.54930  614  -0.72534  693 


-0.81866  327     -0.a9865  477     -0.11616  303 

[-n    [-n    ['t'T 


Qio(z) 
0.00000  000 
-0.04056  181 
-0.08068  584 
-0.11993  860 
-0.15789  513 

-0.19414  321 
-0.22828  745 
-0.25995  321 
-0.28879  038 
-0.31447  701 

-0.33672  259 
-0.35527  122 
-0.36990  435 
-0.38044  330 
-0.38675  142 

-0.38873  587 
-0.38634  905 
-0.37958  962 
-0.36850  308 
-0.35318  198 

-0.33376  565 
-0.31043  947 
-0.28343  378 
-0.25302  221 
-0.21951  969 

-0.18327  994 

-0.14469  251 

-0.10417  949 

-0.06219  173 

-0.01920  468 

+0.02428  610 

0.06776  975 

0.11072  534 

0.15262  723 

0.19295  076 

0.23117  811 

0.26680  432 

0.29934  337 

0.32833  437 

0.35334  774 

0.37399  123 

0.38991  596 

0.40082  218 

0.40646  477 

0.40665  845 

0.40128  259 

0.39028  551 

0.37368  827 

0.35158  779 

0.32415  933 

0.29165   814 


Qo{x)  =  k  In  ([^)  Qi(x)  =  ^  In  (j^)-l 

(n+l)Qn+i(x)  =  (2n  +  l)xQnfx)  -nQn-iix) 


Qo(x)  =  arctanh  x  fTable  4.17)  is  included  here  for  completeness. 


LEGENDRE    FUNCTIONS 
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LEGE 

NDR] 

E  FUNCTI 

ON— 

SECOND  KIND 

Qn(x) 

Table  8.3 

X 

Qoix) 

Qiix) 

Q2(X) 

Qs(x) 

Qoix) 

Qio(x) 

0.50 

0.  54930 

614 

-0.72534 

693 

-0.81866 

327 

-0.19865  477 

-0.11616 

303 

+0.29165   814 

0.51 

0.  56272 

977 

-0.71300 

782 

-0.82681 

587 

-0.22745   494 

-0.16231 

372 

0.25442   027 

0.52 

0.  57633 

975 

-0.70030 

333 

-0.83440 

647 

-0.25628   339 

-0.20711 

759 

0.21286   243 

0.53 

0.59014 

516 

-0.  68722 

307 

-0. 84141 

492 

-0.28510   113 

-0.  24999 

263 

0.16748   087 

0.54 

0.60415 

560 

-0.  67375 

597 

-0.  84782 

014 

-0.31386   748 

-0.29035 

406 

0.11884   913 

0.55 

0.61838 

131 

-0.65989 

028 

-0.85360 

014 

-0.34253   994 

-0.32762 

069 

0.06761   470 

0.56 

0.  63283 

319 

-0.  64561 

342 

-0.  85873 

186 

-0.37107  413 

-0.36122 

172 

+0.01449   441 

0.57 

0.  64752 

284 

-0.63091 

198 

-0. 86319 

116 

-0.39942   362 

-0.39060 

386 

-0.03973   144 

0.58 

0.66246 

271 

-0. 61577 

163 

-0.86695 

267 

-0.42753   983 

-0.41523 

901 

-0.09422  630 

0.59 

0.  67766 

607 

-0.60017 

702 

-0.  86998 

970 

-0.45537   186 

-0.43463 

218 

-0.14810   594 

0.60 

0.  69314 

718 

-0.58411 

169 

-0.87227 

411 

-0.48286  632 

-0.44832 

986 

-0.20044   847 

0.61 

0.  70892 

136 

-0.56755 

797 

-0.  87377 

622 

-0.50996   718 

-0.45592 

864 

-0.25030   577 

0.62 

0.  72500 

509 

-0.55049 

685 

-0. 87446 

461 

-0.53661   553 

-0.45708 

410 

-0.29671    648 

0.63 

0.74141 

614 

-0. 53290 

783 

-0.  87430 

597 

-0.56274   938 

-0.45151 

989 

-0.33872   031 

0.64 

0.75817 

374 

-0. 51476 

880 

-0.87326 

492 

-0.58830  338 

-0.43903 

693 

-0.37537   391 

0.65 

0.77529 

871 

-0.49605 

584 

-0.87130 

380 

-0.61320   855 

-0.41952 

271 

-0.40576   815 

0.66 

0.  79281 

363 

-0.47674 

300 

-0.86838 

239 

-0.63739  196 

-0.39296 

048 

-0.42904   673 

0.67 

0.81074 

313 

-0.45680 

211 

-0.  86445 

768 

-0.66077   634 

-0.35943 

834 

-0.44442   606 

0.68 

0.  82911 

404 

-0.43620 

245 

-0.85948 

352 

-0.68327   969 

-0.31915 

810 

-0.45121    636 

0.69 

0.  84795 

576 

-0.41491 

053 

-0.  85341 

027 

-0.70481  480 

-0.27244 

363 

-0.44884   377 

0.70 

0.  86730 

053 

-0.39288 

963 

-0.  84618 

438 

-0.72528  868 

-0.21974 

878 

-0.43687  329 

0.71 

0.88718 

386 

-0.37009 

946 

-0.  83774 

785 

-0.74460   199 

-0.16166 

443 

-0.41503   236 

0.72 

0.90764 

498 

-0.34649 

561 

-0.82803 

775 

-0.76264  823 

-0.  09892 

467 

-0.38323   471 

0.73 

0.92872 

736 

-0.32202 

902 

-0.81698 

546 

-0.77931   296 

-0.03241 

178 

-0.34160  431 

0.74 

0.  95047 

938 

-0.29664 

526 

-0.  80451 

593 

-0.79447   280 

+0.  03684 

038 

-0.29049   884 

0.75 

0.  97295 

507 

-0.27028 

369 

-0.  79054 

669 

-0.80799   424 

0.10764 

474 

-0.23053   218 

0.76 

0.99621 

508 

-0.24287 

654 

-0.77498 

679 

-0.81973   225 

0.17866 

149 

-0.16259   543 

0.77 

1.02032 

776 

-0.21434 

763 

-0.75773 

539 

-0.82952   866 

0.24840 

151 

-0.08787   565 

0.78 

1.  04537 

055 

-0.18461 

097 

-0.73868 

Oil 

-0.83721   016 

0.31523 

275 

-0.00787   146 

0.79 

1.  07143 

168 

-0.15356 

897 

-0.71769 

507 

-0.84258  586 

0.37739 

063 

+0.07559  560 

0.80 

1.09861 

229 

-0.12111 

017 

-0.  69463 

835 

-0.84544   435 

0.43299 

312 

0.16037   522 

0.81 

1.12702 

903 

-0.08710 

649 

-0.  66934 

890 

-0.84555   002 

0.48006 

146 

0.24398  961 

0.82 

1.15681 

746 

-0.05140 

968 

-0.  64164 

264 

-0.84263   849 

0.51654 

781 

0.32364  357 

0.83 

1.18813 

640 

-0.01384 

678 

-0.61130 

745 

-0.83641    078 

0.54037 

123 

0.39624   661 

0.84 

1.22117 

352 

+0.02578 

575 

-0.57809 

671 

-0.82652   589 

0.  54946 

418 

0.45844   913 

0.85 

1.25615 

281 

0. 06772 

989 

-0.54172 

080 

-0.81259  105 

0.54183 

191 

0.50669  726 

0.86 

1.29334 

467 

0.11227 

642 

-0.50183 

576 

-0.79414   886 

0.51562 

828 

0.53731   190 

0.87 

1.33307 

963 

0.15977 

928 

-0.45802 

786 

-0.77065   991 

0.46925 

273 

0.54659   757 

0.88 

1.37576 

766 

0.21067 

554 

-0.40979 

212 

-0.74147   880 

0.40147 

508 

0.53099  253 

0.89 

1.42192 

587 

0.26551 

403 

-0.35650 

171 

-0.70582   022 

0.31159 

776 

0.48727  156 

0.90 

1.47221 

949 

0.  32499 

754 

-0.29736 

306 

-0.66270   962 

0.19967 

037 

0.41282   291 

0.91 

1.52752 

443 

0.39004 

723 

-0.23134 

775 

-0.61090   890 

+0. 06677 

934 

0.30602   901 

0.92 

1.58902 

692 

0.46190 

476 

-0.15708 

489 

-0.54880    000 

-0.  08454 

828 

+0.16680    029 

0.93 

1.65839 

002 

0.54230 

272 

-0.07268 

272 

-0.47419   336 

-0.24975 

925 

-0.00265   428 

0.94 

1.73804 

934 

0.63376 

638 

+0.  02458 

593 

-0.38399  297 

-0.42137 

701 

-0.19666   273 

0.95 

1.83178 

082 

0.74019 

178 

0.13888 

288 

-0.27356   330 

-0.58752 

240 

-0.40421    502 

0.96 

1.94591 

015 

0.86807 

374 

0.27707 

112 

-0.13540   204 

-0.72921 

201 

-0.60564   435 

0.97 

2. 09229 

572 

1.02952 

685 

0.45181 

370 

+0.04408   092 

-0.  81464 

729 

-0.76587   179 

0.98 

2.29755 

993 

1.25160 

873 

0.69108 

487 

0.29436   613 

-0.78406 

452 

-0.81720   735 

0.99 

2.64665 

241 

1.62018 

589 

1.08264 

984 

0.70624  831 

-0.48875 

677 

-0.59305   105 

1.00 

00 

DO 

00 

00 

00 

00 

Qoix] 

-^'-r^) 

Q.(x)  =  |ln(j-+J)-1 

Q2(X)  =        ^ 

'"(1-^^)-^ 

ix 
2 

Q3(x)  =  |(5x2- 

«""(!-^x, 

\     5x2 
/      2 

4 

in+l)Qn+ lix)  =  (2n  +  l)xQ„ix)  -nQn- lix) 
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Table 

8.4 

DERIVATIVE 

OF  THE  LEGEXDRE 

FUNCTION 

—SECOND  KIND  QUx) 

z 

Qi(x) 

QKx) 

Qziz) 

Q^(x) 

Q4(x) 

Q'io(x) 

0.00 

1.  00000 

000 

0.00000 

000 

-2. 00000 

000 

0.  00000 

000 

0. 00000 

00 

-4.06349  21 

0.01 

1.  00010 

001 

0.02000 

133 

-1.99959 

998 

-0.  07999 

200 

0.36520 

25 

-4.04156   71 

0.02 

1. 00040 

016 

0.  04001 

067 

-1.99839 

968 

-0.15993 

599 

0.72733 

83 

-3.97600   70 

0.03 

1.00090 

081 

0.  06003 

603 

-1.  99639 

838 

-0.23978 

392 

1.08336 

24 

-3.86745   44 

0.04 

1.00160 

256 

0.  08008 

546 

-1.  99359 

487 

-0.31948 

767 

1.43027 

23 

-3.71697  43 

0.05 

1. 00250 

627 

0.10016 

704 

-1. 98998 

747 

-0.39899 

900 

1.76512 

98 

-3.52604   61 

0.06 

1. 00361 

301 

0.12028 

894 

-1.98557 

401 

-0.47826 

951 

2.08508 

14 

-3.29655   13 

0.07 

1. 00492 

413 

0.14045 

936 

-1.98035 

179 

-0.  55725 

060 

2.38737 

90 

-3.03075   84 

0.08 

1.  00644 

122 

0.16068 

662 

-1.  97431 

766 

-0.  63589 

347 

2.66939 

94 

-2.73130   45 

0.09 

1.  00816 

615 

0.18097 

914 

-1. 96746 

792 

-0. 71414 

899 

2. 92866 

44 

-2.40117   40 

0.10 

1.01010 

101 

0.20134 

545 

-1. 95979 

839 

-0.  79196 

777 

3.16285 

86 

-2.04367   37 

0.11 

1. 01224 

820 

0.22179 

422 

-1. 95130 

431 

-0.  86930 

001 

3. 36984 

76 

-1.66240   59 

0.12 

1. 01461 

039 

0.24233 

428 

-1.94198 

044 

-0.94609 

554 

3.54769 

49 

-1.26123   82 

0.13 

1.01719 

052 

0.26297 

462 

-1.93182 

094 

-1.02230 

373 

3. 69467 

78 

-0.84427   11 

0.14 

1.01999 

184 

0.28372 

443 

-1.  92081 

942 

-1.  09787 

345 

3.80930 

18 

-0.41580   27 

0.15 

1.  02301 

790 

0.30459 

312 

-1. 90896 

890 

-1.17275 

302 

3.89031 

48 

+0.01970  77 

0.16 

1.02627 

258 

0.32559 

031 

-1. 89626 

181 

-1.24689 

019 

3. 93671 

92 

0.45767   92 

0.17 

1. 02976 

007 

0.  34672 

587 

-1. 88263 

994 

-1.32023 

203 

3.  94778 

25 

0.89344   90 

0.18 

1.03348 

491 

0. 36800 

997 

-1. 86824 

444 

-1.39272 

496 

3. 92304 

76 

1.32231   56 

0.19 

1. 03745 

202 

0.  38945 

305 

-1. 85291 

580 

-1.46431 

458 

3. 86234 

02 

1.73958   08 

0.20 

1.  04166 

667 

0.41106 

589 

-1.  83669 

380 

-1. 53494 

573 

3. 76577 

54 

2.14059  45 

0.21 

1.04613 

453 

0.43285 

960 

-1.  81956 

752 

-1.60456 

234 

3. 63376 

26 

2.52079   94 

0.22 

1.05086 

171 

0.  45484 

568 

-1.80152 

526 

-1.67310 

742 

3.46700 

84 

2.87577   54 

0.23 

1.05585 

471 

0.47703 

605 

-1.78255 

455 

-1.74052 

294 

3.26651 

77 

3.20128  51 

0.24 

1. 06112 

054 

0.49944 

304 

-1. 76264 

210 

-1.  80674 

982 

3.03359 

33 

3.49331   81 

0.25 

1. 06666 

667 

0.52207 

948 

-1. 74177 

372 

-1.  87172 

780 

2.  76983 

31 

3.74813  48 

0.26 

1.  07250 

107 

0.54495 

869 

-1.  71993 

437 

-1. 93539 

537 

2.47712 

56 

3.96230   97 

0.27 

1. 07863 

229 

0.56809 

454 

-1. 69710 

801 

-1.99768 

972 

2.15764 

35 

4.13277   26 

0.28 

1.08506 

944 

0.59150 

152 

-1.  67327 

761 

-2. 05854 

661 

1. 81383 

48 

4.25684   84 

0.29 

1.09182 

225 

0.61519 

472 

-1.  64842 

510 

-2.11790 

027 

1.  44841 

22 

4.33229   46 

0.30 

1. 09890 

110 

0.  63918 

993 

-1.62253 

126 

-2. 17568 

334 

1. 06434 

02 

4.35733   72 

0.31 

1.10631 

707 

0.  66350 

370 

-1.59557 

570 

-2.23182 

672 

0.  66482 

02 

4.33070   22 

0.32 

1.11408 

200 

0.  68815 

335 

-1. 56753 

678 

-2.28625 

944 

+0.25327 

32 

4.25164   55 

0.33 

1.12220 

851 

0.71315 

706 

-1.53839 

152 

-2.33890 

860 

-0.16667 

95 

4.11997   79 

0.34 

1.13071 

009 

0.73853 

396 

-1.50811 

553 

-2.38969 

914 

-0.59123 

78 

3.93608  76 

0.35 

1.13960 

114 

0.76430 

415 

-1. 47668 

292 

-2. 43855 

378 

-1.  01644 

63 

3.70095   66 

0.36 

1.14889 

706 

0.79048 

884 

-1. 44406 

617 

-2.48539 

281 

-1.43822 

04 

3.41617  42 

0.37 

1.15861 

430 

0.81711 

039 

-1.41023 

606 

-2.53013 

394 

-1. 85237 

43 

3.08394  42 

0.38 

1.16877 

045 

0.84419 

242 

-1.37516 

155 

-2. 57269 

210 

-2.25465 

05 

2.70708  74 

0.39 

1.17938 

436 

0.87175 

994 

-1.33880 

960 

-2.61297 

926 

-2.64075 

25 

2.28903   82 

0.40 

1.19047 

619 

0. 89983 

941 

-1.30114 

509 

-2.65090 

420 

-3.00637 

81 

1.83383   54 

0.41 

1.20206 

756 

0.  92845 

892 

-1.26213 

064 

-2. 68637 

229 

-3.34725 

61 

1.34610   61 

0.42 

1.21418 

164 

0.  95764 

831 

-1.22172 

641 

-2.71928 

520 

-3.65918 

35 

0.83104  35 

0.43 

1.22684 

333 

0. 98743 

931 

-1. 17988 

995 

-2. 74954 

067 

-3. 93806 

51 

+0.29437   81 

0.44 

1.24007 

937 

1. 01786 

572 

-1.13657 

597 

-2. 77703 

216 

-4.17995 

45 

-0.25765   92 

0.45 

1.25391 

850 

1.04896 

360 

-1.  09173 

613 

-2. 80164 

855 

-4.38109 

69 

-0.81838   00 

0.46 

1.26839 

168 

1.08077 

146 

-1.  04531 

874 

-2.82327 

375 

-4.53797 

26 

-1.38069   01 

0.47 

1.28353 

228 

1.11333 

051 

-0.99726 

854 

-2.  84178 

630 

-4.  64734 

21 

-1.93714   78 

0.48 

1.29937 

630 

1.14668 

490 

-0.  94752 

634 

-2.85705 

896 

-4.  70629 

25 

-2.48003   04 

0.49 

1.31596 

263 

1.18088 

202 

-0. 89602 

868 

-2.  86895 

817 

-4.71228 

35 

-3.00140   86 

0.50 

1.33333 

333 

1.21597 

281 

-0.  84270 

745 

-2.  87734 

353 

-4. 66319 

54 

-3.49322   79 

'-All' 
5 

'(-4)r 

5 

V_4j2' 
5 

7-4)4' 
5 

■^-3i7 
6 

r(-3)6" 

6 
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DE] 

RIVAI 

nVE  OF  T 

HE  LE 

GENDRE  F 

u^c^ 

ION— SECO 

ND  h 

:iND  q:,(x) 

TalAv   8.4 

X 

q;.(x) 

Q'xix) 

Q2(X) 

Q':^(x) 

Q9(x) 

Q\o(x) 

0.50 

1.33333 

333 

1.21597 

281 

-  0.84270 

74 

-   2.87734 

35 

-   4.66319 

54 

-   3.493228 

0.51 

1.35153 

399 

1.25201 

210 

-  0.78748 

95 

-  2.88206 

72 

-  4.55737 

62 

-  3.947399 

0.52 

1.37061 

403 

1.28905 

905 

-  0.73029 

59 

-  2.88297 

33 

-  4.39368 

94 

-  4.355894 

0.53 

1.39062 

717 

1.32717 

756 

-  0.67104 

20 

-  2.87989 

70 

-  4.17156 

11 

-  4.710854 

0.54 

1.41163 

185 

1.36643 

680 

-  0.60963 

61 

-  2.87266 

39 

-  3.89102 

65 

-  5.004695 

0.55 

1.43369 

176 

1.40691 

178 

-  0.54597 

91 

-  2.86108 

89 

-  3.55277 

54 

-  5.230233 

0.56 

1.45687 

646 

1.44868 

400 

-  0.47996 

38 

-  2. 84497 

53 

-  3.15819 

61 

-  5.380807 

0.57 

1.48126 

204 

1.49184 

220 

-  0.41147 

39 

-  2.82411 

36 

-  2.70941 

73 

-  5.450406 

0.58 

1.50693 

189 

1.53648 

320 

-  0.34038 

30 

-  2.79828 

02 

-  2.20934 

79 

-  5.433812 

0.59 

1.53397 

760 

1.58271 

285 

-  0.26655 

35 

-  2.76723 

56 

-  1.66171 

26 

-  5.326732 

0.60 

1.56250 

000 

1.63064 

718 

-  0.18983 

51 

-  2.73072 

34 

-  1.07108 

51 

-  5.125950 

0.61 

1.59261 

029 

1.68041 

364 

-  0.11006- 

36 

-  2.68846 

75 

-  0.44291 

60 

-  4.829465 

0.62 

1.62443 

145 

1.73215 

259 

-  0.02705 

91 

-  2.64017 

05 

+  0.21644 

47 

-  4.436645 

0.63 

1.65809 

982 

1.78601 

903 

+  0.05937 

63 

-  2.58551 

08 

0. 89973 

10 

-  3.948368 

0.64 

1.69376 

694 

1.84218 

458 

0.14946 

05 

-  2.52414 

00 

1.59875 

12 

-  3.367169 

0.65 

1.73160 

173 

1.90083 

983 

0.24343 

42 

-  2.45567 

92 

2.30438 

77 

-  2.697375 

0.66 

1.77179 

305 

1.96219 

705 

0.34156 

40 

-  2.37971 

49 

3.00660 

55 

-  1.945245 

0.67 

1.81455 

271 

2. 02649 

344 

0.44414 

64 

-  2.29579 

49 

3.69447 

22 

-  1.119087 

0.68 

1.86011 

905 

2.09399 

499 

0.55151 

17 

-  2.20342 

26 

4.35619 

14 

-  0.229371 

0.69 

1.90876 

121 

2.16500 

099 

0.66402 

96 

-  2.10205 

04 

4.97914 

99 

+  0.711177 

0.70 

1.96078 

431 

2.23984 

955 

0.78211 

54 

-  1.99107 

23 

5.54998 

34 

1.687501 

0.71 

2.01653 

559 

2.31892 

413 

0.90623 

72 

-  1.86981 

51 

6.  05466 

05 

2.682165 

0.72 

2.  07641 

196 

2.40266 

159 

1.03692 

51 

-  1.73752 

72 

6.47859 

09 

3.675339 

0.73 

2.14086 

919 

2.49156 

187 

1.17478 

21 

-  1.59336 

54 

6.80675 

90 

4.  644816 

0.74 

2.21043 

324 

2.58619 

998 

1.32049 

75 

-  1.43637 

96 

7.  02388 

88 

5. 566082 

0.75 

2.28571 

429 

2.68724 

079 

1.47486 

32 

-  1.26549 

27 

7.11464 

51 

6.412431 

0.76 

2.36742 

424 

2.79545 

751 

1.63879 

46 

-  1.07947 

65 

7.  06387 

68 

7.155161 

0.77 

2.45639 

892 

2.91175 

493 

1.81335 

60 

-  0.87692 

20 

6.  85691 

02 

7.763836 

0.78 

2.55362 

615 

3.03719 

894 

1.99979 

32 

-  0.65620 

16 

6.47990 

33 

8.  206652 

0.79 

2.66028 

199 

3.17305 

446 

2.19957 

51 

-  0.41542 

09 

5.92027 

14 

8.450921 

0.80 

2.77777 

778 

3.32083 

451 

2.41444 

73 

-  0.15235 

72 

5.16720 

18 

8.463693 

0.81 

2.90782 

204 

3.48236 

488 

2.64650 

26 

+  0.13562 

04 

4.21227 

67 

8.212559 

0.82 

3.05250 

305 

3.65986 

997 

2.89827 

40 

0.45165 

68 

3.05023 

28 

7.666669 

0.83 

3.21440 

051 

3.85608 

883 

3.17286 

02 

0.79955 

16 

1. 67989 

36 

6.798024 

0.84 

3.39673 

913 

4. 07443 

439 

3.47409 

64 

1.18395 

08 

+  0.10532 

57 

5.583115 

0.85 

3.60360 

360 

4.31921 

588 

3.80679 

33 

1.61061 

19 

-  1.66270 

85 

4.005017 

0.86 

3.84024 

578 

4.59595 

604 

4.17707 

50 

2.08677 

72 

-  3.60489 

91 

+  2.056070 

0.87 

4.11353 

352 

4.91185 

380 

4.59287 

14 

2.62171 

45 

-  5.69098 

02 

-  0.258625 

0.88 

4.43262 

411 

5.27647 

688 

5. 06465 

07 

3.22751 

63 

-  7.87652 

81 

-  2.916594 

0.89 

4.81000 

481 

5.70283 

015 

5.60654 

69 

3.92032 

16 

-10.09858 

18 

-  5.871760 

0.90 

5.26315 

789 

6.20906 

159 

6.23815 

05 

4.72224 

63 

-12.26944 

98 

-  9.045801 

0.91 

5.81733 

566 

6.82129 

988 

6.  98747 

73 

5.  66456 

11 

-14.26758 

89 

-12.315713 

0.92 

6.51041 

667 

7.57861 

025 

7.89613 

09 

6.  79318 

58 

-15.92348 

54 

-15.495090 

0.93 

7.40192 

450 

8.54217 

980 

9.  02883 

27 

8.17876 

62 

-16.99643 

22 

-18.304274 

0.94 

8.59106 

529 

9.81365 

072 

10.49236 

44 

9.93658 

04 

-17.13329 

84 

-20.319071 

0.95 

10.25641 

026 

11.57537 

057 

12.47698 

56 

12.26978 

50 

-15.78782 

62 

-20.873659 

0.96 

12.75510 

204 

14.19080 

811 

15.35932 

33 

15.57616 

37 

-12.04072 

38 

-18.851215 

0.97 

16.92047 

377 

18.50515 

528 

20.00905 

43 

20.76422 

38 

-  4.11777 

87 

-12.140718 

0.98 

25.25252 

525 

27.04503 

467 

29.  00735 

14 

30.50045 

90 

+12.32933 

89 

+  4.242107 

0.99 

50.25125 

628 

52.39539 

613 

55.11181 

39 

57. 80864 

53 

54. 86521 

05 

49.428990 

1.00 
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Table  8.5 


LEGENDRE  FUNCTION- 

Po(x)  =  l 


-FIRST  KIND  Pn(x) 

Pi(x)=x 


1.0 
1.2 
1.4 
1.6 
1.8 

2.0 
2.2 
2.4 
2.6 
2.8 

3.0 
3.2 
3.4 
3.6 
3.8 

4.0 
4.2 
4.4 
4.6 
4.8 

5.0 
5.2 
5.4 
5.6 
5.8 

6.0 
6.2 

6.4 
6.6 
6.8 

7.0 
7.2 
7.4 
7.6 
7.8 

8.0 
8.2 
8.4 
8.6 
8.8 

9.0 
9.2 
9.4 
9.6 
9.8 


P2(x) 
1.00 
1.66 
2.44 
3.34 
4.36 

5.50 
6.76 
8.14 
9.64 
11.26 

13.00 
14.86 
16.84 
18.94 
21.16 

23.50 
25.96 
28.54 
31.24 
34.06 

37.00 
40.06 
43.24 
46.54 
49.96 

53.50 
57.16 
60.94 
64.84 
68.86 

73.00 
77.26 
81.64 
86.14 
90.76 

95.50 
100.36 
105.34 
110.44 
115.66 

121.00 
126.46 
132.  04 
137.  74 
143.56 


P3(X) 

1.00 
2.52 
4.76 
7.84 
11.88 

17.00 
23.32 
30.96 
40.04 
50.68 

63.00 

77.12 

93.16 

111.24 

131.48 

154.00 
178.92 
206.36 
236.44 
269.28 

305.00 
343.72 
385.56 
430.64 
479.08 

531. 00 
586.52 
645.76 
708.  84 
775.88 

847.00 

922.32 

1001.96 

1086.04 

1174.68 

1268.00 
1366.12 
1469.16 
1577.24 
1690.48 

1809.00 
1932.92 
2062.36 
2197.44 
2338.28 


m: 


1.00000 
4.  04700 
9.83200 
94470 
41520 


1)5.53750 
1)8.47120 
2)1.23927 
2)1.74952 
2)2.39887 

2)3.21000 
2)4.20727 
2)5.41672 
2)6.86607 
2)8.58472 

3)1.06038 
3)1.29559 
3)1.56757 
3)1.87991 
3)2.23641 

3)2.64100 
'3)3.09781 
3)3.61111 
3)4.18537 
3)4.82519 


5.53538 
6.32087 
7.18681 
8.13847 
9.18133 


4)1.03210 
4)1.15633 
4)1.29142 
4)1.43797 
4)1.59663 

11.76804 
11.95286 
12.15176 
12.36546 
(4)2.59466 

12.84010 
13.10252 
13.38268 
13.68137 
13.99938 


P5(X) 

1.00000 

6.72552 

1)2.09686 

1)4.97354 

2)1.01148 

2)1.85750 
2)3.16804 
2)5.10597 
2)7.86743 
3)1.16849 

3)1.68300 
3)2.36169 
3)3.24050 
3  4. 36022 
3)5.76676 

3)7.51150 
3)9.65154 
4)1.22500 
4)1.53765 
'4)1.91071 

4)2.35250 
4)2.87205 
4)3.47916 
4)4.18440 
4)4.99917 

4)5.93572 
4)7.00717 
'4)8.22754 
4)9.61180 
5)1.11759 

5)1.29367 
5)1.49122 
5)1.71215 
5)1.95846 
5)2.23227 

5)2.53583 
'5)2.87149 
'5)3.24171 
'5)3.64912 
; 5) 4. 09643 

14.58649 
15.12230 
15.70699 
16.34383 
17.03621 


9)3 
9)4 
9)6 
9)7 
9)9 

10)1 
10)1 
10)1 
10)2 
10)2 

10)3 
10)4 
10)5 
10  6 
10)7 


P9(X) 

00000 
02754 
03668 
45973 
97882 

71007 
13591 
69353 
70173 
56647 

46256 
69625 
77208 
15181 
34978 

17406 
41632 
25060 
90944 
16994 

70196 
43839 
44472 
80363 
61853 

01781 
21596 
62372 
14858 
81890 

66876 
73885 
07749 
74185 
79919 

23283 
54212 
91848 
37430 
92387 

58363 
37243 
31184 
42640 
74404 


Pio(x) 
1.00000 
11.06544 
11.13789 
16.65436 
12.81110 

9.60605 
12.81929 
7.37020 
1.75809 
3.89219 

8.  09745 
1. 59814 
3.  01437 
5.46578 
9.57313 


8)1.62597 
8)2.68690 
8)4.33189 
8)6.82993 
9)1.05524 


1.60047 
2.38657 
3.  50362 
5.  06985 
7.  23884 


10)1.02082 
10)1.42299 
10)1.96229 
10)2.67872 
10)3.62216 

10)4.85435 
10)6.45123 
10)8.50564 
11)1.11305 
11)1.44623 

11)1.86653 
11)2.39363 
11)3.05098 
11)3.86641 
11)4.87282 

(11)6.10897 
(11)7.62030 
(11  9.  45994 
(12)1.16898 
(12)1.43817 


I 
I 


10.0  149.50  2485.00  (4)4.33754  (5)7.78769  (10)9.29640  (12)1.76188 

From  National  Bureau  of  Standards,  Tables  of  associated  Legendre  functions.    Columbia  Univ.  Press,  New 
York.N.Y.,  1945  (with  permission). 


LEGENDRE    FUNCTIONS 


351 


DERIVATIVE  OF  THE  LEGENDRE  FUNCTION— FIRST  KIND  P;(x) 


Table  8.6 


P'i{x)  =  l  P2(x)  =  3x 


X 

1.0 
1.2 
1.4 
1.6 
1.8 

2.0 
2.2 
2.4 
2.6 
2.8 

3.0 
3.2 
3.4 
3.6 
3.8 

4.0 

4.2 
4.4 
4.6 
4.8 

5.0 
5.2 
5.4 
5.6 
5.8 

6.0 
6.2 
6.4 
6.6 
6.8 

7.0 
7.2 
7.4 
7.6 
7.8 

8.0 
8.2 
8.4 
8.6 


9.0 
9.2 
9.4 
9.6 
9.8 


P3(X) 

6.000 

9.300 

11.320 

11.770 

12.280 

1)2.850 
1)3.480 
1)4.170 
1)4.920 
1)5.730 

1)6.600 
1)7.530 
1)8.520 
1)9.570 
2)1.068 

2)1.185 
2)1.308 
2)1.437 
2)1.572 
2)1.713 

2)1.860 
2)2.013 
2)2.172 
2)2.337 
2)2.508 


2)2.685 
2)2.868 
2)3.057 
2)3.252 
2)3.453 


2)3.660 
2)3.873 
2)4.092 
2)4.317 
2)4.548 


14.785 
5.028 
15.277 
15.532 
15.793 

6.060 
6.333 
6.612 
6.897 
7.188 


11.00000 
12.12400 
l3o 75200 
'5.96800 
18.85600 


2)1.25000 
2)1.69840 
2)2.23920 
2)2.88080 
2   3. 63160 


2)4.50000 
2  5.  49440 
2)6.62320 
2)7.89480 
2)9.31760 


1.09000 
1.26504 
1.45772 
1.66888 
1.89936 

12.15000 
12.42164 
12,71512 
13.03128 
13.37096 


3)3.73500 
3)4.12424 
3)4.53952 
3)4.98168 
3)5.45156 


15.95000 
16.47784 
17.03592 
7.62508 
8.24616 


08. 
*)9. 


90000 
3)9.58744 
4)1.03093 
'4)1.10665 
4)1.18598 

4)1.26900 
4)1.35580 
4)1.44647 
4)1.54109 
4)1.63974 


PUx) 
(1.50000 
14.57230 
11.01688 
11.92723 


2)3.30168 

2)5.26875 
2)7.97208 
3)1.15704 
3)1.62377 
3)2.21628 


(3)2.95500 
3)3.86184 
14.96025 
16.27516 
17.83305 


3)9.66187 
4)1.17911 
4)1.42518 
4)1.70764 
4)2.02990 

4)2.39550 
4  2.  80816 
4)3.27172 
4)3.79020 
4)4.36775 

4)5.00869 
4)5.71746 
4)6.49870 
4)7.35714 
'4)8.29772 


4)9.32550 
5)1.04457 
5)1.16637 
5)1.29849 
5)1.44152 


5)1.59602 
5)1.76260 
5)1.94187 
5)2.13445 
5)2.34099 

5)2.56215 
5)2.79860 
5)3.05102 
5)3.32013 
5)3.60663 


Pkx) 
1)4.50000 
2)7.77587 
3)4.50787 
4)1.74282 
4)5.33445 

5)1.39531 
5)3.25362 
5)6.94480 
6)1.38132 
6)2.59296 

6)4.63721 
6)7.95819 
7)1.31805 
7)2.11632 
7)3.30652 

7)5.04229 
7)7.52431 
8)1.10110 
8)1.58313 
8)2.23988 

8)3.12290 
8)4.29574 
8)5.83620 
8)7.83868 
9)1.04169 

9)1.37071 
9J1. 78712 
9)2.31006 
9)2.96206 
9)3.76947 


9)4.76295 
9)5.97809 
9)7.45591 
9)9.24362 
10)l. 13953 

10)1.39725 
10)1.70455 
10)2.06937 
10)2.50070 
10)3.00866 

10)3.60463 
10)4.30137 
10)5.11311 
10)6.05576 
10)7.14698 


Pw(x) 

1)5.50000 
3)1.53586 
4)1.13477 
4)5.24824 
5)1.85808 

5)5.50068 
6)1.42939 

6  3. 36028 
6)7.29317 
7)1.48267 

7)2.85372 
7)5.24287 

7  9.25345 
8)1.57706 
8)2.60626 

8)4.19097 
8)6.57653 
9)1.00955 
9)1.51918 
9)2.24508 

9)3.26340 
9)4.67217 
9)6.59627 
9)9.19329 
10)l.26604 

10)1.72421 
10)2.32397 
10)3.10217 
10)4.10354 
10)5.38214 

10)7.00283 
10)9.04307 
11)1.15949 
11  1.47670 
ll)l. 86875 

11)2.35063 
11)2.93985 
11  3. 65675 
11)4.52490 
11)5.57149 

11)6.82780 
11)8.32969 
12)1.01182 
12)1.22399 
12)1.47481 


10.0  (2)7.485  (4)1.74250  (5)3.91127  (10)8.40642  (12)1.77028 

From  National  Bureau  of  Standards,  Tables  of  associated  Legendre  functions.     Columbia  Univ.  Press, 
New  York,  N.Y.,  1945  (with  permission). 
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Table  8.7 


LEGENDRE  FUNCTION— SECOND  KINT»  Q„ix) 


1.0 
1.2 

1.4 
1.6 
1.8 

2.0 
2.2 
2.4 
2.6 
2.8 

3.0 
3.2 
3.4 
3.6 
3.8 

4.0 
4.2 
4.4 
4.6 
4.8 

5.0 
5.2 
5.4 
5.6 
5.8 

6.0 
6.2 
6.4 
6.6 
6.8 

7.0 
7.2 
7.4 
7.6 
7.8 

8.0 
8.2 
8.4 
8.6 
8.8 

9.0 
9.2 

9.4 
9.6 
9.8 


Qo(ar) 

ao 

1.19895 
(-1)8.95880 
(-1)7.33169 
(-1)6.26381 

(-1)5.49306 
(-1)4.90415 
(-1)4.43652 
(-1)4.05465 
(-1)3.73607 

(-1)3.46574 
(-1)3.23314 
(-1)3.03068 
(-1)2.85272 
(-1)2.69498 

(-1)2.55413 
(-12. 42754 
(-1)2.31312 
(-1)2.20916 
(-1)2.11428 

(-1)2.02733 

(-1)1.94732 

-1)1.87347 

-1)1.80507 

-1)1.74153 

(-1)1.68236 
(-1)1.62711 
(-1)1.57541 
(-1)1.52691 
(-1)1.48133 

(-1)1.43841 
(-1)1.39792 
(-1)1.35967 
(-1)1.32346 
(-1)1.28915 

25657 
22561 
-1)1.19615 
(-1)1.16807 
(-1)1.14129 

(-1)1.11572 
(-1)1.09127 
(-1)1.06787 
(-11.  04546 
(-1)1.02397 


Qi(x) 


Q2(X) 

00 


Q9(X) 


Qio(x) 


38737 
54232 
73070 
27487 


-2)9.86123 
-2)7.89122 
-2)6.47638 
42093 
61002 


-2)5! 
-2)4. 


-2)3.97208 
-2  3. 46035 
-2)3.04309 
-2  2. 69807 
-2)2.40934 


(-2)2.16512 
(-2)1.95664 
(-2)1.77717 
(-2)1.62153 
(-2)1.48564 

-2)1.36628 
-2  1.26084 
-2)1.16723 
-2)1.08374 
-2)1.00894 

(-3)9.41671 
(-3)8.80944 
(-3)8.25935 
(-3)7.75944 
(-3)7.30377 


88725 
50550 
-3)6.15475 
-3)57-83171 
-3)5.53353 

-3)5.25771 
-3)5.00208 
-3)4.76469 
-3)4.54386 
-3)4.33807 

-3)4.14598 
-3)3.96640 
-3)3.79827 


-3 


3)3.64063 
)3. 49262 


m 
m 


2)2 
2 
2 
-3)8 
3)6 


:-2)i 

-2)1 


3)5 
3)4 
3)3 
3)3 
3  2 


(-3)2 
j-3  1 
(-3)1 
(-3  1 
(-3)1 

(-3)1 
(-4)9 
-4  8 
(-4)7 
(-4)7 

-4)6 
-4)5 
-4)5 
-4)4 
-4)4 


-3)6.88725  (-4) 
-3)6.50550  (-4) 


-4  3 
-4)3 
-4)3 

(-4)2 

(-4)2 
(-4)2 
5-4  2 
(-4  2 
(-4)1 


(-41 
(-4 

(-4 

\i 


90253 
59466 
87829 
10233 

11838 
52029 
13240 
68364 
81708 

45667 
43984 
66347 
05981 
58298 

20108 
89145 
63766 
42759 
25217 

10450 
79278 
72377 
80551 
01223 

32330 
72204 
19491 
73078 
32050 

95644 
63228 
34266 
08311 
84980 

63950 
44944 
27723 
12082 
97844 

84855 
72979 
62102 
52119 
42940 


80147 
10542 
47080 
07870 

87112 
13576 
12013 
48960 
07961 

02854 
10146 
72397 
71695 
96625 

39697 
95866 
61661 
34641 
13061 

56532 
14823 
98500 
02278 
22117 

54896 
98181 
50058 
09006 
73812 

43500 
17277 
94497 
74631 
57242 

41968 
28507 
16606 
06054 
66707 

83037 
08237 
41202 
80982 
26763 


3)1.32079  ( 
4)1.06810  ( 
5)1.71471 
6)3.91902 


-  6)1.12179 

-  7)3.76522 

-  7)1.42488 

-  8)5.92566 

-  8)2.66020 

-  8)1.27252 

-  9  6.  42269 

-  9)3.39441 

-  9)1.86714 

-  9)1.06372 

-10)6.25130 
-10)3.77701 
-10)2.33956 
-10)1.48213 
-11)9.58309 

-11)6.31274 
-11)4.23006 
-11)2.87937 
-11)1.98859 
-11)1.39197 

-12)9.86572 
-12)7.07418 
-12)5.12787 
-12)3.75499 
-12)2.77600 

-12)2.07071 
-12)1.55770 
-12)1.18115 
-13  9. 02383 
-13)6.94338 

(-13)5.37876 
(-13)4.19350 
(-13)3.28941 
(-13)2.59524 
(-13)2.05891 

(-13)1.64205 
(-13)1.31620 
(-13)1.06011 
(-14)8.57794 
(-14)6.97159 


-  4)6. 

-  5)4. 


!: 

(- 


75615 
27633 

6)5.73368 

6)1. 


13241 


7)2.86313 
8  8.  62195 
8)2.96212 
8)1.12879 
9)4.67876 


-  9)2.07945 
-10)9.80358 
-10)4.86183 
-10)2.51945 
-10)1.35695 

(-11)7.56235 
(-11)4.34493 
(-11  2.  56563 
(-11)1.55290 
(-12)9.61271 


(-12 
(-12 


6.  07362 
3.91025 
-12)2.56132 
-12)1.70471 
-12)1.15147 


(-13)7.88519 
(-13)5.46920 
(-13)3.83900 
(-13)2.72499 
(-13)1.95462 

(-13)1.41592 
(-13)1.03525 
(-14)7.63577 
(-14)5.67877 
(-14)4.25654 

(-14)3.21427 
(-14)2.44439 
(-14)1.87141 
(-14  1.44191 
(-14)1.11775 

-15)8.71513 

-15)6.83294 
-15)5.38569 
-15)4.26656 
-15)3.39644 


10.0  (-1)1.00335  (-3)3.35348  (-4)1.34486  (-6)5.77839  (-14)5.69010  (-15)2.71639 
From  National  Bureau  of  Standards.  Tables  of  associated  Legendre  functions.  Columbia  Univ.  FYess,  New 
York,  N.Y.,  1945  (with  permission). 
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DERIVATIVE  OF  1 

PHE  LEGEND 

RE  FUNCTION— SECOND  KIND  Q'^^x) 

Table  8.8 

X 

-Qo(x) 

-^M 

-Q2{X) 

-Qkx) 

-Q9(X) 

-Q'io(x) 

1.0 

00 

00 

00 

00 

00 

00 

1.2 

1.4 
1.6 
1.8 

2.27273 

1.04167 

(-1)6.41026 

(-1)4.46429 

1.52833 

(-1)5.62454 

-1)2.92472 

(-1)1.77190 

(-1)9.56516 
-1)2.78972 
-1)1.21817 

(-2)6.39686 

(-1)5.77060 
-1   1.32721 
-2)4.85580 

(-2)2.20736 

(-  2)2.06667 

-  3)1.11220 

-  4)1.39114 
(-  5)2.64367 

(-  2)1.15922 

-  4   4. 88977 

-  5   5.11106 
(-  6)8.39591 

2.0 
2.2 
2.4 
2.6 
2.8 

(-1)3.33333 
(-1)2.60417 
(-1)2.10084 
(-1)1.73611 
(-1)1.46199 

(-1)1.17361 
[-2)8.25020 
[-2)6.05501 
-2)4.59238 
[-2)3.57495 

(-2)3.74965 

(-2)2.36801 

-2)1.57925 

-2)1.09833 

(-3)7.89834 

(-2)1.14416 
-3)6.48766 
-3)3.93006 
-3)2.50557 

(-3)1.66411 

(-  6)6.52419 

-  6)1.93263 

-  7)6.56197 
[-  7)2.47880 
[-  7)1.02057 

(-  6)1.83053 

-  7)4.86561 

-  7)1.49994 

-  8)5.19235 
[-  8)1.97390 

3.0 
3.2 
3.4 
3.6 
3.8 

(-1)1.25000 

-1)1.08225 

-2  9.46970 

(-2)8.36120 

(-2)7.44048 

(-2)2.84264 
-2)2.30068 
-2   1.89018 
-2  1.57309 

(-2)1.32398 

(-3)5.83769 
[-3)4.41472 
[-3   3. 40437 
[-3   2. 66980 
[    ')2.12471 

(-3)1.14304 
'-4)8.07587 
[-4  5.  84465 
-4)4.31867 
[-4)3.24956 

(-  8)4.51200     1 
[-  8)2.11821 
-  8)1.04686     1 
'-  9)5.40951 
(-  9)2.90659 

[-  9)8.10849 
'-  9)3.55578 
[-  9  1.64904 
-10)8.02794 
'-10)4.07799 

4.0 
4.2 
4.4 
4.6 
4.8 

(-2)6.66667 
(-2   6.  00962 
(-2  5.44662 
(-2   4.  96032 
(-2)4.53721 

[-2)1.12539 
-3)9.64994 
-3)8.33966 
-3)7.25823 

[-3)6.35742 

[-3)1.71292 
^-3  1.39691     ( 
[-3  1.15099 
-4)9.57184     ( 
[-4)8.02725 

[-4)2.48459 
-4)1.92694 
-4)1.51364 
-4)1.20274 

'-5)9.65712 

[-  9)1.61660     ( 
'-10J9.27220     ( 
[-10)5.46705     ( 
-10)3.30481 
'-10)2.04345 

[-10)2.15091 
-10  1.17316 
-11)6.59413 
-11)3.80849 

[-11)2.25453 

5.0 
5.2 
5.4 
5.6 
5.8 

(-2)4.16667 
(-2  3. 84025 
(-2)3.55114 
(-2)3.29381 
(-2)3.06373 

[-3)5.60078     ( 
-3)4.96040 
-3   4. 41464 
-3  3. 94656 

'-3)3.54273 

[-4)6.78356     ( 
-4)5.77277     ( 
-4  4. 94423 
-4  4. 25974     ( 

^-4)3.69015     ( 

[-5)7.82792     ( 
* -5)6.  40058 
'-5   5. 27543 
-5   4.38019 
'-5)3.66172     ( 

[-10)1.28985     ( 
-11)8.29696 
-11)5.43056 
-11)3.61188 

'-11)2.43819     ( 

[-11)1.36497 
-12   8.43598 
-12   5.31340 
-12)3.40566 

'-12)2.21848 

6.0 
6.2 
6.4 
6.6 
6.8 

(-2)2.85714     ( 
(-2)2.67094     ( 
(-2)2.50250     ( 
-2  2.34962     ( 
(-2)2.21043     ( 

[-3)3.19245     ( 
-3)2.88709     ( 
-3)2.61964 

^-3)2.38436 
-3)2.17655 

'-4)3.21299     ( 
'-4)2.81078     ( 
[-4)2.46977     ( 
-4)2.17910     ( 
^-4)1.93008     ( 

-5)3.08050     ( 
-5)2.60683     ( 
-5)2.21813     ( 
-5)1.89709     ( 
-5)1.63035     ( 

[-11)1.66874     ( 
'-11  1.15686 

-12)8.11673     ( 
'-12   5.75903     ( 

-12)4.12938     ( 

-12)1.46703 
-13)9.83782 
'-13   6.  68395 
-13   4.59703 
-13)3.19817 

7.0 
7.2 
7.4 
7.6 
7.8 

(-2)2.08333     ( 
(-2   1.96696     ( 
-2  1.86012     < 
(-2)1.76180     ( 
(-2)1.67112     ( 

-3)1.99230     ( 
-3)1.82834     1 
-3)1.68195     ( 
-3)1.55083     ( 
-3)1.43304     ( 

'-4)1.71573     ( 
-4)1.53040     1 

*-4  1.36949     ( 
-4  1.22923     ( 

'-4)1.10651     ( 

-5)1.40747     ( 
-5)1.22023     ( 
-5  1.06216     ( 
-6  9.28073      ( 
-6)8.13829     ( 

-12)2.99029     ( 
-12)2.18566     i 
-12)1.61163     ( 
-12   1.19826     ( 
-13)8.97939     1 

-13)2.24909 
-13)1.59779 
-13)1.14602 
-14)8.29452 
-14)6.05494 

8.0 
8.2 
8.4 
8.6 
8.8 

(-2)1.58730     ( 
(-2)1.50966     1 
(-2)1.43761      ( 

-2)1.37061 
(-2)1.30822     ( 

-3)1.32691     ( 
'-3)1.23104     ( 
-3   1.14421      ( 
-3)1.06538     ( 
-4)9.93646     ( 

-5)9.98765     ( 
-5)9.03846     ( 
'-5   8. 19960 
-5)7.45601     ( 
-5)6.79498     ( 

-6)7.16078     ( 
-6J6. 32104     ( 
-6)5.59691     ( 
-6)4.97021 
-6)4.42597     ( 

-13)6.77915     ( 
-13   5. 15433     ( 
-13   3. 94535 
-13)3.03931 
-13)2.35565     ( 

-14)4.45610 
-14)3.30480 
-14   2.46898 
-14J1. 85745 
-14)1.40670 

9.0 
9.2 
9.4 
9.6 
9.8 

(-2)1.25000     ( 
(-2)1.19560     ( 
(-2)1.14469     ( 
(-2)1.09697 
(-2)1.05219     ( 

-4)9.28224     ( 
-4)8.68435     ( 
-4   8. 13682      1 
-4  7. 63447     ( 
-4)7.17272     ( 

-5)6.20573     ( 
-5)5.67908     ( 
-5   5.  20722 
-5)4.78344 
-5)4.40196     ( 

-6)3.95179     ( 
-6  3.53736     ( 
-6)3.17406     ( 
-6  2.85468     ( 
-6)2.57314     ( 

-13)1.83641     ( 
-13)1.43959 
-13  1.13452 
-14   8.98657 
-14)7.15298     ( 

-14)1.07211 
-15   8.  22064 
-15)6.33995 
-15  4.91668 
-15)3.83321 

10.0  (-2)1.01010  (-4)6.74753  (-5)4.05782  (-6)2.32430  (-14)5.72014  (-15)3.00374 
From  National  Bureau  of  Standards,  Tables  of  associated  Legendre  functions.  Columbia  Univ.  Press,  New 
York,N.Y.,  1945  (with  permission). 
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9.  Bessel  Functions  of  Integer  Order 


Notation 

The  tables  in  this  chapter  are  for  Bessel  func- 
tions of  integer  order;  the  text  treats  general 
orders.     The  conventions  used  are: 

z=x-\-iy;  x,  y  real. 

n  is  a  positive  integer  or  zero. 

V,  n  are  unrestricted  except  where  otherwise 
indicated ;  v  is  supposed  real  in  the  sections  devoted 
to  Kelvin  functions  9.9,  9.10,  and  9.11. 

The  notation  used  for  the  Bessel  functions  is 
that  of  Watson  [9.15]  and  the  British  Association 
and  Royal  Society  Mathematical  Tables.  The 
function  Yy{z)  is  often  denoted  Ny{z)  by  physicists 
and  European  workers. 

Other  notations  are  those  of: 
Aldis,  Airey: 

G„(z)  for  -^TrYn(z),Kn{z)  for  (-)"i^„(2). 
Clifford: 

C„Wforx-^"J„(2V^). 
Gray,  Mathews  and  MacRobert  [9.9]: 

Yn(z)  for  i7rr„(2)+(ln  2-y)Jr,{2), 
Yy(z)  for  ire-"^'  sec(vTr)Y,(z), 
G,{z)ioT^iriHi'\z). 
Jahnke,  Emde  and  Losch  [9.32]: 

A,(0)forr(^+l)(i2)-''J,(2). 
Jeffreys: 
Hs.iz)  for  Hi'^iz),  Hi^iz)  for  Hi''{z), 

KK{z)  for  {2lTr)K,{z). 
Heine: 

Kn{z)  for-ixF„(2). 
Neumann: 

Y\z)  for  i,rF„(2)4-an  2-y)J,{z)- 
Whittaker  and  Watson  [9.18]: 

K»{z)  for  cos(v7r)K'»(2). 
358 


JMathematical  Properties 

Bessel  Functions  J  and  Y 
9.1.  Definitions  and  Elementary  Properties 
Differential  Equation 


9.1.1 


<Pw  ,     dw 


dz' 


+  2^+(22-v2)w=0 


Solutions  are  the  Bessel  functions  of  the  first  kind 
J±y{z),  of  the  second  kind  Yy{z)  (also  called 
Weber's  function)  and  of  the  third  kind  ^<'' (2),  H'i^\z) 
(also  called  the  Hankel  functions).  Each  is  a 
regular  (holomorphic)  function  of  z  throughout 
the  2-plane  cut  along  the  negative  real  axis,  and 
for  fixed  2(5^0)  each  is  an  entire  (integral)  func- 
tion of  V.  When  v—  ±n,  Jv{z)  has  no  branch  point 
and  is  an  entire  (integral)  function  of  2. 

Important  features  of  the  various  solutions  are 
as  follows:  Jy{z){^v>Q)  is  bounded  as  2->0  in 
any  bounded  range  of  arg  2.  Jy{z)  and  J-v{z) 
are  linearly  independent  except  when  v  is  an 
integer.  Jy{z)  and  Yy{z)  are  linearly  independent 
for  all  values  of  v. 

Hy^^z)  tends  to  zero  as  |2|-^c»  in  the  sector 
0<arg  2<7r;  Hi^\z)  tends  to  zero  as  |2|^c»  in  the 
sector  — 7r<arg  2<0.  For  all  values  of  v,  Hy^\z) 
and  Hy^\z)  are  linearly  independent. 


9.1.2 


Relations  Between  Solutions 

Jv{z)  cos  {inr)—J-y{z) 


Yy{z) 


sin  {vtt) 


The  right   of   this    equation   is   replaced    by   its 
limiting  value  if  v  is  an  integer  or  zero. 

9.1.3 

H';^\z)=Jy{z)+iYy{z) 

=  i  cscivTr) {e-'"'Jy(z)—J_y(z)} 
9.1.4 

m''(z)=Jy(z)-iYy(2) 

=i  csc{vT){J-y{z)—e'"'Jy{z)] 


9.1.5  J_„(2)  =  (-)V„(2) 

9.1.6  mi{z)  =  e''"m''(z) 


Y.„{2)  =  {-rY„(z) 
mi{z)=e-'"'Hl'\z) 
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Figure  9.2.     Jio(x),  Fio(x),  aTw:^ 
Mio(x)=VJfo(a;)  +  Ilo(x). 


Figure  9.1.     Mx),  Yo{x),  Jiix),  Yi(x). 


Figure  9.3.     J,{10)  and  r.(lO). 


Figure  9.4.  Contour  lines  of  the  modulus  and  phase  of  the  Hankel  Function  Ho^''{x-\-iy)  =  Moe'^o.  From 
E.  Jahnke.  F.  Emde,  and  F.  Losch,  Tables  of  higher  functions,  McGraw-Hill  Book  Co.,  Inc.,  New 
York,  N.Y.,  1960  (with  permission). 
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Limiting  Forms  for  Small  Arguments 

When  V  is  fixed  and  2^) 

9.1.7 

J,(s)'^(UyiTiv+l)         {v9^-l.  -2,  -3,  .  .  .) 

9.1.8     Y,(z) iHi''{z)'^iW{z)'^{2lr)]n  z 

9.1.9 

F,(2) iH^,'\z)  -^iHi'-'iz) (l/x)rW(i2)-' 

(^v>0) 

Ascending  Series 

9.1.10      ./.,.)=(..).  g^^i^^i^ 

9.1.11 

T  i=0  «' 

+-ln(i2)J,(2) 

X 


X      t=o 

where  ^(n)  is  given  by  6.3.2. 

9.1.12    '-^0(2)  =  1—^2+^^      fe^"^ 
9.1.13 


it!(7i+A:j! 


(122)2  {-Z^Y 


-d+i)  ^+(i+l+i)  ^^-  •  • .} 


9.1.14 
J,(z)J,{z)  = 


(|2)'^''Z: 


9.1.1; 


^or(v+it4-l)r(M+*+l)r(,'-f  M+Ar+1)  A:! 

Wronskians 


=  —2  sin  ivr)l{Tz) 
9.1.16 

TF{  J,(2),  F,(2) }  =J^,(z) Y,(z) -J,(z) F^i(2) 

=  2/(x2) 
9.1.17 

w{Hi'\z),m'\z)}=Hiuz)m''(z)-m'Kz)HiU2) 


OF    E^TEGER    ORDER 

Integral  Representations 

9.1.18 

J 0(2)=-  I     cos(2  sin  0)(ffi=-  I     cjos{zcos,d)dJd 

*"  Jo  X  Jo 

1.19 

4  r*' 

^0(2)  =^  I      cos  (2  COS  e)  {y+\D.  (22  sin*  fl) } 


I 


9.1.19 


djB 


9.1.20 


J,{z)=  .^^r\  x\       cos(2  cos  d)  sin*'  fl(Ze 
x'l  (»'-r2)jo 

-    ^^'"'^TT  f  (!-<')'-*  cos  {zt)dt  {0tv>-\) 
2)  Jo 


r*r(v+. 


9.1.21 


Jn(z)=-  I    cos(2sin  0— 7i5)d5 
*"  Jo 

=—  \     e"  «='»'"  COS  (n«)(Z5 
X  Jo 

J,  (2)=-  I     cos(2sin  0— i^)(i5 
xjo 

sin(yx)  r 

T       Jo 


9.1.22 


,  —  z  Blnh  »  — fZ 


(/«  (iarg2|<ix) 


Y,(z)=-  \     sm{zsme-ve)dd 
T  Jo 

--  f    {6"+c-"  COS  (Fx)}g-''^'</<  (|arg2l<ix) 

X  Jo 


9.1.23 


Jo{x)=-  I     sin (z  cosh  <)(f<  (a;>0) 
»•  Jo 

Fo(z)=--  f    cos  (z  cosh  0<i<  (^>0) 

X  Jo 

■*^'^^^~    Tir(i-r)Ji   (f2_i)'+j  ^i^"'^''^^"^ 


9.1.24 


9.1.25 


^a)(2)=l  r°^"e^«''^'-"(fe   (|arg2|<|x) 
»"i  J-» 

«)(2)=_-L  r°  "e^«"^ '-"(/<  (|arg2l<ix) 
»^  J-= 


9.1.26 


In  the  last  integral  the  path  of  integration  must 
he  to  the  left  of  the  points  t  =  0,  1,  2,  ...  . 


H^tA 


BESSEL    FUNCTIONS 
Recurrence  Relations 


9.1.27 


^  denotes  J,  T,  H^^\H^^^  or  any  linear  combina- 
tion of  these  functions,  the  coefl&cients  in  which 
are  independent  of  z  and  v. 

9.1.28     J',(z)  =  -J,{z)        Y'o{z)  =  -T,{z) 

If  j,{z)  =  z^,{\z*)  where  p,  q,  X  are  independent 
of  V,  then 

9.1.29 

/.-i(2)+y.+i(2)=(2v/x)2-'/,(2) 

zf:(z)=\qz'f,.r(z)  +  (p-  .g)/,(2) 

2/:(2)  =  -Xg2'/,+i(2)  +  (p-\-vq)M^) 
Formulas  for  Derivatives 

9.1.30 

(^=0,1,2,...) 

9.1.31 

+(2)  ^.-*+4(2)-  .  .  .  +(-)*<r,+*(^)} 

(^=0,1,2,...) 
Recurrence  Relations  for  Cross-Products 


If 

9.1.32 


then 
9.1.33 


p,=J,{a)y^(b)-J,(b)Y.(a) 
q,=J.ia)7:(b)-JUb)Y,(a) 
r.=j:{a)Y,(b)-J,(b)Y:{a) 
s,=J:{a)Y:(b)-J',ib)Y:(a) 


2v         2v 
P'+i—P'-i=——  2'— J-  ^' 

g,+i+r,=-  p, Y  P'+i 

'•»+i+2»=T  P' — :;—  P'+i 


8,=^p,^r+^p..r--^p. 


OF   INTEGER    ORDER 

and 
9.1.34 
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p^,—q,r,= 


r'ab 

Analytic  Continuation 

In  9.1.35  to  9.1.38,  m  is  an  integer, 
9.1.35  J,(2«""0  =  «"""t7,(2) 

9.1.36 

F,(26'"'0=e-""''r,(2)  +  2i  sm(mvT)  cotW  J,(2) 
9.1.37 
sm(vir)Hi'\ze'^'')  =  -sm{(m-l)vir]Hi'^(z) 

9.1.38 

sm(vir)H<;'^  (se^'O  =sin  { (m-^l)vir]Hi^^  (z) 

+e"^  sm(mvir)Hi^^(z) 


9.1.39 


m'\ze-')  =  -e-"'m''\z) 
H'^\ze--')  =  -e"'m\z) 


9.1.40 


J,(J)=J,{z)         F,(i)  =  F,(2) 


m^  (z)=Hl'^  (z)        Hi'^  (^)=Hi''  (2)        (v  real) 

Generating  Function  and  Associated  Series 


9.1.41        6i^«-i/')=  XI    f'Jtiz)         (<?=0) 

fc=-a> 


9.1.42  cos  (2  sin  0)=Jo(2)+2  J2  J2k{z)  cos  (2^) 

9.1.43  sin  (2  sin  0)=2  X^  J-.t+i(2)  sin  {(2^+1)0} 

fc=0 

9.1.44 

cos  (2  COS  0)=Jo(2)+2  Z)   (-)*«/2*(2)  COS  (2^) 

fc=l 
9.1.45 

sin  (2  cos  e)=2  JZ  (-)V2t+i(3)  COS  {(2Ar+l)^} 

it=0 

9.1.46     l=Jo(2)  +  2J2(2)  +  2J4(2)  +  2J6(2)4-   .  .  . 

9.1.47 

cos  z=Mz)-2Mz)-\-2J,{z)-2Mz)-\-   .  .  . 

9.1.48     sin  2=2Ji(2)-2J3(2)  +  2Js(2)-   .  .   . 
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Other  Differential  Equations 

9.1.49  w"+(x'-^^)w=0,        'w;=2i^,(X2) 

9.1.50  w"+(^-^)^=0'        w=^2''^,(\zi) 

9.1.51  w"-{-\h^-'w=0,  W-3*^i/p(2X2iP/p) 

9.1.52 

...     2.-1      , 


w 


^y'+X2«;=0,         w=z'"tfy(\z) 


9.1.53 

9.1.54 
9.1.55 

9.1.56 

where  a  is  any  of  the  2n  roots  of  unity. 

Differential  Equations  for  Products 

In  the  following  t?  =  2  r-  and  ^,(z),  ^n{z)  are  any 
cylinder  functions  of  orders  v,  n  respectively. 
9.1.57 

{r?*-2(.2_^M')t?'+  ip'-fi'y}w 

+422(r?+l)(t?+2)if;=0,         w='^,{z)^,(z) 

9.1.58 

t?(t?2_4^2)2^+422(^+ 1)^=0,         ^=^,(2)^,(2) 
9.1.59 

23i/;'"  +  2(422+l-4l^K+(4l/2-l)«;  =  0, 
Upper  Bounds 

9.1.60    |e7.(x)|<l  (»'>0),  I  J.(2;)|<l/V2         (.>1) 


9.1.61  0<J,{v)< 


2i 


3ir(f).i 


(.>0) 


9.1.62  |J,(2)|<ll^iLi__       (,>_!) 


OF   INTEGER    ORDER 

9.1.63         \Jn{nz)\< 

Derivatives  With  Respect  to  Order 

9.1.64 


2"exp  fnV(l— 2')} 

(i+va-^^)}- 


:^Jy(z)=J,{z)  In  (^2) 


9.1.65 


^'^^  U  ^  ^  r(.+^+i)  ~ir 


~Y,{z)=cot(vK)  {^  J,(2)-7rF,(2)} 
—CSC  (mr)  J-  J-,{z)—tJ, (2) 


9.1.66 


Ld^^'^'U=n"2  ^«(">*+^2^  ^0    (n-it)A:! 


9.1.67 


9.1.68 


Expressions  in  Terms  of  Hypergeometric  Functions 

9.1.69 

JA2)=Y^^oF,ip-\-i;-lz^ 


9.1.70 


=^^^M(v+|,2.+l,2i2) 


as  X,  /i^oo  through  real  or  complex  values;  2,  v 
being  fixed. 

(oFi  is  the  generalized  hypergeometric  function. 
For  M(a,  h,  z)  and  F{a,  h;  c;  2)  see  chapters  13  and 

15.) 

Connection  With  Legendre  Functions 

If  M  and  X  are  fixed  and  .^•oo    through  real 
positive  values 


9.1.71 


lim  { ."Pr"  (cos  ^^ }  =  J^  (x)         (x>0) 


I 


♦See  page  ii. 
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9.1.72 


Urn  {v'Q:'  (cos  f\}=-h^Y,{x)        (x>0) 
For  Pr"  and  Qr**,  see  chapter  8. 

Continued  Fractions 


1 


9.1.73 

J.(2)    ^         1 

J._i(2)     2p2-'-  2(v+1)z-'-  2(p-\-2)2-'-' 
|2/.  K/IK^'+l)}  K/{(»'+l)(''+2) 


1-  1-  1- 

Multiplication  Theorem 


9.1.74 


(|x^-i|<i) 

li  ^=J  and  the  upper  signs  are  taken,  the  restric- 
tion on  X  is  unnecessary. 

This  theorem  will  furnish  expansions  of  ^^{re^^) 
in  terms  of  *^;,±t(r). 


Neumann's 


Addition  Theorems 


9.1.75     ^.{u±v)=  S   'i^.^k{u)Mv)         {\v\<\u\) 


k=-c 


The    restriction     |vK|i^|    is    unnecessary    when 
'if=J  and  V  is  an  integer  or  zero.     Special  cases  are 


9.1.76 


9.1.77 


2n 


fc=l 


0  =  Z;  {-YJ,(2)J2n-d2)  +2  Z)  M2)J2n+k{z)     (n>  1) 
fc=0  )fc=l 

9.1.78 


e/«(23)=X)  .7.(2)  J„-*(2)+2i:  (-)*J*(2)  J„+*(2) 
fc=0  A=l 

Graf's 

9.1.79 

^,(t/;)  ^|'%x=  f:   ^.+,(u)Mv)'^^kai\ve^^''\<:\u\) 

a  111  l!  =  —  ao  Sill 

Gegenbauer's 

9.1.80 

^=2^r (.)  s  (.+^)  ^^  ^  C-(cos  .) 


In  9.1.79  and  9.1.80, 

w=-yj(u^^v'^—2uv  cos  a), 

u—v  COS  a:=w  cos  X,  V  sin  a=w  sin  X 

the  branches  being  chosen  so  that  w-^u  and  x->0 
as  v^Q.  C'-Ji'>(cos  a)  is  Gegenbauer's  polynomial 
(see  chapter  22). 


Gegenhauer't  addition  theorem. 

If  w,  V  are  real  and  positive  and  0  <a  < ir,  then  w,  X 
are  real  and  non-negative,  and  the  geometrical 
relationship  of  the  variables  is  shown  in  the  dia- 
gram. 

The  restrictions  Iwe'^'^I^C  \u\  are  unnecessary  in 
9.1.79  when  ^=J  and  v  is  an  integer  or  zero,  and 
in  9.1.80  when  'r=  J. 

Degenerate  Form  (u=  <»): 

9.1.81 

gir  co8„^r(v)(|z;)-^  X:  (»'+A:)i*J,+*(y)Ci''>(cos  a) 

(.5^0,-1,...) 

Neumann's  Expansion  of  an  Arbitrary  Function  in  a 
Series  of  Bessel  Functions 

9.1.82  /(2)=aoJo(2)+2f:a^,(2)         (|2|<c) 

*=i 

where  c  is  the  distance  of  the  nearest  singularity 
ofj(z)  from  2=0, 

9.1.83  a*=Ar,  ,    J{t)OS)dt        (0<c'<c) 

ZttI  J  |z|=e' 

and  Ok{t)  is  Neumann's  polynomial.     The  latter 
is  defined  by  the  generating  function 

9.1.84 

j^=M2)Oo{t)+2  ±  J,(z)0,(t)        (\z\<\t\) 

t  —  Z  k  =  l 

On{t)  is  a  polynomial  of  degree  n-\- 1  in  lit;  Ooit)  =  lit, 
9.1.85 

The  more  general  form  of  expansion 
9.1.86        /(2)  =a^,{z)  +2  Xi  a^r+»(2) 
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also  caUed  a  Neumann  expansion,  is  investigated 
in  [9.7]  and  [9.15]  together  with  further  generaUza- 
tions.  Examples  of  Neumann  expansions  are 
9.1.41  to  9.1.48  and  the  Addition  Theorems.  Other 
examples  are 


9.1.87 

(vT^O, -1,-2,...) 
9.1.88 


r„(3)=- 


IT       k^Q    (n—k)k\ 

IT 


_2    "  (n+2^)J„+2t(3) 

T^i^     ^         kin+k) 

where  iA(n)  is  given  by  6.3.2. 

9.1.89 

Yo{2)=-  {ln(|3)+7}e7o(2)--Z;  (-)* 


4^    ,       ..J2.(3) 

IT  k^i  k 


9.2.  Asymptotic  Expansions  for  Large 
Arguments 

Principal  Asjnmptotic  Forms 

When  V  is  fixed  and  |2|-^°° 
9.2.1 

J.(2)=V27(^){cOs(2-|j^-i7r)  +  e'^^'0(|2|-l)} 

(|arg  2|<t) 
9.2.2 

(|arg  2|<7r) 
9.2.3 


9.2.4 


Hi«(2)~^2/(7^2)e-'^^-5'■'-i'^  (-27r<arg2<7r) 

Hankel's  Asymptotic  Expansions 

When  p  is  fixed  and  |2|^oo 
9.2.5 


J,{z)  =^2/{irz) [Pip,  z)  COS X- Q{p,  2)  sin X} 

(|arg  2j<7r) 


9.2.6 


r,(2)=v'2/(7r2){P(^,  2)  sinX  +  Q(;;,  z)  COSX} 

(|arg  2|<7r) 
9.2.7 


m'\z)=^!2l{^)[P{p,z)+iQ{p,z)]e'^ 

(— 7r<arg2<27r) 
9.2.8 


Hi''(z)=^l2/U^{P(p,  z)-iQip,  2)}6-« 

(  — 2ir<arg2<T) 
where  X=2— (^^z+DTrand,  with4j'MenotedbyM, 

9.2.9 

^'^     m^     ^    (22)2*  2!  (82)2 


(m-1)(m-9)(m-25)(m-49) 


9.2.10 


4!  (82)* 


.  (v,2^+1) 


^0'      '       (22)2*+^ 

_/x-l     (/x-1)(m-9)(m-25) 

82  3!(82)3  "^  •  •  • 

If  V  is  real  and  non-negative  and  2  is  positive,  the 
remainder  after  k  terms  in  the  expansion  of  P{p,  z) 
does  not  exceed  the  (^+l)th  term  in  absolute 
value  and  is  of  the  same  sign,  provided  that 
ky'\p—\.  The  same  is  true  of  Q{p,z)  provided 
that  k>\p-l. 

Asymptotic  Expansions  of  Derivatives 

With  the  conditions  and  notation  of  the  pre- 
ceding subsection 

9.2.11 


j;(2)=V2/(ir2){— i?(v,  2)  sinx  — <S(j',  2)  cos  x} 

(|arg  2|<ir) 
9.2.12 


r:(2)=V2/(ir2){i?(v,  2)  cos  X-S{p,  2)  sin  x} 

(jarg  2|<t) 
9.2.13 


ffi»>'(2)  =  V2/(7r2){ii?(v,  z)-S{p,  z)]e'^ 

(  — 7r<arg  2<2t) 
9.2.14 


m'''{z)  =  ^:2|{^^z){-^R{v,  z)-S{p,  2)}6-'^ 

(-2T<arg  2<t) 


9.2.15 


R{v,Z)'^Xj   {-)     4,2_^4^._l)2    (22)2* 

(m-1)(m+15)  . 
~  2!(82)2       "^  •  •  • 

9.2.16 

_M+3     (m-1)(^-9)(m+35) 

82  3!  (82)3  -1-  •  •  . 

Modulus  and  Phase 

For  real  p  and  positive  x 
9.2.17 

d,  =  &Tg  Hi'\x)  =  SLTctiin  { F,(x)/J,(x)} 
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9.2.18 

N,=  \m'^'{x)\=^[j:'{x)  +  Y:Hx)} 
99,  =  arg  H^"'(x)  =  arctan  { F;(x)/J:(a:)} 

9.2.19  J,(x)=My  cos  0„         r,(j:)=MK  sin  d,, 

9.2.20  j;(x)=.V,  cos  vj,,         7l{x)=-A\  sin  v?,. 

In  the  following  relations,  primes  denote  differ- 
entiations with  respect  to  x. 

9.2.21  MX  =  2/{irx)         Nl^',  =  2{x'-v'')l{Trx') 

9.2.22  Nl=M',^-^Mld?=M?+4.l{TrxM,f 

9.2.23  {3?-v'')MM'.+^NM+x]Srt=0 

9.2.24 

tan  (vjp  -  e,)  =  M^d'JMl = 2/{TrxMMl) 
M,N,  sin  (<p,  —  d,)  =  2l(irx) 

9.2.25     r'j/;'  +  2.^^/;_^(^_^)3/^_4/(^j/3)^0 

9.2.26 

2^w'"-\-x{4:3^-\-l-4:v^)w'  +  {Av'^-l)w=0,    w=xMl 

1    fl'"        "^   /«"\2  1/2—1 

Asymptotic  Expansions  of  Modulus  and  Phase 

\Vlien  V  is  fixed,  x  is  large  and  positive,  and  fi=4v^ 

9.2.28 

A/3^1.  r  1  ,1  M^zl  .  1:3  (m-1)(m-9) 
'    TX^^2(2xy^2.4:         {2xy 

,1-3.5  (m-1)(m-9)(m-25)  ,  , 


2-4-6 


(2xy 


d.^X-i^u  +  l)ir-\ 


2(4x) 

(m-1)(m-25)     (M-lXM'^-lHM+lOyS) 
6(4i;)^        "•"  5(4x)5 

(m-1)(5m'-1535m''+54703m- 375733) 

14(42;)^  "•" 


9.2.30 


2  1  M-3     1-1  (m-1)(m-45)  , 

'     irx^       2  {2xy     2-4  (2a;)*  '  '  '^ 

The  general  term  in  the  last  expansion  is  given  by 

1  ■  1  •  3  .  .  .  (2A--3) 


X 


2 • 4  •  6  .  .  .  i2k) 
(M-l)(i«-9).  .  .{m-(2^-3)='}{m-(2^+1)(2^-1)2} 


9.2.31 


(p,^x—(lv—l)ir-\- 


{2xy 


m+3  ,  M'+46/i-63 


2(42)^      6  (4a;)  3 

m' +  1  85m'- 2053M+ 1899 
"^  5(4a;)^  "^  '  '  " 

Uv>0,  the  remainder  after  k  terms  in  9.2.28  does 
not  exceed  the  (A:+l)th  tenn  in  absolute  value 
and  is  of  the  same  sign,  provided  that  k'^v—^. 

9.3.  Asymptotic   Expansions  for  Large  Orders 
Principal  Asymptotic   Forms 

In  the  following  equations  it  is  supposed  that 
j;->oo  through  real  positive  values,  the  other  vari- 
ables being  fixed. 

9.3.1 


-■'^>~i(0 

y-^^^-^jm' 

9.3.2 

-(tanh  a-a) 

,J  (if  cprh  rv  I '">^ 

(a>0) 

■\;2tv  tanh  a 

-r (a -tanh  a) 

(a>0) 

1    t\V    seen  O!^  ~  ■            :j 

"V  ^irv  tanh  a 

•See  page  ii. 
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Jy  (v  sec  0)  = 
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9.3.9 


Y,(vsec^) 


V2/(7ri'  tan  /3)  {cos  (vt&n ^-v^-Itt) -\rO  (p-^)} 

(0<^<|7r) 


9.3.4 


V2/(7n'tanj8){sin  (v  tan  ^-v^-\Tr)  +  0(v-')} 

(0<^<k) 

2^       1 


9.3.5  J,(v) 


2^      i. 

3^r(f)  ^J^ 


9.3.6 


J, 


(-)Kt^O 


4r   V;Ai(;.^f) 


exp(-f.f^^)  ^/l 


K^O' 


4r  VsBi(.?^f) 


(|arg  2|<7r) 


(|arg  2|<7r) 


In  the  last  two  equations  f  is  given  hj  9.3.38  and 
9.3.39  below. 


Debye's  Asymptotic  Expansions 

(i)  If  a  is  fixed  and  positive  and  v  is  large  and 
positive 

9.3.7 


,v(tanh  a  — a) 


Jv{v  sech  a) 

9.3.8 

Yy(v  sech  a:)~ 


%  (coth  a) 


V27r;'tanha^^^S  v" 


jxCor— tanh  a) 


\|irj/  tanh  a         k=i 


(i+tc-)'"''^"'^"') 


where 


Vi(<^  =  (3^-5^3>/24 

W2W  =  (81^2_4g2^4^385^6)/ii52 

^<3(0  =  (30375^3-3  69603^^  +  7  65765f 

-4  25425^9)/4  14720 
W4(0  =  (44  65125«*-941  21676^^+3499  22430<« 

-4461  85740P+1859  lQ12bt''')I^^S  13120 

For  1/5(0  and  u^it)  see  [9.4]  or  [9.21]. 
9.3.10 

(A:=0,  1,...) 
Also 

9.3.11 

t7X»'  sech  a)~ 


V 


sinh2«  ^^(,^„^  a-„wi  ,  y^  r,  (coth  a) 


9.3.12 

Y'Xv  sech  a) 


/sinh2a  ^,(„_tanha)  M_^y^  ,     ^,r^^_(cotha) 


w 


here 


9.3.13 

Vi(t')  =  {-9t+7f)J24: 

v^lt)  =  (- 135^2  ^594«*-455^^)/l  152 

^3(0  =  (-42525^^+4  51737^-8  S3575f^ 

+4  7o475i»)/4  14720 
9.3.14 
i\it)=u,(t)+t(f-l){hu,-r(t)+tu',_,(t)] 

(k=l,2,   .   .   .) 
(ii)  If  /3  is  fixed,  0</3<^7r  and  v  is  large  and 
positive 

9.3.15 

J,iv  sec  ^^=^|2J{^i^^TsinJ){L(v,  /3)  cos  ^ 

+.^(1/,  /3)  sin  ^} 
9.3.16 

r,(j'  sec  ^)  =  ^!2|{^^v  U\\\  ^)[L{v,  /3)  sin  ^ 

-.V(r,  /3)  cos  ^} 
where  ^  =  j'(tan  /3— /3)— jtt 

9.3.17 

;- .    ^x      ^  ^2t(^  cot  /3) 

_       81  cot^  i3+462  cot' /3+385  cot' i3 

""  1152^2  "*"■•■ 


MBT^ 


9.3.18 
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M{v,^) i^j ;;i*+i 

3  cot  |8+5  cot^  fi 


2^v 


Also 


9.3.19 

Jl{v  sec  ff)  =  V(sin  20)1  {irv)  [  -N{v,  /3)  sin  ^ 

—  0{v,  /3)  cos  ^} 

9.3.20 


Y'Xv  sec  /3)=V(sin  2fi)l{irv){N(v,  /S)  cos  ^ 

-0(1/,  /3)  sin  ^} 
where 


9.3.21 


t'2t  (i  cot  /3) 


^(^,^)-g         ^. 


=H 


135  cot^  /3+594  cot'  /3+455  cot*^  /3 
1152»/2 


9.3.22 


nr    o\     ■  ^  ^2fe+i(t  cot  /3)     9  cot  i3+7  cot^  ^ 


24j 


Asymptotic  Expansions  in  the  Transition  Regions 

When  z  is  fixed,  |j>|  is  large  8.nd  |arg  v\<^^ 

9.3.23 

J.(.+z.^'')^^^  Ai  (-2^/3,)  (i  +  ^^l 
*'  fc=i  J* 

9.3.24 


-^Bi'(-2'/3,)f.^ 


fc=0     V 


where 
9.3.25 


7000         3150         225 


Ai^)  = 


27 


10      23573    ,  ,    5903 


2'  + 


947 


20000  147000      '  138600      '  346500 


yo(2)=YQ2' 
r  ^  17    ,  ,    1 


92{z)^- 


^3(2)  = 


1000 
549 


2H 


611 


37 


3150 
110767 


3150 


79 


28000         693000     ^12375 

The  corresponding  expansions  for /Z^^"(j/+2j;'/3) 
and  77^2)  (i/+2f  1/3)  ^j.^  obtained  by  use  of  9.1.3 
and  9.1.4;  they  are  vahd  for  —  |7r<arg  i'<|7r  and 
— f  7r<arg  »'<§ tt,  respectively. 

9.3.27 

j;(,+ 2,1/3) ^^^  Ai'  (-2'/3e)  (l+g  ^} 

01/3  CD  7      (^\ 

-1-^4/3  ^U       ^       2j   j^    ^2*/3 

9.3.28 

r:(.+2.i/3)  ^  ^;  Bi'  (-2^/3,)  I  i_^g  U^} 

-^3Bi(-2i/3,)^^ 


A-  =  0    V 


where 
9.3.29 


hi{z)  =  —-2 


h2(z)  =  ' 


9 


z'-{- 


57 


100       '  70 


,  ,  ,      699     «     2617    ,  ,    23 


h,(z) 
9.3.30 


3500 

27 


3150 '^    '  3150 
10     46631     7  ,3889    ,       1159 


20000  147000     ^4620         115500 


^0(2)=?  2^-^ 
o  5 

7   /    ^  131      4   ,    1 

^'(^^  =  -140^  +5^ 
^^^^''"""500  '  +4500 


-5. 


593 
3150 


h{z)  = 


369     9    999443  ^,  .  31727     3  .     947 


2"— 


-•64.  —-T^  ,3-1- 


7000         693000"  "^173250     "^346500 
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9.3.37 


;=i  V 


V  '"  k=Q  V 


9.3.32  ^^W-^-- 77^  •i+^7ii— ;;573-^^i;2t 

9.3.33    j;(v)  -^3  {1+g  ^,;  -|;^  g  ^ 


3^  26  , 


y^ .  ,  S'^'a  ^  5* 


9.3.34  y;(v)^:i^{i+z:^}+-^g^ 


where 


>l/3 


3^'^r(i) 


=  .44730  73184,    3*a=  .77475  90021 


22/3 


5=  t   =.41085  01939,    3*6=.71161  34101 

<j  "A  (3) 

"0=1,    «!=— 2^  =  — .004, 
«,=  . 00069  3735  .  .  .,    03= --00035  38  .  . 


/3o=^=.0142S  57143 


1213 


10  23750 
/3.,=  . 00043  78  .  . 


.00118  48596.  .  ., 
l33=-. 00038  .  .  . 


23 


72= -.00093  7300  .  .  .,    73=  .00044  40  .  .  . 


5o — T'  5i 
o 


94: 


=  -.00273  30447  .  .  ., 


3  46500 
5^=. 00069  47  .  .  .,    63= -.00038  .  .  . 

Uniform  Asymptotic  Expansions 

These  are  more  powerful  than  the  previous  ex- 
pansions of  this  section,  save  for  9.3.31  and  9.3.32, 
but  their  coefRcients  are  more  complicated.  They 
reduce  to  9.3.31  and  9.3.32  when  the  argument 
equals  the  order. 


9.3.35 


7  (  ~^      {  ^^  V''^AiO^^Y)^«.( 


„5/3 


i=0      V 


9.3.36 


^c.(.,).2.--(^^)-(Ai(,^ 

When  v^+  00,  these  expansions  hold  uniformly 
with  respect  to  z  in  the  sector  |arg  sXtt— e,  where 
e  is  an  arbitrar}'  positive  number.  The  corre- 
sponding expansion  for  H^^\vz)  is  obtained  by 
changing  the  sign  of  i  in  9.3.37. 

Here 

9.3.38 


i^-r^-¥-'^-"^^ 


equivalently, 
9.3.39 


(-f)"=r'V'"=^^'-'-— (i) 


the  branches  being  chosen  so  that  f  is  real  when 
z  is  positive.     The  coefficients  are  given  by 


9.3.40 


2fc 


«*(r)=z;M,r-^'^^^2*-,{(i-2^)-M 


«=0 


2t+l 


«=0 

where  Uy,  is  given  by  9.3.9  and  9.3.10,  X,:,  =  m,j=1 
and 


9.3.41 

^r2.g-l)(2.$-3)  ..  .  (6.§-l) 
~  s!(144;' 

Thus  ao(f)  =  l, 
9.3.42 

6o(r)=-7|3+4{ 


6.S-1 


'        Mj=- 


6s- 1 


X, 


1 


48f'^  r^ '24(1-22)3/2     8(l-22)i 
5,1.  5  ,         1 


48r-     (-f)*'24(22_ij^2     S(22-l)i^ 

Tables  of  the  early  coefficients  are  given  below. 
For  more  extensive  tables  of  the  coefficients  and 
for  bounds  on  the  remainder  terms  in  9.3.35  and 
9.3.36  see  [9.38]. 


Uniform  Expansions  of  the  Derivatives 

With  the  conditions  of  the  preceding  subsection 
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9.3.43 


2/l-22\i  AiCi/^/af)    »   c,(r) 


'"       t^o    v'' 


KV  (^/3f)   "  4(f) 


v"^        t^o     v-"' 


9.3.44 


2/l-22\i  Bi(v2/3f)    "    c,(f) 


_.    -     2/l-22\i  BiC 


4/3  -^0       ^2* 


Bi'  (.2^^f)  ^  (/,(f) 


^/3 


9.3.45 


k=0       V 


ik 


4e2''/Yl-22\i  Ai(e2"/3^2/3^)    "    c,(f) 


■(¥)< 


ff<»'M~^^^(  ^^  )  [-'\.,i     ''  g    ^,. 


g2.,/3  Ai'   (g2.t73^2/3^)      »      ^/^ 
^^       ,.2*     J 


,,2/3 


where 
9.3.46 


k=o    v- 


2ft+l 


»=0 


2Jt 


4(f)=z:x.r^^%*-s{(i-2^)-^} 


*=0 


and  Vk  is  given  by  9.3.13  and  9.3.14.     For  bounds 
on  the  remainder  terms  in  9.3.43  and  9.3.44  see 

[9.38]. 


r 

&o(f) 

a.(f) 

co(r) 

c^i(r) 

0 

0.  0180 

-0.004 

0.  1587 

0.007 

1 

.0278 

-.  004 

.  1785 

.  009 

2 

.0351 

-.  001 

.  1862 

.007 

3 

.0366 

+  .002 

.  1927 

.  005 

4 

.0352 

.  003 

.  2031 

.  004 

5 

.0331 

.004 

.  2155 

.  003 

6 

.0311 

.004 

.  2284 

.003 

7 

.  0294 

.  004 

.2413 

.003 

8 

.0278 

.004 

.  2539 

.003 

9 

.0265 

.  004 

.2662 

.003 

10 

.0253 

.004 

.  2781 

.003 

-r 

&o(f) 

ai(r) 

co(r) 

d.(f) 

0 

0.  0180 

-0.  004 

0.  1587 

0.  007 

1 

.  0109 

-.  003 

.  1323 

.  004 

2 

.  0067 

-.  002 

.  1087 

.  002 

3 

.  0044 

-.  001 

.  0903 

.  001 

4 

.  0031 

-.  001 

.  0764 

.  001 

5 

.  0022 

-.  000 

.  0658 

.000 

6 

.0017 

-.  000 

.  0576 

.000 

7 

.  0013 

-.  000 

.  0511 

.  000 

8 

.0011 

-.  000 

.  0459 

.  000 

9 

.  0009 

-.  000 

.  0415 

.  000 

10 

.0007 

-.  000 

.  0379 

.000 

6o(f)' 
Co(f) 


12 

J_ 
12 

For  f<-10  use 

1         .        o 


r*-.io4r', 
fi+.i46r', 


«i(f)  =  .003, 
c?ia)  =  .003. 


6o(f)' 


12 


a,(f)  =  .000, 


coa)~-^r'- 


1.33(-f)-^/^         6?i(f)  =  .000. 

Maximum  values  of  higher  coefficients : 

|6ia)|  =  .003,         |a2(r)|  =  .0008,         \d,{^)\  =  mi 

k,(r)|=.oo8  (r<io),  ci(f) — .oo3fias  r^+00. 

9.4.  Polynomial  Approximations  ^ 

9.4.1  -3<x<3 

Jo(a;)  =  1-2.24999  97(x/3)2+ 1.26562  08(x/3)* 
-.31638  66(x/3)8+. 04444  79(a;/3)« 

-.00394  44 (x/3)  10 +.00021  00(:c/3)>2  +  e 

|e|<5X10-« 

9.4.2  0<x<3 

FoCx)  =  (2/7r)  In (ix)Jo(a;) +  .36746  691 

+  .60559  366(x/3)2-. 74350  384(x/3)* 
+  .25300  117(x/3)'-.04261  214(x/3)« 

+  .00427  916(x/3)'0-. 00024  846(x/3)'2  +  c 

|e|<1.4X10-« 

9.4.3  3<x<oo 

Jq{x)  =x~*/o  cos  ^0         Yfi{x)  =x"|/o  sin  ^o 

/o=. 79788  456-. 00000  077(3/x) -.00552  740(3/x)2 

-.00009  512(3/x)3  +  . 00137  237(3/x)* 

-.00072  805(3/x)5  +  . 00014  476(3/x)«+e 

|€|<1.6X10-« 

2  Equations  9.4.1  to  9.4.6  and  9.8.1  to  9.8.8  are  taken 
from  E.  E.  Allen,  Analytical  approximations,  Math.  Tables 
Aids  Comp.  8,  240-241  (1954),  and  Polynomial  approxi- 
mations to  some  modified  Bessel  function.s,  Math.  Tables 
Aids  Comp.  10,  162-164  (1956) (with  permission).  They 
were  checked  at  the  National  Physical  Laboratory  by 
systematic  tabulation;  new  bounds  for  the  errors,  «,  given 
here  were  obtained  as  a  result. 
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^o=a;-. 78533  816-. 04166  397(3/x) 

-.00003  954 (3/x)2  +  . 00262  573 (S/a;)^ 

-.00054  125 (3/a;)*-. 00029  333(3/2;)^ 

+  .00013  558(3/a;)«+€ 

|€|<7X10-« 

9.4.4  — 3<a;<3 

a;-i  jj(a;)  =  i-.56249  985(a:/3)2  4-.21093  573(a;/3)* 

-.03954  289(x/3)«+. 00443  319(x/3)» 
-.00031  761  (a;/3)^''+. 00001  109(x/3)^2_^e 

|6|<1.3X10-« 

9.4.5  0<a;<3 

xFi(x)  =  (2/x)xln(ix)Ji(a:)-.63661  98 

+  .22120  91  (a:/3)2  +  2. 16827  09(x/3)* 

-1.31648  27(x/3)«+. 31239  51(a;/3)» 

-.04009  76 (a:/3)^<'+. 00278  n{xl2,y''-\-e 

le|<l.lX10-^ 

9.4.6  3<x<oo 

Ji{x)=x~'^Ji  COS  di,        Fi(a;)=a;"i/i  sin  ^i 

/i  =  . 79788  456  +  . 00000  156(3/a:)  +  . 01659  667(3/2;)=' 
+  .00017  105(3/a;)^-. 00249  511(3/x)* 

+  .00113  653 (3/x)'-. 00020  033(3/x)«+e 

|6|<4X10-« 

^i  =  a;-2.35619  449  +  . 12499  612(3/x) 

+  .00005  650(3/a;)2-. 00637  879(3/a;)3 
+  .00074  348 (3/x)*+. 00079  824(3/x)5 

-.00029  166(3/x)^+€ 

|el<9X10-« 

For  expansions  of  Jq{x),  Yq{x),  Ji(x),  and  Yi{x) 
in  series  of  Chebyshev  polynomials  for  the  ranges 
0<x<8  and  0<8/x<l,  see  [9.37]. 

9.5.  Zeros 
Real  Zeros 

When  V  is  real,  the  functions  Jy{z),  Jl(z),  Yu{z) 
and  Yliz)  each  have  an  infinite  number  of  real 
zeros,  all  of  which  are  simple  with  the  possible 
exception  of  2=0.  For  non-negative  v  the  sth 
positive  zeros  of  these  functions  are  denoted  by 


jy,s,  j'^.s,  Vv.s  and  yl_s  respectively,  except  that  2=0 
is  counted  as  the  first  zero  of  J'o(z).  Since 
^0(2)  =  — t/i(2),  it  follows  that 

9.5.1    i;.i  =  0,        jo.s=ji.s-i         (s=2,  3,  .  .  .) 

The  zeros  interlace  according  to  the  inequalities 

9.5.2 

yy.i<yy+i,i<yy.2<yy+i.2<yy.3<  .  .  . 

V<h.  l<yv.  l<y'y.  l<jy.l<jl.2 

<yy.2<yl.2<jy.2<jl.3<    .     .     . 

The  positive  zeros  of  any  two  real  distinct  cylinder 
functions  of  the  same  order  are  interlaced,  as  are 
the  positive  zeros  of  any  real  cyUnder  function 
'ifv(z),  defined  as  in  9.1.27,  and  the  contiguous 
function  '^,4.1(2). 

If  py  is  a  zero  of  the  cylinder  function 

9.5.3  '^,(z)=Jy(z)  cos(7rt)  +  r,(2)  sin(7rf) 
where  t  is  &  parameter,  then 

9.5.4  ^:(p,) = ^,_,  (p.)  =  -  ^,+1  (p.) 
If  (Ty  is  a  zero  of  ^^  (2)  then 

9.5.5  '^.(a.)=^  ^^_^(ay)=^  ^.+i(a,) 

The  parameter  t  may  be  regarded  as  a  continuous 
variable  and  p,,  a,  as  functions  p,(t),  ay{t)  of  t.  If 
these  functions  are  fixed  by 


9.5.6 

then 


p,(0)=0,         (r,(0)=i:.i 


9.5.7 

jy.s=Py{s),  yy.s=py(s  —  ^)  (s=l,2,    ...) 

9.5.8 

j'y,s=(ry{s-l),         yl.s=<ryis-h)         (s  =  l,2,  ...) 

9.5.9  ^:(.)=(ft)".^.wK^'t)"' 

Infinite  Products 

9.5.10  J,(,)  =  jii^n(l-^^) 

9.5.11  ^;(.)=^  n(i-|-)       (.>o) 


wm^ 
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McMahon's  Expansions  for  Large  Zeros 

When  J/ is  fixed,  «>>!' and  M=4i'2 

9.5.12 

fjL-l     4(m-1)(7m-31)     32(m-1)(83m''-982m4-3779) 


3(8^)= 


64(m-1)(694V-1  53855m'+15  85743m-62  77237) 
105(8/3)^ 


where  ^={s-^\v—\)Tr  for;,.^,  &={s  +  \v—1)tt  for  ?/,,s.     With  j3=(«+§i/— Dtt,  the  right  of  9.5.12  is  the 
asymptotic  expansion  of  py{t)  for  large  t. 

9.5.13 

.,       ,  m+3     4(7m'+82m-9)     32(83m^+2075m''-3039m+3537) 

J,.s,yy.s--P       g^/  3(8^')'  15(8/3')' 

64(6949m^+2  96492m'- 12  48002^1=^+74  14380m-58  53627) 

105(8^')' 

where  /3'=(s+^i'— f  )7r  for  j^.^,  i8'=(s  +  ^j'— Dx  for  yl^„  /3'=(^+ij;+i)7r  for  <T,(t).     For  higher  terms  in 
9.5.12  and  9.5.13  see  [9.4]  or  [9.40]. 


Asymptotic  Expansions  of  Zeros 
and  Associated  Values  for  Large  Orders 

9.5.14 

>.i~j/+1.85575  71i'^^'+1.03315  Ov-^'^ 

-. 003971^-1-. 0908i'-5^'+.043i^-'^3  + 

9.5.15 

2/,.i-v+. 93157  eSi/'/^^. 26035  Ip-"^ 

+  .011981/-^-  .0060j;-^/3-  .OOlp-'"^-^ 

9.5.16 

j:.i~;.+  .80861  65i'''3+. 07249  Oi^-^^' 

-.050971'-' +  .0094i/-5^3  + 

9.5.17 

2/:. i~i/+ 1.82109  801/'/'+. 94000  7p-"^ 

-.058081^-' -.0540^-5^34- 

9.5.18 

^^OVi)~- 1-11310  281^-2^7(1  +  1-48460  6p-^" 
+  .432941/-"^'-. 19431^-2  +  . 0191'-'^'+  . 

9.5.19 

F:(?Ai)~. 95554  86j/-2/V(1  + -74526  Ip-^'"" 

+  .10910i'-''/3-.0185j'-2-.003j'-«^'+  . 

9.5.20 

./.(i^.i)~ -67488  51j'-'/3(1-. 16172  Sp-^'^ 

+  .02918J'-'"'-. 00681^-2+  . 

9.5.21 

Y,{y',,i) ^.57319  ^0p-"'(l-Mi22  Ou'''^ 

+  .09077i'-'''3-^  .02371.-2+  . 


.) 


.) 


Corresponding  expansions  for  s=2,  3  are  given 
in  [9.40].  These  expansions  become  progressively 
weaker  as  s  increases;  those  which  follow  do  not 
suflfer  from  this  defect. 


Uniform  Asymptotic  Expansions  of  Zeros  and 
Associated  Values  for  Large  Orders 

9.5.22    ^.-.^(rt+Z:-^  with  ^=v-''% 

k  =  l  V 


9.5.23 


2    Ai'(a,)    ,^_^^  /\(f)j 


^^"z{^)h{^) 


k  =  l       V 


with  ^=v-^'% 


9.5.24  i:,,~.2(r)+£  1^  with  f=.-'%: 

9.5.25 

j,(i:,,)~Ai(a:)  ^  (i+g  ^}  with  r=.-''X 

where  a,,  a',  are  the  sth  negative  zeros  of  Ai{z), 
Ai'(z)  (see  10.4),  z=z(0  is  the  inverse  function 
defined  implicitly  by  9.3.39,  and 

9.5.26 

A(f)  =  {4f/(l-2=^)}» 

yi(r)=§2(r){^(f)}'6o(r) 
Pi(r;=§r'2(r){/t(f)}^co(r) 

where  6o(r),  Co(f)  appear  in  9.3.42  and  9.3.46. 
Tables  of  the  leading  coefficients  follow.  More  ex- 
tensive tables  are  given  in  [9.40]. 

The  expansions  of  y.. ,,  Yl(y ,, s),  y',,,  &nd  Y,(y',,,) 
corresponding  to  9.5.22  to  9.5.25  are  obtained  by 
changing  the  symbols  j,  J,  Ai,  Ai',  a,  and  a',  to 
y,  Y,  —  Bi,  —  Bi',  6,  and  h',  respectively. 


273-888  0-67— 25 
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-r 

2(r) 

Hn 

flit) 

F,(f) 

(-r)gi(f) 

(-i-)V2(r) 

(-r)*Gi(o 

0.0 

1.  000000 

1.  25992 

0.  0143 

-0.  007 

-0.  1260 

-0.  010 

0.000 

0.2 

1.  166284 

1.  22076 

.0142 

-.005 

-. 1335 

-.010 

.002 

0.4 

1.  347557 

1.  18337 

.0139 

-.004 

-. 1399 

-.009 

.004 

0.6 

1.  543615 

1.  14780 

.  0135 

-.003 

-. 1453 

-.009 

.005 

0.8 

1.  754187 

1.  11409 

.0131 

-.003 

-. 1498 

-.008 

.006 

1.0 

1.  978963 

1.  08220 

0.  0126 

-0.002 

-0.  1533 

-0.008 

0.006 

-r 

2(r) 

A(f) 

/i(r) 

Flit) 

ffi(r) 

&2(f) 

Gi(f) 

1.0 

1.  978963 

1.  08220 

0.  0126 

-0.002 

-0.  1533 

-0.  008 

0.006 

1.2 

2.  217607 

1.  05208 

.  0121 

-.002 

-. 1301 

-.004 

.004 

1.4 

2.  469770 

1.  02367 

.0115 

-.001 

-.  1130 

-.002 

.  003 

L6 

2.  735103 

0.  99687 

.0110 

-.001 

-. 0998 

-.001 

.  002 

L8 

3.  013256 

.  97159 

.0105 

-.001 

-. 0893 

-.001 

.002 

2.0 

3.  303889 

0.  94775 

0.  0100 

-0.  001 

-0.0807 

-0.  001 

0.001 

2.2 

3.  606673 

.  92524 

.0095 

-0.001 

-. 0734 

.001 

2.4 

3.  921292 

.  90397 

.0091 

-.  0673 

.001 

2.6 

4.  247441 

.88387 

.0086 

-.  0619 

.001 

2.8 

4.  584833 

.  86484 

.0082 

-.  0573 

0.001 

3.0 

4.  933192 

0.  84681 

0.0078 

-0.  0533 

3.2 

5.  292257 

.  82972 

.0075 

-.  0497 

3.4 

5.  661780 

.  81348 

.0071 

-.  0464 

3.6 

6.  041525 

.  79806 

.0068 

-.  0436 

3.8 

6.  431269 

.  78338 

.  0065 

-.  0410 

4.0 

6.  830800 

0.  76939 

0.  0062 

-0.  0386 

4.2 

7.  239917 

.  75605 

.0060 

-.  0365 

4.4 

7.  658427 

.  74332 

.0057 

-.  0345 

4.6 

8.  086150 

.  73115 

.0055 

-.  0328 

4.8 

8.  522912 

.  71951 

.0052 

-.0311 

5.0 

8.  968548 

0.  70836 

0.  0050 

-0.  0296 

5.2 

9.  422900 

.  69768 

.0048 

-.  0282 

5.4 

9.  885820 

.  68742 

.0047 

-.  0270 

5.6 

10.  357162 

.  67758 

.0045 

-.  0258 

5.8 

10.  836791 

.  66811 

.0043 

-.  0246 

6.0 

11.  324575 

0.  65901 

0.  0042 

-0.  0236 

6.2 

11.  820388 

.  65024 

.0040 

-.  0227 

6.4 

12.  324111 

.  64180 

.0039 

-.  0218 

6.  6 

12.  835627 

.  63366 

.0037 

-.  0209 

6.8 

13.  354826 

.  62580 

.0036 

-. 0201 

7.0 

13.  881601 

0.  61821 

0.  0035 

-0.0194 

(-f)-i 

2(r)-f(-r)^ 

(-r)*A(f) 

/i(r) 

giin 

0.40 

1.  528915 

1.  62026 

0.  0040 

-0.  0224 

.35 

1.  541532 

1.  65351 

.0029 

-.  0158 

.30 

1.  551741 

1.  68067 

.0020 

-.  0104 

.25 

1.  559490 

1.  70146 

.0012 

-. 0062 

.20 

1.  564907 

1.  71607 

.0006 

-. 0033 

0.  15 

1.  568285 

1.  72523 

0.  0003 

-0.  0014 

.  10 

1.  570048 

1.  73002 

.  0001 

-.  0004 

.05 

1.  570703 

1.  73180 

.0000 

-.  0001 

.00 

1.  570796 

1.  73205 

.0000 

-. 0000 

Maximum  Values  of  Higher  CoeflBcients 

|/2(f)|=.ooi,  \FM\=moi      (o<-r<-) 

|p3(f)l  =  .001,  1 6^2(^1  =  . 0007        (i<-r<«) 
l(-frP3(f)l  =  .002,  |(-fm(f)|  =  .0007 

(o<-r<i) 


Complex  Zeros  of  /,(») 

When  !'>  — 1  the  zeros  of  J,{z)  are  all  real.  If 
»*<  —  1  and  V  is  not  an  integer  the  number  of  com- 
plex zeros  of  J,{z)  is  twice  the  integer  part  of 
i  —  v);  if  the  integer  part  of  (—v)  is  odd  two  of 
these  zeros  he  on  the  imaginary  axis. 

If  >'>0,  aU  zeros  of  J',{z)  are  real. 


Complex  Zeros  of  Y,i*) 

When  V  is  real  the  pattern  of  the  complex  zeros  of 

F„(3)  and  Yl{z)  depends  on  the  non-integer  part 
of  V.  Attention  is  confined  here  to  the  case  p=n, 
a  positive  integer  or  zero. 
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Kno  +  b) 

CUT                         --^^^ 

' 

^^-Jf-n                                    "o                 -                   -77; 

-i(na  +  b) 

Figure  9.5.     Zeros  of  Y„(z)  and  Y'^iz)  .  .  . 

|arg0|<7r. 

Figure  9.5  shows  the  approximate  distribution 
of  the  complex  zeros  of  Yn(z)  in  the  region 
|arg  z\<Tr.  The  figm-e  is  symmetrical  about  the 
real  axis.  The  two  curves  on  the  left  extend  to 
infinity,  having  the  asymptotes 

J'z=±^\ii  3  =  ±.54931   .  .  . 

There  are  an  infinite  number  of  zeros  near  each  of 
these  curves. 

The  two  curves  extending  from  z=—n  to  z=n 
and  bounding  an  eye-shaped  domain  intersect 
the  imaginary  axis  at  the  points  ±i{na-\-b), 
where 


o=Vig-l  =  . 66274 


b=yi-to^]ji  2: 


.19146 


and  fo=  1-19968  ...  is  the  positive  root  of  coth  t 
=t.  There  are  n  zeros  near  each  of  these  curves. 
Asymptotic  expansions  of  these  zeros  for  large  n 


are  given  by  the  right  of  9.5.22  with  v=n  and 
f=n-2/3^,  or  n-2/3^„  where  /3„  ^,  are  the  complex 
zeros  of  Bi(2)  (see  10.4). 

Figure  9.5  is  also  appHcable  to  the  zeros  of 
Y'„{2).  There  are  again  an  infinite  number  near 
the  infinite  curves,  and  n  near  each  of  the  finite 
curves.  Asymptotic  expansions  of  the  latter  for 
large  n  are  given  by  the  right  of  9.5.24  with 
v=n  and  ^=n-''^^'.  or  n-^'^^'.;  where  0',  and  ^;  are 
the  complex  zeros  of  Bi'(2). 

Numerical  values  of  the  three  smallest  com- 
plex zeros  of  Yoiz),  Yi(z)  and  Y'i{z)  in  the  region 
0<  arg  2<7r  are  given  below. 

For  further  details  see  [9.36]  and  [9.13].  The 
latter  reference  includes  tables  to  facifitate 
computation. 

Complex  Zeros  of  the  Hankel  Functions 

The  approximate  distribution  of  the  zeros  of 
Hlt^^z)  and  its  derivative  in  the  region  |arg  z\<Tr 
is  indicated  in  a  similar  manner  on  Figure  9.6. 


Figure  9.6.     Zeros  of  H^'\z)  and  H^'^'{z)  .  .  . 
I  arg  z\<Tr. 
The  asymptote  of  the  sohtary  infinite  curve  is 
given  by 

J^2=-^  In  2  =  -.34657  .  .  . 


Zeros  of  Yo{z)  and  Values  of  Yi(z)  at  the  Zeros ^ 
Zero  Yi 


Real 
-2.40301  6632 
-5.  51987  6702 
-8.65367  2403 


Imag.  Real  Imag. 

+.53988  2313     +.10074  7689  -.88196  7710 

+.54718  0011     -.02924  6418  +.58716  9503 

+  .  54841  2067  "  +. 01490  8063  -. 46945  8752 


Zeros  of  Yi{z)  and  Values  of  Yo(z)  at  the  Zeros 
Zero  Yo 


Real 

-0.50274  3273 

-3.83353  5193 

-7.01590  3683 


Imag. 
+  .  78624  3714 
+.56235  6538 
+  .  55339  3046 


Real  Imag. 

-.45952  7684  +1.31710  1937 

+  .04830  1909  -0.69251  2884 

-.02012  6949  +0.51864  2833 


Zeros  of  Y[{z)  and  Values  of  Yi{z)  at  the  Zeros 


Zero 


Y, 


Real 
+  0.57678  5129 
-1.94047  7342 
-5.33347  8617 


Imag. 
+.90398  4792 
+.72118  5919 
+. 56721  9637 


Real 
-.  76349  7088 
+  .  16206  4006 
-.03179  4008 


Imag. 
+  .58924  4865 
-.95202  7886 
+. 59685  3673 


'  From  National  Bureau  of  Standards,  Tables  of  the  Bessel  functions    Yq{z)    and    Yi{z)    for   complex   arguments, 
Columbia  Univ.  Press,  New  York,  N.Y.,  1950  (with  permission). 
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There  are  n  zeros  of  each  function  near  the 
finite  curve  extending  from  2=— n  to  z=n;  the 
asymptotic  expansions  of  these  zeros  for  large  n 
are  given  by  the  right  side  of  9.5.22  or  9.5.24 

with  v=n  and  ^=e-^^'^hi-^'^a,  or  ^=e-^^"^n-^'X- 
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Modified  Bessel  Functions  /  and  K 

9.6.  Definitions  and  Properties 

Differential  Equation 


Zeros  of  Cross-Products 

If  V  is  real  and  \  is  positive,  the  zeros  of  the 
function 


9.5.27 


J,(0)r,(X3)-J,(X2)F,(2) 


are   real   and   simple.     If   X^l,    the   asymptotic 
expansion  of  the  sth  zero  is 

9.5.28       ^+-4—^+ j^ +  .  .  . 

where  with  ^v^  denoted  by  n, 

9.5.29 

/3=st/(X-1) 

^x-\  _(m-1)(m-25)(X^-1) 

^      8X  '        ^  6(4X)3(X-1) 

^(m-1)(m^-114m+1073)(X^-1) 
''  5(4X)^(X-1) 

The  asymptotic  expansion  of  the  large  positive 
zeros  (not  necessarily  the  sth)  of  the  function 


9.5.30 


j;(2)r;(X2)-j:(X2)F;(0) 


(X>1) 


is  given  by  9.5.28  with  the  same  value  of  /3,  but 
instead  of  9.5.29  we  have 


9.5.31 


-n       ^  +  3 
^=^' 


(m^+46m-63)(X3-1) 


r= 


^  6(4X)nX-l) 

(m' + 1  85m' -2053m+ 1899)  (X'-l) 


5(4X)5(X-1) 

The  asymptotic  expansion  of  the  large  positive 
zeros  of  the  function 

9.5.32       j;(2)r,(X2)-F:(2)j,(X0) 

is  given  by  9.5.28  with 

9.5.33 

fi={s-\)irl{\-\) 

„     (m+3)X-(m-1) 


^  8X(X-1) 

(m'+46m-63)X^-(m-1)(m-25) 
^  6(4X)3(X-1) 

5(4X)*(X-l)r=(M'  +  185M'-2053M+1899)X^ 

-(m-1)(m'-114m+1073) 


9.6.1 


(Pw  ,     dw 


4-2 -j iz^-\-v^w=0 


dz^        dz 


Solutions  are  I±y{z)  and  Ky{z).  Each  is  a  regular 
function  of  z  throughout  the  2-plane  cut  along  the 
negative  real  axis,  and  for  fixed  2(7^0)  each  is  an 
entire  function  of  v.  When  v=±n,  I,{z)  is  an 
entire  function  of  2. 

Iy(z)  (^v>0)  is  bounded  as  2->0  in  any  bounded 
range  of  arg  2.  I,(z)  and  I-,iz)  are  linearly  inde- 
pendent except  when  v  is  an  integer.  K,{z)  tends 
to  zero  as  |2|->oo  in  the  sector  |arg  2|<^t, 
and  for  aU  values  of  v,  I,(z)  and  Ky(z)  are  linearly 
independent.  I,(z),  K,{z)  are  real  and  positive 
when  i'>— 1  and  2>0. 


Figure  9.7.     /o(x),  Kq{x),  Ii(x)  and  Ki{x). 


»M^ 
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Figure  9.8.    e~''lQ{x),e~'Ii{x),e'KQ{x)  and  e'Kiix). 
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Figure  9.9.     7.(5)  and  Ky{5). 


Relations  Between  Solutions 


sin  (vt) 


The   right   of   this   equation   is   replaced   by   its 
limiting  value  if  p  is  an  integer  or  zero. 


9.6.3 


(-7r<arg  2<|7r) 
(|7r<arg3<7r) 


9.6.4 


iiC,(2)  =  |7riei'"*Hi'>(2ei'0  (-7r<arg  2<i7r) 
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9.6.5 

(— 7r<arg0<^7r) 

9.6.6  I.r.(z)=In(z),K-.(z)=K.(z) 

Most  of  the  properties  of  modified  Bessel 
functions  can  be  deduced  immediately  from  those 
of  ordinary  Bessel  functions  by  application  of 
these  relations. 

Limiting  Forms  for  Small  Arguments 

When  V  is  fixed  and  2->0 
9.6.7 

I.(2)^(h2yir(v+i)       (u^  -1,  -2, . . .) 

9.6.8  Koiz) In  2 

9.6.9  2^.(2)  ~ir(^)(|2)-        {^p>0) 

Ascending  Series 

9.6.10  u.)=ii.y±^^Jif^^ 

9.6.11 

n-l  (^ h. 1  V 

fc=0  fci 

+  (-)"^Mn(i2)/„(2) 
where  }p(n)  is  given  by  6.3.2. 

1^2         /'l5.2^2        /'I5.2U 

9.6.12     /„(3)  =  l+7^,+  ^  +  ^-H 


{V.y  '    (2!)2   '    (3!)2 


9.6.13 


ii:o(2)  =  -{hl(^2)  +  7}/o(3)+^ 


+(1+^)  ^+(i+Hi)  ^+. . 


Wronskians 

9.6.14 

IF{/.(2),/_.(2)}=/.(2)/_(.+„(2)-7.+,(2)/_.(2) 

=  —2  sin  (vir)/{irz) 
9.6.15 

P^l^.(2),  7.(2) }  =7,(2)7C,+,  (2)  +7.+i(2)7s:.(2)  =  1/2 
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9.6.16 


BESSEL    FUNCTIONS    OF   INTEGER    ORDER 
Integral  Representations 

Io{z)=-  \     e"^'  ^°^»dd=-  \     cosh  (z  cos  d)d6 

TTjo  '"'Jo 


9.6.17    Ko(2)  =  --  r  e^"""''  {y+]n  {2zsm^  d)}de 

IT  Jo 

9.6.18 

^''^^^-7rir(.+^)Jo  '  sin   e/(«/ 

T^T{p-\-2)  J-1 

9.6.19         In(z)=-  r  «''""' COS  (n9)de 

^  Jo 
9.6.20 


^  Jo 


gzcosfipos  (»'^)C?5 


sin  (j/tt) 


TT  Jo 


,  —  2  cosh  t  —  vt 


dt         (|arg  2|<^) 


9.6.21 


/»  00  /»  0 

1=  I      COS  {x  sinh  t)dt=  I 
Jo  Jo 


COS  (ari) 


(2;>0) 


■^0(2;)=  I      cos  (cc  sinh  t)dt=  I      ^^^  ^"""^  dt 
9.6.22 

/*  00 

^v(a;)=sec  (^j/tt)  I      cos  (x  sinh  t)  cosh  (i^O^^ 

/»  CO 

=csc  (i»Tr)  I      sin  (a;  sinh  t)  sinh  {vt)dt 

(\^p\<l,  x>0) 
9.6.23 

^.(2)=^r^   r"e-"°^"  sinh^'f  (i« 

rcv+i)  Jo 

(^v>-h,  |arg  zKhr) 
9.6.24    K.(z)=  J     e-"°«'"  cosh  (i/0(^^  (|arg  z\  <^) 

9.6.25 

^^^'^^)-       ^^r       Jo   (^M^^^i 

Recurrence  Relations 

^.-l(2)-^.+l(2)=y^.(2) 

Z 


9.6.26 


^^  denotes  /„  e-^^iiL,  or  any  linear  combination  of 
these  functions,  the  coefficients  in  which  are 
independent  of  z  and  v. 


9.6.27      Io(z)  =  I,(z),        K'o(z)  =  -K,(z) 


Formulas  for  Derivatives 


9.6.28 


(l0{z'^.{z)}=z'-'^.-.(z) 


9.6.29 

(^=0,1,2,...) 

Analytic  Continuation 

9.6.30     L(ze'"")=e"""'I,(z)         (m  an  integer) 

9.6.31 

K,(ze'^'^)=e-"""^K,{z)-'rrism  (rnvr)  esc  {vir)I,(z) 

(m  an  integer) 


9.6.32    L{z)=I,(z),        K.{z)=K,{z)  (./real) 


Generating  Function  and  Associated  Series 

9.6.33       ei^('+i/')=  X)    t^hiz)        {t9^Q) 

A  =  — 00 


9.6.34      e'  ''°«<'=/o(0)+2  X)  ^(2)  cos(Are) 

9.6.35 

e^«""'=/o(2)+2  S  (-)*/2,+i(2)  sin{(2/r+l)0} 


A-=0 


+2  1]  (-)*/2*(2)  cos(2^^) 


9.6.36  l=/o(2)-2/2(2)+2/4(2)-2/6(2)+  . 

9.6.37  e^=/o(2)+2/i(2)+2/2(2)+2/3(2)4-  • 

9.6.38  e-^=/o(2)-2/i(2)+2/2(2)-2/3(2)  + 

9.6.39 

cosh  2=/o(2)+2/2(2)+2/4(2) +2/6(2)+  . 

9.6.40    sinh  2=2/1(2) +2/3(2) +2/5(2)+  .  .  . 


EB^UI 
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Other  Differential  Equations 

The  quantity  X^  in  equations  9.1.49  to  9.1.54 
and  9.1.56  can  be  replaced  by  —  X^  if  at  the  same 
time  the  symbol  '^  in  the  given  solutions  is 
replaced  by  ^. 

9.6.41 

2W+2(l±22)w'  + (±2-^2)^=0,       w=e^'2^,{z) 

Differential  equations  for  products  may  be 
obtained  from  9.1.57  to  9.1.59  by  replacing  z  by 
iz. 

Derivatives  With  Respect  to  Order 
9.6.42 

9.6.43 

^K,{z)=It    CSC(vt)    {^   I .y{z)—^   Iy{z)] 

-T  COt{vT)Ky(z)  (V9^0,±l,±2,  .   .   .) 

9.6.44 


'-)"[^/'(^)],.,= 


9.6.45 


A„^2j+       2        ^/     ^     {n-k)kl 


n\az)-'^l^(^zyK,(z) 


[i--^^^ly'^n 


9.6.46 


2        t^o    (n-k)k\ 

Expressions  in  Terms  of  Hypergeometric  Functions 

9.6.47 

9.6.48  7ir.(3)=(0T^o,.(22) 

(o^i  is  the  generalized  hypergeometric  function. 
For  M(a,  b,  z),  MoA^)  and  WoA^)  see  chapter  13.) 

Connection  With  Legendre  Functions 

If  M  and  z  are  fixed,  ^2>0,  and  v-^oo  through 
real  positive  values 

9.6.49  lim{^Pr''('cosh  ^Y  =7,(2) 
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9.6.50     lim  { ^-"e  -"''  Q',  ('cosh  ^ }  =K,{z) 

For  the  definition  of  P;"  and  Q?,  see  chapter  8. 
Multiphcation  Theorems 

9.6.51 

If  2^=1  and  the  upper  signs  are  taken,  the  re- 
striction on  X  is  unnecessary. 

9.6.52 

/.(2)=i:|^«/.+*(3),    M2)=f: (-)*p/.+*(2) 

Neumann  Series  for  /Cn(3) 

9.6.53 

K„{z)  =  {-r-Hln(^z)-rp(n-^l)}h(z) 

,n\(^z)-"-^       ..m'hjz) 
"^       2       ^^  ^    ^     (n-/r)/r! 

-   (n+2^)A^+2*(2) 
"^^     ^    jfe        kin-^k) 

9.6.54    i^o(2)  =  -{hi  (i2)+7}/o(2)+2  f:^ 

Zeros 

Properties  of  the  zeros  of  I,{z)  and  i!C»(2)  may 
be  deduced  from  those  of  Jy(z)  and  H\}\z)  respec- 
tively, by  application  of  the  transformations 
9.6.3  and  9.6.4. 

For  example,  if  v  is  real  the  zeros  of  I,{z)  are  all 
complex  unless  —2k<iv<i  —  {2k—l)  for  some  posi- 
tive integer  k,  in  which  event  Iy{z)  has  two  real 
zeros. 

The  approximate  distribution  of  the  zeros  of 
Kn(z)  in  the  region  —  f7r<arg  2<57r  is  obtained  on 
rotating  Figure  9.6  through  an  angle  —  ^tt  so  that 
the  cut  lies  along  the  positive  imaginary  axis. 
The  zeros  in  the  region  —  57r<arg  2<f7r  are  their 
conjugates.  Kn(z)  has  no  zeros  in  the  region 
|arg  z\<^t;  this  result  remains  true  when  n  is 
replaced  by  any  real  number  p. 

9.7.  Asymptotic  Expansions 
Asymptotic  Expansions  for  Large  Arguments 

When  V  is  fixed,  \z\  is  large  and  ti=iv^ 

9.7.1 

r  ^.^        ^'   n    ^"^  (m-1)(m-9) 
I,{z)  ~    . —  \  1- 


V27r2'  82    ^       2!(82)  = 

(m-1)(m-9)0x-25) 

3!  (82)  3  "•■  • 


(|arg2|<^) 
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9.7.2 

9.7.3 
9.7.4 
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'^Vi 


2\i8zy 


(m-1)(m-9)(m-25) 


V2 


irZ 


(1 


3!(82)3  '    ■  "^ 

M+3,  (m-1)(m+15) 


(|arg2|<f7r) 


8s 


2!  (82)= 


,Of=l)|g|W:M+ .  .  .}     (larg.K^) 


^(,_l)0.-9)(,+35)^       ^     (l-g^l<« 

The  general  terms  in  the  last  two  expansions 
can  be  written  down  by  inspection  of  9.2.15  and 
9.2.16. 

If  V  is  real  and  non-negative  and  z  is  positive 
the  remainder  after  k  terms  in  the  expansion 
9.7.2  does  not  exceed  the  (Ar+l)th  term  in  absolute 
value  and  is  of  the  same  sign,  provided  that 
k>v-l 

9.7.5 

/.(2)i^.(2)-^{l-^^"^ 


22 '       2(22)2 
_^]_^(m-1)(m-9) 


2-4         (22)* 


9.7.6 

H(z)k:(z) — Iji+J^-^ 


...} 


(|arg2|<^) 


22^       '    2  (22)2 

1.1  (m-1)(m-45) 
2-4  (22)* 


f  ...} 


(Iarg2l<^) 


The    general    terms    can    be    written    down    by 
inspection  of  9.2.28  and  9.2.30. 

Uniform  Asymptotic  Expansions  for  Large  Orders 

9.7.7    /.(v3)~-^-g-(l  +  f]^)} 
'\J2tv  Ut^2  ;  k=i    V 


9.7.8 


^'("^'-Vi^aW'f^+af-: 


Uk{t) 


9.7.9    r^iyz)^^^^±f)^e^{l+±'-^] 


V2 


iirv 


9.7.10 

K{vz) 


'-Vi^^^-'^^+S(-)^#) 


*=! 


When  v-^+oo,  these  expansions  hold  uniformly 
with  respect  to  z  in  the  sector  |arg  z\<\ir—€, 
where  e  is  an  arbitrary  positive  number.     Here 

9.7.11       ^  =  l/Vl  +  22,  7,=  Vl+22+kl 


l-f-Vl4-22 

and  Uk{t),  Vk(t)  are  given  by  9.3.9,  9.3.10,  9.3.13 

and  9.3.14.  See  [9.38]  for  tables  of  r],  uS), 
Vk{t),  and  also  for  bounds  on  the  remainder 
terms  in  9.7.7  to  9.7.10. 

9.8.  Polynomial  Approximations  * 

In  equations  9.8.1.  to  9.8.4,  ^=x/3.75. 

9.8.1  -3.75<x<3.75 

h{x)  =  1  +3.51562  29^2^3.08994  24«*+ 1 .20674  92<» 
+  .26597  32^8+. 03607  68P+. 00458  13P+e 

|€|<1.6X10-^ 

9.8.2  3.75<a;<oo 

2ie-^7o(x)  =  . 39894  228 +  .01328  592r^ 

+  .00225  319r2-.00157  565r3 
+  .00916  28ir*-.02057  706r5 
+  .02635  537r«-. 01647  633r^ 

+  .00392  377r8+e 

|c|<1.9X10-^ 

9.8.3  -3.75<a:<3.75 

x-i/i(x)  =  K -87890  594^2^  51498  869^* 
+  .15084  934««  +.02658  733^ 
+  .00301  532P+.00032  411^+6 

leKSXlO-"* 

9.8.4  3.75<x<oo 

xie-^/i(x)  =  . 39894  228 -.03988  024r' 

-.00362  018r2+.00163  80ir3 
-.01031  555r*+. 02282  967r' 
-.02895  312r«+.01787  654r^ 

-.00420  059r8+€ 

|€|<2.2X10-^ 


*  See  footnote  2,  section  9.4. 


9.8.5 


0<a!<2 
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Differential  Equations 
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Ko{x)  =  -\n  (x/2)Io{x)-. 57721  566 

+  .42278  420 (a;/2)2+. 23069  756(x/2)* 
+  .03488  590(a;/2)6+. 00262  698(a;/2)8 
+  .00010  750(a;/2)»''+. 00000  74:0{x/2y^-\-e 

|e|<lX10-« 


9.8.6 


2<a?<oo 


xViiro(a;)  =  1.25331  4 14 -.07832  358 (2/a;) 

+  .02189  568(2/a;)2-. 01062  446(2/a;)3 
+  .00587  872(2/2)*-. 00251  540(2/a;)« 

+  .00053  208(2/a;)«+e 

|e|<1.9X10-^ 

9.8.7  0<a;<2 

xKi{x)=x]n  (a;/2)7,(a;)  +  l +  .15443  144(^/2)2 
-.67278  579(^/2)*-. 18156  897(a;/2)« 
-.01919  402(a;/2)«-.00110  404(a;/2)io 

-.00004  686(a;/2)^2_^e 

|£|<8X10-8 

9.8.8  2<a;<oo 

a;*e^iri(a:)  =  1.25331  414  +  .23498  619(2/x) 

-.03655  620(2/a;)2+. 01504  268(2/a;)3 
-.00780  353 (2/a;)*+. 00325  614(2/a;)5 

-.00068  245(2/a;)«+€ 

|e|<2.2X10-^ 

For  expansions  of  Io(x),  Ko(x),  Ii(x),  and  Ki(x) 
in  series  of  Chebyshev  polynomials  for  the  ranges 
0;<a;<8  and  0<8/a;<l,  see  [9.37]. 

Kelvin  Functions 
9.9.  Definitions  and  Properties 

In  this  and  the  following  section  v  is  real,  x  is 
real  and  non-negative,  and  n  is  again  a  positive 
integer  or  zero. 


Definitions 


9.9.1 


ber,  x+i  bei,  x=J,{xe^'*'*)=e'"*J,(xe-''*'*) 

9.9.2 

ker,  x+^  kei.  x=e~^'"^Ky(xe'^'*) 

When  v=0,  suffices  are  usually  suppressed. 


9.9.3 

a;W+a;w'— (?x2+v^)w=0, 

w=ber„  x-\-i  bei^  x,       ber_^  x-\-i  bei_^  x, 

keTy  x-\-i  kei„  x,     ker_,  x+i  kei_;,  x 
9.9.4 
xW+2xW'-(l+2j/2)(a;W-2;w') 

+  (i'*-4j'2+x*)i^=0, 

iy=ber±„  X,  bei±„  x,  ker±K  x,  kei±v  x 

Relations  Between  Solutions 

9.9.5 

ber_^  x=cos(i'7r)  ber^  x+sin(i;7r)  bei,  x 

+  (2/t)  sin(j^7r)  ker,  x 

bei_^  x=— sinCi'Tr)  ber„  x+cos(j'7r)  bei^,  x 

+  (2/ir)  sin(j/7r)  kei^  x 

9.9.6 

ker_„  x=cos(j'7r)  ker„  x— sin(j'7r)  kei„x 
kei_v  x=sin(i'7r)  ker,  x+cos(j'7r)  kei^  x 

9.9.7  ber_„  2=(— )"ber„  X,    bei_n  x=(— )"  bei„x 

9.9.8  ker_n  x=(— )'*  ker„  X,   kei_„  x=(— )"  kei„x 


9.9.9 


Ascending  Series 


ber,x-Ux;  2^^   ^jp(^_^^_^i)    U^: ; 
bei,  x-Ux)  2-.^  k\V{y-\-k-\-\)    ^'""^ 


9.9.10 


berx=l-(M).Va^-. 
(2!)2  ^  (4!)2 

beix-ix^-^i^+^i^-. 
oeix-^x       (3!) 2 -r-  (5 1)2 


9.9.11 


n-l 


ker„  x=K|a;)-''  Z)  cos  {(fn+^^)7r} 


fc=0 


^^^TT^  (ix2)*-ln  (^x)  ber„  x+^Tr  bei„ 
+  K^a:)«f:cos{(f7i+-|^)7r} 


fc=0 


w{^(A:+l)+^(n+/i:+l)}  , 

-^  A:!(n+it)!  ^*^ 
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n-l 


kei„  x=  — Kia;)""  S  sin  {(in+^k)ir} 
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9.9.16 


*=o 


^^^T~^  (ia:')*-!!!  ax)  bei„  a;-^r  ber„  x 
+U^xri:  sin  {iin+^k)w} 


k'^O 


'^  ifc!(7i+it)!  '^^^ 


where  ^(n)  is  given  by  6.3.2. 

9.9.12 

ker  x=— In  (^x)  ber  x+jtt  bei  x 


kei  x=— In  (|x)  bei  x—jir  ber  x 


Functions  of  Negative  Argument 

In  general  Kelvin  functions  have  a  branch 
point  at  a;=0  and  individual  functions  with  argu- 
ments xe"^'*  are  complex.  The  branch  point  is 
absent  however  in  the  case  of  ber,  and  bei,  when  v 
is  an  integer,  and 

9.9.13 

ber„(-a;)  =  (-)"  ber„  x,        bei„(— x)  =  (— )"  bei„  x 


Recurrence  Relations 


9.9.14 


Jy+l+J.-l= ^    (Jy  —  g.) 


1 


where 
9.9.15 


/,=ber,  x[  /,=bei,  X 

y,=bei,  x\  g,=  —heTv  x 

/,=ker,  X  I  y,=kei, 

5r.=kei,  x  J  g. 


iU  X       j 
-kePp  X  J 


9.9.17 


"V^  ber'  x=beri  x+beii  x 
-)/2  bei'  x=— beri  x+beij  x 

V2  ker'  x=keri  x+keii  x 
-v^kei'  x=— keri  x+keij  x 

Recurrence  Relations  for  Cross-Products 


If 

9.9.18 

^,=ber?  x+beij  x 

g',=ber,  x  beii  x— beri  x  bei,  x 

r,=ber,  x  ber^  x+bei,  x  bei^  x 

then 

s,=beri2  x+beii^  x 

9.9.19 

P'+l=Py-i-—  r. 

2,+i= — -  Py-\-r,=  —  g,_i  +  2r, 


-1       .1        ^ 


and 
9.9.20 


pyS,  =  ji-{-^, 


The  same  relations  hold  with  ber,  bei  replaced 
throughout  by  ker,  kei,  respectively. 

Indefinite  Integrals 

In  the  following/,,  g,  are  any  one  of  the  pairs 
given  by  equations  9.9.15  and  /*,  g*  are  either  the 
same  pair  or  any  other  pair. 

9.9.21 

Jxi+/^x=-^'  C/.+i-sr.+i)=-x>+'  (l  g.-g') 


9.9.22 


J xi-y,c?x=^'  Uy-i-gy-x)=x'-'  (^  g.+g'/j 


9.9.23 


x(fygt—gyft)dx=^  {ft(fy+l+gy+l) 
J  2\Z 

-gtify+i-gy+i)-Jy(ft+i-\-9*y+i)-\-gp(f*+i-gt+i)] 


=\xUyn-jr>'+g'yg*y-gpgV) 
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9.9.24 

jxU.gt-{-9jt)dx=\x''(2Ut-J.-rg*+i 


9.9.25 


I  x(fi-{-gl)dx=x(f,gl—f',gy) 

=  —  (a;/V2)  (/./.+i+M^+i— /►^.+i+/.+iS'.) 


9.9.26 


I  xjyg^x=-  x^{2J,g,—Jy_ig,+i—f,+ig,-i) 
9.9.27 

I  x(f,-gl)dx=^  x'^ifi-J.-J.+i-gl-^-g.-ig^+i) 

Ascending  Series  for  Cross-Products 

9.9.28 

ber^  x+bei^  x= 

(hxY"  y^ = U£V_ 

^^"^^    h  r(.+^+i)r(.+2Ar+i)    k\ 

9.9.29 

ber^,  X  beii  x— ber^  a;  bei^  x 

CO  1  /'l-r2'\2*: 

9.9.30 

ber,  X  ber^  a:4-bei^  x  bei^  x 

00                              1  /l~.2\2k 
l/'l^\2v-l  '^  t U-*-  >> 

^^^''^       i^r(.+Ar+l)r(.+2^)     k\ 
9.9.31 

ber^'^  x+beii'*  x 


=i\xy'-'lZ 


{2¥+2vk+\v'')         {\xy^ 


t^QT{v+k^l)V{v+2k+l)     k\ 

Expansions  in  Series  of  Bessel  Functions 


9.9.32 


00     g(3v+k)ri/i^kT         /^.N 

ber,  x-^i  bei,  x=^ 2^*^  k\ 


9.9.33 

ber„(xV2)=  t:  (-y+'Jn+2k(x)l2k(x) 

<:=  — 00 

bei„(x^/2)=  f]  (-)"+*J„+2.+i(2:)/2.+i(a:) 

fc  =  — 00 


OF   INTEGER   ORDER  381 

Zeros  of  Functions  of  Order  Zero  ^ 


ber  X 

bei  X 

ker  X 

kei  X 

1st  zero 
2nd  zero 
3rd  zero 
4th  zero 
5th  zero 

2.  84892 

7.  23883 

11.  67396 

16.  11356 

20.  55463 

5.  02622 

9.  45541 

13.  89349 

18.  33398 

22.  77544 

1.  71854 

6.  12728 

10.  56294 

15.  00269 

19.  44381 

3.  91467 

8.  34422 

12.  78256 

17.  22314 

21.  66464 

ber'  X 

bei'  X 

ker'  X 

kei'  X 

1st  zero 
2nd  zero 
3rd  zero 
4th  zero 
5th  zero 

6.  03871 
10.  51364 
14.  96844 
19.  41758 
23.  86430 

3.  77320 

8.  28099 

12.  74215 

17.  19343 

21.  64114 

2.  66584 

7.  17212 

11.  63218 

16.  08312 

20.  53068 

4.  93181 

9.  40405 

13.  85827 

18.  30717 

22.  75379 

9.10.  Asymptotic  Expansions 
Asymptotic  Expansions  for  Large  Arguments 

When  V  is  fixed  and  x  is  large 
9.10.1 

ber^  x=  I {jy{x)  cos  a-\-gXx)  sin  a} 

V2xx 

1 


—  {sin  (2;'7r)  ker„  x+cos  (2j'7r)  kei;,x} 


9.10.2 


pX/V2 


bei;,  x=  .       {jv{x)  sin  a—gy(x)  cos  a} 
V27rx 


^ —  {cos  (2i/7r)  ker,  x— sin  {2vt)  kei^x} 

TT 


9.10.3 


ker;,  x=V7r/(2x)e-^/^^{/»(— x)  cos  ^—gy{—x)  sin  ^3) 
9.10.4 


kei,  x=^J^^/(2xje~^'''^{—Jy(—x)  sin/3— fir,(— x)  cosjS) 

where 

9.10.5^ 

a=ix/,f2)Hh-l)^,       ^=(:c/V2)+a^+|)7r=a+i7r 

and,  with  4v^  denoted  by  n, 

9.10.6 

5  From  British  Association  for  the  Advancement  of 
Science,  Annual  Report  (J.  R.  Airey),  254  (1927)  with 
permission.  This  reference  also  gives  5-decimal  values  of 
the  next  five  zeros  of  each  function. 
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9.10.7 

The  terms'  in  ker^a;  and  kei,x  in  equations  9.10.1 
and  9.10.2  are  asymptotically  negligible  compared 
with  the  other  terms,  but  their  inclusion  in  numeri- 
cal calculations  yields  improved  accuracy. 

The  corresponding  series  for  ber^  x,  b  ei^  x,  ker^  x 
and  keii  x  can  be  derived  from  9.2.11  and  9.2.13 
with  z=xe^''^'^\  the  extra  terms  in  the  expansions 
of  ber^  X  and  beii  x  are  respectively 


and 


—  (1/T){sm(2j'ir)keri  a;+cos(2vir)keii  x} 
(l/x){cos(2»'ir)keri  x— sin(2»'T)keii  x}. 


Modulus  and  Phase 
9.10.8 

M,=V(ber$x+bei$x),         ^,=  arctan  (bei,  x/ber,  x) 

9.10.9  ber,x=M,  cos  ^„         bei,x=M,  sin  0, 

9.10.10  M_«=Af„        d.n=en-nir 

9.10.11 

beri  x=^M,+i  cos  (d^i—lir)—^  M,_i  cos  (e,_i  — fir) 
=  {pIx)M,  cos  e,-\-M,+i  cos  (^,+1— jt) 
=  —  {p/x)M,  cos  5,— Af,_i  cos  (^,_i— jx) 

9.10.12 

beii  x=^M,+i  sin  (0,+i  — ^x)  —  |M,_i  sin  (0,_i  —  jx) 
=  (jz/x)  M,  sin  ^,+ Af,+i  sm  (^,+i  —  |x) 
=  —  {v/2^M,  sin  ^,— M,_i  sin  (e,_i— jx) 

9.10.13 

ber'  x=Mi  cos  (^i  — jx),       bei'  a=Afi  sin  (0i— jx) 

9.10.14 

m;= (»'/x)M,+il/,+i  cos  (e,+i—e,—iir) 

=  -(p/x)M,-M,_i  cos  (e,_i-e,— ix) 
9.10.15 

6',  =  (iK+i /M,)  sin  (d,+, -d,-lir) 
=  —  {M,_i/M,)  sin  {e,_i—e,—iTr) 


OF   INTEGER    ORDER 

9.10.16 

Mo=Mi  cos  (^1— 00— iir) 
do=(MJMo)  sin  (^i-^o-ix) 
9.10.17 

d{xM^X)/dx=im,       x'M','-\-rM:-p'M,=x'MX^ 
9.10.18 

A^,=V(ker?x+keiJx),         0,=arctan  (kei,  x/ker,  x) 
9.10.19    ker,x=A^,  cos  <^„        kei,x=A^,  sin  «/>, 


8  The  coefficients  of  these  terms  given  in  [9.17]  are  in- 
correct.   The  present  results  are  due  to  Mr.  G.  F.  Miller. 


Figure  9.10.     ber  x,  bei  x,  ker  x  and  kei  x. 


Figure  9.11.    In  Mo(x),  0o(a^)i  In  No(x)  and  <t>o(x). 

Equations  9.10.11  to  9.10.17  hold  with  the  s^mibols 
b,  M,  e  replaced  throughout  b}-  k,  N,  4>,  respectively. 
In  place  of  9.10.10 


9.10.20 


N.,=A\        4>_,=<i>,+vir 
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Asymptotic  Expansions  of  Modulus  and  Phase 

When  V  is  fixed,  x  is  large  and  m=4j^ 
9.10.21 

V2^  8^2  x^    256     7? 


(m-1)(m^+14m-399)  1 
6144V2  x^ 


+0 


Q' 


9.10.22 

1     ^^       ^      1  ir.  ^9  .\     '^-l  1     (m-1)(m-25)  1 
In  M,=j^-\  In  (2xa:)-g-^ 334^2         ^ 


(m-1)(m-13)  1 
128 

9.10.23 

^'    V2'^V2''     8/'^"^8V2  x"^  16    x2 

_  -1)(m- 
384V2 

9.10.24 


X¥) 


(.-m.-2.)  1^,(1) 


^^'     ^'2x^         ^^^8V2  x^    256     x" 


(m-1)(m'  +  14m-399)  1 


6144V2 


hH^)' 


9.10.25 


(m-1)  (/i- 13)  1 
128 


OF    ESTEGER    ORDER 

9.10.29 


383 


9.10.26 


._      2;      /I       1\        ^-11     „_i  1 
'^'-~:^~V2''+8r  ~  872"  X+T6"  ^ 


(/i-l)(M-25)  1 


'         384V2         X 
Asymptotic  Expansions  of  Cross-Products 

If  X  is  large 
9.10.27 

ber^  x+bei^  x~,r —  {  1+7-7;^  -+—  ^ 
27rx  V      4V2  X     64  x^ 


+<i^) 


33      1      1797  J^ 


256V2  x3     8192  x^ 


■) 


9.10.28 

ber  X  bei'  x— ber'  x  bei  x 


e^V  1.11 
'27rX 


(-+-- 
VV2^8  X 

64V2  x2"^512  ?"^8192V2  ?"^  '  '  7 


9      1      39    1 

2    I     Kl  O 


ber  X  ber   x+  bei  x  bei   x ~ r^ —  (  -;;;—-  - 

27rx  \V2     8  X 


15     1       45    1 


315 


64V2  x2    512  x^  '  8192V2  x* 

ber'2  x+bei'2  x~^'  A  --^  -+^  -, 
27rx  V      4V2  x^64  x^ 


9.10.30 


75      1   .  2475  l^ 

«4    I 


9.10.31 

ker^  x+kei^  X'^^r-e'^^'^ 
2x 


'^256V2  x^  '  8192  x* 

V      4V2x^64x2 
,     33     1     1797  1 


\-  .  . 


'256V2x3    8192  x^ 
ker  X  kei'  x— ker'  x  kei  x~— ^r-  e~^^'^  (  -7;:;— 3- 

ZX  W'^      o  X 


9.10.32 


9      1      39    1 


75 


64V2  x^     512  x3^8192V2  x 


k+. 


9.10.33 


ker  X  ker'  x+kei  x  kei'  x~— ,^  e  ^"^^ 

2x 


VV2^8  X 


15_  1_     45   1 


315      1 


64 V2  x2  '  512  x3^8192v2  x 


:;:5+ 


9.10.34 


ker'^x+kei'^x^^.--(l+4|2i+|^ 


75     1   .  2475  J^ 

-..4"1 


256V2  x^^8192  x* 
Asymptotic  Expansions  of  Large  Zeros 

Let 
9.10.35 

m^-^-V..^-L  (^-1)(^^+1Q)  I  3(m-1)'  I 
•'^'*^~  166  "^3252  "f"         15365^         "^    5125*    "^ 

where  n=4t^.     Then  if  .s  is  a  large  positive  integer 

9.10.36 

Zeros  of  ber,  x~V2 (5-/(5)},  d=(s-^v—l)Tr 

Zerosof  bei,  x~V2{ 5-/(5)},  8={s-hv+^)Tr 

Zerosof  ker,  x~V2{5+/(-5)},        8^{s-^v-l)ir 
Zerosof  kei,  x-'V2{5+/(-6)},         5=(s-|^-i)7r 
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For  ^=0  these  expressions  give  the  sth  zero  of 
each  function;  for  other  values  of  v  the  zeros 
represented  may  not  be  the  sth. 

Uniform  Asymptotic  Expansions  for  Large  Orders 

When  V  is  large  and  positive 
9.10.37 
ber»(vx)  +i  bei^Cvx)  ~ 


/2irv^ 


^  u,(r') 


J/* 


9.10.38 

ker,  {vx)+i  kei,  (vx) 


V2^^"<T^T^^+§^-^' 


u,(r') 


9.10.39 

beri  (px)-\-i  bei^  (px) 


2tv  x\l+U  ^   "^/fel 


9.10.40 

keri  (vx)-\-i  kei^  (yx) 


S9i^)"^^^t^-y 


v.(r') 


where 


9.10.41  ^=^Jl-\-ix^ 

and  Uk(t),  vt{t)  are  given  by  9.3.9  and  9.3.13.     All 
fractional  powers  take  their  principal  values. 

9.11.  Polynomial  Approximations 

9.11.1  -8<x<8 
bera;=  1-64 (2/8)*+ 11 3.77777  774(a:/8)« 

-32.36345  652(x/8)^2^2.64191   397^2/8)^'^ 
-.08349  609(a-/8)2°+.00122  oo2(x/8)2* 

-.00000  90l(a;/8)"+€ 

H<ixio-« 

9.11.2  -8<x<8 

bei  x=16(x/8)2- 113.77777  774(x/8)' 

+  72.81777  742(2/8)1°- 10.56765  779(a:/8)i* 
+  .52185  615(2/8)1*- .01103  667(2/8)" 
+  .00011  346(2/8)2«+€ 
|6|<6X10-« 


OF    ESTTEGER    ORDER 

9.11.3  0<a;<8 

ker2=— In(^)  ber  2+|x  bei  2— .57721  566 

-59.05819  744(2/8)*+ 171.36272    133(2/8)* 
-60.60977  451(2/8)12+5.65539  121  (2/8)1* 
-.19636  347 (2/8)"+. 00309  699(2/8)^* 

-.00002  458(2/8)28+6 

|e|<lXl0-8 

9.11.4  0<2<8 

kei2  =  -hi(^2)bei2— It  ber  2+6.76454  936(2/8)' 
-142.91827  687(2/8)^+124.23569  650(2/8)i° 
-21.30060  904(2/8)1*+ 1.17509  064(2/8)i* 
-.02695  875(2/8)" +  .00029  532(2/8)2»  +  e 

|€|<3XlO-» 

9.11.5  -8<2<8 

ber'  2=2[-4(2/8)2+ 14.22222  222(2/8)* 

-6.06814  810(2/8)i°+.66047  849(2/8)" 
-.02609  253 (2/8)1*+. 00045  957(2/8)^2 

-.00000  394(2/8)2*]  +  € 

|e|<2.1Xl0-* 

9.11.6  -8<2<8 
bei'  2=2(^-10.66666  666(2/8)* 

+  11.37777  772(2/8)*-2.31167  514(2/8)1^ 
+  .14677  204(2/8)1*-. 00379  386(2/8)2° 

+  .00004  609  (2/8)  2*] +  e 

|e|<7XlO-* 

9.11.7  0<2<8 

ker'  x=  —In  (^)  ber'  2— 2~i  ber  2+ jt  bei'  x 

+2[-3.69113  734(2/8)2+21.42034  017(2/8)* 
-11.36433  272(2/8)1°+ 1.41384  780 (2/8)1* 
-.06136  358 (2/8)1*+. 001 16  137(2/8)22 

-.00001  075(2/8)2*]  +  e 

|c|<8XlO-* 
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9.11.8  0<a:<8 

kei'  x=  —In  {\x)  bei'  x—x'^  bei  x—\ir  ber'  x  " 
+x[.21139  217-13.39858  846(a*/8)* 
+  19.41182  758(a:/8)'-4.65950  823(x/8)" 
+  .33049  424 (a:/8)^'-. 00926  707(a;/8)2'' 

+  .00011  997(a;/8)''']  +  e 

|6|<7X10-« 


9.11.9  8<x<oo 

ker  x+i  kei  x=/(x)(l  +  €i) 
/(x)=^^exp[-^^+.(-.)] 

leiKlXlO-^ 


9.11.10  8<a;<oo 

ber  x-\-i  bei  x —  (ker  x-\-i  kei  x)=g{x){\-\-€2) 

TT 

|e2|<3XlO-^ 
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where 
9.11.11 

5(a;)  =  (.00000  00-. 39269  9H) 

+  (.01104  86-. 01 104  85i)(8/a;) 
+  (.00000  00 -.00097  65i)(8/x)2 
+  (-.00009  06-. 00009  0\i){9>lxf 
+  (-.00002  52 +  .00000  002)(8/x)* 
+  (-.00000  34 +  .00000  51i)(8/a;)« 

+  (.00000  06 +  .00000  19i)(8/a;)' 

9.11.12  8<a;<oo 

ker'  x+i  kei'  x=^—j{x)4>{—x){l+ez) 
|€3|<2X10-^ 

9.11.13  8<x<oo 

ber'  x+i  bei'  x —  (ker'  x+i  kei'  x)  =g(x)<f>[x)  (,1+64) 

|e4|<3X10-^ 
where 

9.11.14 

0(x)  =  (.70710  68  +  .70710  68i) 

+  (-.06250  01 -.00000  0l2)(8/x) 
+  (-.00138  13  +  .00138  lli)(8/x)2 
+  (.00000  05 +  .00024  52i)(8/x)3 
+  (.00003  46 +  .00003  38i)(8/x)* 
+  (.00001  17-.00000  24i)(8/x)5 

+  (.00000  16-. 00000  32i)(8/x)« 


Numerical  Methods 


9.12.  Use  and  Extension  of  the  Tables 

Example  1.     To  evaluate  J„(1.55),  n=0,  1,  2, 
.  .,  each  to  5  decimals. 
The  recurrence  relation 

Jn-i  (x)  +  J„+i  (x)  =  (2n/x)  J„(x) 

can  be  used  to  compute  Jo{x),  Ji(x),  J2{x),  .  .  ., 
successively  provided  that  n<Cx,  otherwise  severe 
accumulation  of  rounding  errors  will  occur. 
Since,  however,  i/„(x)  is  a  decreasing  function  of  n 
when  n^x,  recurrence  can  always  be  carried  out 
in  the  direction  of  decreasing  n. 

Inspection  of  Table  9.2  shows  that  J„(1.55) 
vanishes  to  5  decimals  when  n>7.  Taking  arbi- 
trary values  zero  for  Jg  and  unity  for  Jg,  we  compute 
by  recurrence  the  entries  in  the  second  column  of 
the  following  table,  rounding  off  to  the  nearest 
integer  at  each  step. 


n 

Trial  values 

J  nil. 55) 

9 

0 

.  00000 

8 

1 

.  00000 

7 

10 

. 00003 

6 

89 

.  00028 

5 

679 

. 00211 

4 

4292 

.01331 

3 

21473 

.  06661 

2 

78829 

.  24453 

1 

181957 

.  56442 

0 

155954 

.  48376 

We  normalize  the  results  by  use  of  the  equation 
9.1.46,  namely 

Jo(x)+2J2(x)+2J4(a;)+   ...   =1 

This  yields  the  normalization  factor 

l/322376  =  .00000  31019  7 
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and  multiplying  the  trial  values  by  this  factor  we 
obtain  the  required  results,  given  in  the  third 
column.  As  a  check  we  may  verify  the  value  of 
Jo(l-55)  by  interpolation  in  Table  9.1. 

Remarks,  (i)  In  this  example  it  was  possible 
to  estimate  immediately  the  value  of  n=N,  say, 
at  which  to  begin  the  recurrence.  This  may  not 
always  be  the  case  and  an  arbitrary  value  of  A^may 
have  to  be  taken.  The  number  of  correct  signifi- 
cant figures  in  the  final  values  is  the  same  as  the 
number  of  digits  in  the  respective  trial  values. 
If  the  chosen  A^^  is  too  small  the  trial  values  will 
have  too  few  digits  and  insufficient  accuracy  is 
obtained  in  the  results.  The  calculation  must 
then  be  repeated  taking  a  higher  value.  On  the 
other  hand  if  N  were  too  large  unnecessary  effort 
would  be  expended.  This  could  be  offset  to  some 
extent  by  discarding  significant  figures  in  the  trial 
values  which  are  in  excess  of  the  number  of 
decimals  required  in  «/„. 

(ii)  If  we  had  required,  saj^,  Jo(l-55),  Ji(1.55), 
.  .  .,  t7io(1.55),  each  to  5  significant  figures,  we 
would  have  found  the  values  of  t/io(1.55)  and 
t7n(1.55)  to  5  significant  figures  by  interpolation 
in  Table  9.3  and  then  computed  by  recurrence 
Jg,  Jg,  .  .  .,  Jo,  no  normalization  being  required. 

Alternatively,  we  could  begin  the  recurrence  at 
a  higher  value  of  N  and  retain  only  5  significant 
figures  in  the  trial  values  for  n<10. 

(iii)  Exactly  similar  methods  can  be  used  to 
compute  the  modified  Bessel  function  /„(x)  by 
means  of  the  relations  9.6.26  and  9.6.36.  If  x  is 
large,  however,  considerable  cancellation  will 
take  place  in  using  the  latter  equation,  and  it  is 
preferable  to  normalize  by  means  of  9.6.37. 

Example  2.  To  evaluate  r„(1.55),  n=0,  1,  2, 
.  .  .,  10,  each  to  5  significant  figures. 

The  recurrence  relation 

F„_i(x)  +  r„+,(x)  =  (2n/a:)r„(x) 

can  be  used  to  compute  Y„(x)  in  the  direction  of 
increasing  n  both  for  n<^x  and  n'^x,  because  in 
the  latter  event  F„(x)  is  a  numerically  increasing 
function  of  n. 

We  therefore  compute  Fo(1.55)  and  Fi(1.55)  by 
interpolation  in  Table  9.1,  generate  F2(1.55), 
F3(1.55),  .  .  .,  Fio(1.55)  by  recm-rence  and  check 
Fio(1.55)  by  interpolation  in  Table  9.3. 


n 

Y  nil. 56) 

n 

Y„(1.55) 

0 

+  0.  40225 

6 

-1.9917X102 

1 

-0.  37970 

7 

-1.5100X10' 

2 

-0.  89218 

8 

-1.3440X10^ 

3 

-1.9227 

9 

-1.3722X105 

4 

-6.  5505 

10 

-1.  5801X10« 

6 

-31.886 

Remarks,  (i)  An  alternative  way  of  computing 
Fo(x),  should  Jo(x),  J2(x)y  Ji(x),  .  .  .,  be  avail- 
able (see  Example  1),  is  to  use  formula  9.1.89. 
The  other  starting  value  for  the  recurrence, 
Yi(x),  can  then  be  found  from  the  Wronskian 
relation  J, (x)  Fo(x)  —Jo(x)  Fi (x)  =2/(irx) .  This  is  a 
convenient  procedure  for  use  with  an  automatic 
computer. 

(ii)  Similar  methods  can  be  used  to  compute  the 
modified  Bessel  function  Kn(x)  by  means  of  the 
recurrence  relation  9.6.26  and  the  relation  9.6.54, 
except  that  if  x  is  large  severe  cancellation  will 
occur  in  the  use  of  9.6.54  and  other  methods  for 
evaluating  Ko{x)  may  be  preferable,  for  example. 
Use  of  the  asymptotic  expansion  9.7.2  or  the  poly- 
nomial approximation  9.8.6. 

Example  3.  To  evaluate  Jo(-36)  and  Fo(.36) 
each  to  5  decimals,  using  the  multiplication 
theorem. 

From  9.1.74  we  have 


^0(^2)  =^ak^k{z),  whereat 

fc=0 


k\ 


We  take  2=. 4.  Then  X=.9,  (X2-l)(i2)  =  -.038, 
and  extracting  the  necessary  values  of  t7t(.4)  and 
Ffc(.4)  from  Tables  9.1  and  9.2,  we  compute  the 
required  results  as  follows: 


k 

Qfc 

a,Jd4) 

akY,(4) 

0 

+  1.0 

+  .96040 

-  .60602 

1 

+  0.038 

+  .00745 

-.06767 

2 

+  0.7220X10-3 

+  .00001 

-.00599 

3 

+  0.914X10-5 

-  .00074 

4 

+  0.87  X 10-' 

-.00011 

5 

+  0.7XlO-» 

-  .00002 

Jo(.36)  -- 

=  +  .96786 

ro(.36)  = 

=  -.68055 

Remark.  This  procedure  is  equivalent  to  inter- 
polating by  means  of  the  Taylor  series 

fc=0  fci 

at  2=  A,  and  expressing  the  derivatives  ^o*^^)  in 
terms  of  'i^kiz)  by  means  of  the  recurrence  rela- 
tions and  differential  equation  for  the  Bessel 
functions. 

Example  4.  To  evaluate  Jy{x),  J',{x),  F„(x) 
and  Y',{x)  for  v=50,  x=75,  each  to  6  decimals. 

We  use  the  asymptotic  expansions  9.3.35,  9.3.36, 
9.3.43,  and  9.3.44.  Here  2=x/i'=3/2.  From  9.3.39 
we  find 

I  (-f)3/2=iV5-arccos  |= +  .2769653. 


i 


Hence 


f= -.5567724  and  (^3^2)    =  +  1.155332 

Next, 


^1/3=3.684031,         v2/3f= -7.556562. 
Interpolating  in  Table  10.11,  we  find  that 

Ai(^2/a^)  _  _^  .299953,  Ai'(v'''^)  =  +  .451441, 

Bi(,;2/3^)  _  -  .160565,         Bi'fj'^/af )  =  +  .819542. 

As  a  check  on  the  interpolation,  we  may  verify 
that  AiBi'-Ai'Bi  =  l/7r. 

Interpolating  in  the  table  following  9.3.46  we 

obtain 

6o(r)  =  +  .0136,         Co(r)  =  +  .1442. 

The  contributions  of  the  terms  involving  ai(f) 
and  di{^)  are  neghgible,  and  substituting  in  the 
asymptotic  expansions  we  find  that 

J5o(75)  =  +  1.155332(50-i^X.299953 

+  50-'/3X.451441X. 0136)  = +  .094077, 

J^75)  =  -(4/3)(1.155332)-H50-*^X. 299953 

X.1442+50-2^X.451441)  = -.038658, 

F5o(75)  =  -1.155332(-50-i^X. 160565 

+50-'/3X  .819542  X  .0136)  =  +  .050335, 

F;o(75)  =  +  (4/3)(1.155332)-n-50-*^X. 160565 

X.1442+50-2/3X. 819542)  =  +  .069543. 

As  a  check  we  may  verify  that 

JY'-J'Y=2K75w). 

Remarks.  This  example  may  also  be  computed 
using  the  Debye  expansions  9.3.15,  9.3.16,  9.3.19, 

and  9.3.20.  Four  terms  of  each  of  these  series  are 
required,  compared  with  two  in  the  computations 
above.  The  closer  the  argument-order  ratio  is  to 
unity,  the  less  effective  the  Debye  expansions 
become.  In  the  neighborhood  of  unity  the  expan- 
sions 9.3.23,  9.3.24,  9.3.27,  and  9.3.28  will  furnish 
results  of  moderate  accuracy;  for  high-accuracy 
work  the  uniform  expansions  should  again  be  used. 

Example  5.  To  evaluate  the  5th  positive  zero 
of  Jio(x)  and  the  corresponding  value  of  J'io(x), 
each  to  5  decimals. 

We  use  the  asymptotic  expansions  9.5.22  and 
9.5.23  setting   i'=10,   s=5.     From   Table   10.11 
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we  find 

as= -7.944134,         Ai'(a5)  = +  .947336. 
Hence 

f=10-2%6=.21544347a5= -1.7115118. 
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Interpolating  in  the  table  following  9.5.26  we 
obtain 

2(f)  =  +2.888631,         A(f)  = +  .98259, 
./:(r)  =  +  .0107,         F,it)  =  -Ml. 

The  bounds  given  at  the  foot  of  the  table  show 
that  the  contributions  of  higher  terms  to  the 
asymptotic  series  are  neghgible.     Hence 


iio.  5=28.88631 +  .00107+ 
J,..     ._       2  .947336 


=28.88738, 


,888631 X. 98259 
X(l-.00001+  .  .  .)  =  -. 14381. 


Example  6.  To  evaluate  the  first  root  of 
jQ(x)Yo{\x)—Yo(x)Jo{'kc)=0  for  X=f  to  4  signifi- 
cant figures. 

Let  ax"  denote  the  root.  Direct  interpolation 
in  Table  9.7  is  impracticable  owing  to  the 
divergence  of  the  differences.  Inspection  of 
9.5.28  suggests  that  a  smoother  function  is 
(X— l)a^".  Using  Table  9.7  we  compute  the  fol- 
lowing values 


i/x 

(X-l)al" 

8 

52 

0.4 

3.110 

+21 

0.6 

3.131 

+9 

-12 

0.8 

3.140 

+2 

-7 

1.0 

3.  142(7r) 

Interpolating  for  1/X=.667,  we  obtain 
(X—l)al"  =3.134  and  thence  the  required  root 
a|i^  =  6.268. 

Example  7.  To  evaluate  ber„  1.55,  bei„  1.55, 
n=0,  1,2,  .  .  .,  each  to  5  decimals. 

We  use  the  recurrence  relation 


Jn-i{xe'''")+Jn+iixe''''*) 


n 


V2 


(l+i)J„(x63"/^), 


taking  arbitrary  values  zero  for    Jgixe^""''*)    and 
1+Oi  for  Jsixe^"'*)  (see  Example  1). 


273-888  0-67— 26 
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n 

Real 
trial  values 

Imag. 
trial  values 

ber„x 

bei„x 

9 

0 

0 

.  00000 

.  00000 

8 

+  1 

0 

.  00000 

.  00000 

7 

-7 

-7 

-.  00002 

-.  00003 

6 

-1 

+  89 

-.  00003 

+  .  00030 

5 

+  500 

-475 

+  .  00181 

-.  00148 

4 

-4447 

-203 

-.  01494 

-.  00180 

3 

+ 14989 

+ 17446 

+  .  04614 

+. 06258 

2 

+  11172 

-88578 

+  .  05994 

-.  29580 

1 

-197012 

+ 123804 

-.  69531 

+. 36781 

0 

+  281539 

+  155373 

+  .  91004 

+. 59461 

2 

+  106734 

+  207449 

+  .  30763 

+. 72619 

The  values  of  ber„a:  and  bei„a;  are  computed  by 
multiplication  of  the  trial  values  by  the  normal- 
izing factor 


l/(294989-22011^)  =  (.337119  +  .025155^)X10-^ 
obtained  from  the  relation 


Adequate  checks  are  furnished  by  interpolating 
in  Table  9.12  for  ber  1.55  and  bei  1.55,  and  the 
use  of  a  simple  sum  check  on  the  normalization. 

Should  ker„x  and  kei„x  be  required  they  can  be 
computed  by  forward  recurrence  using  formulas 
9.9.14,  taking  the  required  starting  values  for 
n  =  0  and  1  from  Table  9.12  (see  Example  2).  If 
an  independent  check  on  the  recurrence  is  required 
the  asymptotic  expansion  9.10.38  can  be  used. 
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BESSEL    FUNCTIONS 

OF    INTEGER    ORDER 

Table  9.1 

BESSEL  FUNCTIONS— ORDERS  0,  1 

AND 

2 

X 

./o(.';) 

./,(.,•) 

/2(.r) 

0.0 

1.00000 

00000   00000 

0.00000 

00000 

0.00000   00000 

0.1 

0.99750 

15620   66040 

0.04993 

75260 

0.00124  89587 

0.2 

0.99002 

49722   39576 

0.09950 

08326 

0.00498  33542 

0.3 

0.97762 

62465  38296 

0.14831 

88163 

0.01116  58619 

0.4 

0.96039 

82266  59563 

0.19602 

65780 

0. 01973  46631 

0.5 

0.93846 

98072   40813 

0.24226 

84577 

0,03060  40235 

0.6 

0.91200 

48634  97211 

0.28670 

09881 

0,04366  50967 

0.7 

0.88120 

08886  07405 

0.32899 

57415 

0.05878  69444 

0.8 

0.84628 

73527   50480 

0.  36884 

20461 

0,07581   77625 

0.9 

0.80752 

37981   22545 

0.40594 

95461 

0, 09458  63043 

1.0 

0.  76519 

76865   57967 

0.44005 

05857 

0,11490  34849 

1.1 

0.71962 

20185  27511 

0.47090 

23949 

0,13656  41540 

1.2 

0.67113 

27442  64363 

0.49828 

90576 

0,15934  90183 

1.3 

0.62008 

59895  61509 

0.52202 

32474 

0,18302   66988 

1.4 

0.56685 

51203  74289 

0.54194 

77139 

0.20735  58995 

1.5 

0.51182 

76717   35918 

0.  55793 

65079 

0,23208  76721 

1.6 

0.45540 

21676   39381 

0.  56989 

59353 

0.25696  77514 

1.7 

0.39798 

48594  46109 

0.57776 

52315 

0,28173   89424 

1.8 

0.33998 

64110  42558 

0.58151 

69517 

0.30614   35353 

1.9 

0.28181 

85593  74385 

0.58115 

70727 

0,32992   57277 

2.0 

0.22389 

07791   41236 

0.57672 

48078 

0,35283  40286 

2.1 

0.16660 

69803  31990 

0.  56829 

21358 

0,37462   36252 

2.2 

0,11036 

22669   22174 

0.55596 

30498 

0.39505   86875 

2.3 

0.05553 

97844  45602 

0.53987 

25326 

0,41391   45917 

2.4 

+  0.00250 

76832  97244 

0.52018 

52682 

0,43098  00402 

2.5 

-0. 04838 

37764   68198 

0.49709 

41025 

0.44605   90584 

2.6 

-0.  09680 

49543  97038 

0.47081 

82665 

0,45897  28517 

2.7 

-0.14244 

93700  46012 

0.44160 

13791 

0.46956  15027 

2.8 

-0.18503 

60333  64387 

0. 40970 

92469 

0,47768  54954 

2.9 

-0.22431 

15457  91968 

0.  37542 

74818 

0,48322  70505 

3.0 

-0.26005 

19549   01933 

0.33905 

89585 

0.48609  12606 

3.1 

-0.29206 

43476  50698 

0.30092 

11331 

0,48620   70142 

3.2 

-0.32018 

81696  57123 

0.26134 

32488 

0.48352   77001 

3.3 

-0.34429 

62603  98885 

0.22066 

34530 

0,47803  16865 

3.4 

-0.36429 

55967   62000 

0.17922 

58517 

0,46972   25683 

3.5 

-0.38012 

77399  87263 

0.13737 

75274 

0.45862  91842 

3.6 

-0.39176 

89837   00798 

0.  09546 

55472 

0.44480   53988 

3.7 

-0.39923 

02033  71191 

0.05383 

39877 

0,42832   96562 

3.8 

-0.40255 

64101   78564 

+0.01282 

10029 

0,40930  43065 

3.9 

-0.40182 

60148  87640 

-0.02724 

40396 

0,38785  47125 

4.0 

-0.39714 

98098  63847 

-0.06604 

33280 

0,36412   81459 

4.1 

-0.  38866 

96798  35854 

-0.10327 

32577 

0,33829  24809 

4.2 

-0.37655 

70543  67568 

-0.13864 

69421 

0.31053  47010 

4.3 

-0.36101 

11172   36535 

-0.17189 

65602 

0.28105  92288 

4.4 

-0.34225 

67900  03886 

-0,20277 

55219 

0,25008  60982 

4.5 

-0.32054 

25089  85121 

-0.23106 

04319 

0,21784   89837 

4.6 

-0.29613 

78165  74141 

-0.25655 

28361 

0,18459   31052 

4.7 

-0.26933 

07894  19753 

-0,27908 

07358 

0,15057   30295 

4.8 

-0.24042 

53272   91183 

-0.29849 

98581 

0,11605   03864 

4.9 

-0.20973 

83275   85326 

-0.  31469 

46710 

0.08129  15231 

5.0 

-0. 17759 

67713  14338 

-0,  32757 

91376 

0.04656  51163 

(-(-4)6-1 
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Yoix) 


Yiix) 


Y2{X) 


0.0 

—          00 

—         00 

GO 

0.1 

-1.53423 

86514 

-6.45895 

10947 

-127.64478  324 

0.2 

-1.08110 

53224 

-3.32382 

49881 

-  32.15714  456 

0.3 

-0.80727 

35778 

-2.29310 

51384 

-  14.48009  401 

0.4 

-0.60602 

45684 

-1.78087 

20443 

-  8.29833  565 

0.5 

-0.44451 

87335 

-1.47147 

23927 

-  5.44137  084 

0.6 

-0.30850 

98701 

-1.26039 

13472 

-  3.89279  462 

0.7 

-0.19066 

49293 

-1.10324 

98719 

-  2.96147  756 

0.8 

-0.08680 

22797 

-0.97814 

41767 

-  2.35855  816 

0.9 

+0.00562 

83066 

-0.87312 

65825 

-  1.94590  960 

1.0 

0.  08825 

69642 

-0.78121 

28213 

-  1.65068  261 

1.1 

0.16216 

32029 

-0.69811 

95601 

-  1.43147  149 

1.2 

0.22808 

35032 

-0.62113 

63797 

-  1.26331  080 

1.3 

0.28653 

53572 

-0.54851 

97300 

-  1.13041  186 

1.4 

0.  33789 

51297 

-0.47914 

69742 

-  1.02239  081 

1.5 

0.38244 

89238 

-0.41230 

86270 

-  0.93219  376 

1.6 

0.42042 

68964 

-0. 34757 

80083 

-  0.85489  941 

1.7 

0.45202 

70002 

-0.28472 

62451 

-  0.78699  905 

1.8 

0.47743 

17149 

-0.22366 

48682 

-  0.72594  824 

1.9 

0.49681 

99713 

-0.16440 

57723 

-  0.66987  868 

2.0 

0.51037 

56726 

-0.10703 

24315 

-  0.61740  810 

2.1 

0.51829 

37375 

-0.  05167 

86121 

-  0.56751  146 

2.2 

0.52078 

42854 

+  0.  00148 

77893 

-  0.51943  175 

2.3 

0.51807 

53962 

0.05227 

73158 

-  0.47261  686 

2.4 

0.51041 

47487 

0.10048 

89383 

-  0.42667  397 

2.5 

0.49807 

03596 

0.14591 

81380 

-  0.38133  585 

2.6 

0.48133 

05906 

0.18836 

35444 

-  0.33643  556 

2.7 

0.46050 

35491 

0.22763 

24459 

-  0.29188  692 

2.8 

0.43591 

59856 

0.26354 

53936 

-  0.24766  928 

2.9 

0.40791 

17692 

0.29594 

00546 

-  0.20381  518 

3.0 

0.37685 

00100 

0.  32467 

44248 

-  0.16040  039 

3.1 

0.34310 

28894 

0.34962 

94823 

-  0.11753  548 

3.2 

0.30705 

32501 

0.37071 

13384 

-  0.07535  866 

3.3 

0,26909 

19951 

0.38785 

29310 

-  0.03402  961 

3.4 

0.22961 

53372 

0.40101 

52921 

+  0.00627  601 

3.5 

0.18902 

19439 

0.41018 

84179 

0.04537  144 

3.6 

0.14771 

00126 

0.41539 

17621 

0.08306  319 

3.7 

0.10607 

43153 

0.41667 

43727 

0.11915  508 

3.8 

0.  06450 

32467 

0.41411 

46893 

0.15345  185 

3.9 

+  0.02337 

59082 

0.40782 

00193 

0.18576  256 

4.0 

-0.01694 

07393 

0.  39792 

57106 

0.21590  359 

4.1 

-0.05609 

46266 

0.38459 

40348 

0.24370  147 

4.2 

-0.09375 

12013 

0.  36801 

28079 

0.26899  540 

4.3 

-0.12959 

59029 

0.  3^839 

37583 

0.29163  951 

4.4 

-0.16333 

64628 

0.32597 

06708 

0.31150  495 

4.5 

-0.19470 

50086 

0.30099 

73231 

0.32848  160 

4.6 

-0.22345 

99526 

0.27374 

52415 

0.  34247  962 

4.7 

-0.24938 

76472 

0.24450 

12968 

0.35343  075 

4.8 

-0.27230 

37945 

0.21356 

51673 

0.36128  928 

4.9 

-0.29205 

45942 

0.18124 

66920 

0.36603  284 

5.0 

-0.30851 

76252 

0.14786 

31434 

0.36766  288 

2n 
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Table  9.1 

BES 

SEL  Fl 

NOTION  S—ORi 

DERS  0,  1 

IND  2 

X 

J  oil) 

Jiix) 

J2(X) 

5.0 

-0.ni59   67713 

14338 

-0,32757 

91376 

0.04656  51163 

5.1 

-0.14433  47470 

60501 

-0,33709 

72020 

+  0,01213  97659 

5.2 

-0.11029  04397 

90987 

-0, 34322 

30059 

-0.02171  84086 

5.3 

-0.07580  31115 

85584 

-0,34596 

08338 

-0.05474  81465 

5.4 

-0.04121  01012 

44991 

-0.34534 

47908 

-0.08669  53768 

5.5 

-0.00684  38694 

17819 

-0.  34143 

82154 

-0.11731  54816 

5.6 

+  0.  02697  08846 

85114 

-0,33433 

28363 

-0.14637  54691 

5.7 

0.05992  00097 

24037 

-0,32414 

76802 

-0.17365  60379 

5.8 

0. 09170  25675 

74816 

-0,31102 

77443 

-0,19895  35139 

5.9 

0,12203  33545 

92823 

-0.29514 

24447 

-0.22208  16409 

6.0 

0,15064  52572 

50997 

-0,27668 

38581 

-0,24287  32100 

6.1 

0.17729  14222 

42744 

-0.25586 

47726 

-0.26118  15116 

6.2 

0.20174  72229 

48904 

-0.23291 

65671 

-0.27688  15994 

6.3 

0.22381  20061 

32191 

-0.20808 

69402 

-0.28987  13522 

6.4 

0.24331  06048 

23407 

-0.18163 

75090 

-0.30007  23264 

6.5 

0.26009  46055 

81606 

-0. 15384 

13014 

-0.30743  03906 

6.6 

0.27404  33606 

24146 

-0.12498 

01652 

-0.31191  61379 

6.7 

0,28506  47377 

10576 

-0.09534 

21180 

-0.31352  50715 

6.8 

0,29309  56031 

04273 

-0.06521 

86634 

-0.31227  75629 

6.9 

0.29810  20354 

04820 

-0.03490 

20961 

-0.30821  85850 

7.0 

0.30007  92705 

19556 

-0.  00468 

28235 

-0.30141  72201 

7.1 

0.29905  13805 

01550 

+  0.02515 

32743 

-0,29196  59511 

7.2 

0.29507  06914 

00958 

0.  05432 

74202 

-0,27997  97413 

7,3 

0,28821  69476 

35014 

0.08257 

04305 

-0.26559  49119 

7.4 

0,27859  62326 

57478 

0.10962 

50949 

-0,24896  78286 

7.5 

0,26633  96578 

80378 

0.13524 

84276 

-0.23027  34105 

7.6 

0.25160  18338 

49976 

0.15921 

37684 

-0.20970  34737 

7.7 

0.23455  91395 

86464 

0,18131 

27153 

-0.18746  49278 

7.8 

0.21540  78077 

46263 

0,20135 

68728 

-0,16377  78404 

7.9 

0.19436  18448 

41278 

0.21917 

93999 

-0.13887  33892 

8.0 

0.17165  08071 

37554 

0.  23463 

63469 

-0,11299  17204 

8.1 

0.14751  74540 

44378 

0.  24760 

77670 

-0,08637  97338 

8.2 

0.12221  53017 

84138 

0.  25799 

85976 

-0,  05928  88146 

8.3 

0. 09600  61008 

95010 

0.  26573 

93020 

-0.03197  25341 

8.4 

0.06915  72616 

56985 

0.27078 

62683 

-0.00468  43406 

8.5 

0.04193  92518 

42935 

0.27312 

19637 

+0.02232  47396 

8.6 

+  0,01462  29912 

78741 

0,27275 

48445 

0, 04880  33679 

8.7 

-0,01252  27324 

49665 

0.  26971 

90241 

0,07452  71058 

8.8 

-0. 03923  38031 

76542 

0.26407 

37032 

0.09925  05539 

8.9 

-0.06525  32468 

51244 

0.  25590 

23714 

0.12275  93977 

9.0 

-0.09033  36111 

82876 

0.24531 

17866 

0.14484  73415 

9.1 

-0,11423  92326 

83199 

0.23243 

07450 

0.16532  29129 

9.2 

-0,13674  83707 

64864 

0.21740 

86550 

0.18401  11218 

9.3 

-0.15765  51899 

43403 

0.20041 

39278 

0.20075  49594 

9.4 

-0.17677  15727 

51508 

0.18163 

22040 

0.21541  67225 

9.5 

-0.19392  87476 

87422 

0,16126 

44308 

0,22787  91542 

9.6 

-0,20897  87183 

68872 

0.13952 

48117 

0,23804  63875 

9.7 

-0.22179  54820 

31723 

0,11663 

86479 

0.24584  46878 

9.8 

-0,23227  60275 

79367 

0.09284 

00911 

0.25122  29849 

9.9 

-0,24034  11055 

34760 

0.  06836 

98323 

0.25415  31929 

.0.0 

-0,24593  57644 

51348 

0.  04347 

27462 

0.25463  03137 

11 
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BESSEL  FL" 

SCTIONS— 

ORDERS  0,  1 

AND  2 

Table  9.1 

X 

Ko(x) 

Yx{x) 

Y2(X) 

5.0 

-0.30851 

76252 

0.14786 

31434 

O.Jblbb   288 

5.1 

-0.32160 

24491 

0.11373 

64420 

0.36620   498 

5.2 

-0.33125 

09348 

0.07919 

03430 

0.36170   876 

5.3 

-0.33743 

73011 

0.  04454 

76191 

0.35424   772 

5.4 

-0.34016 

78783 

+0.01012 

72667 

0.34391   872 

5.5 

-0.33948 

05929 

-0.02375 

82390 

0.33084   123 

5.6 

-0.  33544 

41812 

-0.  05680 

56144 

0.31515   646 

5.7 

-0.32815 

71408 

-0. 08872 

33405 

0.29702   614 

5.8 

-0.31774 

64300 

-0.11923 

41135 

0.27663   122 

5.9 

-0.30436 

59300 

-0.14807 

71525 

0.25417   029 

6.0 

-0.28819 

46840 

-0.17501 

03443 

0.22985   790 

6.1 

-0.26943 

49304 

-0.  19981 

22045 

0.20392   273 

6.2 

-0.24830 

99505 

-0.22228 

36406 

0.17660   555 

6.3 

-0.22506 

17496 

-0.24224 

95005 

0.14815   715 

6.4 

-0.19994 

85953 

-0.25955 

98934 

0.11883   613 

6.5 

-0.17324 

24349 

-0.27409 

12740 

0.08890   666 

6.6 

-0.14522 

62172 

-0.28574 

72791 

0.05863   613 

6.7 

-0.11619 

11427 

-0.29445 

93130 

+0.  02829   284 

6.8 

-0.08643 

38683 

-0.  30018 

68758 

-0.00185   639 

6.9 

-0.05625 

36922 

-0.  30291 

76343 

-0. 03154   852 

7.0 

-0.02594 

97440 

-0.30266 

72370 

-0.06052   661 

7.1 

+  0.00418 

17932 

-0.29947 

88746 

-0.08854   204 

7.2 

0.03385 

04048 

-0.29342 

25939 

-0.11535   668 

7.3 

0.  06277 

38864 

-0.  28459 

43719 

-0.14074   495 

7.4 

0.09068 

08802 

-0.27311 

49598 

-0.16449   573 

7.5 

0.11731 

32861 

-0.25912 

85105 

-0.18641   422 

7.6 

0.14242 

85247 

-0.24280 

10021 

-0.20632   353 

7.7 

0.16580 

16324 

-0.22431 

84743 

-0.22406   617 

7.8 

0.18722 

71733 

-0.20388 

50954 

-0.23950   540 

7.9 

0.20652 

09481 

-0.18172 

10773 

-0.25252   628 

8.0 

0.22352 

14894 

-0.15806 

04617 

-0.26303   660 

8.1 

0.23809 

13287 

-0.13314 

87960 

-0.27096  757 

8.2 

0.25011 

80276 

-0.10724 

07223 

-0.27627   430 

8.3 

0.25951 

49638 

-0.08059 

75035 

-0.27893   605 

8.4 

0.26622 

18674 

-0.  05348 

45084 

-0.27895   627 

8.5 

0.27020 

51054 

-0.  02616 

86794 

-0.27636  244 

8.6 

0.27145 

77123 

+0.00108 

39918 

-0.27120   562 

8.7 

0.26999 

91703 

0. 02801 

09592 

-0.26355   987 

8.8 

0.26587 

49418 

0.05435 

55633 

-0.25352   140 

8.9 

0.25915 

57617 

0.  07986 

93974 

-0.24120   758 

9.0 

0.24993 

66983 

0.10431 

45752 

-0.22675   568 

9.1 

0.23833 

59921 

0.12746 

58820 

-0.21032   151 

9.2 

0.22449 

36870 

0.14911 

27879 

-0.19207   786 

9.3 

0.20857 

00676 

0.16906 

13071 

-0.17221   280 

9.4 

0.19074 

39189 

0.18713 

56847 

-0.15092   782 

9.5 

0.17121 

06262 

0.20317 

98994 

-0.12843   591 

9.6 

0.15018 

01353 

0.21705 

89660 

-0.10495   952 

9.7 

0.12787 

47920 

0.22866 

00298 

-0.08072   839 

9.8 

0.10452 

70840 

0.23789 

32421 

-0.05597   744 

9.9 

0.08037 

73052 

0.  24469 

24113 

-0.  03094   449 

0.0 

0.  05567 

11673 

0.24901 

54242 

-0.00586   808 

[(-4)41 

8 

"C-4)4"| 
8 

[(-4)41 
6 

9« 

Yn+lix)=—Ynix)-Yn-lix) 
X 
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Table  9.1 

BESSEL  F 

X 

Jo(x) 

10.0 

-0.24593 

57644 

51348 

10.1 

-0.24902 

96505 

80910 

10.2 

-0.24961 

70698 

54127 

10.3 

-0.24771 

68134 

82244 

10.4 

-0.24337 

17507 

14207 

10.5 

-0.  23664 

81944 

62347 

10.6 

-0.22763 

50476 

20693 

10.7 

-0.21644 

27399 

23818 

10.8 

-0.20320 

19671 

12039 

10.9 

-0.18806 

22459 

63342 

11.0 

-0.17119 

03004 

07196 

11.1 

-0.15276 

82954 

35677 

11.2 

-0.13299 

19368 

59575 

11.3 

-0.11206 

84561 

09807 

11.4 

-0.09021 

45002 

47520 

11.5 

-0.  06765 

39481 

11665 

11.6 

-0.04461 

56740 

94438 

11.7 

-0.02133 

12813 

88500 

11.8 

+0.  00196 

71733 

06740 

11.9 

0.02504 

94416 

99590 

12.0 

0.  04768 

93107 

96834 

12.1 

0.06966 

67736 

06807 

12.2 

0.09077 

01231 

70505 

12.3 

0.11079 

79503 

07585 

12.4 

0.12956 

10265 

17502 

12.5 

0.14688 

40547 

00421 

12.6 

0.16260 

72717 

45511 

12.7 

0.17658 

78885 

61499 

12.8 

0.18870 

13547 

80683 

12.9 

0. 19884 

24371 

36331 

13.0 

0.20692 

61023 

77068 

13.1 

0.21288 

81975 

22060 

13.2 

0.21668 

59222 

58564 

13.3 

0.21829 

80903 

19277 

13.4 

0.21772 

51787 

31184 

13.5 

0.21498 

91658 

80401 

13.6 

0.21013 

31613 

69248 

13.7 

0.20322 

08326 

33007 

13.8 

0.19433 

56352 

15629 

13.9 

0.18357 

98554 

57870 

14.0 

0.17107 

34761 

10459 

14.1 

0.15695 

28770 

32601 

14.2 

0.14136 

93846 

57129 

14.3 

0.12448 

76852 

83919 

14.4 

0.10648 

41184 

90342 

14.5 

0.08754 

48680 

10376 

14.6 

0.06786 

40683 

23379 

14.7 

0.  04764 

18459 

01522 

14.8 

0.02708 

23145 

85872 

14.9 

+  0.00639 

15448 

90853 

BESSEL    FUXCTIOXS    OF    INTEGER    ORDER 

BESSEL  FUNCTIONS— ORDERS  0.  1  AND  2 


Ji(x) 

J2(X) 

0. 04347 

27462 

0.25463 

03137 

+0.  01839 

55155 

0.25267 

23269 

-0.00661 

57433 

0.24831 

98653 

-0.03131 

78295 

0.24163 

56815 

-0.  05547 

27618 

0.23270 

39119 

-0. 07885 

00142 

0.22162 

91441 

-0.10122 

86626 

0.20853 

53000 

-0.12239 

94239 

0.19356 

43429 

-0.14216 

65683 

0.17687 

48248 

-0.16034 

96867 

0.15864 

02851 

-0.17678 

52990 

0.13904 

75188 

-0.19132 

82878 

0.11829 

47301 

-0.20385 

31459 

0.09658 

95894 

-0.21425 

50262 

0.07414 

72125 

-0.22245 

05864 

0.  05118 

80816 

-0.  22837 

86207 

0.02793 

59271 

-0.23200 

04746 

+0.00461 

55923 

-0.23330 

02408 

-0.01854 

91017 

-0.23228 

47343 

-0.04133 

74673 

-0.22898 

32497 

-0.06353 

40215 

-0.22344 

71045 

-0.  08493 

04949 

-0.21574 

89734 

-0.10532 

77609 

-0.20598 

20217 

-0.12453 

76677 

-0.19425 

88480 

-0.14238 

47549 

-0.18071 

02469 

-0.15870 

78405 

-0.16548 

38046 

-0.17336 

14634 

-0.14874 

23434 

-0.18621 

71675 

-0.13066 

22290 

-0.19716 

46175 

-0.11143 

15593 

-0.20611 

25359 

-0. 09124 

82522 

-0.21298 

94530 

15.0  -0.01422   44728  26781 


-0. 07031  80521 
-0.04885  24733 
-0.02706  67028 
-0.00517  74806 
+0.01659  90199 

0.03804  92921 
0.05896  45572 
0.07914  27651 
0.09839  05167 
0.11652   48904 

0.13337  51547 
0.14878  43513 
0.16261  07342 
0.17472  90520 
0.18503  16616 

0.19342  94636 

0.19985  26514 

0.20425  12683 

0.20659  55672 

0.20687  61718 

0.20510   40386 
2/i 

Jn  +  l{x)  = Jnix)-Jf,-l{x) 

X 


-0.21774  42642 
-0.22034  65904 
-0.22078  69378 
-0.21907  66588 
-0.21524  77131 

-0.20935  22337 
-0.20146  19030 
-0.19166  71443 
-0.18007  61400 
-0.16681   36842 

-0.15201  98826 
-0.13584  87137 
-0.11846  64643 
-0.10005  00556 
-0. 08078   52766 

-0.06086  49420 
-0.04048  69928 
-0. 01985  25577 
+  0.00083  60053 
0.02137  70688 

0. 04157   16780 


^ 
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BESSEL  FLACTIONS— ORDERS  0,  1  AND  2 

Table  9.1 

X 

Yo{x) 

Fi(x) 

Y2{X) 

10.0 

0.05567 

11673 

0.24901  54242 

-0.00586  808 

10.1 

0.03065 

73806 

0.25084  44363 

+0.01901  478 

10.2 

+  0.00558 

52273 

0.25018  58292 

0, 04347  082 

10.3 

-0.01929 

78497 

0.24706  99395 

0.06727  260 

10.4 

-0.04374 

86190 

0.24155  05610 

0.09020  065 

10.5 

-0.06753 

03725 

0.23370  42284 

0.11204  546 

10.6 

-0.09041 

51548 

0.22362  92892 

0.13260  936 

10.7 

-0.11218 

58897 

0.21144  47763 

0.15170  828 

10.8 

-0.13263 

83844 

0.19728  90905 

0.16917  340 

10.9 

-0.15158 

31932 

0.18131  85097 

0.18485  264 

11.0 

-0.16884 

73239 

0.16370  55374 

0.19861  197 

11.1 

-0.18427 

57716 

0.14463  71102 

0.21033  651 

11.2 

-0.19773 

28675 

0.12431  26795 

0.21993  156 

11.3 

-0.20910 

34295 

0,10294  21889 

0.22732  329 

11.4 

-0.21829 

37073 

0.08074  39654 

0.23245  932 

11.5 

-0.22523 

21117 

0.05794  25471 

0.23530  908 

11.6 

-0.22986 

97260 

0.03476  64663 

0.23586  394 

11.7 

-0.23218 

05930 

+  0.01144  60113 

0.23413  718 

11.8 

-0.23216 

17790 

-0.01178  90120 

0.23016  364 

11.9 

-0.22983 

32139 

-0.03471  14983 

0.22399  935 

12.0 

-0.22523 

73126 

-0.05709  92183 

0.21572  078 

12.1 

-0.21843 

83806 

-0.07873  69315 

0.20542  401 

12.2 

-0.20952 

18128 

-0.09941  84171 

0.19322  371 

12.3 

-0.19859 

30946 

-0.11894  84033 

0.17925  189 

12.4 

-0.18577 

66153 

-0.13714  43766 

0.16365  655 

12.5 

-0.17121 

43068 

-0.15383  82565 

0.14660  019 

12.6 

-0.15506 

41238 

-0.16887  79186 

0.12825  810 

12.7 

-0.13749 

83780 

-0.18212  85528 

0.10881  672 

12.8 

-0.11870 

19463 

-0.19347  38454 

0.08847  166 

12.9 

-0.09887 

03702 

-0.20281  69743 

0.06742  588 

13.0 

-0.07820 

78645 

-0.21008  14084 

0.  04588  765 

13.1 

-0.05692 

52568 

-0.21521  15060 

0.02406  854 

13.2 

-0.03523 

78771 

-0.21817  29066 

+0.00218  138 

13.3 

-0.01336 

34191 

-0.21895  27145 

-0.01956  180 

13.4 

+  0.00848 

02072 

-0.21755  94728 

-0.04095  177 

13.5 

0.03007 

70090 

-0.21402  29303 

-0.06178  411 

13.6 

0.05121 

50115 

-0.20839  36044 

-0.08186  113 

13.7 

0.07168 

83040 

-0.20074  21453 

-0.10099  373 

13.8 

0.09129 

90143 

-0.19115  85095 

-0.11900  315 

13.9 

0.10985 

91895 

-0.17975  09511 

-0.13572  264 

14.0 

0.12719 

25686 

-0.16664  48419 

-0.15099  897 

14.1 

0.14313 

62286 

-0.15198  13335 

-0.16469  386 

14.2 

0.15754 

20895 

-0.13591  58742 

-0.17668  517 

14.3 

0.17027 

82640 

-0.11861  65967 

-0.18686  800 

14.4 

0.18123 

02411 

-0.10026  25924 

-0.19515  560 

14.5 

0.19030 

18912 

-0.08104  20909 

-0.20148  Oil 

14.6 

0.19741 

62858 

-0.06115  05609 

-0.20579  307 

14.7 

0.20251 

63238 

-0.04078  87536 

-0.20806  581 

14.8 

0.20556 

51604 

-0.02016  07059 

-0.20828  958 

14.9 

0.20654 

64347 

+0. 00052  82751 

-0.20647  553 

15.0 

0.20546 

42960 

0.02107  36280 

-0.20265  448 

"(-4i3' 
S 

[(-4)31 

8 

"(-4)3- 
6 

2n 

Fn+i(x)=— y„(x)-r„-,(i) 
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Table  9.1 

BESSEL  FU 

X 

Jo(x) 

15.0 

-0. 

01422 

44728 

26781 

15.1 

-0. 

03456 

18514 

55565 

15.2 

-0. 

05442 

07968 

44039 

15.3 

-0. 

07360 

75449 

51123 

15.4 

-0. 

09193 

62278 

62321 

15.5 

-0. 

10923 

06509 

00050 

15.6 

-0. 

12532 

59640 

22481 

15.7 

-0. 

14007 

02118 

29049 

15.8 

-0. 

15332 

57477 

60686 

15.9 

-0. 

16497 

04994 

85671 

16.0 

-0. 

17489 

90739 

83629 

16.1 

-0. 

18302 

36924 

65310 

16.2 

-0. 

18927 

49469 

77945 

16.3 

-0. 

19360 

23723 

28377 

16.4 

-0. 

19597 

48287 

91007 

16.5 

-0. 

19638 

06929 

36861 

16.6 

-0. 

19482 

78558 

05566 

16.7 

-0. 

19134 

35295 

25189 

16.8 

-0. 

18597 

38653 

47601 

16.9 

-0. 

17878 

33878 

91219 

17.0 

-0. 

16985 

42521 

51184 

17.1 

-0. 

15928 

53315 

32265 

17.2 

-0. 

14719 

11467 

66030 

17.3 

-0. 

13370 

06470 

75764 

17.4 

-0. 

11895 

58563 

36348 

BESSEL  FUNCTIONS— ORDERS  0,  1  AND  2 


17.5  -0.10311   03982   28686 

-4)2- 
11 


[<-if] 


./l(.r) 

0.20510  40386 
0.20131  02204 
0.19554  54359 
0.18787  94498 
0.17840  02717 

0.16721  31804 
0.15443  95871 
0.14021  57469 
0.12469  13334 
0.10802  78901 

0.09039  71757 
0.07197  94186 
0.05296  14991 
0.03353  50765 
+0.01389  46807 

-0.00576  42137 
-0.02524  71116 
-0.04436  24008 
-0.06292  32177 
-0.08074  92543 

-0.09766  84928 
-0.11351  88483 
-0.12814  97057 
-0.14142  33355 
-0.15321  61760 

-0.16341   99694 

Jn+lix)  = —  Jn{x)  -Jn- 1  (x) 


/2(.r) 

0.04157  16780 
0.06122  54568 
0.08015  04595 
0.09816  69502 
0.11510  50943 

0.13080  65451 
0.14512  59111 
0.15793  20904 
0.16910  94608 
0.17855  89133 

0.18619  87209 
0.19196  52352 
0.19581  34037 
0.19771  71056 
0.19766  93020 

0.19568  20004 
0.19178  60351 
0.18603  06671 
0.17848  30061 
0.16922  72631 

0.15836  38412 
0.14600  82733 
0.13229  00182 
0.11735  11285 
0.10134  48016 


0. 


08443   38303 

■(-4)2- 


i'T] 


Table  9.1 


BESSEL  FUNCTIONS— MODULUS  AND  PHASE  OF  ORDERS  0,  1  AND  2 


A(.r)=il/„(.r)  COS  en{x) 


Yn(x}=Mn(x)  sin  e„(,r) 


0.10 
0.09 
0.08 
0.07 
0.06 

0.05 
0.04 
0.03 
0.02 
0,01 


.r'il/oCr) 
0.79739  375 
0.79748  584 
0.79756  868 
0.79764  214 
0.79770   609 

0.79776  040 
0.79780  498 
0.79783  975 
0.79786  463 
0.79787  957 


0.00   0.79788  456 


eo(.r)-.r 

-0.79783  499 

-0.79660  186 

-0.79536  548 

-0.79412  617 

-0.79288  426 

-0.79164  009 

-0.79039  402 

-0.78914  641 

-0.78789  764 

-0.78664  810 


^(-6)1]      p-p4-| 


0.78539  816 

(-7)4- 


,r^Vi(.r) 

0.79936  575 

0.79908  654 

0.79883  586 

0.79861  398 

0.79842  116 

0.79825  761 

0.79812  353 

0.79801  908 

0.79794  438 

0.79789  952 


ei{x)-.r 

-2.31885  508 
-2.32256  201 
-2.32627  732 
-2. 33000  016 
-2.33372  965 

-2.33746  488 

-2.34120  495 

-2.34494  891 

-2.34869  580 

-2.35244  465 


0.79788  456   -2.35619  449 


<.T>= nearest  integer  to  r. 


,r'i/2(.c) 

0.80542  555 

0.80398  367 

0.80269  711 

0.80156  472 

0.80058  549 

0.79975  851 

0.79908  299 

0.79855  829 

0.79818  387 

0.79795  937 


0.79788  456 

■(-5)2 


92(.r)-.r 

-3.73985  605 

-3.75850  527 

-3.77717  539 

-3.79586  377 

-3.81456  786 

-3.83328  521 

-3.85201  346 

-3.87075  034 

-3.88949  363 

-3.90824  117 

-3.92699  082 


f,-5)2]      [(-6)3] 


<X> 

10 
11 
13 
14 
17 

20 
25 
33 
50 
100 
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BESSEL  Ft 

NCTIONS- 

-ORDERS  0. 

1  AND  2 

Table  9.1 

r 

Fofr) 

Yl(r) 

y-jr) 

15.0 
15.1 
15.2 
15.3 
15.4 

0.20546 
0.20234 
0.19722 
0.19018 
0.18128 

42960 
32292 
76821 
15001 
71741 

0.  02107 
0.04127 
0.06093 
0.07985 
0.09786 

36280 
35340 
08736 
51269 
41973 

-0.20265   448 
-0.19687   654 
-0.18921   046 
-0.17974  292 
-0.16857   754 

15.5 
15.6 
15.7 
15.8 
15.9 

0.17064 
0.15837 
0.14459 
0.12947 
0.11315 

49112 
15368 
92412 
41833 
49657 

0.11478 
0.13046 
0.14474 
0.15749 
0.16860 

61425 
07959 
12638 
52835 
64314 

-0.15583   380 
-0.14164   579 
-0.12616   086 
-0.10953   807 
-0.09194   661 

16.0 
16.1 
16.2 
16.3 
16.4 

0.09581 
0.07762 
0.05876 
0.  03944 
0.01985 

09971 
07587 
99918 
98249 
48596 

0.17797 
0,18551 
0.19117 
0.19490 
0.19667 

51689 
97173 
67538 
19240 
01648 

-0.07356   410 
-0.05457  483 
-0.03516   792 
-0.01553   548 
+0.00412   931 

16.5 
16.6 
16.7 
16.8 
16.9 

+0.00018 
-0.01937 
-0.03862 
-0.  05736 
-0.07543 

12325 
53254 
14147 
78596 
15476 

0.19647 
0.19433 
0.19027 
0.  18434 
0.17663 

58378 
26715 
35142 
99015 
14431 

0.02363  402 
0.04278  890 
0.06140   866 
0.07931   428 
0.09633  468 

17.0 
17.1 
17.2 
17.3 
17.4 

-0.  09263 
-0.10881 
-0.12382 
-0.13750 
-0. 14973 

71984 
90473 
24237 
52134 
91883 

0.16720 
0.15617 
0.14365 
0.12978 
0.11470 

50361 
39131 
65362 
53467 
53859 

0.11230   838 
0.12708  500 
0.14052   667 
0.15250   930 
0.16292   372 

17.5 

-0.16041   11925 

-(-4'i2- 
7 

0.09857  27987 

r(-4)2] 

7 

0.17167   666 

rf-4)2' 

6 

Tn^i(x)= —  Tn{r)-Yn-i(r) 


Table  9.1 
BESSEL  FUNCTIONS— ALXIUARY  TABLE  FOR  SMALL  ARGLMENTS 


r 

fl(r) 

f2(r) 

.?• 

/i ''  '■) 

f2(r) 

0.0 

-0.07380   430 

-0.63661   977 

1.0 

0.08825   696 

-0.78121   282 

0.1 

-0.07202   984 

-0.63857   491 

1.1 

0.11849  917 

-0.79936  142 

0.2 

-0. 06672   574 

-0.64437   529 

1.2 

0.15018  546 

-0.81476   705 

0.3 

-0.05794   956 

-0.65382   684 

1.3 

0.18296   470 

-0.82642   473 

0.4 

-0.04579   663 

-0.66660   964 

1.4 

0.21647  200 

-0.83332   875 

0.5 

-0.03039   904 

-0.68228   315 

1.5 

0.25033   233 

-0.83449   074 

0.6 

-0.01192   435 

-0.70029   342 

1.6 

0.28416   437 

-0.82895   780 

0.7 

+  0.00942   612 

-0.71998   221 

1.7 

0.31758   436 

-0.81583   036 

0.8 

0.03341   927 

-0.74059   789 

1.8 

0.35020   995 

-0.79427   978 

0.9 

0.05979   263 

-0.76130   792 

1.9 

0.38166   415 

-0.76356   508 

1.0 

0.08825   696 

-0.78121   282 

2.0 

0.41157  912 

-0.72304   896 

■|-4)4" 
6 

■(-4,5- 
7 

-{-4)2- 
6 

•(-3)1- 
6 

i"o(r)=/i(-')+-'/o('-)  Inr 


Tl{r)=lM^)+lMx)\nr 
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Table  9.2 


BESSEL  FUNCTIONS— ORDERS  3-9 


0.0 
0.2 
0.4 
0.6 
0.8 

1.0 
1.2 
1.4 
1.6 
1.8 

2.0 
2.2 
2.4 
2.6 
2.8 

3.0 
3.2 
3.4 
3.6 
3.8 

4.0 
4.2 
4.4 
4.6 
4.8 

5.0 
5.2 
5.4 
5.6 
5.8 

6.0 
6.2 
6.4 
6.6 
6.8 

7.0 
7.2 
7.4 
7.6 
7.8 

8.0 
8.2 
8.4 
8.6 
8.8 

9.0 
9.2 
9.4 
9.6 
9.8 


(-4 
(-3 
(-3 
(-2 


^3(.r) 

0.0000 

1.6625 

1.3201 

4.3997 

1.0247 


(-2)1.9563 
(-2)3.2874 
(-2)5.0498 
(-2)7.2523 
(-2)9.8802 

0.12894 
0.16233 
0.19811 
0.23529 
0.27270 

0.30906 
0.34307 
0.37339 
0.39876 
0.41803 

0.43017 
0.43439 
0.43013 
0.41707 
0.39521 

0.36483 
0,32652 
0.28113 
0.22978 
0.17382 

0.11477 
+  0.05428 
-0.00591 
-0.06406 
-0.11847 

-0.16756 

-0.20987 
-0.24420 
-0.26958 
-0.28535 

-0.29113 
-0.28692 
-0.27302 
-0.25005 
-0.21896 

-0.18094 

-0.13740 
-0.08997 
-0.04034 
+  0.00970 


0.0000 
(-6)4.1583 
(-5)6.6135 
(-4)3.3147 
(-3)1.0330 

(-3)2.4766 

(-3)5.0227 

-3)9.0629 

-2  1.4995 

-2)2.3197 

(-2)3.3996 
(-2)4.7647 
(-2)6.4307 
(-2)8.4013 
(-1)1.0667 

0.13203 
0.15972 
0.18920 
0.21980 
0.25074 

0.28113 
0.31003 
0.33645 
0.35941 
0.37796 

0.39123 
0.39847 
0.39906 
0.39257 
0.37877 

0.35764 
0.32941 
0.29453 
0.25368 
0.20774 

0.15780 

0.10509 

+  0.05097 

-0.00313 

-0.05572 

-0.10536 
-0.15065 
-0.19033 
-0.22326 
-0.24854 

-0.26547 
-0.27362 
-0.27284 
-0.26326 
-0.24528 


Mr) 
0.0000 
-8)8.3195 
-6)2.6489 
-5)1.9948 
-5)8.3084 


-4)2.4976 
-4)6.1010 
-3)1.2901 
-3)2.4524 
-3)4.2936 

-3)7.0396 
-2)1.0937 
-2)1.6242 
-2  2.3207 
-2)3.2069 

-2)4.3028 
-2)5.6238 
-2)7.1785 
-2)8.9680 
-1)1.0984 

0.13209 
0.15614 
0.18160 
0.20799 
0.23473 

0.26114 
0.28651 
0.31007 
0.33103 
0.34862 

0.36209 
0.37077 
0.37408 
0.37155 
0.36288 

0.34790 
0.32663 
0.29930 
0.26629 
0.22820 

0.18577 

0.13994 

0.09175 

+0.04237 

-0.00699 

-0.05504 

-0.10053 
-0.14224 
-0.17904 
-0.20993 


/6(.r) 
0.0000 
-9)1.3869 
-8)8.8382 
-7)9.9956 
-6)5.5601 


-9)1*.3869   ( 
-8)8.8382   ( 


-5)6.1541 
-4)1.5231 
-4  3.3210 
-4)6.5690 

-3)1.2024 
-3)2.0660 
-3)3.3669 
-3)5.2461 
-3)7.8634 

-2)1.1394 
-2)1.6022 
-2)2.1934 
-2)2.9311 
-2)3.8316 

-2)4.9088 
■2)6.1725 
-2)7.6279 
-2)9.2745 
-1)1.1105 

0.13105 
0.15252 
0.17515 
0.19856 
0.22230 

0.24584 
0.26860 
0.28996 
0.30928 
0.32590 

0.33920 
0.34857 
0.35349 
0.35351 
0.34828 

0.33758 
0.32131 
0.29956 
0.27253 
0.24060 

0.20432 
0.16435 
0.12152 
0.07676 
+  0.03107 


0.0000 
-11)1.9816 

-  9)2.5270 

-  8  4.2907 

-  7)3.1864 


\:t 


(-  6)1.5023 
(-  6)5.3093 
(-  5)1.5366 
(-  5)3.8397 
(-  5)8.5712 


4)1.7494 
4)3.3195 
4)5.9274 
3)1.0054 
3)1.6314 


(- 


(-  3)2.5473 
(-  3)3.8446 
(-  3)5.6301 
(-  3  8.0242 
(-  2)1.1159 

(-  2)1.5176 
(-  2)2.0220 
(-  2)2.6433 
(-  2  3.3953 
(-  2)4.2901 

(-  2)5.3376 
(-  2)6.5447 
(-  2  7.9145 
(-  2)9.4455 
(-  1)1.1131 

0.12959 
0.14910 
0.16960 
0.19077 
0.21224 

0.23358 
0.25432 
0.27393 
0.29188 
0.30762 

0.32059 
0.33027 
0.33619 
0.33790 
0.33508 

0.32746 
0.31490 
0.29737 
0.27499 
0.24797 


Mx) 

0.0000 
-13)2.4774 
■11)6.3210 

-  9)1.6110 

-  8)1.5967 

-  8)9.4223 

-  7)4.0021 

-  6)1.3538 

-  6)3.8744 

-  6)9.7534 

-  5)2.2180 

■  5)4.6434 

-  5)9.0756 

-  4)1.6738 

-  4)2.9367 

-  4)4.9344 

-  4)7.9815 

■  3  1.2482 

■  3)1.8940 

-  3)2.7966 


--l\ 


3)4.0287 
3)5.6739 
3  7.8267 
2)1.0591 
2)1.4079 


1.8405 
2.3689 
3.0044 
3.7577 
4.6381 


-  2)5.6532 

-  2)6.8077 

-  2)8.1035 

-  2)9.5385 

-  1)1.1107 

0.12797 
0.14594 
0.16476 
0.18417 
0.20385 

0.22345 
0.24257 
0.26075 
0.27755 
0.29248 

0.30507 
0.31484 
0.32138 
0.32427 
0.32318 


^9(.r) 

0.0000 
-15)2.7530 
-12)1.4053 
-11  5.3755 
-10)7.1092 

-  9)5.2493 

-  8   2.6788 

-  7)1.0587 
3.4687 
9.8426 


-II 


(-  6)2.4923 
(-  6  5.7535 
(-  5)1.2300 
(-  5  2.4647 
(-  5)4.6719 

(-  5)8.4395 
(-  4)1.4615 
(-  4)2.4382 
(-  4  3.9339 
(-  4)6.1597 

(-  4)9.3860 
(-   3)1.3952 

-  3   2.0275 

-  3)2.8852 

-  3)4.0270 


{-- 


3)5.5203 
3)7.4411 
3  9.8734 
2)1.2907 
2   1.6639 


(-  2)2.1165 
(-  2)2.6585 
(-  2)3.2990 
(-  2)4.0468 
(-  2)4.9093 


i: 


2)5.8921 
2  6.9987 
2)8.2300 
2  9.5839 
1)1.1054 

0.12632 
0.14303 
0.16049 
0.17847 
0.19670 

0.21488 
0.23266 
0.24965 
0.26546 
0.27967 


10.0  0.05838  -0.21960  -0.23406  -0.01446  0.21671  0.31785  0.29186 

Compiled  from  British  Association  for  the  Advancement  of  Science,  Bessel  functions,  Part  II.  Func- 
tions of  positive  integer  order.  Mathematical  Tables,  vol.  X  (Cambridge  Univ.  Press,  Cambridge,  Eng- 
land, 1952)  and  :\Iathematical  Tables  Project,  Table  of  /«(.')  =  /<!(ir) -'-/„(.»).  J.  Math.  Phys.  23,  45-60 
(1944)  (with  permission). 
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0.0 
0.2 
0.4 
0.6 
0.8 

1.0 
1.2 
1.4 
1.6 
1.8 

2.0 
2.2 
2.4 
2.6 
2.8 

3.0 
3.2 
3.4 
3.6 
3.8 

4.0 
4.2 
4.4 
4.6 
4.8 

5.0 
5.2 
5.4 
5.6 
5.8 

6.0 
6.2 
6.4 
6.6 
6.8 

7.0 
7.2 
7.4 
7.6 
7.8 

8.0 
8.2 
8.4 
8.6 
8.8 

9.0 
9.2 
9.4 
9.6 
9.8 


Ys(x) 

—    00 

2) -6.3982 
1) -8.1202 
1) -2.4692 
1) -1.0815 

-5.8215 
-3.5899 
-2.4420 
-1.7897 
-1.3896 

-1.1278 

-0.94591 

-0.81161 

-0.70596 

-0.61736 

-0.53854 
-0.46491 
-0.39363 
-0.32310 
-0.25259 

-0.18202 
-0.11183 
-0.04278 
+0.02406 
0.08751 

0.14627 
0.19905 
0.24463 
0.28192 
0.31001 

0.32825 
0.33622 
0.33383 
0.32128 
0.29909 

0.26808 
0.22934 
0.18420 
0.13421 
0.08106 

+0.02654 
-0.02753 
-0.07935 
-0.12723 
-0.16959 

-0.20509 
-0.23262 
-0.25136 
-0.26079 
-0.26074 


Y,{x) 

—     00 

4) -1.9162 

3) -1.2097 

2) -2.4302 

(1) -7.8751 

(l)-3.3278 

(1)-1.6686 

-9.4432 

-5.8564 

-3.9059 

-2.7659 
-2.0603 
-1.6024 
-1.2927 
-1.0752 

-0.91668 
-0.79635 
-0.70092 
-0.62156 
-0.55227 

-0.48894 
-0.42875 
-0.36985 
-0.31109 
-0.25190 

-0.19214 
-0.13204 
-0.07211 
-0.01310 
+0.04407 

0.09839 
0.14877 
0.19413 
0.23344 
0.26576 

0.29031 
0.30647 
0.31385 
0.31228 
0.30186 

0.28294 
0.25613 
0.22228 
0.18244 
0^13789 

0.09003 
+0.04037 
-0.00951 
-0.05804 
-0.10366 


Y^x) 


a! 


-7.6586 

4114 

3) -3.2156 

2) -7.7670 


-2.6041 
-1.0765 
-5.1519 
-2.7492 
-1.5970 

-9.9360 
-6.5462 
-4.5296 
-3.2716 
-2.4548 

-1.9059 
-1.5260 
-1.2556 
-1.0581 
-0.91009 

-0.79585 
-0.70484 
-0.62967 
-0.56509 
-0.50735 

-0.45369 
-0.40218 
-0.35146 
-0.30063 
-0.24922 

-0.19706 
-0.14426 
-0.09117 
-0.03833 
+0.01357 

0.06370 
0.11119 
0.15509 
0.19450 
0.22854 

0.25640 
0.27741 
0.29104 
0.29694 
0.29495 

0.28512 
0.26773 
0.24326 
0.21243 
0.17612 


Y^ix) 

—     00 

7) -3.8274 
'5) -6.0163 
'4) -5.3351 
13) -9.6300 

3) -2.5708 
2) -8.8041 
'2) -3.5855 
-1.6597 
.4816 


'2)-l!( 


i -4.6914 
1-2.7695 
i -1.7271 
1-1.1290 
-7.6918 

-5.4365 
-3.9723 
-2.9920 
-2.3177 
-1.8427 

-1.5007 

-1.2494 

-1.0612 

-0.91737 

-0.80507 

-0.71525 
-0.64139 
-0.57874 
-0.52375 
-0.47377 

-0.42683 
-0.38145 
-0.33658 
-0.29151 
-0.24581 

-0.19931 
-0.15204 
-0.10426 
-0.05635 
-0.00886 

+  0.03756 
0.08218 
0.12420 
0.16284 
0.19728 

0.22677 
0.25064 
0.26830 
0.27932 
0.28338 


Yiix) 
—  00 
9) -2.2957 
'7) -1.8025 
6) -1.0638 
5) -1.4367 

-3.0589 
-8.6964 
-3.0218 
-1.2173 
-5.4947 

-2.7155 
-1.4452 
-8.1825 
-4.8837 
-3.0510 


m: 


-1.9840 
3370 
9.3044 
-b.bbll 
-4.9090 


-3.7062 
-2.8650 
-2.2645 
-1.8281 
-1.5053 

-1.2629 

-1.0780 

-0.93462 

-0.82168 

-0.73099 

-0.65659 
-0.59403 
-0.53992 
-0.49169 
-0.44735 

-0.40537 
-0.36459 
-0.32416 
-0.28348 
-0.24217 

-0.20006 
-0.15716 
-0.11361 
-0.06973 
-0.02593 

+0.01724 
0.05920 
0.09925 
0.13672 
0.17087 


Yi{x) 

—   00 

11) -1.6066 

8) -6.3027 

'    7) -2.4769 

'    6) -2.5046 

5) -4.2567 
5) -1.0058 
4-2.9859 
4) -1.0485 
3) -4.1889 


-1.8539 
-8.9196 
-4.6004 
-2.5168 
-1.4486 

-8.7150 
-5.4522 
-3.5320 
-2.3612 
-1.6243 


1) -1.1471 
-8.3005 
-6.1442 
-4.6463 
-3.5855 

-2.8209 
-2.2608 
-1.8444 
-1.5304 
-1.2907 

-1.1052 

-0.95990 

-0.84450 

-0.75147 

-0.67521 

-0.61144 
-0.55689 
-0.50902 
-0.46585 
-0.42581 

-0.38767 
-0.35049 
-0.31355 
-0.27635 
-0.23853 

-0.19995 
-0.16056 
-0.12048 
-0.07994 
-0.03928 


Table  9.2 

Fo(x) 

—    00 

13) -1.2850 

10) -2.5193 

8) -6.5943 

7) -4.9949 


-6.7802 
-1.3323 
-3.3823 
-1.0364 
-3.6685 

-1.4560 
-6.3425 
-2.9851 
-1.5000 
-7.9725 

-4.4496 
-2.5924 
-1.5691 
-9.8275 
-6.3483 

-4.2178 
-2.8756 
-2.0078 
-1.4333 
-1.0446 

-7.7639 
-5.8783 
-4.5302 
-3.5510 
-2.8295 

-2.2907 
-1.8831 
-1.5713 
-1.3301 
-1.1414 

-0.99220 
-0.87293 
-0.77643 
-0.69726 
-0.63128 

-0.57528 
-0.52673 
-0.48363 
-0.44440 
-0.40777 

-0.37271 
-0.33843 
-0.30433 
-0.26995 
-0.23499 


10.0 


-0.25136 


-0.14495 


0.13540 


0.28035 


0.20102 


+0.00108 


-0.19930 
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Table  9.2 

B 

ESSEL  FU>( 

:tions— OR 

DERS  3-9 

X 

.h(r) 

JaU) 

.h(.r) 

Je,(r) 

JtU) 

■T^(r) 

./o(.r) 

10.0 

0.05838 

-0.21960 

-0.23406 

-0.  01446 

0.21671 

0.31785 

0.29186 

10.2 

0.10400 

-0.18715 

-0.25078 

-0.05871 

0.18170 

0.30811 

0.30161 

10.4 

0.14497 

-0.14906 

-0.25964 

-0.10059 

0.14358 

0.29386 

0.  30852 

10.6 

0.17992 

-0.10669 

-0.26044 

-0.13901 

0.10308 

0.27515 

0.31224 

10.8 

0.20768 

-0.06150 

-0.25323 

-0.17297 

0.  06104 

0.25210 

0.31244 

11.0 

0.22735 

-0.01504 

-0.23829 

-0.20158 

+  0.01838 

0.22497 

0.30886 

11.2 

0.23835 

+  0.03110 

-0.21614 

-0.22408 

-0.02395 

0.19414 

0.30130 

11.4 

0.24041 

0.  07534 

-0.18754 

-0.23985 

-0.06494 

0.16010 

0.28964 

11.6 

0.23359 

0.11621 

-0.15345 

-0.24849 

-0.10361 

0.12344 

0.  27388 

11.8 

0.21827 

0.15232 

-0.11500 

-0.24978 

-0.13901 

0.  08485 

0.25407 

12.0 

0.19514 

0.18250 

-0. 07347 

-0.24372 

-0.17025 

0.04510 

0.23038 

12.2 

0.16515 

0.20576 

-0.03023 

-0.23053 

-0.19653 

+  0.  00501 

0.20310 

12.4 

0.12951 

0.22138 

+  0.01331 

-0.21064 

-0.21716 

-0.  03453 

0.17260 

12.6 

0.08963 

0.22890 

0.05571 

-0.18469 

-0.23160 

-0.  07264 

0.13935 

12.8 

0.  04702 

0.22815 

0.  09557 

-0.15349 

-0.23947 

-0.10843 

0.10393 

13.0 

+0.00332 

0.21928 

0.13162 

-0.11803 

-0.24057 

-0.14105 

0.06698 

13.2 

-0.  03984 

0.20268 

0.16267 

-0.07944 

-0.23489 

-0.16969 

+  0.02921 

13.4 

-0.  08085 

0.17905 

0.18774 

-0.  03894 

-0.22261 

-0.19364 

-0.  00860 

13.6 

-0.11822 

0.14931 

0.20605 

+  0.00220 

-0.20411 

-0.21231 

-0.04567 

13.8 

-0.15059 

0.11460 

0.21702 

0.  04266 

-0.17993 

-0.22520 

-0.08117 

14.0 

-0.17681 

0.  07624 

0.22038 

0.08117 

-0.15080 

-0.23197 

-0.11431 

14.2 

-0.19598 

+  0.03566 

0.21607 

0.11650 

-0.11762 

-0.23246 

-0. 14432 

14.4 

-0.20747 

-0.00566 

0.20433 

0.14756 

-0.  08136 

-0.22666 

-0.17048 

14.6 

-0.21094 

-0.04620 

0.18563 

0.17335 

-0.04315 

-0.21472 

-0.19216 

14.8 

-0.20637 

-0.08450 

0.16069 

0.19308 

-0.00415 

-0.19700 

-0.20883 

15.0 

-0.19402 

-0.11918 

0.13046 

0.20615 

+  0.  03446 

-0.17398 

-0.22005 

15.2 

-0.17445 

-0.14901 

0.  09603 

0.21219 

0.  07149 

-0.14634 

-0.22553 

15.4 

-0.14850 

-0.17296 

0.05865 

0.21105 

0.10580 

-0.11487 

-0.22514 

15.6 

-0.11723 

-0,19021 

+  0.01968 

0.20283 

0.  13634 

-0.  08047 

-0.21888 

15.8 

-0.08188 

-0.20020 

-0.  01949 

0.18787 

0.16217 

-0. 04417 

-0.20690 

16.0 

-0.  04385 

-0.20264 

-0.  05747 

0.16672 

0.18251 

-0.00702 

-0.18953 

16.2 

-0.00461 

-0.19752 

-0.09293 

0.14016 

0.19675 

+0.02987 

-0.16725 

16.4 

+0.03432 

-0.18511 

-0.12462 

0.10913 

0.  20447 

0.  06542 

-0.14065 

16.6 

0.07146 

-0.16596 

-0.15144 

0.  07473 

0.20546 

0.09855 

-0.11047 

16.8 

0.  10542 

-0. 14083 

-0.17248 

0.  03817 

0.19974 

0.12829 

-0.07756 

17.0 

0.13493 

-0.11074 

-0.18704 

+  0.  00072 

0.18755 

0.15374 

-0.  04286 

17.2 

0.15891 

-0.07685 

-0.19466 

-0. 03632 

0.16932 

0.17414 

-0.00733 

17.4 

0.17651 

-0.04048 

-0.19512 

-0.07166 

0.14570 

0.18889 

+  0.02799 

17.6 

0.18712 

-0.00300 

-0.18848 

-0.10410 

0.11751 

0.19757 

0.06210 

17.8 

0.19041 

+0.03417 

-0.17505 

-0.13251 

0.08571 

0.19993 

0.  09400 

18.0 

0.18632 

0.06964 

-0.15537 

-0. 15596 

0.  05140 

0.19593 

0.12276 

18.2 

0.17510 

0.10209 

-0.13022 

-0.17364 

+0.01573 

0.18574 

0.14756 

18.4 

0.15724 

0.13033 

-0.10058 

-0.18499 

-0.02007 

0.16972 

0.16766 

18.6 

0.13351 

0.15334 

-0.06756 

-0.18966 

-0.  05481 

0. 14841 

0.18247 

18.8 

0.10487 

0.17031 

-0.03240 

-0.18755 

-0.  08731 

0.12253 

0.19159 

19.0 

0.  07249 

0.18065 

+  0.00357 

-0.17877 

-0.11648 

0. 09294 

0. 19474 

19.2 

0.03764 

0.18403 

0.03904 

-0.16370 

-0.14135 

0.06063 

0.19187 

19.4 

+0.00170 

0.18039 

0.07269 

-0.14292 

-0.16110 

+0.02667 

0.18309 

19.6 

-0.  03395 

0.16994 

0.10331 

-0.11723 

-0.17508 

-0.00783 

0.16869 

19.8 

-0.  06791 

0.15313 

0.12978 

-0.  08759 

-0.18287 

-0. 04171 

0.14916 

20.0 

-0.09890 

0.13067 

0.15117 

-0.  05509 

-0. 18422 

-0.07387 

0.12513 

_  5  _ 

'(-3a" 

_  5  _ 

"(-3)1" 
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BESSEL  Fl 

JNCTIONS—ORDERS  3-9 

Table  9.2 

X 

Y^{x) 

Y^{x) 

Yf,{x) 

r6(x) 

K7(X) 

F8(X) 

ro(x) 

10.0 

-0.25136 

-0.14495 

0.13540 

0.  28035 

0.20102 

0.00108 

-0.19930 

10.2 

-0.23314 

-0.18061 

0.09148 

0.27030 

0.22652 

0.  04061 

-0.16282 

10.4 

-0.20686 

-0.20954 

+0.  04567 

0.25346 

0.24678 

0.07874 

-0.12563 

10.6 

-0.17359 

-0.23087 

-0.00065 

0.23025 

0.26131 

0.11488 

-0. 08791 

10.8 

-0.13463 

-0.24397 

-0.  04609 

0.20130 

0.26975 

0.14838 

-0. 04993 

11.0 

-0.09148 

-0.24851 

-0.  08925 

0.16737 

0.27184 

0.17861 

-0.01205 

11.2 

-0.  04577 

-0.24445 

-0.12884 

0.12941 

0.26750 

0.  20496 

+0.02530 

11.4 

+  0.00082 

-0.23203 

-0.16365 

0.  08848 

0.25678 

0.22687 

0.06163 

11.6 

0.  04657 

-0.21178 

-0.19262 

0.04573 

0.23992 

0.  24384 

0.  09640 

11.8 

0.  08981 

-0.18450 

-0.21489 

+  0.  00238 

0.21732 

0.25545 

0.12906 

12.0 

0.12901 

-0.15122 

-0.  22982 

-0.  04030 

0.18952 

0.26140 

0.15902 

12.2 

0.16277 

-0.11317 

-0.  23698 

-0.08107 

0.15724 

0.  26151 

0.18573 

12.4 

0.18994 

-0.  07175 

-0.23623 

-0. 11875 

0.12130 

0.25571 

0.20865 

12.6 

0.20959 

-0. 02845 

-0.22766 

-0.15223 

0.  08268 

0.24409 

0.22728 

12.8 

0.22112 

+0.01518 

-0.21163 

-0.18052 

0.  04240 

0.22689 

0.24122 

13.0 

0.22420 

0.  05759 

-0.18876 

-0.20279 

+  0.00157 

0.20448 

0.25010 

13.2 

0.21883 

0.09729 

-0.15987 

-0.21840 

-0. 03868 

0.17738 

0.  25369 

13.4 

0.  20534 

0.13289 

-0.12600 

-0.22692 

-0.  07722 

0.14625 

0.25184 

13.6 

0.18432 

0.16318 

-0.  08833 

-0.22813 

-0.11296 

0.11185 

0.24454 

13.8 

0.15666 

0.18712 

-0.  04819 

-0.22204 

-0. 14489 

0.07505 

0.23190 

14.0 

0.12350 

0.20393 

-0.00697 

-0.20891 

-0.17209 

+0.03682 

0.21417 

14.2 

0.08615 

0.21308 

+0.03390 

-0.18921 

-0.19380 

-0.00186 

0.19170 

14.4 

0.  04605 

0.21434 

0.  07303 

-0.16363 

-0.20939 

-0.  03994 

0.16501 

14.6 

+0.  00477 

0.20775 

0.10907 

-0.13305 

-0.21842 

-0.07640 

0.13470 

14.8 

-0.03613 

0.19364 

0.14080 

-0. 09850 

-0.  22067 

-0.11024 

0.10149 

15.0 

-0.07511 

0.17261 

0.16717 

-0.06116 

-0.21610 

-0.14053 

0.06620 

15.2 

-0.11072 

0.14550 

0.18730 

-0.02228 

-0.  20489 

-0. 16644 

+0.  02969 

15.4 

-0.14165 

0.11339 

0.20055 

+0.  01684 

-0.18743 

-0.18723 

-0.00710 

15.6 

-0.16678 

0.07750 

0.20652 

0.  05489 

-0.16430 

-0.20234 

-0.  04322 

15.8 

-0.18523 

+0.03920 

0.20507 

0.09059 

-0.13627 

-0.21134 

-0. 07775 

16.0 

-0.19637 

-0.00007 

0. 19633 

0.12278 

-0.10425 

-0.21399 

-0.10975 

16.2 

-0.19986 

-0.  03885 

0.18067 

0.15038 

-0.  06928 

-0.  21025 

-0.13838 

16.4 

-0.19566 

-0.07571 

0. 15873 

0.17250 

-0. 03251 

-0.20025 

-0.16286 

16.6 

-0.18402 

-0.10930 

0.13135 

0.18843 

+  0.00487 

-0.18432 

-0.18253 

16.8 

-0.16547 

-0. 13841 

0.09956 

0.19767 

0.  04164 

-0.16297 

-0. 19685 

17.0 

-0.14078 

-0.16200 

0.06455 

0. 19996 

0.  07660 

-0.13688 

-0.20543 

17.2 

-0.11098 

-0.17924 

+  0.02761 

0.19529 

0. 10864 

-0.10686 

-0.20805 

17.4 

-0.07725 

-0.18956 

-0.  00990 

0. 18387 

0, 13671 

-0. 07387 

-0.  20464 

17.6 

-0.  04094 

-0.19265 

-0. 04663 

0.16616 

0.15991 

-0.  03895 

-0.19533 

17.8 

-0.00347 

-0.18846 

-0.08123 

0.14282 

0.17752 

-0. 00320 

-0.18039 

18.0 

+  0.  03372 

-0.17722 

-0.11249 

0.11472 

0.18897 

+0.03225 

-0.16030 

18.2 

0.06920 

-0.15942 

-0.13928 

0.  08289 

0.19393 

0.  06629 

-0. 13566 

18.4 

0.10163 

-0.13580 

-0.16067 

0.  04848 

0.19229 

0.09782 

-0.10722 

18.6 

0.12977 

-0.10731 

-0.17593 

+0. 01272 

0.18414 

0.12587 

-0.  07586 

18.8 

0.15261 

-0.07506 

-0.  18455 

-0.02310 

0.16980 

0.14955 

-0.  04252 

19.0 

0.16930 

-0.  04031 

-0.18628 

-0.05773 

0.14982 

0.16812 

-0.00824 

19.2 

0.17927 

-0.00440 

-0.18111 

-0.08993 

0.12490 

0.18100 

+  0.02593 

19.4 

0.18221 

+0.03131 

-0.16930 

-0.11857 

0.09595 

0.18782 

0.  05895 

19.6 

0.17805 

0.06546 

-0.15134 

-0.14267 

0.06399 

0.18838 

0. 08979 

19.8 

0.16705 

0.09678 

-0.12794 

-0.16139 

+0.03013 

0.18270 

0.11750 

20.0 

0.14967 

0.12409 

-0.10004 

-0.17411 

-0.00443 

0.17101 

0.14124 

r(-3)n 

5 

"(-3)1- 
_  5  _ 

[(-3)11 
5 

"(-4)9" 

-(-4)9' 
_  5  _ 

"(-4)8- 
_  5   _ 

"(-4)8- 
_  5  _ 
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Table  9.3 

BESSEL 

FUNC 

nONS— ORDEl 

»S  10,  11,  20  AND  21 

.(■ 

101 0.r- 10. /,(,(,•) 

10ii.r-ne/„(.T) 

10-9.rlorio(.r) 

1025.r-20J.2Q(x)  1027  .r-21  J,! 

;.c)  10-2:5 .,20  r2( 

0.0 

2.69114 

446 

1.22324 

748 

-0.11828  049 

3.91990 

9.33311 

-0.406017 

0.1 

2.69053 

290 

1.22299 

266 

-0.11831  335 

3.91944 

9.33205 

-0.406071 

0.2 

2.68869 

898 

1.22222 

850 

-0.11841  200 

3.91804 

9.  32886 

-0.406231 

0.3 

2.68564 

500 

1.22095 

588 

-0.11857  661 

3.91571 

9.32357 

-0.406499 

0.4 

2.68137 

477 

1.21917 

626 

-0.11880  750 

3.91244 

9.31615 

-0.406873 

0.5 

2. 67589 

362 

1.21689 

169 

-0.11910  510 

3.90825 

9. 30663 

-0.407355 

0.6 

2. 66920 

838 

1.21410 

481 

-0.11946  998 

3.90314 

9.29500 

-0.407945 

0.7 

2.66132 

738 

1.21081 

883 

-0.11990  282 

3.89710 

9.28128 

-0.408644 

0.8 

2.65226 

043 

1.20703 

750 

-0.12040  444 

3.89015 

9.26546 

-0.409452 

0.9 

2.64201 

878 

1.20276 

518 

-0.12097  581 

3. 88228 

9.24758 

-0.410369 

1.0 

2.63061 

512 

1.19800 

675 

-0.12161  801 

3.87350 

9.22762 

-0.411397 

1.1 

2.61806 

358 

1.19276 

764 

-0.12233  229 

3. 86383 

9.20562 

-0.412536 

1.2 

2.60437 

963 

1.18705 

385 

-0.12312  002 

3.85325 

9.18157 

-0.413788 

1.3 

2.58958 

012 

1.18087 

185 

-0.12398  273 

3.84179 

9.15550 

-0.415153 

1.4 

2.57368 

323 

1.17422 

867 

-0.12492  212 

3.82945 

9.12743 

-0.416632 

1.5 

2.55670 

842 

1.16713 

182 

-0.12594  004 

3.81624 

9.09737 

-0.418228 

1.6 

2.53867 

639 

1.15958 

931 

-0.12703  852 

3.80216 

9.06534 

-0.419940 

1.7 

2.51960 

907 

1.15160 

961 

-0.12821  977 

3.78723 

9.03137 

-0.421771 

1.8 

2.49952 

955 

1.14320 

168 

-0.12948  616 

3.77146 

8.  99546 

-0.423722 

1.9 

2.47846 

207 

1.13437 

488 

-0.13084  030 

3.75485 

8. 95766 

-0.425795 

2.0 

2.45643 

192 

1.12513 

904 

-0.13228  497 

3.73742 

8.91797 

-0.427992 

2.1 

2.43346 

545 

1.11550 

438 

-0.13382  319 

3.71918 

8.87643 

-0.430315 

2.2 

2.40959 

000 

1.10548 

152 

-0.13545  821 

3.70015 

8.83306 

-0.432764 

2.3 

2.38483 

384 

1.09508 

144 

-0.13719  351 

3.68032 

8.78790 

-0.435344 

2.4 

2.35922 

612 

1.08431 

551 

-0.13903  284 

3.65973 

8.74096 

-0.438056 

2.5 

2.33279 

682 

1.07319 

540 

-0.14098  022 

3.63837 

8.69228 

-0.440902 

2.6 

2.30557 

673 

1.06173 

312 

-0.14303  997 

3.61627 

8.64189 

-0.443885 

2.7 

2.27759 

732 

1.04994 

098 

-0.14521  672 

3.59344 

8. 58981 

-0.447007 

2.8 

2.24889 

074 

1.03783 

155 

-0.14751  543 

3.56989 

8.53609 

-0.450272 

2.9 

2.21948 

976 

1.02541 

767 

-0.14994  141 

3.54564 

8.48076 

-0. 453682 

3.0 

2.18942 

770 

1.01271 

242 

-0.15250  037 

3.52071 

8.42385 

-0.457241 

3.1 

2.15873 

836 

0.99972 

906 

-0.15519  840 

3.49510 

8. 36539 

-0.460951 

3.2 

2.12745 

598 

0.98648 

108 

-0.15804  206 

3.46885 

8.30542 

-0.464816 

3.3 

2. 09561 

517 

0.97298 

213 

-0.16103  836 

3.44195 

8.24397 

-0.468840 

3.4 

2.06325 

085 

0.95924 

599 

-0.16419  482 

3.41444 

8.18110 

-0.473027 

3.5 

2.03039 

820 

0.94528 

659 

-0.16751  951 

3.38633 

8.11682 

-0.477379 

3.6 

1.99709 

260 

0.93111 

794 

-0.17102  110 

3.35763 

8.05119 

-0.481902 

3.7 

1.96336 

956 

0.91675 

415 

-0.17470  889 

3.32837 

7.  98424 

-0.486600 

3.8 

1.92926 

467 

0.90220 

939 

-0.17859  286 

3.29855 

7.91600 

-0.491476 

3.9 

1. 89481 

352 

0.88749 

785 

-0.18268  376 

3.26821 

7.84653 

-0.496537 

4.0 

1.86005 

168 

0.87263 

375 

-0.18699  314 

3.23736 

7.77586 

-0.501786 

4.1 

1.82501 

462 

0.85763 

130 

-0.19153  346 

3.20601 

7.70403 

-0.507229 

4.2 

1.78973 

765 

0.84250 

469 

-0.19631  812 

3.17419 

7.  63108 

-0.512872 

4.3 

1.75425 

588 

0.82726 

806 

-0.20136  159 

3.14192 

7.55707 

-0.518719 

4,4 

1.71860 

416 

0.81193 

548 

-0.20667  950 

3.10921 

7.48202 

-0.524777 

4.5 

1.68281 

701 

0.79652 

093 

-0.21228  873 

3. 07608 

7.40598 

-0.531051 

4,6 

1.  64692 

860 

0.78103 

829 

-0.21820  757 

3.04256 

7.32900 

-0.537549 

4.7 

1,61097 

267 

0.76550 

130 

-0.22445  582 

3.00866 

7.25112 

-0.544276 

4.8 

1.57498 

249 

0.74992 

357 

-0.23105  498 

2.97440 

7.17238 

-0.551240 

4.9 

1.53899 

084 

0.73431 

852 

-0.23802  840 

2.93981 

7. 09282 

-0.558448 

5.0 

1.50302 

991 

0.71869 

942 

-0.24540  147 

2.90490 

7.01250 

-0.565907 

■(-4)2-1 
5 

-(-5)6' 
5 

r(-5)5] 

5 

-(-4)1] 
3 

r(-4)3-| 

3 

[(-5)3- 
3 

2« 

«/«  -L 1  (•»•)  = — Jn  (r)  -  Jn  - 1  (•»•) 


r„+i(.r)=?^r4.r)-r„_,(.,) 


Compiled  from  British  Association  for  the  Advancement  of  Science,  Bessel  functions,  Part  II.  Functions 
of  positive  integer  order,  Mathematical  Tables,  vol.  X  (Cambridge  Univ.  Press,  Cambridge,  England, 
1952),  L.  Fox,  A  short  table  for  Bessel  functions  of  integer  orders  and  large  arguments.  Royal  Society 
Shorter  Mathematical  Tables  Xo.  3  (Cambridge  Univ.  Press,  Cambridge,  England,  1954),  and  Mathe- 
matical Tables  Project,  Table  oi  /„{■')  =  n\(iv)-"J„{.r).  J.  Math.  Phys.  23,  45-60  (1944)  (with  per- 
mission). 
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Table  9.3 


X 

5.0 
5.1 
5.2 
5.3 

5.4 

5.5 
5.6 
5.7 
5.8 
5.9 

6.0 
6.1 
6.2 
6.3 
6.4 

6.5 
6.6 
6.7 
6.8 
6.9 

7.0 
7.1 
7.2 
7.3 
7.4 

7.5 
7.6 
7.7 
7.8 
7.9 

8.0 
8.1 
8.2 
8.3 
8.4 

8.5 
8.6 
8.7 
8.8 
8.9 

9.0 
9.1 
9.2 
9.3 
9.4 

9.5 
9.6 
9.7 
9.8 
9.9 

10.0 


lO'Ox-ioJioCx) 
1.50302  991 
1.46713  132 
1.43132  603 
1. 39564  431 
1.36011  571 

1.32476  904 
1.28963  229 
1.25473  264 
1.22009  642 
1.18574  907 

1.15171  513 

1.11801  822 

1. 08468  098 

1.05172  510 

1.  01917  129 

0.98703  926 
0.95534  769 
0.92411  427 
0.89335  563 
0.86308  740 

0.83332  414 
0.80407  941 
0.77536  570 
0.74719  450 
0.71957  626 

0.69252  040 
0.66603  536 
0.64012  854 
0.61480  640 
0.  59007  439 

0.56593  704 
0.54239  791 
0.51945  967 
0.49712  408 
0.47539  201 

0.45426  352 
0,43373  779 
0.41381  323 
0.  39448  748 
0.37575  740 

0.  35761  917 
0.34006  823 
0.32309  939 
0.  30670  683 
0.29088  411 

0.27562  422 
0.26091  963 
0.24676  227 
0.23314  362 
0.22005  470 


10iia;-iiJii(x) 
0.71869  942 
0.70307  931 
0.68747  104 
0.67188  722 
0.65634  019 

0.64084  205 
0.62540  463 
0.61003  945 
0.59475  774 
0. 57957  041 

0.  56448  805 
0.54952  091 
0.53467  890 
0.51997  158 
0.50540  814 

0.49099  740 
0.47674  781 
0.46266  745 
0.44876  400 
0.43504  477 

0.42151  665 
0.40818  616 
0.39505  943 
0.38214  216 
0.36943  970 

0.35695  696 

0.34469  850 

0.33266  845 

0.32087  058 

0.30930  826 

0.29798  448 
0.28690  187 
0.27606  265 
0.26546  873 
0.25512  162 

0.24502  250 

0.23517  220 

0.22557  121 

0.21621  969 

0.20711  750 

0.19826  418 
0.18965  897 
0.18130  082 
0.17318  839 
0.16532  010 

0.15769  409 
0.15030  825 
0.14316  025 
0.13624  751 
0.12956  726 


0.  20748  611 

■(-5)8 
5 


\}'n    '  \!-n 


0.12311  653 

(-5)3" 
5 


10-i'xiOFio(a:) 

-0.24540  147 
-0.25320  186 
-0.26145  975 
-0.27020  813 
-0.27948  304 

-0.28932  400 
-0.29977  431 
-0.31088  154 
-0.32269  795 
-0.33528  105 

-0. 34869  413 
-0.36300  693 
-0.37829  631 
-0.39464  698 
-0.41215  232 

-0.43091  524 
-0.45104  907 
-0.47267  855 
-0.49594  084 
-0.52098  648 

-0.54798  051 
-0.57710  346 
-0. 60855  234 
-0.64254  159 
-0.67930  390 

-0.71909  088 

-0.76217  356 

-0.80884  258 

-0.85940  807 

-0.91419  914 

-0.97356  279 

-1.03786  231 

-1.10747  485 

-1.18278  826 

-1.26419  685 

-1.35209  608 
-1.44687  598 
-1. 54891  312 
-1.65856  097 
-1.77613  854 

-1.90191  706 
-2.03610  452 
-2.17882  801 
-2.33011  366 
-2.48986  396 

-2.65783  251 

-2.83359  602 
-3.  01652  353 
-3.20574  283 
-3.40010  421 

-3.59814  152 


1025a;-20J2o(j)    10^' X'^^  J2l{x)  10-23x20  72o(x) 


2.90490 
2.86969 
2.83421 
2.79846 
2.76248 

2.72628 
2.68988 
2.65330 
2.61656 
2.57967 

2.54267 
2.50556 
2.46837 
2.43111 
2.39381 

2.35647 
2.31913 
2.28179 
2.24448 
2.20721 

2.17000 
2.13286 
2.09582 
2.05888 
2.02206 

1.98539 
1.94887 
1.91252 
1.87635 
1.84038 

1.80462 
1.76908 
1.73378 
1.69874 
1.66395 

1.62944 
1.59521 
1.56128 
1.52765 
1.49434 

1.46136 
1.42872 
1.39641 
1.36447 
1.33288 

1.30166 
1.27082 
1.24036 
1.21029 
1.18061 

1.15134 


7.  01250 
6.93145 
6.  84971 
6.76734 
6.68437 

6.60085 
6.51682 
6.43233 
6.  34742 
6.26213 

6.17651 
6.  09059 
6.00443 
5.91806 
5.83152 

5.74485 
5.65810 
5.57131 
5.48451 
5.39775 

5.31106 
5.22448 
5.13805 
5.05181 
4.  96579 

4.88002 
4.79455 
4.70940 
4.  62461 
4.54021 

4.45624 
4.37272 
4.  28968 
4.20716 
4.12518 

4.04377 
3.96296 
3.88277 
3.80323 
3.72436 

3.64619 
3. 56873 
3.49201 
3.41606 
3.34088 

3.26651 
3.19294 
3.12022 
3.  04834 
2.97733 

2.90720 


-0.  565907 
-0.573626 
-0.581612 
-0.  589875 
-0.  598423 

-0.607266 
-0.616414 
-0.625876 
-0.635663 
-0. 645788 

-0.656261 
-0.  667094 
-0. 678301 
-0. 689895 
-0.701890 

-0.714300 
-0.727140 
-0.740427 
-0.754178 
-0.768410 

-0.783140 
-0.798389 
-0.814177 
-0.830524 
-0.847452 

-0.  864985 
-0.883147 
-0.901963 
-0.921460 
-0.941665 

-0.962608 
-0.984319 
-1. 006831 
-1.030178 
-1.054394 

-1. 079518 
-1.105589 
-1.132647 
-1.160736 
-1.189902 

-1.220192 
-1.251657 
-1.284351 
-1.318328 
-1.353647 

-1.390372 
-1.428567 
-1.468301 
-1.509646 
-1.552680 

-1.597484 


273-888  0-67— 27 
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Table  9.3 

BESSEL  FL> 

ACTIONS— ORDER 

lS  10,  11,  20  A> 

fD  21 

X 

^io(x) 

Juix) 

r,o(x) 

10253.-207,0(3.) 

1027a:-2i/2i(x) 

10-23x20}'2o(a;) 

10.0 

0.20748  611 

0.12311  653 

-0.35981  415 

1.151337 

2.907199 

-  1.59748 

10.1 

0.21587  417 

0.13041  285 

-0.34383  078 

1.122469 

2.837961 

-  1.64414 

10.2 

0.22413  707 

0.13787  866 

-0.32793  809 

1.094012 

2.769629 

-  1.69275 

10.3 

0.23223  256 

0.14549  509 

-0.31207  433 

1.065970 

2.702215 

-  1.74339 

10.4 

0.24011  699 

0.15324  123 

-0.29618  615 

1.038347 

2.635729 

-  1.79618 

10.5 

0.24774  554 

0.16109  407 

-0.28022  819 

1.011148 

2.570182 

-  1.85121 

10.6 

0.25507  240 

0.16902  861 

-0.26416  276 

0.984374 

2.505582 

-  1.90861 

10.7 

0.26205  109 

0.17701  780 

-0.24795  949 

0.958030 

2.441939 

-  1.96848 

10.8 

0.26863  466 

0.18503  266 

-0.23159  513 

0.932118 

2.379259 

-  2.03097 

10.9 

0.27477  603 

0.19304  230 

-0.21505  324 

0.906639 

2.317550 

-  2.09619 

11.0 

0.28042  823 

0.20101  401 

-0.19832  403 

0.881596 

2.256817 

-  2.16430 

11.1 

0.28554  479 

0.20891  340 

-0.18140  409 

0.  856989 

2.197065 

-  2.23544 

11.2 

0.29007  999 

0.21670  446 

-0.16429  620 

0.832821 

2.138299 

-  2.30977 

11.3 

0.29398  925 

0.22434  974 

-0.14700  917 

0.809092 

2.080523 

-  2.38746 

11.4 

0.29722  944 

0.23181  048 

-0.12955  753 

0.785801 

2.023738 

-  2.46870 

11.5 

0.29975  923 

0.23904  680 

-0.11196  142 

0.762950 

1.967947 

-  2.55367 

11.6 

0.30153  946 

0.24601  789 

-0.  09424  628 

0.740539 

1.913152 

-  2.64257 

11.7 

0.30253  345 

0.25268  218 

-0.07644  263 

0.718565 

1.859352 

-  2.73563 

11.8 

0.30270  737 

0.25899  761 

-0.05858  580 

0.697029 

1.806548 

-  2.83307 

11.9 

0.30203  061 

0.26492  183 

-0.  04071  566 

0.675930 

1.754740 

-  2.93513 

12.0 

0.30047  604 

0.27041  248 

-0.02287  631 

0.655266 

1.703925 

-  3.04208 

12.1 

0.29802  036 

0.27542  744 

-0.00511  577 

0.635035 

1.654102 

-  3.15419 

12.2 

0.29464  445 

0.27992  508 

+  0.01251  441 

0.615236 

1.605267 

-  3.27175 

12.3 

0.29033  357 

0.28386  459 

0.02995  946 

0.595866 

1.557418 

-  3.39509 

12.4 

0.28507  771 

0.28720  623 

0.04716  182 

0.576923 

1.510551 

-  3.52453 

12.5 

0.27887  175 

0.28991  166 

0.  06406  154 

0.558403 

1.464660 

-  3.66044 

12.6 

0.27171  575 

0.29194  422 

0.08059  668 

0.540305 

1.419743 

-  3.80321 

12.7 

0.26361  509 

0.29326  923 

0.09670  381 

0.522625 

1.375791 

-  3.95323 

12.8 

0.25458  064 

0.29385  431 

0.11231  845 

0.505359 

1.332800 

-  4.11095 

12.9 

0.24462  889 

0.29366  968 

0.12737  554 

0.488504 

1.290762 

-  4.27684 

13.0 

0.23378  201 

0.29268  843 

0.14180  995 

0.472056 

1.249671 

-  4.45140 

13.1 

0.22206  793 

0.29088  684 

0.15555  698 

0.456011 

1.209520 

-  4.63518 

13.2 

0.20952  032 

0.28824  464 

0.16855  286 

0.440365 

1.170299 

-  4.82874 

13.3 

0.19617  859 

0.28474  526 

0.18073  529 

0.425114 

1.132001 

-  5.03272 

13.4 

0.18208  776 

0.28037  612 

0.19204  392 

0.410252 

1. 094617 

-  5.24778 

13.5 

0.16729  840 

0.27512  884 

0.20242  090 

0.395776 

1.058137 

-  5.47464 

13.6 

0.15186  646 

0.26899  942 

0.21181  137 

0.381681 

1.022552 

-  5.71407 

13.7 

0.13585  302 

0.26198  851 

0.22016  393 

0.367961 

0.987853 

-  5.96691 

13.8 

0.11932  411 

0.25410  149 

0.22743  118 

0.354612 

0.954028 

-  6.23405 

13.9 

0.10235  036 

0.24534  866 

0.23357  014 

0.341628 

0.921067 

-  6.51646 

14.0 

0.08500  671 

0.23574  535 

0.23854  273 

0.329005 

0. 888960 

-  6.81520 

14.1 

0.  06737  200 

0.22531  197 

0.24231  614 

0.316736 

0.857694 

-  7.13138 

14.2 

0.04952  862 

0.21407  407 

0.24486  329 

0.304816 

0.827260 

-  7.46624 

14.3 

0.03156  199 

0.20206  238 

0.24616  313 

0.293240 

0.797644 

-  7.82110 

14.4 

+  0.01356  013 

0.18931  275 

0.24620  100 

0.282001 

0.768835 

-  8.19739 

14.5 

-0.00438  689 

0.17586  611 

0.24496  888 

0.271095 

0.740821 

-  8.59667 

14.6 

-0.02218  745 

0.16176  836 

0.24246  568 

0.260516 

0.713590 

-  9.02062 

14.7 

-0.03974  898 

0.14707  028 

0.23869  741 

0.250257 

0.687129 

-  9.47109 

14.8 

-0.05697  854 

0.13182  729 

0.23367  730 

0.240312 

0.661426 

-  9.95006 

14.9 

-0.07378  344 

0.11609  931 

0.22742  597 

0.230676 

0.  636467 

-10.  45971 

15.0 

-0.09007  181 

0.09995  048 

0.21997  141 

0.221343 

0.612240 

-11.00239 

■(-4U' 
6 

■(-4ir 

_  5  _ 

"(-4)2' 
6 

"1  -5)0 
3 

"(-411" 
4 

"(-3)4" 

4 
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BESSEL 

FUNCTIONS— ORDERS 

10.   11,  20  AND  21 

Table  9.3 

I 

Jioix) 

Ju(x) 

Fio(x) 

W^'^X--^V2 

o(x) 

1027ar-2iJ2i(x) 

10--'%20K20(X) 

15.0 

-0.09007 

181 

0.  09995 

048 

0.21997 

141 

0.22134 

33 

0.61224 

04 

-   11.0024 

15.1 

-0.10575 

330 

0. 08344 

886 

0.21134 

904 

0.21230 

71 

0.58873 

25 

-  11.5807 

15.2 

-0.12073 

964 

0.  06666 

618 

0.20160 

159 

0.20356 

16 

0.56593 

06 

-   12.1974 

15.3 

-0.13494 

535 

0.  04967 

738 

0.19077 

902 

0.19510 

08 

0.54382 

12 

-   12.8555 

15.4 

-0.14828 

828 

0.03256 

035 

0.17893 

834 

0.18691 

87 

0.52239 

14 

-   13.5585 

15.5 

-0.16069 

032 

+  0.01539 

539 

0.16614 

338 

0.17900 

91 

0.50162 

76 

-   14.3098 

15.6 

-0.17207 

791 

-0.00173 

513 

0.15246 

453 

0.17136 

62 

0.48151 

66 

-  15.1136 

15.7 

-0.18238 

269 

-0.  01874 

731 

0.13797 

838 

0.16398 

38 

0.46204 

52 

-   15.9742 

15.8 

-0.19154 

204 

-0.03555 

621 

0.12276 

733 

0.15685 

60 

0.44319 

99 

-   16.8962 

15.9 

-0.19949 

958 

-0.05207 

632 

0.10691 

918 

0.14997 

67 

0.42496 

74 

-  17.8849 

16.0 

-0.20620 

569 

-0. 06822 

215 

0.09052 

660 

0.14334 

00 

0.40733 

43 

-  18.9460 

16.1 

-0.21161 

797 

-0. 08390 

874 

0.07368 

666 

0.13694 

00 

0.39028 

75 

-   20.0855 

16.2 

-0.21570 

160 

-0.  09905 

224 

0.05650 

016 

0.13077 

08 

0.37381 

35 

-   21.3104 

16.3 

-0.21842 

977 

-0.11357 

046 

0.03907 

110 

0.12482 

65 

0.35789 

93 

-   22.6279 

16.4 

-0.21978 

394 

-0.12738 

344 

0.02150 

600 

0.11910 

14 

0.34253 

16 

-  24.0462 

16.5 

-0.21975 

411 

-0.  14041 

403 

+  0.00391 

319 

0.11358 

96 

0.32769 

75 

-  25.5740 

16.6 

-0.21833 

905 

-0.15258 

841 

-0.01359 

786 

0.10828 

55 

0.31338 

39 

-  27.2209 

16.7 

-0.21554 

637 

-0.16383 

668 

-0.  03091 

729 

0.10318 

34 

0.29957 

78 

-  28.9975 

16.8 

-0.21139 

267 

-0.17409 

338 

-0.04793 

557 

0.09827 

77 

0.28626 

66 

-   30.9150 

16.9 

-0.20590 

350 

-0.18329 

797 

-0.  06454 

431 

0.09356 

30 

0.27343 

76 

-   32.9859 

17.0 

-0.19911 

332 

-0.19139 

539 

-0.08063 

696 

0. 08903 

37 

0.26107 

81 

-  35.2237 

17.1 

-0.19106 

538 

-0.19833 

646 

-0.09610 

960 

0.08468 

45 

0.24917 

57 

-   37.6429 

17.2 

-0.18181 

155 

-0.20407 

831 

-0.11086 

170 

0.08051 

02 

0.23771 

82 

-   40.2594 

17.3 

-0.17141 

203 

-0.20858 

485 

-0.12479 

683 

0. 07650 

53 

0.22669 

32 

-  43. 0904 

17.4 

-0.15993 

505 

-0.21182 

701 

-0.13782 

343 

0.07266 

49 

0.21608 

89 

-  46.1543 

17.5 

-0.14745 

649 

-0.21378 

318 

-0.14985 

544 

0.06898 

37 

0.20589 

33 

-  49.4711 

17.6 

-0.13405 

943 

-0.21443 

935 

-0.16081 

304 

0.06545 

69 

0.19609 

48 

-  53.  0622 

17.7 

-0.11983 

363 

-0.21378 

944 

-0.17062 

321 

0.06207 

96 

0.18668 

17 

-  56.9506 

17.8 

-0.10487 

499 

-0.21183 

538 

-0.17922 

038 

0.05884 

68 

0.17764 

27 

-   61.1611 

17.9 

-0.08928 

492 

-0.20858 

727 

-0.18654 

691 

0.05575 

39 

0.16896 

66 

-   65.7197 

18.0 

-0.07316 

966 

-0.20406 

341 

-0.19255 

365 

0.05279 

63 

0.16064 

24 

-   70.6543 

18.1 

-0.05663 

961 

-0.19829 

032 

-0.19720 

030 

0.04996 

93 

0.15265 

91 

-   75.9946 

18.2 

-0.  03980 

852 

-0.19130 

265 

-0.20045 

582 

0.04726 

85 

0.14500 

62 

-   81.7717 

18.3 

-0.02279 

278 

-0.  18314 

307 

-0.20229 

875 

0. 04468 

96 

0.13767 

32 

-  88.0182 

18.4 

-0.00571 

052 

-0.17386 

213 

-0.20271 

742 

0.04222 

83 

0.13064 

97 

-  94.  7683 

18.5 

+  0.01131 

917 

-0.16351 

793 

-0.20171 

Oil 

0.03988 

04 

0.12392 

57 

-102.0574 

18.6 

0.02817 

711 

-0.15217 

591 

-0.19928 

520 

0.03764 

17 

0.11749 

14 

-109.9219 

18.7 

0.  04474 

490 

-0.13990 

845 

-0.19546 

113 

0.03550 

84 

0.11133 

69 

-118.3992 

18.8 

0.06090 

579 

-0.12679 

446 

-0.19026 

637 

0.03347 

64 

0.10545 

28 

-127.5270 

18.9 

0.07654 

556 

-0.11291 

893 

-0.18373 

930 

0.03154 

21 

0.09982 

98 

-137.3432 

19.0 

0.09155 

333 

-0.09837 

240 

-0.17592 

797 

0.02970 

16 

0. 09445 

89 

-147.8850 

19.1 

0.10582 

247 

-0.08325 

039 

-0.16688 

985 

0.02795 

15 

0.08933 

10 

-159.1885 

19.2 

0.11925 

134 

-0.06765 

283 

-0.15669 

143 

0.02628 

80 

0.08443 

76 

-171.2882 

19.3 

0.13174 

416 

-0.05168 

334 

-0.14540 

785 

0.02470 

79 

0.07977 

01 

-184.2155 

19.4 

0.14321 

168 

-0.  03544 

863 

-0.13312 

231 

0.02320 

78 

0.07532 

03 

-197.9980 

19.5 

0.15357 

193 

-0.01905 

771 

-0.11992 

560 

0.02178 

44 

0.07108 

01 

-212.6582 

19.6 

0.16275 

089 

-0.00262 

120 

-0.10591 

538 

0.02043 

46 

0.06704 

16 

-228.2122 

19.7 

0.17068 

305 

+  0.  01374 

948 

-0.09119 

555 

0.01915 

54 

0.06319 

71 

-244.6678 

19.8 

0.17731 

198 

0.02994 

285 

-0.07587 

548 

0.01794 

37 

0.05953 

92 

-262.0226 

19.9 

0.18259 

079 

0. 04584 

818 

-0.06006 

922 

0.01679 

67 

0.05606 

06 

-280.2622 

20.0 

0.18648 

256 

0.  06135 

630 

-0.04389 

465 

0.01571 

16 

0.05275 

42 

-299.3574 

-(-4)2- 
6 

[(-4)2-1 
6 

■(-4)2" 
G 

"(  -5)H 

4 

r 

4 

■(-1)1" 
_     5      _ 
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Table  9.3 

BESSEL  Fl.NCnO.NS— MODULUS  AM)  PHASE  OF  ORDERS  10,  11,  20  AND  21 

e/,(x)=J/«(r)  COS  «b(x)  Tn(x)=Mn{x)  sin  en(i) 


0.050 
0.048 
0.046 
0.  044 
0.042 

0.040 
0.038 
0.036 
0.034 
0.032 

0.030 
0.028 
0.026 
0.024 
0.022 

0.020 
0.018 
0.016 
0.014 
0.012 


0.010 
0.008 
0.006 
0.004 
0.002 

0.000 


0. 85676  701 
0.85136  682 
0.84633  336 
0.84164  245 
0.83727  251 

0.83320  419 
0.82942  012 
0.82590  472 
0.82264  403 
0.81962  546 

0.81683  775 
0.81427  076 
0.81191  546 
0.80976  370 
0.80780  825 

0.80604  267 

0.80446  127 

0.80305  902 

0,80183  156 

0.80077  512 

0.79988  647 
0.79916  297 
0.79860  244 
0.79820  323 
0.79796  417 


0.79788  456 

-5,1 51 
5 


[T] 


r*Jf20(x) 


0.050 

1.474083 

0.048 

1.320938 

0.046 

1.211667 

0.044 

1.131459 

0.042 

1.070845 

0.040 

1.023762 

0.038 

0.986284 

0.036 

0. 955823 

0.034 

0.930635 

0.032 

0. 909513 

0.030 

0. 891605 

0.028 

0.876293 

0.026 

0.863121 

0.024 

0. 851743 

0.022 

0. 841895 

0.020 

0.833375 

0.018 

0.  826019 

0.016 

0.819702 

0.014 

0.814321 

0.012 

0. 809796 

0.010 

0, 806062 

0.008 

0. 803071 

0.006 

0. 800781 

0.004 

0.799165 

0.002 

0. 798204 

0.000 

0. 797885 

r'-3)5-i 

9]r,(r\-T 

r'MvJ 

r) 

9n(T)-i 

<a-> 

-13.94798  864 

0.  87222 

790 

-14.96756  686 

20 

-14.05389  581 

0,  86513 

271 

-15.09771  672 

21 

-14.15926  984 

0. 85857 

314 

-15.22701  466 

22 

-14.26413  968 

0. 85250 

587 

-15.35552  901 

23 

-14.36853  333 

0, 84689 

281 

-15.48330  635 

24 

-14.47247  807 

0.  84170 

044 

-15.61039  144 

25 

-14.57600  035 

0. 83689 

917 

-15.73682  771 

26 

-14.67912  589 

0.83246 

283 

-15.86265  679 

28 

-14.78187  967 

0. 82836 

826 

-15.98791  896 

29 

-14.88428  611 

0.82459 

496 

-16.11265  291 

31 

-14.98636  880 

0.82112 

469 

-16.23689  620 

33 

-15.08815  085 

0.81794 

133 

-16.36068  504 

36 

-15.18965  477 

0.81503 

056 

-16,48405  469 

38 

-15.29090  253 

0.81237 

970 

-16.60703  912 

42 

-15.39191  569 

0.80997 

751 

-16.72967  149 

45 

-15.49271  527 

0.  80781 

410 

-16.85198  406 

50 

-15.59332  192 

0. 80588 

079 

-16.97400  835 

56 

-15.69375  598 

0.80416 

997 

-17.09577  505 

63 

-15.79403  741 

0.80267 

505 

-17.21731  438 

71 

-15.89418  589 

0. 80139 

036 

-17.33865  590 

83 

-15.99422  093 

0.  80031 

114 

-17.45982  880 

100 

-16.09416  168 

0.79943 

341 

-17.58086  166 

125 

-16.19402  726 

0.79875 

398 

-17.70178  301 

167 

-16.29383  652 

0.79827 

039 

-17.82262  084 

250 

■16.39360  832 

0.79798 

093 

-17.94340  316 

500 

-16.49336  143 

0. 79788 

456 

-18.06415  776 

eo 

'(-o)T 
5 

6 

6 

«20{T)-r 

r^iToiW 

92l(x)-r 

<r> 

-21.  047407 

1.791133 

-21.290925 

20 

■21.606130 

1. 525581 

-21, 927545 

21 

■22.149524 

1. 347435 

-22,550082 

22 

■22.  676802 

1.  224460 

-23.154248 

23 

■23. 188535 

1. 136653 

-23. 738936 

24 

-23.685951 

1. 071741 

-24. 304948 

25 

■24.170500 

1.022171 

-24.853951 

26 

-24.  643620 

0. 983229 

-25, 387848 

28 

-25.106640 

0.951902 

-25. 908478 

29 

■25.  560748 

0. 926211 

-26.417500 

31 

■26.  006988 

0.  904821 

-26.916369 

33 

-26.446280 

0. 886799 

-27. 406346 

36 

■26.879433 

0. 871483 

-27. 888527 

38 

■27.307159 

0. 858385 

-28.  363869 

42 

■27.730098 

0. 847145 

-28.833211 

45 

■28. 148822 

0. 837487 

-29.297299 

50 

-28.  563847 

0.829198 

-29.756800 

56 

■28.975650 

0.822114 

-30.212318 

63 

■29.  384666 

0.816105 

-30. 664405 

71 

■29.  791303 

0.811069 

-31.113569 

83 

■30.195941 

0. 806925 

-31. 560285 

100 

■30.  598942 

0.  803612 

-32.005000 

125 

■31.  000652 

0. 801081 

-32, 448139 

167 

■31.401404 

0.799297 

-32. 890109 

250 

■31.  801522 

0. 798237 

-33. 331307 

500 

-32.201325        0.797885        -33.772121     = 

L    T    J  ['11  ['T]  ["-n 

'  JT,  =nearest  integer  to  x. 

Compiled  from  L.  Fox,  A  short  table  for  Bessel  functions  of  integer  orders  and  large  arguments. 
Royal  Society-  Shorter  Mathematical  Tables  No.  3 1  Cambridge  Univ.  Press,  Cambridge,  England. 
19.54 )  ( with  permission  i . 
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BESSEL  FLXCTIONS— VARIOUS  ORDERS 


Table  9.4 


0 
1 
2 

3 

4 

5 
6 
7 
8 
9 

10 
11 
12 
13 
14 

15 
16 
17 
18 
19 

20 
30 
40 
50 

100 


Jnil) 

(-     1)7.65197  6866 

-     1)4.40050  5857 

(-     1)1. 14903  4849 

(-     2)1.95633  5398 

(-     3)2.47663  8964 

(-     4)2.49757  7302 

5)2.  09383  3800 

6)1.  50232  5817 

8)9.42234  4173 

9)5.24925  0180 

10)2.63061  5124 

11)1.19800  6746 

13)4.99971  8179 

14)1.92561  6764 

16)6.88540  8200 

17)2.29753  1532 

19   7. 18639  6587 

20)2.11537  5568 

22)5.88034  4574 

23)1.54847  8441 

25)3.87350  3009 

42)3.48286  9794 

60)1.10791  5851 

80  2. 90600  4948 


(- 
(- 

(- 


(- 


(- 


(- 
(- 
(- 
(- 


(- 


(- 


Jn{2) 

1)2.23890  7791 

1)5.76724  8078 

1)3.52834  0286 

1)1.28943  2495 

2)3.39957  1981 


3)7.03962 
3)1.20242 
4)1.74944 
5)2.21795 
6)2.49234 


-  7)2.51538 

-  8)2.30428 
(-  9)1.93269 
(-  10  1.49494 
(-  11)1.07294 

(-  13)7.18301 

-  14)4.50600 

-  15  2. 65930 
(-  16)1.48173 
(-  18)7.81924 

(-  19)3.91897 
(-  33)3.65025 
(-  48)1.19607 

-  65)3.22409 


9756 
8972 
0749 
5229 
3435 

6283 
4758 
5149 
2010 
6448 

6356 
5896 
7805 
7249 
3273 

2805 
6266 
7458 
5839 


Jn(5) 

-  1) -1.77596  7713 

-  l)-3. 27579  1376 

-  2)+4.  65651  1628 

-  1)  3.64831  2306 

-  1)  3.91232  3605 


(- 


-  7) 

-  8) 

-  8) 

-  V 

-  10) 


2.61140  5461 

1.31048  7318 

5.33764  1016 

1.84052  1665 

5.52028  3139 

1.46780  2647 

3.50927  4498 

7.62781  3166 

1.52075  8221 

2.80129  5810 

4.79674  3278 

7.67501  5694 

1.15266  7666 

1.63124  4339 

2.18282  5842 


(-189)8.43182  8790 


(-158)1.06095  3112 


(-  11)  2.77033  0052 

(-  21  2.67117  7278 

(-  33)  8.70224  1617 

(-  45)  2.29424  7616 

(-119)  6.26778  9396 


10 
11 
12 
13 
14 

15 
16 
17 
18 
19 

20 
30 
40 
50 


(-  l)-2, 
(-  2U4, 
(-  l)+2, 
(-  2U5, 
(-  l)-2 


Jn(lO) 

45935  7645 
34727  4617 
54630  3137 
83793  7931 
19602  6861 


(-  3)  4. 

(-  3)  1. 

i:  tl  I: 

(-  5)  4. 

(-  5)  1. 

-12  1. 

-21  6. 

-30  1. 


34061 
44588 
16710 
17854 
91855 

07486 
23116 
33702 
89720 
19571 

50797 
56675 
05646 
52442 
31462 

15133 
55109 
03089 
78451 


5282 
4208 
9177 
1268 
6853 

1066 
5280 
5497 
8393 
6324 

3144 
6192 
6697 
4853 
7752 

6925 
6078 
5312 
3608 


J„(50) 

-5.58123  2767 
-9.75118  2813 
-  2) -5. 97128  0079 
(-  2)+9.  27348  0406 
(-  2)+7.  08409  7728 


-  2Uf 

-  2)-<; 


(-  2) -8. 14002 

-  2)-8.  71210 

-  2) +6.  04912 
(-  1)+1.  04058 
(-  2) -2.  71924 

(-  1) -1.13847 

-  2) -1.83466 
(-  1)+1.  05775 
(-  2)+6.  91188 
(-  2) -6.  98335 

(-  1) -1.08225 
(-  3) +4.  89816 

-  1)+1. 11360 
(-  2)+7.  08269 
(-  2) -6.  03650 

(-  1) -1.16704 
(_  2) +4.  84342 

-  1) -1.38176 

-  1)+1.  21409 


4770 
2682 
0126 
5632 
6104 

8491 
7862 
3106 
2768 
2016 

5990 
0778 
4219 
2610 
3508 

3528 
5725 
2812 
0219 


JnilOO) 

-2)+l.  99858  5030 

-2) -7. 71453  5201 

-2-2.15287  5734 

-2)+7.  62842  0172 

-2)+2. 61058  0945 

(-2) -7.  41957  3696 
-2) -3. 35253  8314 
(-2+7.01726  9099 
(-2)+4.  33495  5988 
(-2) -6.  32367  6141 

(-2) -5.  47321  7694 
(-2)+5.  22903  2602 
(-2)+6.  62360  4866 
(-2) -3. 63936  7434 
(-2) -7.  56984  0399 

-2)+l. 51981  2122 
-2+8.02578  4036 
-2)+l.  04843  8769 
-2) -7. 66931  4854 
-2) -3. 80939  2116 

-2) +6.  22174  5850 

-2)+8.  14601  2958 

-2)+7. 27017  5482 

-2) -3. 86983  3973 


100 


(-89)  6.59731  6064 


(-21)+1. 11592  7368 


(-2) +9.  63666  7330 
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BESSEL  FUNCTIONS— VARIOUS  ORDERS 


(-  2 
(-  1 
(  0 
(  0 
(   1 

(  2 

(  3 

(  4 

(  5 

(  6 

(  8 
(  9 
(  10 
(  12 
(  13 

(  14 
(  16 
(  17 
(  19 
(  21 

22 
39 
(  57 
(  77 


+  8. 
-7. 
-1. 
-5. 
-3. 

-2. 
-2. 

-3. 
-4. 
-6. 

-1. 
-2. 

-5. 
-1. 
-3. 

-9. 
-2. 
-8, 
-3. 
-1. 

-4. 
-3. 
-7. 
-2. 


Knd) 

82569  6420 
81212  8213 
65068  2607 
82151  7606 
32784  2303 

60405  8666 
57078  0243 
05889  5705 
25674  6185 
78020  4939 

21618  0143 
42558  0081 
32411  4376 
27536  1870 
31061  6748 

25697  3276 
77378  1366 
86684  3398 
01195  2974 
08341  6386 

11397  0315 
04812  8783 
18487  4797 
19114  2813 


Yni2) 

(-  l)+5. 10375  6726 

(-  1)-1.  07032  4315 

(-  1) -6. 17408  1042 

(   0) -1.12778  3777 

(   0) -2. 76594  3226 


f  tl 


-9.93598  9128 
69140  0242 
(  2) -2.  71548  0254 
(  3)-l.  85392  2175 
(  4) -1.45598  2938 


(185) -3. 77528  7810 


(  5) -1.29184  5422 

(  6) -1.27728  5593 

(  7)-l.  39209  5698 

(  8) -1.65774  1981 

(  9) -2. 14114  3619 

(  10) -2. 98102  3646 

(  11) -4. 45012  4034 

(  12) -7. 09038  8217 

(  14) -1.20091  5873 

(  15) -2. 15455  8183 

(  16) -4. 08165  1389 

(  30-2.91322  3848 

(  45) -6.  66154  1235 

(  62) -1.97615  0576 

(155) -3. 00082  6049 


Yn(0) 

-3.08517  6252 

47863  1434 

-  1) +3. 67662  8826 

-  1)+1. 46267  1627 

-  1) -1.92142  2874 


-l)-3. 
-  1)+1. 


-  1 

-  1 
0 
0) 
0) 

(  1 

1 

(  2 
(  3 
(  3) 

(  4) 
(   5 
(   6 


(  7)- 
(   7i- 

(  8}- 
(  18)- 
(  29)- 
(  42 


1: 


-4.53694  8225 
-7.15247  3576 
-1.26289  8836 
-2.82086  9383 
-7.76388  3188 

-2.51291  1010 
-9.27525  5719 
-3.82982  1416 
-1.74556  1722 
-8.69393  8814 

-4.69404  9564 
-2.72949  0350 
-1.69993  3328 
1.12865  9760 
7.95635  6938 

5.93396  5297 
4.  02856  8418 
9.21681  6571 
2.78883  7017 


^1 


(115) -5. 08486  3915 


0 
1 
2 

3 
4 

5 
6 

7 
8 
9 

10 
11 
12 
13 
14 

15 
16 
17 
18 
19 

20 
30 
40 
50 

100 


+5. 
+2. 
-5. 
-2. 
-1. 

-1-1. 
+2. 
+2. 
+  1. 
-1. 

-3. 
-5. 
-7. 
-1. 
-2. 

-6. 
-1. 
-4. 
-1. 
-4. 


(  3)-l. 

(  9) -7. 

(18)-1. 

27) -3. 


F„(10) 

56711  6730 
49015  4242 
86808  2460 
51362  6572 
44949  5119 


35403 
80352 
01020 
07547 
99299 

59814 
20329 
84909 
36345 
76007 

36474 
63341 
59045 
39741 
57164 

59748 
25614 
36280 
64106 


0477 
5596 
0238 
3712 
2658 

1522 
0386 
7327 
4320 
1499 

5877 
6613 
8575 
4254 
5457 

3848 
2316 
3297 
6502 


Fn(50) 

(-  2) -9.  80649  9600 

(-  2) -5.  67956  6800 

(-  2) -k9.  57931  6928 

(_  2)+6.  44591  2154 

(-  2) -8.  80580  7469 

(-  2) -7.  85484  1349 

(-  2+7.23483  9200 

(-  2)+9.  59120  2757 

(_  2-4.54930  2428 

(-  1) -1.10469  7953 

(-  3)+5.  72389  7953 

-  1) +1.12759  3545 

-  2)+4. 38902  1804 
(-  2) -9.  16920  4986 
(-  2) -9. 15700  8397 

(-  2) +4.  04128  0284 

(-  1+1.15817  7657 

(-  2)+3.  37105  6719 

(-  2) -9.  28945  7999 

(-  1) -1.00594  6648 

(-  2) +1.64426  3476 
(-  1)-1. 16457  2354 
(-  2-4.53080  1034 
(-  1-2.10316  5558 


(85) -4. 84914  8271 


(+18) -3.  29380  0193 


r„(ioo) 

(-2) -7. 72443  1300 
(-2) -2.  03723  1100 
(-2) +7.  68368  6678 
(-2) +2.  34457  8567 
(-2) -7. 54301  1964 

(-2) -2. 94801  9524 
(-2+7.24821  0012 
(-2)+3. 81780  4726 
(-2) -6.  71371  7350 
(-2) -4.  89199  9502 

(-2)+5.  83315  7440 
(-2+6.05863  0990 
(-2) -4.  50025  8622 
(-2) -7. 13869  3059 
(-2) +2.  64419  8427 

(-2) +7.  87906  8618 

-3) -2.  80477  8412 

-2) -7. 96882  1527 

(-2) -2.  42892  1478 

(-2) +7.  09440  9795 

(-2)+5. 12479  7200 

(-3)+6. 13883  8270 

(_2)+4.  07468  5106 

(-2)+7.  65052  6379 

(-1) -1.66921  4112 
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Table  9.5 
ZEROS  AND  ASSOCIATED  VALUES  OF  BESSEL  FUNCTIONS  AND  THEIR  DERIVATIVES 


s 

JO,s 

•/'oO 

0,s) 

Jl.s 

J'\{h,.) 

h." 

■f'2{J2..) 

1 

2.40482  55577 

-0.51914 

74973 

3. 

83171 

-0.40276 

5.13562 

-0.  33967 

2 

5.52007  81103 

+0. 34026 

48065 

7. 

01559 

+0.30012 

8,41724 

+0.27138 

3 

8.65372  79129 

-0,27145 

22999 

10. 

17347 

-0,24970 

11,61984 

-0,23244 

4 

11.79153  44391 

+  0,23245 

98314 

13. 

32369 

+0,21836 

14.79595 

+  0,20654 

5 

14.93091  77086 

-0,20654 

64331 

16. 

47063 

-0.19647 

17.95982 

-0,18773 

6 

18.07106  39679 

+0.18772 

88030 

19. 

61586 

+0.18006 

21.11700 

+0.17326 

7 

21.21163  66299 

-0,17326 

58942 

22. 

76008 

-0, 16718 

24.27011 

-0,16170 

8 

24.35247  15308 

+0,16170 

15507 

25. 

90367 

+0,15672 

27,42057 

+0.15218 

9 

27.49347  91320 

-0.15218 

12138 

29. 

04683 

-0.14801 

30. 56920 

-0.14417 

10 

30,63460  64684 

+0.14416 

59777 

32. 

18968 

+0.14061 

33.71652 

+0,13730 

11 

33.77582  02136 

-0.13729 

69434 

35. 

33231 

-0.13421 

36,86286 

-0,13132 

12 

36.91709  83537 

+0.13132 

46267 

38. 

47477 

+0.12862 

40,00845 

+0,12607 

13 

40.05842  57646 

-0.12606 

94971 

41. 

61709 

-0.12367 

43,15345 

-0,12140 

14 

43.19979  17132 

+0.12139 

86248 

44. 

75932 

+  0.11925 

46.29800 

+0,11721 

15 

46.34118  83717 

-0.11721 

11989 

47. 

90146 

-0.11527 

49.44216 

-0,11343 

16 

49.48260  98974 

+0.11342 

91926 

51. 

04354 

+0.11167 

52.  58602 

+  0.10999 

17 

52.62405  18411 

-0.10999 

11430 

54, 

18555 

-0.10839 

55.72963 

-0.10685 

18 

55.76551  07550 

+0.10684 

78883 

57, 

32753 

+  0.10537 

58.87302 

+0.10396 

19 

58.90698  39261 

-0,10395 

95729 

60. 

46946 

-0.10260 

62.01622 

-0.10129 

20 

62.04846  91902 

+0.10129 

34989 

63. 

61136 

+0,10004 

65.15927 

+0.  09882 

s 

h,s 

J'^iUs,") 

i4,s 

J 

4(J4,..) 

J5,.. 

■/'5(J5,,.) 

1 

6.38016 

-0.29827 

7. 

58834 

-0, 

26836 

8.77148 

-0.24543 

2 

9.76102 

+0.  24942 

11. 

06471 

+0. 

23188 

12.33860 

+0.21743 

3 

13.01520 

-0,21828 

14. 

37254 

-0, 

20636 

15.70017 

-0,19615 

4 

16.22347 

+0, 19644 

17. 

61597 

+0. 

18766 

18.98013 

+0,17993 

5 

19,40942 

-0,18005 

20. 

82693 

-0. 

17323 

22.21780 

-0.16712 

6 

22.58273 

+0.16718 

24. 

01902 

+0. 

16168 

25.43034 

+0.15669 

7 

25,74817 

-0.15672 

27. 

19909 

-0, 

15217 

28.62662 

-0.14799 

8 

28,90835 

+0.14801 

30. 

37101 

+0, 

14416 

31.81172 

+0,14059 

9 

32.06485 

-0.14060 

33. 

53714 

-0. 

13729 

34.98878 

-0,13420 

10 

35.21867 

+0.13421 

36. 

69900 

+0, 

13132 

38.15987 

+0,12861 

11 

38. 37047 

-0.12862 

39. 

85763 

-0, 

12607 

41.32638 

-0,12366 

12 

41,52072 

+0.12367 

43. 

01374 

+0, 

12140 

44.48932 

+  0.11925 

13 

44, 66974 

-0,11925 

46. 

16785 

-0, 

11721 

47.64940 

-0.11527 

14 

47,81779 

+0,11527 

49. 

32036 

+0, 

11343 

50.80717 

+0.11167 

15 

50,96503 

-0.11167 

52. 

47155 

-0, 

10999 

53.96303 

-0.10838 

16 

54.11162 

+0.10839 

55. 

62165 

+0, 

10685 

57.11730 

+  0.10537 

17 

57.25765 

-0.10537 

58. 

77084 

-0. 

10396 

60.27025 

-0.10260 

18 

60,40322 

+0.10260 

61. 

91925 

+0. 

10129 

63.42205 

+0.10003 

19 

63, 54840 

-0.10004 

65. 

06700 

-0. 

09882 

66.57289 

-0,09765 

20 

66,69324 

+0.09765 

68. 

21417 

+0. 

09652 

69.72289 

+0.09543 

J6,. 


•/'(iOe.x) 


•/'rOV..) 


3k  • 


J'sih.) 


1 

9.93611 

-0.22713 

11.08637 

-0,21209 

12.22509 

-0. 19944 

2 

13.58929 

+  0,20525 

14.82127 

+0,19479 

16.03777 

+0.18569 

3 

17.00382 

-0, 18726 

18.28758 

-0,17942 

19,55454 

-0.17244 

4 

20.32079 

+0.17305 

21.64154 

+0,16688 

22.94517 

+0.16130 

5 

23, 58608 

-0.16159 

24.93493 

-0,15657 

26.26681 

-0.15196 

6 

26,82015 

+0.15212 

28.19119 

+0,14792 

29.54566 

+0,14404 

7 

30,03372 

-0.14413 

31.42279 

-0,14055 

32.79580 

-0.13722 

8 

33.23304 

+0,13727 

34. 63709 

+0,13418 

36.  02562 

+  0.13127 

9 

36.42202 

-0,13131 

37.83872 

-0,12859 

39.24045 

-0. 12603 

10 

39.60324 

+  0.12606 

41.03077 

+0.12365 

42.44389 

+0.12137 

11 

42,77848 

-0.12139 

44.21541 

-0.11924 

45.63844 

-0.11719 

12 

45.94902 

+0.11721 

47.39417 

+0.11526 

48.82593 

+0.11342 

13 

49.11577 

-0.11343 

50.56818 

-0.11166 

52. 00769 

-0.10998 

14 

52.27945 

+0.10999 

53.73833 

+0.10838 

55.18475 

+  0.10684 

15 

55.44059 

-0.10685 

56,90525 

-0.10537 

58.  35789 

-0.10395 

16 

58. 59961 

+0.10396 

60. 06948 

+0.10260 

61.52774 

+0.10129 

17 

61,75682 

-0.10129 

63,23142 

-0.10003 

64.69478 

-0.09882 

18 

64.91251 

+0. 09882 

66. 39141 

+  0.09765 

67.85943 

+  0.09652 

19 

68. 06689 

-0. 09652 

69, 54971 

-0.09543 

71.02200 

-0. 09438 

20 

71.22013 

+  0.  09438 

72.70655 

+0.09336 

74.18277 

+0.09237 
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Table  9.3 

ZEROS  AND  ASSOCIATED  VALUES  OF  BESSEL  FUNCTIONS  AND  THEIR  DERIVATIVES 


s 

.'/O,  t 

y'oiyo 

.*) 

.'/I,* 

5^'i(.yi..) 

y2,« 

T'2(y%s) 

1 

0.89357  697 

+0.  87942 

08C 

)     2. 19714 

+0. 52079 

3. 38424 

+0. 39921 

2 

3.95767  842 

-0,40254 

267 

5, 42968 

-0.34032 

6.  79381 

-0.29992 

3 

7.08605  106 

+0.30009 

761 

8.  59601 

+0.27146 

10.02348 

+0.24967 

4 

10.22234  504 

-0.24970 

124 

11.74915 

-0.23246 

13.20999 

-0.21835 

5 

13.36109  747 

+0,21835 

83C 

14. 89744 

+0,20655 

16.37897 

+0. 19646 

6 

16.50092  244 

-0.19646 

494 

18.04340 

-0.18773 

19,53904 

-0.18006 

7 

19.64130  970 

+0.18006 

316 

21,18807 

+  0.17327 

22.69396 

+0.16718 

8 

22.78202  805 

-0,16718 

45C 

24.33194 

-0,16170 

25.84561 

-0.15672 

9 

25.92295  765 

+0,15672 

493 

27.47529 

+  0,15218 

28.99508 

+0,14801 

10 

29.06403  025 

-0,14801 

108 

30.61829 

-0,14417 

32.14300 

-0.14061 

11 

32.20520  412 

+0.14060 

576 

33.76102 

+0,13730 

35.28979 

+0.13421 

12 

35.34645  231 

-0.13421 

123 

36.90356 

-0.13132 

38.43573 

-0.12862 

13 

38.48775  665 

+0.12861 

661 

40. 04594 

+0.12607 

41.58101 

+0.12367 

14 

41,62910  447 

-0,12366 

795 

43.18822 

-0.12140 

44.72578 

-0. 11925 

15 

44.77048  661 

+0,11924 

981 

46.  33040 

+0. 11721 

47.87012 

+0.11527 

16 

47.91189  633 

-0,11527 

369 

49.47251 

-0.11343 

51.  01413 

-0.11167 

17 

51.05332  855 

+  0,11167 

049 

52. 61455 

+0.10999 

54.15785 

+0.10839 

18 

54.19477  936 

-0,10838 

535 

55.75654 

-0.10685 

57.30135 

-0.10537 

19 

57.33624  570 

+0,10537 

405 

58. 89850 

+0.10396 

60.44464 

+0.10260 

20 

60.47772  516 

-0.10260 

057 

62. 04041 

-0.10129 

63.58777 

-0.10004 

*• 

.'/:j. « 

y'3(yz,s) 

.V4.* 

y'4(!j4..) 

Vo,  » 

T'oCVo. ») 

1 

4. 52702 

+0.33256 

5,  64515 

+0.28909 

6.  74718 

+0.25795 

2 

8.  09755 

-0,27080 

9.36162 

-0.24848 

10.59718 

-0.23062 

3 

11.39647 

+0,23232 

12.73014 

+0.21805 

14.03380 

+0.20602 

4 

14. 62308 

-0,20650 

15.99963 

-0.19635 

17.34709 

-0.18753 

5 

17,81846 

+0.18771 

19.22443 

+0.18001 

20.60290 

+0.17317 

6 

20.99728 

-0.17326 

22.42481 

-0.16716 

23.82654 

-0.16165 

7 

24,16624 

+0.16170 

25.61027 

+  0.15671 

27.03013 

+0.15215 

8 

27.32880 

-0.15218 

28. 78589 

-0. 14800 

30,22034 

-0.14415 

9 

30.48699 

+0,14416 

31.95469 

+0.14060 

33.40111 

+0.13729 

10 

33. 64205 

-0.13730 

35.11853 

-0.13421 

36.57497 

-0.13132 

11 

36, 79479 

+0,13132 

38.27867 

+0.12861 

39.74363 

+0.12606 

12 

39.94577 

-0,12607 

41.43596 

-0,12367 

42.90825 

-0.12140 

13 

43.09537 

+0,12140 

44,59102 

+0,11925 

46.  06968 

+0.11721 

14 

46.  24387 

-0.11721 

47.74429 

-0,11527 

49.22854 

-0.11343 

15 

49.39150 

+0. 11343 

50,89611 

+0.11167 

52.38531 

+0.10999 

16 

52.53840 

-0.10999 

54, 04673 

-0.10838 

55.54035 

-0.10685 

17 

55. 68470 

+  0.10685 

57,19635 

+  0.10537 

58. 69393 

+0.10396 

18 

58.83049 

-0.10396 

60,34513 

-0.10260 

61.84628 

-0. 10129 

19 

61.97586 

+0.10129 

63,49320 

+0,10003 

64,99759 

+0. 09882 

20 

65.12086 

-0. 09882 

66, 64065 

-0. 09765 

68.14799 

-0. 09652 

s 

//6.  « 

5"'6(.V6,») 

.»/7.« 

r'70/7.«) 

Vs.* 

r'sCvs. «) 

1 

7. 83774 

+0,23429 

8, 91961 

+0.21556 

9. 99463 

+0.  20027 

2 

11.81104 

-0,21591 

13.00771 

-0.20352 

14.19036 

-0.19289 

3 

15.31362 

+  0,19571 

16. 57392 

+0,18672 

17.81789 

+0.17880 

4 

18. 67070 

-0,17975 

19.97434 

-0,17283 

21.26093 

-0. 16662 

5 

21.95829 

+0.16703 

23.29397 

+0.16148 

24.61258 

+0.15643 

6 

25. 20621 

-0, 15664 

26. 56676 

-0.15206 

27.91052 

-0. 14785 

7 

28,42904 

+0, 14796 

29.80953 

+0. 14409 

31.17370 

+0.14051 

8 

31.63488 

-0.14058 

33.  03177 

-0.13725 

34.41286 

-0.13415 

9 

34.  82864 

+  0.13419 

36.23927 

+0,13130 

37. 63465 

+0.12857 

10 

38.  01347 

-0.12860 

39.43579 

-0,12605 

40. 84342 

-0, 12364 

11 

41.19152 

+0.12366 

42. 62391 

+0.12138 

44. 04215 

+0,11923 

12 

44, 36427 

-0.11924 

45.80544 

-0.11720 

47.23298 

-0,11526 

13 

47,53282 

+0.11527 

48.98171 

+  0.11342 

50.41746 

+  0.11166 

14 

50.69796 

-0.11167 

52.15369 

-0.10999 

53.59675 

-0. 10838 

15 

53.86031 

+  0.10838 

55.32215 

+  0.10684 

56.77177 

+0,10537 

16 

57,02034 

-0.10537 

58.48767 

-0.10396 

59.94319 

-0.10260 

17 

60.17842 

+0.10260 

61.65071 

+  0.10129 

63.11158 

+0.10003 

18 

63. 33485 

-0.10003 

64. 81164 

-0. 09882 

66.27738 

-0.  09765 

19 

66,  48986 

+0.  09765 

67.97075 

+0. 09652 

69.44095 

+  0.  09543 

20 

69, 64364 

-0.  09543 

71.12830 

-0. 09438 

72.60259 

-0,  09336 

I 


BESSEL    FUNCTIONS    OF    INTEGER    ORDER 


411 


Tahle  9.5 
ZEROS  AND  ASSOCIATED  VALUES  OF  BESSEL  FUNCTIONS  AND  THEIR  DERIVATIVES 


Jn, 


•''n(j'(i, 


J  1, 


■/i(/i,.v) 


J  :i, » 


•/:i(/:i,.v) 


J  4, .. 


■hij'A..) 


J  r,, 


■h(j'2..) 


1 

0.00000 

00000 

+1.00000 

00000 

1.84118 

+0.58187 

3.05424 

+0.48650 

2 

3.83170 

59702 

-0.40275 

93957 

5.33144 

-0.34613 

6.70613 

-0.31353 

3 

7.01558 

66698 

+0,30011 

57525 

8.53632 

+0.27330 

9.96947 

+0.25474 

4 

10.17346 

81351 

-0.24970 

48771 

11.70600 

-0.23330 

13,17037 

-0.22088 

5 

13.32369 

19363 

+0.21835 

94072 

14.86359 

+  0.20701 

16,34752 

+0.19794 

6 

16.47063 

00509 

-0.19646 

53715 

18.01553 

-0.18802 

19.51291 

-0.18101 

7 

19.61585 

85105 

+0.18006 

33753 

21.16437 

+0.17346 

22.67158 

+0.16784 

8 

22.76008 

43806 

-0.16718 

46005 

24.31133 

-0.16184 

25.82604 

-0.15720 

9 

25.90367 

20876 

+0.15672 

49863 

27.45705 

+0.15228 

28.97767 

+0.14836 

10 

29.04682 

85349 

-0.14801 

11100 

30.60192 

-0.14424 

32.12733 

-0.14088 

11 

32.18967 

99110 

+0.14060 

57982 

33.74618 

+0.13736 

35.27554 

+0.13443 

12 

35.33230 

75501 

-0.13421 

12403 

36.88999 

-0.13137 

38.42265 

-0.12879 

13 

38.47476 

62348 

+0.12861 

66221 

40.03344 

+0.12611 

41,56893 

+0.12381 

14 

41.61709 

42128 

-0.12366 

79608 

43.17663 

-0.12143 

44.71455 

-0.11937 

15 

44.75931 

89977 

+0.11924 

98120 

46.31960 

+0.11724 

47.85964 

+0.11537 

16 

47.90146 

08872 

-0.11527 

36941 

49.46239 

-0.11345 

51.00430 

-0.11176 

17 

51.04353 

51836 

+0.11167 

04969 

52.60504 

+0.11001 

54.14860 

+0.10846 

18 

54.18555 

36411 

-0.10838 

53489 

55.74757 

-0.10687 

57.29260 

-0.10544 

19 

57.32752 

54379 

+0.10537 

40554 

58.89000 

+  0,10397 

60.43635 

+0,10266 

20 

60.46945 

78453 

-0.10260 

05671 

62.03235 

-0,10131 

63.57989 

-0,10008 

■h(f^^) 


1 

4,20119 

+0.43439 

5.31755 

+0.39965 

6.41562 

+0,37409 

2 

8.01524 

-0.29116 

9.28240 

-0.27438 

10.51986 

-0.26109 

3 

11.34592 

+0.24074 

12.68191 

+0.22959 

13,98719 

+  0.22039 

4 

14.58585 

-0.21097 

15.96411 

-0,20276 

17.31284 

-0.19580 

5 

17.78875 

+0.19042 

19,19603 

+0.18403 

20.57551 

+0,17849 

6 

20.97248 

-0.17505 

22.40103 

-0.16988 

23,80358 

-0,16533 

7 

24.14490 

+0.16295 

25.58976 

+0.15866 

27,01031 

+0.15482 

8 

27.31006 

-0.15310 

28.76784 

-0.14945 

30.20285 

-0.14616 

9 

30.47027 

+0.14487 

31.93854 

+0,14171 

33.38544 

+0.13885 

10 

33,62695 

-0.13784 

35.10392 

-0,13509 

36.56078 

-0.13256 

11 

36.78102 

+0,13176 

38.26532 

+0.12932 

39.73064 

+0.12707 

12 

39.93311 

-0,12643 

41.42367 

-0.12425 

42,89627 

-0.12223 

13 

43.08365 

+0.12169 

44.57962 

+  0.11973 

46.05857 

+0.11790 

14 

46.23297 

-0.11746 

47,73367 

-0.11568 

49.21817 

-0.11402 

15 

49.38130 

+0,11364 

50.88616 

+0.11202 

52.37559 

+0.11049 

16 

52.52882 

-0.11017 

54.03737 

-0.10868 

55.53120 

-0.10728 

17 

55.67567 

+0.10700 

57,18752 

+0.10563 

58.68528 

+0.10434 

18 

58.82195 

-0,10409 

60.33677 

-0,10283 

61.83809 

-0.10163 

19 

61.96775 

+0,10141 

63.48526 

+0.10023 

64.98980 

+0.09912 

20 

65.11315 

-0.09893 

66.63309 

-0.09783 

68.14057 

-0.09678 

1 

2 
3 
4 
5 

6 
7 
8 
9 
10 

11 
12 
13 
14 
15 

16 
17 
18 
19 
20 


J  6.  v 

7.50127 
11.73494 
15.26818 
18,63744 
21.93172 

25.18393 
28.40978 
31.61788 
34.81339 
37.99964 

41,17885 
44.35258 
47.52196 
50.68782 
53,85079 

57.01138 
60.16995 
63.32681 
66.48221 
69.63635 


•/.;(.;•■ 


+0.35414 
-0.25017 
+0.21261 
-0.18978 
+0.17363 

-0.16127 
+  0.15137 
-0.14317 
+  0.13623 
-0.13024 

+  0.12499 
-0.12035 
+  0.11620 
-0.11246 
+0,10906 

-0.10596 
+  0,10311 
-0.10049 
+0,09805 
-0,09579 


J  7.  V 

8,57784 
12,93239 
16,52937 
19,94185 
23,26805 

26.54503 
29.79075 
33.01518 
36.22438 
39.42227 

42.61152 
45.79400 
48.97107 
52.14375 
55.31282 

58,47887 
61,64239 
64,80374 
67,96324 
71.12113 


./7  (./;,.) 

+0.33793 
-0.24096 
+  0.20588 
-0.18449 
+0,16929 

-0.15762 
+0,14823 
-0,14044 
+0,13381 
-0.12808 

+0.12305 
-0.11859 
+0.11460 
-0.11099 
+0.10771 

-0.10471 
+0.10195 
-0.09940 
+0.09704 
-0,09484 


J  s.  v 

9.64742 
14.11552 
17,77401 
21,22906 
24,58720 

27,88927 
31.15533 
34.39663 
37.62008 
40.83018 

44.03001 
47.22176 
50.40702 
53.58700 
56.76260 

59.93454 
63.10340 
66.26961 
69.43356 
72.59554 


■/s(/s,«) 

+0.32438 
-0.23303 
+0.19998 
-0.17979 
+0.16539 

-0.15431 
+0.14537 
-0.13792 
+0.13158 
-0.12608 

+0.12124 
-0.11695 
+0.11309 
-0,10960 
+0.10643 

-0.10352 
+0.10084 
-0.09837 
+0,09607 
-0.09393 
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Table  9.5 

ZEROS  AND  ASSOCIATED  VALLES  OF  BESSEL  Fl  NOTIONS  AND  THEIR  DERIVATIVES 


.V 

.'/'0,s 

5  o(.y  ( 

),.) 

.'/'i..« 

i'.(.'/'...0 

.'/'2,  .. 

>'2(y'2,^) 

1 

2.19714  133 

+0.52078 

641 

3,68302 

+0.41673 

5.00258 

+0.36766 

2 

5.42968  104 

-0.34031 

805 

6.94150 

-0.30317 

8.35072 

-0.27928 

3 

8.59600  587 

+0.27145 

988 

10.12340 

+0.25091 

11.57420 

+0.23594 

4 

11.74915  483 

-0.23246 

177 

13.28576 

-0.21897 

14.76091 

-0.20845 

5 

14.89744  213 

+0.20654 

711 

16.44006 

+0.19683 

17.93129 

+0.18890 

6 

18.04340  228 

-0.18772 

909 

19.59024 

-0.18030 

21.09289 

-0.17405 

7 

21.18806  893 

+0.17326 

604 

22.73803 

+0.16735 

24.24923 

+0.16225 

8 

24.33194  257 

-0.16170 

163 

25.88431 

-0.15684 

27.40215 

-0.15259 

9 

27.47529  498 

+  0.15218 

126 

29.02958 

+0.14810 

30.55271 

+0.14448 

10 

30.61828  649 

-0.14416 

600 

32.17412 

-0.14067 

33.70159 

-0.13754 

11 

33.76101  780 

+0.13729 

696 

35.31813 

+0.13427 

36.84921 

+  0.13152 

12 

36.90355  532 

-0.13132 

464 

38.46175 

-0.12866 

39.99589 

-0.12623 

13 

40.04594  464 

+0.12606 

951 

41.60507 

+  0.12370 

43.14182 

+0.12153 

14 

43.18821  810 

-0.12139 

863 

44.74814 

-0.11928 

46.28716 

-0.11732 

15 

46.33039  925 

+0.11721 

120 

47.89101 

+0.11530 

49.43202 

+0.11352 

16 

49.47250  568 

-0.11342 

920 

51.03373 

-0.11169 

52.57649 

-0.11007 

17 

52.61455  077 

+  0.10999 

115 

54.17632 

+  0.10840 

55.72063 

+0.10692 

18 

55.75654  488 

-0.10684 

789 

57.31880 

-0.10539 

58.86450 

-0.10402 

19 

58.89849  617 

+  0.10395 

957 

60.46118 

+0.10261 

62.00814 

+0.10135 

20 

62.04041  115 

-0.10129 

350 

63.60349 

-0.10005 

65.15159 

-0.09887 

s 

U'i.i 

Y-4>/'x.) 

!/'i.  s 

i'4(.'/'4,«) 

.'/'.=),  s 

nO/'s,.) 

1 

6.25363 

+0.33660 

7.46492 

+0.31432 

8.64956 

+0.29718 

2 

9.69879 

-0.26195 

11.00517 

-0.24851 

12.28087 

-0.23763 

3 

12.97241 

+0.22428 

14.33172 

+0.21481 

15.66080 

+0,20687 

4 

16.19045 

-0.19987 

17.58444 

-0.19267 

18.94974 

-0.18650 

5 

19.38239 

+0.18223 

20.80106 

+0.17651 

22.19284 

+0.17151 

6 

22.55979 

-0.16867 

23.99700 

-0.16397 

25.40907 

-0.15980 

7 

25.72821 

+0.15779 

27.17989 

+0.15384 

28.60804 

+0.15030 

8 

28.89068 

-0.14881 

30.35396 

-0.14543 

31.79520 

-0.14236 

9 

32.04898 

+0.14122 

33.52180 

+0.13828 

34.97389 

+0.13559 

10 

35.20427 

-0.13470 

36.68505 

-0.13211 

38.14631 

-0.12973 

11 

38.35728 

+0.12901 

39.84483 

+0.12671 

41.31392 

+0.12458 

12 

41.50855 

-0.12399 

43.00191 

-0.12193 

44.47779 

-0.12001 

13 

44.65845 

+0.11952 

46.15686 

+0.11765 

47.63867 

+0.11591 

14 

47.80725 

-0.11550 

49.31009 

-0.11380 

50.79713 

-0.11221 

15 

50.95515 

+0.11186 

52.46191 

+0.11031 

53.95360 

+0.10885 

16 

54.10232 

-0.10855 

55.61257 

-0.10712 

57.10841 

-0.10578 

17 

57.24887 

+0.10552 

58.76225 

+0.10420 

60.26183 

+0.10295 

18 

60.39491 

-0.10273 

61.91110 

-0.10151 

63.41407 

-0.10035 

19 

63.54050 

+0.10015 

65.05925 

+0.09901 

66.56530 

+0.09793 

20 

66.68571 

-0.09775 

68.20679 

-0.09669 

69.71565 

-0.09568 

.V 

.'/'fi.  v 

yf,(!/'6..) 

.'/'t.  v 

YtO/'t..) 

.'/'s.  .V 

Yr(u's.A 

1 

9.81480 

+0.28339 

10.96515 

+0.27194 

12.10364 

+0.26220 

2 

13.53281 

-0.22854 

14.76569 

-0.22077 

15,98284 

-0.21402 

3 

16.96553 

+0.20007 

18.25012 

+0.19414 

19.51773 

+0.18891 

4 

20.29129 

-0.18111 

21.61275 

-0.17634 

22.91696 

-0.17207 

5 

23.56186 

+0.16708 

24.91131 

+  0.16311 

26.24370 

+0.15953 

6 

26.79950 

-0.15607 

28.17105 

-0.15269 

29.52596 

-0.14962 

7 

30.01567 

+0.14709 

31.40518 

+0.14417 

32.77857 

+0.14149 

8 

33.21697 

-0.13957 

34.62140 

-0.13700 

36.01026 

-0.13463 

9 

36.40752 

+0.13313 

37.82455 

+0.13085 

39.22658 

+0.12874 

10 

39.59002 

-0.12753 

41.01785 

-0.12549 

42.43122 

-0.12359 

11 

42.76632 

+0.12260 

44.20351 

+0.12076 

45.62678 

+0.11904 

12 

45.93775 

-0.11822 

47.38314 

-0.11654 

48,81512 

-0.11497 

13 

49.10528 

+0.11428 

50.55791 

+0.11275 

51.99761 

+0.11131 

14 

52.26963 

-0.11072 

53.72870 

-0.10931 

55.17529 

-0.10798 

15 

55.43136 

+0.10748 

56.89619 

+0.10618 

58.34899 

+0.10494 

16 

58.59089 

-0.10451 

60.06092 

-0.10330 

61.51933 

-0.10216 

17 

61.74857 

+  0.10177 

63.22331 

+0.10065 

64.68681 

+0.09958 

18 

64.90468 

-0.09925 

66.38370 

-0.09820 

67.85185 

-0.09720 

19 

68.05943 

+0.09690 

69.54237 

+0.09592 

71.01478 

+0.09498 

20 

71.21301 

-0.09471 

72.69955 

-0.09379 

74.17587 

-0.09291 
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Table  9.6 


X 

Jo{JQ,xX) 

JoiJo,^^ 

/o(io,:f»:) 

JoIJoaX^ 

Jo(Jo,^x) 

0.00 

1.00000 

1.00000 

1.00000 

1.00000 

1.00000 

0.02 

0.99942 

0.99696 

0.99253 

0.98614 

0.97783 

0.04 

0.99769 

0.98785 

D.  97027 

0.94515 

0.91280 

0.06 

0.99480 

0.97276 

0.93373 

0.87872 

0.80920 

0.08 

0.99077 

0.95184 

0.  88372 

0.  78961 

0.  67388 

0.10 

0.98559 

0.92526 

0.82136 

0.68146 

0.51568 

0.12 

0.97929 

0.89328 

0.74804 

0.55871 

0.34481 

0.14 

0.97186 

0.85617 

3.66537 

0.42632 

0.17211 

0.16 

0.96333 

0.81429 

0.57518 

0.28958 

+0.00827 

0.18 

0.95370 

0.76800 

0.47943 

0.15386 

-0.13693 

0.20 

0.94300 

0.71773 

0.  38020 

+  0.02438 

-0.25533 

0.22 

0.93124 

0.66392 

3.27960 

-0.09404 

-0.34090 

0.24 

0.  91844 

0.60706 

0.17976 

-0.19716 

-0.39013 

0.26 

0.90463 

0.54766     + 

0.08277 

-0.28155 

-0.40225 

0.28 

0.88982 

0.48623 

3.  00942 

-0.  34466 

-0.37917 

0.30 

0.87405 

0.42333 

0.09498 

-0.38498 

-0.32527 

0.32 

0.85734 

0.35950 

D.  17226 

-0.40207 

-0.24698 

0.34 

0.83972 

0.29529 

3.23986 

-0.39653 

-0.15223 

0.36 

0.82122 

0.23126 

3.29664 

-0.36998 

-0.04980 

0.38 

0.80187 

0.16795 

3.34171 

-0.32493 

+0.05137 

0.40 

0.78171 

0.10590     -( 

3.37453 

-0.26467 

0.14293 

0.42 

0.76077 

+0.04562 

3.39482 

-0.19304 

0.21767 

0.44 

0.73908 

-0.01240 

3.40264 

-0.11431 

0.27011 

0.46 

0.71669 

-0.06769 

3.39835 

-0.03289 

0.29684 

0.48 

0.69362 

-0.11983     -( 

3.38259 

+  0.04684 

0.29671 

0.50 

0.66993 

-0.16840 

3.35628 

0.12078 

0.27086 

0.52 

0.64565 

-0.21306 

3.32056 

0.18527 

0.22252 

0.54 

0.62081 

-0.25349 

3.27678 

0.23725 

0.15667 

0.56 

0.59547 

-0.28941 

3.22648 

0.27445 

+0.07960 

0.58 

0.56967 

-0.32062 

3.17130 

0.29541 

-0.00168 

0.60 

0.54345 

-0. 34692     -( 

3.11295 

0.29959 

-0.08007 

0.62 

0.51685 

-0.36821 

3.05320 

0.28731 

-0.14891 

0.64 

0.48992 

-0.38441     + 

3.00622 

0.25977 

-0.20259 

0.66 

0.46270 

-0.39551      ( 

3.06363 

0.21892 

-0.23697 

0.68 

0.43524 

-0.40152      ( 

3.11745 

0.16735 

-0.24965 

0.70 

0.40758 

-0.40255 

3.16625 

0.10814 

-0.24019 

0.72 

0.37977 

-0.39871 

3.20878 

+0.04470 

-0.21003 

0.74 

0.35186 

-0.39019      ( 

3.24399 

-0.  01945 

-0.16237 

0.76 

0.32389 

-0.37721 

3.27107 

-0.  08082 

-0.10179 

0.78 

0.29591 

-0.36003      ( 

3.28945 

-0.13618 

-0.03389 

0.80 

0.26796 

-0.33896 

3.29882 

-0.18270 

+0.03525 

0.82 

0.24009 

-0.31433 

3.29915 

-0.21808 

0.09960 

0.84 

0.21234 

-0.28652 

3.29063 

-0.24067 

0.15369 

0.86 

0.18476 

-0.25591 

3.27374 

-0.24957 

0.19306 

0.88 

0.15739 

-0.22293 

3.24914 

-0.24461 

0.21464 

0.90 

0.13027 

-0.18800 

3.21774 

-0.22637 

0.21694 

0.92 

0.10346 

-0.15157 

3.18059 

-0.19613 

0.20021 

0.94 

0.07698 

-0.11411      ( 

3.13891 

-0.15580 

0.16630 

0.96 

0.05089 

-0.07605 

3.  09399 

-0.10779 

0.11854 

0.98 

0.02521 

-0.03787 

3.04722 

-0.05486 

0.06138 

1.00 

0.00000 

0.  00000 

3.00000 

0.00000 

0.00000 

From  ? 

3 
:.  T.  Goodwin 

4  J 

and  J.  Staton,  Ta 

-(-3)2- 
5 

ole  of  J()(j 

"(-3)3" 
.") 

o.„r),  Quart.  J. 

"(-3).-," 
6 
Mech.  Appl 

Math.  1,  220-224  (1948 1  (with  permission). 
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Table  9.7 

BESSE 

L  FUNCTIONS 

5— MISCELLWE 

OUS  ZEROS 

s»''  Zero  of  xJ \  {x)-\Jo (x) 

X\S 

1 

2 

3 

4 

5 

0.00 

0.0000 

3.8317 

7.0156 

10.1735 

13.3237 

0.02 

0.1995 

3.8369 

7.0184 

10.1754 

13.3252 

0.04 

0.2814 

3. 8421 

7.0213 

10.1774 

13.3267 

0.06 

0.3438 

3.  8473 

7. 0241 

10.1794 

13.3282 

0.08 

0.3960 

3.8525 

7.0270 

10.1813 

13.3297 

0.10 

0.4417 

3.8577 

7.  0298 

10.1833 

13.3312 

0.20 

0.6170 

3.  8835 

7. 0440 

10.1931 

13.3387 

0.40 

0.8516 

3.9344 

7.0723 

10.2127 

13.3537 

0.60 

1.0184 

3.  9841 

7.1004 

10.2322 

13.3686 

0.80 

1.1490 

4. 0325 

7.1282 

10.2516 

13.3835 

1.00 

1.2558 

4. 0795 

7.1558 

10.2710 

13.3984 

x-i\s 

1 

2 

3 

4 

5 

<x> 

1.00 

1.2558 

4.0795 

7.1558 

10.2710 

13.3984 

1 

0.80 

1.3659 

4.1361 

7.1898 

10.2950 

13.4169 

1 

0.60 

1.5095 

4.2249 

7.2453 

10.3346 

13.4476 

2 

0.40 

1.7060 

4.3818 

7.3508 

10.4118 

13.5079 

3 

0.20 

1.9898 

4.7131 

7.6177 

10.^223 

13.6786 

5 

0.10 

2.1795 

5.  0332 

7.9569 

10.9363 

13.9580 

10 

0.08 

2.2218 

5.1172 

8.  0624 

11.0477 

14.  0666 

13 

0.06 

2.2656 

5.2085 

8.1852 

11.1864 

14.2100 

17 

0.04 

2.3108 

5.3068 

8.  3262 

11.3575 

14.3996 

25 

0.02 

2.3572 

5.4112 

8.4840 

11.5621 

14.6433 

50 

0.00 

2.4048 

5.5201 

8.6537 

11.7915 

14.9309 

CO 

s'l"  Zero  of  Ji  {x)—\xJo{x) 


X\S 

1 

2 

3 

4 

5 

0.5 

0.0000 

5.1356 

8.4172 

6198 

14. 

7960 

0.6 

1.1231 

5.2008 

8.4569 

6486 

14. 

8185 

0.7 

1.4417 

5.  2476 

8.4853 

6691 

14. 

8346 

0.8 

1.6275 

5.  2826 

8.5066 

6845 

14. 

8467 

0.9 

1.7517 

5.3098 

8.5231 

6964 

14. 

8561 

1.0 

1.8412 

5.  3314 

8.5363 

7060 

14. 

8636 

X-i\s 

1 

2 

3 

4 

5 

<x> 

1.00 

1.8412 

5. 

3314 

8. 

5363 

7060 

14. 

8636 

1 

0.80 

1.9844 

5. 

3702 

8. 

5600 

7232 

14. 

8771 

1 

0.60 

2.1092 

5. 

4085 

8. 

5836 

7404 

14. 

8906 

2 

0.40 

2.2192 

5. 

4463 

8. 

6072 

7575 

14. 

9041 

3 

0.20 

2.3171 

5. 

4835 

8. 

6305 

7745 

14. 

9175 

5 

0.10 

2.3621 

5. 

5019 

8. 

6421 

7830 

14. 

9242 

10 

0.08 

2.3709 

5. 

5055 

8. 

6445 

7847 

14. 

9256 

13 

0.06 

2.3795 

5. 

5092 

8. 

6468 

7864 

14. 

9269 

17 

0.04 

2.3880 

5. 

5128 

8. 

6491 

7881 

14. 

9282 

25 

0.02 

2.3965 

5. 

5165 

8. 

6514 

7898 

14. 

9296 

50 

0.00 

2.4048 

5. 

5201 

8. 

6537 

7915 

14. 

9309 

CO 

<X>  =  nearest  integer  to  X. 

Compiled  from  H.  S.  Carslaw  and  J.  C.  Jaeger,  Conduction  of  heat  in  solids  (Oxford 
Univ.  Press,  London,  England,  1947)  and  British  Association  for  the  Advancement 
of  Science,  Bessel  functions,  Part  I.  Functions  of  orders  zero  and  unity,  Math- 
ematical Tables,  vol.  VI  (Cambridge  Univ.  Press,  Cambridge,  England,  1950)(v\'ith 
permission). 
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BESSE 

L  FUNCTIONS 

—MISCELLANEOUS  ZEROS              Tabl 

e9.7 

sti'  Zero  of  Jo  (x)  Fo(Xx)  -  F„(j;)  Jo  (Xx) 

x-»\s 

1 

2 

3 

4 

5 

<x> 

0.80 

12.55847  031 

25.12877 

37.  69646 

50.26349 

62.83026 

1 

0.60 

4.69706   410 

9.41690 

14.13189 

18.84558 

23.55876 

2 

0.40 

2.07322   886 

4.17730 

6.27537 

8.37167 

10.46723 

3 

0.20 

0.76319  127 

1.55710 

2. 34641 

3.13403 

3.92084 

5 

0.10 

0.33139   387 

0.68576 

1.03774 

1.38864 

1.73896 

10 

0.08 

0.25732   649 

0.53485 

0.81055 

1. 08536 

1.35969 

13 

0.06 

0.18699  458 

0.39079 

0.59334 

0.79522 

0.99673 

17 

0.04 

0.12038   637 

0.25340 

0.38570 

0.51759 

0.64923 

25 

0.02 

0.05768  450 

0.12272 

0.18751 

0.25214 

0.31666 

50 

0.00 

0.00000   000 

0.00000 

0.00000 

0.00000 

0.00000 

00 

s"'  Zero  of  J 

^  (X)  7,  (XX)  -  F, 

(x)Ji(Xx) 

X-1\S 

1 

2 

3 

4 

5 

<x> 

0.80 

12.59004   151 

25.14465 

37.70706 

50.27145 

62.83662 

1 

0.60 

4.75805   426 

9.44837 

14.15300 

18.86146 

23.57148 

2 

0.40 

2.15647   249 

4.22309 

6.30658 

8.39528 

10.48619 

3 

0.20 

0.84714  961 

1.61108 

2.38532 

3.16421 

3.94541 

5 

0.10 

0.39409  416 

0.73306 

1. 07483 

1.41886 

1.76433 

10 

0.08 

0.31223   576 

0.57816 

0.84552 

1.  11441 

1.  38440 

13 

0.06 

0.23235   256 

0.42843 

0.62483 

0.82207 

1.02001 

17 

0.04 

0.15400   729 

0.28296 

0.41157 

0.54044 

0. 66961 

25 

0.02 

0.07672   788 

0.14062 

0.20409 

0.26752 

0.33097 

50 

0.00 

0.00000   000 

0.00000 

0.00000 

0.00000 

0.00000 

00 

s"^  Zeroof  Ji(x)Fo(Xx)-Fi 

(x)Jo(Xx) 

x-i\s 

1 

2 

3 

4 

5 

<x> 

*        0.80 

6.56973   310 

18.94971 

31.47626 

44. 02544 

56.58224 

1 

*        0.60 

2.60328   138 

7.16213 

11.83783 

16.53413 

21.23751 

2 

0.40 

1.24266   626 

3.22655 

5.  2&885 

7.36856 

9.45462 

3 

0.20 

0.51472   663 

1.24657 

2.00959 

2.78326 

3.56157 

5 

0.10 

0.24481   004 

0.57258 

0.90956 

1.25099 

1.59489 

10 

0.08 

0.19461   772 

0.45251 

0.71635 

0.98327 

1.  25203 

13 

0.06 

0.14523   798 

0.33597 

0.53005 

0.72594 

0.92301 

17 

0.04 

0.09647   602 

0.22226 

0.34957 

0.47768 

0.60634 

25 

0.02 

0.04813   209 

0.11059 

0.17353 

0.23666 

0.29991 

50 

0.00 

0.00000   000 

0.00000 

0.00000 

0.00000 

0.00000 

00 

<X>  =  nearest  integer  to  X. 

Compiled  from  British  Association  for  the  Advancement  of  Scienbe,  Bessel  func- 
tions, Part  I.  Functions  of  orders  zero  and  unity,  Mathematical  Tables,  vol.  VI 
(Cambridge  Univ.  Press,   Cambridge,  England,  1950)  (with  permission). 
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Table  9.8 

MODIFIED  BESSEL 

Ft  NtllONS— ORDER 

<  0.   1   AND  2 

X 

f-'hd) 

^-^1 

iW 

r-n.2(r) 

0.0 

1. 00000 

00000 

0. 00000 

00000 

0.12500  00000 

0.1 

0.  90710 

09258 

0, 04529 

84468 

0,12510  41992 

0.2 

0.  82693 

85516 

0.  08228 

31235 

0.12541   71878 

0.3 

0. 75758 

06252 

0.11237 

75606 

0,12594  01407 

0.4 

0.69740 

21705 

0. 13676 

32243 

0.12667   50222 

0.5 

0.64503 

52706 

0.15642 

08032 

0,12762   45967 

0.6 

0.59932 

72031 

0.17216 

44195 

0,12879   24416 

0.7 

0.55930 

55265 

0.18466 

99828 

0.13018  29658 

0.8 

0.52414 

89420 

0. 19449 

86933 

0.13180   14318 

0.9 

0.49316 

29662 

0.20211 

65309 

0.13365   39819 

1.0 

0.  46575 

96077 

0. 20791 

04154 

0.13574   76698 

1.1 

0.  44144 

03776 

0.21220 

16132 

0.13809  04952 

1.2 

0,41978 

20789 

0.21525 

68594 

0.14069  14455 

1.3 

0.40042 

49127 

0.21729 

75878 

0,14356  05405 

1.4 

0. 38306 

25154 

0. 21850 

75923 

0,14670  88837 

1.5 

0.36743 

36090 

0.21903 

93874 

0,15014   87192 

1.6 

0,  35331 

49978 

0.21901 

94899 

0,15389   34944 

1.7 

0.34051 

56880 

0.21855 

28066 

0,15795   79288 

1.8 

0.32887 

19497 

0.21772 

62788 

0,16235   80900 

1.9 

0. 31824 

31629 

0.  21661 

19112 

0.16711   14772 

2.0 

0. 30850 

83225 

0.21526 

92892 

0.17223   71119 

2.1 

0.29956 

30945 

0.21374 

76721 

0,17775   56370 

2.2 

0.29131 

73331 

0.21208 

77328 

0,18368  94251 

2.3 

0.28369 

29857 

0.21032 

30051 

0.19006   26964 

2.4 

0. 27662 

23231 

0,  20848 

10887 

0.19690   16460 

2.5 

0.27004 

64416 

0.20658 

46495 

0,20423  45837 

2.6 

0.26391 

39957 

0.  20465 

22544 

0.21209   20841 

2.7 

0.25818 

01238 

0.20269 

90640 

0.22050   71509 

2.8 

0.25280 

55337 

0, 20073 

74113 

0,22951   53938 

2.9 

0. 24775 

57304 

0.19877 

72816 

0.23915   52213 

3.0 

0.24300 

03542 

0.19682 

67133 

0.24946   80490 

3.1 

0.23851 

26187 

0,19489 

21309 

0,26049   85252 

3.2 

0.23426 

88316 

0,19297 

86229 

0,27229   47757 

3.3 

0.23024 

79845 

0.19109 

01727 

0,28490   86686 

3.4 

0. 22643 

14011 

0.18922 

98511 

0,29839   61010 

3.5 

0.22280 

24380 

0.18739 

99766 

0.31281   73100 

3.6 

0.21934 

62245 

0,18560 

22484 

0,32823   72078 

3.7 

0.21604 

94417 

0.18383 

78580 

0,34472   57467 

3.8 

0,21290 

01308 

0,18210 

75810 

0.36235   83128 

3.9 

0.20988 

75279 

0. 18041 

18543 

0.38121   61528 

4.0 

0,20700 

19211 

0.17875 

08394 

0.40138  68359 

4.1 

0,20423 

45274 

0.17712 

44763 

0.42296  47539 

4.2 

0.20157 

73840 

0,17553 

25260 

0,44605   16629 

4.3 

0,19902 

32571 

0.17397 

46091 

0,47075   72701 

4.4 

0.19656 

55589 

0.17245 

02337 

0,49719   98689 

4.5 

0,19419 

82777 

0. 17095 

88223 

0,52550  70272 

4.6 

0.19191 

59151 

0, 16949 

97311 

0,55581   63319 

4.7 

0,18971 

34330 

0,16807 

22681 

0,58827   61978 

4.8 

0.18758 

62042 

0.16667 

57058 

0,62304  67409 

4.9 

0.18552 

99721 

0. 16530 

92936 

0.66030  07276 

5.0 

0.18354 

08126 

0. 16397 

22669 

0.70022   45988 

[-321 
9 

r(-3jii 

9 

■(-4)3" 
7 

/„^,(r)  =  -^/«(r)+/„-i(r) 

Compiled  from  British  Association  for  the  Advancement  of  Science,  Bessel 
functions.  Part  I. Functions  of  orders  zero  and  xmitj.  Mathematical  Tables, 
vol.  VI  ,  Part  II.  Functions  of  positive  integer  order.  Mathematical  Tables, 
vol.  X(Cambridge  Univ.  Press,  Cambridge,  England,  1950,  1952 land  L.  Fox, 
A  short  table  for  Bessel  fvmctions  of  integer  orders  and  large  arguments.  Royal 
Society-  Shorter  Mathematical  Tables  No.  3  ^Cambridge  Univ.  Press.  Cam- 
bridge, England,  1954,  i  with  permission  j. 
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MODIFIED 

BESSEl 

.  FUNCTIC 

•NS— ORDERS  0,  I 

AND  2       Table  9.8 

X 

e^K^ix) 

e^Ki  {x) 

r2A'2(r) 

0.0 

00 

00 

2.00000   0000 

0.1 

2.68232 

61023 

10.89018  2683 

1.99503   9646 

0.2 

2.14075 

73233 

5.83338   6037 

1.98049   7172 

0.3 

1.85262 

73007 

4.12515   7762 

1.95711   6625 

0.4 

1.66268 

20891 

3.25867   3880 

1.92580   8202 

0.5 

1.52410 

93857 

2.73100   97082 

1.88754   5888 

0.6 

1.41673 

76214 

2.37392   00376 

1.84330   9881 

0.7 

1.33012 

36562 

2.11501   13128 

1.79405   1681 

0.8 

1.25820 

31216 

1.91793   02990 

1.74067   2762 

0.9 

1.19716 

33803 

1.76238   82197 

1.68401   1992 

1.0 

1.14446 

30797 

1.63615   34863 

1.62483   8899 

1.1 

1.09833 

02828 

1.53140   37541 

1.56385   0953 

1.2 

1.05748 

45322 

1.44289   75522 

1.50167   3576 

1.3 

1.02097 

31613 

1.36698  72841 

1.43886   2011 

1.4 

0.  98806 

99961 

1.30105   37400 

1.37590   4446 

1.5 

0.95821 

00533 

1.24316   58736 

1.31322   5917 

1.6 

0.93094 

59808 

1.19186  75654 

1.25119   2681 

1.7 

0.90591 

81386 

1.14603   92462 

1.19011    6819 

1.8 

0.88283 

35270 

1.10480   53726 

1.13026   0897 

1.9 

0.86145 

06168 

1.06747   09298 

1.07184   2567 

2.0 

0.84156 

82151 

1. 03347   68471 

1. 01503   9018 

2.1 

0.82301 

71525 

1.00236   80527 

0.95999   1226 

2.2 

0.80565 

39812 

0.97377   01679 

0.90680   7952 

2.3 

0.78935 

61312 

0.94737   22250 

0.85556  9487 

2.4 

0.77401 

81407 

0.92291   36650 

0.80633   1113 

2.5 

0.75954 

86903 

0.90017  44239 

0.75912   6289 

2.6 

0.74586 

82430 

0.87896  72806 

0.71396   9565 

2.7 

0.73290 

71515 

0.85913   18867 

0.67085   9227 

2.8 

0.72060 

41251 

0.84053   00604 

0.62977   9698 

2.9 

0.70890 

49774 

0.82304   20403 

0.59070   3688 

3.0 

0.  69776 

15980 

0.80656  34800 

0.55359   4126 

3.1 

0.68713 

11010 

0.79100   30157 

0.51840   5885 

3.2 

0.  67697 

51139 

0.77628   02824 

0.48508  7306 

3.3 

0.66725 

91831 

0.76232   42864 

0.45358  1550 

3.4 

0. 65795 

22725 

0.74907  20613 

0.42382   7789 

3.5 

0.  64902 

63377 

0.73646  75480 

0.39576   2241 

3.6 

0.64045 

59647 

0.72446   06608 

0.36931   9074 

3.7 

0.63221 

80591 

0.71300   65010 

0.34443   1194 

3.8 

0.62429 

15812 

0.70206  46931 

0.32103   0914 

3.9 

0.  61665 

73147 

.       0.69159   88206 

0.29905   0529 

4.0 

0.60929 

76693 

0.68157   59452 

0.27842   2808 

4.1 

0.60219 

65064 

0.67196   61952 

0.25908  1398 

4.2 

0.59533 

89889 

0.66274  24110 

0.24096   1165 

4.3 

0.58871 

14486 

0.65387  98395 

0.22399   8474 

4.4 

0.  58230 

12704 

0.64535   58689 

0.20813   1411 

4.5 

0.57609 

67897 

0.63714   97988 

0.19329   9963 

4.6 

0.57008 

72022 

0.62924  26383 

0.17944   6150 

4.7 

0.56426 

24840 

0.62161   69312 

0.16651   4127 

4.8 

0.  55861 

33194 

0.61425   66003 

0.15445   0249 

4.9 

0.55313 

10397 

0.60714   68131 

0.14320   3117 

5.0 

0.54780 

75643 

0.60027   38587 
rrW^^„CrUA'n-i 

0.13272   3593 
"(-3)11 

A.i-L1 

(A                        11 
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Table  9.8 

MODIFIED  BESSEL 

FUNCTIONS— ORDERS 

0,  1  AND  2 

X 

e~^Io{x) 

e-^h{x) 

e-^hix) 

5.0 

0.18354 

08126 

0.16397  22669 

0.11795  1906 

5.1 

0.18161 

51021 

0.16266  38546 

0.11782   5355 

5.2 

0.17974 

94883 

0.16138  32850 

0.11767  8994 

5.3 

0.17794 

08646 

0.16012  97913 

0.11751   4528 

5.4 

0.17618 

63475 

0.15890  26150 

0.11733  3527 

5.5 

0.17448 

32564 

0.15770  10090 

0.11713  7435 

5.6 

0.17282 

90951 

0.15652   42405 

0.11692  7581 

5.7 

0.17122 

15362 

0.15537  15922 

0.11670  5188 

5.8 

0.16965 

84061 

0.15424  23641 

0.11647  1384 

5.9 

0.16813 

76726 

0.15313  58742 

0.11622  7207 

6.0 

0.16665 

74327 

0.15205  14593 

0.11597  3613 

6.1 

0.16521 

59021 

0.15098  84754 

0.11571   1484 

6.2 

0.16381 

14064 

0.14994  62978 

0.11544  1633 

6.3 

0.16244 

23718 

0.14892  43212 

0.11516  4809 

6.4 

0.16110 

73175 

0.14792  19595 

0.11488  1705 

6.5 

0.15980 

48490 

0.14693  86457 

0.11459  2958 

6.6 

0.15853 

36513 

0.14597  38314 

0.11429  9157 

6.7 

0.15729 

24831 

0.14502  69866 

0.11400  0845 

6.8 

0.15608 

01720 

0.14409  75991 

0.11369  8525 

6.9 

0.15489 

56090 

0.14318  51745 

0.11339  2660 

7.0 

0.15373 

77447 

0.14228  92347 

0.11308  3678 

7.1 

0.15260 

55844 

0.14140  93186 

0.11277  1974 

7.2 

0.15149 

81855 

0.14054  49809 

0.11245  7913 

7.3 

0.  15041 

46530 

0.13969  57915 

0.11214  1833 

7.4 

0.14935 

41371 

0.13886  13353 

0.11182  4046 

7.5 

0. 14831 

58301 

0.13804  12115 

0.11150  4840 

7.6 

0.14729 

89636 

0.13723  50333 

0.11118  4481 

7.7 

0.14630 

28062 

0.13644  24270 

0.11086  3215 

7.8 

0.14532 

66611 

0.13566  30318 

0.11054  1268 

7.9 

0. 14436 

98642 

0.13489  64995 

0.11021   8852 

8.0 

0.14343 

17818 

0.13414  24933 

0.10989  6158 

8.1 

0.14251 

18095 

0.13340  06883 

0.10957  3368 

8.2 

0.14160 

93695 

0.13267  07705 

0.10925  0645 

8.3 

0.14072 

39098 

0.13195  24362 

0.10892  8142 

8.4 

0.13985 

49027 

0.13124  53923 

0.10860  6000 

8.5 

0.13900 

18430 

0.13054  93551 

0.10828  4348 

8.6 

0.13816 

42474 

0.12986  40505 

0.10796  3305 

8.7 

0.13734 

16526 

0.12918  92134 

0.10764  2983 

8.8 

0.13653 

36147 

0.12852   45873 

0.10732   3481 

8.9 

0.13573 

97082 

0.12786  99242 

0.10700  4894 

9.0 

0.13495 

95247 

0.12722   49839 

0.10668  7306 

9.1 

0.13419 

26720 

0.12658  95342 

0.10637   0796 

9.2 

0.13343 

87740 

0.12596  33501 

0.10605  5437 

9.3 

0.13269 

74691 

0.12534  62139 

0.10574  1294 

9.4 

0.13196 

84094 

0.12473   79145 

0.10542   8428 

9.5 

0.13125 

12609 

0.12413  82477 

0.10511   6893 

9.6 

0.13054 

57016 

0.12354  70154 

0.10480  6740 

9.7 

0.12985 

14223 

0.12296  40258 

0.10449   8015 

9.8 

0.12916 

81248 

0.12238  90929 

0.10419   0759 

9.9 

0.12849 

55220 

0.12182   20364 

0.10388  5010 

LO.  0 

0.12783 

33371 

0.12126  26814 

0.10358  0801 

[(-0)81 
6 

-(-6)3- 
_     5     _ 

"(-6)2" 
_     5     _ 
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MODIFIED  BESSEL  FUNCTIONS— ORDERS  0,  1  AND  2       Table  9.8 


X 

e=^Ko(x) 

e^Ki 

(x) 

e'K2(x) 

5.0 

0.54780 

75643 

0.60027 

38587 

0.78791  711 

5.1 

0.54263 

53519 

0.59362 

50463 

0.77542  949 

5.2 

0.53760 

73540 

0.58718 

86062 

0.76344  913 

5.3 

0.53271 

69744 

0.58095 

36085 

0.75194  475 

5.4 

0.52795 

80329 

0.  57490 

98871 

0.74088  762 

5.5 

0.52332 

47316 

0.  56904 

79741 

0.73025  127 

5.6 

0.  51881 

16252 

0.56335 

90393 

0.72001  128 

5.7 

0.51441 

35938 

0.55783 

48348 

0.71014  511 

5.8 

0.51012 

58183 

0.55246 

76495 

0.70063  190 

5.9 

0.50594 

37583 

0.54725 

02639 

0.69145  232 

6.0 

0.50186 

31309 

0.54217 

59104 

0.68258  843 

6.1 

0.49787 

98929 

0.53723 

82386 

0.  67402  358 

6.2 

0.  49399 

02237 

0.  53243 

12833 

0.  66574  225 

6.3 

0.49019 

05093 

0.52774 

94344 

0.65773  001 

6.4 

0.  48647 

73291 

0.52318 

74101 

0.64997  339 

6.5 

0.  48284 

74413 

0.51874 

02336 

0.64245  982 

6.6 

0.  47929 

77729 

0.51440 

32108 

0.63517  753 

6.7 

0.47582 

54066 

0.51017 

19097 

0.62811  553 

6.8 

0.  47242 

75723 

0.50604 

21421 

0.62126  350 

6.9 

0.46910 

16370 

0.50200 

99471 

0.61461  177 

7.0 

0.46584 

50959 

0.49807 

15749 

0.60815  126 

7.1 

0.46265 

55657 

0.49422 

34737 

0.60187  345 

7.2 

0.45953 

07756 

0.  49046 

22755 

0.59577  030 

7.3 

0.45646 

85618 

0.48678 

47842 

0.58983  426 

7.4 

0.45346 

68594 

0.48318 

79648 

0.58405  820 

7.5 

0.45052 

36991 

0.47966 

89336 

0. 57843  541 

7.6 

0.  44763 

71996 

0.47622 

49486 

0.57295  955 

7.7 

0.44480 

55636 

0.47285 

33995 

0.56762  463 

7.8 

0.44202 

70724 

0.46955 

18010 

0.56242  497 

7.9 

0.43930 

00819 

0.46631 

77847 

0.55735  522 

8.0 

0.43662 

30185 

0.46314 

90928 

0.55241  029 

8.1 

0.43399 

43754 

0.46004 

35709 

0.54758  538 

8.2 

0.43141 

27084 

0.45699 

91615 

0.54287  592 

8.3 

0.42887 

66329 

0.  45401 

39001 

0.53827  757 

8.4 

0.  42638 

48214 

0.45108 

59089 

0.53378  623 

8.5 

0.42393 

59993 

0.44821 

33915 

0.52939  797 

8.6 

0.42152 

89433 

0.44539 

46295 

0.52510  909 

8.7 

0.41916 

24781 

0.44262 

79775 

0. 52091  604 

8.8 

0.41683 

54743 

0.43991 

18594 

0.51681  544 

8.9 

0.41454 

68462 

0.43724 

47648 

0.51280  410 

9.0 

0.41229 

55493 

0.  43462 

52454 

0.50887  894 

9.1 

0,41008 

05783 

0.43205 

19116 

0.50503  704 

9.2 

0.40790 

09662 

0.42952 

34301 

0.50127  562 

9.3 

0.40575 

57809 

0.42703 

85204 

0.49759  202 

9.4 

0.40364 

41245 

0.42459 

59520 

0.49398  369 

9.5 

0.40156 

51322 

0.42219 

45430 

0.49044  819 

9.6 

0.  39951 

79693 

0.41983 

31565 

0.48698  321 

9.7 

0.39750 

18313 

0.41751 

06989 

0.  48358  651 

9.8 

0.39551 

59416 

0.41522 

61179 

0.48025  597 

9.9 

0.39355 

95506 

0.41297 

84003 

0.47698  953 

0.0 

0.39163 

19344 

0.41076 

65704 

0.47378  525 

'(-5)21 
6 

r(-5)3-| 
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Table  9.8 

MODIFIED  BESSEL 

FUNCTIONS— ORDERS 

0,  1  AND  2 

X 

e~^h{x) 

e-'I\{x) 

e-^hix) 

10.0 

0.12783 

33371 

0.12126  26814 

0.10358  0801 

10.2 

0.12653 

91639 

0.12016  64024 

0.10297   7124 

10.4 

0.12528 

35822 

0.11909  89584 

0.10237  9936 

10.6 

0.12406 

47082 

0.11805  91273 

0.10178  9401 

10.8 

0.12288 

07840 

0.11704  57564 

0.10120   5644 

11.0 

0.12173 

01682 

0.11605   77582 

0.10062   8758 

11.2 

0.12061 

13250 

0.11509   41055 

0.10005   8806 

11.4 

0.11952 

28165 

0.11415   38276 

0.09949  5829 

11.6 

0.11846 

32942 

0.11323   60059 

0.09893   9845 

11.8 

0.11743 

14923 

0.11233  97710 

0. 09839   0853 

12.0 

0.11642 

62212 

0.11146  42993 

0.09784  8838 

12.2 

0.11544 

63616 

0.11060  88096 

0.09731   3770 

12.4 

0.11449 

08594 

0.10977  25611 

0.09678  5608 

12.6 

0.11355 

87206 

0.10895  48501 

0.09626  4300 

12.8 

0.11264 

90074 

0.10815   50080 

0. 09574  9787 

13.0 

0.11176 

08338 

0.10737  23993 

0.09524  2003 

13.2 

0.11089 

33621 

0.10660   64190 

0.09474  0874 

13.4 

0.11004 

57995 

0.10585   64916 

0.  09424   6323 

13.6 

0.10921 

73954 

0.10512  20685 

0.09375   8268 

13.8 

0.10840 

74378 

0.10440   26267 

0.09327   6622 

14.0 

0.10761 

52517 

0.10369  76675 

0.09280   1299 

14.2 

0.10684 

01959 

0.10300  67148 

0.09233   2208 

14.4 

0.10608 

16613 

0.10232   93142 

0.09186  9257 

14.6 

0.10533 

90688 

0.10166  50311 

0.09141   2352 

14.8 

0.10461 

18671 

0.10101   34506 

0.09096  1401 

15.0 

0.10389 

95314 

0.10037  41751 

0.09051    6308 

15.2 

0.10320 

15618 

0.09974  68245 

0.09007   6980 

15.4 

0.10251 

74813 

0.09913  10348 

0.08964   3321 

15.6 

0.10184 

68351 

0.09852   64572 

0.08921   5238 

15.8 

0.10118 

91887 

0.09793  27574 

0.08879  2637 

16.0 

0.10054 

41273 

0.09734  96147 

0. 08837  5426 

16.2 

0.09991 

12544 

0.09677   67216 

0.08796   3511 

16.4 

0.09929 

01906 

0.09621   37828 

0.  08755   6802 

16.6 

0.  09868 

05729 

0.09566  05145 

0.08715  5210 

16.8 

0.09808 

20539 

0.09511   66444 

0.08675   8644 

17.0 

0. 09749 

43005 

0.09458  19107 

0.08636  7017 

17.2 

0.  09691 

69938 

0.09405   60614 

0.08598  0242 

17.4 

0.09634 

98277 

0.09353  88542 

0.08559  8235 

17.6 

0.09579 

25085 

0.09303   00560 

0. 08522   0911 

17.8 

0.  09524 

47546 

0.09252   94423 

0.08484  8188 

18.0 

0.09470 

62952 

0.09203  67968 

0. 08447   9984 

18.2 

0.09417 

68703 

0.09155  19113 

0.08411   6221 

18.4 

0.09365 

62299 

0.09107   45848 

0.  08375   6819 

18.6 

0.09314 

41336 

0.09060   46237 

0.08340   1701 

18.8 

0.09264 

03503 

0.09014  18411 

0. 08305   0793 

19.0 

0.09214 

46572 

0.08968   60569 

0.08270   4020 

19.2 

0.09165 

68400 

0.08923   70968 

0. 08236   1309 

19.4 

0.09117 

66923 

0.08879   47929 

0.08202   2590 

19.6 

0.  09070 

40151 

0.08835   89829 

0.08168   7792 

19.8 

0.09023 

86167 

0.08792   95099 

0.08135   6848 

20.0 

0.08978 

03119 

0.08750   62222 

0.08102   9690 

6)5" 

r(-6)4" 
6 

"(-7)9" 
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X 

e^KQ{x) 

e-Kx{,x) 

e^K2{x) 

10.0 

0.39163 

19344 

0.41076 

65704 

0.47378  525 

10.2 

0.  38786 

02539 

0.  40644 

68479 

0.46755  571 

10.4 

0.38419 

55846 

0.40225 

98277 

0.46155  324 

10.6 

0.38063 

29549 

0.39819 

88825 

0.45576  482 

10.8 

0.37716 

77125 

0.39425 

78391 

0.45017  842 

11.0 

0.37379 

54971 

0.  39043 

09362 

0.44478  294 

11.2 

0.37051 

22156 

0.38671 

27920 

0.43956  807 

11.4 

0.  36731 

40243 

0.38309 

83725 

0.43452  427 

11.6 

0.36419 

73076 

0.37958 

29618 

0.42964  265 

11.8 

0.36115 

86616 

0.37616 

21391 

0.42491  496 

12.0 

0.35819 

48784 

0.37283 

17534 

0.42033  350 

12.2 

0.35530 

29318 

0.36958 

79032 

0.41589  111 

12.4 

0.35247 

99643 

0.  36642 

69191 

0.41158  108 

12.6 

0.  34972 

32746 

0.36334 

53438 

0.40739  714 

12.8 

0.34703 

03081 

0.36033 

99192 

0.40333  342 

13.0 

0.34439 

86455 

0.35740 

75702 

0.39938  443 

13.2 

0.  34182 

59943 

0.35454 

53922 

0.39554  499 

13.4 

0.  33931 

01806 

0.35175 

06397 

0.  39181  028 

13.6 

0.33684 

91405 

0.34902 

07143 

0.38817  572 

13.8 

0.  33444 

09142 

0.  34635 

31558 

0.38463  702 

14.0 

0.33208 

36383 

0.34374 

56322 

0.38119  016 

14.2 

0.32977 

55402 

0.34119 

59314 

0.37783  131 

14.4 

0.32751 

49332 

0.33870 

19539 

0.37455  687 

14.6 

0.32530 

02091 

0.33626 

17039 

0.37136  346 

14.8 

0.32312 

98364 

0.33387 

32858 

0.36824  785 

15.0 

0.32100 

23534 

0.33153 

48949 

0.36520  701 

15.2 

0.31891 

63655 

0.32924 

48132 

0.  36223  805 

15.4 

0.31687 

05405 

0.32700 

14043 

0.35933  826 

15.6 

0.31486 

36051 

0.32480 

31080 

0.35650  503 

15.8 

0,31289 

43424 

0.  32264 

84361 

0.35373  592 

16.0 

0.31096 

15880 

0.32053 

59682 

0.35102  858 

16.2 

0.30906 

42269 

0.31846 

43471 

0.34838  081 

16.4 

0.30720 

11919 

0.31643 

22766 

0.34579  049 

16.6 

0.30537 

14592 

0.  31443 

85164 

0.34325  562 

16.8 

0.30357 

40487 

0.31248 

18807 

0.34077  427 

17.0 

0.30180 

80193 

0.31056 

12340 

0.33834  464 

17.2 

0.30007 

24678 

0.30867 

54888 

0.33596  497 

17.4 

0.29836 

65276 

0.  30682 

36027 

0.33363  361 

17.6 

0.29668 

93657 

0.30500 

45765 

0.33134  898 

17.8 

0.29504 

01817 

0.30321 

74518 

0.32910  956 

18.0 

0.29341 

82062 

0.30146 

13089 

0.32691  391 

18.2 

0.29182 

26987 

0.29973 

52642 

0.32476  064 

18.4 

0.29025 

29472 

0.29803 

84697 

0.32264  843 

18.6 

0.28870 

82654 

0.29637 

01096 

0.32057  602 

18.8 

0.28718 

79933 

0.29472 

94003 

0.  31854  218 

19.0 

0.28569 

14944 

0.29311 

55877 

0.31654  577 

19.2 

0.28421 

81554 

0.29152 

79458 

0.31458  565 

19.4 

0.28276 

73848 

0.28996 

57766 

0.  31266  076 

19.6 

0.28133 

86117 

0.28842 

84068 

0.31077  008 

19.8 

0.27993 

12862 

0.28691 

51886 

0.30891  262 

20.0 

0.27854 

48766 

0.  28542 

54970 

0.30708  743 

[(- 

5)1" 

"(- 

5)2- 

-(-5)3- 
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t 
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Table  9.8              MODIFIED  BESSEL  FUNCTIONS— AIXILIVRY  TABLE  FOR  LARGE  ARGUMENTS 

I-' 

i^e-^/o(x) 

xh-^Ii{x) 

xU-^hix) 

T-ix^e'Koix) 

T-^xU-Ki{x) 

T-^x^e^K2(x) 

<x> 

0.050 

0.40150 

9761 

0.  39133 

9722 

0.36237  579 

0.  39651 

5620 

0.40631 

0355 

0.43714 

666 

20 

0.048 

0.40140 

4058 

0.39164 

8743 

0.36380   578 

0.39661 

0241 

0.40601 

9771 

0.43558 

814 

21 

0.046 

0.40129 

8619 

0.39195 

7336 

0.36523   854 

0.  39670 

5057 

0.40572 

8854 

0.43403 

211 

22 

0.044 

0.40119 

3443 

0.39226 

5502 

0.36667   408 

0.39680 

0069 

0.40543 

7604 

0.43247 

858 

23 

0.042 

0.40108 

8526 

0.39257 

3245 

0.36811   237 

0.39689 

5278 

0.40514 

6017 

0.43092 

754 

24 

0.040 

0.40098 

3868 

0.39288 

0567 

0.36955   342 

0. 39699 

0686 

0.40485 

4094 

0.42937 

901 

25 

0.038 

0.40087 

9466 

0.39318 

7470 

0.37099   722 

0.39708 

6293 

0.40456 

1832 

0.42783 

299 

26 

0.036 

0.40077 

5319 

0.39349 

3958 

0.37244   375 

0.39718 

2101 

0.40426 

9230 

0.42628 

949 

28 

0.034 

0.40067 

1424 

0.  39380 

0032 

0.37389   302 

0.  39727 

8110 

0.40397 

6286 

0.42474 

850 

29 

0.032 

0.40056 

7781 

0. 39410 

5695 

0.37534  502 

0. 39737 

4322 

0.40368 

2998 

0.42321 

003 

31 

0.030 

0.40046 

4387 

0.39441 

0950 

0.37679  973 

0.39747 

0738 

0.40338 

9365 

0.42167 

410 

33 

0.028 

0.40036 

1241 

0. 39471 

5798 

0.37825   716 

0.39756 

7359 

0.40309 

5386 

0.42014 

070 

36 

0.026 

0.40025 

8340 

0.  39502 

0243 

0.37971   729 

0.39766 

4186 

0.40280 

1058 

0.41860 

984 

38 

0.024 

0.40015 

5684 

0.39532 

4286 

0.38118   012 

0.39776 

1221 

0.40250 

6380 

0.41708 

153 

42 

0.022 

0.40005 

3270 

0.39562 

7929 

0.38264  564 

0. 39785 

8465 

0.40221 

1349 

0.41555 

576 

45 

0.020 

0.39995 

1098 

0. 39593 

1176 

0.38411   385 

0.  39795 

5918 

0.40191 

5965 

0.41403 

256 

50 

0.018 

0.39984 

9164 

0.39623 

4028 

0.38558  474 

0.39805 

3583 

0.40162 

0226 

0.41251 

191 

56 

0.016 

0.39974 

7469 

0.39653 

6487 

0.38705   830 

0.39815 

1460 

0.40132 

4130 

0.41099 

383 

63 

0.014 

0. 39964 

6009 

0. 39683 

8556 

0. 38853   453 

0.  39824 

9551 

0.40102 

7674 

0.40947 

833 

71 

0.012 

0.39954 

4785 

0. 39714 

0236 

0.39001   342 

0.39834 

7857 

0.40073 

0858 

0.40796 

540 

83 

0.010 

0.39944 

3793 

0.  39744 

1530 

0.39149   496 

0. 39844 

6379 

0.40043 

3679 

0.40645 

505 

100 

0.008 

0.39934 

3033 

0.39774 

2440 

0.39297  915 

0.39854 

5119 

0.40013 

6136 

0.40494 

730 

125 

0.006 

0.39924 

2503 

0.  39804 

2968 

0. 39446   599 

0. 39864 

4077 

0.39983 

8226 

0.40344 

214 

167 

0.004 

0.39914 

2202 

0.39834 

3116 

0.39595   546 

0.  39874 

3256 

0, 39953 

9949 

0.40193 

958 

250 

0.002 

0.39904 

2128 

0. 39864 

2886 

0.39744  756 

0.  39884 

2657 

0. 39924 

1300 

0.40043 

962 

500 

0.000 

0.39894 

2280 

0. 39894 

2280 

0.39894  228 

0.39894 

2280 

0.39894 

2280 

0.39894 

228 

ao 

'i-8.3" 
3 

r(-! 

3 

^^5* 

"(-7i3" 
3 

"(-8)31 
3 

3 

!5~ 

■(-7 
3 

)3' 

For  interpolating  near  x-^  =0  note  that  if /„(z~i)  =x-e-^In{x)  then/n(— 1~')  =ir-^x-e^Kn{x). 

<x>  =  nearest  integer  to  x. 

Compiled  from  L.  Fox,  A  short  table  for  Bessel  functions  of  integer  orders  and  large  arguments.  Royal 
Societ\'  Shorter  Mathematical  Tables  No.  3  (Cambridge  Univ.  Press,  Cambridge,  England,  1954)  (with 
permission). 
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X 

Ko{x)+Io{x)  \n  X 

x\Ki{x)-hix)hix\ 

X 

Kfsix)  +/o(z)  In  X 

x[Kx{x)-h{x)hxx] 

0.0 

0.11593  152 

1.00000   000 

1.0 

0.42102  444 

0.60190  723 

0.1 

0.11872   387 

0.99691   180 

1.1 

0.49199   896 

0.49390  093 

0.2 

0.12713   128 

0.98754   448 

1.2 

0.57261  444 

0.36514  944 

0.3 

0.14124  511 

0.97158  819 

1.3 

0.66373   364 

0.21236  381 

0.4 

0.16121   862 

0.94852   090 

1.4 

0.76632   938 

+0. 03176  677 

0.5 

0.18726  857 

0.91759  992 

1.5 

0.88149  436 

-0.  18096  553 

0.6 

0.21967   734 

0.87784  980 

1.6 

1.01045   200 

-0.43076  964 

0.7 

0.25879   579 

0.82804   659 

1.7 

1.15456  879 

-0.72326  976 

0.8 

0.30504  682 

0.76669   810 

1.8 

1.31536  786 

-1.06486  242 

0.9 

0.35892   957 

0.69201   997 

1.9 

1.49454  429 

-1.46281   214 

1.0 

0.42102   444 

0.60190  723 

2.0 

1.69398  200 

-1.92535  914 

■( -3  r 

6 

■(-3)2" 

7 

"(-3)3" 
_     7     _ 

"(-3Y'^" 
7 
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MODIUKI)  BESSEL  El  NCTIONS— OKDEKS  :j-<)            I 

ahli-  «>.*> 

.V 

o-^I,{x) 

r-^/4(.v)          r-^7.-,(.v)         <-'7,.(.v)            r--/:(.v)          r--/.(.v) 

c--/,,(.v) 

0.0 
0.2 
0.4 
0.6 
0.8 

0,0000 
-4)1.3680 
-4)9.0273 
-3)2.5257 
-3)4,9877 

0.0000                   0.0000                   0,0000                     0,0000                     0,0000 
-6)3,4182          (-8)6,8341     *    (-9)1,1388          (-11)1.6265          (-13)2.0328          ( 
-5)4.5047          (-6)1.7995          (-8)5,9925          (-  9)1,7109          (-11)4,2750          I 
-4)1,8858          (-5)1,1281          (-7)5,6286          (-  8)2.4084          (-10)9.0201          I 
-4)4.9483          (-5)3.9377          (-6)2.6152          (-  7)1.4902          (-  9)7.4343          ( 

0.0000 
-15)2.2585 
-13)9,4957 
-11)3.0037 
-10)3.2983 

1.0 
1.2 
1.4 
1.6 
1.8 

-3)8,1553 
-2)1.1855 
-2)1.5911 
(-2)2,0168 
-2)2,4495 

-3)1.0069          (-5)9.9866          (-6)8.2731          (-  7)5.8832          (-  8)3,6643          ( 
-3)1,7471          (-4)2,0719          (-5)2.0544          (-   6)1.7497          (-   7)1.3058 
[-3)2.7189          (-4)3.7459          (-5)4.3203          (-  6)4.2831          (-  7)3.7225 
-3)3.9110          (-4)6.1288          (-5)8.0504          (-  6)9.0974          (-  7)9.0178 
-3)5.3023          (-4)9.2978          (-4)1.3686          (-  5)1,7349          (-  6  1,9302 

-  9)2.0301 

-  9)8.6707 

-  8)2.8797 

-  8)7.9596 

-  7)1,9131 

2.0 
2.2 
2.4 
2.6 
2.8 

[-2)2.8791 
-2)3.2978 
-2)3.7001 
-2)4.0823 
-2)4.4421 

-3)6.8654          (-3)1,3298          (-4)2.1656          (-  5)3.0402          (-  6)3,7487          ( 
-3)8.5701          (-3)1,8142          (-4)3,2349          (-  5)4,9776          (-  6)6.7325 
-2)1.0386          (-3)2.3819          (-4)4.6097          (-  5)7.7080          '-   5)1.1339 
-2)1.2283          (-3)3.0293          (-4  6.3166          (-  4   1.1395          (-  5)1.8099 
-2)1.4234          (-3)3.7511          (-4)8.3747          (-  4)1.6197          (-  5)2.7609 

-  7)4,1199 

-  7   8,1206 

-  6)1.4883 

-  6)2.5669 

-  6)4.2048 

3.0 
3.2 
3.4 

3.6 
3.8 

-2)4,7783 
-2)5,0907 
-2)5,3795 
-2)5.6454 
-2)5.8893 

-2)1.6216          (-3)4.5409          (-3)1.0796          (-  4)2.2265          (-  5)4.0512          ( 
-2)1.8206            -3)5.3913            -3)  1.3584          (-  4)2.9735          (-  5)5.7482          ( 
-<?)2,0188          (-3)6.2947          (-3)1.6738          (-  4)3.8725          (-   5)7,9208          i 
-2)2,2145          (-3)7,2431          (-3)2.0249          (-  4)4,9334          (-  4)1.0638          i 
-2)2.4065          (-3)8.2288          (-3)2.4106          (-  4)6.1640          (-  4)1.3965          i 

-  6)6,5905 

-  6  9.9425 

-  5)1.4507 

-  5)2.0556 

-  5)2.8380 

4.0 
4.2 
4.4 

4.6        ( 
4.8 

-2)6.1124 
-2)6.3161 
-2)6.5015 
-2)6.6699          ( 
-2)6.8227 

-2)2,5940          (-3)9,2443          (-3)2,8291          (-  4)7.5698          (-  4)1.7968          ( 
-2)2.7761          (-2)1.0283          (-3)3.2785          (-  4)9.1545          (-  4)2.2703 
-2)2.9523          (-2)1.1337          (-3)3.7566          (-3)1.0919          (-4)2.8224 
-2)3.1221          (-2   1.2402          (-3)4.2609          (-  3)1.2864          (-  4)3.4578 
-2)3.2854          (-2)1.3471          (-3)4.7890          (-   3)1,4986          (-  4)4.1806 

-  5)3.8284 

-  5)5.0587 

-  5)6.5607 

-  5)8.3667 

-  4)1.0508 

5.0 
5.2        ( 

5.4 

5.6        ( 
5.8 

-2)6.9611 
-2)7,0861          ( 
-2)7,1989 
-2)7,3005          ( 
-2)7,3917 

-2)3,4419          (-2:1,4540          (-3)5,3384          (-  3)1. 7282          (-   4)4.9939          ( 
-2)3.5916          (-2)i.5605          (-3)5.9065          (-  3)l.9747            -  4)5.9005 
-2)3,7346          (-2)1,6662          (-3)6,4909          (-  3)2,2374          (-  4)6.9020          ( 
-2)3.8708          (-2)1.7707          (-3)7.0892          (-  3)2,5157          (-  4)7.9996 
-2)4.0005          (-2)1.8738          (-3)7.6990          (-   3)2.8087          (-  4)9.1937 

-  4)1.3015 

-  4)1.5916 

-  4)1.9240 

-  4)2.3010 

-  4)2.7249 

6.0 
6.2 
6.4 

6.6        ( 
6.8        ( 

-2)7,4736 
-2)7,5468 
-2)7-.6121          ( 
-2)7.6702          ( 
-2)7.7216          ( 

-2)4.1238          (-2)1.9752          (-3)8.3181          (-  3)3.1156          (-   3)1.0484          ( 
-2)4.2408          (-2)2.0747            -3)8.9445          (-  3)3.4355          (-   3)1.1870          1 
-2)4.3518          (-2)2.1723          (-3)9.5763          (-  3)3.7674          (-   3)1.3351 
-2)4.4570          (-2)2.2677          (-2)1.0212          (-  3)4.1105          (-  3)1.4924 
-2)4.5567          (-2)2.3608          (-2)1.0849          (-  3)4.4637          (-  3)1.6587          ( 

-  4)3.1978 

-  4)3.7214 

-  4)4.2971 

-  4)4.9261 

-  4)5.6094 

7.0        ( 
7.2        ( 
7.4        ( 
1                                                   7.6        ( 
7,8        ( 

-2)7.7670          ( 
-2)7,8068          ( 
-2)7,8416          ( 
-2)7.8717 
-2)7,8975          ( 

-2)4.6509          (-2)2.4516          (-2)1.1486          (-  3)4.8261          (-  3)1.8337          ( 
-2)4.7401          (-2)2.5401          (-2)1.2122          (-  3)5.1969          (-   3)2.0172          ( 
-2)4.8244          (-2)2.6261          (-2)1.2756          (-  3)5.5750          (-   3)2.2089          ( 
-2)4.9040          (-2)2.7096          (-2)1.3387          (-  3  5.9596          (-   3  2.4084          ( 
-2)4.9791          (-2)2.7907          (-2)1.4012          (-  3)6,3499          (-  3)2,6152          ( 

-  4)6.3475 

-  4)7.1409 

-  4)7.9897 

-  4)8.8937 

-  4)9.8527 

8.0        ( 
8.2        ( 
8.4        ( 
8.6        ( 
8.8        ( 

-2)7.9194 
-2)7,9378 
-2)7,9528          ( 
-2)7.9649 
-2)7,9741          ( 

-2)5,0500          (-2)2,8694          (-2)1,4633          (-  3)6.7449          (-  3)2.8292          ( 
-2)5.1169          (-2)2.9456          (-2)1.5247          (-  3)7,1440          (-   3)3,0497          ( 
-2)5,1800          (-2   3.0195          (-2)1.5854          (-   3)7.5464          (-  3)3.2766 
-2)5,2395            -2)3,0909          (-2)1,6453            -   3)7.9513          (-   3)3.5093          ( 
-2)5.2954          (-2)3.1601          (-2)1.7045          (-   3)8.3582          (-   3)3.7475          ( 

-  3)1.0866 

-  3  1.1933 

-  3)1.3053 

-  3)1.4224 

-  3)1.5446 

9.0        ( 
9.2        ( 
9.4 

9.6        ( 
9.8 

-2)7,9808          ( 
-2)7.9852 
-2)7.9875          ( 
-2)7.9878 
-2)7.9862 

-2)5.3482          (-2)3.2269          (-2)1.7627          (-  3)8.7663          (-  3)3.9907          ( 
-2)5.3978          (-2)3.2915          (-2)1.8201          (-   3)9.1750          (-  3)4.2386          ( 
-2)5.4445          (-2)3.3539          (-2)1.8765          (-  3)9.5839          (-   3)4.4908          ( 
-2)5.4883          (-2)3,4141          (-2)l,9319          (-   3)9,9924          (-   3)4,7470          ( 
-2)5,5296          (-2)3,4723          (-2)  1.9864          (-  2)1.0400          (-   3)5.0066          ( 

-  3)1.6716 

-  3)1.8035 

-  3)1.9399 

-  3)2.0808 

-  3)2.2260 

10,0        ( 

-2)7.9830 

-2)5.5683          (-2)3.5284          (-2)2.0398          (-   2)1.0806          (-  3)5.2694          ( 

-   3)2.3753 

10.5 
11,0 
11.5 
12.0 
12,5 

-2)7.9687 
-2)7.9465 
-2)7.9182 
-2)7.8848 
-2)7.8474 

-2)5,6549          (-2)3.6602          (-2)2.1690          (-  2)1.1814          (-   3)5.9380          ( 
-2)5,7284          (-2)3.7804          (-2)2.2916          (-  2)1,2805          (-  3)6.6192          ( 
-2)5.7905          (-2)3.8900          (-2)2.4078          (-  2)1,3775          (-   3)7.3082          ( 
-2)5.8425          (-2)3.9898          (-2)2.5176          (-   2)1.4722            -   3)8.0010          ( 
-2)5.8857          (-2)4.0805          (-2)2.6212          (-  2)1.5642          (-  3)8.6939          ( 

-  3)2.7653 

-  3)3,1769 

-  3)3.6073 

-  3)4.0537 

-  3)4.5134 

13.0        ( 

13.5 

14.0 

14.5 

15.0 

-2)7,8067 
-2)7,7635 
-2)7,7183 
-2)  7,671b 
-2)7,6236 

-2)5.9211          (-2)4.1630          (-2)2.7188          (-   2)1.6533          (-   3)9.3836 
-2)5.9497          (-2)4.2378          (-2)2.8106          (-  2)1.7394          (-  2)1.0068          ( 
-2)5.9723          (-2)4,3056          (-2)2.8969          (-  2)1.8225          (-  2)1.0744 
-2)5,9896          (-2)4.3670          (-2)2,9779            -  2)1,9025          (-  2)1.1410          ( 
-2)6.0022          (-2)4,4225          (-2)3,0538          (-  2)1.9794          (-  2)1.2064 

-  3)4.9837 

-  3)5.4622 

-  3)5.9469 

-  3)6.4354 

-  3)6.9260 

15,5 
16.0 
16.5 
17.0 
17.5 

-2)7,5749 
-2)7.5256 
-2)7.4759 
-2)7.4260 
-2)7,3761 

-2)6.0106          (-2)4.4726          (-2)3.1251          (-  2)2.0532          (-  2)1.2705          ( 
-2)6,0155          (-2)4,5179          (-2)3,1918          (-   2)2,1240          (-  2)1.3333          ( 
-2)6.0170          (-2)4.5585          (-2)3.2543          (-  2)2.1918          (-  2)1.3946          ( 
-2)6.0158          (-2)4,5951          (-2)3.3128          (-  2)2.2567          (-  2)1.4543 
-2)6.0119          (-2)4.6278          (-2)3.3675          (-  2)2.3187          (-  2)1.5125          ( 

-  3)7.4171 

-  3)7.9071 

-  3)8.3947 

-  3)8.8788 

-  3)9.3584 

18.0 
18.5 
19.0 
19.5 
20.0 

-2   7.3263 
-2)7.2768 
-2)7,2275 
-2)7.1785 
-2)7.1300 

-2)6.0059          (-2)4.6571          (-2)3,4186          (-  2)2,3780          (-  2)1.5691          ( 
-2)5.9978          (-2)4,6831          (-2)3,4664          (-  2)2.4346          (-   2)1.6240 
-2)5.9880          (-2)4.7062          (-2   3.5111          (-  2)2.4886          (-  2)l.6774 
-2)5.9767            -2)4.7266          (-2)3.5528          (-  2   2.5402            -  2   1,7291 
-2)5.9640          (-2)4.7444          (-2)3.5917          (-  2)2.5894          (-  2)l.7792 

-  3)9.8324 

-  2   1.0300 

-  2)1.0761 

-  2)1.1215 

-  2)1.1661 
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BESSEL    FUNCTIONS    OF    INTEGER    ORDER 


Table  9.9 


MODIFIED  BESSEL  FUNCTIONS— ORDERS  3-9 


e^Ks{x)  (^K^{x)  e^Ko{x)  e^K^ix)         e^K7{x)  ^^Ksix)  ^Kg{x) 


3.0 
3.2 
3.4 
3.6 
3.8 

4.0 
4.2 
4.4 
4.6 
4.8 


6.0 
6.2 
6.4 
6.6 
6.8 

7.0 
7.2 
7.4 
7.6 
7.8 

8.0 
8.2 
8.4 
8.6 


9.0 
9.2 
9.4 
9.6 
9.8 

10.0 

10.5 
11.0 
11.5 
12.0 
12.5 

13.0 
13.5 
14.0 
14.5 
15.0 


15, 
16. 
16. 
17, 
17, 


18.0 
18.5 
19.0 
19.5 
20.0 


(  3)1.2153 

(  2)1.8282 

(  1)6.4573 

(  1)3.2183 

(  1)1.9303 

(  1)1.2984 

(  0)9.4345 

(  0)7.2438 

(  0)5.7946 

(  0)4.7836 

(  0)4.0481 

{  0)3.4948 

(  0)3.0667 

(  0)2.7276 

(  0)2.4539 

(  0)2.2290 

(  0)2.0415 

(  0)1.8833 

(  0)1.7482 

(  0)1.6317 

(  0)1.5303 

(  0)1.4414 

(  0)1.3629 

(  0)1.2931 

(  0)1.2306 

(  0)1.1745 

(  0)1.1237 

(  0)1.0777 

(  0)1.0357 

(-1)9.9723 
(-1)9.6194 
(-1)9.2942 
(-1)8.9936 
(-1)8.7149 

(-1)8.4559 
(-1)8.2145 
(-1)7.9890 
(-1)7.7778 
(-1)7.5797 

(-1)7.3935 
(-1)7.2182 
(-1)7.0527 
-1)6.8963 
(-1)6.7483 


(-1 


6.6079 
6,4746 
6.3480 
6.2274 
6.1125 


6.0028 

5.7493 
5.5217 
5.3161 
5.1294 
4.9591 

4.8030 
4.6593 
4.5266 
4.4036 
4.2892 

4.1826 
4.0829 
3.9895 
3.9017 
3.8191 

3.7411 
3.6674 
3.5976 
3.5313 
3.4684 


4)3.6520 
3)2.7602 
2)6.5506 
2)2.4743 

2)1.2024 
1)6.8382 
1)4.3280 
1)2.9585 
1)2.1426 

1)1.6226 
1)1.2731 
1)1.0280 
0)8.4989 
0)7.1659 

0)6.1432 
0)5.3415 
0)4,7013 
0)4,1817 
0)3.7541 

0)3.3976 
0)3.0971 
0)2,8412 
0)2.6213 
0)2.4309 

0)2.2646 
0)2.1186 
0)1.9895 
0)1.8746 
0)1.7720 

0)1.6798 
0)1.5967 
0)1.5213 
0)1.4528 
0)1.3902 

0)1.3329 
0)1.2803 
0  1,2318 
0)1.1870 
0)1.1455 

0)1.1069 
0)1.0710 
0)1.0376 
0)1.0062 
-1)9.7693 

-1)9,4941 
-1)9,2354 
-1)8,9918 
-1  8,7620 
-1)8,5449 


-1)7,8717 
-1)7,4597 
-1)7.0942 
-1)6.7680 
-1)6.4751 

-1)6.2106 
-1)5.9706 
-1)5.7519 
-1)5.5517 
-1)5.3678 

-1)5.1982 
-1)5.0414 
-1)4.8959 
-1)4.7605 
-1)4.6343 

-1)4.5162 
-1)4.4055 
-1)4.3015 
-1)4.2037 
(-1)4.1114 


(  6)1.4620 

(  4)5.5388 

(  3)8.7987 

(  3)2.5064 

(  2)9.8119 

(  2)4.6886 

(  2)2.5675 

(  2)1.5517 

(  2)1.0102 


6.9687 
5.0344 
3.7762 
2.9217 
2.3202 


1)1.8836 
1  1.5583 
1)1,3103 
1)1.1176 
0)9.6515 

0)8.4268 
0)7.4295 
0)6.6072 
0)5.9217 
0)5.3445 

0)4.8540 
0)4.4338 
0)4.0711 
0)3.7557 
0)3.4798 

0)3.2370 
0)3,0221 
0)2,8311 
0)2,6603 
0)2,5071 

0)2,3689 
0)2,2440 
0)2.1306 
0)2.0273 
0)1.9328 

0)1.8463 
0)1.7667 
0)1.6934 
0)1.6257 
0)1.5629 

0)1.5047 
0)1.4505 
0)1.4001 
0)1.3529 
0)1.3088 


7)7.3138 
6)1.3875 
5)1.4730 
4  3.1578 


( 


9.9322 
3.9756 
1.8772 
9.9939 
5.8265 


(  2)3.6466 
(  2)2.4157 
(  2)1.6762 
2)1.2087 
(    1)9.0029 


(  1)6.8929 

(  1)5.4037 

(  1)4.3240 

(  1)3.5226 

(  1)2.9153 

(  1)2.4465 

(  1)2.0786 

(  1)1.7858 

(  1)1.5495 

(  1)1.3565 

(  1)1.1973 

(  1)1.0645 

(  0   9.5285 

(  0)8.5813 

(  0)7.7717 


0)7.0748 
0)6.4711 
0)5.9448 
0)5.4835 
0)5.0771 

0)4.7171 
0)4.3970 
0)4.1110 
0)3.8544 
0)3.6235 

0)3.4148 
0)3.2256 
0)3.0535 
0)2.8966 
0)2.7530 

0)2.6213 
0)2.5002 
0)2.3886 
0)2.2855 
0)2.1900 


9)4,3897 
7)4,1679 
6  2,9548 
5)4.7618 

5)1.2017 
4  4.0225 


1.6347 
7.6506 
3.9853 

2.2576 
1.3680 
8.7586 
5.8709 
4.0904 

2.9455 
2.1822 
1.6572 
1,2860 
1.0171 

8.1821 
6.6819 
5,5310 
4,6342 
3.9258 

3,3589 
2,9000 
2,5245 
2,2144 
1,9559 

1,7387 
1,5547 
1,3978 
1,2630 
1,1467 

1.0455 
9.5723 
8.7970 
8.1132 
7.5074 

6.9684 
6.4871 
6.0556 
5.6674 
5.3170 


0)4.9998 
0)4.7117 
0)4.4493 
0)4.2098 
0)3.9904 


(  0)1.1747 
(  0)1.0947 
(  0)1.0251 
(-1)9,6415 
(-1)9.1031 


(-1)8.6249 
(-1)8.1974 
(-1)7.8133 
-1)7.4666 
(-1)7.1520 

(-1)6.8656 
(-1)6,6036 
(-1)6,3633 
(-1)6,1420 
(-1)5.9376 

(-1)5.7483 
(-1)5.5725 
(-1)5.4087 
(-1)5.2559 
(-1)5.1130 


(  0)1,9059 

(  0)1,7411 

(  0)1,6008 

(  0)1,4803 

(  0)1,3758 

(  0)1,2845 
(  0)1.2043 
(  0)1.1333 
0)1.0701 
(  0)1,0136 

(-1)9,6276 
(-1  9.1686 
(-1)8.7524 
(-1)8.3734 
(-1)8.0272 

(-1)7.7097 
(-1)7.4176 
(-1)7.1482 
(-1)6.8990 
(-1)6,6679 


0)3,3529 
0)2,9941 
0)2,6956 
0)2.4444 
0)2.2310 

0)2.0482 
0)1.8902 
0)1.7527 
0)1.6323 
0)1.5261 

0)1.4319 
0)1.3480 
0  1.2729 
0)1.2053 
0)1.1442 


(  0)1.0888 
(  0)1.0384 
(-1)9.9234 
(-1)9.5015 
(-1)9.1137 


(11)3.0735 

(  9)1.4602 

(  7)6.9092 

(  6)8.3647 

(  6)1.6923 

(  5)4.7326 

(  5)1.6535 

(  4)6.7942 

(  4)3.1580 


1 
(  1 
(  1 
(  1 
(  1 

(  1 

i; 

(  1 
(  1 

(  1 

(  0 
(  0 

(  0 
(  0 


-1)8.3395    (  0)1.2674    (  0)2.1014    (  0)3.7891    (  0 


1.6168 
8,9469 
5.2768 
3.2821 
2,1352 

1,4435 
1,0088 
7,2560 
5.3532 
4,0388 

3.1084 
2.4352 
1.9384 
1.5654 
1.2807 

1.0602 
8.8721 
7.4980 
6.3942 
5.4983 

4,7644 
4,1577 
3.6521 
3.2275 
2.8685 

2.5628 
2.3010 
2,0754 
1,8800 
1,7098 

1.5610 
1.4301 
1.3146 
1.2123 
1.1212 

1.0399 
9.6702 
9.0153 
8.4247 
7.8906 

7.4062 

6.3764 
5.5518 
4.8824 
4.3321 
3.8745 


0)3.4902 
0)3.1645 
0)2.8860 
0)2.6461 
0)2.4379 

0)2.2561 
0)2.0964 
0)1.9552 
0)1.8299 
0)1.7181 

0)1.6178 

0)1.5276 
0)1.4460 
0)1.3721 
0)1.3048 


( 


13)2.4593 
'10)5.8448 
'  9)1.8454 
!  8)1.6777 

7)2.7197 
6)6.3504 
6  1.9061 
5)6,8707 
5)2.8469 

5)1.3160 
4)6.6436 
4  3.6055 
4)2.0785 
4)1.2610 


7.9932 
5.2620 
3.5803 
2.5078 
1.8023 


3)1.3252 
2  9.9450 
2)7.6019 
2)5.9082 
2)4.6615 


2 
2 
2 
2 
(    2 

(  2 

(  2 

(  2 

(  1 

(    1 

1 
1 
1 
1 


(    1 

II 

(    1 
{    1 

(  1 
1 
1 
1 

(    1 

(    1 

\l 

(    0 


3,7285 
3,0199 
2.4741 
2.0483 
1.7124 

1.4444 
1.2284 
1.0528 
9.0873 
7.8960 

6.9034 
6.0705 
5.3671 
4.7692 
4.2581 

3.8188 
3.4392 
3.1096 
2.8221 
2.5702 

2.3486 
2.1529 
1.9794 
1.8251 
1.6873 

1,5639 

1,3069 
1.1070 
9.4885 
8.2205 
7.1904 


16.3439 

15.6407 

0)5.0510 

0)4.5521 

0)4.1265 

0)3.7608 
0)3,4444 
0)3.1689 
0)2,9275 
0)2,7150 

0)2.5269 
0)2.3595 
0)2,2100 
0)2,0759 
0)1.9552 
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MODIFIED  E 

JESSEL  Fl 

JNCTI 

ONS— ORDERS 

10,  11,  20 

AND  21 

Table  9.10 

r 

10V-lO/io(.r) 

10n.r-ii/i,(.r) 

10-'<rl')A',n(r) 

10-24 r-20/2o(.r)  1020,-21/2,  (j) 

10-22  r20/i:2o(.r) 

0.0 

0.26911  445 

1.22324 

748 

1.85794  560 

0.391990 

0.933311 

6.37771 

0.2 

0.26935  920 

1.22426 

724 

1.85588  251 

0.392177 

0.933736 

6.37435 

0.4 

0.27009  468 

1.22733 

125 

1.84970  867 

0.392738 

0.935008 

6.36429 

0.6 

0.27132  457 

1.23245 

366 

1.83947  021 

0.393674 

0.937136 

6.34757 

0.8 

0.27305  504 

1.23965 

820 

1.82524  326 

0.394988 

0.940123 

6.32424 

1.0 

0.27529  480 

1.24897 

831 

1.80713  290 

0.396684 

0.943974 

6.29437 

1.2 

0.27805  517 

1.26045 

740 

1.78527  169 

0.398766 

0.948703 

6.25807 

1.4 

0.28135  012 

1.27414 

918 

1.75981  781 

0.401239 

0.954321 

6.21545 

1.6 

0.28519  648 

1.29011 

798 

1.73095  297 

0.404112 

0.960843 

6.16665 

1.8 

0.28961  396 

1.30843 

932 

1.69887  992 

0.407392 

0.968285 

6.11184 

2.0 

0.29462  538 

1.32920 

036 

1.66381  982 

0.411087 

0.976669 

6,05118 

2.2 

0.30025  682 

1.35250 

061 

1.62600  944 

0.415209 

0.986016 

5.98488 

2.4 

0.30653  784 

1.37845 

262 

1.58569  822 

0.419768 

0.996351 

5.91314 

2.6 

0.31350  170 

1.40718 

285 

1.54314  529 

0.424778 

1.007703 

5.83620 

2.8 

0.32118  565 

1.43883 

260 

1.49861  645 

0.430253 

1.020101 

5,75428 

3.0 

0.32963  121 

1.47355 

907 

1.45238  126 

0.436209 

1.033581 

5,66764 

3.2 

0.33888  455 

1.51153 

657 

1.40471  020 

0.442662 

1.048178 

5,57655 

3.4 

0.34899  681 

1.55295 

782 

1.35587  192 

0.449632 

1.063935 

5,48128 

3.6 

0.36002  459 

1.59803 

551 

1.30613  075 

0.457139 

1.080893 

5.38210 

3.8 

0.37203  039 

1.64700 

388 

1.25574  432 

0.465205 

1.099102 

5.27932 

4.0 

0.38508  316 

1.70012 

064 

1.20496  150 

0.473853 

1.118613 

5.17321 

4.2 

0.39925  889 

1.75766 

896 

1.15402  052 

0.483111 

1.139481 

5.06408 

4.4 

0.41464  125 

1.81995 

978 

1.10314  736 

0,493006 

1.161768 

4.95224 

4.6 

0.43132  237 

1.88733 

435 

1.05255  442 

0.503569 

1.185538 

4.83797 

4.8 

0.44940  362 

1.96016 

700 

1.00243  944 

0.514832 

1.210861 

4.72159 

5.0 

0,46899  655 

2.03886 

82 

0.95298  465 

0.526830 

1.237813 

4.60339 

5.2 

0.49022  387 

2.12388 

83 

0.90435  626 

0.539601 

1.266475 

4.48367 

5.4 

0.51322  061 

2.21572 

08 

0.85670  405 

0.553186 

1.296933 

4.36272 

5.6 

0.53813  536 

2.31490 

71 

0.81016  129 

0.567630 

1.329281 

4.24084 

5.8 

0.56513  169 

2.42204 

09 

0.76484  483 

0.582979 

1.363622 

4.11830 

6.0 

0.59438  965 

2.53777 

36 

0.72085  532 

0,599284 

1.400061 

3.99537 

6.2 

0.62610  759 

2.66282 

00 

0.67827  767 

0.616599 

1.438715 

3.87234 

6.4 

0.66050  400 

2.79796 

48 

0.63718  161 

0.634984 

1.479709 

3.74945 

6.6 

0.69781  972 

2.94406 

93 

0.59762  235 

0.654501 

1.523176 

3.62695 

6.8 

0.73832  033 

3.10208 

00 

0.55964  137 

0.675219 

1.569259 

3.50507 

7.0 

0.78229  881 

3.27303 

69 

0.52326  729 

0.697210 

1.618113 

3.38405 

7.2 

0.83007  854 

3.45808 

34 

0.48851  672 

0.720554 

1.669904 

3.26411 

7.4 

0.88201  663 

3.65847 

74 

0.45539  529 

0.745333 

1.724808 

3.14543 

7.6 

0.93850  764 

3.87560 

29 

0.42389  854 

0.771639 

1.783016 

3.02821 

7.8 

0.99998  773 

4.11098 

38 

0.39401  295 

0.799570 

1.844734 

2,91264 

8.0 

1.06693  936 

4.36629 

90 

0.36571  690 

0.829231 

1.910180 

2,79887 

8.2 

1.13989  641 

4.64339 

88 

0.33898  159 

0.860735 

1.979593 

2.68705 

8.4 

1.21945  007 

4.94432 

35 

0.31377  202 

0.894204 

2.053225 

2.57733 

8.6 

1.30625  534 

5.27132 

42 

0.29004  783 

0.929769 

2.131351 

2.46983 

8.8 

1.40103  829 

5.62688 

64 

0.26776  418 

0.967571 

2.214264 

2.36466 

9.0 

1.50460  429 

6.01375 

48 

0.24687  251 

1.007764 

2.302281 

2.26193 

9.2 

1.61784  713 

6.43496 

31 

0.22732  134 

1.050510 

2.395741 

2.16172 

9.4 

1.74175  933 

6.89386 

57 

0.20905  690 

1.095988 

2,495011 

2.06411 

9.6 

1.87744  369 

7.39417 

36 

0.19202  382 

1.144389 

2,600488 

1.96916 

9.8 

2.02612  620 

7.93999 

51 

0.17616  568 

1.195919 

2,712593 

1.87692 

0.0 

2.18917  062 

8.53588 

02 

0.16142  553 

1.250800 

2.831786 

1.78744 

[(-3)21 

7 

'(-3)61 
6 

"(-4)5-| 
6 

■(-4)4- 
4 

■(-4)9- 
5 

[(-4)8] 
4 

/„  +  l(.r)  =  -2"/„(.r)+/„_,(.r) 


Kn  +  iir)^^'Kn{x)  +  Kn-l{T) 


Compiled  from  British  Association  for  the  Advancement  of  Science,  Bessel  functions,  Part  II.  Func- 
tions of  positive  integer  order,  Mathematical  Tables,  vol.  X  (Cambridge  Univ.  Press,  Cambridge,  Eng- 
land, 1952)  and  L.  Fox,  A  short  table  for  Bessel  functions  of  integer  orders  and  larg.^  arguments.  Royal 
Society  Shorter  Mathematical  Tables  No.  3  (Cambridge  Univ.  Press,  Cambridge,  England,  1954)  (with 
permission). 
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BESSEL 

FUNCTIONS  OF  INTEGER 

ORDER 

Table 

9.10 

MODIFIED  ] 

BESSEL 

FUNCTIONS— ORDERS  10.  11 

,  20  AND  21 

X 

e--I 

\o{x) 

e-^/) 

i(^) 

e'Kioix 

102->X-20/2o(x) 

1026x-21/2i(x)  10-2^20X20(X) 

10.0 

0.00099 

38819 

0.00038 

75284 

35.55633 

91 

1.25080 

2.83179 

1.787443 

10.2 

0.00107 

29935 

0.00042 

45861 

32.60759 

68 

1.30927 

2.95856 

1.700753 

10.4 

0.00115 

52835 

0.00046 

37417 

29.98423 

91 

1.37160 

3.09345 

1.616873 

10.6 

0.00124 

06973 

0.00050 

50080 

27.64297 

29 

1.43806 

3.23703 

1.535814 

10.8 

0.00132 

91744 

0.00054 

83934 

25.54714 

23 

1.50895 

3.38992 

1.457578 

11.0 

0.00142 

06490 

0.00059 

39013 

23.66558 

79 

1.58462 

3.55278 

1.382160 

11.2 

0.00151 

50508 

0.00064 

15309 

21.97172 

20 

1.66540 

3.72634 

1.309546 

11.4 

0.00161 

23051 

0.00069 

12768 

20.44277 

46 

1.75169 

3.91139 

1.239714 

11.6 

0.00171 

23339 

0.00074 

31298 

19.05917 

72 

1.84390 

4.10876 

1.172637 

11.8 

0.00181 

50559 

0.00079 

70766 

17.80405 

56 

1.94249 

4.31937 

1.108279 

12.0 

0.00192 

03870 

0.00085 

31003 

16.66281 

24 

2.04795 

4.54421 

1.046601 

12.2 

0.00202 

82412 

0.00091 

11805 

15.62277 

97 

2.16080 

4.78434 

0.987556 

12.4 

0.00213 

85303 

0.00097 

12937 

14.67293 

16 

2.28162 

5.04093 

0.931095 

12.6 

0.00225 

11650 

0.00103 

34132 

13.80364 

34 

2.41105 

5.31521 

0.877164 

12.8 

0.00236 

60548 

0.00109 

75097 

13.00649 

01 

2.54975 

5.60856 

0.825703 

13.0 

0.00248 

31086 

0.00116 

35512 

12.27407 

71 

2.69846 

5.92244 

0.776652 

13.2 

0.00260 

22347 

0.00123 

15035 

11.59989 

74 

2.85799 

6.25845 

0.729947 

13.4 

0.00272 

33415 

0.00130 

13301 

10.97821 

07 

3.02921 

6.61832 

0.685520 

13.6 

0.00284 

63375 

0.00137 

29926 

10.40394 

07 

3.21306 

7.00393 

0.643305 

13.8 

0.00297 

11314 

0.00144 

64509 

9.87258 

79 

3.41058 

7.41731 

0.603230 

14.0 

0.00309 

76327 

0.00152 

16634 

9.38015 

52 

3.62289 

7.86068 

0.565225 

14.2 

0.00322 

57518 

0.00159 

85870 

8.92308 

36 

3.85121 

8.33644 

0.529218 

14.4 

0.00335 

53999 

0.00167 

71776 

8.49819 

79 

4.09686 

8.84722 

0.495137 

14.6 

0.00348 

64894 

0.00175 

73898 

8.10265 

95 

4.36131 

9.39585 

0.462910 

14.8 

0.00361 

89341 

0.00183 

91776 

7.73392 

53 

4.64613 

9.98543 

0.432464 

15.0 

0.00375 

26491 

0.00192 

24942 

7.38971 

31 

4.95305 

10.61932 

0.403728 

15.2 

0.00388 

75510 

0.00200 

72921 

7.06797 

04 

5.28394 

11.30119 

0.376630 

15.4 

0.00402 

35583 

0.00209 

35235 

6.76684 

87 

5.64087 

12.03503 

0.351101 

15.6 

0.00416 

05908 

0.00218 

11403 

6.48467 

94 

6.02608 

12.82520 

0.327070 

15.8 

0.00429 

85705 

0.00227 

00942 

6.21995 

46 

6.44202 

13.67643 

0.304470 

16.0 

0.00443 

74209 

0.00236 

03366 

5.97130 

87 

6.89137 

14.59389 

0.283235 

16.2 

0.00457 

70675 

0.00245 

18192 

5.73750 

35 

7.37705 

15.58322 

0.263299 

16.4 

0.00471 

74378 

0.00254 

44936 

5.51741 

43 

7.90228 

16.65059 

0.244598 

16.6 

0.00485 

84612 

0.00263 

83118 

5.31001 

78 

8.47055 

17.80271 

0.227071 

16.8 

0.00500 

00690 

0.00273 

32259 

5.11438 

19 

9.08571 

19.04691 

0.210658 

17.0 

0.00514 

21947 

0.00282 

91884 

4.92965 

63 

9.75197 

20.39124 

0.195301 

17.2 

0.00528 

47735 

0.00292 

61523 

4.75506 

40 

10.47392 

21.84444 

0.180944 

17.4 

0.00542 

77427 

0.00302 

40709 

4.58989 

42 

11.25663 

23.41611 

0.167532 

17.6 

0.00557 

10418 

0.00312 

28982 

4.43349 

60 

12.10562 

25.11674 

0.155012 

17.8 

0.00571 

46119 

0.00322 

25887 

4.28527 

20 

13.02697 

26.95781 

0.143336 

18.0 

0.00585 

83964 

0.00332 

30977 

4.14467 

40 

14.02734 

28.95188 

0.132454 

18.2 

0.00600 

23403 

0.00342 

43808 

4.01119 

75 

15.11406 

31.11272 

0.122321 

18.4 

0.00614 

63909 

0.00352 

63948 

3.88437 

85 

16.29515 

33.45541 

0.112891 

18.6 

0.00629 

04971 

0.00362 

90969 

3.76378 

89 

17.57946 

35.99648 

0.104124 

18.8 

0.00643 

46098 

0.00373 

24450 

3.64903 

41 

18.97668 

38.75407 

0.095978 

19.0 

0.00657 

86817 

0.00383 

63982 

3.53974 

93 

20.49749 

41.74804 

0.088414 

19.2 

0.00672 

26672 

0.00394 

09161 

3.43559 

74 

22.15363 

45.00024 

0.081397 

19.4 

0.00686 

65226 

0.00404 

59590 

3.33626 

62 

23.95803 

48.53460 

0.074892 

19.6 

0.00701 

02059 

0.00415 

14885 

3.24146 

65 

25.92489 

52.37745 

0.068865 

19.8 

0.00715 

36768 

0.00425 

74667 

3.15093 

00 

28.06989 

56.55768 

0.063285 

20.0 

0.00729 

68965 

0.00436 

38567 

3.06440 

75 

30.41029 

61.10706 

0.058124 

I, — 

7)4" 
5 

1  — 

7)3" 
3 

"(-2)4" 
8 

"(-2)2 
_  5  _ 

"t-2)o' 
_   5  _ 

n-4u- 

4 

r* 
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Table  9.10 


i  i_ 

In  [.r2e-^/,o(.r)]  In  [j-2e-x/j,(3-)]  In  [, 


111  i 

-l.r2ex^,o(.r)]  In  [.r2f-//2o(.r)]  In  [.r^p-^foi  (r)]    In  [^"1  /•2.'^ A'2o(.r)]   <X> 


0,050 

-3.42244 

002 

-3.93653 

292 

1.47299 

048 

-10,434749 

-11,346341 

0.049 

-3.37318 

689 

-3.87762 

888 

1.42771 

939 

-10,263511 

-11.160467 

0.048 

-3,32386 

306 

-3.81861 

524 

1.38232 

785 

-10,091302 

-10,973471 

0.047 

-3.27447 

055 

-3.75949 

454 

1.33681 

644 

-  9.918126 

-10,785351 

0.046 

-3.22501 

139 

-3.70026 

938 

1.29118 

575 

-  9.743983 

-10,596108 

0.045 

-3.17548 

766 

-3.64094 

242 

1.24543 

642 

-  9.568876 

-10.405744 

0.044 

-3.12590 

147 

-3.58151 

639 

1.19956 

910 

-  9.392809 

-10.214259 

0.043 

-3.07625 

496 

-3.52199 

408 

1.15358 

449 

-  9.215785 

-10.021658 

0.042 

-3.02655 

033 

-3.46237 

835 

1.10748 

332 

-  9.037810 

-  9.827944 

0.041 

-2.97678 

979 

-3.40267 

211 

1.06126 

635 

-  8.858889 

-  9.633121 

0.040 

-2.92697 

559 

-3.34287 

833 

1.01493 

437 

-  8.679029 

-  9.437195 

0.039 

-2.87711 

002 

-3.28300 

006 

0.96848 

822 

-  8.498236 

-  9.240173 

0.038 

-2.82719 

539 

-3.22304 

039 

0.92192 

874 

-  8.316519 

-  9.042063 

0.037 

-2.77723 

405 

-3.16300 

246 

0.87525 

686 

-  8.133888 

-  8.842873 

0.036 

-2.72722 

837 

-3.10288 

949 

0.82847 

349 

-  7.950352 

-  8.642612 

0.035 

-2.67718 

076 

-3.04270 

472 

0.78157 

961 

-  7,765923 

-  8.441293 

0.034 

-2.62709 

365 

-2.98245 

146 

0.73457 

624 

-  7.580613 

-  8.238927 

0.033 

-2.57696 

948 

-2.92213 

308 

0.68746 

441 

-  7,394434 

-  8,035529 

0.032 

-2.52681 

074 

-2.86175 

298 

0.64024 

520 

-  7,207403 

-  7,831113 

0.031 

-2.47661 

992 

-2.80131 

461 

0.59291 

975 

-  7.019533 

-  7.625695 

0.030 

-2.42639 

955 

-2.74082 

147 

0.54548 

920 

-  6.830842 

-  7.419294 

0.029 

-2.37615 

216 

-2.68027 

709 

0,49795 

475 

-  6.641348 

-  7.211929 

0.028 

-2.32588 

032 

-2.61968 

504 

0.45031 

764 

-  6.451070 

-  7,003620 

0.027 

-2.27558 

659 

-2.55904 

894 

0.40257 

915 

-  6.260027 

-  6,794389 

0.026 

-2.22527 

356 

-2.49837 

243 

0.35474 

059 

-  6.068243 

-  6.584261 

0.025 

-2.17494 

384 

-2.43765 

918 

0.30680 

331 

-  5.875738 

-  6.373261 

0.024 

-2.12460 

002 

-2.37691 

291 

0.25876 

871 

-  5.682539 

-  6.161416 

0.023 

-2.07424 

475 

-2.31613 

733 

0.21063 

822 

-  5.488669 

-  5.948754 

0.022 

-2.02388 

063 

-2.25533 

620 

0.16241 

332 

-  5.294155 

-  5.735305 

0.021 

-1.97351 

031 

-2.19451 

329 

0,11409 

551 

-  5.099025 

-  5.521102 

0.020 

-1.92313 

643 

-2.13367 

239 

0.06568 

636 

-  4.903309 

-  5.306177 

0.019 

-1.87276 

162 

-2.07281 

731 

+0.01718 

745 

-  4.707035 

-  5.090565 

0.018 

-1.82238 

853 

-2.01195 

186 

-0.03139 

959 

-  4.510235 

-  4.874302 

0.017 

-1.77201 

979 

-1.95107 

986 

-0.08007 

306 

-  4,312943 

-  4.657427 

0.016 

-1.72165 

806 

-1.89020 

514 

-0.12883 

128 

-  4.115190 

-  4.439978 

0.015 

-1.67130 

595 

-1.82933 

153 

-0.17767 

247 

-  3.917011 

-  4.221995 

0.014 

-1.62096 

610 

-1.76846 

286 

-0.22659 

485 

-  3.718443 

-  4.003521 

0.013 

-1.57064 

113 

-1.70760 

295 

-0,27559 

659 

-  3.519520 

-  3.784599 

0.012 

-1.52033 

365 

-1.64675 

564 

-0.32467 

581 

-  3.320281 

-  3.565272 

0.011 

-1.47004 

626 

-1.58592 

472 

-0.37383 

061 

-  3.120763 

-  3.345586 

0.010 

-1.41978 

154 

-1.52511 

400 

-0.42305 

904 

-  2.921004 

-  3.125587 

0.009 

-1.36954 

207 

-1.46432 

725 

-0.47235 

911 

-  2.721043 

-  2.905322 

0.008 

-1.31933 

040 

-1.40356 

824 

-0.52172 

881 

-  2.520921 

-  2.684838 

0.007 

-1.26914 

908 

-1.34284 

072 

-0.57116 

608 

-  2.320676 

-  2.464184 

0.006 

-1.21900 

063 

-1.28214 

841 

-0.62066 

881 

-  2.120350 

-  2,243408 

0.005 

-1.16888 

754 

-1.22149 

499 

-0.67023 

489 

-  1.919982 

-  2,022558 

0.004 

-1.11881 

229 

-1.16088 

414 

-0.71986 

215 

-  1.719613 

-  1,801685 

0.003 

-1.06877 

735 

-1.10031 

949 

-0,76954 

839 

-  1.519284 

-  1,580838 

0.002 

-1.01878 

514 

-1.03980 

463 

-0.81929 

138 

-  1.319036 

-  1.360065 

0.001 

-0.96883 

808 

-0.97934 

314 

-0.86908 

886 

-  1.118907 

-  1.139416 

0.000 

-0.91893 

853 

-0.91893 

853 

-0.91893 

853 

-  0,918939 

-  0.918939 

r(-6)9] 

4 

[(-5. 

4 

1" 

r(-5j2-| 

4 

"(-4jr 

4 

7-4)1- 
4 

<.r>= nearest  integer  to  '. 

8,250182 

20 

8,088946 

20 

7.926737 

21 

7.763551 

21 

7.599386 

22 

7.434240 

22 

7.268110 

23 

7.100994 

23 

6.932893 

24 

6.763806 

24 

6.593733 

25 

6.422673 

26 

6.250630 

26 

6.077603 

27 

5.903597 

28 

5.728614 

29 

5.552659 

29 

5.375732 

30 

5.197843 

31 

5.018998 

32 

4,839203 

33 

4.658466 

34 

4.476796 

36 

4,294202 

37 

4.110696 

38 

3.926290 

40 

3.740995 

42 

3,554826 

43 

3,367799 

45 

3.179929 

48 

2.991233 

50 

2.801730 

53 

2.611440 

56 

2.420383 

59 

2.228582 

63 

2.036059 

67 

1.842840 

71 

1.648949 

77 

1.454415 

83 

1.259264 

91 

1.063526 

100 

0.867231 

111 

0.670412 

125 

0.473099 

143 

0.275328 

167 

+0.077133 

200 

-0.121451 

250 

-0.320388 

333 

-0.519640 

500 

-0.719170 

1000 

-0.918939 

00 

7-4)1" 

4 

Compiled  from  L.  Fox,  A  short  table  for  Bessel  functions  of  integer  orders  and  large  arguments.  Royal 
Society  Shorter  Mathematical  Tables  No.  3  (Cambridge  Univ.  Press,  Cambridge,  England,  1954)  (with 
permission). 
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Table  9.11 

MODIFII 

n 

hi\) 

0 

[        0)1.26606  5878 

1 

-     1   5. 65159   1040 

2 

(-     1)1.35747   6698 

3 

-  2  2.21684  2492 
;-     3)2.73712   0221 

4 

5              1 

'-     4)2.71463   1560 

6 

-     5)2.24886   6148 

7              ( 

-      6   1.59921   8231 

8 

'-     8)9.96062   4033 

9              ( 

[-     9)5.51838  5863 

10 

[-  10)2.75294  8040 

11              ( 

-  11    1.24897   8308 

12 

[-   13   5. 19576   1153 

13              ( 

,-  14  1.99563  1678 
[-  16)7.11879   0054 

14              1 

15              ( 

f-  17)2.37046   3051 

16              I 

-   19)7.40090   0286 

17              ( 

-  20)2.17495   9747 

18              1 

-   22   6. 03714  4636 

19 

[-  23)1.58767   8369 

20              ( 

-  25)3.96683   5986 

30              ( 

-  42)3.53950   0588 

40              1 

-  60)1.12150   9741 

50              ( 

;-   80)2.93463   5309 

BESSEL    FUNCTIONS    OF    INTEGER    ORDER 
MODIFIED  BESSEL  FUNCTIONS— VARIOUS  ORDERS 


/«(2) 

2.27958  5302 

1.59063  6855 

6.88948  4477 

12.12739  9592 

-5.07285  6998 


{-- 


3)9.82567  9323 
3)1.60017  3364 
4)2.24639  1420 
5  2. 76993  6951 
6)3. 


04418  5903 


100 


(-189)8.47367  4008 


-  7)3.01696  3879 

-  8)2.72220  2336 

-  9)2.25413  0978 

-  10)1.72451  6264 

-  11)1.22598  3451 

-  13)8.13943  2531 

-  14)5.06857  1401 

-  15)2.97182  8970 

-  16  1.64621  5204 
;-  18)8.64160  3385 

(-  19)4.31056  0576 

(-  33)3.89351  9664 

(-  48)1.25586  9192 

(-  65)3.35304  2830 

(-158)1.08217  1475 


7n(5) 

2.72398  7182 

2.43356  4214 

1.75056  1497 

1.03311  5017 

5.10823  4764 


0)2.15797  4547 
1)7.92285  6690 
12. 56488  9417 
2)7.41166  3216 
2  1.93157  1882 


3)4.58004 

4  9. 95541 
4)1.99663 

5  3.  71568 
6)6.44800 


-  6)1.04797 

-  7)1.60139 

-  8)2.30866 

-  9)3.14983 

-  10)4.07841 

-  11)5.02423 

-  21)3.99784 

-  32)1.18042 
(-  45)2.93146 


4419 
1401 
4027 
0720 
5272 

7675 
2190 
7371 
7806 
5017 

9358 
4971 
6980 
9647 


(-119)7.09355  1489 


n 
0 
1 
2 
3 
4 

5 
6 
7 
8 
9 

10 
11 
12 
13 
14 

15 
16 
17 

18 
19 

20 
30 
40 
50 

100 


3)2. 
3  2. 
3)2. 
3  1. 
3)1. 

2)7. 
2)4. 
2  2. 
2)1. 
1)5. 


(-  4)1. 
(-12)7. 
(-20)2. 
(-30)4. 


inim 

81571  6628 
67098  8304 
28151  8968 
75838  0717 
22649  0538 

77188  2864 
49302  2514 
38025  5848 
16066  4327 
23192  9250 

18917  0616 
53588  0176 
11276  9776 
06523  2713 
43164  7223 

04371  4907 
00502  5016 
21069  0206 
13390  3457 
28637  7589 

25079  9736 
78756  9783 
04212  3274 
75689  4561 


20)2. 
20)2. 
20)2. 
20)2. 
20)2. 

20)2. 
20)2. 
20)1. 
20)1. 
20)1. 

20)1. 
19)8. 
19  6. 
19  5. 
19)4. 


/n(50) 

93255  378 
90307  859 
81643  064 
67776  414 
49509  894 

27854  831 
03938  928 
78909  488 
53844  272 
29679  321 

07159  716 
68154  347 
89609  247 
37141  909 
10295  454 


(-88)1.08234  4202 


(  19)3.07376  455 

(  19  2. 25869  581 

(  19)1.  62819  923 

19  1.15152  033 

(  18)7.99104  593 

(  18)5.44200  840 

16  4. 27499  365 

13)6.00717  897 

+10)1.76508  024 

(-16)2.72788  795 


/n(lOO) 

(42)1.07375  171 
42)1. 06836  939 

(42  1.05238  432 

(42)1.02627  402 

(41)9.90807  878 

41)9.47009  387 

41  8. 96106  940 

41)8.39476  555 

41)7.78580  222 

41)7.14903  719 

(41)6.49897  552 

(41)5.84924  209 

(41  5.  21214  227 

(41)4.59832  794 

(41)4.01657  700 

(41)3.47368  638 

41)2.97447  109 

41)2.52185  563 

41  2. 11704  017 

(41)1.75972  117 

(41)1.44834  613 

40)1.20615  487 

(38)3.84170  550 

(36)4.82195  809 

(21)4.64153  494 
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MODIFIED  BESSEL  FUNCTIONS— VARIOUS  ORDERS 


0 
1 
2 
3 
4 

5 
6 
7 

8 
9 

10 
11 
12 
13 
14 

15 
16 
17 
18 
19 

20 
30 
40 
50 

100 


Kn{\) 

1)4.21024  4382 
1)6.01907  2302 
0)1.62483  8899 
0)7.10126  2825 
1)4.42324  1585 


2)3.60960  5896 

3)3.65383  8312 

4)4.42070  2033 

5)6.22552  1230 

7)1.00050  4099 

8)1.80713  2899 

9)3.62427  0839 

10)7.99146  7175 

12)1.92157  6393 

13)5.00409  0088 

15)1.40306  6801 

16)4.21420  4494 

18)1.34994  8505 

19)4.59403  9121 

21)1.65520  4032 

(  22)6.29436  9360 

(  39)4.70614  5527 

(  58)1.11422  0651 

(  77)3.40689  6854 

(185)5.90033  3184 


K„{2) 

-1)1.13893  8728 
-1)1.39865  8818 
-1)2.53759  7546 
-16.  47385  3909 
0)2.19591  5927 


9.43104 
4.93511 
3.  05538 
2.18811 
1.78104 


5)1.62482 
6)1.64263 
7)1.82314 
8)2.20420 
9)2.88369 

(  10)4.05921 
(  11)6.11765 
(  12)9.82884 
14)1.67702 
(  15)3.  02846 

(  16)5.77085 

(  30)4.27112 

(  45  9. 94083 

(  62)2.97998 


9101 
6143 
0177 
7285 
7630 

4040 
4516 
6208 
1795 
3795 

3332 
6935 
3230 
1006 
6654 

6853 
5755 
9886 
1740 


Table  9.11 

Kn(5) 

-3)3.  69109  8334 
-3  4.  04461  3445 
-3)5.30894  3712 
-3)8.29176  8415 
-2  1.52590  6581 


27062 
06716 
26318 
14362 
51227 

75856 
15465 
92563 
65850 
21498 

01697 
86233 
22206 
49627 
23952 

82700 
11213 
05075 
39432 


7371 
1323 
1455 
4206 
7891 

2829 
2921 
2913 
3277 
4995 

6630 
5828 
4696 
3517 
3402 

0521 
2063 
6722 
2243 


(155)4.61941  5978 


(115)7.03986  0193 


n 
0 
1 
2 
3 
4 

5 
6 
7 
8 
9 

10 
11 
12 
13 
14 

15 
16 
17 
18 
19 

20 
30 
40 

50 


(-5)1.77800  6232 
(-5)1.86487  7345 
(-5)2.15098  1701 
(-5)2.72527  0026 
(-5)3.78614  3716 


(-5)5.75418  4999 
(-5)9.54032  8715 
(-4)1.72025  7946 
(-4)3.36239  3995 
(-4)7.10008  8338 

(-3)1.61425  5300 
(-3)3.93851  9435 
(-2)1.02789  9806 
(-2)2.86081  1477 
(-2)8.46600  9646 

(-1)2.65656  3849 
(-1)8.81629  2510 
(  0)3.08686  9988 


1)1.1 
1)4.4 


3769  8721 
40440  2395 


2)1.78744  2782 

9)2.03024  7813 

17)5.93822  4681 

27)2.06137  3775 


Knim 

-23)3.41016  774 

-23)3.44410  222 

-23)3.54793  183 

-23)3.72793  677 

-23)3.99528  424 

-23)4.36718  224 

-23)4.86872  069 

-23  5. 53567  521 

-23)6.41870  975 

-23)7.58966  233 

(-23)9.15098  819 
(-22)1.12500  576 
(-22  1.41010  135 
(-22)1.80185  441 
(-22)2.34706  565 

(-22)3.11621  117 
(-22)4.21679  235 
(-22)5.81495  828 
(-22)8.17096  398 
(-21)1.16980  523 

(-21)1.70614  838 

(-19  2. 00581  681 

(-16)1.29986  971 

(-13)4.00601  347 


Kn(WO) 

(-45)4.65662  823 

(-45)4.67985  373 

(-45)4.75022  530 

(-45  4.  86986  274 

(-45)5.04241  707 

(-45)5.27325  611 

(-45)5.56974  268 

(-45)5.94162  523 

(-45  6.  40157  021 

(-45)6.96587  646 

(-45)7.65542  797 

(-45)8.49696  206 

(-45  9. 52475  963 

(-44  1.07829  044 

(-44)1.23283  148 

(-44)1.42348  325 

-44)1.65987  645 

(-44)1.95464  371 

(-44  2.  32445  531 

(-44)2.79144  763 

(-44)3.38520  541 

(-43)3.97060  205 

(-41  1.20842  080 

(-40)9.27452  265 


100 


(85)4.59667  4084 


(+13)1.63940  352 


(-25)7.61712  963 
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Table  9.12 

KELV1>  Fl  NCI  IONS— ORDERS  0  AND  1 

r 

bei 

bei  ' 

ber,  ' 

beii  r 

0.0 

1.00000 

00000 

0.00000   00000 

0,00000   00000 

0,00000  00000 

0.1 

0.  99999 

84375 

0.00249  99996 

-0.03539  95148 

0,03531   11265 

0.2 

0.  99997 

50000 

0. 00999   99722 

-0. 07106  36418 

0,07035   65360 

0.3 

0.  99987 

34379 

0.02249   96836 

-0,10725   4776B 

0,10486  83082 

0.4 

0.  99960 

00044 

0.03999   82222 

-0,14423   08645 

0.13857  41359 

0.5 

0.  99902 

34640 

0.  06249   32184 

-0.18224   31238 

0,17119   51797 

0.6 

0.  99797 

51139 

0. 08997  97504 

-0.22153   37177 

0,20244  39824 

0.7 

0.  99624 

88284 

0.12244   89390 

-0.26233   33470 

0.23202   24623 

0.8 

0.  99360 

11377 

0.15988  62295 

-0.30485  87511 

0.25962   00070 

0.9 

0.  98975 

13567 

0.20226  93635 

-0.34931   01000 

0,28491   16898 

1.0 

0.  98438 

17812 

0.24956  60400 

-0.39586  82610 

0.30755   66314 

LI 

0.  97713 

79732 

0.30173   12692 

-0.44469  19268 

0,32719  65305 

1.2 

0.  96762 

91558 

0. 35870   44199 

-0.49591   45913 

0,34345  43903 

1.3 

0.  95542 

87468 

0.42040   59656 

-0.54964  13636 

0,35593  34649 

1.4 

0. 94007 

50567 

0.48673   39336 

-0.60594   56099 

0.36421   64560 

1.5 

0.  92107 

21835 

0.55756   00623 

-0.66486  54180 

0. 36786  49890 

1.6 

0.  89789 

11386 

0.63272   56770 

-0.72639  98786 

0.36641   93986 

1.7 

0. 86997 

12570 

0.71203   72924 

-0.79050   51846 

0.35939  88584 

1.8 

0.  83672 

17942 

0.79526  19548 

-0.85709   05470 

0,34630  18876 

1.9 

0. 79752 

41670 

0.88212  23406 

-0.92601   39357 

0.32660  72722 

2.0 

0.  75173 

41827 

0.  97229  16273 

-0.99707  76519 

0,29977  54370 

2.1 

0. 69868 

50014 

1. 06538  81608 

-1. 07002   37462 

0,26525   03092 

2.2 

0. 63769 

04571 

1.16096  99438 

-1.14452   92997 

0,22246  17120 

2.3 

0.  56804 

89261 

1.25852   89751 

-1.22020  15903 

0.17082   83322 

2.4 

0.  48904 

77721 

1.35748  54765 

-1.29657  31717 

0,10976  13027 

2.5 

0.39996  84171 

1.45718  20442 

-1.37309  68976 

+0,03866  84440 

2.6 

0.30009  20903 

1.55687  77737 

-1.44914   09315 

-0,04304   07916 

2.7 

0. 18870 

63040 

1.65574  24073 

-1.52398   37854 

-0.13594   96285 

2.8 

-^0,  06511 

21084 

1.75285   05638 

-1.59680   94413 

-0.24062   74875 

2.9 

-0.  07136 

78258 

1,84717  61157 

-1.66670  26139 

-0.35762  26713 

3.0 

-0.  22138 

02496 

1.93758  67853 

-1.73264  42211 

-0.48745  41770 

3.1 

-0.  38553 

14550 

2. 02283  90420 

-1.79350  71373 

-0.63060   25952 

3.2 

-0.56437 

64305 

2.10157  33881 

-1.84805  23125 

-0,78750  00586 

3.3 

-0.  75840 

70121 

2.17231    01315 

-1,89492   53482 

-0.95851   92089 

3.4 

-0.  96803 

89953 

2.23344  57503 

-1.93265  36306 

-1, 14396  11510 

3.5 

-1.19359 

81796 

2.28324  99669 

-1,95964  41313 

-1.34404  23731 

3.6 

-1.43530 

53217 

2.31986  36548 

-1.97418  19924 

-1.55888  06139 

3.7 

-1.69325 

99843 

2.34129  77145 

-1.97443   00262 

-1.78847  96677 

3.8 

-1. 96742 

32727 

2.34543   30614 

-1.95842   92665 

-2.03271   31257 

3.9 

-2.25759 

94661 

2.33002  18823 

-1.92410  07174 

-2.29130  70630 

4.  D 

-2. 56341 

65573 

2.29269   03227 

-1,86924   84590 

-2.56382  16886 

4.1 

-2. 88430 

57320 

2.23094  27803 

-1.79156  42730 

-2,84963  19932 

4,2 

-3.21947 

96323 

2.14216  79867 

-1, 68863   39648 

-3.14790  74393 

4.3 

-3.  56791 

08628 

2,02364  70694 

-1.55794  55649 

-3.45759   07560 

4.4 

-3. 92830 

66215 

1.87256  37958 

-1.39689  95997 

-3.77737  59182 

4,5 

-4. 29908 

65516 

1,68601  72036 

-1,20282  16315 

-4.10568  54084 

4.6 

-4. 67835 

69372 

1.46103   68359 

-0.97297  72697 

-4.44064  68813 

4.7 

-5. 06388 

55867 

1,19460   07966 

-0,70458  98649 

-4,78006  93721 

4.8 

-5.45307 

61749 

0.88365   68537 

-0,39486  10961 

-5.12141   92170 

4.9 

-5.  84294 

24419 

0,52514  68109 

-0,04099  46681 

-5,46179  58790 

5.0 

-6.23008 

24787 

0.11603  43816 

+0.35977  66668 

-5,79790  79018 

.     8 

3  2" 

8 

8 

r -32-| 

8 

KELVIN  Fl  NCnONS— AIXILIARV 

TABLE  FOR  >MALL 

ARGLMENTN 

j^ 

ker  .'-ber 

.'  In  .' 

kei  •  -bei  '  In  ' 

vker:  .'-ber:  ■■  \a  '      ' 

ikei:  .'-bei:  .'  In 

0.0 

0.11593 

1516 

-0.78539   8163 

-0.70710  6781 

-0,70710  6781 

0.1 

0. 11789 

2485 

-0,78260  7108 

-0.70651   7131 

-0,70215  4903 

0.2 

0.12374 

5076 

-0,77421   9267 

-0.70486  2164 

-0,68733   0339 

0.3 

0.13339 

8210 

-0.76019   0919 

-0.70248  3157 

-0.66272   8003 

0.4 

0. 14669 

9682 

-0,74045  0212 

-0.69994   6658 

-0.62851   1738 

0.5 

0. 16343 

5574 

-0.71489  8693 

-0,69804  1049 

-0,58492  2770 

■(-4 
7 

}o 

7 

■(-4)1"| 

7 

[(-3)11 
7 

CompDed  from  National  Bureau  of  Standards.  Tables  of  the  Bessel  functions  -htZf  and  -/.'ri  for  complex 
arguments.  2d  ed.  G>lumbia  Univ.  Pres,  New  Yorif .  N.Y.,  1947  and  National  Bureau  of  Standards, 
Tables  of  the  Bessel  functions  YUz\  and  J'lfr  i  fw  complex  arguments  /Columbia  Univ.  Press,  New  York. 
N.Y.,  1950/  (with  permission). 
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KELVIN 

FL.NCno.NS  ORDERS  0  AND  1 

Table  9.12 

r 

ker 

r 

kei  )• 

ker. 

r 

kei,  >■ 

0.0 

90 

-0.78539  8163 

-    • 

—                    00 

0.1 

2.42047 

3980 

-0.77685  0646 

-7.14668 

1711 

-6.94024  2153 

012 

1.73314 

2752 

-0.75812  4933 

-3.63868 

3342 

-3.32341  7218 

0.3 

I..  3  3  721 

8637 

-0.73310  1912 

-2.47074 

2357 

-2.08283  4751 

0.4 

1. 06262 

3902 

-0.70380  0212 

-1,  88202 

4050 

-1.44430  5150 

0.5 

0,85590 

5872 

-0.67158  1695 

-1. 52240 

3406 

-1.05118  2085 

0.6 

0.69312 

0695 

-0.63744  9494 

-1.27611 

7712 

-0.78373  8860 

0.7 

0-56137 

8274 

-0.60217  5451 

-1. 09407 

2943 

-0.59017  5251 

0.8 

G. 45288 

2093 

-0.56636  7650 

-0.95203 

2751 

-0.44426  9985 

019 

0.  36251 

4812 

-0.53051  1122 

-0.83672 

7829 

-0.33122  6820 

1.0 

0.28670 

6208 

-0.49499  4636 

-0. 74032 

2276 

-0.24199  5966 

LI 

0.  22284 

4513 

-0.46012  9528 

-0.65791 

0729 

-0.17068  4462 

1.2 

0, 16894 

5592 

-0.42616  3604 

-0. 58627 

4386 

-0.11325  6800 

1,3 

0,12345 

5395 

-0.39329  1826 

-0.52321 

5989 

-0.06683  2622 

1.4 

0.08512 

6048 

-0.36166  4781 

-0. 46718 

3076 

-0. 02928  3749 

1.5 

0.  05293 

4915 

-0.33139  5562 

-0. 41704 

4285 

+0.00100  8681 

1.6 

0. 02602 

9861 

-0.30256  5474 

-0.  37195 

1238 

0,02530  6776 

1.7 

+0.00369 

1104 

-0,27522  8834 

-0.33125 

0485 

0,04461  5190 

1.8 

-0.01469 

6087 

-0.24941  7069 

-0. 29442 

5803 

0,05974  7779 

1.9 

-0, 02966 

1407 

-0.22514  2235 

-0.26105 

9495 

0. 07137  3592 

2.0 

-0, 04166 

4514 

-0.20240  0068 

-0.23080 

5929 

0.08004  9398 

2.1 

-0,05110 

6500 

-0.18117  2644 

-0.20337 

3135 

0.08624  3202 

2.2 

-0.  05833 

8834 

-0.16143  0701 

-0.17850 

9812 

0.09035  1619 

2.3 

-0, 06367 

0454 

-0.14313  5677 

-0.15599 

6054 

0.09271  2940 

2.4 

-0.  06737 

3493 

-0,12624  1488 

-0.13563 

6638 

0.09361  7161 

2.5 

-0.  06968 

7972 

-0.11069  6099 

-0.11725 

6136 

0.09331  3788 

2.6 

-0, 07082 

5700 

-0.09644  2891 

-0.10069 

5314 

0.09201  8037 

2.7 

-0.07097 

3560 

-0.08342  1858 

-0.  08580 

8451 

0.08991  5810 

2.8 

-0, 07029 

6321 

-0,07157  0648 

-0. 07246 

1339 

0.08716  7762 

2.9 

-0.  06893 

9052 

-0,06082  5473 

-0. 06052 

9755 

0.08391  2666 

3.0 

-0. 06702 

9233 

-0.05112  1884 

-0.  04989 

8308 

0.08027  0223 

3.1 

-0.06467 

8610 

-0.04239  5446 

-0. 04045 

9533 

0.07634  3451 

3.2 

-0.06198 

4833 

-0. 03458  2313 

-0.  03211 

3183 

0.07222  0724 

3.3 

-0.  05903 

2916 

-0.02761  9697 

-0. 02476 

5662 

0.06797  7529 

3.4 

-0. 05589 

6550 

-0,02144  6287 

-0.01832 

9556 

0.06367  7999 

3.5 

-0.05263 

9277 

-0.01600  2568 

-0. 01272 

3249 

0.05937  6256 

3.6 

-0.  04931 

5556 

-0.01123  1096 

-0.00787 

0585 

0.05511  7592 

3.7 

-0.04597 

1723 

-0.00707  6704 

-0.00370 

0576 

0.05093  9514 

3.8 

-0. 04264 

6864 

-0. 00348  6665 

-0.00014 

7138 

0.04687  2681 

3.9 

-0, 03937 

3608 

-0.00041  0809 

+0. 00285 

1155 

0.  04294  1728 

4.0 

-0.03617 

8848 

+0,00219  8399 

0.00535 

1296 

0.03916  6011 

4.1 

-0,03308 

4395 

0.00438  5818 

0,  00740 

6063 

0.03556  0272 

4.2 

-0. 03010 

7574 

0,00619  3613 

0.00906 

4226 

0.03213  5235 

4.3 

-0. 02726 

1764 

0.00766  1269 

0.01037 

0752 

0.02889  8142 

4,4 

-0.02455 

6892 

0. 00882  5624 

0.01136 

6998 

0.02535  3229 

4.5 

-0.  02199 

9875 

0,00972  0918 

0.01209 

0904 

0. 02300  2160 

4.6 

-0.01959 

5024 

0.01037  8865 

0.01257 

7182 

0.02034  4409 

4.7 

-0. 01734 

4409 

0.01082  8725 

0.01285 

7498 

0.01787  7607 

4.8 

-0.01524 

8188 

0,01109  7399 

0,01296 

0651 

0.01559  7847 

4.9 

-0,01330 

4899 

0.01120  9526 

0.  01291 

2753 

0,01349  9960 

5.0 

-0.01151 

1727 

0.01118  7587 

0.01273 

7390 

0,01157  7754 

0.5 
0.6 
0.7 
0.8 
0.9 

1.0 


KEL\T>  FL>CT10>S— ALTilLIARV  TABLE  FOR  SMALL  ARGLMENTS 


ker  r-b^"  '■  In 
0,16343  5574 
0.18332  9435 
0.20604  1279 
0.23116  6407 
0.25823  4099 

0.28670  6208 


tr] 


kei  r-bei  r  In  ' 
-0.71489  8693 
-0.68341  3456 
-0.64584  9920 
-0.60204  5231 
-0.55182   2327 


-0.49499  4636 

-4.81 
7 


[T] 


'•(ken  r^beri  r  In  ')  r(keii  r-beii  r  In  r) 
-0.69804  1049  -0.58492   2770 

-0.69777  1567  -0.53229  1460 

-0.70035   3648  -0.47105   2294 

-0.70720   4389  -0.40176  2012 

-0.71993  1903  -0.32512   0736 


-0.74032  2276 


-0.24199   5966 


ri"]      [V] 
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Table  9.12  KELVIN  FLNCTIO.NS— MODLLLS  AND  PHASE 

ber  •'  =  J/o(.()  cos  9o(-()  ben   '   -.l/i(.' i  cos  ei(rj 


bei  .i=J/o(.i) 

sin  90 (i) 

bei  1  X 

= J/i  (.)•)  sin  Oi  (.«■) 

.r 

M.(.r) 

»n(.'-) 

-l/l(r) 

9\(.>) 

0.0 

1.000000 

0.000000 

0,000000 

2,356194 

0.2 

1.000025 

0.  010000 

0,100000 

2,361194 

0.4 

1. 000400 

0.039993 

0,200013 

2,376194 

0.6 

1.002023 

0,089919 

0,300101 

2.401189 

0.8 

1.006383 

0,159548 

0.400427 

2,436166 

1.0 

1.015525 

0, 248294 

0.501301 

2,481086 

1.2 

1.031976 

0. 354999 

0.603235 

2,535872 

1.4 

1. 058608 

0.477755 

0,706982 

2,600386 

1.6 

1.098431 

0, 613860 

0.813585 

2, 674406 

1.8 

1.154359 

0. 759999 

0.924407 

2, 757605 

2.0 

1,229006 

0,912639 

1.041167 

2,849536 

2.2 

1.324576 

1. 068511 

1.165949 

2,949617 

2.4 

1.442891 

1.225011 

1.301211 

3,057139 

2.6 

1.585536 

1.380379 

1.449780 

3,171285 

2.8 

1.754059 

1,533667 

1.614838 

3.291160 

3.0 

1.950193 

1, 684559 

1. 799908 

3.415839 

3.2 

2.176036 

1.833156 

2. 008844 

3.544415 

3.4 

2.434210 

1. 979784 

2,245840 

3.676044 

3.6 

2.727979 

2. 124854 

2.515453 

3. 809981 

3.8 

3. 061341 

2. 268771 

2,822653 

3.945601 

4.0 

3.439118 

2,411887 

3,172896 

4.082407 

4.2 

3.867032 

2.554483 

3,572227 

4.220023 

4.4 

4.351791 

2,696771 

4,027393 

4.358179 

4.6 

4.901189 

2.838893 

4.545990 

4.496691 

4.8 

5.524209 

2.980942 

5.136619 

4. 635441 

5.0 

6.231163 

3.122970 

5,809060 

4, 774362 

5.2 

7. 033841 

3.265002 

6,574474 

4.913417 

5.4 

7.945700 

3.407044 

7.445618 

5.052589 

5.6 

8.982083 

3.549094 

8, 437083 

5,191872 

5.8 

10.160473 

3.691142 

9,565568 

5,331267 

6.0 

11.500794 

3.833179 

10,850182 

5,470772 

6.2 

13.025757 

3.975197 

12.312791 

5,610390 

6.4 

14.761257 

4,117190 

13,978402 

5,750117 

6.6 

16.736836 

4,259152 

15.875614 

5, 889950 

6.8 

18.986208 

4. 401083 

18. 037122 

6, 029884 

7.0 

21. 547863 

4. 542982 

20.500302 

6.169913 

"(-2i4" 
7 

r(-3)2-| 

8 

■f-2)4" 
6 

[(-3)1" 
6 

KELVIN  FUNCTIONS— MODI  LIS  AND  PHASE  FOR  LARGE  ARGIMENTS 

.,-1  .r5e-'>2 j/y(,.)   eo(.rJ-(r  ^)    x^p-'!^"^ Mi{.r)  9i(.i)-(.r  V2)  <■'> 

0.15  0.40418  -0.40758  0.38359  1.22254  7 

0.14  0,40383  -0,40644  0.38457  1.21922  7 

0,13  0,40349  -0,40534  0,38556  1,21598  8 

0.12  0.40315  -0,40427  0,38655  1,21280  8 

0.11  0,40281  -0.40323  0.38755  1.20968  9 

0.10  0.40246  -0,40221  0.38856  1,20660  10 

0.09  0.40211  -0.40119  0,38957  1,20356  11 

0,08  0,40176  -0.40019  0.39060  1,20057  13 

0,07  0,40141  -0.39921  0.39162  1.19762  14 

0.06  0,40106  -0.39824  0.39266  1.19471  17 

0.05  0,40071  -0.39728  0,39369  1.19184  20 

0,04  0.40035  -0.39634  0.39474  1.18901  25 

0.03  0.40000  -0.39541  0,39578  1.18622  33 

0,02  0.39965  -0.39449  0.39683  1.18348  50 

0.01  0.39930  -0.39359  0.39789  1.18077  100 

0.00  0.39894  -0.39270  0.39894  1.17810  co 

p-|,l]  p-5,1]  p-|,3]  p-|.J 

<j->=nearest  integer  to  '. 


\ 


■0 
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KELVIN  FUNCTIONS— MODULUS  A^D  PHASE       Table  9.12 

ker  x=No(x)  cos  <t>o{x)  keri  .r  =.Vi  (.c)  cos  <t>i  (x) 

kei  .T=A^o(»')  sin  <*o('-)  kei,  c  =iVi  (.r)  sin  «i  (.r) 

X  A^o(.t)  <i>n(x)  Ni{x)  <f>[(x) 


0.0 

00 

0.000000 

00 

-2. 356194 

0.2 

1.891702 

-0.412350 

4.927993 

-2.401447 

0.4 

1.274560 

-0.584989 

2.372347 

-2.487035 

0.6 

0.941678 

-0.743582 

1.497572 

-2.590827 

0.8 

0.725172 

-0.896284 

1.050591 

-2.704976 

1.0 

0.572032 

-1. 045803 

0.778870 

-2.825662 

1.2 

0.458430 

-1.193368 

0.597114 

-2.950763 

1.4 

0.371548 

-1. 339631 

0.468100 

-3.078993 

1.6 

0.303683 

-1.484977 

0.372811 

-3.209526 

1.8 

0.249850 

-1.629650 

0.300427 

-3.341804 

2.0 

0.206644 

-1. 773813 

0.244293 

-3.475437 

2.2 

0.171649 

-1.917579 

0.200073 

-3.610143 

2.4 

0.143095 

-2.061029 

0.164807 

-3.745715 

2.6 

0.119656 

-2.204225 

0.136407 

-3.881994 

2.8 

0.100319 

-2.347212 

0.113353 

-4.018860 

3.0 

0.084299 

-2.490025 

0.094515 

-4.156217 

3.2 

0.070979 

-2. 632692 

0.079039 

-4.293990 

3.4 

0.059870 

-2.775236 

0. 066264 

-4.432118 

3.6 

0.050578 

-2.917672 

0.055677 

-4.570551 

3.8 

0.042789 

-3.060017 

0.046873 

-4.709250 

4.0 

0.036246 

-3.202283 

0.039530 

-4.848179 

4.2 

0.030738 

-3.344478 

0. 033389 

-4.987312 

4.4 

0.026095 

-3.486612 

0.028242 

-5.126623 

4.6 

0.022174 

-3.  628692 

0.023918 

-5.266093 

4.8 

0.018859 

-3.770724 

0.020280 

-5.405705 

5.0 

0.016052 

-3.912712 

0.017213 

-5.545443 

5.2 

0.013674 

-4.054662 

0.014624 

-5.685295 

5.4 

0.011656 

-4.196576 

0.012435 

-5.825250 

5.6 

0.009942 

-4. 338460 

0.010583 

-5.965298 

5.8 

0. 008485 

-4.480314 

0.009013 

-6.105430 

6.0 

0.007246 

-4. 622142 

0.007682 

-6.245638 

6.2 

0.006191 

-4. 763947 

0.006551 

-6. 385917 

6.4 

0.005292 

-4.905730 

0.005590 

-6.526260 

6.6 

0.004526 

-5.047493 

0.004773 

-6.666662 

6.8 

0.003872 

-5.189238 

0.004077 

-6.807119 

7.0 

0.003315 

-5. 330966 

0.003485 

-6.947625 

ELVI^ 

f  FUNCTIONS— 

MODULUS  AND 

PHASE  FOR  LARGE  ARGUMENTS 

,7-1 

Ae=^I^No{x) 

*0(.r)  +  (.r/V2) 

j-hpi 

■I^^Niix)        «, 

(•r)  +  (x/V2)         <-^> 

0.15 

1.23695 

-0. 

38070 

30377 

99943                  7 

0.14 

1.23802 

-0. 

38142 

30039 

99725                  7 

0.13 

1.23909 

-0. 

38217 

29701 

99505                  8 

0.12 

1.24017 

-0. 

38291 

29363 

99281                   8 

0.11 

1.24125 

-0. 

38367 

29024 

99055                  9 

0.10 

1.24233 

-0. 

38444 

28687 

98825                10 

0.09 

1.24342 

-0. 

38522 

28349 

98592                11 

0.08 

1.24451 

-0. 

38600 

28012 

98357                13 

0.07 

1.24560 

-0. 

38680 

27675 

98118                14 

0.06 

1.24670 

-0. 

38761 

27339 

97876                17 

0.05 

1.24779 

-0. 

38843 

27002 

97630                20 

0.04 

1.24889 

-0. 

38926 

26667 

97381                25 

0.03 

1.25000 

-0. 

39010 

26332 

97128                33 

0.02 

1.25110 

-0. 

39096 

25998 

96872                50 

0.01 

1.25221 

-0. 

39182 

25664 

96613              100 

0.00 

1.25331 

-0. 

39270 

1. 

25331 

-1. 

96350                00 

rf-6)ii 

2 

■ 

'-6)3"1 
2 

" 

f-6)31 
2 

"( 

-6)5- 
2 

<x^- 


= nearest  integer  to  .»•. 
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10.  Bessel  Functions  of  Fractional  Order 


Mathematical  Properties 
10.1.   Spherical  Bessel  Functions 
Definitions 
Differential  Equation 


10.1.1 

z^w"  -h2zw'  -\-[z^-n(n-{-l)]w=0 

(n=0,±l,  ±2,...) 

Particular  solutions   are   the   Spherical    Bessel 
functions  of  the  first  kind 


the  Spherical  Bessel  functions  of  the  second  kind 


Wronskians 

W{jni2),yni2)}=2-' 


and  the  Spherical  Bessel  fun^tion^   of   the   third 
kind 


hl^'  (z)  =jn(z)  +iy„(2)  =  ^hirlzmUiz) , 


^f  (2)  =jn(z)  -iVniz)  =  ^f^zHi^Uiz)  . 

The  pairs  jn{z),  yn(z)  and  hi^\z),  hf{z)  are 
linearly  independent  solutions  for  every  n.  For 
general  properties  see  the  remarks  after  9.1.1. 

Ascending  Series  (See  9.1.2,  9.1.10) 
10.1.2 

■^"^^^ ^1-3 -5  .  .  .(2ri+l) 


/i i^ 

\       l!(2nH 


2!(2n+3)(2n+5) 


10.1.3 

yn{z)= 


1-3-5  .  .  .  (2n-l) 


,n+l 


} 

2!(l-2n)(3-2ri)      '  '  "/ 
(7i=0,  1,2,..  .) 


I       1!(1 


-2n) 


l^2^2 


ihz'^) 


10.1.4 


Limiting  Values  as  z— >0 

1 


2~"i^(2)-»: 


1-3-5  .  .  .  (2/i+l) 
10.1.5 

2''"^'2/n(2)-*-l-3-5  .  .  .  (2n-l)         (n=0,  1,  2, 


10.1.6 

10.1.7 

WWi'iz),  hf{z)]  =  -2iz-^        (71=0,  1,  2,  .  .  .) 

Representations  by  Elementary  Functions 

10.1.8 

jni.z)=z-'^[P{rh-\-\,  z)  sin  {z—\n/K) 

+  Qin+\,  z)  cos  {z—\mr)] 
10.1.9 

2/n(2)  =  (-l)"+^2-i[P(n+i  z)  COS  {z+\mr) 

—  Q{n-\-\,  z)  sin  {z-\-\mr)] 

P  {n+h  z)=\-,tt^\{2z)-^ 


2!r(7i-i) 


+,Mi)^(2,)-.. 


4!r(n-3) 


lin] 


=I](-l)*(n+i2^)(22)-2* 


(2(.+|,  .)=i!^'  (23)-- J+M^  (2.)-3 


l!r(n) 


3!  r  (71-2) 

(71+5)! 
'5!  r  (71-4) 


(22)-«- 


[i(n-l)] 
=    Z:      (-l)*(7l+i2^+l)(22)-«-^ 
0 


(71=0,1,2,...) 


{n+hky 


{n+k)\ 


k\T{n-k+\) 


\  A: 

1 

2 

3 

4 

5 

^  \ 

1 

2 

2 

6 

12 

3 

12 

60 

120 

4 

20 

180 

840 

1680 

5 

30 

420 

3360 

15120 

30240 

437 


4as 


10.1.10 

i.(2)=/.(2)  sin  s+C-l)*""/— 1(2)  cos  z 
J.{z)=z-\        U2)=z-^ 

/-l(2)+/-+l(2)=  ^''-l)2-*/.(2) 

(fi=0,  =1,  =2,...) 


BESSEL   FUNCnOXS   OF   FRACTIOXAL   ORDER 


The  Function^;,. 

sin  z 


for  «=0,  1,  2 


10.1.11         i,(2)=: 


.  .  .     sin  z     cos  2 


M^)=\^~)^^-j.^^^ 


10.1.12 

y«(2)=— i-i(2)= 


COS2 


yi(2)=j-j(2)  = 


COS  z    sin  2 


!r,W=-i-.(-')=(^-p-^) 


COS  z — r  sm  2 


1 


.5 


-.3L 


i        /I      '•  \  X*^ 

'/ /\    *    \  Y    AAX^V 

I  /  /     \     •     \    A     /   V    \     \  X 


/    \n-0 

.3 

.2 
1 

/    /\A  >r-<-' 

0 

.      '    /\/\  .\A,/X  V, 

"" 

'1           P               \.           V      ^    7        W           /\     >'      v'3 

-J 

•  /\    y  X  A- 

-.2 

1  '^' 

1      «       • 

1  /   ' 

-J 

1  /  ^ 
1   ;   ' 

-•« 

_ 

f      :      / 

FiGCRE  10.2.  ynix).     71  =  0(1)3. 


jos  - 


-OS 


-.15   - 


-*x 


A-^ 


F::.rz  10.1.  j^Cr).     m=0(l)3. 


FiGtrRE  10.3.  ;.(i),  y,(x).    x=10. 
I's    Inte-gral    and    Gegenbauer's    Generalization 

10.1.13    j„(2)=;r^  r'cos(2Cose)sm'"^^&(f^ 
^       /i-  Jo 

(See  9.1.20.) 

10.1.14 

=i  (_{)•  f '  c*'«*«P,(cos  ff)  smedd 
2  Jo 

(»i=0,  1,2,..  .) 


Spherical  Bessel   Functions  of  the    Second   and  Third 
Kind 


10.1.15 

y„{z)  =  i-ir+'j.n-i(2)         {n=0,  ±1,  ±2,  .  .  .) 

10.1.16 

A<„i'(2)=i-"-i2-V^X;  (w+i  ^)(-2i2)-* 

0 

10.1.17 

Af  (2)=2«+'2-»6-'^2  {n-\-^,  k)  (2^2)-*        * 

0 

10.1.18 

h'2U{z)  =  -i{-\YhT{z)        (n=0,  1,  2,  .  .  .) 

Elementary  Properties 
Recurrence  Relations 

h{z)'.jn{^),y,{z),h^^{z),hT{z) 

(n=0,  ±1,  ±2,...) 

10.1.19  A_i(2)+/„+,(2)  =  (2n+l)2-V.(2) 

10.1.20  n/„_i(2)-(w+l)/„+i(2)  =  (27i+l)  ^  /„(2) 

10.1.21  ^  /n(3)+;^/n(2)=/n-l(2) 

2  a2 
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Modulus  and  Phase 

jn{z)  =  y^\^Mn  +  \{z)   COS  0n  +  j(2), 


439 


(See  10.1.23.) 
10.1.22  - 

2 

(See  10.1.24.) 


10.1.22  -Jn(z)-^JAz)=fn+iiz) 


Differentiation  Formulas 


fn{z):jniz),y,{z),hl!^{z),h:^^(z) 

(n=0,  ±1,  ±2,...) 

10.1.23  (^^  J^-)"[2»+7.(2)]  =  2"-'"^7n-.(2) 

10.1.24  (^l^J[z-^fn{z)]  =  {-irZ-^-Vn+Uz) 

(m=l,2,  3,  .  .  .) 


Rayleigh's  Formulas 


10.1.25 

i 

10.1.26 


,(.)=.' (-i 


dy^ 


sin  2 


2/n(2)  =  -2"r 


(/2/  2 

1  (/  V  COS  2 

2  dzj         2 


(n=0,  1,2,  ...) 


2/n(2)  =  V57r/2ilf„+j(2)  sin  9n+i{z) 
(See  9.2.17.) 

10.1.27 

(^  We)  M^   .(2)--  y-  (2^-^)H2r^-2A:)! 
(See  9.2.28.) 

10.1.28      (hr/z)Ml,(z)=Jl(z)^yl(z)  =  z-' 
10.1.29 

(k/2)ML2(2)=i?(2)+2/?(3)  =  2-'+2-* 

10.1.30 

ihrlz)Ml,(z)=Jliz)+yKz)  =  z-'+Zz-'^9z-' 
Cross  Products 

10.1.31      jn{z)y„-iiz)-jn.,(z)yn(z)  =  z-' 
10.1.32 

jn+i(z)yn-i(z)—jn-i(z)yn+i(z)  =  (2n-\-l)z-^ 
10.1.33 

io(2)i„(2)+?/o(2)?/„(2) 

=  2-2  '|i   (-l)*2«-2*  (^^+1^      ^^  (^''~^^  22*-" 

(n=0,  1,2,  ...) 

Analytic  Continuation 

10.1.34  jn(.ze'"'')  =  e'^""jn(z) 

10.1.35  ?/„(2e'"")  =  (-l)'"e"""*2/n(2) 

10.1.36  ^^'H2^'""+'''0  =  (-l)"A^'H2) 

10.1.37  hi''(2e''"'+'''')  =  {-l)''hi''(z) 

10.1.38  hl!'ize'^'')=hl!'(z) 

(1=1,2;  m,n=0,  1,2,  .  .  .) 


« 


10.1.39 


1    . 

2 


Generating  Functions 

(-0' 


sinV2H^2^=Z;  ^^  yn-r(z)         {2\t\<\z\) 

0  '''• 


10.1.40       -cos^J¥^^2^t=J:,-,jn-l(z) 

2  0     ^1 


•See  pape  n. 
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Derivatives  With  Respect  to  Order 
10.1.41 

r^i(a;)l      =(§7r/a;)  {Ci(2x)  sin  a;-Si(2x)  cos  x) 
\_0v  Jv=o 

10.1.42 

ri-  h{^)\        -=(|7r/a;)  {Ci(2a;)  cos  x+Si(2a:)  sin  x] 

10.1.43 

ri-  yA^)\      Hh-^/x)  { Ci(2x)  cos  x+  [Si(2x)  -  tt]  sin  x } 
lOp         Jv=o 

10.1.44 

(^7r/a;){Ci(2a:)  sin  a;— [Si(2a;)— tt]  cos  x} 
Addition  Theorems  and  Degenerate  Forms 

r,  p,6,\  arbitrary  complex;  R=yl{r^-\-p^—2rp  cos  6) 

10.1.45    ^^^=X;  (2n+l)i„(Xr)i„(Xp)P„(cos  0) 
10.1.46 -^^^=Z;  (2n+l)i„(Xr)2/„(Xp)P„(cos  ^) 


10.1.47     e*^  cose^-^  (2n+l)e^"''i„(2)Pn(cos  0) 

0 


OF    FRACTIONAL    ORDER 

Fresnel  Integrals 


10.1.48 


(2n)! 


Jo(2sin  &)=1Z  (4n+l)  g^w^a  i2n(2)^2n(cose) 


10.1.49 

in  (22)  = 


Duplication  Formula 


Some  Infinite  Series  Involving  f„{2) 

10.1.50  S  (2n+l)i^(2)  =  i 

0 

10.1.51  f:  (-l)"(2n+l)i|(2)=^ 

0  ^2 

Si(22) 


10.1.52  i:i^(3)=-  „^ 

0  ^2 

•See  page  n. 


10.1.53 

C 


(V2^)=^JJ 


J-iit)dt 


=V2[cos  ix  Z:  (-1)  V2„+i(fx) 


+sin^a;i:  (-lyjin+znihx)] 

0 


10.1.54 


^(V2x/7r)=^JVi(0^« 

=V2[sin  ixZ)  (-l)"J2„+i(^x) 


-cos  ix  Z)  (-l)"'/2;,+3/2(|x)]. 

0 


(See  also  11.1.1,  11.1.2.) 
Zeros  and  Their  Asymptotic  Expansions 

The  zeros  oi  j„{x)  and  2/n(2;)  are  the  same  as  the 
zeros  of  Jn+\{x)  and  Yn+\{x)  and  the  formulas  for 
jy^s  and  yy^s  given  in  9.5  are  applicable  \vith 
v=n^\.  There  are,  however,  no  simple  relations 
connecting  the  zeros  of  the  derivatives.  Ac- 
cordingly, we  now  give  formulas  for  a'n,^,  h'n.s,  the 
s-th  positive  zero  of  j'n{z),  y'niz),  respectively; 
2=0  is  counted  as  the  first  zero  o(j'q{z). 

(Tables  of  a'n.s,  b'„,„  i„(a;.,),  yn(.b'„,s)  are  given  in 
[10.311.) 

Elementary  Relations 

jn{z)^jn{z)  COS  irt+y„(z)  sin  irt 

(t  a  real  parameter,  0<^<1) 
If  T„  is  a  zero  of /^(2)  then 

10.1.55    /n(r„)=[T„/(n+l)]/„_,(r„) 
(See  10.1.21.) 


'1 


10.1.56 

(See  10.1.22.) 

10.1.57 


(rnln)fn+l(Tn) 


I 


{1k-«(»+,)1^"}"' 


mr^ 


BESSEL    FUNCTIONS 
McMahon's  Expansions  for  n  Fixed  and  s  Large 

10.1.58 

a;..,  6;.,~/3-(m+7)(8^)-» 

-|(7m'+154m+95)(8j8)-3 

QO 

-^(85m'+3535ax'+3561m+6133)(8^)-^ 

64 
-j^  (6949m* +474908mH 330638m' 

+9046780m-5075147)(8/3)-^-  .  .  . 

0=ir{s-\-^n—^)  foTa'ns,  /3=7r(s+^n)  forfi;.,; 

/x  =  (2n+l)2 

Asymptotic  Expansions  of  Zeros  and  Associated  Values 
for  n  Large 

10.1.59 

<i-'(w+^)  +  .8086165(n+^)i^3_  236680(n+i)-i/3 

-.20736(n+i)-i+.0233(n+i)-5/3+  .  .  . 
10.1.60 
*n.i~(^+i)  +  1.8210980(n+^j'/3 

+.802728(n+A)-i/3_  ii74Q(^_^i)-i 

+  .0249(n+^)-5/3^  .  .  . 
10.1.61 

in(a:.,)-.8458430(n+i)-5/6{l-.566032(n+i)-2/3 

+  .38081(n  +  i)-''/3-.2203(n+A)-2+  .  .  .} 

10.1.62 

yn(i:.i)'-.7183921(n  +  i)-5^«{  1-1.274769(71  +  ^)-'^' 

+  1.23038(n+i)-4/3_i  oo70(n+i)-2+  .  .  .} 

See    [10.31]    for   corresponding   expansions   for 
s=2,  3. 
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Uniform  Asymptotic  Expansions  of  Zeros  and 
Associated  Values  for  n  Large 

10.1.63 

+  f:  M(n+i)-^'^a;](n+^)-^} 

k  =  \ 

10.1.64 

+f:M(n+^)-^/^6:](n+i)-"} 
10.1.65 

jn  («;.  s)  ~  vi^Ai(a:)  (71+ 1)  -«/« 

{l  +  ±)^*[(n+|)-'^V](r?  +  i)-»} 


A  =  l 


10.1.66 


2/n(6;.,)--Vi^Bi(6:)(7i+i)-5/« 

{i+±i/*[(n+^)-'^'6;](7i+^)-'*} 

^(^),  2(1)  are  defined  as  in  9.5.26,  9.3.38,  9.3.39. 
a',,  b',  s-th.  (negative)  real  zero  of  Ai'(2),  Bi'(2) 
(see  10.4.95,  10.4.99.) 

Complex  Zeros  of  h'^^z),  hi'"{z) 

hn^z)  and  hn''(2e^'^),  m  any  integer,  have  the 
same  zeros. 

hn^  (2)  has  n  zeros,  symmetrically  distributed  with 
respect  to  the  imaginary  axis  and  lying  approxi- 
mately on  the  finite  arc  joining  2=— 71  and  z=n 
shown  in  Figure  9.6.  If  n  is  odd,  one  zero  lies  on 
the  imaginary  axis. 

hn^'{z)  has  71+1  zeros  lying  approximately  on  the 
same  curve.  If  n  is  even,  one  zero  lies  on  the 
imaginary  axis. 
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-f 

(-f)/ii(f) 

(-f)/i2(r) 

(-f)/^3(r) 

(-f)^H,(f) 

(-f)^H2(f) 

(-f)^//3{f) 

0.0 

-.  4409724 

-. 122500 

-. 06806 

.  000000 

.  00000 

.0000 

0.2 

-.  4572444 

-.  114201 

-.  05986 

.  027518 

.  00575 

.0023 

0.4 

-.  4702250 

-. 107243 

-. 05279 

.  049069 

.01118 

.0043 

0.6 

-.  4802184 

-. 101318 

-. 04674 

. 065677 

.  01592 

.0061 

0.8 

-.  4875705 

-.  096159 

-.  04160 

.  078255 

.  01983 

.0075 

1.0 

-.  4926355 

-.  091561 

-.  03725 

. 087587 

.  02290 

.0085 

-r 

^i(r) 

Ui;) 

/13(f) 

H,(r) 

H2(f) 

1.0 

-.  4926355 

-.  09156 

-.037 

.  087587 

.0229 

1.2 

-.  4131280 

-.  05056 

-.014 

.  065507 

.0121 

1.  4 

-.  3551700 

-.  03043 

-.006 

.  050524 

.0070 

1.6 

-.  3108548 

-. 01950 

-.003 

. 039890 

.0042 

1.8 

-.  2757704 

-.  01310 

-.001 

.  032085 

.0027 

2.0 

-.  2472521 

-. 00914 

.  026206 

.0018 

2.2 

-.  2235898 

-. 00658 

.  021682 

.0012 

2.4 

-. 2036314 

-. 00485 

.018141 

.0008 

2.6 

-.  1865701 

-.  00366 

.  015326 

.0006 

2.8 

-.  1718217 

-.00280 

.  013061 

.0004 

3.0 

-.  1589519 

-.  00219 

.011217 

.0003 

3.2 

-.  1476304 

-.  00173 

.  009701 

.0002 

3.4 

-.  1376005 

-. 00138 

.  008443 

.0002 

3.6 

-.  1286601 

-.00112 

.  007391 

.0001 

3.8 

-.  1206469 

-. 00091 

.  006505 

.0001 

40 

-.  1134296 

-.  00075 

.  005753 

4.2 

-. 1069004 

-. 00062 

.005111 

4.  4 

-. 1009699 

-. 00052 

.  004560 

4.6 

-.  0955634 

-. 00044 

.  004085 

4.8 

-. 0906180 

-. 00037 

.  003672 

5.0 

-.  0860804 

-.  00032 

.  003313 

5.2 

-.  0819049 

-. 00027 

.  002998 

5.4 

-.  0780523 

-. 00023 

.  002722 

5.6 

-.  0744888 

-. 00020 

.  002478 

5.8 

-.0711850 

-. 00018 

.  002262 

6.0 

-.0681152 

-. 00015 

.  002070 

6.2 

-.  0652570 

-.  00013 

.  001899 

6.4 

-.  0625905 

-. 00012 

.  001746 

6.6 

-.  0600985 

-. 00010 

.  001609 

6.8 

-.  0577653 

-. 00009 

.  001486 

7.0 

-.  0555773 

-. 00008 

.  001375 

(- 

-f)-^ 

/ii(f) 

^2(r) 

H,(r) 

0.40 

-.  0645731 

-.  00013 

.  001859 

.36 

-.  0487592 

-.  00005 

.  001056 

.  32 

-.0352949 

-.00002 

.  000551 

.28 

-.  0242415 

-. 00001 

.  000259 

.  24 

-. 0155683 

.  000106 

.20 

-.0091416 

.  000037 

.  16 

-. 0047276 

.  000010 

.  12 

-.0020068 

.  000002 

.08 

-.0005965 

.04 

-.0000747 

.00 

-.0000000 
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10.2.  Modified  Spherical  Bessel  Functions  Wronskians 

Definitions 
Differential  Equation 
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10.2.1 

(n=0,  ±1,  ±2,  .  .  .) 

Particular  solutions  are  the  Modified  Spherical 
Bessel  functions  of  the  first  kind, 

10.2.2 

VWi/n+i(2)  =  «-"''^'in(2e'''')         (-7r<arg  zK^tt) 
^g3«Ti/2j^(2g-3x</2)         (|7r<arg3<x) 

of  the  second  kind, 
10.2.3 

(-x<arg2<^) 

(^7r<arg  z<Tr) 
of  the  third  kind, 

10.2.4 

^[WzKn+i(^)  =  hi-lr'■'^'¥^^[In+,i^)-I-n-ii^)] 
The  pairs 


and 


ViW2/;^+i(2),  VWi/-n-j(2) 


are  linearly  independent  solutions  for  every  n. 

Most  properties  of  the  Modified  Spherical 
Bessel  functions  can  be  derived  from  those  of  the 
Spherical  Bessel  functions  by  use  of  the  above 
relations. 


10.2.5 


Ascending  Series 


^'^^"+^^')  =  1.3.5...(27i+l) 


V^V.(2n^ 


(h2'y 


2n-\-3y2\(2n-^S)i2n-\-5y    "  ' 
10.2.6 
rr-Tr        ^  ^     1-3-5.  .  .  (2n-l) 


} 


/i+    ^^^    + Ml + 

\    ^l!(l-2n)^2!(l-2n)(3-27i)^ 


(n=0,  1,2,  ...) 


10.2.7 


10.2.8 

Representations  by  Elementary  Functions 

10.2.9 

^h^h+^{z)  =  {2z)-\R{n+\,-z)e^ 

-{-lYR{n-V\,z)e-'] 
10.2.10 

^WzI-n-i{z)^(2z)-\R{n+\,-z)e^ 

+  {-lYR{n-\-\,z)e-'] 
10.2.11 


i?(n+i2)=l  +  ^^(23)-^ 


(n+2)! 


2!r(ri-l) 


(22)-^+. 


=j:in+h,k){2z)-^ 


(See  10.1.9.) 
10.2.12 


(71=0,1,2,...) 


^f\^zIn+\{z)=gn{z)  sinh  z+g-n-i{z)  cosh  z 
go(z)  =  z-\gi{z)  =  -z-^ 
gn-iiz)-gn+i{z)  =  {2n+l)z-'gn(z) 

(n-0,±l,±2,  ...) 

The  Functions  VW^-^itn+J)  (2),  n  =  0,  1,2 

10.2.13 

sinh  z 


71^2^1/2(2)  =- 

Vj7l72/3/2(2)  =  ' 


sinh  z  ,  cosh  z 


VW2/5/2(2)=(^|+^)  sinh  2-p  cosh 


10.2.14 


^|^^^|zI-u2{z)■■= 


cosh  2 


V|7r/2/_3/2(2) 


sinh  2    cosh  2 


VW^/-5/2(2)  =  -|  sinh  2+(|+^)  cosh 


*See  page  11. 
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ModiJBed  Spherical  Bessel  Functions  of  ihe  Third  Kind 

10.2.15 


(— x<arg  2<lr) 
(|T<arg2<7r) 

0 

10.2.16 

The  Functions  \jx72^m-i4(2),n=0,  1,  2 


10.2.17    ^^T/2Ku2{B)  =  (hrlz)e- 


y  iT!zK^;,(z)  =  (h^/2)e-%l+z-') 


^,hr/zK,;2{z)  =  i^ir/z)e-'{l-\-Zz-'+Sz-') 

Oementary  Properties 
Recurrence  Relations 

(71=0,  ±1,  ±2,...) 
10.2.18    A_:(2)-/.+i(2)  =  (2n+l)2-V,(2) 


10 


.2.19     n/._i(2)  +  (n-fl)/„^i(2)  =  (27i4-l)^/.(2) 


10.2.20       '^fn(B)+ffM)=fn-^{B) 

z  dz 

(See  10.2.22.) 


10.2.21     -^/,(s)+^/.(2)=/.+x(2) 


(See  10.2.23.) 


Differentiation  Formulae 


(rt=0.  :il.  =2,  .  .  .) 

10.2.22  Q  ^)"[2"^y.(2)]=2"-'"^y«-™(2) 

10.2.23     Q  ^)'"[s-y,(2)]  =  2-"-%..(2) 

(m=l,2,3,  ...) 


FiGrEE  10.4.  ^/-In^^ix),  ^^Kn^iix).     n=0(l)3 


V2x 


2x 


4  2 


FiGUBE  10.5.   -y/^/^Kx),  -y/^K^jCx).      X  =  10. 


BESSEL    FUNCTIONS    OF    FRACTIONAL    ORDER 


445 


Formulas  of  Rayleigh's  Type 

10.2.24     VW^/n+i(2)  =  2"(^-^y   — 7~ 
10.2.25 


vV/^/-.-.W=^"(i0 


cosh  z 


(71=0,1,2,...) 

Formulas  for  Il+\{z)—P-n-\  (s) 

10.2.26 

{\^lz)[IU^{z)-P-n-i{z)] 

-1  f-  ^_n*+i  (2n-^)!(2n-2A:)!  .2^^2.-2„ 

(n=0,  1,2,  ...) 

10.2.27  {\irlz)[I\n{z)-P-y,{z)]  =  -z-' 

10.2.28  (|7r/2)  [71,2  (0)-P_3/2  (2)]  =  2-^-2-" 
10.2.29 

(W2)[/|/2(2)-/^5/2(2)]  =  -2-^  +  32-''-92-« 
Generating  Functions 

10.2.30 

\  smh.Jz'-2izt=f:  fc^  [V|^/-n+i(2)] 

(2|^|<|2|) 


n! 


10.2.31 


Derivatives  With  Respect  to  Order 


10.2.32 


[|;/.(x)].=j=-2^[Ei(2x)6--^i(-2x)e1 


10.2.33 


10.2.34     r.^iiC,(a;)l        =  TVW2^Ei(-2x)e' 
For  E'lCx)  and  Ei(x),  see  5.1.1,  5.1.2. 

*See  page  n. 


Addition  Theorems  and  Degenerate  Forms 


r,  p,  6,  X  arbitrary  complex;  R=^r^-\-p^—2rp  cos  d 
10.2.35 

^^=-2:  (2n+l)  [Vi^/n+j(Xr)] 


[vWXp^n+i(Xp)]P„(cOSe) 


10.2.36 


e^oose=j2  (2n+l)  [^l7r7i/„+j(0)]P„(cos  ^) 

0 


10.2.37 


^-zcoB._^  (-l)"(2n+l)[VW2/n+i(3)]Pn(c0S  0) 
0 


Duplication  Formula 


10.2.38 

i^n+j(22): 


n 


_  "    (-1)^(27.-2^+1)  ^2  .,^ 

•''    ^       V      ^!(2ri-)t+l)!      ^-*+i(^'' 


10.3.  Riccati-Bessel  Functions 
Dijfferential  Equation 

10.3.1 

z'w"-\-[z^-n(n-\-l)]w=0 
(n=0,  ±1,  ±2,  .  .  .) 
Pairs  of  linearly  independent  solutions  are 

Zjn{z),   Zyniz) 

zhi'\z),  zhi'\z) 

All  properties  of  these  functions  follow  directly 
from  those  of  the  Spherical  Bessel  functions. 

The  Functions  zjni^),  22/n(z),  n  —  0,  1,  2 

10.3.2 

zjo(z)=sm  z,       zji(z)  =  z~^  sin  2— cos  2 

zJ2{z)=iSz~^  —  l)  sin  2—82"'  cos  2    * 

10.3.3 

22/0(2)  =  — cos  2,  21/1(2)  =  — sin  2  — 2"'  COS  2 

22/2(2)  =  — 32"*  sin  2— (32-2  — 1)  COS  2    * 

Wronskians 

10.3.4  W{zjn{z),  zyn(z)}=l 

10.3.5  W{zhi''(z),  zh'^\z)]=-2i 

{n  =  0,  1,2,..  .) 
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10.4.  Airy  Functions 

Definitions  and  Elementary  Properties 

Differential  Equation 

10.4.1  w"-zw^O 

Pairs  of  linearly  independent  solutions  are 
Ai  (z),  Bi  (2), 
Ai  (2),  Ai  (ze^'"^), 
Ai  (2),  Ai  (2e-2'*^3). 

Ascending  Series 

10.4.2  Ai  (2)=Ci/(2)-C2£f(2) 

10.4.3  Bi  (2)  =  V3  [cifiz)  -\-C2g(z)] 

1  1,4         1 .4.7 

/(2)  =  1+^  2^+^  ^'+T  ''+   •  • 


=?-©. 


,3* 


Z" 


ff(^)=.+l^<+^^'+?JI^^"+ 


00  /2\  g^k+l 

^?  ^  \3A  (3/:+l)! 


3*(^a+|)^=(3a+l)(3a+4)  .  .  .  (3a+3Ar-2) 

(a  arbitrary;  ^=1,  2,  3,  .  .  .) 
(See  6.1.22.) 

10.4.4 

Ci=Ai  (0)=Bi  (0)A/3=3-2/3/r(2/3) 

=  .35502  80538  87817 
10.4.5 

C2=-Ai'  (0)=Bi'  (0)/V3=3-^^/r(l/3) 

=  .25881  94037  92807 

Relations  Between  Solutions 

10.4.6    Bi  (2) =e'*/«  Ai  {ze^-'^)  +e-'*/«  Ai  {ze-"^^"^) 

10.4.7 

Ai  (2)+e2''^  Ai  (2€2'*^)+e-2"^  Ai  (2e-2'»'^)=0 

10.4.8 

10.4.9  Ai  (2e±2xi/3)_ig±r*/3[^  (3)  :p^  gi  (2)] 

Wronskians 

10.4.10  TF{ Ai  (2),  Bi  (2) }  =r-i 

10.4.11  TF{Ai  (2),  Ai  (2e2''/3)|_i^-ig-xi/6 


10.4.12  T^{Ai  (2),  Ai  (2e-2''/3)}=i7r-'e"/« 

10.4.13  W^{Ai  (2e2''/3),  Ai  (2e-2'*/3)|  =  i^^-i 


-1.0  •- 


Figure  10.6.  Ai  {±x),  Ai'  (±z). 


.2 
0 
r.E 
-.4 
-.6|- 
-.8  - 
-1.0  L 


/\ 


// 


A  i! 


i.\  /L' 


l\       2  '       3'       4;         \5     \    6/         7     \       8  /      19    \ 

^     1/   IJ 


Figure  10.7.  Bi  (±x),  Bi'  (±x). 
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Representations  in  Terms  of  Bessel  Functions 

10.4.14 
10.4.15 

Ai(-2)=i^^[J,/3(f)+e/-l/3(r)] 

10.4.16 

*-Ai'(3)=i2[/_2/3(r)-/2/3(r)]=7r-H2/^^)i^2/3(r) 


10.4.17 


Ai'  (-3)  =  -^2[J-2/3(n-«/2/3(fj] 


10.4.18    Bi  (2)=V2/3[/-i/3(r)+/./3(r)] 

10.4.19 

Bi  (-2)=V^[J-,/3(r)-«/i/3(r)] 

10.4.20     Bi'  (2j  =  (2/V3)[/-2/3(r)+/2/3(f)] 
10.4.21 

Bi'   (-2)  =  (2/V3)[J-2/3(f)+J2/3(r)] 

=  ^^(2/V3)[e-'^^«^2')Kr)-e'*^«Hi^Kf)] 

Representations  of  Bessel  Functions  in  Terms  of  Airy 
Functions 


KIO'" 


10.4.22  J±:/3(f)  =  ^>^[V3  Ai  (-2)=FBi  (-2)] 

10.4.23  ^21/3(0  =e*''/'V37i[Ai  {-z)-i  Bi  (-2)] 

10.4.24  H21/3(f)=e^"''V3/^[Ai  {-z)-\-i  Bi  (-2)] 

10.4.25  /±,/3(r)  =  lV37^[TV3  Ai  (2)+Bi  (2)] 

10.4.26  2^±w3(n=7rV37^  Ai  (2) 

10.4.27  J±2/3(f)=(V3/22)[±V3Ai'(-2)+Bi'(-2)] 
10.4.28 

=e"^«(V3/2)[Ai'  (-2)-i  Bi'  (-2)] 
10.4.29 


—  ^-T</6 


e-"/'(V3/2)[Ai'(-2)+2  Bi'  (-2)] 


10.4.30  /±2/3(f)  =  (A^/22)[±  V3  Ai'  (2)+Bi'  (2)] 

10.4.31  X±2/3(f)  =  -7r(V3/2)  Ai'  (2) 

Integral  Representations 
10.4.32 

(3a)-'^7r  Ai  [±(3a)-'%]=  f    cos  (at^±xt)dt 
10.4.33 

(3a)->^VBi[±(3a)->^3a:] 

=  I      [exp  {—at^±xt)-^sm  (af±xt)]dt 

The  Integrals  ('  Ai(±t)dt,  f '  Bi  ( ± «)  «ft 

Jo  Jo 

10.4.34  f  Ai  (0(ff=^  f^  [I.,;,{t)-I,/,(t)]dt 
Jo  <J  Jo 

10.4.35  r  Ai  (-Oc^^=^  J^^  [J-i/3(0 ^Jm(t)]dt 

10.4.36  J^Bi  (t)dt~  £[I-vz{t)+IiM]dt 

10.4.37  J^Bi  (-0(f<=;^  JJ  [J-iM-JrMW 

Ascending  Series  for  ('  Aii±t)dt,  ('  Bi{±t)dt 
Jo  Jo 

10.4.38  I    Ai  {t)dt=CxF{z)  -c^Giz) 
(See  10.4.2.) 

10.4.39  r  Ai  {-t)dt=-CiF{-z)-Vc2G{-z) 

10.4.40  pBi  (0c?<=V3[ciF(2)4-C2G'(2)] 

(See  10.4.3.) 
10.4.41 

r  V>i{-t)dt=-Mc,F{-z)-\-C2G{-z)] 

F(2)  =  2+i2^  +  ^2^  +  i^2-+... 


=?Ka 


,3*+l 


(3A:+1)! 


2! 


2^ 

5! 


2 . 5    8  J  2-5-8    „ 
11! 


G{Z)=^,  2^  +  1^  2«  +  ^2«  +  ^^T^7^2"  + 


=?Ka 


8! 

,3*+2 


'*  (3^+2)! 
The  constants  Ci,  C2  are  given  in  10.4.4,  10.4.5. 


•See  page  n. 
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Tbe  Functions  Gi(z),  B.i{z) 


=^Bi  (2)+  r'[Ai  (2)  Bi  (0-Ai  (0  Bi  (2)]dt 
<i  Jo 


10.4.43 


Gi'  iz)=lBi'  (2)+  nAi'(2)Bi  (0-Ai  (t)  Bi' (z)]dt 
^  Jo 


10.4.44 


m{z)  =  Tr-'f    exp{-^f-^zt\dt 

=|Bi  (2)+  HAi  (0  Bi  (2)-Ai(2)Bi(0M^ 

^  Jo 


10.4.45 


Hi'(2)=|Bi'  (2)+  fVi  (0  Bi'(2)-Ai'(2)  Bi  (t)]dt 
•J  Jo 

10.4.46  Gi  (2)+Hi  (2)=Bi  (2) 

Representations  of  i      Ai( ±t)dt,  I     'Bi(± t)dt 
Jo  Jo 

by  Gi  (±2),  Hi  (±z) 


10.4.47 


f  Ai  (t)dt=l-\-Tr[Ai'  (2)Gi(2)-Ai  (2)Gi'(2)] 

Jo  ^ 


10.4.48 


=-|-7r{Ai'  (2)  Hi  (2)-Ai  (2)  Hi'  (2)] 


10.4.49 

rAi(-t)dt=-^-Tr[Ai'  (-2)  Gi  (-2) 

-Ai  (-2)  Gi'  (-2)] 


10.4.50 


=|+7r[Ai'  (-2)  Hi  (-2) 


10.4.51 


-Ai  (-2)Hi'(-2)] 

pBi  (t)dt='n{Bi'  (2)  Gi  (2)-Bi  (2)  Gi'  (2)] 

10.4.52        =-7r[Bi'  (2)  Hi  (2)-Bi  (2)  Hi'(2)] 
10.4.53 

pBi  (-0</^=-7r[Bi'  (-2)  Gi  (-2) 

-Bi  (-2)  Gi'  (-2)] 
10.4.54  =7r[Bi'  (-2)  Hi  (-2) 

-Bi  (-2)  Hi'  (-2)] 


Differential  Equations  for  Gi  (2),  Hi  (s) 


10.4.55 


ly  —zw=—T' 


w(0)=|  Bi  (0)=-^  Ai  (0)  =  . 20497  55424  78 
w'(0)=^Bi'  (0)  =  -^Ai'  (0)  =  .14942  94524  49 


10.4.56 


w(2)  =  Gi(2) 


W     —ZW=TT' 


wj(0)=|  Bi  (0)=;^  Ai  (0)  =  . 40995  10849  56 

■U7'(0)=|Bi'  (0)  =  --|Ai'  (0)  =  .29885  89048  98 
-1^(2)  =Hi  (2) 

Differential  Equation  for  Products   of  Airj-    Functions 

10.4.57  w"'-Azw'-2w=Q 

Linearly    independent    solutions    are     Ai^     (2), 
Ai(2)Bi(2),Bi2(2). 

Wronskian  for  Products  of  Airy  Functions 

10.4.58  TF{Ai2  (3),  Ai  (2)  Bi  (2),  Bi^  {z)]=2t-^ 

Asymptotic  Expansions  for  \z\  Large 

T{Zk-\-\)       {2k+\){2k+?>)  . . .  (6k-l) 


Co — 1,  Cic — 


54*)t!r()t+i) 
6^+1 


do=l,dk= 


6k-l 


216U-! 
c,        {k=l,2,3,...) 


f =^  2''' 


10.4.59 

Ai  (2)~^7r-i/22-i/4g-f  ^  (_i)*c,f-*      (|arg  2|<7r) 

10.4.60 

Ai  {-z)^7r-'''z-'"  [sin  (^r+^)  t]  (-l)*C2*f-=* 

-cos(r+^)f:  (-i)*e2*+ir^-^] 

(I  arg  2 1  <|  tt) 


I 


10.4.61 

Ai'(2) i7r-i/V^*e-ff:  (-l)*cf.r* 


(larg  2!<7r) 


10.4.62 
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Ai'  i-z) 7r-J2i[cos(^f+^)f:  (-l)*(/2*f-" 

+sin(f+^)|:(-l)*c?,,+ir"-^] 

(|arg2|<|7r) 


10.4.63 


0 


(|arg2|<|ir) 


10.4.64 


(largsKfTr) 
10.4.65 

Bi  (2e*"/3) 

-cos  (f +^T^  In  2)  ±  (-l)*C2,+if-^*-'] 

(|arg  2|<|7r) 

10.4.66 

*     Bi'  (2)-7r-i2i6f  S  4f-*  (larg  eK^Tr) 
0 

10.4.67 

Bi'  (-2)~7r-i2irsin(^f+^)z:  (-l)U*r-'* 

(|arg2|<|7r) 
10.4.68 

Bi'  (2e*"/3) 

~ V2^^^"^«2»  [cos  (r+^T^  In  2)  f:  (-l)*rf2.f-" 

+siii(r+^=F|ln  2)f:  (-l)*rf,,+,f-=>*-^] 

(|arg2|<f  tt) 
Modulus  and  Phase 

10.4.69 

Ai  {—x)=M{x)  cose(x),Bi  {—x)^M{x)  sin  d{x) 

M(a;)  =  V[AiM-x)+BiM-x)], 

0(x)  =  arctan  [Bi  (— x)/Ai  (—2)] 


Ai'  (— x)=A^(x)  cos  0(x),  Bi'  (— x)=A^(2)  sin<^(x) 

A^(x)  =  V[Ai'M-x)+Bi'=' (-x)L 

<^(x)  =  arctan  [Bi'  (— x)/Ai'  (— x)] 

Differential  Equations  for  Modulus  and  Phase 

Primes  denote  differentiation  with  respect  to  x 

10.4.71  ^6'=-^-',  N^<t>'=-ir-'x 

10.4.72  Ar2=M'2+M2e'2=M'2  +  7r-2M-2        * 

10.4.73  NN'  =  -xMM' 
10.4.74 

tan  {<j>-d)=Me'/M'  =  -{irMMT\ 
MN  sin  {<i>—e)  =  ir-^ 

10.4.75  M"+xM-7r-2M-3=0 

10.4.76  (M2)"'+4x(M2)'-2M2=0 

10.4.77  d"+W'/e')-Widy^x 

Asymptotic    Expansions    of    Modulus    and    Phase    for 
Large  x 


10.4.78    M'(x)  ~i  X-  ±{^^'  (i)^(2x) 


-3* 


10.4.79 


^(a;) 


^1^_2  2.3/2 
4        3 

82825 


128 


[l-^(2x)-^+^(2x)-« 
(2,)-«+1282C^p5(2x)--...] 


14336 


10.4.80 


A^2(a;)^ia;if^(     1)*+^  6^+1  ^3,  /I 


TT     V    12*^!     6^- 


|2'.(l)^^(2x)-» 


10.4.81 


<^(x)~|7r-|x3^^[l+^(2x 


495271 


(2x) 


-9 


)-^-^(2x)-'' 
2065  30429 


(2x)-'^+...] 


640     '""''  2048 

Asymptotic  Forms  of  j    Ai  ( ±  0 (it,  j    Bi  i±t)dt  for  Large x 

10.4.82      pAi  (0<i<-^-^7r-''2x-^/*  exp  (^-l^"') 


10.4.83 


r^''- 


i)dt~~Tr-"'x-" 


'cos(l^"+l) 


•See  page  11. 


450  BESSEL   FUNCTIONS    OF 

10.4.84  r  Bi  {t)dt'^Tr-'"H-^'^  exp  (^  x^''\ 

10.4.85  r  Bi  {-t)dt'^'K-'iH-^"  sin  Q  x^'^^-'^ 

Asymptotic  Forms  of  Gi  (±i),  Gi'  (±x),  Hi  (±x),Hi'  {±x) 
for  Large  x 

10.4.86  Gi  (x)'-7r-»x-* 

10.4.87  Gi  (-a;) ^ir-'i^x-'"  cos  Q  x^'^.^^") 

7 


10.4.88 


Gi'(a;)-^7r-'x-2 


10.4.89  Gi'  (-x)  ~7r-^/23.i/4  gi^  /|  x3/2+^^ 

10.4.90  Hi  (x)~7r-»/23.-i/4  g^p  (|x3/2) 

10.4.91  Hi(-x)~7r-'x-i 

10.4.92  Hi'   (x)~X-»/23.1/4  gxp    (|a;3/2) 

10.4.93  Hi'  (-x) 5  7r-'x-2 

Zeros  and  Their  Asymptotic  Expansions 

Ai  (2),  Ai'  (2)  have  zeros  on  the  negative  real 
axis  only.  Bi  (2),  Bi'  (2)  have  zeros  on  the  nega- 
tive real  axis  and  in  the  sector  i7r<|  arg  z\<i\-K. 
o»,  a.';  6«,  6.'  s-th  (real)  negative  zero  of  Ai  (2), 
Ai'  (2);  Bi  (2),  Bi'  (2),  respectively.  /S„  z?.';  ^„  ^: 
s-th  complex  zero  of  Bi  (2),  Bi'  (2)  in  the  sectors 
|7r<ai^  z<^^,  —  ^<Carg  2<— ^tt,  respectively. 

10.4.94  a,=  -/[3ir(4s-l)/8] 

10.4.95  a'.  =  -g[3ir(4:S-S)l8] 

10.4.96  Ai'  (a,)  =  (-l)*-yi[37r(4s-l)/8] 

10.4.97  Ai  (a:)  =  (-l)*-Vi[37r(4s-3)/8] 

10.4.98  6,=  -/[37r(4s-3)/8] 

10.4.99  6:=-^[37r(4s-l)/8] 

10.4.100  Bi'  (6,)  =  (-l)'-y,[37r(45-3)/8] 

10.4.101  Bi  (K)  =  (-  l)*^,[37r(4s- 1)/8] 

10.4.102  fi,=  e''''fp^  (4s- 1)+ J  In  2] 

10.4.103  /3:=g"-/3^  [^  (45-3) +|:  in  21 


FRACTIONAL    ORDER 
10.4.104 


Bi'  (^s)  =  (-iy^e-'^%  [1^  (4s-l)+|'  In  2] 


10.4.105 

Bi  i^:)  =  {-ly-'^/2e^^'%  [1^  (4s-3)  + 

I2I  sufficiently  large 

j-A    -2_A    -4  I  77125 
^48  ^        36  ^     "'"82944  ' 

1080  56875  .g 
69  67296  ^ 

,  16  23755  96875 


Si 


In  21 


/(2)' 


,2/3 


3344  30208 


.-...) 


9(^)' 


,2/3 


0-^ 


z-'+ 


35 


181223 
'207360 


,-8 


/l(2)^X-^/^2^/«(l+^ 


SFi(2)~7r-l/V/«(^l-^2-H 


288 

186  83371 
12  44160  " 

9  11458  84361 
1911  02976 

1525  _4 

'4608  ^ 

23  97875 
^  6  63552 

1673    _. 


'+ 


...) 


4 


I 

I 


'-■) 


6144 

843  94709 
"265  42080 


2-^+ 


■■■) 


Formal  and  Asymptotic  Solutions  of  Ordinary  Differ- 
ential Equations  of  Second  Order  With  Turning 
Points 

An  equation 

10.4.106  W''+a(z,\)W'-\-b(2,X)W=0 

in  which  X  is  a  real  or  complex  parameter  and, 
for  fixed  X,  0(2,  X)  is  analytic  in  2  and  6(2,  X)  is 
continuous  in  2  in  some  region  of  the  2-plane,  may 
be  reduced  by  the  transformation 

10.4.107  W(2)=w(2)  exp  f—  C a{t,  \)dt\ 

to  the  equation 

10.4.108 

w"+^(2,  X)w=0 

1  1/7 

^(2,  X)  =  6(2,  X)--  a^{z,  X)-2  ^  a(2,  X). 
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If  <p{z,  X)  can  be  written  in  the  form 
10.4.109  ^(2,  X)=X2p(2)  +  g(2,  X) 
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where  5(2,  X)  is  bounded  in  a  region  R  of  the  z- 
plane,  then  the  zeros  of  piz)  in  R  are  said  to  be 
turning  points  of  the  equation  10.4.108. 

The  Special  Case  w" +  [k'^z^-q{z,  X)]u;  =  0 

Let  X=|X|e'"  vary  over  a  sectorial  domain  S: 
|X|>Xo(>0),  wi<c<j<co2,  and  suppose  that  5(2,  X)  is 
continuous  in  2  for  \z\<Cr  and  X  in  S,  and  3(2,  X) 

~X)  g'n(2)X~''  as  X-^00  in  S. 
0 


Formal  Series  Solution 


10.4.110 


W{Z)=U{Z)  Z)  ^„(2)X-''  +  X-lu'(2)  JZ  '/'.(2)X-« 
0  0 

u"-\-\^zu=Q 


<Po{z)=Co,        \po(z)  =  z  *Ci,        Co,  Ci  constants 

1         1  r^  " 

U2)=l  2-*  JJ  t-i  [^;'(0+Z;   2n-.(0^*(0]  dt 

(n-0,  1,2,  ...) 
Uniform  Asymptotic  Expansions  of  Solutions 

For  2  real,  i.e.  for  the  equation 

10.4.111  y''^[x^x-\-q(x,  \)]y=0 

where  x  varies  in  a  bounded  interval  a<x<6  that 
includes  the  origin  and  where,  for  each  fixed  X  in  S, 
q{x,  X)  is  continuous  in  x  for  a<x<b,  the  following 
asymptotic  representations  hold. 

(i)  If  X  is  real  and  positive,  there  are  solutions 
yo(x),  Viix)  such  that,  uniformly  in  x  on  a<x<0, 

10.4.112 

yo{x)=Ai  (-X2/3x)[i  +  O(X-0]         (X^oo) 
y^{x)=Bi{-X^^x)[l-hO{\-')] 
and,  uniformly  in  x  on  0 <x<h 

10.4.113 

yo(x)=Ai  (-X2/3a:)[i  +  6)(x-i)]  +  Bi  {-\^^x)0{\-'), 
?/i(x)=Bi  (-X2^x)[l  +  0(X-')]+Ai  (-X2%)0(X-') 

(X-^co) 

(ii)   If    ^X>0,    J\9^0,     there    are    solutions 
2/o(a;),  y\{x)  such  that,  uniformly  in  x  on  a<x<b, 


10.4.114 

yo(a:)=Ai(-X2%)[l  +  0(X-0] 


•See  page  n. 

273-888  0-67  — 30 


yy{x)=Bi  (-X2/3^)[i  +  6>(X-')]  (|X|-^=o) 

For  further  representations  and  details,  we  refer 
to  [10.4]. 

When  2  is  complex  (bounded  or  unbounded), 
conditions  under  which  the  formal  series  10.4.110 
yields  a  uniform  asymptotic  expansion  of  a  solu- 
tion are  given  in  [10.12]  if  q{z,  X)  is  independent 
of  X  and  |X|->oo  with  fixed  oj,  and  in  |10.14]  if  X 
Hes  in  any  region  of  the  complex  plane.  Further 
references  are  [10.2;  10.9;  10.10]. 

The  General  Case  w" +  [>-^p(z)+q(z,  \)]w^0 

Let  X=|X|e'"  where  |X|>Xo(>0)  and  — 7r<wS7r; 
suppose  that  p{z)  is  analytic  in  a  region  R  and  has 
a  zero  2=20  in  R,  and  that,  for  fixed  X,  5(2,  X)  is 
analytic  in  2  for  z  in  R.  The  transformation 
^={{z),  v=[p{z)/^Y^^w(z),  where  ^  is  defined  as 
the  (unique)  solution  of  the  equation 


10.4.115 


^ 


(sy-<^). 


yields  the  special  case 
10.4.116 


^+[X^^+/(^.X)]t'  =  0, 


/(.x)=(l)-v.x)-(g)-'|[(iy} 

Example: 

Consider  the  equation 

10.4.117      y"+[X2-(X2— i-)  x-'']y=0 

for  which  the  points  z=0,  0°  are  singular  points 
and  x=l  is  a  turning  point.  It  has  the  functions 
xiJx(Xz),  x^Y\{\x)  as  particular  solutions  (see 
9.1.49). 

The  equation  10.4.115  becomes 


I 


d^y    x'-l 


whence 


\dx) 


I  (_^)3/2__,/ri:^+in  2-i(i4.vr~^) 


(0<x<l) 


I  ^3/2_^/^2irY_arccos  X"'        (l<x<oo). 


Thus 
10.4.118 


'H'w)'"'-'^'^ 
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satisfies  the  equation 

10.4.119    _4-[_x^^-_+--^-^-^J.=0 

which  is  of  the  form  10.4.111  with  x  replaced  by  ^ 
and  q(^,  X)  independent  of  X. 

Suppose  ^X>0,  J^Xt^O.  By  the  first  equation 
of  10.4.114  there  is  a  solution  Vo(0  of  10.4.119, 
i.e.,  a  solution  yo{x)  of  10.4.117  for  which  the 
representation 

10.4.120 

holds  uniformly  in  a;  on  0<Cx<C°°  as  |X|-»oo. 

To  identify  yo{x)  in  terms  of  x^JxQa),  x^Yx(Xx), 
restrict  x  to  0<a;<6<l  so  that  by  10.4.118  ^  is 
negative,  and  replace  the  Airy  function  bj"  its 
asymptotic  representation   10.4.59.      This   yields 

10.4.121 

yo(x) 

[i+o(x-0] 

4.-X--«(i^)""exp(|x(-|)-) 

[i+o(x-i)] 

Let  now  X  be  fixed  and  x^O  in  10.4.121.  There 
results 

10.4.122  yoix)--^T-"'\-'"x'''  (i  x)^  e\ 

On  the  other  hand,  yo(x)  is  a  solution  of  10.4.117 
and  therefore  it  can  be  written  in  the  form 

10.4.123  yo(.x)=x'^^[c,J,(\x)+c,Y,{}a)] 
where,  from  9.1.7  for  X  fixed  and  z^O 

Fx(Xx)- Jl^  cot  Xtt-M^  CSC  Xtt. 


r(x+i) 


r(i-x) 


Thus,  letting  x-^0  in  10.4.123  and  comparing  the 
resulting  relation  with  10.4.122  one  finds  that 
C2=0  and 

10.4.124    yo(x)=  ^-'/2x-x-i/6gxr(x+i)xi/2j,(xz). 


It  follows  from  10.4.120  that  uniformly  in  a;  on 

0<X<oo 

10.4.125 


Jx(Xx) 
27r»^2 

^r(x+i) 


XX+l/6g-X, 


_1\-l/4 


m 


Ai(-Xn)[i+O(X-0] 
(|XH«>) 

Numerical  Methods 

10.5.  Use  and  Extension  of  the  Tables 
Spherical  Bessel  Functions 

To  compute  j„(z),  ?/„(z),  n=0,  1,  2,  for  values  of 
X  outside  the  range  of  Table  10.1,  use  formulas 
10.1.11,  10.1.12  and  obtain  values  for  the  circular 
functions  from  Tables  4.6-4.8. 

Example  1.     Compute  ji(x)  for  x=  11.425. 
sin  X     cos  X 


From  10.1.11,  ii(x)=-  ^^ 


Hence,  using 


Tables  4.6  and  4.8, 

i,  (11 .425)  = 


.90920  500     .41634  873 


(11.425)2  11.425 

=  -.00696  54535-. 03644  1902 
=  -.04340  7356. 


To  compute  j„(x),  ll<7i<20,  for  a  value  of  x 
within  the  range  of  Table  10.3,  obtain  from  Table 
10.3,  directh'  or  possibh'  bj'  linear  interpolation, 
J2i(x),J2o(x)  and  use  these  as  starting  values  in  the 
recurrence  relation  10.1.19  for  decreasing  n. 

An  alternative  procedure  which  often  j^ields 
better  accuracj'  and  which  also  applies  to  compu- 
tations of  j„(x)  when  both  n  and  x  are  outside  the 
range  of  Table  10.1  is  the  following  device  essen- 
tially due  to  J.  C.  P.  MiUer  [9.20]. 

At  some  value  A^  larger  than  the  desired  value 
n,  assume  tentatively  i^.v+i  =  0,  Fa'=1  and  use 
recurrence  relation  10.1.19  for  decreasing  A^  to 
obtain  the  sequence  F^_i,  .  .  .,  Fq.  1{  N  was 
chosen  large  enough,  each  term  of  this  sequence 
up  to  Fn  is  proportional,  to  a  certain  number  of 
significant  figures,  to  the  corresponding  term  in 
the  sequence  /v-i(x),  .  .  .,  jo(x)  of  true  values. 
The  factor  of  proportionality,  p,  ma\-  be  obtained 
bj'  comparing,  say,  Fo  with  the  true  value  jo(x) 
computed  separately.  The  terms  in  the  sequence 
pFo,  .  .  .  pF„  are  then  accurate  to  the  number 
of  significant  figures  present  in  the  tentative 
values.  If  the  accurac}'  obtained  is  not  sufficient, 
the  process  msLj  be  repeated  b}"  starting  from  a 
larger  value  A^. 


i 


Example  2.     Compute  j^ix)  for  2=24.6. 
Interpolation  in  Table  10.3  yields  for  x=24.6 

a.-2i^«/86^-2j  (a;)  ^  ( _  28)  3 .9346 1 6 
2.-20^/82^2^(2.)  =  (-27)9.48683 
whence  . 

i2i(24.6)  =  .05604  29,  ^20(24.6)  =  . 03896  98. 

From  the  recurrence  relation  10.1.19  there 
results 

ji9(24.6)=      .00890  67660  [.00890  70] 

ii8(24.6)  = -.02484  93173  [-.02485  90] 

ji7(24.6)  = -.04628  17554  [-.04628  16] 

ii6(24.6)  = -.04099  87086  [-.04099  88] 

ji5(24.6)  = -.00871  65122  [-.00871  67] 

For  comparison,  the  correct  values,  are  sho\vn  in 
brackets. 

To  compute  jisix)  for  2=24.6  by  Miller's  de- 
vice, take,  for  example,  A''=39  and  assume 
FiQ=0,  ^'39=1.  Uskig  10.1.19  with  decreasmg  A^, 
i.e.,F^_,  =  [{2N+l)/x]F,,-F^+r,N=S9,38,  .  .  ., 
1,  0,  generate  the  sequence  Fgg,  F37,  .  .  .,  Fi,  Fq, 
compute  from  Table  4.6,  jo(24.6)  =  (sin  24.6)/24.6 
=  —  .02064  620296,  and  obtain  the  factor  of  pro- 
portionality 

p=io(24.6)//;=. 00000  03839  17642. 

The  value  pFi^  equals  715(24.6)  to  8  decimals. 
The  final  part  of  the  computations  is  shown  in 
the  following  table,  in  which  the  correct  values 
are  given  for  comparison. 
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A' 

F.v 

pF^ 

iiv(24.6) 

15 

-22704.  71107 

-.  00871 

67391 

-.00871  674 

14 

+  78178.88236 

+  .03001 

42522 

+  .03001  425 

13 

+  114866.80811 

+  .04409 

93941 

+  .04409  939 

12 

+  47894  44353 

+  .01838 

75218 

+  .01838  752 

11 

-66193.  59317 

-. 02541 

28882 

-. 02541  289 

10 

-109782.  76234 

-.04214 

75392 

-.  04214  754 

9 

-27523.  39903 

-.01056 

67185 

-.  01056  672 

8 

+  88524.85252 

+  .03398 

62526 

+  .03398  625 

7 

+  88699.  11017 

+. 03405 

31532 

+  .03405  315 

6 

-34440.02929 

-.01322 

21348 

-.01322  213 

5 

-106899.  12565 

-.04104 

04602 

-.04104  046 

4 

-13360.  39272 

-.00512 

92905 

-. 00512  929 

3 

+  102011.  17704 

+  .03916 

38905 

+  .03916  389 

2 

+  42387.  96341 

+  .01627 

34870 

+  .01627  349 

1 

-93395.  73728 

-.03585 

62712 

-.03585  627 

0 

-53777.  68747 

-. 02064 

62030 

-.02064  620 

It  may  be  observed  that  the  normalization  of  the 
sequence  F^f,  Fff_i,  .  .  .,  Fq  can  also  be  obtained 
from    formula    10.1.50    by    computing    the    sum 

a=JZ    (2k+l)Fl    and    finding    p=^l/^J7.     This 
0 

yields,   in   the   case   of    the  example,  'p=l|^[a= 

.00000  03839  177. 


To  compute  V^W2/„+j(x),  ^[\^xKn+i{x),  n  =  Q, 
1,  2,  .  .  .  for  values  of  x  outside  the  range  of 
Table  10.8,  use  formulas  10.2.13,  10.2.14  together 
with  10.2.4  and  obtain  values  for  the  hyperbolic 
and  exponential  functions  from  Tables  4.4  and 
4.15.  In  those  cases  when  VaWa^/n+iC^)  and 
VWx/_n_j(x)  are  nearly  equal,  i.e.,  when  x  is 
sufficiently  large,  compute  ^i\^^|xKn+\{x)  from 
formula  10.2.15,  for  which  the  coefficients  {n  +  \,  k) 
are  given  in  10.1.9. 

Example  3.  Compute  ^/^ir/xls/iix) ,  y/^tr/xK^/iix) 
for  z=  16.2. 

From  10.2.13,  ^^hixIs/2(x)  =  (^i-x')  sinh  x/x^- 
3  cosh  x/t^;  from  Table  4.4,  cosh  16.2=  (6)5.4267 
59950  and  this  equals  the  value  of  sinh  16.2  to  the 
same  number  of  significant  figures.     Hence 


V^ir/16.2/5/2(16.2)  =  (.06243  402371 

-.01143  118427)[(6)5.4267  59950] 
=  338814.4594-62034.29298 
=276780.1664. 


To  compute  V^Vl6.2i^5/2(16.2)   use   10.2.17    and 
obtain 


A'Rl6:2ii:5/2(16.2)=7re-»«  2  ^^M 


6 


2Ayj 


(32.4)2  '  (32. 
=  (-7)2.8945  38069[.036932  60400] 
=  (-8)1.0690  28283. 


To  compute  V Wa;/n+i (2;) ,  3<n<8,  for  a 
value  of  X  within  the  range  of  Table  10.9,  obtain 

from  Table  10.9,  a  2  7r/z/i9/2(2),  \h''^/xl2i/2{x)  for 
the  desired  value  of  x  and  use  these  as  starting 
values  in  the  recurrence  relation  10.2.18  for 
decreasing  n. 

To  compute  \^ir/xK„+i(x)  for  some  integer  n 
outside  the  range  of  Table  10.9,  obtain  from 
10.2.15  or  from  Table  10.8,  v'Wx/iCj(x), 
'^\TrlxKii2{x)  for  the  desired  value  of  x  and  use 
these  as  starting  values  in  the  recurrence  relation 
10.2.18  for  increasing  n.  If  x  lies  within  the 
range  of  Table  10.9  and  n>10,  the  recurrence 
may  be  started  with  '^\irlxKi9i2{x),  \^TrlxK2i/2{x) 
obtained  from  Table  10.9. 

Example  4.     Compute  v  2 7r/^^ii/2(x)  for  x=3.6. 

Obtain  from  Table  10.8  for  2=3.6 


Vk/xKi/2(2)  =  .01192  222 


Vj7r/2i!C3/2(x)  =  .01523  3952 
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The  reourrence  relation  10.2.18  yields  successively 


-^A7^;3.6ii:s/2(3.6)  =  -.01192  222 


-^  (.01523  3952) 
6.0 


.02461  718 


^^7r/3.6X7;2(3.6)  =  . 01523  3952 


+^  (.02461  718) 


=  .04942  4480 


-^ix/3.6ii:9y2(3.6)  =  -.02461  718 


—^  (.04942  4480) 

3.D 


=  -.12072  034 


A^-  3.6ii:„^(3.6)  =  .04942  4450 

+^  (.12072  034) 
=  .35122  533. 

As  a  check,  the  recurrence  can  be  carried  out  until 

n=9  and  the  value  of  ^  §-3. 6K19  2(3.6)  so  obtained 
can  be  compared  with  the  corresponding  value 

from  Table  10.9.^ 

To  compute  ■%  ^t  xlr,-i(x)  when  both  n  and  x 
are  outside  the  range  of  Table  10.9,  use  the  device 
described  m  [9.20]. 

Airy  Functions 

To  compute  Ai(x),  Bi(x)  for  values  of  x  beyond 
1.  use  auxiliary  functions  from  Table  10.11. 
Example  5.     Compute  Ai(x)  for  /  =  4.5. 
First,  for  2-=4.5, 

1=1x3/2  =  6  36396  1029,  r'=  15713  48403. 

Hence,  from  Table  10.11, /(-^)  =  .55848  24  and 
thus 

Ai(4.5) 

=  i(4.5)-'^'(.55848  24)  exp  (-6.36396  1029) 

=  ^(.68658  905)(.55848  24)(.00172  25302) 

=  .00033  02503. 

To  compute  the  zeros  c.  c'  of  a  solution  y{x)  of 
the    equation    y"—xy=Q   and   of   its   derivative 


y'{x),  respectively,  the  following  formulas  may  be 
used,  in  which  d,  d'  denote  approximations  to  c,  c' 
and  u=y{d)ly'{d),  v^-y'{d')!d''y{d'). 

c=d-u-2d'^+2%-2Ad^t^ 

+88ci^j- (88+720^^3)^1 
+585&^|j-(16640g?+40320(;*)|-J+  .  .  . 


'/=d'S 


,,3^P* 


c'=d'4^  l-r---(3+2<^'3)i^_^5^io^,3)i^ 


2! 


3! 


'4! 


-(105+76<f''+24<^'«) 


5! 


-(945-T-756(f'3+272(i'«)—  .  .    \ 

y'is^)=y\<r)^i-d'^-^f^-M''^-^iAdf^ 


-(14+45(f)^J+471(f2^| 


-  (1432(^4- I575(i^)^+ 


} 


y{c')=y{d')^\-d''  j^-d'^  ^_(3^'3_^3^.6)|! 


-{Ibd'^-^lWy-. 
-(105<f'3+101rf"+45(f'*)|T 


^6!        •7 


Example  6.     Compute  the  zero  of  y{x)  =  X\{x) 
— Bi(x)  near  d=  —  A. 
From  Table  10.11, 

?/(-.4)  =  .02420  467,  2/'(-.4)  =  -. 71276  627 

whenceu  =  ?/(—.4)/?/'(— .4)  =  — .03395  8776.  From 
the  above  formulas 

c=-.4-.03395  8776-.00000  5221 

-^. 00000  0111 -.00000  0001 
=  -.36604  6333. 
y'(c)  =  (-. 71276  627)  {1 +  .00023  0640 

-.00000  6527 -.00000  0027 +  .00000  0002} 
=  (-.71276  627)(1.00022  4088) 
=  -.71292  599. 
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SPHERICAL  BESSEL  FUNCTIONS— ORDERS  0.  1  AND  2 


Table  10.1 


.r 

0.0 
0.1 
0.2 
0.3 
0.4 

0.5 
0.6 
0.7 
0.8 
0.9 

I.O 
1.1 
1.2 
1.3 
1.4 

1.5 
1.6 
1.7 
1.8 
1.9 

2.0 
2.1 
2.2 
2.3 
2.4 

2.5 
2.6 
2.7 
2.8 
2.9 

3.0 
3.1 
3.2 
3.3 
3.4 

3.5 
3.6 
3.7 
3.8 
3.9 

4.0 
4.1 
4.2 
4.3 
4.4 

4.5 
4.6 
4.7 
4.8 
4.9 

5.0 


1.00000  000 

0.99833 

0.99334 

0.98506 

0.97354 


417 
665 
736 
586 


0.95885 
0.94107 
0.92031 
0.89669 
0.87036 


108 
079 
098 
511 
323 


0.84147  098 

0.81018  851 

0.77669  924 

0.74119  860 

0.70389  266 

0.66499  666 

0.62473  350 

0.58333  224 

0.54102  646 

0.49805  268 


0.45464 
0.41105 
0.36749 
0.32421 
0.28144 

0.23938 
0.19826 
0.15828 
0.11963 
0,08249 

0.04704 
+0.01341 
-0.01824 
-0.04780 
-0.07515 


871 
208 
837 
966 
299 

886 
976 
884 
863 
9769 

0003 
3117 
1920 
1726 
9148 


-0.10022  378 

-0.12292  235 

-0.14319  896 

-0.16101  523 

-0.17635  030 

-0.18920  062 

-0.19957  978 

-0.20751  804 

-0.21306  185 

-0.21627  320 


-0.21722 
-0.21601 
-0.21274 
-0.20753 
-0.20050 


892 

978 
963 
429 
053 


-0.19178  485 

r(-4)4 


0.00000  0000 

0.03330 

0.06640 

0.09910 

0.13121 


0012 
0381 
2888 
215 


0.16253  703 

0.19289  196 

0.22209  828 

0.24998  551 

0.27639  252 


0.30116 
0.32417 
0.34528 
0.36438 
0.38137 

0.39617 
0.40870 
0.41892 
0.42679 
0.43228 

0.43539 
0.43614 
0.43454 
0.43065 
0,42451 

0.41621 
0.40583 
0.39346 
0.37923 
0.36326 

0.34567 
0.32662 
0.30626 
0.28475 
0.26224 

0.23892 
0.21495 
0.19051 
0,16577 
0.14091 

0.11611 
0,09152 
0,06731 
0.04365 
+0.02069 


868 
490 
457 
444 
537 

297 
814 
749 
364 
539 

778 
199 
522 
030 
529 

299 

020 
703 
606 
136 

750 
847 
652 
092 
678 

369 
446 
380 
697 
846 

075 

2967 

9710 

9843 

5380 


-0.00142  95812 
-0.02257  9838 
-0.04262  9993 
-0,06146  5266 
-0,07898  2225 

-0,09508  9408 
(-4)3- 
6 


0.00000  000000 

0.00066  619061 

0.00265  90561 

0,00596  15249 

0.01054  5302 

0,01637  1107 

0,02338  8995 

0,03153  8780 

0,04075  0531 

0,05094  5155 


.'^(•'■) 


^iW 


y.{x) 


0.06203 
0.07392 
0,08651 
0.09968 
0.11334 

0,12734 
0.14159 
0,15595 
0,17029 
0,18450 


5052 
4849 
2186 
8571 
028 

928 
426 
157 
628 
320 


0,19844  795 

0.21200  791 

0.22506  330 

0.23749  812 

0.24920  113 

0.26006  673 

0.26999  585 

0.27889  675 

0.28668  572 

0.29328  784 


0.29863 
0.30267 
0.30536 
0.30666 
0,30655 

0,30501 
0,30205 
0.29766 
0.29189 
0.28474 

0.27628 
0.26654 
0.25560 
0.24352 
0,23038 

0.21627 
0,20129 
0,18553 
0,16911 
0,15214 


750 
895 
678 
620 
336 

551 
107 
961 
179 
912 

369 
781 
355 
220 
368 

586 
380 
900 
850 
407 


0,13473  121 


(^) 


-9,95004  17 

-4,90033  29 

-3,18445  50 

-2.30265  25 


-1.75516 
-1.37555 
-1.09263 
-0.87088 
-0,69067 

-0.54030 
-0.41236 
-0.30196 
-0,20576 
-0,12140 


51 

94 

17 

339 

774 

231 
Oil 
480 
833 
510 


-0,04715  8134 

+0,01824  9701 

0.07579  0879 

0,12622  339 

0.17015  240 


0,20807 
0,24040 
0,26750 
0.28968 
0.30724 


342 
291 
051 
523 
738 


0.32045  745 

0.32957  260 

0.33484  153 

0,33650  798 

0.33481  316 


0,32999 
0,32230 
0,31196 
0.29923 
0.28435 

0,26755 
0,24909 
0,22921 
0,20814 
0.18613 

0,16341 
0,14020 
0,11672 
0.09320 
0.06984 

0.04684 

0,02438 

^0,00263 

-0,01822 

-0,03806 


750 
166 
712 
629 
241 

905 
956 
622 
940 
649 

091 

096 

877 

9110 

8380 

3511 
0984 
5886 
8955 
3749 


■0.05673  2437 


-100.49875 
-25,495011 
-11,599917 
-6,73017  71 


4.46918  13 

3.23366  97 

2.48121  34 

1.98529  93 

1.63778  29 


-1.38177  33 

-1.18506  13 

-1.02833  66 

-0.89948  193 

-0.79061  059 

-0.69643  541 

-0.61332  744 

-0.53874  937 

-0.47090  236 

-0.40849  878 

-0.35061  200 

-0.29657  450 

-0.24590  723 

-0,19826  956 

-0,15342  325 


-0.11120 
-0.07151 
-0.03427 
+  0.00054 
0.03295 

0.06295 
0.09055 
0.11573 
0.13847 
0.15879 


588 

1067 

3462 

2796 

3045 

9164 

5161 

164 

939 

221 


0,17666  922 

0,19211  667 

0,20514  929 

0,21579  139 

0,22407  760 


0.23005 
0.23377 
0.23531 
0.23473 
0.23214 

0.22763 
0.22132 
0.21331 
0.20373 
0.19273 


335 
514 
060 
838 
783 

858 
000 
046 
659 
242 


0.18043  837 


'2^ 

-  00 

-  3005.0125 
-377.52483 
-112.81472 
-48.173676 

-25.059923 
-14.792789 
-9.54114  00 
-6.57398  92 
-4,76859  87 


-3.60501  76 
-2.81962  54 
-2.26887  66 
-1.86995  92 
-1.57276  05 

-1.34571  27 
-1.16823  87 
-1.02652  51 
-0.91106  065 
-0.81515  048 


-0.73399 
-0.66408 
-0.60282 
-0.54829 
-0.49902 

-0.45390 
-0.41208 
-0.37292 
-0.33592 
-0.30072 

-0.26703 
-0.23466 
-0.20346 
-0.17334 
-0.14424 

-0.11612 
-0.08900 
-0.06287 
-0.03778 
-0.01376 

+  0.00912 
0.03085 
0.05135 
0.07056 
0.08843 


142 
077 
854 
769 
644 

450 
537 
316 
641 
380 

834 
763 
870 
594 
164 

829 

2337 

8964 

7773 

9102 

9107 
4018 
0236 
1855 
4232 


0.10491  554 

0.11995  814 

0.13351  972 

0.14556  433 

0.15606  319 

0.16499  546 


yn'<^)=yjrl^^--^^^''^-^-^'^^^'yIy^'J-in+^)^'^ 


Compiled  from  National  Bureau  of  Standards,  Tables  of  spherical  Bessel  functions,  vols.  I,  II.    Columbia 
Univ.  Press,  New  York,  N.Y.,  1947  (with  permission). 
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Table  10.1 


5.0 
5.1 
5.2 
5.3 
5.4 

5.5 
5.6 
5.7 
5.8 
5.9 

6.0 
6.1 
6.2 
6.3 
6.4 

6.5 
6.6 
6.7 
6.8 
6.9 

7.0 
7.1 
7.2 
7.3 
7.4 

7.5 
7.6 
7.7 
7.8 
7.9 

8.0 
8.1 
8.2 
8.3 
8.4 

8.5 
8.6 
8.7 
8.8 
8.9 


9.2 
9.3 
9.4 


10.0 


io(-) 


-1) -1.9178 
-1) -1.8153 
-1) -1.6990 
-1) -1.5703 
-1) -1.4310 

-1) -1.2828 
-1)-1.  1273 
-2) -9. 6611 
-2-8.0104 
-2) -6.  3369 

-2) -4. 6569 
-2) -2. 9863 
-2) -1.3402 
-3) +2.  6689 
-2)    1.8211 

-2)  3.  3095 

-2)  4.7203 

-2)  6.  0425 

-2  7.2664 

-2)  8.3832 


-2 

-1 

-1 
-1 
-1 

-1) 

:li 

-1) 
-1) 

-1) 

■-1) 

-1 

-1) 

-1) 

(-2) 


9. 3855 
1.0267 
1.1023 
1.1650 
1.2145 

1.2507 
1.2736 
1.2833 
1.2802 
1.2645 


2367 
1974 
1472 
0870 
0174 


9.3940 
8.5395 
7.6203 
6.  6468 
5.6294 


(-2)  4.5791 
(-2)  3.5066 
(-2)  2.4227 
(-2)  1.3382 
(-3)+2.  6357 

(-3) -7.  9106 

-2) -1.8159 

-2) -2. 8017 

(-2) -3. 7396 

(-2) -4.  6216 

(-2) -5.  4402 


SPHERICAL  BESSEL  FLNCTIONS— ORDERS  0,  1  AND  2 


2) -9. 5089 

1) -1.0971 

(-1)-1.2277 

-1)-1.  3423 

-1) -1.4404 

-1) -1.5217 
-1) -1.5862 
(-1) -1.6339 
-1) -1.6649 
-1) -1.6794 

(-1) -1.6779 
(-1) -1.6609 
(-1) -1.6289 
(-1) -1.5828 
(-1) -1.5234 

(-1) -1.4515 

(-1) -1.3682 

(-1) -1.2746 

-1)-1. 1717 

-1) -1.0607 

-2) -9. 4292 

-2) -8. 1954 

(-2) -6.  9183 

(-2) -5.  6107 

(-2) -4.  2851 

(-2) -2.  9542 
-2) -1.6303 
(-3)-3.2520 
(_3)+9.  4953 
(-2)  2.1829 

3.3646 
4.4850 
5.5351 
6.5069 
7.3932 

(-2)  8.1877 

-2  8.8851 

(-2)  9.4810 

(-2)  9.9723 

(-1)  1.0357 

(-1)  1.0632 

(-1)  1.0800 

(-1)  1.0859 

(-1)  1.0813 

(-1)  1.0663 

(-1)  1.0413 

(-1)  1.0068 

(-2  9.6325 

-2)  9.1126 

(-2)  8.5149 

(-2)  7.8467 
J 


i: 


1.3473 
1.1700 
9.9065 
8.1054 
6.  3084 


(-2)  4.5277 
-2  2.7749 
-2)+l.  0617 
-3-6.0100 

(-2) -2.  2024 

(-2) -3.  7326 
(-2) -5. 1819 
(-2) -6.  5418 
(-2) -7.  8042 
(-2) -8.  9620 

(-l)-l.  0009 
(-1) -1.0940 
(-1) -1.1750 
-1) -1.2435 
-1) -1.2995 


i:J!: 


-1) -1.3427 
-1) -1.3730 
-1) -1.3906 
-1-1.3956 
-1) -1.3882 

-1) -1.3688 
-1) -1.3379 
-1) -1.2960 
-1) -1.2437 
-1)-1.1816 

-1)-1.1105 
-1) -1.0313 
-2) -9. 4473 
-2-8.5177 
-2) -7. 5334 

-2) -6. 5042 
-2-5.4401 
2) -4. 3510 
2) -3. 2471 
2) -2. 1385 


\t 


-2) -1.0349 
-4) +5.  3818 
-2)  1.1184 
-2)  2.1498 
-2)  3.1395 


-2 

-2 

-2) 

-2 

-2 


4.0795 
4.9622 
5. 7808 
6.5291 
7,2018 


(-2)  7.7942 


-2) -5.  6732 
'-2) -7. 4113 

-2) -9. 0099 
L) -1.0460 
L) -1.1754 

-1.2885 
-1.3849 
-1.4644 
-1.5268 
-1.5720 


I: 


-1.6003 
-1.6119 
-1.  6073 
-1.5871 
-1.5519 

-1.5024 
-1.4397 
-1, 3648 
-1.2785 
-1.1822 


-1)-1.  0770 
'-2)-9,  6415 
'-2)-8.  4493 
'-2)-7.  2065 
'-2)-5.  9263 

-2)-4. 6218 
'-2)-3.  3061 
'-2) -1.9919 
'-3)-6.  9174 
'-3)  +  5.  8231 


\i 

-2 
-2 
-2 


1. 8188 
3.  0067 
4.1360 
5. 1973 
6. 1820 

7.  0825 
7.  8921 
8. 6051 


1.0497 
1.  0257 
9.9213 
9. 4941 
8.  9817 


-1)  1.8044 
1.6700 
1.5257 
1.  3730 
1.  2134 


1.  0485 
8. 7995 
7.  0920 
5.  3780 
3.6725 


-2)  1.9898 
' -3) -t-3.  4379 
* -2) -1,2523 

-2) -2.  7861 
! -2) -4.  2458 


-5.6210 
-6.  9018 
-8. 0795 
-9. 1466 
-1. 0097 


(-1) -1.0924 
(-1) -1,1625 
(-1) -1.2197 
(-1) -1,2637 
(-1) -1.2946 

-1) -1.3123 
-l) -1.3171 
-1) -1.3092 
-1) -1.2891 
-1) -1.2571 

-1) -1.2140 
-1-1.1603 
-1) -1.0968 
-1) -1.0243 
-2) -9. 4378 

-2) -8.  5607 
'-2) -7. 6218 
'-2) -6, 6312 


2) 

9.2170 

(-2) -5. 5994 
( -2) -4.  5369 

2) 

9.7240 

1.  0124 

(-2) -3.  4542 

1. 0415 

(-2) -2.  3621 

1,  0596 

(-2) -1.2710 

1. 0669 

(-3) -1.9101 
(-3) +8.  6782 

1.  0635 

f:l! 


-2) 

-2 

-2 


1.  8960 
2. 8844 

3. 8245 

4.  7084 

5,  5288 


(-1 


1.  6500 
1.7235 
1, 7812 
1. 8231 
1. 8495 

1. 8604 
1.  8563 
1,8377 
1. 8049 
1.  7587 

1, 6998 
1.6288 
1. 5467 
1,4544 
1.3528 

1.  2430 
1,1260 
1.0030 
8.  7500 
7. 4323 


-2)  6. 0883 

-2)  4.7295 

-2)  3,3674 

(-2)  2,0132 

(-3)+ 6.  7812 

-3) -6.  2736 
-2) -1,8929 
-2) -3. 1089 
-2) -4. 2662 
-2) -5. 3561 

-2) -6,  3711 
-2) -7. 3040 
'-2)-8. 1487 
'-2) -8.  8997 
-9.5527 


-2)-f 
-2)-' 


-1)-1.  0104 
-1)-1. 0551 
-1)-1. 0892 
-1)-1. 1126 
-1) -1.1253 

' -I) -1.1275 
-1) -1,1193 
-1) -1,1011 
-1) -1,0731 
-1) -1.0358 

-2) -9. 8978 
•-2) -9.  3558 
'  -2) -8.  7385 

-2) -8. 0528 
'-2) -7.  3063 


„w=y^/-'^n+i(^) 


(-2)  8.3907     (-2)  6.2793     (-2) -6.  5069 
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Table  10.2 

J 

hi-) 

hi-) 

^5(-) 

^i-'') 

M^) 

hi-) 

10^-% 

(.•)  io".-°i 

o(- 

0.0 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

1.52734 

93 

7.27309 

19 

0.1 

i 

-6)9.5185 

(-7)1.0577 
(-6)1.6900 

i: 

10)9.6163 

(- 

12)7.3975 

1  - 

14)4.9319      ( 

-16] 

2.9012 

1.52698 

56 

7.27151 

10 

0.2 

-5)7.6021 

8)3.0737 

(- 

10)4.7297 

i'- 

12)6.3072      ( 

-14; 

7.4212 

1.52589 

53 

7.26677 

00 

0.3 

( 

-4)2.5586 

1-6)8.5364 
(-5)2.6894 

(- 

7)2.3296 

(- 

9)5.3784 

- 

10)1.0761      ( 

-12* 

1.8995 

1.52407 

96 

7.25887 

47 

0.4 

( 

-4)6.0413 

(- 

7)9.7904 

(- 

8)3.0149 

!- 

10)8.0448 

-11 

1.8938 

1.52154 

09 

7.24783 

46 

0.5 

( 

-3)1.1740 

(-5)6.5390 

S: 

6) 

2.9775 

(. 

7)1.1467 
7)3.4113 

(- 

9)3.8259     ( 
8)1.3665     1 

-10)1.1261 

1.51828 

26 

7.23366 

29 

0.6 

( 

-3)2.0163 

(-4)1.3491 

6 

7.3776 

( - 

1- 

-10 

4.8282 

1.51430 

88 

7.21637 

65 

0.7 

( 

-3)3.1787 

(_4)  2.4847 

c' 

1.5866 

( - 

7)8,5649 

(- 

8)4.0046     ( 

-  9' 

1.6515 

1.50962 

48 

7.19599 

61 

0.8 

( 

-3)4.7053 

(-4)4.2098 
(-4)6.6912 

( - 

5: 

3.0755 

( - 

6)1.8989 

(- 

7)1.0153     ( 

-  9 

4.7873 

1.50423 

66 

7.17254 

61 

0.9 

( 

-3)6.6361 

(- 

5] 

5.5059 

(- 

6)3.8277 

(- 

7)2.3040 

-  8 

1.2228 

1.49815 

12 

7.14605 

44 

1.0 

/ 

-3] 

9.0066 

(-3)1.0110 

( _ 

5)9.2561 

( _ 

6)7.1569 

(- 

7)4.7901      ( 

-   8)2.8265 

1.49137 

65 

7.11655 

26 

1.1 

( 

-2* 

11.1847 

(-3)1.4661 

( - 

4)1.4786 

(- 

5)1.2590 

1  - 

7)9.2769 

-  8)6.0254 

1.48392 

11 

7.08407 

57 

1.2 

( 

-2, 

►1.5183 

(-3)2.0546 

(- 

4)2.2643 

(- 

5)2.1058 

i'- 

6)1.6942      ( 

-  7)1.2013 

1.47579 

41! 

7.04866 

21 

1.3 

-2^ 

1.9033 

(-3)2.7976 

1  - 

4)3.3461 
4)4.7963 

1  - 

5)3.3756 

(- 

6)2.9451      ( 
6)4.9082     ( 

-  7)2.2640 

1.46700 

80 

7.01035 

39 

1.4 

( 

-2 

12.3411 

(-3)3.7164 

'  - 

1  - 

5)5.2181 

!- 

-  7)4.0669 

1.45757 

18 

6.96919 

61 

1.5 

( 

-2 

»2.8325 

(-3)4.8324 

( _ 

4)6.6962 

( _ 

5)7.8174 

(- 

6)7.8875     ( 

-   7] 

7.0086 

1.44749 

84 

6.92523 

71 

1.6 

( 

-r 

3.3774 

(-3)6.1667 
(-3)7.7397 

( - 

4)9.1354 

( - 

4)1.1395 

(- 

5)1.2279      ( 

-  6 

1.1649 

1.43680 

05 

6.87852 

85 

1.7 

( 

-2 

13.9754 

( - 

3)1.2212 

( - 

4)1.6212 

(- 

5)1.8587     ( 

-   6J 

1.8756 

1.42549 

17 

6.82912 

49 

1.8 

( 

-2 

4.6252 

(-3)9.5709 

(- 

3)1.6031 
3)2.0705 

( - 

4)2.2577 

(- 

5)2.7444     ( 

-   6) 

2.9356 

1.41358 

63 

6.77708 

37 

1.9 

(■ 

-2 

5.3249 

(-2)1.1679 

(- 

(- 

4)3.0840 

(- 

5)3.9632      ( 

-   6] 

4.4800 

1.40109 

93 

6.72246 

53 

2.0 

( 

-2] 

6.0722 

(-2)1.4079 

( _ 

3)2.6352 

( _ 

4)4.1404 

(- 

5)5.6097     ( 

-   6)6.6832 

1.38804 

63 

6.66533 

28 

2.1 

( 

-2] 

6.8639 

(-2)1.6788 

(- 

3)3.3094 

(- 

4)5.4720 

(- 

5)7.7975     ( 

-  ^ 

9.7670 

1.37444 

35 

6.60575 

19 

2.2 

( 

-2 

7.6962 

(-2)1.9817 

( - 

3)4.1059 

( - 

4)7.1289 

(- 

4)1.0661 

-  5* 

1.4009 

1.36030 

78 

6.54379 

07 

2.3 

( 

-2] 

8.5650 

(-2)2.3176 

(- 

3)5.0375 

( - 

4)9.1665 

(- 

4)1.4358     i 

-  5 

1.9754 

1.34565 

67 

6.47951 

98 

2.4 

(■ 

-2] 

9.4654 

(-2)2.6872 

(- 

3)6.1171 

(- 

3)1.1645 

(- 

4)1.9071 

-  5' 

2.7420 

1.33050 

81 

6.41301 

19 

2.5 

(■ 

-1] 

1.0392 

(-2)3.0911 

( _ 

3)7.3576 

I  _ 

3)1.4630 

(- 

4)2.5009     ( 

-   5)3.7516 

1.31488 

05 

6.34434 

22 

2.6 

( 

-1 

1.1339 

(-2)3.5292 

( - 

3)8.7717 

(- 

3)1.8192 

(- 

4)3.2410     ( 

-  5)5.0647 

1.29879 

28 

6.27358 

74 

2.7 

( 

-1] 

1.2301 

(-2)4.0014 

(- 

2)1.0372 

( - 

3)2.2404 

4)4.1542     ( 

-  5)6.7532 

1.28226 

44 

6.20082 

63 

2.8 

( 

-1] 

1.3270 

(-2)4.5071 

(- 

2)1.2169 

(- 

3)2.7345 

(- 

4)5.2705     ( 

-  5)8.9013 

1.26531 

50 

6.12613 

95 

2.9 

( 

-1] 

1.4241 

(-2)5.0454 

(- 

2)1.4174 

(- 

3)3.3096 

(- 

4)6.6231      ( 

-  4)1.1607 

1.24796 

48 

6.04960 

91 

3.0 

( 

-1] 

1.5205 

(-2)5.6150 

( _ 

2)1.6397 

( _ 

3)3.9744 

\- 

4)8.2484     ( 

-  4)1.4983 

1.23023 

41 

5.97131 

85 

3.1 

( 

-r 

»1.6156 

(-2)6.2142 

( - 

2)1.8848 

(- 

3)4.7374 

3)1.0187     ( 

-  4)1.9160 

1.21214 

38 

5.89135 

26 

3.2 

( 

-1] 

1.7087 

(-2)6.8409 
(-2)7.4929 

( - 

2   2.1532 

( _ 

3)5.6074 

- 

3)1.2481      ( 

-  4)2.4283 

1.19371 

48 

5.80979 

75 

3.3 

( 

-1 

11.7989 

( _ 

2)2.4457 

3)6.5935 
3)7.7045 

(- 

3)1.5177     ( 

-  4)3.0520 

1.17496 

82 

5.72674 

00 

3.4 

( 

-1 

1.8857 

(-2)8.1673 

(- 

2)2.7626 

(- 

(- 

3)1.8326     ( 

-  4)3.8056 

1.15592 

54 

5.64226 

82 

3.5 

( 

-1)1.9681 

(-2)8.8610 
(-2)9.5706 

( _ 

2)3.1042 
2)3.4705 

\: 

3)8.9491 
2)1.0336 

(- 

3)2.1980     ( 

-A] 

4.7098 

1.13660 

79 

5.55647 

05 

3.6 

1-1)2.0456 

(_ 

(- 

3)2.6195     ( 

5.7875 

1.11703 

73 

5.46943 

61 

3.7 

( 

-1)2.1174 
-1)2.1829 

(-1)1.0292 

(- 

2)3.8614 

2)1.1873 

3)3.1030      ( 

-  4; 

7.0639 

1.09723 

52 

5.38125 

47 

3.8 

i 

(-1)1.1022 
(-1)1.1756 

(_ 

2)4.2765 

( _ 

2)1.3569 

( - 

3)3.6544     ( 

-   4* 

8.5665 

1.07722 

33 

5.29201 

62 

3.9 

-1)2.2414 

(- 

2)4.7151 

(- 

2)1.5429 

(- 

3)4,2801      ( 

-  3 

1.0325 

1.05702 

31 

5.20181 

05 

4.0 

( 

-1)2.2924 

(-1)1.2489 

i: 

2)5.1766 
2)5.6596 

\- 

2)1.7462 

(_ 

3)4.9865     ( 
3)5.7801 

-  3)1.2372 

-  3)1.4743 

1.03665 

63 

5.11072 

78 

4.1 

( 

-1)2.3354 

-1)1.3217 

2)1.9673 

}- 

1.01614 

44 

5.01885 

80 

4.2 

( 

-1)2.3697 

(-1)1.3935 

(- 

2)6.1630 

(- 

2)2.2065 

}  - 

3)6.6676 

-   3)1.7473 

0.99550 

88 

4.92629 

07 

4.3 

( 

-1)2.3951 

(-1)1.4637 

(- 

2)6.6851 

{-- 

2)2.4645 

( - 

3)7.6554 

-  3)2.0603 

0.97477 

06 

4.83311 

51 

4.4 

( 

-1)2.4110 

(-1)1.5319 

(- 

2)7.2242 

2)2.7413 

(- 

3)8.7501 

'-  3)2.4174 

0.95395 

10 

4.73942 

00 

4.5 

( 

-1)2.4174 

(-1)1.5976 

(- 

2)7.7780 

(- 

2)3.0371 

(- 

3)9.9581 

-   3)2.8229 

0.93307 

06 

4.64529 

34 

4.6 

( 

-1)2.4138 

(-1)1.6602 

(- 

2)8.3444 

(- 

2)3.3520 

i- 

2)1.1286 

-   3   3.2814 

0.91215 

01 

4.55082 

25 

4.7 

( 

-1)2.4001 

(-1)1.7193 

(- 

2)8.9207 

(- 

2)3.6857 

(- 

2)1.2739 

[-   3)3.7976 

0.89120 

97 

4.45609 

35 

4.8 

( 

-1)2.3763 

(-1)1.7743 

(- 

2)9.5043 

1: 

2)4.0381 

(- 

2   1.4322 

[-  3   4.3763 

0.87026 

94 

4.36119 

18 

4.9 

( 

-1 

) 2.3423 

(-1)1.8247 

(- 

1)1.0092 

2)4.4086 

- 

2)1.6042 

[-  3 

) 5.0226 

0.84934 

88 

4.26620 

13 

5.0     (-1)2.2982     (-1)1.8702     (-  1)1.0681     (-  2)4.7967     (-  2)1.7903     (-  3)5.7414     0.82846  70     4.17120  50 

JnW=V2'/^-^„+jW  L      4      J  L     4      J 

Compiled  from  National  Bureau  of  Standards.  Tables  of  spherical  Bessel  functions,  vols.  I,  II.    Columbia 
Univ.  Press.  New  York,  X.Y.,  1947  (with  permission). 
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Table  10.2 


SPHERICAL  BESSEL  FUNCTIONS— ORDERS  3-10 


0.0 
0.1 
0.2 

0.3 
0.4 

0.5 
0.6 

0.7 
0.8 
0.9 

1.0 
1.1 
1.2 
1.3 
1.4 

1.5 
1.6 
1.7 
1.8 
1.9 

2.0 
2.1 
2.2 
2.3 
2.4 

2.5 
2.6 
2.7 
2.8 
2.9 

3.0 
3.1 
3.2 
3.3 
3.4 

3.5 
3.6 
3.7 
3.8 
3.9 

4.0 
4.1 

4.2 
4.3 
4.4 

4.5 
4.6 
4.7 
4.8 
4.9 


.'/3(^) 

—   00 

-1.5015 
-9.4126 
-1.8686 
-5.9544 


2) -2.4613 
2) -1.2004 
l)-6.5670 
1) -3.9102 
1) -2.4854 

1) -1.6643 
1)-1.1631 
0) -8.4253 
0) -6.2927 
0) -4.8264 

0) -3.7893 
0) -3.0374 
0) -2.4804 
0-2.0598 
0) -1.7366 

0) -1.4844 
0) -1.2846 
0) -1.1242 
-1) -9.9368 
-1) -8.8622 


-1) -5.0802 
-l)-4.6905 
-1) -4.3365 
-1)-4.0112 
-1)-3.7091 

(-1) -3.4257 
(-1-3.1573 
(-1) -2.9012 
(-1) -2.6551 
(-1) -2.4173 

(-1) -2.1864 
(-1) -1.9615 
(-1-1.7418 
(-1-1.5269 
(-1) -1.3165 

-1) -1.1107 

-2) -9,0931 

-2) -7.1268 

(-2)-5,2107 

(-2) -3.3484 


—   00 

-1.0507 
-3.2906 
-4.3489 
-1.0372 


3) -3.4208 
3) -1.3857 
2  -6.4716 
2-3.3557 
2-1.8854 


~         00 

8) -9.4553 
7) -1.4798 
6) -1.3028 
5)-2.3278 

(  4)-6.1328 
4) -2.0665 
3) -8,2549 
3) -3.7361 

(  3) -1.8606 


(  2) -1.1290 
(  1) -7.1198 
(  1-4,6879 
1) -3.2014 
(  1) -2.2559 

(  1)  -1.6338 
1-1.2120 
(  0) -9.1871 
{  0)  -7.0994 
(  0) -5.5830 


( 


(- 


(- 


(- 


7768 
5833 
3966 
2155 
0390 


2) -9.9944 
2) -5.7090 
2-3.4317 
2)-2.1534 
2) -1.4020 

1) -9.4236 
1-6.5140 
1)-4.6157 
1) -3.3437 
1) -2.4709 


1)_4.4430 
1) -4.1450 
1) -3.8766 
1) -3.6331 
1) -3.4102 


5.0  (-2)-1.5443  (-1) -1.8662  (• 


—    00 

11) -1.0400 
>  8)  -3.1359 
*  7\  -4.7726 
;  6)  -6.3910 

6)  -1.3458 
5S  -3.7747 
5)  -1.2907 
4  -5.1035 
4)  -2,2552 

4)  -1.0881 
3  -5.6378 
3  -3.0988 
3  -1,7901 
3)  -1,0790 

2)  -6,7473 
2) -4,3572 
2)  -2.8948 
2  -1.9724 
2  -1.3747 


-9.7792 
-7.0870 
-5.2238 
-3.9108 
-2.9702 

-2,2859 
-1,7812 
-1,4041 
-1.1189 
-9.0069 

-7.3207 
-6.0048 
-4.9682 
-4.1447 
-3.4851 


0)  -2.9528 
0  -2.5201 
0  -2.1660 
0) -1.8743 
0  -1.6325 


0 

0 

0 

(-1 

(-1 


-1,4310 
-1.2620 
-1.1196 
-9.9895 
-8.9625 


(_1) -8.0839 
(_1)  -7.3286 
(-1)  -6.6763 
r_l) -6.1102 
.1)  -5.6166 


vM 


-8  10. 


(13)-1.3519 
(10) -5.2868 
(  9) -2.0668 
(  8) -2.0747 

(  7) -3.4929 

(  6) -8.1579 

6) -2.3888 

5) -8.2559 

(  5) -3.2389 

(  5) -1.4045 
4-6.6058 
(  4) -3.3227 
(  4) -1.7686 
(  3) -9.8790 

(  3) -5,7534 
3) -3,4751 
(  3) -2.1675 
(  3) -1,3911 
(  2) -9,1587 

(  2) -6,1705 

(  2) -4,2450 

(  2) -2,9764 

(  2) -2,1235 

(  2) -1,5395 

(  2) -1.1327 

"1-8,4491 

1-6,3832 

1-4,8802 

1-3.7729 


-2,9476 
-2.3257 
-1.8521 
-1.4881 
-1.2057 


0) -9,8471 
0) -8,1040 
0) -6.7182 
0) -5.6086 
(  0) -4.7139 

(  0) -3.9878 
(  0) -3.3947 
(  0-2.9075 
0) -2.5048 
(  0) -2,1704 

(  0) -1,8910 

(  0) -1.6566 

(  0) -1.4590 

(  0) -1.2915 

(  0) -1.1491 


yAx)        10-'t'X{x)    10 


(15)-2.0277 
(12)-3.9643 
(11)-1.0329 
(  9) -7.7739 


( 


9) -1.0465 
8) -2.0357 
7-5.1060 
7) -1.5429 
6) -5.3756 

6) -2.0959 
5) -8,9515 
5)-4,1224 
5-2,0227 
5)-l,0477 

4) -5,6859 
4)-3,2143 
4-1,8835 
4) -1.1395 
3) -7.0931 

3)-4.5301 
3)-2.9613 
3)-1.9771 
3)-1.3458 
2)-9,3247 

2)-6.5676 
2-4.6963 
2) -3,4058 
2)-2.5025 
2)-l,8615 


2)-l,4006 

2-1,0653 

)-8,1850 

) -6,3496 

)-4,9707 

)-3,9249 
-3.1246 
)-2.5070 
)-2.0265 
)-1.6498 

)-1.3523 
-1.1158 
)-9.2642 
)-7.7389 
)-6,5027 


0)-5,4951 
0)-4.6692 
0-3,9887 
0)-3.4251 
0)-2.9560 


(  0)-2.5638 


-(n+i) 


(•r) 


-0.34459  42 

-0.34469  56 

-0.34499  99 

-0.34550  77 

-0.34622  02 

-0,34713  86 

-0,34826  48 

-0,34960  12 

-0,35115  04 

-0,35291  56 

-0.35490  04 

-0.35710  89 

-0.35954  56 

-0.36221  57 

-0.36512  46 

-0.36827  87 
-0.37168  46 
-0.37534  96 
-0.37928  17 
-0,38348  96 

-0,38798  26 
-0,39277  08 
-0.39786  50 
-0.40327  71 
-0,40901  97 

-0,41510  62 
-0,42155  14 
-0,42837  10 
-0,43558  18 
-0,44320  20 

-0,45125  11 
-0,45975  01 
-0,46872  14 
-0,47818  95 
-0,48818  03 

-0.49872  20 
-0.50984  49 
-0,52158  17 
-0,53396  75 
-0.54704  05 

-0.56084  19 
-0,57541  63 
-0.59081  20 
-0,60708  14 
-0,62428  15 

-0,64247  43 

-0,66172  73 

-0,68211  42 

-0.70371  55 

-0,72661  94 

-0,75092  23 


-0.65472  90 
-0,65490  14 
-0.65541  86 
-0.65628  18 
-0.65749  23 

-0.65905  23 
-0.66096  47 
-0.66323  28 
-0.66586  06 
-0.66885  29 

-0,67221  50 
-0,67595  30 
-0,68007  37 
-0.68458  47 
-0.68949  42 

-0.69481  14 
-0,70054  60 
-0.70670  90 
-0.71331  20 
-0.72036  75 

-0.72788  93 
-0.73589  19 
-0.74439  11 
-0.75340  38 
-0.76294  81 

-0.77304  34 

-0.78371  06 

-0.79497  18 

-0.80685  08 

-0.81937  31 

-0,83256  59 

-0,84645  82 

-0,86108  11 

-0,87646  78 

-0,89265  39 

-0,90967  72 

-0,92757  84 

-0,94640  10 

-0,96619  15 

-0.98699  97 

-1.00887  91 

-1.03188  69 

-1.05608  44 

-1.08153  78 

-1.10831  79 

-1.13650  10 
-1,16616  90 
-1,19741  05 
-1.23032  08 
-1,26500  29 


■1.30156  80 

■(-_4)21 
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SPHERICAL  BESSEL  FUNCTIONS— ORDERS  3-10 


Table    10.2 


7.0 
7.1 
7.2 
7.3 
7.4 

7.5 
7.6 
7.7 
7.8 
7.9 

8.0 
8.1 
8.2 
8.3 
8.4 

8.5 
8.6 
8.7 
8.8 
8.9 

9.0 
9.1 
9.2 
9.3 
9.4 

9.5 
9.6 
9.7 
9.8 
9.9 


i3(^) 
2.2982 
2.2441 
2.1803 
2.1069 
2.0245 

(-1)  1.9335 

(-1  1.8340 

(-1)  1.7270 

(-1  1.6131 

(-1)  1.4928 

(-1)  1.3669 

(-1)  1.2361 

(-1)  1.1014 

(-2)  9.6346 

(-2)  8.2324 

(-2)  6.8161 
(-2  5.3947 
-2)  3.9773 
(-2)  2.5729 
(-2)+1.1905 

(-3) -1.6120 
(-2) -1.4736 
(-2) -2.7385 
(-2) -3.9479 
(-2) -5.0945 

(-2) -6.1713 
(-2) -7.1719 
(-2) -8,0904 
(-2) -8.9217 
(-2) -9.6613 

-1) -1.0305 

-1) -1.0851 

(-1-1.1296 

(-1)-1.1638 

(-1)-1.1877 

(-1) -1.2014 
(-1) -1.2048 
(-1) -1.1982 
(-1)-1.1817 
(-1)-1.1558 

(-1)-1.1207 
(-1-1.0770 
1-1.0252 
2)-9.6572 
(-2) -8.9931 

(-2) -8.2662 

_2) -7.4836 

-2) -6.6527 

(-2) -5.7814 

(-2) -4.8776 


(- 


(- 


J4{^) 
1,8702 
1.9102 
1.9443 
1.9722 
1.9935 

2.0078 
2.0150 
2.0147 
2.0069 
1.9913 

1.9679 
1.9367 
1.8977 
1.8509 
1.7966 

1.7349 
1.6661 
1.5905 
1.5084 
1.4203 

1.3265 
1.2277 
1.1243 
1.0170 
9.0628 

7.9285 
6.7736 
5.6051 
4.4300 
3.2552 


-2)  2.0880 
-3)+9.3549 
-3) -1.9533 
-2) -1.2975 
-2) -2.3644 

-2) -3.3894 
-2) -4.3664 
-2) -5.2894 
-2) -6.1529 
-2) -6.9520 

-2) -7.6819 
-2) -8.3387 
-2) -8.9186 
-2) -9.4187 
-2) -9.8365 

-1) -1.0170 
-1) -1.0419 
'-1) -1.0582 
'-1) -1.0659 
'  -1) -1.0651 


-2 


J5W 
1.0681 
1.1268 
1.1849 
1.2421 
1.2980 

1.3522 
1.4044 
1.4542 
1.5011 
1.5448 

1.5850 
1.6213 
1.6533 
1.6807 
1.7033 

1.7206 
1.7325 
1.7388 
1.7391 
1.7335 

1.7217 
1.7036 
1.6793 
1.6486 
1.6117 

1.5685 
1.5193 
1.4642 
1.4033 
1.3370 

1.2654 
1.1890 
1.1081 
1.0231 
9.3440 

8.4249 
7.4784 
6.5099 
5.5245 
4.5278 

3.5255 

2.5233 

1.5269 

i+5.4232 

-4.2485 

1-1.3689 
-2.2842 
-3.1654 
-4.0072 

1-4.8048 


(-2)4.7967 
-2)5.2015 
(-2  5.6221 
(-2)6.0573 
(-2)6.5057 

(-2)6.9660 
(-2)7.4364 
(-2)7.9151 
2)8.4000 
2)8.8889 


(-2)9.3796 
(-2)9.8696 
(-1)1.0356 
(-1)1.0837 
(-1)1.1309 


-1)1.1769 
-1)1.2214 
-1)1.2642 
-1  1.3049 
-1)1.3432 

(-1)1.3789 
-1)1.4117 
-1)1.4412 
-1)1.4672 
-1)1.4895 

-1)1.5077 
-1)1.5217 
-1)1.5312 
-1)1.5360 
-1)1.5361 

-1)1.5312 
-1)1.5212 
-1)1.5060 
-1)1.4857 
-1)1.4601 

-1)1.4292 
-1)1.3932 
-1)1.3520 
-1)1.3059 
-1)1.2548 

-1)1.1991 
-1)1.1389 
-1)1.0744 
-1  1.0060 
-2)9.3394 

-2)8.5853 
-2)7.8016 
-2)6.9921 
-2)6.1608 
-2)5.3120 


-2)1.7903 
-2  1.9908 
-2  2.2061 
-2  2.4365 
-2)2.6821 


2.9429 
3.2191 
3.5104 
3.8166 
4.1374 


(-2)4.4722 

-2)4.8205 

-2)5.1815 

(-2)5.5543 

(-2)5.9379 

-2)6.3311 
-2)6.7327 
-2)7.1412 
-2)7.5551 
(-2)7.9728 

-2)8.3923 
-2)8.8118 
-2)9.2292 
-2  9.6425 
-1)1.0049 

1.0448 
11.0835 

1.1209 
a. 1568 

1.1908 

(-1)1.2227 

-1)1.2524 

-1  1.2795 

(-1)1.3039 

(-1)1.3252 

(-1)1.3434 
(-1)1.3581 
(-1)1.3693 
(-1)1.3767 
(-1)1.3801 

(-1)1.3795 

-1)1.3746 

-1)1.3655 

(-1)1.3520 

(-1)1.3341 

(-1)1.3117 
(-1)1.2849 
(-1)1.2536 
(-1)1.2180 
(-1)1.1780 


-3)5.7414 
'-3)6.5379 
-3)7.4172 
-3)8.3843 
'-3  9.4443 


10^- 


-2)1.( 
-2)1.] 


.0602 
.1862 
-2)1.3229 
'-2)1.4707 
1-2)1.6299 

-2)1.8010 
-2  1.9842 

'-2  2.1797 
-2)2.3877 

!-2)2.6084 

-2)2.8417 

-2)3.0876 

'-2)3.3461 

'  -2)3.6168 

; -2) 3.8996 

(-2)4.1940 
(-2)4.4994 
-2)4.8154 
(-2  5.1412 
(-2)5.4759 

(-2)5.8188 
(-2)6.1686 
(-2  6.5244 
(-2)6.8849 
(-2)7.2486 

(-2)7.6143 

-2)7.9804 

-2  8.3451 

(-2)8.7069 

(-2)9.0640 


9.4145 
9.7564 
1.0088 
1.0407 
) 1.0712 

)1.1000 
)1.1270 
) 1.1520 
) 1.1747 
) 1.1949 

)1.2126 

)l.2275 

)  1.2394 

1.2482 

1.2537 


^9 

0.82846  70 
0.80764 
0.78689 
0.76624 
0.74569 


(x)  10  -r  J 


29 
50 
10 
86 


0.72528 
0.70501 
0.68490 
0.66497 
0.64523 

0.62570 
0.60638 
0.58729 
0.56845 
0.54987 

0.53155 
0.51352 
0.49577 
0.47831 
0.46116 

0.44433 
0.42782 
0.41163 
0.39578 
0.38026 

0.36510 
0.35027 
0.33580 
0.32169 
0.30793 

0.29453 
0.28149 
0.26881 
0.25649 
0.24453 

0,23293 
0.22169 
0.21080 
0.20027 
0.19009 

0.18025 
0.17076 
0.16161 
0.15280 
0.14432 


47 
58 
78 
60 
54 

01 
37 
93 
94 
57 

94 
10 
04 
68 
89 

45 
11 
52 
30 
97 

02 
86 
85 
28 
39 

36 
30 
29 
33 
39 

38 
16 
54 
29 
14 

78 
84 
93 
62 
46 


0.13616  93 

0.12833  53 

0.12081  68 

0.11360  83 

0.10670  35 


10 

4.17120   50 
4.07628 
3.98151 
3.88698 
3.79276 


(x) 


42 
88 
72 
59 


3.69892 
3.60555 
3.51270 
3.42045 
3.32886 

3.23801 
3.14794 
3.05873 
2.97043 
2.88309 

2.79677 
2.71153 
2.62739 
2.54443 
2.46266 

2.38215 
2.30291 
2.22500 
2.14844 
2.07326 


98 
18 
30 
23 
66 

06 
66 
50 
34 
73 

98 
12 
98 
09 
76 

03 
70 
27 
05 
03 


1.99948  99 
1.92715  45 
1.85627  66 
1.78687  63 
1.71897  14 


1.65257 
1.58770 
1.52436 
1.46257 
1.40232 

1.34363 
1.28649 
1.23090 
1.17687 
1.12438 

1.07343 
1.02401 
0.97612 
0.92973 
0.88485 

0.84144 
0.79950 
0.75902 
0.71996 
0.68231 


72 
64 
97 
53 
92 

53 
51 
84 
25 
32 

42 
72 
24 
83 
16 

75 
99 
10 
20 
26 


10.0  (-2) -3.9496  (-1) -1.0559  (-2) -5.5535 


(-2)4.4501 (^-1)1.1339 


(-1)1.2558  0.10009  64  0.64605  15 
-    (-4,2-| 


['-n  [ 
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SPHERICAL  BESSEL  FUNCTIONS— ORDERS  3-10 


5.0 
5.1 
5.2 
5.3 
5.4 

5.5 
5.6 
5.7 
5.8 
5.9 

6.0 
6.1 
6.2 
6.3 
6.4 

6.5 
6.6 
6.7 
6.8 
6.9 

7.0 
7.1 
7.2 
7.3 
7.4 

7.5 
7.6 
7.7 
7.8 
7.9 

8.0 
8.1 
8.2 
8.3 
8.4 


9.0 
9.1 
9.2 
9.3 

9.4 

9.5 
9.6 
9.7 
9.8 
9.9 


.7,3(2) 

(-2) -1.5443 
(-3)+1.9691 
(-2)  1.8700 
(-2)  3.4698 
-2)  4.9908 


-2) 
'-2) 
'-2) 


-2) 

(-2 
(-2 
(-2 
(-2 
(-2) 


6.4276 
7.7750 
9.0279 
1.0182 
1.1232 

1.2175 
1.3007 
1.3726 
1.4329 
1.4815 

1.5183 
1.5432 
1.5564 
1.5580 
1.5482 

1.5273 
1.4956 
1.4535 
1.4016 
1.3404 

1.2705 
1.1925 
1.1073 
1.0156 
9,1812 

8.1577 
7.0941 
5.9992 
4.8821 
3.7517 


8.5  (-2)  2.6172 

8.6  (-2)  1.4876 

8.7  (-3)+3.7160 

8.8  (-3) -7.2210 

8.9  (-2) -1.7852 


2) 
2 
(-2 
(-2 
(-2) 


-2.8097 
-3.7880 
-4.7130 
-5.5782 
-6.3774 


(-2)-7.1053 
(-2) -7.7572 
(-2) -8.3288 
(-2) -8.8169 
(-2) -9.2189 


.'/4(^) 
-1) -1.8662 
-1) -1.6965 
-1-1.5295 
-1)-1.3649 
-1) -1.2025 

-1) -1.0424 
-2) -8.8447 
-2) -7.2898 
-2) -5.7610 
-2)-4.2612 

-2) -2.7936 
-2) -1.3619 
-4) +2.9727 
-2)  1.3770 
-2)  2.6754 

-2)  3.9204 

-2)  5.1073 

-2)  6.2315 

-2  7.2886 

-2)  8.2743 

-2)  9.1846 

-1)  1.0016 

-1)  1.0764 

-1)  1.1427 

-1)  1.2001 

-1)  1.2485 

-1)  1.2877 

-1)  1.3176 

-1)  1.3380 

-1)  1.3491 

-1)  1.3509 

-1)  1.3435 

-1)  1.3270 

-1)  1.3017 

-1)  1.2679 

-1)  1.2259 

-1)  1.1762 

-1)  1.1191 

-1)  1.0551 

-2)  9.8492 

-2)  9.0898 

-2)  8.2794 

-2)  7.4246 

-2)  6.5321 

-2)  5.6089 

-2)  4.6623 
-2)  3.6995 
-2)  2.7280 
-2)  1.7550 
-3) +7.8793 


-1) -3.2047 
-1) -3.0134 
-1) -2.8341 
-1) -2.6647 
-1) -2.5033 

-1) -2.3484 
-1) -2.1990 
-1) -2.0538 
-1) -1.9121 
-1) -1.7732 

-1) -1.6365 
-1) -1.5017 
-1) -1.3683 
-1) -1.2362 
-1) -1.1052 

-2) -9.7544 
-2) -8.4678 
-2) -7.1937 
-2)-5.9337 
-2) -4.6896 

-2) -3.4641 
-2) -2.2599 
-2) -1.0801 
-4)+7.1768 
-2)  1.1922 


(- 


2.2774 
3.3235 
4.3267 
5.2830 
6.1887 

7.0400 
7.8334 
8.5654 
9.2329 
9.8330 

1.0363 
1.0821 
1.1205 
1.1513 
1.1745 

1.1899 
1.1976 
1.1976 
1.1900 
1.1748 

1.1522 
1.1225 
1.0860 
1.0429 
9.9352 


(-1)-5.1841 

(-1)-4.8031 

(-l)-4.4658 

-1)-4.1656 

-l)-3.8967 

(-l)-3.6545 
(-l)-3.4349 
(-1-3.2345 
(-l)-3.0503 
(-l)-2.8799 

(-1)-2.721Q 

(-1)-2.5717 

(-l)-2.4306 

-1)-2.2961 

-1)-2.1672 

(-l)-2.0428 
(-1)-1.9220 
(-1-1.8042 
(-1)-1.6887 
(-1)-1.5751 

(-1)-1.4628 
(-1-1.3517 
(-1)-1.2414 
(-1)-1.1319 
(-1)-1.0229 

(-2)-9.1449 
(-2)-8.0665 
(-2)-6.9945 
-2)-5.9299 
(-2)-4.8741 

2)-3.8290 

2)-2.7968 

(-2)-1.7798 

■-3)-7.8077 

-3)4-1.9747 


(- 


-2 
-2 

-2) 

-2) 

(-2) 

(-2) 
(-2) 
(-2) 
-2 
(-2 

-2) 
-2) 
-2) 
-2) 
-1) 


1.1519 
2.0793 
2.9765 
3.8403 
4.6672 

5.4540 
6.1976 
6.8948 
7.5427 
8.1384 

8.6793 
9.1630 
9.5874 
9.9507 
1.0251 


.y-(') 

-1.0274 
-9.2298 
-8.3305 
-7.5528 
-6.8777 

-6.2895 
-5.7750 
-5.3232 
-4.9248 
-4.5723 

-4.2589 
-3.9791 
-3.7281 
-3.5018 
-3.2969 

-3.1101 
-2.9390 
-2.7813 
-2.6351 
-2.4985 

-2.3703 
-2.2489 
-2.1334 
-2.0228 
-1.9162 

-1.8129 
-1.7122 
-1.6136 
-1.5166 
) -1.4209 

-1.3262 
-1.2322 
(-1)-1.1387 
(-1) -1.0456 
(-2) -9.5274 

-2) -8.6015 

-2) -7.6780 

(-2) -6.7573 

(-2) -5.8403 

(-2) -4.9278 

2) -4.0214 

2) -3.1227 

(-2) -2.2335 

-2)-1.3560 

-3) -4.9250 

(-3)+3.5462 
(-2)  1.1827 
(-2)  1.9892 
(-2)  2.7712 
(-2)  3.5259 


ygC-r) 
0) -2.5638 
0)  -2.2343 
0) -1.9564 
0) -1.7210 
0-1.5208 


10" 


i   10 


(  0 

(  0' 
(  0' 

(-1' 

(-1: 


-1.3499 
-1.2034 
-1.0774 
-9.6863 
-8.7446 


-1)  -7.9262 
-1)  -7.2128 
-1)  -6.5889 
-1)  -6.0416 
-1)  -5.5598 

-1)  -5.1344 
-1) -4.7576 
-1)  -4.4227 
-1)  -4.1239 
•3.8565 

-1) -3.6163 
-1) -3.3996 
-1)  -3.2032 
-1)  -3.0246 
-1)  -2.8613 

-1)  -2.7112 
-1)  -2.5726 
-1  -2.4439 
-1)  -2.3236 
-1)  -2,2106 

-1)  -2.1038 
-1)  -2.0022 
-1)  -1.9050 
-1)  -1.8115 
-1)  -1.7211 


-1.6331 
-1.5471 
-1.4627 
-1.3795 
-1.2973 

-1.2156 
-1.1345 
-1.0536 
-9.7298 
-8.9243 


(-2)  -8.1193 
-2)  -7.3150 
(-2)  -6.5114 
(-2)  -5.7090 
(-2)  -4.9088 


'9W 
-0.75092  23 
-0.77673 
-0.80415 
-0.83333 
-0.86440 


io-VV,oW 


'lov 


01 
92 
7/1 
56 


-0.89751 
-0.93284  85 
-0.97058  31 
-1.01093  09 
-1.05412  18 


-1.10040 
-1.15007 
-1.20342 
-1.26079 
-1.32256 

-1.38913 
-1.46096 
-1.53853 
-1.62238 
-1.71309 

-1.81128 
-1.91762 
-2.03285 
-2.15774 
-2.29311 

-2.43982 
-2.59877 
-2.77091 
-2.95720 
-3.15862 

-3.37613 
-3.61071 
-3.86327 
-4.13466 
-4.42566 

-4.73689 
-5.06881 
-5.42169 
-5.79550 
-6.18991 

-6.60420 
-7.03717 
-7.48710 
-7.95166 
-8.42777 


93 
32 
16 
38 
26 

71 
57 
78 
69 
24 

11 
85 
95 
75 
31 

13 
67 
77 
73 
24 

93 
67 
49 
98 
58 

09 
69 
35 
68 


33 
50 
95 
19 
38 


-8.91157  56 
-9.39828  63 
-9.88210  58 
10.35610  3 
•10.81210  4 


-1.30156 
-1.34013 
-1.38083 
-1.42381 
-1.46922 


90   - 


1.51723 
-1.56801 
-1.62178 
-1.67873 
-1.73913 

-1.80321 
-1.87128 
-1.94363 
-2.02062 
-2.10262 

-2.19005 
-2.28337 
-2,38308 
-2.48973 
-2.60393 

-2.72637 
-2.85777 
-2,99896 
-3.15082 
-3.31433 

-3.49057 
-3.68071 
-3,88603 
-4.10791 
-4.34788 

-4.60754 
-4.88866 
-5,19312 
-5.52293 
-5.88021 

-6.26721 
-6.68628 
-7.13987 
-7.63051 
-8.16074 


80 
68 
98 
86 
70 

25 

75 
08 
97 
16 

67 
02 
49 
45 
69 

78 
46 
14 
26 
95 

44 
73 
17 
08 
45 

53 
56 
37 
96 
05 

55 
85 
95 
51 
45 

41 
70 
95 
13 
96 


-8.73317  65 
-9.35034  96 
-10.01475  2 
-10.72873  2 
-11.49443  4 


-12.31371 
-13.18805 
-14.11841 
•15.10518 
•16.14793 


10.0  (-2)-9.5327  (-3)-1.6599  (-2)  9.3834  (-1)  1.0488  (-2)  4.2506  ( -2)  -4.1117  - 11.24057  9  -^,, 


17.24536  7 
<-3,7-| 
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SPHERICAL  BESSEL  FUNCTIONS— ORDERS  20  AND  21      Table  10.3 


10'720(^) 


0.0 
0.5 
1.0 
1.5 
2.0 

2.5 
3.0 
3.5 
4.0 

4.5 

5.0 
5.5 
6.0 
6.5 
7.0 

7.5 
8.0 
8.5 
9.0 
9.5 

10.0 
10.5 
11.0 
11.5 
12.0 

12.5 
13.0 
13.5 
14.0 
14.5 

15.0 
15.5 
16.0 
16.5 
17.0 

17.5 
18.0 
18.5 
19.0 
19.5 

20.0 
20.5 
21.0 
21.5 
22.0 

22.5 
23.0 
23.5 
24.0 
24.5 

25.0 


7.62597 
7.62705 
7.63028 
7.63560 
7.64293 

7.65215 
7.66313 
7.67566 
7.68952 
7.70444 

7.72013 
7.73621 
7.75231 
7.76795 
7.78264 

7.79582 
7.80686 
7.81509 
7.81976 
7.82005 

7.815076 
7.803876 
7,785428 
7.758627 
7.722309 

7.675238 
7.616116 
7.543601 
7.456316 
7.352841 

7.231764 
7.091689 
6.931265 
6.749220 
6.544411 

6.315851 
6.062784 
5.784739 
5.481584 
5.153621 

4.801647 
4.427041 
4.031843 
3.618830 
3.191590 

2.754567 
2.313103 
1.873442 
1,442686 
1.028721 


90 
91 
29 
15 
25 

99 
22 
19 
28 
90 

23 
95 
00 
28 
38 

23 
80 
84 
53 
32 


l^^f2M 

10"''^2o(^) 

1.77348  35 

-0.31983  10 

1.77371  23 

-0.31988  11 

1.77439  56 

-0.32003  25 

1.77552  32 

-0.32028  86 

l.lllQl   85 

-0.32065  49 

1.77903  78 

-0.32113  96 

1.78137  03 

-0.32175  30 

1.78403  80 

-0.32250  82 

1.78699  49 

-0.32342  08 

1.79018  73 

-0.32450  98 

1.79355  29 

-0.32579  69 

1.79702  05 

-0.32730  79 

1.80050  95 

-0.32907  24 

1.80392  94 

-0,33112  44 

1.80717  91 

-0.33350  34 

1.81014  64 

-0,33625  47 

1.81270  77 

-0.33943  07 

1.81472  70 

-0.34309  23 

1.81605  56 

-0.34731  02 

1.81653  14 

-0.35216  70 

1.815979 

-0.35776  04 

1.814208 

-0.36420  59 

1.811016 

-0.37164  20 

1,806185 

-0.38023  59 

1.799482 

-0.39019  23 

1.790664 

-0.40176  53 

1.779472 

-0.41527  46 

1.765639 

-0.43113  22 

1.748885 

-0.44987  76 

1.728929 

-0,47223  40 

1.705481 

-0,49918  70 

1.678251 

-0.53209  15 

1.646956 

-0.57279  98 

1.611324 

-0.62378  79 

1,571096 

-0.68821  72 

1.526041 

-0.76981  49 

1,475960 

-0.87240  01 

1.420698 

-0.99883  14 

1.360155 

-1.149171 

1.294299 

-1.317987 

1.223178 

-1,490982 

1.146936 

-1.641599 

1.065826 

-1.728777 

0.98022  63 

-1.697442 

0,89065  46 

-1.483467 

0.79777  92 

-1.024223 

0.70243  25 

-0.274630 

0.60561  45 

■1-0.773430 

0.50849  80 

2.072631 

0.41242  27 

3.508629 

10"''92l(^) 


4.901591 


-1.31130 
-1.31149 
-1,31205 
-1,31300 
-1.31436 

-1.31616 
-1.31842 
-1.32121 
-1.32457 
-1.32856 

-1.33328 
-1.33879 
-1.34521 
-1.35264 
-1.36123 


70 
33 
61 
70 
61 

11 
87 
43 
29 
95 

02 
33 
03 
77 
89 


-1.37113  69 
-1,38251  67 
-1.39557  96 
-1.41055  73 
-1.42771  82 

-1.447374 
-1.469891 
-1.495697 
-1.525305 
-1,559325 

-1.598497 
-1,643728 
-1,696143 
-1.757166 
-1.828625 

-1.912922 
-2.013273 
-2,134049 
-2,281228 
-2.462936 

-2.689957 
-2.975953 
-3.336925 
-3.789188 
-4.344958 

-5.004711 
-5.745922 
-6.508927 
-7.182333 
-7.592679 

-7,504782 

-6,640003 

-4,717888 

-1.52185 

-1-3.01816 

-^8.74251 


0.640055  0.31888   30 

[(-3)3]  [(-4)7] 

j^(x)  =  /^x"  exp  (-x2/4n-h2)         ?/„(.t)  =j,„x-(n+i)  exp  (.r2/4n+2) 
Compiled  from  National  Bureau  of  Standards,  Tables  of  spherical  Bessel  func- 
tions, vols.  I,  II.  Columbia  Univ.  Press,  New  York,  N.Y.,  1947  (with  permission). 
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Table    10.4 

SPHERICAL  BESSEL  FLNCTIONS— MODULI  S  AND  PHASE— ORDERS  9,  10.  20  AND  21 


x-> 

;^Tx3/i^(x) 

6i%(x)- 

-X 

^iTx3f«^4(z) 

e^m- 

-X 

<x> 

0.100 

1.50513 

630 

1.72311 

121 

1.84157 

799 

1.35401 

461 

10 

0.095 

1.41043 

073 

1.44562 

029 

1.65174 

534 

1.  00196 

372 

11 

0.090 

1.33509 

121 

1.17232 

718 

1.50947 

539 

0.65310 

249 

11 

0.085 

1.27462 

197 

0.90378 

457 

1.40190 

550 

+0.30984 

705 

12 

0.080 

1.22560 

809 

0.  64017 

615 

1.31955 

792 

-0.02643 

915 

13 

0.075 

1.18548 

Oil 

0.38142 

613 

1.25559 

223 

-0.35524 

574 

13 

0.070 

1.15231 

423 

+0.12729 

416 

1.20514 

049 

-0.67664 

889 

14 

0.065 

1.12467 

134 

-0.12255 

277 

1.16476 

186 

-0.99107 

278 

15 

0.060 

1.10147 

221 

-0.  36849 

087 

1.13202 

416 

-1.29911 

571 

17 

0.055 

1. 08190 

340 

-0.  61090 

826 

1.10519 

883 

-1.  60143 

947 

18 

0.050 

1.06534 

781 

-0.85018 

673 

1.08304 

588 

-1.89870 

678 

20 

0.045 

1.05133 

389 

-1.08669 

229 

1.06466 

562 

-2.19155 

009 

22 

0.040 

1.03949 

892 

-1.32077 

114 

1. 04939 

746 

-2.48055 

907 

25 

0.035 

1.02956 

235 

-1.55274 

891 

1.03675 

104 

-2.76627 

814 

29 

0.030 

1.02130 

658 

-1.78293 

175 

1.02635 

931 

-3. 04920 

936 

33 

0.025 

1.01456 

304 

-2.  0116C 

832 

1.01794 

637 

-3.  32981 

737 

40 

0.020 

1.00920 

210 

-2.23905 

224 

1.01130 

529 

-3.  60853 

532 

50 

0.015 

1.00512 

574 

-2.46552 

469 

1.00628 

277 

-3.88577 

070 

67 

0.010 

1.00226 

240 

-2.69127 

701 

1.00276 

864 

-4.16191 

106 

100 

0.005 

1.00056 

327 

-2.91655 

326 

1.00068 

866 

-4.  43732 

935 

2  00 

0.000 

1.00000 

000 

-3.14159 

265 

1.00000 

000 

-4.  71238 

898 

ce 

"f-3) 
9 

2" 

7-4)6" 
9 

rr-3)6" 

9 

"^-4)9" 
_  10 

x-i 

-vixxAf-ii 

^iix) 

e^mx)- 

-X 

s'^rxMA^ix) 

e*%(x)- 

-X 

<x> 

0.040 

1.31126 

605 

1.12909 

207 

1.37979 

868 

+0.  54348 

547 

25 

0.038 

1.25741 

042 

0.  61321 

135 

1.30763 

025 

-0.04056 

472 

26 

0.036 

1.21433 

612 

+0.11048 

098 

1.25205 

767 

-0.60729 

830 

28 

0.034 

1.17917 

949 

-0.38066 

745 

1.20806 

627 

-1.15885 

172 

29 

0.032 

1.15001 

033 

-0.86163 

915 

1.17245 

178 

-1.69717 

688 

31 

0.030 

1.12549 

256 

-1.33366 

819 

1.14310 

153 

-2.22398 

514 

33 

0.028 

1.10467 

736 

-1.79783 

172 

1.11857 

851 

-2.74075 

480 

36 

0.026 

1.08687 

488 

-2.25507 

118 

1.  09787 

629 

-3. 24876 

024 

38 

0.024 

1.07157 

283 

-2.70621 

373 

1.08027 

122 

-3.74910 

503 

42 

0.022 

1.05838 

371 

-3.15199 

149 

1.06523 

083 

-4.24275 

239 

45 

0.020 

1.04700 

987 

-3.  59305 

805 

1.05235 

561 

-4.73055 

105 

50 

0.018 

1.03721 

972 

-4. 03000 

220 

1.04134 

092 

-5.21325 

651 

56 

0.016 

1.02883 

137 

-4.46335 

928 

1.03195 

154 

-5.69154 

843 

63 

0.014 

1.02170 

104 

-4.  89362 

072 

1.  02400 

423 

-6.16604 

479 

71 

0.012 

1.01571 

485 

-5.32124 

187 

1.01735 

560 

-6.  63731 

350 

83 

0.010 

1.01078 

282 

-5.74664 

872 

1.01189 

351 

-7.10588 

196 

100 

0.008 

1.00683 

452 

-6.17024 

356 

1.00753 

093 

-7.  57224 

522 

125 

0.006 

1.00381 

592 

-6.59240 

995 

1.00420 

153 

-8.  03687 

285 

167 

0.004 

1.00168 

705 

-7.  01351 

707 

1.00185 

654 

-8.50021 

498 

250 

0.002 

1.00042 

044 

-7.43392 

365 

1.00046 

253 

-8.96270 

770 

500 

0.000 

1.00000 

000 

-7.85398 

164 

1.00000 

000 

-9. 42477 

796 

30 

9 

9 

r 

7-3) 
10 

2" 

r-SY. 
9 

?" 

<x^  =  nearest  integer  to  x. 
Compiled  from  National  Bureau  of  Standards.  Tables  of  spherical  Bessel  fimctions,  vols.  I,  II. 
Columbia  Univ.  Press .  Xew  York.  X.Y..  1947  (with  permission). 
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SPHERICAL  BESSEL  FUNCTIONS— VARIOUS  ORDERS 


Table  10.5 


n 
0 

1 
2 
3 

4 

5 
6 

7 
8 
9 

10 
U 
12 
13 
14 

15 
16 
17 
18 
19 

20 
30 
40 

50 

100 


(- 
1: 

(- 
(- 


(- 
(- 


x  =  l 

1)8.41470  9848 

1)3.01168  6789 

2)6.20350  5201 

3)9.00658  1117 

3)1.01101  5808 

5)9.25611  5861 

6)7.15693  6310 

7)4.79013  4199 

8)2.82649  8802 

9)1.49137  6503 


(-  11)7.11655  2640 
(-  12)3.09955  1855 
I-  13)1.24166  2597 
(-  15  4.  60463  7678 
(-  16)1.58957  5988 

(-  18)5.13268  6115 
(-  19)1.55670  8271 
(-  21)4.45117  7504 
(-  22)1.20385  5742 
(-  24)3.08874  2364 

(-  26)7.53779  5722 
(-  43)5.56683  1267 
(-  61)1.53821  0374 
(-  81)3.61527  4717 

(-190)7.44472  7742 


(- 

i: 
f: 

1: 

(- 
(- 
(- 


U^) 


1)4.54648  7134 

1)4.35397  7750 

1)1.98447  9491 

2)6.07220  9766 

2)1.40793  9276 

3)2.63516  9770 

4)4.14040  9734 

5)5.60965  5703 

6)6.68320  4324 

7)7.10679  7192 


-  8)6.82530  0865 

-  9)5.97687  1612 

-  10)4.81014  8901 

-  11)3.58145  1402 

-  12)2.48104  9119 

-  13)1.60698  2166 

-  15)9.77323  7728 

-  16)5.60205  9151 

-  17)3.03657  8644 

-  18)1.56113  3992 

-  20)7.63264  1101 

-  34)5.83661  7888 

-  49)1.66097  8779 

-  66)4.01157  5290 

(-160)9.36783  2591 


(-  1)-1. 
(-  2-9. 

(-  iKi. 

(-  1)  2. 

(-  1)  1. 

(-  1)  1. 

(-  2)  4. 

(-  2)  1. 

!:  l\  I: 

(-  4)  4. 

}:  l\  I: 
i:  ?! '.: 

(-  7j  1. 

-  8)  1. 
(-  9)  2. 
(-  10  3. 
(-  11)  4. 

(-  12)  5. 

-  22)  4. 
(-  33)  1. 
(-  46)  2. 


i  =  o 

91784  8549 
50894  0808 
34731  2101 
29820  6182 
87017  6553 

06811  1615 
79668  9986 
79027  7818 
74143  4675 
61809  9715 

07344  2442 
27461  1037 
92878  6347 
69320  6998 
55454  3131 

08428  0182 
67993  9976 
44802  0198 
36741  6303 
38678  6630 

42772  6761 
28273  0217 
21034  7583 
85747  9350 


(-120)  5.53565  0303 


u 

x  =  10 

ar  =  50 

r  =  100 

0 

(- 

2)- 

-5.44021 

1109      ( 

-  3) -5. 24749 

7074 

(-3) -5. 06365  6411 

1 

i  - 

2) +7. 84669 

4180      ( 

-  2) -1.94042 

7051 

(-3) -8.  67382  5287 
(-3) +4.  80344  1652 

2 

i- 

2)+7.  79421 

9363      ( 

-  3) +4.  08324 

0843 

3 

(- 

2)- 

-3.94958 

4498      ( 

-  2)+l. 98125 

9460 

(-3)+8. 91399  7370 

4 

(- 

1) 

-1.05589 

2851      ( 

-  3) -1.30947 

7600 

(_3)_4. 17946  1837 

5 

(- 

2)- 

-5.55345 

1162      ( 

-  2) -2. 00483 

0056 

(-3) -9. 29014  8935 

6 

2)+4.  45013 

2233      ( 

-  3) -3. 10114 

8524 

(-3)+3. 15754  5454 

7 

( _ 

\] 

1.13386 

2307      ( 

-  2)+l.  92420 

0195 

(-3)+9.  70062  9844 

8 

(_ 

1.25578 

0236      ( 

-  3)+8.  87374 

9108 

(-3) -1.70245  0977 

9 

(- 

1) 

1.00096 

4095      ( 

-  2) -1.62249 

2725 

(-3) -9.  99004  6510 

10 

1: 

1! 

6.46051 

5449      ( 

-  2) -1.50392 

2146 

(-4) -1.95657  8597 

11 

3.55744 

1489      ( 

-  3) +9. 90845 

4236 

(-3) +9. 94895  3359 

12 

(- 

l\ 

1.72159 

9974      1 

-  2)+l.  95971 

1041 

(-3)+2. 48391  8282 

13 

7.46558 

4477      ( 

-  4) -1.09899 

0300 

(-3) -9.  32797  8789 

14 

(- 

3) 

2.94107 

8342      ( 

-  2) -1.96564 

5589 

(-3) -5. 00247  2555 

15 

1: 

3) 

1.06354 

271S      ( 

-  2) -1.12908 

4539 

(-3) +7.  87726  1748 
(_3) +7.  44442  3697 
(_3)_5.  42060  1928 
(_3)_9.  34163  4372 
(-3)+l.  96419  7210 

16 

4) 

3.55904 

0735      ( 

-  2) +1.26561 

3175 

17 

(- 

4) 

1.10940 

7280      ( 

-  2)+l. 96438 

9234 

18 

- 

l\ 

3.23884 

7439      ( 

-  3)+l.  09459 

2888 

19 

!- 

8.89662 

7269      ( 

'-   2) -1.88338 

9360 

20 

j: 

Ji 

2.30837 

1961      ( 

-  2)-l.  57850 

2990 

(-2)+l.  01076  7128 
-3)+8. 70062  8514 

30 

2.51205 

7385      ( 

-  3) -1.49467 

-  2) -2. 60633 

3454 

40 

( _ 

22) 

8.43567 

1634      ( 

6952 

(-2)+l.  04341  0851 

50 

(- 

31) 

2.23069 

6023      ( 

-  2)+l.  88291 

0737 

(_4)+5.  79714  0882 

.00 

(- 

90) 

5.83204 

0182      ( 

-22)+l. 01901 

2263 

(-2)+l.  08804  7701 
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Table   10.5  SPHERICAL  BESSEL  FIXCTIONS— VARIOUS  ORDERS 


10 
11 
12 
13 
14 

15 
16 
17 
18 
19 

20 
30 
40 
50 

100 


z  =  l 
(  -l)-5. 40302  3059 
(  0)_1.  38177  3291 
(  0)-3. 60501  7566 
(  1)-1. 66433  1454 
(  2)-l.  12898  1842 

(  2)-9. 99440  3434 
(   4)_1.  08809  4559 
i)-l. 


( 


5)-l. 40452  8524 
6)-2.  09591  1840 
7)-3.  54900  4843 


(   8). 

(  10). 

(  11)- 

(  12). 

(  14). 

(  15 

(  17 

(  18) 

(  20 

(  21 


\  It 


23) 

4o; 

58) 
78). 


.6.72215  0083 
.1.40810  2512 
.3.23191  3629 
.8.06570  3047 
.2.17450  7909 

.6.29800  7233 
.1.95020  7734 
.6.42938  7516 
.2.24833  5423 
.8.31241  1677 

3.23959  2219 
2.94642  8547 
.8. 02845  0851 
■  2.73919  2285 


1  =  2 

l)+2. 08073  4183 
1-3.50612  0043 
l)-7.  33991  4247 
0)-l.  48436  6557 
0)-4.  46129  1526 

1)-1.  85914  4531 
l)-9. 77916  5769 
2)-6. 17054  3296 
3)-4. 53011  5815 
4)-3.  78889  3009 


5)- 
6). 
7)- 

11 
It 

13)- 

14 

15 

17). 
31) 
46) 
63). 


3.55414  7201 

3.69396  5631 

4.21251  9003 

5.22870  9098 

7.01663  2092 

1.01218  2944 

1.56186  6932 

2. 56695  8608 

4.47655  8894 

8.25596  4368 

•1.60543  6493 

■1.40739  3871 

•3.72092  9322 

1.23502  1944 


-2)-5.  67324  3709 
-1)+1.  80438  3675 
-1)+1.  64995  4576 
-2)-l.  54429  0991 
-1)-1.  86615  5315 

-l)-3.  20465  0467 
-1) -5. 18407  5714 
0) -1.02739  4639 
0)-2.  56377  6345 
0-7.68944  4934 


I   l\ 


(  1) 
(   2) 

I      3 
(   4) 

(  4) 
(  5) 
(   6) 

I  II 

(   8 

(  18 

(  30) 

(  42) 


-2.66561  1441 

-1.04266  2356 

-4.52968  5692 

-2.16057  6611 

-1.12141  4513 

-6.28814  6513 

-3.78650  9387 

-2.43621  4730 

-1. 66748  5217 

-1.20957  6913 

-9.26795  1403 

-7.76071  7570 

-2. 05575  8716 

-6.96410  9188 


(186) -6.  68307  9463 


(156) -2. 65595  5830 


(116)-1.  79971  3983 


n 
0 
1 
2 
3 
4 

5 
6 
7 
8 
9 

10 
11 
12 
13 
14 

15 
16 
17 
18 
19 

20 
30 
40 
50 


(-2)-8, 

\--in 

(-2)-9, 
(-3)-l. 


(-2)^9. 
(-1)  +  1. 

\--l\-t: 

(-l)-l. 
(-l)-l. 

(-l)-7. 
(  0)-l. 

(  0)-3. 
(  1)-1. 

I  u 

(  2)-3. 

(  3)-l. 
(  9)-6. 

(isi-i. 

(27)-4. 


j  =  10 
39071  5291 
27928  2638 
50693  0499 
53274  7888 
65993  0220 

38335  4168 
04876  8261 
25063  3221 
11173  2775 
12405  7894 

72453  6721 
49746  9220 
01964  2485 
55163  6993 
63697  7739 

99207  1745 
07384  4467 
14447  9567 
93183  4017 
36033  0630 

21121  0605 
90831  8646 
51030  4919 
52822  7272 


(  -2)+l. 
(  -2)fl. 
-3) -5. 
(  -2)-2. 
(  -3)-5. 


x  =  50 
92993  2057 
86151  0663 
95910  1121 
90240  9542 
99973  4855 

97113  1965 
98439  8364 
85654  8943 
80870  1896 
20061  3539 

35246  8751 
76865  0414 
38889  5605 
03809  5195 
61681  8446 


(  -2)  f  1.71231  9725 

(  -2) +1.62332  0074 

(  -3) -6.  40928  4759 

(  -2) -2.  07197  0007 

(  -3) -8.  92329  3294 

(  -2)^1.37595  3130 

(  -2) -2. 24122  6812 

(  -5) +4.  97879  7221 

(  -2)-4. 19000  0150 


z  =  100 
(-3)-8.  62318  8723 
(_3)  +  4.  97742  4524 
(-3)4-8.77251  1459 
(-3)-4.  53879  8951 
(-3)-9. 09022  7385 

(-3)4.3.72067  8486 

(-3)4-9.49950  2019 

-3)-2.  48574  3224 

(-3)-9.  87236  3502 

(-4)4-8.07441  4285 

(-2)  +  l.  00257  7737 
(-3)4-1.29797  1820 
(-3-9.72724  3855 
(-3)-3.  72978  2784 
(-3)4-8.72020  2503 

(-3)4-6.25864  1510 
(-3) -6.  78002  3635 
(-3-8.49604  9309 
(-3)4-3.80640  6377 
(-3)4-9.90441  9669 

(-5)4-5.63172  9379 

(-3) -5. 41292  9349 

(_4)-7.  04842  0407 

(-2)4-1.  07478  2297 


100 


(85)-8. 57322  6309 


(+18)-1. 12569  2891 


(-2)-2. 29838  5049 
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ZEROS  OF  BESSEL  FUNCTIONS  OF  HALF-INTEGER  ORDER 

J.iJ..s)=o        );(.'/.,  ,)=0 


Table   10.6 


J. 


JIU.J 


1/2   1  3.141593  -0.45015  82 

2  6.283185  +0.31830  99 

3  9.424778  -0.25989  89 

4  12.566370  +0.22507  91 

5  15.707963  -0.20131   68 

6  18.849556  +0.18377  63 

7  21.991149  -0.17014  38 
8 


3/2   1  4.493409  -0.36741  35 

2  7.725252  +0.28469  20 

3  10.904122  -0.24061  69 

4  14.066194  +0.21220  57 

5  17.220755  -0.19194  77 

6  20.371303  +0.17656  64 

7  23.519452  -0.16437  44 


//,,   (-l)"+'r:0/,,J 

1.570796  -0.63661  98 

4.712389  +0.36755  26 

7.853982  -0.28470  50 

10.995574  +0.24061  97 

14.137167  -0.21220  66 

17.278760  +0.19194  81 

20.420352  -0.17656  66 

23.561945  +0.16437  45 


2.798386  +0.44914  84 

6.121250  -0.31827  37 

9.317866  +0.25989  33 

12.486454  -0.22507  76 

15.644128  +0.20131  63 

18.796404  -0.18377  61 

21.945613  +0.17014  37 


15/2 


17/2 


19/2 


Jy.  X 

11,657032 
15.431289 
18.922999 
22.295348 


•/:o.,j 

-0.20550  46 

hO. 19008  87 

-0.17582  99 

hO.  16402  38 


12.790782  -0.19382  82 

16.641003  +0.18155  15 

20.182471  -0.16922  10 

23.591275  +0.15870  04 


13.915823  -0.18376  12 

17.838643  +0.17398  80 

21.428487  -0.16326  17 

24.873214  +0.15383  84 


9.457882  +0.20754  83 

13.600629  -0.19801  01 

17.197777  +0.18264  01 

20.619612  -0.16964  44 

23.955267  +0.15890  14 


10. 529989 
14.777175 
18.434529 
21.898570 


11.597038 
15.942945 
19.658369 
23.163734 


-0.19361  38 

hO. 18810  92 

-0.17517  27 

hO. 16373  75 


0.18186  42 

0.17944  10 

0.16849  33 

0.15837  45 


5/2 


5.763459  -0.31710  58 

9.095011  +0.25973  30 

12.322941  -0.22503  59 

15.514603  +0.20130  14 

18.689036  -0.18376  96 

21.853874  +0.17014  05 


3.959528  -0.36184  68 

7.451610  +0.28430  75 

10.715647  -0.24053  93 

13.921686  +0.21218  15 

17.103359  -0.19193  81 

20.272369  +0.17656  19 

23.433926  -0,16437  21 


21/2   1  15.033469-0.17496  82 

2  19,025854  +0.16722  59 

3  22.662721  -0.15785  09 
4 


23/2   1  16.144743  -0.16720  39 

2  20.203943  +0.16113  25 

3  23.886531  -0.15290  87 


12.659840  -0.17179  22 

17.099480  +0.17176  97 

20.870973  -0.16247  13 

24.416749  +0.15347  56 


13.719013  +0.16304  06 
18.247994  -0.16491  86 
22.073692  +0.15700  50 


7/2 


6.987932  -0.28223  71 

10.417119  +0.24019  23 

13.698023  -0.21208  02 

16.923621  +0.19189  90 

20.121806  -0.17654  40 

23.304247  +0.  16436  28 


5.088498 
8.733710 
12. 067544 
15.315390 
18.525210 
21.714547 
24.891503 


+0.30882  36 
-0.25896  77 
+0.22485  68 
-0.20124  01 
+0.18374  36 
-0.17012  77 
+0.15914  62 


25/2 


1  17.250455 

2  21.373972 
3 


-0.16028  44 
hO. 15560  47 


14.775045  -0.15534  97 
19.389462  +0.15875  20 
23.267630  -0.15201  34 


9/2 


11/2 


1  8.182561  -0.25620  49 

2  11,704907  +0,22432  53 

3  15,039665  -0.20107  12 

4  18.301256  +0.18367  44 

5  21.525418  -0.17009  46 

6  24.727566  +0.15912  86 


1 

9. 

355812 

-0. 

23580 

60 

2 

12. 

966530 

+0. 

21109 

29 

3 

16. 

354710 

-0. 

19155 

58 

4 

19. 

653152 

+0. 

17639 

49 

5 
6 

22. 

904551 

-0. 

16428 

83 

6.197831  -0.27236  25 

9.982466  +0.23908  76 

13.385287  -0.21179  27 

16. 676625  +0.19179  35 

19.916796  -0.17649  69 

23.128642  +0.16433  89 


7.293692  +0.24538  14 

11.206497  -0.22293  49 

14.676387  +0.20067  86 

18.011609  -0.18352  21 

21.283249  +0.17002  38 

24.518929  -0.15909  15 


27/2 


29/2 


31/2 


33/2 


1  18.351261  -0.15406  88 

2  22.536817  +0.15056  00 
3 


15.828325  +0.14852  56 
20.524680  -0.15316  36 
24.453705  +0.14743  15 


1 

2 

19. 
23. 

447703 
693208 

-0. 
+  0. 

14844 
14593 

69 
21 

16. 
21. 

879170 
654309 

-0. 
+  0. 

14242 
14806 

04 
91 

1 
2 

20. 
24. 

540230 
843763 

-0. 

+0. 

14333 
14166 

12 

70 

17. 
22. 

927842 
778902 

+  0. 
-0. 

13691 
14340 

88 
05 

1 
2 

21. 

629221 

-0. 

13865 

11 

18. 
23. 

974562 
898931 

-0. 
+0. 

13192 
13910 

99 
20 

35/2   1  22.715002  -0.13434  93   20.019515  +0.12738  05 


13/2   1  10.512835  -0.21926  48 

2  14.207392  +0.19983  04 

3  17.647975  -0.18321  82 

4  20.983463  +0.16988  82 

5  24.262768  -0.15902  21 


8.379626  -0.22441  70 
12.411301  +0.20946  65 
15.945983  -0.19106  59 
19.324820  +0.17619  60 
22.628417   -0.16419  26 


37/2       1     23.797849  -0.13037  81       21.062860  -0.12321   13 


39/2       1     24.878005   -0.12669  81       22.104735  +0.11937   34 


Values  to  greater  accuracy  and  over  a  wider  range  are  given  in  [10.31]. 

From  National  Bureau  of  Standards,  Tables  of  spherical  Bessel  functions,  vols.  I,  II. 

Press,  New  York,  N.Y.,  1947  (with  permission). 


Columbia  Univ. 


273-888  0-67— 31 
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Table   10.7 


1/2 


3/2 


ZEROS  OF  THE  DERIVATIVE  OF  BESSEL  FUNCTIONS 
OF  HALF-INTEGER  ORDER 


s 

j'r.  V 

■MJl.s) 

'/:,»    (- 

-i)"^'>\(.v:.j 

1 

1.165561 

+0. 679192 

2.975086 

-0. 456186 

2 

4.604217 

-0, 369672 

6.202750 

+0.319331 

3 

7.789884 

+  0.285287 

9. 371475 

-0.260267 

4 

10.949944 

-0.240870 

12.526476 

+0.225258 

5 

14.101725 

+  0.212340 

15.676078 

-0.201419 

6 

17.249782 

-0.192029 

18.822999 

+0. 183841 

7 

20.395842 

+0.176620 

21.968393 

-0.170188 

8 

23.540708 

-0. 164412 

1 

2.460536 

+0.525338 

4.354435 

+0. 388891 

2 

6,  029292 

-0.328062 

7.655545 

-0.290138 

3 

9.261402 

+0.263295 

10.856531 

+  0.242910 

4 

12.445260 

-0.226711 

14. 029845 

-0.213417 

5 

15.611585 

+  0.202245 

17.191285 

+  0.192678 

6 

18.769469 

-0.184363 

20.346496 

-0.177046 

7 

21.922619 

+  0.  170542 

23.498023 

+0.164709 

15/2 


17/2 


19/2 


J.,  s 

9.113402 
13.525575 
17.153587 
20.587450 
23.929631 


10.180054 
14.702493 
18.390930 
21.866965 


11,241675 
15.868463 
19.615227 
23.132584 


+0. 330874 
-0.236854 
+0.202841 
-0.182077 
+0.167294 


+  0.318378 
-0. 229449 
+0.197291 
-0.177623 


+0. 307606 
-0.222927 
+  0.192335 
-0.173605 


i-ir-^'yj'Kj 


11.535731 
15. 376058 
18.885886 
22. 266861 


+0. 266883 
-0.217283 
+0.191447 
-0.174147 


12.669130  -0.257833 

16.586323  +0.210950 

20.145940  -0.186505 

23.563314  +0.170098 


13.793646  +0.249935 

17.784362  -0.205332 

21.392422  +0.182067 

24.845689  -0.166427 


5/2 


1 

3. 

632797 

+0. 

457398 

5. 

634297 

-0. 

350669 

2 

7. 

367009 

-0. 

301449 

9. 

030902 

+  0. 

270006 

3 

10. 

663561 

+0. 

247304 

12. 

278863 

-0. 

229783 

4 

13. 

883370 

-0. 

215670 

15. 

480655 

+0. 

203956 

5 

17. 

072849 

+0. 

194015 

18. 

661309 

-0. 

185432 

6 

20. 

246945 

-0. 

177917 

21. 

830390 

+0. 

171262 

7 

23. 

412100 

+0. 

165314 

24. 

992411 

-0. 

159953 

21/2  1 
2 
3 
4 


23/2  1 
2 
3 


12.299124 
17.025072 
20.828186 
24.385974 


13.353045 
18.173567 
22.031181 


+0.298179 
-0.217118 
+0.187870 
-0. 169950 


+0.289825 
-0.211893 
+0.183813 


14.910648  -0.242951 
18.971857  +0.200296 
22.627032  -0.178048 


16.021196  +0.236710 
20.150142  -0.195742 
23.851147  +0.174383 


7/2 


9/2 


4.762196 
8.653134 
12.018262 
15.279081 
18.496200 
21.690284 
24.870602 


5.868420 
9.904306 
13.337928 
16.641787 
19.888934 
23.105297 


+0.415533 
-0.282237 
+0.234875 
-0. 206685 
+  0.187103 
-0.172377 
+0.160741 


+0. 386006 
-0.267385 
+0.224788 
-0.199151 
+  0.181169 
-0.167534 


6. 863232 
10.356373 
13.656304 
16.891400 
20.095393 
23.281796 


8.060030 
11.646354 
14.999624 
18.270330 
21.500029 
24.705942 


+0.324651 
-0.254849 
+0.219318 
-0.196124 
+0.179270 
-0.166245 


-0. 305246 
kO. 242810 
-0.210673 
1-0.189472 
-0.173929 
^0. 161826 


25/2  1 
2 
3 


27/2  1 
2 
3 


29/2   1 
2 


14.403937 
19.314945 
23.225333 


15.452196 
20.450018 
24,411571 


16.498138 
21.579459 


+0.282348 
-0.207156 
+0.180103 


+0.275596 
-0.202830 
+0.176690 


+0. 269455 
-0.198856 


17.126125  -0.231081 
21.320300  +0,191594 


18,226109  +0,225965 
22.483219  -0.187792 


19.321702  -0.221286 
23.639641  +0.184287 


11/2 


6.959746 
11.129856 
14.630406 
17.977886 
21.256291 
24.496327 


+0. 363557 
-0.255385 
+0.216349 
-0.192692 
+0.175987 
-0.163244 


9.234274 
12.909478 
16.315912 
19.623229 
22.879980 


+0.289946 
-0.232895 
+0.203344 
-0.183714 
+0.169229 


31/2   1 
2 


33/2   1 
2 


35/2   1 
2 


17.542024 
22.703832 


18.584071 
23.823614 


19. 624460 
24.939214 


+0. 263833 
-0.195187 


+0.258658 
-0.191783 


+  0.253871 
-0.188612 


20.413362  +0.216981 
24.790191  -0.181040 


21.501477  -0.213000 


22.586374  +0.209303 


13/2 


8.  040535 
12,335631 
15.901023 
19.291967 
22.602185 


+  0.345649 
-0.245384 
+0.209127 
-0.187058 
+0.171399 


10.391621 
14.151399 
17.610124 
20.954335 
24.238863 


-0. 277420 
+0.224513 
-0.197009 
+0.178651 
-0.165043 


37/2 


39/2 


20.663347      +0.249423         23.668335     -0.205855 


21,700865     +0.245275 


Values  tx)  greater  accuracy  and  over  a  wider  range  are  given  in  [10.31]. 

From  National  Bureau  of  Standards,  Tables  of  spherical  Bessel  functions,  vols.  I,  II. 

Press,  New  York,  N.Y.,  1947  (with  permission). 


24.747606     +0.202629 
Columbia  Univ. 
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MODIFIED  SPHERICAL  BESSEL  FUNCTIONS— ORDERS  0,  1  AND  2 


Table  10.8 


X 

io(a;) 

iif 

X) 

i2(x) 

Mx) 

k^{x) 

k2{x) 

0.0 

1.00000 

000 

0.00000 

000 

0.00000 

0000 

00 

00 

OO 

0.1 

1.00166 

750 

0.03336 

668 

0.00066 

7143 

14.21315 

293 

156.344682 

4704.5536 

0.2 

1.00668 

001 

0.06693 

370 

0.00267 

4294 

6.43029 

630 

38.58177 

78 

585.15696 

0.3 

1.01506 

764 

0.10090 

290 

0.00603 

8668 

3.87891 

513 

16.80863 

22 

171.96524 

0.4 

1.02688 

081 

0.13547 

889 

0.01078 

9114 

2.63234 

067 

9.21319 

233 

71.73128: 

\ 

0.5 

1.04219 

061 

0.17087 

071 

0.01696 

6360 

1.90547 

226 

5.71641 

679 

36.203973 

0.6 

1.06108 

930 

0.20729 

319 

0.02462 

3348 

1.43678 

550 

3.83142 

801 

20.593926 

0.7 

1.08369 

100 

0.24496 

858 

0.03382 

5678 

1.11433 

482 

2.70624 

170 

12.712514 

0.8 

1.11013 

248 

0.28412 

808 

0.04465 

2156 

0.88225 

536 

1.98507 

456 

8.32628 

49 

0.9 

1.14057 

414 

0.32501 

361 

0.05719 

5452 

0.70959 

792 

1.49804 

005 

5.70306 

48 

1.0 

1.17520 

119 

0.36787 

944 

0.07156 

2871 

0.57786 

367 

1.15572 

735 

4.04504 

57 

1.1 

1.21422 

497 

0.41299 

416 

0.08787 

7251 

0.47533 

880 

0.90746 

4974 

2.95024 

33 

1.2 

1.25788 

446 

0.46064 

259 

0.10627 

7995 

0.39426 

230 

0.72281 

4219 

2.20129 

78 

1.3 

1.30644 

803 

0.51112 

785 

0.12692 

2227 

0.32930 

149 

0.58261 

0332 

1.67378 

69 

1.4 

1.36021 

536 

0.56477 

365 

0.14998 

6112 

0.27668 

115 

0.47431 

0537 

1.29306 

09 

1.5 

1.41951 

964 

0.62192 

665 

0.17566 

6332 

0.23366 

136 

0.38943 

5596 

1.01253 

25 

1.6 

1.48472 

997 

0.68295 

906 

0.20418 

1728 

0.19821 

144 

0.32209 

3595 

0.80213 

693 

1.7 

1.55625 

408 

0.74827 

140 

0.23577 

5138 

0.16879 

918 

0.26809 

2818 

0.64190 

415 

1.8 

1.63454 

127 

0.81829 

550 

0.27071 

5433 

0.14425 

049 

0.22438 

9655 

0.51823 

325 

1.9 

1.72008 

574 

0.89349 

778 

0.30929 

9770 

0.12365 

360 

0.18873 

4440 

0.42165 

535 

2.0 

1.81343 

020 

0.97438 

274 

0.35185 

6089 

0.10629 

208 

0.15943 

8124 

0.34544 

927 

2.1 

1.91516 

988 

1.06149 

681 

0.39874 

5868 

0.09159 

719 

0.13521 

4906 

0.28476 

135 

2.2 

2.02595 

690 

1.15543 

247 

0.45036 

7165 

0.07911 

327 

0.11507 

3847 

0.23603 

215 

2.3 

2.14650 

513 

1.25683 

283 

0.50715 

7959 

0.06847 

227 

0.09824 

2824 

0.19661 

508 

2.4 

2.27759 

551 

1.36639 

653 

0.56959 

9849 

0.05937 

476 

0.08411 

4246 

0.16451 

757 

2.5 

2.42008 

179 

1.48488 

308 

0.63822 

2102 

0.05157 

553 

0.07220 

5736 

0.13822 

241 

2.6 

2.57489 

701 

1.61311 

877 

0.71360 

6125 

0.04487 

256 

0.06213 

1241 

0.11656 

246 

2.7 

2.74306 

041 

1.75200 

304 

0.79639 

0365 

0.03909 

858 

0.05357 

9539 

0.09863 

140 

2.8 

2.92568 

513 

1.90251 

546 

0.88727 

5704 

0.03411 

437 

0.04629 

0067 

0.08371 

944 

2.9 

3.12398 

658 

2.06572 

335 

0.98703 

1387 

0.02980 

354 

0.04008 

0625 

0.07126 

626 

3.0 

3.33929 

164 

2.24279 

012 

1.09650 

152 

0.02606 

845 

0.03475 

7931 

0.06082 

638 

3.1 

3.57304 

872 

2.43498 

437 

1.21661 

224 

0.02282 

681 

0.03019 

0302 

0.05204 

323 

3.2 

3.82683 

875 

2.64368 

983 

1.34837 

954 

0.02000 

910 

0.02626 

1944 

0.04462 

967 

3.3 

4.10238 

723 

2.87041 

631 

1.49291 

787 

0.01755 

635 

0.02287 

6452 

0.03835 

312 

3.4 

4.40157 

747 

3.11681 

153 

1.65144 

965 

0.01541 

841 

0.01995 

3243 

0.03302 

422 

3.5 

4.72646 

494 

3.38467 

421 

1.82531 

562 

0.01355 

255 

0.01742 

4712 

0.02848 

802 

3.6 

5.07929 

316 

3.67596 

831 

2.01598 

623 

0.01192 

222 

0.01523 

3952 

0.02461 

718 

3.7 

5.46251 

092 

3.99283 

865 

2.22507 

418 

0.01049 

611 

0.01333 

2903 

0.02130 

658 

3.8 

5.87879 

128 

4.33762 

799 

2.45434 

813 

0.00924 

735 

0.01168 

0862 

0.01846 

908 

3.9 

6.33105 

220 

4.71289 

572 

2.70574 

780 

0.00815 

280 

0.01024 

3262 

0.01603 

223 

4.0 

6.82247 

930 

5.12143 

838 

2.98140 

051 

0.00719 

253 

0.00899 

0668 

0.01393 

554 

4.1 

7.35655 

060 

5.56631 

208 

3.28363 

932 

0.00634 

934 

0.00789 

7961 

0.01212 

834 

4.2 

7.93706 

374 

6.05085 

704 

3.61502 

300 

0.00560 

833 

0.00694 

3650 

0.01056 

808 

4.3 

8.56816 

571 

6.57872 

451 

3.97835 

791 

0.00495 

661 

0.00610 

9316 

0.00921 

893 

4.4 

9.25438 

538 

7.15390 

628 

4.37672 

200 

0.00438 

300 

0.00537 

9136 

0.00805 

059 

4.5 

10.00066 

914 

7.78076 

689 

4.81349 

122 

0.00387 

777 

0.00473 

9498 

0.00703 

744 

4.6 

10.81241 

998 

8.46407 

908 

5.29236 

840 

0.00343 

248 

0.00417 

8666 

0.00615 

769 

4.7 

11.69554 

012 

9.20906 

250 

5.81741 

513 

0.00303 

975 

0.00368 

6506 

0.00539 

284 

4.8 

12.65647 

789 

10.02142 

620 

6.39308 

652 

0.00269 

318 

0.00325 

4257 

0.00472 

709 

4.9 

13.70227 

889 

10.90741 

515 

7.02426 

961 

0.00238 

716 

0.00287 

4331 

0.00414 

695 

5.0 

14.84064 

212 

11.87386 

128 

7.71632 

535 

0.00211 

679 

0.00254 

0146 

0.00364 

088 

-(-2)11 

7 

7-2)1" 
7 

7-3)8' 
7 

in(x)  =  ^/2T/a;/^^.(a:) 


i:™(x)  =  ^^ 


ixK       ix) 
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Table   10.9 

MODIFIED 

SPHERICAL  BESSEL 

FUNCTIONS— ORDERS  9  AND  10 

.;■ 

10«.r-9/9(.r) 

lO'^r-^Soix) 

10-".ri%(x) 

10-^.r>U-io(.r) 

0.0 

1.52734  93 

0.72730   92 

5.41287   38 

1.02844   60 

0.1 

1.52771   30 

0.72746  73 

5.41128  21 

1.02817   54 

0.2 

1.52880   46 

0.72794   19 

5.40650  99 

1.02736  41 

0.3 

1.53062   54 

0.72873   35 

5.39856   70 

1.02601   35 

0.4 

1.53317  79 

0.72984   30 

5.38746  92 

1.02412   59 

0.5 

1.53646   54 

0.73127  18 

5.37323   85 

1.02170   47 

0.6 

1.54049   23 

0.73302   17 

5.35590   33 

1.01875  42 

0.7 

1.54526   36 

0.73509   47 

5.33549   79 

1.01527  95 

0.8 

1. 55078   57 

0.73749   33 

5,31206  23 

1.01128  67 

0.9 

1,55706   60 

0.74022   04 

5,28564   31 

1.00678  27 

1.0 

1.56411   27 

0.74327   93 

5.25629   13 

1.00177  53 

1.1 

1,57193   49 

0.74667   38 

5.22406  45 

0.99627  31 

1.2 

1,58054   32 

0.75040   79 

5.18902   48 

0.99028  56 

1.3 

1.58994   87 

0.75448  62 

5.15123  93 

0.98382   30 

1.4 

1.60016  42 

0.75891    37 

5.11078  01 

0.97689   61 

1.5 

1.61120  30 

0.76369   58 

5.06772   38 

0.96951   68 

1.6 

1.62308   02 

0.76883   83 

5.02215   07 

0.96169  72 

1.7 

1,63581   13 

0.77434  76 

4,97414  57 

0.95345   03 

1.8 

1.64941   38 

0.78023   05 

4.92379   68 

0.94478  97 

1.9 

1,66390   60 

0.78649  43 

4.87119  57 

0.93572   94 

2.0 

1.67930   73 

0.79314  68 

4.81643   66 

0.92628  41 

2.1 

1.69563  90 

0.80019   63 

4.75961   72 

0.91646   88 

2.2 

1.71292   33 

0.80765   17 

4.70083   65 

0.90629   89 

2.3 

1.73118   39 

0.81552   21 

4.64019   67 

0.89579   04 

2.4 

1.75044   59 

0.82381   79 

4.57780   09 

0.88495  95 

2.5 

1.77073   63 

0.83254  94 

4.51375   41 

0.87382   25 

2.6 

1.79208   32 

0.84172  78 

4.44816  23 

0,86239   63 

2.7 

1.81451   64 

0.85136  49 

4.38113   22 

0.85069   78 

2.8 

1.83806  76 

0.86147   30 

4.31277  10 

0.83874   39 

2.9 

1.86277   03 

0.87206  54 

4.24318   63 

0.82655   20 

3.0 

1.88865   96 

0.88315   57 

4.17248  53 

0.81413   92 

3.1 

1.91577  24 

0.89475   86 

4.10077  50 

0.80152   28 

3.2 

1.94414   79 

0.90688  95 

4,02816  19 

0.78872   01 

3.3 

1.97382   74 

0.91956  42 

3.95475  12 

0.77574   83 

3.4 

2.00485   39 

0.93279   97 

3.88064  76 

0.76262   45 

3.5 

2.03727   33 

0.94661   40 

3.80595   33 

0.74936  56 

3,6 

2.  07113   33 

0.96102   55 

3.73076  99 

0.73598   84 

3.7 

2.10648  43 

0.97605   38 

3,65519   70 

0.72250  95 

3.8 

2,14337  94 

0.99171   97 

3,57933   16 

0.70894  53 

3.9 

2,18187   40 

1.00804  44 

3.50326  88 

0.69531   19 

4,0 

2.22202   68 

1.02505   08 

3.42710  13 

0.68162   50 

4.1 

2,26389   90 

1.04276   26 

3.35091   95 

0.66790   02 

4.2 

2.30755   54 

1.06120   45 

3.27481   07 

0.65415  25 

4.3 

2.35306   35 

1.08040   28 

3.19885   96 

0.64039   66 

4,4 

2.40049   43 

1.10038  47 

3.12314  76 

0.62664  70 

4.5 

2.44992   27 

1.12117  91 

3.04775   39 

0.61291   75 

4.6 

2.50142   71 

1.14281   58 

2.97275   34 

0.59922   16 

4.7 

2,55508   99 

1.16532   63 

2.89821   88 

0.58557  24 

4,8 

2.61099   74 

1.18874   39 

2.82421   90 

0.57198  25 

4.9 

2.66924   03 

1.21310   29 

2.75081   98 

0.55846  39 

5.0 

2.72991   40 

1.23843  97 

2.67808  38 

0.54502  82 

[(-4)3-1 
5 

r(-4)r 

4 

r(-4)4i 

5 

r(-5)7i 

4 

in(x)  =  ^ 

'i^/x/       (x) 

2             n  +  h 

kjx)  = 

^^l^K^^^ 

Compiled  ^'rom  C.  W.  Jones,  A  short  table  for  the  Bessel  functions  /     ,(.r),  {2/t)K      (.r), 
Cambridge  Univ.  Press,  Cambridge,  England,  1952  (with  permission;. 
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MODIFIED  SPHERICAL  BESSEL  FUNCTIONS— ORDERS  9  AND  10    Table  10.9 


5.0 
5.1 
5.2 
5.3 
5.4 

5.5 
5.6 
5.7 
5.8 
5.9 

6.0 
6.1 
6.2 
6.3 
6.4 

6.5 
6.6 
6.7 
6.8 
6.9 

7.0 
7.1 
7.2 
7.3 
7.4 

7.5 
7.6 
7.7 
7.8 
7.9 

8.0 
8.1 
8.2 
8.3 
8.4 

8.5 
8.6 
8.7 
8.8 
8.9 

9.0 
9.1 
9.2 
9.3 
9.4 

9.5 
9.6 
9.7 
9.8 
9.9 


2 

(-5)6.40961 
(-5)7.16216 
(-5  7.  97716 
(-5)8.85734 
(-5)9.80541 


(-4)1.08240 

(-4)1.19157 

(-4)1.30831 

-4)1.43285 

-4)1.56545 

(-4)1.70632 

-4)1.85569 

-4)2.  01376 

(-4)2.18075 

(-4)2.35684 

(-4)2.54221 
-4)2.73703 
-4)2.94147 
-4)3.15568 
-4)3.37978 

-4)3.61391 
-4)3.85819 
-4)4.11271 
-4)4.37758 
-4)4.65288 

-4)4.93867 
-4)5.23503 
-4)5.54199 
-4)5.85960 
-4)6.18789 

-4)6.52688 
-4)6.87657 
-4)7.23697 
-4)7.60807 
-4)7.98985 

-4)8.38228 
-4)8.  78533 
-4)9.19895 
-4)9.  62308 
-3)1.00576 

-3)1.05026 
-3)1.09579 
-3)1.14235 
-3)1.18991 
-3)1.23849 

-3)1.28806 
-3)1.33861 
■3)1.  39014 
-3)1.44263 
-3)1.49607 


V2i(a:) 

2 

-5)1.45387 
-5)1.65403 
(-5)1.87488 
(-5)2.11778 
(-5)2.38413 


Ml 


; -5) 2. 67535 

-5)2.99285 
-5)3.33809 
-5)3.71252 
-5)4.11760 

(-5)4.55480 
-5)5.02559 
-5)5.53143 
(-5)6.07377 
(-5)6.65407 

(-5)7.27375 
(-5)7.93423 
(-5)8.63691 
(-5)9.38317 
(-4)1.01743 

(-4)1.10117 
-4)1.18967 
-4)1.28304 
-4)1.38142 
-4)1.48492 


(-4)1.59365 
(-4)1.70773 
(-4)1.82727 
(-4)1.95236 
(-4)2.08311 

21961 

36195 
-4)2.51020 
(-4)2.66447 
(-4)2.82481 

(-4)2.99130 
(-4)3.16400 
(-4)3.34298 
(-4)3.52828 
(-4)3.71997 

-4)3.91809 
-4)4.12268 
-4  4.  33377 
-4)4.55140 
-4)4.77560 

-4)5.00639 
-4)5.24378 
-4)5.48779 
-4)5.73844 
(-4)5.99571 


(2)4.62276 

(2)4.11899 

(2)3.68187 

2)3.30123 

2)2.96863 

(2)2.67706 
(2)2.42066 
(2)2.19449 
(2  1.99441 
(2)1.81692 

(2)1.65905 
2)1.51825 

(2)1.39236 
2  1.27955 
2  1.17821 


(2)1.08697 
2)1.  00464 
1)9.30213 
1)8.62775 
1)8.  01557 

(1)7.45880 
1)6.95148 
1)6.48840 
1)6.06498 
1)5.67717 

(1)5.32140 
(1)4.99452 
(1)4.69371 
(1)4.41649 
(1)4.16065 

(1)3.92420 
(1)3.70539 
(1)3.50262 
(1  3.  31448 
(1)3.13970 

(1)2.97713 
(1  2.  82574 
1)2.68460 
(1)2.55287 
(1)2.42979 

1)2.31467 

1)2.20689 

(1)2.10586 

(12.  01109 

(1)1.92209 

(1)1.83843 
1)1.75973 
1)1.68563 
1)1.61578 
1)1.54991 


-eK2i{x) 
-2 
(3)1.88159 
(3)1.64774 
(3)1.44818 
(3)1.27719 
(3)1.13013 

(3)1.00320 

2)8.93250 

2)7.97686 

(2)7.14360 

(2)6.41477 

2)5.77537 
2)5.21281 
2)4.71647 
2)4.27737 
2)3.88791 

(2)3.54160 
2)3.23292 
2)2.95714 
2)2.71019 
2)2.48857 

2)2.28926 
2)2.10966 
2)1.94748 
2)1.80076 
2)1.66777 


(2)1.54701 
2)1.43717 
2)1.33708 
2)1.24573 
2)1.16223 

(2)1.08577 
2)1.01566 
1)9.51284 
1)8.92076 
1)8.37549 

1)7.87266 
1)7.40835 
1)6.97906 
1)6.58165 
1)6.21331 


5.87149 
5.55393 
5.25858 
4.98356 


(1)4.72722 

(1)4.48802 
1  4.  26461 

(1)4.05572 
1  3.  86022 
1  3.  67709 


10.0 


(-3)1.55045 


(-4)6.25963 


(1)1.48772 


(1)3.50537 
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Table 

10.9 

MODIFIED  i 

SPHERICAL  BESSEL 

FUNCTIONS— ORDERS  9  AND  10 

x-^ 

Mx) 

Mx) 

99{x) 

9io{x) 

<x> 

0.100 

1.10630 

573 

1.21411 

149 

0.65502 

364 

0.56777 

303 

10 

0.095 

1.08238 

951 

1.17260 

877 

0. 68557 

030 

0. 60351 

931 

11 

0.090 

1.06167 

683 

1.13650 

462 

0.71563 

676 

0.63926 

956 

11 

0.085 

1.04394 

741 

1.10534 

464 

0.74502 

124 

0.  67473 

612 

12 

0.080 

1.02899 

406 

1.  07872 

041 

0.77352 

114 

0.  70961 

813 

13 

0.075 

1.01661 

895 

1.05626 

085 

0.80093 

667 

0.74360 

745 

13 

0.070 

1.00662 

998 

1.03762 

412 

0.82707 

483 

0.77639 

538 

14 

0.065 

0.99883 

728 

1.02248 

982 

0.85175 

354 

0.80768 

018 

15 

0.060 

0.99304 

985 

1.01055 

159 

0.87480 

587 

0.83717 

510 

17 

0.055 

0.98907 

251 

1.00151 

009 

0.89608 

425 

0. 86461 

675 

18 

0.050 

0.98670 

320 

0.99506 

643 

0.91546 

455 

0.88977 

340 

20 

0.045 

0.98573 

080 

0.99091 

634 

0.93284 

978 

0.91245 

301 

22 

0.040 

0.98593 

357 

0.98874 

519 

0.94817 

344 

0.93251 

041 

25 

0.035 

0.98707 

842 

0.98822 

421 

0.96140 

216 

0.94985 

358 

29 

0.030 

0.  98892 

100 

0.98900 

824 

0.97253 

769 

0.96444 

830 

33 

0.025 

0.99120 

680 

0.99073 

519 

0.98161 

804 

0.97632 

121 

40 

0.020 

0.99367 

323 

0.99302 

746 

0.98871 

764 

0.98556 

077 

50 

0.015 

0.99605 

259 

0.  99549 

538 

0.99394 

654 

0.99231 

623 

67 

0.010 

0.99807 

595 

0.  99774 

259 

0.99744 

863 

0.99679 

434 

100 

0.005 

0.99947 

760 

0.99937 

316 

0.99939 

894 

0.99925 

415 

200 

0.000 

1.00000 

000 

1.00000 

000 

1.  C 

0000 

000 

1.00000 

000 

00 

[(-4)41 
6 

[(-4)71 

7 

-(-4)3-| 
6 

[(-4)31 
7 

2 
V2^/21  (x)  =/io  (x)  e^  -  55x  - 1 

^|2xfirKl9(x)=g9ix)e-^+'^^^-^ 


2 

<a:>  =  nearest  integer  to  x. 
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Table  10.10 
MODIFIED  SPHERICAL  BESSEL  FUNCTIONS— VARIOUS  ORDERS 


1)1.48406  4212 
11. 18738  6128 

0  7. 71632  5346 
0)4.15753  5935 
0)1.89577  5037 

1)7.45140  8690 

1  2.56465  1251 
2)7,83315  4364 
2)2.14704  9422 
3)5.33186  3294 

3)1.20941  3702 
4  2. 52325  7454 
5)4.87152  7330 
6)8.74937  8858 
6)1.46862  7470 


yll-/^h^,(^) 

« 

,r=l 

./•=2 

0 

[    0)1.17520 

1194      ( 

0)1.81343 
;-  1)9.74382 

0204 

1         1 

[-     1)3.67879 

4412 

7436 

2 

'-  2)7.15628 

7013      ( 

-  1  3. 51856 

0886 

3 

'-  2)1.00650 

9052 

'-     2)9.47425 

2220 

4 

[-  3)1.10723 

6461 

'-  2)2.02572 

6087 

5 

[-     5)9.99623 

7520      ( 

-  3)3.58484 

8301 

6 

'-  6)7.65033 

3778 

;-  4)5.40595 

2086 

7 

-  7)5.08036 

-  8)2.97924 

0873      ( 

-  5  7.  09794 
[-     6)8.24936 

4523 

8 

6909 

9394 

9 

'-  9)1.56411 

2692      ( 

-  7)8.59805 

3854 

10     I 

-  11)7.43279 

3549 

-  8)8.12182 

3211 

11 

[-  12)3.22604 

7141      ( 

-  9)7.01394 

-  10)5.57826 

8275 

12 

-  13)1.28851 

-  15)4.76618 

2381      ( 

9483 

13      ( 

7751 

[-   11)4.11114 

2138 

14 

'-  16)1.64168 

8672 

'-  12)2.82275 

9636 

15     ( 

-  18)5.29060 

2725      ( 

-  13)1.81406 

6530 

16     ( 

-  19)1.60182 

7153      ( 

-  14)1.09565 

1449 

17 

-  21)4.57312 

0086      ( 

-  16)6.24163 

9390 

18     ( 

-  22)1.23512 

2995      ( 

-  17)3.36455 

5792 

19      ( 

'-  24)3.16500 

3796      ( 

-  18)1.72111 

7468 

20     ( 

-  26)7.71514 

7565      ( 
8686      ( 

-  20)8.37672 

8478 

30      ( 

-  43)5.65589 

-  34)6.21921 

4440 

40     ( 

-  61)1.55685 

5122      ( 

-  49)1.74298 

6176 

50      ( 

-  81)3.65054 

5412      ( 

-  66)4.17042 

9214 

(- 


(- 
(- 


100 


(-190)7.48149  1755 


(-160)9.55425  1030 


7)2.  31339  5316 

8)3.43223  7424 

(-  9)4.81186  1587 

(-  10)6.39343  1309 

(-  11)8.07224  1852 

(-  12)9.70826  6441 

(-  22)6.36889  3001 

(-  33)1.63577  1994 

(-  46)3.64245  9664 

(-120)6.26113  6933 


0 
1 
2 
3 
4 

5 
6 
7 
8 
9 

10 
11 
12 
13 
14 

15 
16 
17 
18 
19 

20 
30 
40 
50 


.7=10 

(   3)1.10132  3287 

(   2)9.91190  9633 

(   2)8.03965  9985 

(   2)5.89207  9640 

(   2)3.91520  4237 

2)2.36839  5827 

2)1.30996  8827 

1)6.  65436  3519 

1)3.11814  2991 

1)1.35352  0435 

0)5.46454  1653 

0)2.05966  6874 

(-  1)7.27307  8439 

-  1  2. 41397  2641 

-  2)7.55352  3093 

(-  2)2.23450  9437 

(-  3)6.26543  8379 

(-  3)1.  66914  7720 

(-  4)4.23421  3574 

(-  4)1.02488  6979 

(-  5)2.37154  3577 

(-12)1.22928  4325 

(-21)2.81471  5830 

(-31)5.88991  6154 


.r=50 

19)5.18470  5529 

19)5.08101  1418 

19)4.87984  4844 

19)4.59302  6934 

19)4.23682  1073 

19)3.83039  9141 

19)3.39413  3262 

19)2.94792  4492 

19)2.50975  5914 

19)2.09460  7482 

19)1.71380  5071 

19)1.37480  9352 

19J  1.08139  2769 

18  8. 34112  9672 

18)6.30971  7670 

18)4.68149  3423 

18)3.40719  1747 

18)2.43274  6870 

18  1. 70426  8938 

18)1.17158  7856 

17)7.90430  4104 

15)5.67659  3929 

12)7.34905  8082 

+  9)2.  00489  8633 


.7=100 

(41)1.34405  8571 

(41)  1.33061  7985 

( 41)  1.30414  0031 

41) 1.26541  0984 

41)1.21556  1262 

(41)1.15601  0470 

(41)1.08840  0111 

(4l)  1.01451  8456 

(40)9.36222  3425 

(40)8.55360  6574 

40)7.73703  8176 

40)6.92882  8557 

(40  6.  14340  7607 

•40)5.39297  6655 

40)4.68730  3911 

(40)4.03365  8521 

(40)3.43686  9769 

(40)2.89949  1497 

40)2.42204  7745 

(40)2.00333  3832 

(40)1.64074  7551 
(39)1.  30147  2327 
(37)3.95371  9716 
(35)4.  74095  0959 


100 


(-90)9.54463  8661 


(-17)2.34189  3740 


(20)3.73598  8741 
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Table  10.10 


MODIFIED  SPHERICAL  BESSEL  FUNCTIONS— VARIOUS  ORDERS 


n 
0 
1 
2 
3 
4 

5 
6 
7 
8 
9 

10 
11 
12 
13 
14 

15 
16 
17 
18 

19 

20 
30 
40 
50 

100 


7=1 

1)5.77863  6749 

0)1.15572  7350 

0)4.04504  5724 

1)2.13809  5597 

2)1.53711  7375 

3)1.40478  6594 

4)1.56063  6427 

5  2. 04287  5221 

6)3.07991  9195 

7)5.25629  1384 

9)1.00177  5282 

10)2.10898  4384 

11)4.86068  1836 

13  1.21727  9443 

14)3.29151  5179 

15)9.55756  6814 

17)2.96613  7227 

18)9.79781  0417 

20)3.43219  9783 

22)1.27089  3701 

23)4.95991  7633 

40)4.55045  5450 

59  1.24524  3351 

78)4.25947  0196 

(  87)1.04451  3645 


.r=2 

■    1)1.06292  0829 

1)1.59438  1243 

-  1)3.45449  2694 

0)1.02306  1298 

0)3.92616  3812 

1)1.86907  9845 

2  1.06725  5553 

2  7. 12406  9079 

3)5.44977  7364 

4)4.70355  1451 

5)4.52287  1652 

6)4.79605  0749 

7)5.56068  7078 

8  6.  99881  9354 

9)9.50401  2999 

11)1.38508  0704 

12)2.15637  9105 

13)3.57187  6330 

14  6. 27234  7368 

16)1.16395  6139 

17)2.27598  6819 

31)2.06581  6824 

46)5.55624  8963 

63)1.86314  7755 

(156)4.08894  4237 


.7=5 

(-  3)2.11678  8479 
(-  3)2.54014  6175 
(-  3)3.64087  6184 

-  3  6. 18102  2359 

-  2  1.22943  0749 


-   2)2. 
-2)7. 


83107  7584 
45780  1433 
-  1)2.22213  6131 
(-  1)7.41218  8536 
(  0)2.74235  7715 

(  1)1.11621  7817 

(  1)4.96235  0604 

(  2)2.39430  3059 

(  3)1.24677  5036 

(  3)6.97201  5499 

(   4)4.16844  6493 

(  5)2.65415  6981 

6)1.79342  8072 

(  7)1.28194  1220 

(   7)9.66570  7838 

(  8)7.66744  6235 

(  18)7.97979  3303 

(  30)2.35318  1718 

(  42)8.49795  8757 

(116)2.49323  8041 


0 
1 

2 

3 

4 

5 
6 
7 
8 
9 

IC 
11 
12 
13 
14 

15 
16 
17 
18 
19 

20 
30 
40 
50 


.=10 
6)7.13140  4291 
6)7.84454  4720 
6)9.48476  7707 
■5)1.25869  2857 
5)1.82956  1771 

•5)2.90529  8451 
■5)5.02539  0067 
■5)9.43830  5538 
■4)1.91828  4837 
■4)4.20491  4777 


:t\ 


4)9.90762  2914 
3)2.50109  2290 
3)6.74327  4558 
-2)1.93592  7868 
-2)5.90133  2701 

-1)1.90497  9270 

-1)6.49556  9007 

0)2.33403  5699 

0)8.81868  1848 

1)3.49631  5854 

2)1.45175  0001 

9)1.99043  6138 

17)6.68871  7408 

(27)2.59020  6572 


.r=50 
-24)6.05934  6353 
-24)6.18053  3280 
-24)6.43017  8350 
-24)6.82355  1115 
-24)7.38547  5506 

-24)8.15293  6706 
-24)9.17912  1581 
-23)1.  05395  0832 
-23)1.23409  7408 
-23)1.47354  3950 

23)1.79404  4109 

23)2.22704  2476 

23)2.81848  3648 

23  3. 63628  4300 

23)4.78207  7170 


-23) 
-23) 


-23)6.40988  9058 

-23)8.75620  8386 

-22)1.21889  8659 

-22)1.72884  9900 

-22)2.49824  7585 

-22)3.  67748  3017 

-20)4.72460  0057 

-17)3.32175  1557 

f -13)  1.10246  0162 


.r=100 

(-46)5.84348  1679 
(-46)5.90191  6495 
(-46)6.  02053  9173 
(-46)6.20294  3454 
(-46)6.45474  5215 

(-46)6.78387  0523 
(-46  7.  20097  0973 
(-46)7.71999  6750 
(-46)8.35897  0485 
(-46)9.14102  1732 

(-45)1.00957  6461 

(-45  1.12611  3230 

(-45)1.26858  2504 

-45)1.44325  8856 

-45)1.65826  2396 

(-45)1.92415  4951 

(-45)2.25475  0430 

(-45)2.66822  2593 

(-45)3.18862  8338 

(-45)3.84801  5078 

(-45)4.68935  4218 

(-44)5.77221  5084 

-42)1.84121  2999 

-40)1.47876  1633 


100 


(85)8.14750  7624 


(+12)5.97531  1344 


(-25)1.48279  6529 
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AIR 

Y  F 

UNC 

TIONS 

Table  10.11 

X 

Ai(.r) 

Ai'(x) 

Bi(x) 

Bi(.v) 

X 

Ai(;c) 

Ai'(x) 

Bi(i 

) 

Bi'(-v) 

0.00 

0,35502 

805 

-0.25881 

940 

0.61492 

663 

0.44828 

836 

0.50 

0.23169 

361 

-0.22491 

053 

0.85427 

704 

0.54457  256 

0.01 

0.35243 

992 

-0.25880 

174 

0.61940 

962 

0.44831 

926 

0.51 

0.22945 

031 

-0.22374 

617 

0.85974 

431 

0.54890  049 

0.02 

0.34985 

214 

-0.25874 

909 

0.62389 

322 

0.44841 

254 

0.52 

0.22721 

872 

-0.22257 

027 

0.86525 

543 

0.55334  239 

0.03 

0.34726 

505 

-0.25866 

197 

0.62837 

808 

0.44856 

911 

0.53 

0.22499 

894 

-0.22138 

322 

0.87081 

154 

0.55789  959 

0.04 

0.34467 

901 

-0.25854 

090 

0.63286 

482 

0.44878 

987 

0.54 

0.22279 

109 

-0.22018 

541 

0.87641 

381 

0.56257  345 

0.05 

0.34209 

435 

-0.25838 

640 

0.63735 

409 

0.44907 

570 

0.55 

0.22059 

527 

-0.21897 

720 

0.88206 

341 

0.56736  532 

0.06 

0.33951 

139 

-0.25819 

898 

0.64184 

655 

0.44942 

752 

0.56 

0.21841 

158 

-0.21775 

898 

0.88776 

152 

0.57227  662 

0.07 

0.33693 

047 

-0.25797 

916 

0.64634 

286 

0.44984 

622 

0.57 

0.21624 

012 

-0.21653 

112 

0.89350 

934 

0.57730  873 

0.08 

0.33435 

191 

-0.25772 

745 

0.65084 

370 

0.45033 

270 

0.58 

0.21408 
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-0.21529 

397 

0.89930 

810 

0.58246  311 

0.09 

0.33177 
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-0.25744 

437 
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975 

0.45088 

787 

0.59 
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0.58774  120 
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0.45151 
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0.60 
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-0.21279 

326 
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334 

0.59314  448 

0.11 

0.32663 

352 

-0.25678 

613 

0.66438 
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0.45220 

789 

0.61 

0.20767 

844 

-0.21153 

041 

0.91702 

233 

0.59867  447 

0.12 

0.32406 

751 

-0.25641 

200 

0.66890 

609 

0.45297 

457 

0.62 

0.20556 

948 

-0.21025 

970 

0.92303 

726 

0.60433  267 

0.13 

0.32150 

538 
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854 

0.67343 

997 

0.45381 

357 

0.63 

0.20347 

327 

-0.20898 

146 

0.92910 

941 

0.61012  064 

0.14 

0.31894 

743 

-0.25557 
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0.45472 

582 

0.64 
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-0.20769 
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0.93524 
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0.15 
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0.94768 

241 

0.62827  912 

0.17 

0.31130 
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-0.25411 

151 

0.69167 

046 

0.45791 
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0.67 

0.19521 

729 

-0.20380 

004 

0.95399 
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0.63460  222 

0.18 

0.30876 

307 

-0.25356 

898 

0.69625 

558 

0.45912 

572 

0.68 

0.19318 

584 

-0.20248 

920 

0.96037 

491 

0.64106  324 

0.19 

0.30623 
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-0.25300 

013 

0.70085 

323 

0.46041 

808 

0.69 

0.19116 

752 

-0.20117 

281 

0.96681 

843 

0.64766  389 

0.20 

0.30370 

315 

-0.25240 

547 

0.70546 

420 

0.46178 

928 

0.70 
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240 

-0.19985 

119 

0.97332 

866 

0.65440  592 

0.21 

0.30118 
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-0.25178 
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928 

0.46324 

026 

0.71 

0.18717 

052 

-0.19852 

464 

0.97990 

703 

0.66129  109 

0.22 

0.29866 

753 

-0.25114 
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0.71472 

927 

0.46477 

197 

0.72 

0.18519 
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-0.19719 

347 

0.98655 

496 

0.66832  121 

0.23 

0.29615 

945 

-0.25047 

151 

0.71938 

499 

0.46638 

539 

0.73 

0.18322 

666 

-0.19585 

798 

0.99327 

394 

0.67549  810 

0.24 

0.29365 

818 

-0.24977 

850 

0.72405 

726 

0.46808 

147 

0.74 

0.18127 

478 

-0.19451 

846 

1.00006 

542 

0.68282  363 

0.25 

0.29116 

395 

-0.24906 

211 

0.72874 

690 

0.46986 

119 

0.75 

0.17933 

631 

-0.19317 

521 

1.00693 

091 

0.69029  970 

0.26 

0.28867 

701 

-0.24832 

284 

0.73345 

477 

0.47172 

554 

0.76 

0.17741 

128 

-0.19182 

851 

1.01387 

192 

0.69792  824 

0.27 

0.28619 

757 

-0.24756 

115 

0.73818 

170 

0.47367 

549 

0.77 

0.17549 

975 

-0.19047 

865 

1.02088 

999 

0.70571  121 

0.28 

0.28372 

586 

-0.24677 

753 

0.74292 

857 

0.47571 

205 

0.78 

0.17360 

172 

-0.18912 

591 

1.02798 

667 

0.71365  062 

0.29 

0.28126 

209 

-0.24597 

244 

0.74769 

624 

0.47783 

623 

0.79 

0.17171 

724 

-0.18777 

055 

1.03516 

353 

0.72174  849 

0.30 

0.27880 

648 

-0.24514 

636 

0.75248 

559 

0.48004 

903 

0.80 

0.16984 

632 

-0.18641 

286 

1.04242 

217 

0.73000  690 

0.31 

0.27635 

923 

-0.24429 

976 

0.75729 

752 

0.48235 

148 

0.81 

0.16798 

899 

-0.18505 

310 

1.04976 

421 

0.73842  795 

0.32 

0.27392 

055 

-0.24343 

309 

0.76213 

292 

0.48474 

462 

0.82 

0.16614 

526 

-0.18369 

153 

1.05719 

128 

0.74701  380 

0.33 

0.27149 

064 

-0.24254 

682 

0.76699 

272 

0.48722 

948 

0.83 

0.16431 

516 

-0.18232 

840 

1.06470 

504 

0.75576  663 

0.34 

0.26906 

968 

-0.24164 

140 

0.77187 

782 

0.48980 

713 

0.84 

0.16249 

870 

-0.18096 

398 

1.07230 

717 

0.76468  865 

0.35 

0.26665 

787 

-0.24071 

730 

0.77678 

917 

0.49247 

861 

0.85 

0.16069 

588 

-0.17959 

851 

1.07999 

939 

0.77378  215 

0.36 

0.26425 

540 

-0.23977 

495 

0.78172 

770 

0.49524 

501 

0.86 

0.15890 

673 

-0.17823 

223 

1.08778 

340 

0.78304  942 

0.37 

0.26186 

243 

-0.23881 

481 

0.78669 

439 

0.49810 

741 

0.87 

0.15713 

124 

-0.17686 

539 

1.09565 

096 

0.79249  282 

0.38 

0.25947 

916 

-0.23783 

731 

0.79169 

018 

0.50106 

692 

0.88 

0.15536 

942 

-0.17549 

823 

1.10363 

385 

0.80211  473 

0.39 

0.25710 

574 

-0.23684 

291 

0.79671 

605 

0.50412 

463 

0.89 

0.15362 

128 

-0.17413 

097 

1.11170 

386 

0.81191  759 

0.40 

0.25474 

235 

-0.23583 

203 

0.80177 

300 

0.50728 

168 

0.90 

0,15188 

680 

-0.17276 

384 

1.11987 

281 

0.82190  389 

0.41 

0.25238 

916 

-0.23480 

512 

0.80686 

202 

0.51053 

920 

0.91 

0.15016 

600 

-0.17139 

708 

1.12814 

255 

0.83207  615 

0.42 

0.25004 

630 

-0.23376 

259 

0.81198 

412 

0.51389 

833 

0.92 

0.14845 

886 

-0.17003 

090 

1.13651 

496 

0.84243  695 

0.43 

0.24771 

395 

-0.23270 

487 

0.81714 

033 

0.51736 

025 

0.93 

0.14676 

538 

-0.16866 

551 

1.14499 

193 

0.85298  891 

0.44 

0.24539 

226 

-0.23163 

239 

0.82233 

167 

0.52092 

614 

0.94 

0.14508 

555 

-0.16730 

113 

1.15357 

539 

0.86373  470 

0.45 

0.24308 

135 

-0.23054 

556 

0.82755 

920 

0.52459 

717 

0.95 

0.14341 

935 

-0.16593 

797 

1.16226 

728 

0.87467  704 

0.46 

0.24078 

139 

-0.22944 

479 

0.83282 

397 

0.52837 

457 

0.96 

0.14176 

678 

-0.16457 

623 

1.17106 

959 

0.88581  871 

0.47 

0.23849 

250 

-0.22833 

050 

0.83812 

705 

0.53225 

956 

0.97 

0.14012 

782 

-0.16321 

611 

1.17998 

433 

0.89716  253 

0.48 

0.23621 

482 

-0.22720 

310 

0.84346 

952 

0.53625 

338 

0.98 

0.13850 

245 

-0.16185 

781 

1.18901 

352 

0.90871  137 

0.49 

0.23394 

848 

-0.22606 

297 

0.84885 

248 

0.54035 

729 

0.99 

0.13689 

066 

-0.16050 

153 

1.19815 

925 

0.92046  818 

0.50 

0.23169 

361 

-0.22491 

053 

0.85427 

704 
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256 
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AIRY  FUNCTIONS— AUXILIARY  FUNCTIONS  FOR  LARGE  POSITIVE    ARGUMENTS 
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BESSEL    FUNCTIONS    OF    FRACTIONAL    ORDER 


Table   10.11 


AIRY  FUNCTIONS 


X 

Ai(- 

^) 

Ai'(- 

X) 

Bi(-. 

^) 

Bi(- 

^) 

X 

Ai(-. 

^) 

Ai'(- 

^) 

Bi(- 

x) 

Bi(- 

^) 

0.00 

0.35502 

805 

-0.25881 

940 

0.61492 

663 

0.44828 

836 

0.50 

0.47572 

809 

-0.20408 

167 

0.38035 

266 

0.50593 

371 

0.01 

0.35761 

619 

-0.25880 

157 

0.61044 

364 

0.44831 

896 

0.51 

0.47775 

692 

-0.20167 

409 

0.37528 

379 

0.50784 

166 

0.02 

0.36020 

397 

-0.25874 

771 

0.60596 

005 

0.44841 

015 

0.52 

0.47976 

138 

-0.19920 

846 

0.37019 

579 

0.50976 

123 

0.03 

0.36279 

102 

-0.25865 

731 

0.60147 

524 

0.44856 

104 

0.53 

0.48174 

089 

-0.19668 

449 

0.36508 

853 

0,51169 

132 

0.04 

0.36537 

699 

-0.25852 

986 

0.59698 

863 

0.44877 

074 

0.54 

0.48369 

487 

-0.19410 

192 

0.35996 

193 

0.51363 

080 

0.05 

0.36796 

149 

-0.25836 

484 

0.59249 

963 

0.44903 

833 

0.55 

0.48562 

274 

-0.19146 

050 

0.35481 

589 

0.51557 

853 

0.06 

0.37054 

416 

-0.25816 

173 

0.58800 

767 

0.44936 

293 

0.56 

0.48752 

389 

-0.18875 

999 

0.34965 

033 

0.51753 

339 

0.07 

0.37312 

460 

-0.25792 

001 

0.58351 

218 

0.44974 

364 

0.57 

0.48939 

774 

-0.18600 

016 

0.34446 

520 

0.51949 

424 

0.08 

0.37570 

243 

-0.25763 

918 

0.57901 

261 

0.45017 

955 

0.58 

0.49124 

369 

-0,18318 

078 

0.33926 

043 

0.52145 

991 

0.09 

0.37827 

725 

-0.25731 

872 

0.57450 

841 

0.45066 

976 

0.59 

0.49306 

115 

-0,18030 

166 

0.33403 

599 

0.52342 

927 

0.10 

0.38084 

867 

-0.25695 

811 

0.56999 

904 

0.45121 

336 

0.60 

0.49484 

953 

-0.17736 

260 

0.32879 

184 

0.52540 

115 

0.11 

0.38341 

628 

-0.25655 

685 

0.56548 

397 

0.45180 

945 

0.61 

0.49660 

821 

-0.17436 

341 

0.32352 

796 

0.52737 

438 

0.12 

0.38597 

967 

-0,25611 

443 

0.56096 

268 

0,45245 

712 

0.62 

0.49833 

659 

-0.17130 

392 

0.31824 

435 

0.52934 

780 

0.13 

0.38853 

843 

-0,25563 

033 

0.55643 

466 

0,45315 

546 

0.63 

0.50003 

408 

-0,16818 

399 

0.31294 

101 

0.53132 

022 

0.14 

0.39109 

213 

-0.25510 

406 

0.55189 

940 

0,45390 

355 

0.64 

0.50170 

007 

-0,16500 

345 

0.30761 

795 

0.53329 

046 

0.15 

0.39364 

037 

-0.25453 

511 

0.54735 

642 

0,45470 

047 

0.65 

0.50333 

395 

-0.16176 

218 

0.30227 

521 

0.53525 

733 

0.16 

0.39618 

269 

-0.25392 

297 

0.54280 

523 

0,45554 

530 

0.66 

0.50493 

511 

-0.15846 

007 

0.29691 

282 

0.53721 

964 

0.17 

0.39871 

868 

-0.25326 

716 

0.53824 

536 

0.45643 

713 

0.67 

0.50650 

295 

-0.15509 

701 

0.29153 

084 

0.53917 

618 

0.18 

0.40124 

789 

-0.25256 

716 

0.53367 

634 

0.45737 

503 

0.68 

0.50803 

685 

-0.15167 

290 

0.28612 

932 

0.54112 

575 

0.19 

0.40376 

987 

-0.25182 

250 

0.52909 

771 

0.45835 

806 

0.69 

0.50953 

620 

-0.14818 

768 

0.28070 

835 

0.54306 

714 

0.20 

0.40628 

419 

-0.25103 

267 

0.52450 

903 

0.45938 

529 

0.70 

0.51100 

040 

-0.14464 

129 

0.27526 

801 

0.54499 

912 

0.21 

0.40879 

038 

-0.25019 

720 

0.51990 

986 

0.46045 

578 

0.71 

0.51242 

882 

-0.14103 

366 

0.26980 

840 

0.54692 

048 

0.22 

0.41128 

798 

-0.24931 

559 

0.51529 

977 

0.46156 

860 

0.72 

0.51382 

087 

-0.13736 

479 

0.26432 

964 

0.54883 

000 

0.23 

0.41377 

653 

-0.24838 

737 

0.51067 

835 

0.46272 

279 

0.73 

0.51517 

591 

-0.13363 

464 

0.25883 

185 

0.55072 

642 

0.24 

0.41625 

557 

-0.24741 

206 

0.50604 

518 

0.46391 

740 

0.74 

0.51649 

336 

-0.12984 

322 

0.25331 

516 

0.55260 

852 

0.25 

0.41872 

461 

-0.24638 

919 

0.50139 

987 

0.46515 

148 

0.75 

0.51777 

258 

-0.12599 

055 

0.24777 

973 

0.55447 

506 

0.26 

0.42118 

319 

-0.24531 

828 

0.49674 

203 

0.46642 

408 

0.76 

0.51901 

296 

-0.12207 

665 

0.24222 

571 

0.55632 

480 

0.27 

0.42363 

082 

-0.24419 

888 

0.49207 

127 

0.46773 

423 

0.77 

0.52021 

390 

-0.11810 

157 

0.23665 

329 

0.55815 

647 

0.28 

0.42606 

701 

-0.24303 

053 

0.48738 

722 

0.46908 

095 

0.78 

0.52137 

479 

-0.11406 

538 

0.23106 

265 

0.55996 

884 

0.29 

0.42849 

126 

-0.24181 

276 

0.48268 

953 

0.47046 

327 

0.79 

0.52249 

501 

-0.10996 

815 

0,22545 

398 

0.56176 

063 

0.30 

0.43090 

310 

-0.24054 

513 

0.47797 

784 

0.47188 

022 

0.80 

0.52357 

395 

-0.10580 

999 

0.21982 

751 

0.56353 

059 

0.31 

0,43330 

200 

-0.23922 

719 

0.47325 

181 

0.47333 

081 

0.81 

0.52461 

101 

-0.10159 

101 

0.21418 

345 

0.56527 

745 

0.32 

0.43568 

747 

-0.23785 

851 

0.46851 

112 

0.47481 

405 

0.82 

0.52560 

557 

-0.09731 

134 

0.20852 

204 

0.56699 

994 

0.33 

0.43805 

900 

-0,23643 

865 

0.46375 

543 

0.47632 

895 

0.83 

0.52655 

703 

-0.09297 

113 

0.20284 

354 

0.56869 

679 

0.34 

0.44041 

607 

-0.23496 

718 

0.45898 

443 

0.47787 

450 

0.84 

0.52746 

479 

-0.08857 

055 

0.19714 

820 

0.57036 

671 

0.35 

0.44275 

817 

-0.23344 

368 

0.45419 

784 

0.47944 

970 

0.85 

0.52832 

824 

-0.08410 

979 

0.19143 

630 

0.57200 

845 

0.36 

0.44508 

477 

-0.23186 

773 

0.44939 

534 

0.48105 

354 

0.86 

0.52914 

678 

-0.07958 

904 

0.18570 

813 

0.57362 

071 

0.37 

0.44739 

535 

-0.23023 

893 

0.44457 

667 

0.48268 

500 

0.87 

0.52991 

982 

-0,07500 

854 

0.17996 

399 

0.57520 

220 

0.38 

0.44968 

937 

-0.22855 

687 

0.43974 

156 

0.48434 

307 

0.88 

0.53064 

676 

-0,07036 

852 

0.17420 

419 

0.57675 

165 

0.39 

0.45196 

631 

-0.22682 

116 

0.43488 

973 

0.48602 

670 

0.89 

0.53132 

700 

-0,06566 

925 

0.16842 

906 

0.57826 

777 

0.40 

0.45422 

561 

-0.22503 

141 

0.43002 

094 

0.48773 

486 

0.90 

0.53195 

995 

-0.06091 

100 

0.16263 

895 

0.57974 

926 

0.41 

0.45646 

675 

-0.22318 

723 

0.42513 

495 

0.48946 

652 

0.91 

0.53254 

502 

-0.05609 

407 

0.15683 

420 

0.58119 

484 

0.42 

0.45868 

918 

-0.22128 

826 

0.42023 

153 

0.49122 

062 

0.92 

0.53308 

163 

-0.05121 

879 

0.15101 

518 

0.58260 

321 

0.43 

0.46089 

233 

-0.21933 

412 

0.41531 

047 

0.49299 

611 

0.93 

0.53356 

920 

-0,04628 

549 

0.14518 

226 

0.58397 

309 

0.44 

0.46307 

567 

-0.21732 

447 

0.41037 

154 

0.49479 

193 

0.94 

0.53400 

715 

-0,04129 

452 

0.13933 

585 

0.58530 

317 

0.45 

0.46523 

864 

-0.21525 

894 

0.40541 

457 

0.49660 

702 

0.95 

0.53439 

490 

-0.03624 

628 

0.13347 

634 

0.58659 

217 

0.46 

0.46738 

066 

-0.21313 

721 

0.40043 

934 

0.49844 

031 

0.96 

0.53473 

189 

-0.03114 

116 

0.12760 

415 

0.58783 

879 

0.47 

0.46950 

119 

-0.21095 

893 

0.39544 

570 

0.50029 

070 

0.97 

0.53501 

754 

-0.02597 

957 

0.12171 

971 

0.58904 

174 

0.48 

0.47159 

965 

-0.20872 

379 

0.39043 

348 

0.50215 

713 

0.98 

0.53525 

129 

-0.02076 

197 

0.11582 

346 

0.59019 

973 

0.49 

0.47367 

548 

-0.20643 

147 

0.38540 

251 

0.50403 

850 

0.99 

0.53543 

259 

-0.01548 

880 

0.10991 

587 

0.59131 

145 

0.50 

0.47572 

809 

-0.20408 

167 

0.38035 

266 

0.50593 

371 

1.00 

0.53556 

088 

-0.01016 

057 

0.10399 

739 

0.59237 

563 

■(-6)3-1 
4 

r(-6)7] 

4 

[(-6)2] 
4 

■(-6)8] 
4 

-(-6)7] 
4 

r(-6)8] 

4 

r(-6)2] 

4 

r(-6)6] 

4 
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AIRY  FUNCTIONS 


Ai(-x)  Ai'(-^)  Bi(-.v)  Bi'(-r) 


Ai(-.r) 


Ai'(-.v) 


Table    10.11 
Bi(-.t)  Bi'i-x) 


1.0 

0.53556 

088 

-0.01016 

057 

+0.10399 

739 

0.59237 

563 

5,5 

+0,01778 

154 

0.86419 

722 

-0.36781 

345 

+0.02511 

158 

1.1 

0.53381 

051 

+0.04602 

915 

+0.04432 

659 

0.60011 

970 

5,6 

-0,06833 

070 

0.85003 

256 

-0.36017 

223 

-0.17783 

760 

1.2 

0.52619 

437 

0.10703 

157 

-0.01582 

137 

0.60171 

016 

5,7 

-0,15062 

016 

0.78781 

722 

-0.33245 

825 

-0.37440 

903 

1.3 

0.51227 

201 

0.17199 

181 

-0.07576 

964 

0.59592 

975 

5.8 

-0,22435 

192 

0.67943 

152 

-0.28589 

021 

-0.55300 

203 

1.4 

0.49170 

018 

0.23981 

912 

-0.13472 

406 

0.58165 

624 

5.9 

-0,28512 

278 

0.52962 

857 

-0.22282 

969 

-0.70247 

952 

1.5 

0.46425 

658 

0.30918 

697 

-0.19178 

486 

0.55790 

810 

6.0 

-0,32914 

517 

0.34593 

549 

-0.14669 

838 

-0.81289 

879 

1.6 

0.42986 

298 

0.37854 

219 

-0.24596 

320 

0.52389 

354 

6.1 

-0,35351 

168 

+0.13836 

394 

-0.06182 

255 

-0.87622 

530 

1.7 

0.38860 

704 

0.44612 

455 

-0.29620 

266 

0.47906 

134 

6.2 

-0.35642 

107 

-0.08106 

856 

+0.02679 

081 

-0.88697 

896 

1.8 

0.34076 

156 

0.50999 

763 

-0.34140 

583 

0.42315 

137 

6.3 

-0.33734 

765 

-0.29899 

161 

0.11373 

701 

-0.84276 

110 

1.9 

0.28680 

006 

0.56809 

172 

-0.38046 

588 

0.35624 

251 

6.4 

-0.29713 

762 

-0.50147 

985 

0.19354 

136 

-0.74461 

387 

2.0 

0.22740 

743 

0.61825 

902 

-0.41230 

259 

0.27879 

517 

6.5 

-0.23802 

030 

-0.67495 

249 

0.26101 

266 

-0.59717 

067 

2.1 

0.16348 

451 

0.65834 

069 

-0,43590 

235 

0.19168 

563 

6.6 

-0.16352 

646 

-0.80711 

925 

0.31159 

995 

-0.40856 

734 

2.2 

0.09614 

538 

0.68624 

482 

-0,45036 

098 

+  0.09622 

919 

6.7 

-0.07831 

247 

-0.88790 

797 

0.34172 

774 

-0.19009 

878 

2.3 

+0.02670 

633 

0.70003 

366 

-0,45492 

823 

-0.00581 

106 

6.8 

+0.01210 

452 

-0.91030 

401 

0.34908 

418 

+0,04437 

678 

2.4 

-0.04333 

414 

0.69801 

760 

-0,44905 

228 

-0.11223 

237 

6.9 

0.10168 

800 

-0.87103 

106 

0.33283 

784 

0,27926 

391 

2.5 

-0.11232 

507 

0.67885 

273 

-0,43242 

247 

-0.22042 

015 

7.0 

0.18428 

084 

-0.77100 

817 

0.29376 

207 

0,49824 

459 

2.6 

-0.17850 

243 

0.64163 

799 

-0,40500 

828 

-0.32739 

717 

7.1 

0.25403 

633 

-0.61552 

879 

0.23425 

088 

0,68542 

058 

2.7 

-0.24003 

811 

0.58600 

720 

-0.36709 

211 

-0.42989 

534 

7.2 

0.30585 

152 

-0.41412 

428 

0.15821 

739 

0,82650 

634 

2.8 

-0.29509 

759 

0.51221 

098 

-0.31929 

389 

-0.52445 

040 

7.3 

0.33577 

037 

-0.18009 

580 

+0.07087 

411 

0,90998 

427 

2.9 

-0,34190 

510 

0.42118 

281 

-0,26258 

500 

-0.60751 

829 

7.4 

0.34132 

375 

+0.07027 

632 

-0.02159 

652 

0,92812 

809 

3.0 

-0.37881 

429 

0.31458 

377 

-0.19828 

963 

-0.67561 

122 

7.5 

0.32177 

572 

0.31880 

951 

-0.11246 

349 

0,87780 

228 

3.1 

-0.40438 

222 

0.19482 

045 

-0.12807 

165 

-0.72544 

957 

7.6 

0.27825 

023 

0.54671 

882 

-0.19493 

376 

0.76095 

509 

3.2 

-0.41744 

342 

+0.06503 

115 

-0.05390 

576 

-0.75412 

455 

7.7 

0.21372 

037 

0.73605 

242 

-0.26267 

007 

0.58474 

045 

3.3 

-0.41718 

094 

-0.07096 

362 

+0.02196 

800 

-0.75926 

518 

7.8 

0.13285 

154 

0.87115 

540 

-0.31030 

057 

0.36122 

930 

3.4 

-0.40319 

048 

-0.20874 

905 

0.09710 

619 

-0.73920 

163 

7.9 

+0.04170 

188 

0.94004 

300 

-0.33387 

856 

+0.10670 

215 

3.5 

-0.37553 

382 

-0.34344 

343 

0.16893 

984 

-0.69311 

628 

8.0 

-0.05270 

505 

0.93556 

094 

-0.33125 

158 

-0.15945 

050 

3.6 

-0.33477 

748 

-0.46986 

397 

0.23486 

631 

-0.62117 

283 

8.1 

-0.14290 

815 

0.85621 

859 

-0.30230 

331 

-0.41615 

664 

3.7 

-0.28201 

306 

-0.58272 

780 

0,29235 

261 

-0.52461 

361 

8.2 

-0.22159 

945 

0.70659 

870 

-0.24904 

019 

-0.64232 

293 

3.8 

-0.21885 

598 

-0.67688 

257 

0,33904 

647 

-0.40581 

592 

8.3 

-0,28223 

176 

0.49727 

679 

-0.17550 

556 

-0.81860 

044 

3.9 

-0.14741 

991 

-0.74755 

809 

0,37289 

058 

-0.26829 

836 

8,4 

-0.31959 

219 

+0.24422 

089 

-0.08751 

798 

-0.92910 

958 

4.0 

-0.07026 

553 

-0.79062 

858 

0.39223 

471 

-0.11667 

057 

8.5 

-0.33029 

024 

-0.03231 

335 

+0.00775 

444 

-0.96296 

917 

4.1 

+0.00967 

698 

-0.80287 

254 

0.39593 

974 

+0.04347 

872 

8.6 

-0.31311 

245 

-0.30933 

027 

0.10235 

647 

-0.91547 

918 

4.2 

0.08921 

076 

-0.78221 

561 

0.38346 

736 

0.20575 

691 

8.7 

-0.26920 

454 

-0.56297 

685 

0.18820 

363 

-0.78882 

623 

4.3 

0.16499 

781 

-0.72794 

081 

0.35494 

906 

0.36320 

468 

8.8 

-0.20205 

445 

-0.77061 

301 

0.25778 

240 

-0.59221 

371 

4.4 

0.23370 

326 

-0.64085 

018 

0.31122 

860 

0.50858 

932 

8.9 

-0.11726 

631 

-0.91289 

276 

0.30483 

241 

-0.34136 

475 

4.5 

0.29215 

278 

-0.52336 

253 

0.25387 

266 

0.63474 

477 

9.0 

-0.02213 

372 

-0.97566 

398 

0.32494 

732 

-0.05740 

051 

4.6 

0.33749 

598 

-0.37953 

391 

0.18514 

576 

0.73494 

444 

9.1 

+0.07495 

989 

-0.95149 

682 

0.31603 

471 

+0.23484 

379 

4.7 

0.36736 

748 

-0.21499 

018 

0.10794 

695 

0.80328 

926 

9.2 

0.16526 

800 

-0.84067 

107 

0.27858 

425 

0.50894 

402 

4.8 

0.38003 

668 

-0.03676 

510 

+0,02570 

779 

0.83508 

976 

9.3 

0.24047 

380 

-0.65149 

241 

0.21570 

835 

0.73928 

028 

4.9 

0.37453 

635 

+0.14695 

743 

-0,05774 

655 

0.82721 

903 

9.4 

0.29347 

756 

-0.39986 

237 

0.13293 

876 

0.90348 

537 

5.0 

0.35076 

101 

0.32719 

282 

-0,13836 

913 

0,77841 

177 

9.5 

0.31910 

325 

-0.10809 

532 

+0.03778 

543 

0,98471 

407 

5.1 

0.30952 

600 

0,49458 

600 

-0.21208 

913 

0,68948 

513 

9.6 

0.31465 

158 

+0,19695 

044 

-0.06091 

293 

0,97349 

918 

5.2 

0.25258 

034 

0.63990 

517 

-0.27502 

704 

0,56345 

898 

9,7 

0.28023 

750 

0.48628 

629 

-0.15379 

421 

0.86898 

383 

5.3 

0.18256 

793 

0.75457 

542 

-0.32371 

608 

0.40555 

694 

9.8 

0.21886 

743 

0.73154 

486 

-0.23186 

331 

0.67936 

774 

5.4 

0.10293 

460 

0.83122 

307 

-0.35531 

708 

0.22307 

496 

9,9 

0.13623 

503 

0.90781 

333 

-0.28738 

356 

0.42147 

209 

5.5 

0.01778 

154 

0.86419 

722 

-0.36781 

345 

0.02511 

158 

10,0 

0.04024 

124 

0.99626 

504 

-0.31467 

983 

0.11941 

411 

[(-3)21 

[(-3)51 

[(-3)21 

[(-3)51 

[(-3)41 

[(-2)1 

[(-3)41 

[(-2)11 

8 

8 

. 

8 

J 

9 

. 

9 

J 

10 

J 

9 

10 

J 

AIRY  FUNCTIONS— AUXILIARY   FUNCTIONS   FOR  LARGE  NEGATIVE 

ARGUMENTS 


0.05 
0.04 
0.03 
0.02 
0.01 

0.00 


9.654894 
11.203512 
13.572088 
17,784467 
28.231081 


/i(0 

0.39752  21 

0.39781  14 

0.39809  83 

0.39838  24 

0.39866  38 

0.39894  23 


m 


0.40028  87 
0.40002  58 
0.39975  97 
0.39949  03 
0.39921  79 


^i(0 

0.40092  31 
0.40052  06 
0.40012  11 
0.39972  48 
0.39933  19 


^2(^) 
,39704  87 
,39741  99 
,39779  49 
,39817  37 
.39855  62 


<r> 

20 
25 

33 

50 

100 


0.39894   23 

(-7)4 
3 


0.39894   23 


VA 


Ai(-x)=.r  *[/,(r)cosr+y^,(r)sinf] 

1 
Ai'(-.r)  V  [g,(r) sin  ^-g^i,^)  cos r] 


0.39894   23 

(-7)4- 
3 
_i 

Bi(-j:)=jt  * [/2(r) COS ^-f^{<) sin  r] 
B\\-xyx*  [g,(r)  COS  r+^2(^)  s^"  ^] 


2     2 


—nearest  integer  to  r. 
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Table  10.12 


INTEGRALS  OF  AIRY  FUNCTIONS 


P  Ai  (f)  dl   P  Ai  (  /)  fit  P  Bi  (t)  dt  p  Bi  (-0  dt       X    r  M  (t)  dl   p  .\i  (0  dt  P  Bi  (-/)  dt 


0.0 

0.00000 

00 

0.00000 

00 

0.00000 

00 

O.OOOOD 

00 

5.0 

0.33328 

76 

-0.71788  22 

-0.15873 

09 

0.1 

0.03421 

01 

-0.03679 

54 

0.06373 

67 

-0.05924 

87 

5.1 

0,33329 

73 

-0.75103  62 

-0.14113 

39 

0.2 

0.06585 

15 

-0.07615 

70 

0.13199 

45 

-0.11398 

10 

5.2 

0,33330 

50 

-0.77926  27 

-0.11667 

30 

0.3 

0.09497 

09 

-0.11802 

51 

0.20487 

68 

-0.16411 

57 

5.3 

0.33331 

11 

-0.80111   58 

-0.08660 

41 

0.4 

0.12164 

06 

-0.16229 

44 

0.28256 

70 

-0.20952 

89 

5.4 

0.33331 

59 

-0.81545   49 

-0.05250 

03 

0.5 

0.14595 

33 

-0.20880 

95 

0.36533 

85 

-0.25006 

28 

5.5 

0.33331 

97 

-0.82151   82 

-0.01617 

86 

0.6 

0.16801 

79 

-0.25736 

07 

0.45356 

50 

-0.28553 

62 

5.6 

0,33332 

27 

-0.81897   90 

+0.02038 

99 

0.7 

0.18795 

52 

-0.30768 

05 

0.54773 

36 

-0.31575 

56 

5.7 

0,33332 

50 

-0.80797   96 

0.05518 

54 

0.8 

0.20589 

45 

-0.35944 

15 

0.64845 

82 

-0.34052 

58 

5.8 

0,33332 

69 

-0.78914   06 

0.08625 

18 

0.9 

0.22196 

97 

-0.41225 

56 

0.75649 

64 

-0.35966 

27 

5.9 

0,33332 

83 

-0.76354   19 

0.11181 

25 

1.0 

0.23631 

73 

-0.46567 

40 

0.87276 

91 

-0.37300 

50 

6.0 

0.33332 

95 

-0,73267   53 

0.13038 

11 

1.1 

0.24907 

33 

-0.51918 

94 

0.99838 

41 

-0.38042 

77 

6.1 

0.33333 

03 

-0,69836  93 

0.14086 

00 

1.2 

0.26037 

12 

-0.57224 

05 

1.13466 

38 

-0.38185 

43 

6.2 

0,33333 

10 

-0.66268  96 

0.14262 

05 

1.3 

0.27034 

09 

-0.62421 

79 

1.28318 

00 

-0.37726 

99 

6.3 

0,33333 

16 

-0.62781   93 

0.13555 

73 

1.4 

0.27910 

66 

-0.67447 

31 

1.44579 

42 

-0.36673 

34 

6.4 

0.33333 

20 

-0.59592   62 

0.12011 

15 

1.5 

0.28678 

67 

-0.72232 

88 

1.62470 

81 

-0.35038 

81 

6.5 

0.33333 

23 

-0.56902   35 

0.09726 

08 

1.6 

0.29349 

24 

-0.76709 

26 

1.82252 

33 

-0.32847 

24 

6.6 

0.33333 

25 

-0.54883   59 

0.06847 

29 

1.7 

0.29932 

75 

-0,80807 

24 

2.04231 

52 

-0.30132 

67 

6.7 

0.33333 

27 

-0.53667   65 

0.03562 

42 

1.8 

0.30438 

82 

-0.84459 

41 

2.28772 

12 

-0.26939 

97 

6.8 

0.33333 

29 

-0.53334   74 

+0.00088 

80 

1.9 

0.30876 

29 

-0.87602 

06 

2.56304 

90 

-0.23325 

04 

6.9 

0.33333 

30 

-0.53906   98 

-0.03340 

40 

2.0 

0.31253 

28 

-0.90177 

28 

2.87340 

83 

-0.19354 

74 

7.0 

0.33333 

31 

-0.55345   17 

-0.06491 

67 

2.1 

0.31577 

11 

-0.92135 

09 

, 

-0,15106 

46 

7.1 

0.33333 

31 

-0.57549   72 

-0.09147 

36 

2.2 

0.31854 

43 

-0.93435 

56 

, 

-0,10667 

18 

7.2 

0.33333 

32 

-0.60365  96 

-0.11121 

47 

2.3 

0.32091 

19 

-0.94050 

97 

, 

-0,06132 

23 

7.3 

0.33333 

32 

-0.63593   60 

-0.12273 

90 

2.4 

0.32292 

74 

-0.93967 

67 

• 

-0,01603 

45 

7.4 

0.33333 

33 

-0.66999   96 

-0.12521 

80 

2.5 

0.32463 

80 

-0.93187 

78 

. 

+0,02812 

94 

7.5 

0.33333 

33 

-0.70336  19 

-0.11847 

31 

2.6 

0.32608 

57 

-0.91730 

54 

, 

0,07009 

01 

7.6 

-0.73355   34 

-0.10300 

57 

2.7 

0.32730 

74 

-0.89633 

20 

. 

0,10878 

06 

7.7 

, 

-0.75830   99 

-0.07997 

85 

2.8 

0.32833 

55 

-0.86951 

37 

. 

0.14317 

88 

7.8 

, 

-0.77575   13 

-0.05114 

35 

2.9 

0.32919 

83 

-0.83758 

77 

• 

0.17234 

20 

7.9 

• 

-0.78453   65 

-0.01872 

22 

3.0 

0.32992 

04 

-0.80146 

29 

0.19544 

25 

8.0 

-0.78398  26 

+0.01475 

64 

3.1 

0.33052 

31 

-0.76220 

32 

, 

0.21180 

21 

8.1 

, 

-0.77413   57 

0.04664 

84 

3.2 

0.33102 

49 

-0.72100 

37 

. 

0.22092 

49 

8.2 

. 

-0.75578  55 

0.07440 

43 

3.3 

0.33144 

15 

-0.67915 

91 

, 

0.22252 

61 

8.3 

, 

-0.73041   93 

0.09577 

87 

3.4 

0.33178 

65 

-0.63802 

56 

• 

0.21655 

57 

8.4 

. 

-0.70011   70 

0.10902 

22 

3.5 

0.33207 

15 

-0.59897 

71 

0.20321 

50 

8.5 

-0.66739   21 

0.11303 

86 

3.6 

0.33230 

63 

-0.56335 

61 

. 

0.18296 

47 

8.6 

. 

-0.63499   08 

0.10749 

35 

3.7 

0.33249 

93 

-0.53242 

25 

, 

0.15652 

33 

8.7 

, 

-0.60566   32 

0.09285 

98 

3.8 

0.33265 

76 

-0.50730 

05 

, 

0.12485 

43 

8.8 

. 

-0.58192   70 

0.07039 

64 

3.9 

0.33278 

70 

-0.48892 

77 

• 

0.08914 

28 

8.9 

• 

-0.56584  22 

0.04205 

63 

4.0 

0.33289 

27 

-0.47800 

75 

+0.05076 

01 

9.0 

-0.55881    97 

+0.01033 

04 

4.1 

0.33297 

86 

-0.47496 

79 

, 

+0.01121 

78 

9.1 

, 

-0.56148  12 

-0.02196 

26 

4.2 

0.33304 

84 

-0.47992 

95 

, 

-0.02788 

79 

9,2 

, 

-0.57358  51 

-0.05192 

24 

4.3 

0.33310 

50 

-0.49268 

51 

. 

-0.06494 

00 

9,3 

. 

-0.59403  00 

-0.07682 

93 

4.4 

0.33315 

07 

-0.51269 

28 

• 

-0.09837 

02 

9,4 

• 

-0.62093   76 

-0.09439 

87 

4.5 

0.33318 

76 

-0.53908 

35 

-0.12673 

04 

9,5 

-0.65181   01 

-0.10300 

27 

4.6 

0.33321 

73 

-0.57068 

59 

, 

-0.14876 

50 

9,6 

, 

-0.68375   25 

-0,10183 

70 

4.7 

0.33324 

11 

-0.60606 

63 

, 

-0.16347 

66 

9.7 

, 

-0.71373  85 

-0.09101 

44 

4.8 

0.33326 

02 

-0.64358 

51 

, 

-0.17018 

59 

9.8 

, 

-0.73889   84 

-0,07157 

33 

4.9 

0.33327 

54 

-0.68146 

70 

• 

-0.16857 

74 

9.9 

• 

-0.75680   07 

-0.04539 

57 

5.0 

0.33328 

76 

-0.71788 

22 

-0.15873 

09 

10.0 

-0.76569   84 

-0.01504 

04 

■(-4)31 

(-3) 

1" 

ii-m 

(-3) 

u 

f(-p3] 

■(-3)U 

■(-3) 

1 

5 

J 

7 

t 

6 

3 

J 

7 

7 

Fable  10.13 

ZEROS  AND 

ASSOCIATED  VALUES  OF 

AIRY  FUNCTIONS 

AND 

THEIR    DERIVATIVES 

s 

a. 

4i'(a,) 

a's 

Ai(a',) 

bs 

Bi 

'(6.)              b's 

Bi(6',) 

1      -  2.33810  741 

+0.7012"l   0'82 

-  1. 

01879  297 

0.53565   666 

- 

1.17371 

322     +0,60195 

789      -  2.29443 

968      -0.45494 

438 

2      -  4.08794  944 

-0.80311   137 

-  3.24819   758 

0.41901   548 

- 

3.27109 

330     -0,76031 

014      -  4.07315 

509     +0.39652 

284 

3      -  5.52055  983 

+0.86520   403 

-  4.82009  921 

0.38040   647 

- 

4.83073 

784     +0.83699 

101      -   5.51239 

573      -0.36796 

916 

4      -  6.78670  809 

-0.91085  074 

-   6.16330  736 

0.35790   794 

- 

6.16985 

213     -0.88947 

990      -  6.78129 

445      +0.34949 

912 

5      -  7.94413   359 

+0,94733  571 

-  7.37217   726 

+ 

0.34230   124 

- 

T.ilblb 

208     +0.92998 

364      -  7.94017 

869     -0.33602 

624 

6      -  9.02265   085 

-0.97792   281 

-  8.48848  673 

0.33047  623 

_ 

8.49194 

885     -0.96323 

443      -  9.01958 

336     +0.32550 

974 

7      -10.04017  434 

+1.00437   012 

-  9.53544  905 

+ 

0.32102   229 

- 

9.53819 

438     +0,99158 

637      -10.03769 

633     -0.31693 

465 

8      -11.00852   430 

-1.02773   869 

-10.52766  040 

- 

0.31318   539 

- 

10.52991 

351     -1.01638 

966      -11.00646 

267     +0.30972 

594 

9      -11.93601   556 

+1.04872   065 

-11.47505   663 

0.30651   729 

- 

11.47695 

355     +1.03849 

429      -11.93426 

165      -0.30352 

766 

10      -12.82877  675 

-1.06779   386 

-12. 

38478  837 

0.30073   083 

- 

12.38641 

714     -1,05847 

184      -12.82725 

831      +0.29810 
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AUXILIARY  TABLE— COMPLEX  ZEROS  AND  ASSOCIATED  VALUES  OF 

Bi(2)    AND  Bi'(z) 


j-,.73« 


Modului! 

2.354 
4.093 
5,524 
6.789 
7.946 


Phas^e 

0.095 
0.042 
0.027 
0.020 
0.015 


Bi'(»s) 
Modulus  Phase 


0.993 
1.136 
1.224 
1.288 
1.340 


+  2.641 
-0.513 
+2.625 
-0.519 
+2.622 


e  "VV, 
Modulus  Pha«:e 

1.121  0.331 

3.257  0.059 

4.824  0.033 

6.166  0.023 

7.374  0.017 


Bi 

i^'s) 

Modulus 

Phase 

0.750 

+0.466 

0.592 

-2.632 

0.538 

+  0.515 

0.506 

-2.624 

0.484 

+0.519 

From  J.  C.  P.  Miller.  The  Air\  integral.  British  Assoc.  Adv.  Sci.  Mathematical 
Table?  Part-vol.  B.  Cambridge  I  iiiv.  Press.  Cambridge.  England.  1946  and 
F.  W.  J.  Giver,  The  asymptotic  expansion  of  Bessel  functions  of  large  order. 
Philos.  Trans.  Ro^.  Soe.  London  [A]  247.    328-368.  19."Sl(with  permission). 
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^  a;=0(.l)10 


C  J^{t)dt,V  YS)dt,lQT> 
Jo  Jo 

e-'  \Ioit)dt,  e"  \    K^{t)dt,  7D 

Jo  Jx  ^ 

Table  11.2  Integrals  of  Bessel  Functions 494 

[\-js)]dt  c^Yoimt 


j: 


t 


/: 


t 


,  8D 

Ko{t)dt 


Jo  *  Jx  i 


*■  a;=0(.l)5 
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11.  Integrals  of  Bessel  Functions 

Mathematical  Properties 


11.1.   Simple  Integrals  of  Bessel  Functions 

11.1.1 

..rC±|±l) 


rt>'jr{t)dt=- 


(^) 


.    (,+2i+l)r(i=|+l+i) 


.=0        r(^^+ifc) 


(^(m+»'+1)>0) 


11.1.2 


Jo  k=0 

11.1.3  rj,,(t)dt=  rjo(t)dt-2  2  j2*+i(2) 

Jo  Jo  k  =  0 

11.1.4         f  J2„+i(0(ff  =  l-Jo(2)-2  i:  J2*(2) 
Jo  k  =  l 


Recurrence  Relations 


11.1.5 


11.1.6 


f  Jn+i{t)dt=  rj„_,(t)dt-2J„(2)         (n>0) 
Jo  Jo 

j^J,{t)dt  =  l-Jo{2) 

jjo(t)dt,JYo{t)dt,jlo(t)dt,JKoit)dt 

11.1.7 

£'^oit)dt=x^o(x)+lTx{U^{x)^,(x)-Hi(x)%(x)] 

'<f,(x)=AJ,{x)+BY,{x),v=0,l 
A  and  5  are  constants. 
480 


11.1.8 

£Zo{t)dt^xZo{x)+^irx{-ho{x)Z,(x)-{-hr(x)Zo(x)] 

Z,{x)=AI,(x)+Be''^K,{x),v=0,l 

A  and  B  are  constants. 

H,(a;)    and    L,(a;)    are    Struve    functions    (see 
chapter  12). 


11.1.9 


J;ifo(Odt  =  -(.+ln|).g^ 


/o^2* 


(x/2) 


)^(2/r+l) 


+xj: 


(x/2y 


+xy: 


i^o  {k\n2k+ir 

(z/2)2* 


(i+i+ 


V^  (^!)2(2A:+l) 
7  (Euler's  const  ant)  =  .57721  56649 


-0 


In  this  and  all  other  integrals  of  11.1,  x  is  real 
and  positive  although  all  the  results  remain  valid 
for  extended  portions  of  the  complex  plane  unless 
stated  to  the  contrary. 

11.1.10 

j~'^  Ko{t)dt=l  £  Joit)dt+i  I  £  Yo{t)dt 


Asymptotic  Expansions 


11.1.11 


j'  [Jo{t)+iYo(t)]dt^(J-^^  e^ 


(z-T/4) 


11.1.12 
11.1.13 


Lt=o  k=0  J 

_r(^+|)   *   r(sHj) 
^'-   r(i)    ^o2Vr(|) 


11.1.14  xie-^  r Io(t)dt--(2T)-i  f^  a*x-* 

Jo  *=o 

where  the  a^  are  defined  as  in  11.1.12. 

11.1.15  xh^r  Ko{t)dt^(0  g  (-ya,x- 
where  the  a*  are  defined  as  in  11.1.12. 

Polynomial  Approximations  ^ 

11.1.16  8<a;<oo 

£"  [Jo(t)^iYo(t)]dt 


INTEGRALS    OF    BESSEL    FUNCTIONS 

11.1.18 
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Lfc=o 


-2A-1 


+  ij:  (-)%(x/8)-''-{-e 

fc=0 


=(x)|<2X10- 


(x)'] 


k 

a* 

bk 

0 

.  06233  47304 

.  79788 

45600 

1 

.  00404  03539 

. 01256 

42405 

2 

.  00100  89872 

.  00178 

70944 

3 

.  00053  66169 

.  00067 

40148 

4 

.  00039  92825 

.  00041 

00676 

5 

.00027  55037 

.  00025 

43955 

6 

.00012  70039 

.  00011 

07299 

7 

.  00002  68482 

.  00002 

26238 

7<a;<oo 


11.1.17 


8<X<oo 


xie-'  r  Io(t)dt=j:  d.ix/Sy+eix) 

Jo  fc=0 


|€(a;)|<2X10-« 

k 
0 

dk 
.  39894 

23 

1 

.03117 

34 

2 

. 00591 

91 

3 

. 00559 

56 

4 

-.01148 

58 

5 

. 01774 

40 

6 

-.  00739 

95 

2  Approximation  11.1.16  is  from  A.  J.  M.  Hitchcock. 
Polynomial  approximations  to  Bessel  functions  of  order 
zero  and  one  and  to  related  functions,  Math.  Tables  Aids 
Comp.  11,  86-88  (1957)  (with  permission). 


x^e 


i 


fc=0 


|€(x)|<2X10-^ 

k  ct 

0  1.25331  414 

1  0.  11190  289 

2  .  02576  646 

3  .00933  994 

4  . 00417  454 

5  .00163  271 

6  .  00033  934 

Jo(t)dt  rYo(t)dt    rKo(t)dt 


CJoiDdt^  rYo(t)dt^  r 


t 


11.1.19 

l-Jo(t) 


i 


t 


dt 


=2x-»  S  (2/:+3)[^(^+2)-^(l)]  J,,^,(x) 

k=0 

=  l-2x-*Ji(x) 


+2x-^  Z;  (2^+5)[^(^+3)-^(l)-l]J2,+5(x) 

For  ^(2),  see  6.3. 
11.1.20 

Jo{t)dt  ,      ,  ,     X      C  [l-Jo(t)]dt 


L 


t 


(-)"(0 


=-z; 

fc=i 


2k{k\y 


11.1.21 

Yo(t)dt_ 


I 


t 


+?s 


'-''®"{.(..:,-l-i.-.n|} 


T  ^1  2k{k\r 


11.1.22 

Ko(t)dt     1 


L 


t 


1  /      x\^  x     iP-     y^ 

2  ('"  SJ  +^  '"  2+24+2- 


-2: 


t^x  2km' 


{^(^+l)+l-ln|} 


11.1.23 


j-i.       t       2  J,       t       2  J,       t 


{t)dt 
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11.1.24  j; 


Asymptotic  Expansions 


^o(0^<     2gAx)%{x)     go(x)^i(x) 


where 


9.W~g(-)'(0"(*!)', 

s.w~s(-)'(iy"«(t+i)! 


11.1.25 


11.1.26     a^ 

where 

11.1.27 


Co — i-,  Ci —  Q 


2(jl;+l)c..,=[3a-+l)'+j]c.-(t+ijc._ 


11.1.28     x^ 


t  t=0 


where  Ct  is  defined  as  in  11.1.27. 

Polynomial  Approximations 

11.1.29  5<r<oo 


/: 


t 


X' 


where 


9o(x)=T>  {-ra,(xl5)-^+e(x), 
t=o 


9i{x)^T.  (-)*6*(x/5)-^+6(x) 

i=0 


|€(2)|<2X10-^ 


A- 

a* 

h 

0 

1.0 

1. 

0 

1 

0.  15999 

2815 

0. 

31998 

5629 

2 

. 10161 

9385 

30485 

8155 

3 

. 130S1 

1585 

• 

52324 

6341 

4 

. 20740 

4022 

1. 

03702 

0112 

5 

.  28330 

0508 

1. 

699S0 

3050 

6 

.  27902 

9488 

1. 

95320 

6413 

7 

. 17S91 

5710 

1. 

43132 

56S4 

8 

.  06622 

8328 

0. 

59605 

4956 

9 

.  01070 

2234 

■ 

10702 

2336 

11.1.30 


x^e" 


4<X<  00 


h(a;)|<6Xio-* 


<4 

1.25331  41 

0.  50913  39 

.32191  84 

.26214  46 

.20601  26 

.  11103  96 

.02724  00 


11.1.31 


5<X<  00 


3. 

x^e~ 


Jo — I — =VJ\v  +^^^^ 


|€(x)  I  <  1.1X10 


-5 


*  Su 

0  0.39893  14 

1  . 13320  55 

2  -.04938  43 

3  1.  47800  44 

4  -8.65560  13 

5  28. 12214  78 

6  -48.05241   15 

7  40.  39473  40 

8  -11.90943  95 

9  —3.  51950  09 
10  2.  19454  64 

11.2.  Repeated  Integrals  oiJ„{2)  saidK^iz) 
Repeated  Integrals  of  J  n(2) 

Let 
11.2.1 

Jo  Jo 
11.2.2 
Then 
11.2.3 


j-rA^=^rJn{^) 


11.2.4  /,„(3)=^x:i:(^j,^,^^(.) 


k\ 
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Recurrence  delations 


11.2.5 


r{r-l)Ui.n(z)  =  2(r-l)zfr.„(z) 

+  (2r-3)2/.-2.„(2)-2y._3.n(2) 

11.2.6 

rfr+l.  0(2)  =  2/r.  o(z)  "  (r-  l)/r-l.  o(z)  +  #r-2.  0(2) 
11.2.7  Jr+l.  „+l(2)=/.+..  n-l{2)-2fr.  „(2) 

Repeated  Integrals  of  Ko(z) 

Let 
11.2.8 

Kio(2)=Ko(z), 
Kii(2)=  r  Ko{t)dt,  .  .  .,  Ki,(2)= J^°°  Kir-rit)dt 


11.2.9 

Then 

11.2.10 

Ki 


Ki_,(3)=(-r  ^,^(2) 


^^^^=Jo' 


cosh""  t 


11.2.11 


(^2>0,  ^r>0,  ^2>0,  r=0) 


(^2>0,  ^r>0) 


11.2.12      Ki2,(0)=^^^^^^        (^r>0) 


r(r+f) 


I  r(r+i) 


(^r>-l) 


11.2.13     Ki...(0)=^.^j^^.^^ 
11.2.14 

rKi,+i(2)  =  -2Ki,(2)  +  (r-l)Ki,_i(2)  +  2KU2(2) 

11.3.  Reduction  Formulas  for  Indefinite 
Inteerals 


Let 
11.3.1 


y* 


.,(2)  =  J%-^' 


fZ,(t)dt 


where  Z,(2)  represents  any  of  the  Bessel  functions 
of  the  first  three  kinds  or  the  modified  Bessel 
functions.  The  parameters  a  and  b  appearing  in 
the  reduction  formulae  are  associated  ^\■ith  the 
particular  type  of  Bessel  function  as  delineated 
in  the  following  table. 


11.3.2                   Z,(2)  a  b 

Mz),Y.{z),m'^{z),W^{z)  1  1 

L{z)  -1  1 

K^z)  1  -1 

11.3.3 

Vg^.y{z)  =  —e-^'z>'Z,{z) 

11.3.4 

pg^,  ,+i{z)  =  -e-'"z''Zy+i(z) 

+  (fi—v—l)g^-i,,+i(z)  +  bg^,,{z) 
11.3.5 

{p^-\-ab)g^^,(z)=ae-'"z>'Z,+i{z) 

-\-(tJL-p~l)e-'"z''-'Z,(z)-pe-^'z>'Z,(z) 

-hp(2n- 1  )^,_i  .,(2)  +  [.2-  (m-  1  r]g,-2  .,(2) 

11.3.6 

a(»'-M)^M..+i(2)=-2j/e-'''2''Z,(2)-2i/^^^.,(2) 

-\-b(^i+v)g^,,_l{z) 

Casel:  p^-hab  =  0,  v=  ±  (fi—1) 

11.3.7     ^,.(2)  =  '-2^|z.(2)-^Z.^,(2)| 


11.3.8     9-..(2)^-%f_^     |z.(2)4-|z._i(2)| 
11.3.9 


11.3.10 

JJ  e'H-'JXt)dt=-^^^^j^  [J.(2)+iJ,_,(2)] 

1 
-^2''-H2v-\)T{v)  ^""^^^ 

11.3.11 

£  e"<T,(Orf<=^^  [F,(2)-iF.+i(2)] 

i2''+ir(i/+l) 


7r(2y+l) 


(^v>-i) 


11.3.12 


2V+1 


[/,(2)T/,+i(2)] 


{^vy-\) 


273-888  0-67— 32 
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r  e-*Init)dt=ze-'[Io{^)-]-Ii(z)] 


n-l 


11.3.14 


r  e^H-''L(t)dt=-^^^[L{znL-,(z)] 

11.3.15 

r  e^H'K.(t)dt=^^^  [K.{z)±K.+r{z)] 
^2T(v+l) 


2J/+1 


(^v>-i) 


King's  integral  (see  [11.5]) 

11.3.16     re'Ko(t)dt=ze'[Ko(z)-hK,(z)]-l 

11.3.17 


j; 


e't-''K,(t)dt 


Z~-F+l 


e'z 


■£-^  [K.(z)+K..^{z)]        (^v>i) 

Case  2:  p=0,ti=±v 

11.3.18  bg,,,-i(z)  =  z'Z,(z) 

11.3.19  ag_r.v+i(z)  =  —  z-''Zy(z) 

11.3.20  r%^J._i(0c?^=2''e/.(2)         (^i'>0) 


11.3.21  r 

11.3.22 

J2nit)dt 


,    t-J^-.^(t)dt=^;;^^;^-Z-^Mz) 


'-£ 


11.3.23 


,        =l--±{2k-l)Ju-riz) 
t  z  k=l 

=-   ±    {2k-\)Ju-x{.z)         {n>G) 

Z  fc=n+l 


(2r,+l)  JJ  «Z£zL±l(!M= JJ  j^i^t)dt 


11.3.24 


-j.{z)-\i:kj,,{z) 

Z  k  =  l 


r  t''Y,.iit)dt=z''Y.{z)+'^^^^         {^v>0) 


11.3.25  r  t'L.i{t)dt  =  z''Iy(z)         (^j/>0) 

11.3.26  JJ  t-^L+,{t)dt=z-''L(z)-^^^^^_^^^ 
11.3.27 

r  <''liC._i(0c?«=-2''liC.(2)+2''-ir(v)         (^V>0) 

11.3.28         r°r'iiC.+i(0(^i=2-'-fC.(2) 

Indefinite   Integrals  of  Products  of  Bessel   Functions 

Let  %i{z)  and  ^^(2)  denote  any  two  cylinder 
functions  of  orders  /x  and  v  respectively. 

11.3.29 

j'  ■((ic'-p)t-^-f^^\%m^^(it)dt 

=z{k<^,+,(kz)^,(lz)-l^,{kz)^y+,{lz)  ]     * 
-{n-v)'^,i)cz)9.{lz)} 
11.3.30 

V  t->^-^-'%^,{t)9,+At)dt 
11.3.31 


V  t>^^''+'%{t)9S)dt 

211+V+2 


"2(m+»'+1) 


[%{z)mz)+%+iiz)^^+i(2)] 


11.3.32 


r  tJUit)dt=2  J:  {v+2k)JUu{z)         {^p>0) 
Jo  ft=o 


11.3.33 


r  t[Jl-,(t)-JUi(Wt=2vJl(z)         (^>0) 
11.3.34         r  tJlit)dt=^[Jl(z)  +  Jl{z)] 


11.3.35 


r  Jn(t)J„+^it)dt=l  [l-Jl(z)]-j:  JKz) 
Jo  ^  *=i 


=  12  JUz) 

k=n+l 


*See  page  ii. 
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11.3.36 


-(M+»'+2n)  rt-'%+n(t)^.+n{t)dt 

k  =  l 


Convolution  Type  Integrals 


11.3.37 


Jo  k=Q 


J,(t)J.{z-t)dt=2j:{-yj,+,+2k+y(2) 


11.3.38 


r  J,{t)Ji-,{2- t)dt  =  Jo(z) -cos  z      (-l<^i'<2) 


11.3.39 


r  JXt)J-.(z-t)dt=sm  z        (|^H<1) 


11.3.40 


r- 


Mt)J,{z-t)dt  = 


Jli-\-v\Z) 


(^M>0,^^>-1) 


11.3.41 


r 


J^(t)Jy(z  —  t)dt     (ii-\-v)J^+^{z) 


t{z-t) 


fXVZ 


(^M>0,  ^p>0) 


11.4.  Definite  Integrals 
Orthogonality  Properties  of  Bessel  Functions 

Let  ^(2)  be  a  cylinder  function   of   order   v. 
In  particular,  let 

11.4.1  %(z)=^-AJXz)+BY,(z) 

where  A  and  B  are  real  constants.     Then 

11.4.2 

J   t'^,(Kt)^y(Kt)dt=0  (mr^n) 

(m=n)(0<a<6) 

provided  the  following  two  conditions  hold : 
1 .  X„  is  a  real  zero  of 

11.4.3  hr\%+,{\h)-h2%{\h)  =  0 


2.  There  must  exist  numbers  ky  and  ki   (both 
not  zero)  so  that  for  all  n 

11.4.4  k,\n'if,+x{\na)-k2%{\na)  =  Q 

In  connection  with  these  formulae,  see  11.3.29. 
If  a=0,  the  above  is,  valid  provided  B=0.  This 
case  is  covered  by  the  following  result. 

11.4.5 

I    t J, (a J) J, (a J) (It  =  0         (mj^n,  i/>  — 1) 

{m=n,b=0,vy-l) 

(m=n,  b^O,  v>  —  l) 

cxi,  a2,  .  .  .  are  the  positive  zeros  of 

aJXx)-'rbxJl,(x)  =  0,  where  a  and  6  are  real  con- 
stants. 

11.4.6 

t~^J,+2n  +  l{t)Jy+2m  +  l(i)dt  =  0  (w  J^Tl) 


L 


1 


(m=n)(j/+n+m>  — 1) 

Definite  Integrals  Over  a  Finite  Range 


T 

11.4.7  J'  J2,(22  sm  t)dt=^  Jl(z) 

11.4.8  I     Jo(22  sin  0  cos  2ntdt=TrJl{z) 

T 

11.4.9  J'Fo 


11.4.10 


T 

I     J^{z  sin  t) 


(22  sin  t)  cos  2ntdt=^  J„{z)Yn(z) 


siw+H  cos^'+i  tdt 


_2;;lVfl)  j^^^^^(2)        (^^>-i,  ^.>-l) 


11.4.11 


I     J^(z  sin*  t)J,{z  cos*  0  CSC  2<rf< 

(m+«') 


4/ij' 


J,  +  .(2)  (^M>0,  ^v>0) 
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11.4.23 


11.4.12 


e"  '"^'r(^+v)r(i-M) 


r  ^'■'-<^-W<''=    r(i)2.r(.-M+i) 


Jo  1  U 


11.4.13 


11.4.14 


/: 


cos  btKo(t)dt-- 


hr 


11.4.15 


J*  CO 


sin  btKo(t)dt= 


(1  +  6^)* 


arc  sinh  b 


11.4.16  r 


t^J,{t)dt^ 


(1  +  6^)^ 

2-rC-±|±i) 


(|J^6|<1) 


(|./6|<1) 


11.4.17 

11.4.18 

[\-J,{t)]dt 


(^(m+»')>-1,^m<^) 


^    '^   ^      ^    V  (l<^»'<3) 


11.4.19 

J>,«..4're-±|±l)re-=|±l) 


X  sin  ^  (m-v)  (^(m±»')>-1,  ^m<^) 


11.4.20  r 


Y,{t)dt  =  -iQXi 


(I^H<1) 


£Vo(0^^=( 


11.4.21 
11.4.22 

(^(m±^)>-i) 


J^Vo(0^<=^ 


11.4.24     J_\-'"'J„(0^<=^(^^^2"5)^^(^^<1) 

=0(co2>l) 

where  r„(aj)  is  the  Chebyshev  polynomial  of  the 
first  kind  (see  chapter  22). 


11.4.25 


/-' 


t-'e-''^'J„{t)dt 

) 

=o(w2>n 


where  ?7„(aj)  is  the  Cheby^shev  polynomial  of  the 
second  kind  (see  chapter  22). 


11.4.26 


L 


=  0(a,2>l) 


where    Pn(i>i)    is    the    Legendre    polynomial    (see 
chapter  22). 


11.4.27 


j; 


e-'t'^  'Ja[2(zmdt='^^^^      (^a>0,  ^2>0) 


where  y(a,  z)  is  the  incomplete  gamma  fmiction 
(see  chapter  6). 


Integrals  of  the  Form         e-'^'^t>'Z,(bt)dt 


i: 


11.4.28 

= 2wT(v+l) ^^V2''+2^'''+^'-4^^; 

(^(m+»')>0,  ^a^>0) 

where  the  notation  M(a,  b,  z)  stands  for  the  con- 
fluent hypergeometric  function  (see  chapter  13). 


11.4.29 


j: 


e   "''\'^'J,{bt)dt 


6» 


■(2: 


-^,e  *"'        (^p>-l,^a'>Q) 


11.4.30 
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11.4.37 


tan  VTT 


11.4.31 


11.4.32 


2a 


V8aO 


0' 


Weber- Schafheitlin  Type  Integrals 


11.4.33 


j; 


J^{at)J,(bt)dt 


,r(^±^^) 


t^ 


2V-^+^r(.+i)r(^~'^+^+^) 

X./^i  (, 2 ' 2 '  "+1'  aO 

(^(m+»'-X+1)>0,  ^X>-1,  0<6<a) 


11.4.34 

J^(at)J,(bt)dt 


i 


oT 


(^^±^=^) 


i' 


2^6 


^^-^^^r(M+i)r(--^+'+^) 


^'^'  \         2  ' 2 ' 


M  +  1. 


6V 


(^(m+v-X+1)>0,  ^X>-1,  0<a<6) 
For  2^^!,  see  chapter  15. 

Special  Cases  of  the  Discontinuous  Weber- Schafheitlin 
Integral 

11.4.35 

C^  J, (at)  sin  btdt     1    .    f  b~\     ,^^,^  , 

, =-sin    M«rcsm-       (0<6<a) 

Jo  t  ML  CLJ 


W  Sin 


XjU 


nib+ib'-a^Y 


11.4.36 

n  J,(a. 


(b>a>0) 
(^M>-1) 


0  COS  bt  dt     1 


t 


-cos    M  arc  sin-       (0<6<a) 
M        L  «J 

(6>a>0) 


TTU 

o^cos  -— 


M[6+(62-a2)i]. 


(^M>0) 


/»  00 

Jo      '^"^^ 


cos 


0  COS  bt  dt- 


r     •  n 

M  arc  sin  - 


(a'-b')i 
— o^  sin  -^ 
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(0<6<a) 


(6>a>0)         (^/x>-l) 


11.4.38 


/»  00 

Jo    ^'^""^^ 


sin 


sin  bt  dt- 


r     •  *i 

\i  arc  sin  - 


(a2-62)i 


(0<6<a) 


a^cos 


TT/X 


(6>a>0)         (^M>-2) 
11.4.39       J   e'Vo(aOc?«=7^2::^j  (0<6<a) 

(0<a<6) 


(62-a2)i 


11.4.40 


/»  00  rt   "  1 

e'^'Yo {at)dt  =   ,  „     ,,, ,  arc  sin  -  (0 < 6<a) 


■{a'-b^y 
—  1 


2i 


(b^-a^)i^  T(b'-a')i 

Xln{*-=(^'}(0<.<6) 
11.4.41 

/»  00 

t>^-''+'J,(at)J,(bt)dt=0  (0<6<a) 


11.4.42 


j    J^  (a 


6''r(v-M) 

(6>a>0) 
t)J,.,(bt)dt=~^  {0<b<a) 


_J_ 

~26 

=0 


(0<6=a) 


(6>a>0) 

11.4.43      r°*M^  (1-Jo(60}(^<=0       (0<6<a) 
Jo         t 


=ln-  (6>a>0) 
a 
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11.4.44 
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Hankel-Nicholson  Type  Integrals 


J. 


0    (<2+22)M+i  -2''r(M+i) 


Kv-^{az) 


(a>Q,  ^3>0,-1<^j'<2J'm+|) 


11.4.45 


I 


^^^"'^^'-^J/.(a.)-U(a3)] 


0      ^(^2  +  32)       22» 


('a>0,i^2>0,^^>-|') 


11.4.46 


j: 


^2  +  22  z 


(a>0,  ^2^0) 


11.4.47 

K,(at)dt 


I 


i-'C^^.^-^^)      42''+l  cos  UTT 


[H,(az)-Y,(az)] 


11.4.48 
11.4.49 

Jo  p(^2_^22)^+^~    r(2,.+i)    ^A2a2;iiA2a2; 


Numerical  Methods 
11.5.  Use  and  Extension  of  the  Tables 


V  JS)dt,  VY,{t)dt,  V h{t)dt,  r  Ko(t)dt 

Jo Jo Jo J_x 

For  moderate  values  of  x,  use  11.1.2  and  11.1.7- 
11.1.10  as  appropriate.  For  x  suiBciently  large, 
use  the  asymptotic  expansions  or  the  poljTiomial 
approximations  11.1.11-11.1.18. 

/•3.05 

Example    1.       Compute  Jo{t)dt    to    5D. 

Using  11.1.2  and  interpolating  in  Tables  9.1  and 
9.2,  we  have 

/»3.05 

Jo{t)dt  =  2[.S2019  09  +  .31783  69  +  .04611  52 

+  .  00283  19  +  .00009  72  +  .00000  21] 
=  1.37415 


Example  2.     Compute 


J»3.05 
0 


Joit)dt  to  5D  by 


interpolation  of  Table  11.1  using  Taylor's  formula. 
We  have 

j^^"  Mt)dt=£  Mt)dt+hJ,(x)-j  Mx) 

-\-Y2  [«>^2(x)-JoW]+^  [3Ji(x)-J3(z)]+  .  .  . 
Then  with  2=3.0  and  /fc=.05, 

/»3.05 

JolOc?^=  1-387567+ (.05)  (-.260052) 
-(.00125)  (.339059) 
+  (.000010)  (.746143)  =  1.37415 


This  value  is  readily  checked  using  a;=3.1  and 
A  =-.05.  Now  |Jo(a;)|<l  for  all  a;  and  \Jn(x)\ 
<2"^,  n>l  for  all  x.  In  Table  11.1,  we  can 
always  choose  \h\  <.05.  Thus  if  all  terms  of  0(h^) 
and  higher  are  neglected,  then  a  bound  for  the 
absolute  error  is  2^AV48<.2-10-^  for  all  x  if  \h\ 
<.05.  Smiilarly,  the  absolute  error  for  quadratic 
interpolation  does  not  exceed 

^3(2J+2)/24<.2-10-*. 

Example  3.     Interpolation  of  I   jQ(t)dt  using 

Simpson's  rule.     We  have 

•  nz+h  nz  nz+h 

Jo{t)dt=       Jo(t)dt-\-  Jo(t)dt 

Jo  Jo  Jx 

JJ^Vo(0(/«=^[^o(x)+4Jo(2+^)+Jo(z+A)]+i? 


i?=- 


2880 


^r®,         x<^<x-^h 


Now 


and  with  |A|  <.05,  it  foUows  that 

|i?|<.9- 10-^0 
Thus  if  a; =3.0  and  A =.05 


I 


3.05  (  or\ 

Jo(t)dt  =  1.3875Q  72520-^^^1-. 2Q005  19549 

+4(-.26841  13883) -.27653  49599] 
=  1.37414  86481 


which  is  correct  to  lOD.  The  above  procedure 
gives  high  accuracy  though  it  may  be  necessary  to 

interpolate  twice  in  Jq{x)  to  compute  «^(^+2) 

and  jQ{x-\-h).  A  similar  technique  based  on  the 
trapezoidal  rule  is  less  accurate,  but  at  most  only 
one  interpolation  of  Jq{x)  is  required. 

Example  4.     Compute      Jo{t)dt  and       Yo{t)dt 

Jo  Jo 

to  5D  using  the  representation  in  terms  of  Struve 
functions  and  the  tables  in  chapters  9  and  12. 
For  x=3,  from  Tables  9.1  and  12.1 

Jo=-- 260052  Ji=  .339059 
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The  recurrence  formula  gives 

/2=2(/i+/_0  =  1.69809  10 
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Yo=     .  376850 
Ho=     .  574306 

Using  11.1.7,  we  have 

3 


Fi=  .324674 
Hi  =  L  020110 


J. 


37r 


Jo(t)dt=3(- .260052)  +^  [(.574306) (.339059) 
-(1. 020110)  (-.260052)^ 


1.38757 


Similarly, 


j: 


Yo{t)dt=.107Q& 


Using  11.1.8  and  Tables  9.8   and  12.1,  one   can 

compute  j    Io(t)dt  and  I    Ko{t)dt. 
Jo  Jo 


c  Jo(t)dt  r°°  Yo{t)dt  r[h(t)-i]dt  f 


Ko(t)dt 


t 


For  moderate  values  of  x,  use  11.1.19-11.1.23. 
For  X  sufficiently  large,  use  the  asymptotic  ex- 
pansions or  the  polynomial  approximations 
11.1.24-11.1.31. 

Repeated  Integrals  of  Jq(x) 

For  moderate  values  of  x  and  r,  use  11.2.4. 
If  r=l,  see  Example  1.  For  moderate  values  of 
X,  use  ths  recurrence  formula  11.2.5.  If  x  is  large 
and  x::^r,  see  the  discussion  below. 

Examples.  Compute /r.  o(a:")=/r(a;)  to  5D  for 
x=2  and  r  =  0(l)5  using  11.2.6.     We  have 

rfr  +  lix)  =Zjr[x)  -  {r-  \)jr-l{x)-\-XJr-,{x) 

/_,  (x)  =  -  J,  (z) ,  j,{x)  =Mx) ,  /,  (x)  =£  Jo  (t)  dt 

and  the  terms  on  this  last  line  are  tabulated.  Thus 
for  2=2, 

/-I  =  -.57672  48, /o=-. 22389  08,/,  =  1.42577 03 


Similarly, 

/3=  1.20909  66, /4 


.62451  73,/5=.25448  17 


When  z>>r,  it  is  convenient  to  use  the  auxil- 
iary function 

gr(x)  =  (r-l)\x-^+'Mx) 

This  satisfies  the  recurrence  relation 

x'gr+i{x)=x%-(r-iygr_i{x) 

+  (r-l)(r-2)^,_2(x),r>3 

gi(x)=\    Jo{t)dt,  g2{x)=gi{x)-Ji{x) 

gs  (x)  =  [x%  (x)  —  gi  (x)  -\-  xJo  (x)  yx' 

Example  6.     Compute  gr(x)   to  5D  for  3r=10 
and  r=0(l)6.     We  have  for  a;=10. 


Jo-- 
Thus 


.24593  58,  J,  =^.04347  27,  g?i  =  1.06701   13 


^2=1.02353  86,  ^3  =  .98827  49 
and  the  forward  recurrence  formula  gives 

5r4  =  .96867  36,  fir5=.94114  12,  5^9= -90474  64 
For  tables  of  2-Jr(x),  see  [11.16]. 

Repeated  Integrals  of  Koix) 

For  moderate  values  of  x,  use  the  recurrence 
formula  11.2.14  for  all  r. 

Example  7.  Compute  Kir(a;)  to  5D  for  x=2 
and  r=0(l)5.     We  have 

rKir+,(x)  =  -xKlix)  +  (r-  l)Ki,_i(x)  +xKi,_j(x) 

Ki_i(x)=i^i(x),  Kioix)^Ko(x),  Ki.ix)  =j'Ko(t)dt 

and  the  functions  on  this  last  line  are  tabulated 
Thus  for  x= 2, 

iiLo=. 11389  39,  7!Ci  =  . 13986  59,  Kii  =  .09712  06 

and 

Ki2=-2Kii+2/iCi  =  .08549  06 

Similarly, 

Ki3  =  . 07696  36,  Ivi4  = -07043    17,  Ki5=. 06525  22 

If  x/r  is  not  large  the  formula  can  still  be  used 
provided  that  the  starting  values  are  sufficiently 
accurate  to  offset  the  growth  of  rounding  error. 
For  tables  of  Ki,(x),  sec  [11.11]. 
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f„(x)^x-"'j'^ 


rKo(t)dt 


u^)=£ 


Ko{t)dt,Ux)  =  [l-xK,ix)]/x 


the  latter  following  from  11.3.27  with  v=l. 
11.3.5,   put   a=l,   b=  —  l,  p=0  and   i'=0. 
n^m.     Then 


In 
Let 


Jmix)  =  [{m-\)'jm-2{x)-^K,  (x) 

-x{m-\)Ko{x)]lx' 


(m>l) 


Using  tabular  values  of /o  and/i,  one  can  compute 
in  succession  J2,  fz,  ■  •  ■  provided  that  m/x  is  not 
large. 

Example  8.  Compute/;„(2)  to  oD  for  x=o  and 
m=0(l)6.  We  have,  retaining  two  additional 
decimals 


Ko=   .00369  11 

K,= 

. 00404  46 

/o=l.  56738  74 

f:  = 

.  19595  54 

Thus 

/2=.05791  27,/4=.01458  93,/6=.00685  36 

Similarly  starting  with/i,  we  can  compute/3  and/5. 
If    rnr^x,    employ    the    recurrence    formula    in 
backward  form  and  write 

jm-2{x)  =  [x?jm{x)+x'K,{x)+x{m-l)K,{x)]l{m-\y 

In  the  latter  expression,  replace/,,,  by  gm-  Fix  x. 
Take  r^m  and  assume  Qt^O.  Compute  ^^-2, 
gr-i,  etc.     Then 


Apart  from  round-off  error,  the  value  of  r  needed 
to  achieve  a  stated  accuracy  for  given  x  and  m 
can  be  determined  a  priori.     Let 


Then 


^T-2k- 


^T=\gr-jr\ 


(r-l)2(r-3)2.  .  .  (r-2yt+l)2 

€r<[x'K,{x)+x{r-\)K,{x)]l{r-\y 

since  for  x  fixed, /,(x)  is  positive  and  decreases  as  r 
increases. 

Example  9.     Compute/wCx)  to  5D  for  x=3  and 

m=0(2)10.     We  have 


i^o=. 03473  95         ^i=.04015  64 


If  r-16, 


ei6<.86-10-2         €io<1.4-10- 


Taking  ^16= 0,  we  compute  the  following  values 
of  gu,  gi2,  .  ■  .,  ^0  by  recurrence.  Also  recorded 
are  the  required  values  of/,,,  to  oD. 


lun  gr-2k{x)=fm{x),  m=r—2k 


m 

gm 

fm 

14 

.  00855  42 

12 

.  01061  09  ' 

10 

.  01325  05 

.  01325 

8 

.  01751  39 

.01751 

6 

.  02548  09 

.  02548 

4 

.  04447  31  1 

.  04447 

2 

.  11936  90  1 

.  11937 

0 

1.  53994  71 

1.  53995 

For  tables  oij^ix),  see  [11.21]. 
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Table  11.1 

IXTEGRALS  OF  BESSEL  FUNCTION 

a 

X 

T-^o 

{t)dt 

j;^« 

{t)dt 

e-^j^IoiOdt 

e-jj  KoiDdt 

0.0 

0.00000 

00000 

0.00000 

00000 

0.00000 

00 

1.57079  63 

0.1 

0.09991 

66919 

-0.21743 

05666 

0.09055 

92 

1.35784  82 

0.2 

0.19933 

43325 

-0.34570 

88380 

0.16429 

28 

1.25032  54 

0.3 

0.29775 

75802 

-0.43928 

31758 

0.22391 

79 

1.17280  09 

0.4 

0.  39469 

85653 

-0.50952 

48283 

0.27172 

46 

1.11171  28 

0.5 

0.48968 

05066 

-0.56179 

54559 

0.30964 

29 

1.06127  17 

0.6 

0.58224 

12719 

-0.59927 

15570 

0.33929 

99 

1.01836  48 

0.7 

0.67193 

68094 

-0.62409 

96341 

0.36206 

71 

0.98109  70 

0.8 

0.75834 

44308 

-0.63786 

88991 

0.37910 

05 

0.94821  80 

0.9 

0.84106 

59149 

-0.64184 

01770 

0.39137 

42 

0.91885  56 

1.0 

0.91973 

04101 

-0.63706 

93766 

0.39970 

88 

0.89237  52 

1.1 

0.99399 

71082 

-0.62447 

91607 

0.40479 

52 

0.86829  97 

1.2 

1.06355 

76711 

-0.60490 

26964 

0.40721 

52 

0.84626  10 

1.3 

1.12813 

83885 

-0.57911 

12548 

0.40745 

78 

0.82596  89 

1.4 

1.18750 

20495 

-0.54783 

19295 

0.40593 

39 

0.80719  04 

1.5 

1.24144 

95144 

-0.  51175 

90340 

0.40298 

85 

0.78973  57 

1.6 

1.  28982 

09734 

-0.47156 

13039 

0.39891 

09 

0.77344  80 

1.7 

1.33249 

68829 

-0.42788 

62338 

0.39394 

29 

0.75819  62 

1.8 

1.36939 

85727 

-0.38136 

24134 

0.38828 

68 

0.74386  97 

1.9 

1.40048 

85208 

-0.33260 

04453 

0.38211 

11 

0.73037  44 

2.  0 

1.42577 

02932 

-0.28219 

28501 

0.37555 

57 

0.71762  95 

2.1 

1.44528 

81525 

-0.23071 

32490 

0.36873 

67 

0.70556  50 

2.2 

1.45912 

63387 

-0.17871 

50399 

0.36174 

98 

0.69412  02 

2.3 

1.46740 

80303 

-0.12672 

97284 

0.35467 

38 

0.68324  16 

2.4 

1.47029 

39949 

-0.07526 

50420 

0.34757 

29 

0.67288  26 

2.5 

1.46798 

09446 

-0.02480 

29261 

0.34049 

93 

0.66300  15 

2.6 

1.46069 

96081 

+  0.02420 

24953 

0.33349 

48 

0.65356  16 

2.7 

1.44871 

25408 

0.07132 

69288 

0.32659 

30 

0.64452  98 

2.8 

1.43231 

16899 

0.11617 

78353 

0.  31981 

99 

0.63587  68 

2.9 

1.41181 

57386 

0.15839 

62206 

0.31319 

59 

0.62757  60 

3.0 

1.38756 

72520 

0.19765 

82565 

0.30673 

62 

0.61960  34 

3.1 

1.35992 

96508 

0.23367 

66986 

0.  30045 

18 

0.61193  74 

3.2 

1.32928 

40386 

0.26620 

20748 

0.29435 

04 

0.  60455  84 

3.3 

1.29602 

59125 

0.29502 

36222 

0.28843 

67 

0.59744  84 

3.4 

1. 26056 

17835 

0.31996 

99576 

0.28271 

31 

0.59059  11 

3.5 

1.22330 

57382 

0.34090 

94657 

0.27718 

02 

0.58397  14 

3.6 

1.18467 

59706 

0.35775 

03989 

0.27183 

70 

0.57757  57 

3.7 

1.14509 

13136 

0.37044 

06831 

0.26668 

11 

0.57139  13 

3.8 

1.10496 

78009 

0.37896 

74266 

0.26170 

94 

0.56540  66 

3.9 

1.06471 

52877 

0.  38335 

61369 

0.25691 

78 

0.55961  09 

4.  0 

1.02473 

41595 

0.38366 

96479 

0.25230 

18 

0.55399  42 

4.1 

0.98541 

21560 

0.38000 

67672 

0.24785 

61 

0.54854  72 

4.2 

0.94712 

13375 

0.37250 

06552 

0.24357 

56 

0.54326  15 

4.3 

0.91021 

52175 

0.  36131 

69475 

0.23945 

46 

0.53812  91 

4.4 

0.87502 

60866 

0.34665 

16398 

0.23548 

74 

0.53314  27 

4.5 

0.84186 

25481 

0.32872 

87513 

0.23166 

83 

0.52829  52 

4.6 

0.81100 

72858 

0.  30779 

77892 

0.22799 

15 

0.52358  03 

4.7 

0.78271 

50802 

0.28413 

10351 

0.22445 

13 

0.  51899  19 

4.8 

0.75721 

10902 

0.25802 

06786 

0.22104 

21 

0.  51452  43 

4.9 

0.73468 

94106 

0.22977 

58227 

0.21775 

83 

0.51017  24 

5.0 

0.71531 

19178 

0.19971 

93876 

0.21459 

46 

0.50593  10 

"(-4i7' 
7 

■(  3)2-| 
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f^Jo{t)dt 


Table  11.1 


Jo'j-'o  it)dt  e--j^'  7o  (0  dt  e-jj  Kq  (t) 


dt 


5.0 

0.71531 

19178 

0.19971 

93876 

0.21459 

46 

0.  50593  10 

5.1 

0.69920 

74098 

0.16818 

49405 

0.21154 

58 

0.50179  55 

5.2 

0.  68647 

10457 

0.13551 

34784 

0.20860 

68 

0.49776  16 

5.3 

0.67716 

40870 

0.10205 

01932 

0.20577 

28 

0.49382  50 

5.4 

0.  67131 

39407 

0.06814 

12463 

0.20303 

89 

0.48998  19 

5.5 

0.66891 

44989 

0.03413 

05806 

0.20040 

08 

0.48622  86 

5.6 

0.66992 

67724 

+  0.00035 

67983 

0.19785 

40 

0.48256  16 

5.7 

0.  67427 

98068 

-0.03284 

98697 

0.19539 

44 

0.47897  75 

5.8 

0.68187 

18713 

-0.  06517 

04775 

0.19301 

81 

0.47547  34 

5.9 

0.69257 

19078 

-0.09630 

01348 

0.19072 

13 

0.47204  60 

6.0 

0.70622 

12236 

-0.12595 

06129 

0.18850 

02 

0.46869  29 

6,1 

0.72263 

54100 

-0.15385 

27646 

0.18635 

16 

0.46541  11 

6.2 

0.74160 

64692 

-0.17975 

87372 

0.18427 

20 

0.46219  83 

6.3 

0.76290 

51256 

-0.20344 

39625 

0.18225 

84 

0.45905  20 

6.4 

0.78628 

33012 

-0.22470 

89068 

0.18030 

78 

0.45596  99 

6.5 

0.81147 

67291 

-0.24338 

05692 

0.17841 

74 

0.45294  98 

6.6 

0.83820 

76824 

-0.25931 

37161 

0.17658 

44 

0.44998  97 

6.7 

0.86618 

77897 

-0.27239 

18447 

0.17480 

64 

0.44708  76 

6.8 

0.89512 

09137 

-0.28252 

78684 

0.17308 

09 

0.44424  15 

6.9 

0.92470 

60635 

-0.28966 

45218 

0.17140 

55 

0.44144  97 

7.0 

0.95464 

03155 

-0.29377 

44843 

0.16977 

82 

0.43871  05 

7.1 

0.98462 

17153 

-0.29486 

02239 

0.16819 

68 

0.43602  22 

7.2 

1.01435 

21344 

-0.29295 

35658 

0.16665 

93 

0.43338  34 

7.3 

1.04354 

00558 

-0.28811 

49927 

0.16516 

39 

0.43079  23 

7.4 

1.07190 

32638 

-0.28043 

26862 

0.16370 

89 

0.42824  76 

7.5 

1.09917 

14142 

-0.27002 

13202 

0.16229 

24 

0.42574  81 

7.6 

1.12508 

84628 

-0.25702 

06208 

0.16091 

30 

0.42329  20 

7.7 

1.14941 

49299 

-0.24159 

37080 

0.15956 

91 

0.42087  86 

7.8 

1.17192 

99830 

-0.22392 

52368 

0.15825 

93 

0.41850  63 

7.9 

1.19243 

33198 

-0.20421 

93575 

0.15698 

21 

0.41617  40 

8.0 

1.21074 

68348 

-0.18269 

75150 

0.15573 

64 

0.41388  07 

8.1 

1.22671 

60587 

-0.15959 

61109 

0.15452 

08 

0.41162  52 

8.2 

1.24021 

13565 

-0.13516 

40494 

0.15333 

42 

0.40940  65 

8.3 

1.25112 

88778 

-0.10966 

01934 

0.15217 

55 

0.40722  37 

8.4 

1.25939 

12520 

-0.08335 

07540 

0.15104 

36 

0.40507  56 

8.5 

1.26494 

80240 

-0.05650 

66385 

0.14993 

74 

0.40296  15 

8.6 

1.26777 

58297 

-0.02940 

07834 

0.14885 

61 

0.40088  04 

8.7 

1.26787 

83120 

-0.00230 

54965 

0.14779 

88 

0.39883  15 

8.8 

1.26528 

57796 

+  0.02451 

01664 

0.14676 

44 

0.  39681  40 

8.9 

1.26005 

46162 

0.05078 

29664 

0.14575 

23 

0.39482  69 

9.0 

1.25226 

64460 

0.07625 

79635 

0.14476 

16 

0.39286  97 

9.1 

1.24202 

70675 

0.10069 

08937 

0.14379 

16 

0.39094  15 

9.2 

1.22946 

51666 

0.12385 

04194 

0.14284 

16 

0.38904  17 

9.3 

1.21473 

08237 

0.14552 

02334 

0.14191 

08 

0.38716  95 

9.4 

1.19799 

38314 

0.16550 

09969 

0.14099 

87 

0.38532  41 

9.5 

1.17944 

18392 

0,18361 

20962 

0.14010 

46 

0.38350  53 

9.6 

1.15927 

83464 

0.19969 

32017 

0.13922 

78 

0.38171  20 

9.7 

1.13772 

05614 

0.21360 

56169 

0.13836 

79 

0.37994  39 

9.8 

1.11499 

71504 

0.22523 

34059 

0.13752 

43 

0.37820  03 

9.9 

1.09134 

58985 

0.23448 

42919 

0.13669 

65 

0.37648  06 

0.0 

1. 06701 

13040 

0.24129 

03183 

0.13588 

40 

0.37478  43 

7 

r("4j41 

7 

"(-5j 
4 

1" 

[(5)1" 

4 
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Table 

11.2 

] 

INTEGRALS 

OF  B 

ESSEL  FUN 

CTIO 

VS 

X 

Jo    ' 

Jx             t 

'   Jo     t 

_  1 

J  X                  ' 

0.0 

0.00000 

000 

-00 

0.00000 

000 

0.000000 

0.1 

0.00124 

961 

-1.34138 

382 

0.00113 

140 

0.368126 

0.2 

0.00499 

375 

-0.43423 

067 

0.00409 

877 

0.460111 

0.3 

0.01121 

841 

-0.05107 

832 

0.  00835 

768 

0.506394 

0.4 

0.01990 

030 

+  0.15238 

037 

0.  01347 

363 

0.532910 

0.5 

0.03100 

699 

0.26968 

854 

0.  01910 

285 

0.548819 

0.6 

0.04449 

711 

0.  33839 

213 

0.02497 

622 

0.  558366 

0.7 

0.06032 

057 

0.  37689 

807 

0.03088 

584 

0.563828 

0.8 

0.07841 

882 

0.39543 

866 

0.03667 

383 

0.566545 

0.9 

0.09872 

519 

0.40022 

301 

0.04222 

295 

0.567355 

1.0 

0.12116 

525 

0.39527 

290 

0.04744 

889 

0.566811 

1.1 

0.14565 

721 

0.38332 

909 

0.05229 

376 

0.565291 

1.2 

0.17211 

240 

0.36633 

694 

0.  05672 

080 

0.563058 

1.3 

0.20043 

570 

0.34572 

398 

0.  06070 

995 

0.  560302 

1.4 

0.23052 

610 

0.32256 

701 

0.06425 

420 

0.557163 

1.5 

0.26227 

724 

0.29769 

696 

0.  06735 

663 

0.553745 

1.6 

0.29557 

796 

0.27176 

713 

0.07002 

797 

0.550126 

1.7 

0.  33031 

288 

0.24529 

896 

0.07228 

458 

0.546364 

1.8 

0.36636 

308 

0.21871 

360 

0. 07414 

688 

0.542506 

1.9 

0.40360 

666 

0.19235 

409 

0.  07563 

806 

0.538587 

2.0 

0.44191 

940 

0.16650 

135 

0.  07678 

298 

0.534635 

2.1 

0.48117 

541 

0.14138 

594 

0.07760 

744 

0.530670 

2.2 

0.52124 

775 

0.11719 

681 

0.  07813 

746 

0.526711 

2.3 

0.56200 

913 

0.  09408 

798 

0.  07839 

884 

0.522768 

2.4 

0.60333 

248 

0.07218 

365 

0.  07841 

674 

0.518854 

2.5 

0.64509 

164 

0.05158 

229 

0.  07821 

544 

0.514976 

2.6 

0.68716 

194 

0.03235 

987 

0.07781 

809 

0.511139 

2.7 

0.72942 

081 

+0.01457 

248 

0.07724 

664 

0.507350 

2.8 

0.77174 

836 

-0.00174 

144 

0.07652 

168 

0.503610 

2.9 

0.81402 

795 

-0.01655 

931 

0.07566 

245 

0.499924 

3.0 

0.  85614 

669 

-0.02987 

272 

0.07468 

681 

0.496292 

3.1 

0.89799 

596 

-0.04168 

613 

0.  07361 

124 

0.492717 

3.2 

0.93947 

188 

-0. 05201 

554 

0.07245 

090 

0.489198 

3.3 

0.98047 

571 

-0.06088 

740 

0.07121 

963 

0.485736 

3.4 

1.02091 

428 

-0.06833 

756 

0.06993 

006 

0.482332 

3.5 

1.06070 

032 

-0.  07441 

025 

0.  06859 

360 

0.478984 

3.6 

1.09975 

277 

-0.07915 

722 

0.  06722 

060 

0.475694 

3.7 

1.13799 

707 

-0.08263 

683 

0.  06582 

033 

0.472459 

3.8 

1.17536 

536 

-0.  08491 

323 

0.06440 

109 

0.469280 

3.9 

1.21179 

667 

-0.08605 

553 

0.06297 

029 

0.466155 

4.0 

1.24723 

707 

-0.08613 

706 

0.06153 

450 

0.463085 

4.1 

1.28163 

975 

-0.08523 

459 

0.06009 

952 

0.460067 

4.2 

1.31496 

504 

-0.08342 

762 

0.  05867 

042 

0.457100 

4.3 

1.  34718 

044 

-0.08079 

769 

0.05725 

166 

0.454185 

4.4 

1.37826 

060 

-0.07742 

769 

0.05584 

708 

0.451320 

4.5 

1.40818 

716 

-0.07340 

123 

0.05446 

000 

0.448503 

4.6 

1.43694 

870 

-0.06880 

199 

0.05309 

325 

0.445734 

4.7 

1.46454 

052 

-0.06371 

317 

0.05174 

921 

0.443012 

4.8 

1.49096 

446 

-0.05821 

690 

0.05042 

989 

0.440335 

4.9 

1.51622 

864 

-0.05239 

371 

0.04913 

691 

0.437703 

5.0 

1.54034 

722 

-0.04632 

205 

0.04787 

161 

0.435114 

r(-4)3] 

6 

r(-4)2-| 

7 

dt 
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12.  Struve  Functions  and  Related  Functions 

Mathematical  Properties 


I 


12.1.     Struve  Function  H,(2) 
DiflFerential  Equation  and  General  Solution 


12.1.1 


-TT+^  -jz-\-y^  ^^)^ 


4.{\zy^' 


AVr(.+i) 


dz"  '  "  dz 
The  general  solution  is 
12.1.2    w=aJ,{z)+hY\{z)^lly{z)  (a,6,  constants) 

where  2~''H^(2)  is  an  entire  function  of  z. 

Power  Series  Expansion 

12.1.3 

(-l)*(i2)2* 


^Xz)  =  {W^'lZ 


t^,  r(A:+|)ra-+»'+f) 


2  r  23  2^  "I 

12.1.4       Ho(2)=-  I    2— p;^+j2_22.52"~'   ■   'J 


12.1.5 
H 


'^"'^     7rLl'-3     12-32-5^P-32-52-7  J 

Integral  Representations 


12.1.6 


H'(^)=^^-T^  r(l-f2)''-^sm(2  0^< 


12.1.7 


=  -^^    ^ —        sin  (2  cose)  sin  2' ec/^ 


12.1.8         =F.(2) 


Tr(v+2)  Jo 

(|arg2|<|) 


Recurrence  Relations 


12.1.9        H,..+H,.,=|:H.+      '^;'' 

2  V'n"r(v+f) 


12.1.10       H,_i-H,+i=2H:- 


(^2) 


V7rr(.+f) 


12.1.11 
12.1.12 

12.1.13 


h;=(2/x)-Hi 


C?2 


(2''H.)  =  2'H,_, 


4-  (2-^H,)=-= ^ 


2-''H,4-i 


Figure  12.1.     Struve  functions. 
H„(x),  n  =  0(l)3 


Hn(x) 


.8 
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.6 
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Figure  12.2.     Struve  functions. 

H„(x),  -n=l(l)3 
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Struve's  Integral 

12.1.25 
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Mn(x) 


Figure  12.3.     Struve  junctions. 

H,(j),x  =  3,  5 

Special  Properties 

12.1.14        H.(a:)>0  (x>Oandv>^) 

12.1.15 

H_(„+j)(2)  =  (-l)"Jn+}(2)     (nan  integer>0) 

2V 


Hi(2)=(^)   (1-cos  z) 


12.1.16 

12.1.18    H.(2e'"'0  =  e'"^''+^^'"'H,(2)  (m  an  integer) 
12.1.19 


7rt=o    iiA^+l 


12.1.20  H,(e)=?-?J.(e)+ls^j 

12.1.21  H.(.)=M^.F.(i;|+.,|-^) 

Integrals  (See  chapter  11) 


12.1.22 
12.1.23 


Jo  ^«(^"^^^-^  [2  "P-S^^"^  12.32.52.6      ■  ■  J 


12 


1.24      r  t-^YL.^,{t)di=-—^^——-z-''B..{z) 
Jo  2\7rr(i'+4) 


-  f   r2Hi(0c?«=— Hi(2)+-  f'r' Ho(0(^< 


12.1.26 


^j;r^Ho(0^.=i-i[.-^ 


32.3 


12.1.27 


] 


'  12.32.52.5 

Jo  r(j/— 5m4-1; 


12.1.28 

/.+l=(2.+  l)/.(2)-2''+'H.(2) 


,2i'+2 


12.1.29 


'  (.+i)2^+T(^)r(.+f) 

Asymptotic  Expansions  for  Large  \z 


{^v>-\) 


1      771  —  1 

Jl.(z)-Y.(z)=-  2 


'  '=»  r(.+i-«  (I) 


2*-»+l    I    -"^'^ 


(|arg  2|<7r) 


where  Bm=0{\z\''~'^^~'^).  If  i/  is  real  and  positive 
and  m-\-\—v>Q,  the  remainder  after  m  terms  is 
of  the  same  sign  and  numerically  less  than  the 
first  term  neglected. 

12.1.30 

w^N     v(^     2ri      1,12-32     12  •  32 .  52  ,         -| 

Ho(2)-Fo(3)~-[_--^  +  -^S ^7-+  •   ■   J 

(|arg  2|<7r) 
12.1.31 
w^^     v(^     2r    ,1      12-3  .  12..32.5  "I 

(|arg  z\<ir) 
12.1.32 

V  [n,{t)-Yo{t)]dt--  [In  (22)+7] 

Jo  'T 

2    -   (-1)*+'(2A:)!(2^-1)!     „  .^  , 


where  7  =  .57721  56649 
12.1.33 


is  Euler's  constant. 


r  /-.  fw  rn     V  mu/     2  f.      (-l)1(2Ar)!]2 
J,    ^     [Ho(0-Fo(0]rf«~-  g  (;t!)2(2ifc+l)(23)2* 

(jarg  z\<jr) 
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Asymptotic  Expansions  for  Large  Orders 


12.1.S4 

W/  ^      T-  r->  2(|2)'       ^k\b, 

(!arg  2  <KH<|2|) 
i*=l,  6,=2r/2,  6,=6(r/2)»-i  6,=20(f/2)'-4(f/2> 
12.1.35 


12.2.  Modified  Struve  Function  L,(j) 
Power  Series  Expansion 

12.2.1     L,  z  =-i~^Ji   iz) 

Integral  Representations 


¥/ 


12.2.2     L,(£)=i  ■?'""'      r'siiili(2C08#)sm*'ai& 


12.2.3 


/_A^)-LJ;r)=^^^^^ sin    tiXl+t*)-* dt 

>xr(jr-r|.  J: 

(^,<|,x>0) 


Recurrence  Relations 


12.2.4  L._:-L,_:=—  L," 


-vr 


r  >-i) 


12.2.5         L,_:-L.-:=2L;- 


,xr-,»'- 


tJ 


InW 


FiGUBE  12.4.     Modified  Strutx  functions. 

L.Cc),  ;^'-'  =  0.1,5 


Asymptotic  Expansion  for  Lar;ge  |  s  | 

12.2.6      L.  r;-/_,(2) 


^ib7;ri  (  arg2|<^) 


12^7 


Integrals 

r  **<«*=;  [l+iHi^+i-./5-.6+  •  •  ■] 

12.2.8        I  ■  i/„i(;-L:  :  [if--  [In  (2z)+t] 

Jo  X 


'^"x  S   "(it!>*C23)**     ^  ^^  '  <^'^ 


12^.9 


Relation  to  Modified  SphericiJ  Bes«el  Function 

12^.10    L_(»+a)  U  =1  T._i,(2)      (n  an  integer >0) 

12.3.  .Ajiger  and  Weber  Functions 
Anger's  Function 

1  C' 


12^1 
123^ 


1   I 
F,(2)=-       cos  [ve—Bsmd)d0 

X  Jo 

t,(z)=J,  (z)  (»  an  integer) 

Veber's  Function 


"-('-'-^j.;^ 


siji   -^—zsm  e)de 


Relations  Between  Anger's  and  Leber's   Function 

12.3.4  ?::.    .-   J,  >)=cos  (rx)E,(2)-E_,(2) 

12.3.5  s-    :-   E,  :  =  J_,  £i-C05  (rx)  J,(2) 

Relations    Between    ^Teber's    Function     and     Strure's 
Function 


H, 


If  n  is  a  positive  integer  or  zero, 

12.3.6     ^.=-^       Fin-^h-k) 
12^.7 


t=4t 


T(k-l) 


*Seep«gelL 


12.3.8 
12.3.9 
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Eo(2)  =  -Ho(2) 
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Ex(2)=--Hi(2) 
IT 


12.3.10 


E,{z)=~-U,(z) 


Numerical  Methods 


12.4.  Use  and  Extension  of  the  Tables 

Example  1.  Compute  Lo(2)  to  6D.  From 
Table  12.1  /o(2)-Lo(2)  =  . 342 152;  from  Table  9.11 
we  have  /o(2)  =  2. 279585  so  that  Lo(2)  =  1.937433. 

Example  2.  Compute  Ho(lO)  to  6D.  From 
Table  12.2  for  x-'  =  .l,  Ho(10)-ro(10)  =  . 063072; 
from  Table  9.1  we  have  Fo(10)  =  . 055671.  Thus, 
Ho(10)  =  . 118743. 

Example  3.  Compute  I  'H.o(t)dt  for  x=6  to 
5D.     Using  Tables  12.2,  11.1  and  4.2,  we  have 

rUo(t)dt=  rVo(fMi+-ln  6+/i(6) 

Jo  Jo  TT 

=  -.125951  +  (.636620)(1.791759) 
+  .816764 

=  1.83148 

Example  4.  Compute  H„(x)  for  x=4,  —n  = 
0(1)8  to  6S.  From  Table  12.1  we  have  Ho(4)  = 
.1350146,  Hi(4)  =  1.0697267.     Usmg  12.1.9  we  find 


H_i(4)  = -.433107 
H_2(4)=  .240694 
H_3(4)=  .152624 
H_4(4)  = -.439789 


H_5(4)=       .689652 
H_6(4)  =  - 1.21906 
H_7(4)=     2.82066 
H_8(4)  = -8.24933 


Example  5.  Compute  H„(x)  for  a;  =  4,  n  = 
0(1)10  to  7S.  Starting  with  the  values  of  Ho (4) 
and  Hi(4)  and  using  12.1.9  with  forward  recur- 
rence, we  get 


Ho(4)=  .13501  46 
H,(4)  =  1.06972  67 
H2(4)  =  1.24867  51 
H3(4)=  .85800  95 
H4(4)=  .42637  41 
H5(4)=   .16719  87 


He (4)  =.05433  54 
H7(4)  =.01510  37 
H8(4)  =.00367  33 
Hg(4)  =.00080  02 
Hio(4)  =  .00015  35 


We  note  that  for  n^6  there  is  a  rapid  loss  of 
significant  figures.  On  the  other  hand  using  12.1.3 
for  x=4:  we  find  H9(4)  =  .0007935729,  H,o(4)  = 
.00015447630  and  backward  recurrence  with  12.1.9 
gives 


H8(4)  =  .00367  1495 
H7(4)  =  .01510  315 
H6(4)  =  .05433  519 
H5(4)  =  .16719  87 
H4 (4)  =  .42637  43 


H3(4)=   .85800  94 
H2(4)  =  1.24867  6 
Hi(4)  =  1.06972  7 
Ho(4)=    .13501  4 


Example  6.  Compute  L„(.5)  for  n  =  0(l)5  to 
8S.  From  12.2.1  we  find  L5(.5)=  9.6307462  XIO-^ 
L4(.5)  =2.1212342 XlO-l  Then,  with  12.2.4  we 
get 


L3(.5)  =  3.82465  03X10"* 
L2(.5)  =  5.36867  34X10"^ 


Li(.5)  =  .05394  2181 
Lo(.5)  =  .32724  068 


Example  7.  Compute  L„(.5)  for  — n  =  0(l)5 
to  6S.  From  Tables  12.1  and  9.8  we  find  Lo(.5)  = 
.327240,  L, (.5)  =  .053942.  Then  employing  12.2.4 
with  backward  recurrence  we  get 


L_:(.5)  = 

.690562 

L_4(.5)  =  -75.1418 

L_2(.5)  =  - 

-1.16177 

L_5(.5)  =  1056.92 

L_3(.5)  = 

7.43824 

Example  8.  Compute  L„(a-)  for  a* =6  and 
-n  =  0(l)6  to  8S.  From  Tables  12.2  and  9.8 
we  find  Lo(6)  =  67.124454,  Li  (6)  =60.725011. 
Using  12.2.4  we  get 


L_i(6)=61.361631 
L_2(6)  =46.776680 
L_3(6)  =30.159494 


L_4(6)  =  16.626028 
L_5(6)=  7.984089 
L_6(6)=   3.32780 


We  note  that  there  is  no  essential  loss  of  accuracy 
until  7i=— 6.  However,  if  further  values  were 
necessary  the  recurrence  procedure  becomes  un- 
stable. To  avoid  the  instability  use  the  methods 
described  in  Examples  5  and  6. 
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STRUVE  FUNCTIONS 


r 

0.0 
0.1 
0.2 
0.3 
0.4 

0.5 
0.6 
0.7 
0.8 
0.9 

1.0 
1.1 
1.2 
1.3 
1.4 

1.5 
1.6 
1.7 
1.8 
1.9 

2.0 
2.1 
2.2 
2.3 

2.4 

2.5 
2.6 
2.7 
2.8 
2.9 

3.0 
3.1 
3.2 

3.3 

3.4 

3.5 
3.6 
3.7 
3.8 
3.9 

4.0 
4.1 
4.2 
4.3 
4.4 

4.5 
4.6 
4.7 
4.8 
4.9 

5.0 


HoW 

0.00000  00 
0.06359  13 
0.12675  90 
0.18908  29 
0.25014  97 

0.30955  59 
0.36691  14 
0.42184  24 
0.47399  44 
0.52303  50 

0.56865  66 
0.61057  87 
0.64855  00 
0.68235  03 
0.71179  25 

0.73672  35 
0.75702  55 
0.77261  68 
0.78345  23 
0.78952  36 

0.79085  88 
0.78752  22 
0.77961  35 
0.76726  65 
0.75064  85 

0.72995  77 
0.70542  23 
0.67729  77 
0.64586  46 
0.61142  64 

0.57430  61 
0.53484  44 
0.49339  57 
0.45032  57 
0.40600  80 

0.36082  08 
0.31514  40 
0.26935  59 
0.22382  98 
0.17893  12 

0.13501  46 

0.09242  08 

0.05147  40 

hO.  01247  93 

-0.02427  98 

-0.05854  33 
-0.09007  71 
-0.11867  42 
-0.14415  67 
-0.16637  66 


Hi(2')  j^HoityJt       /oW-LoW       Ix(x)-Li(x) 


■(-4)6] 


0. 00000  00 
0.00212  07 
0.00846  57 
0. 01898  43 
0.03359  25 

0.05217  37 
0.07457  97 
0.10063  17 
0. 13012  25 
0.16281  75 

0.19845  73 
0.23675  97 
0.27742  18 
0. 32012  31 
0.36452  80 

0.41028  85 
0.45704  72 
0.50444  07 
0.55210  21 
0.59966  45 

0.64676  37 

0.69304  18 

0.73814  96 

0.78174  98 

0.82351  98 

0.86315  42 

0,90036  74 

0.93489  57 

0.96649  98 

0.99496  63 

1.02010  96 

1.04177  30 

1.05983  03 

1.07418  63 

1,08477  74 

1.09157  23 

1.09457  16 

1. 09380  77 

1.08934  44 

1.08127  62 

1.06972  67 

1.05484  79 

1.03681  86 

1.01584  22 

0.99214  51 

0.96597  44 

0.93759  56 

0.90729  01 

0.87535  28 

0.84208  90 


-0.18521  68   0.80781  19 


['-f] 


0.000000 
0.003181 
0.012704 
0.028505 
0.050479 


0.078480 
0.112322 
0. 151781 
0. 196597 
0.246476 

0.301090 
0.360084 
0.423074 
0.489655 
0.559399 

0.631863 
0.706590 
0.783111 
0.860954 
0.939643 

1.018701 
1.  097659 
1.176053 
1.253434 
1. 329364 


403427 
475227 
544392 
610577 
673465 


1.732773 
1.788248 
1.839675 
1.886873 
1.929699 

1.968046 
2. 001847 
2,031071 
2.055726 
2.075858 

2.091545 
2,102905 
2.110084 
2.113265 
2.112655 

2.108492 
2.101037 
2,090574 
2, 077406 
2.061852 

2,044244 

•(-4)8-1 


1,000000 
0,938769 
0,882134 
0.829724 
0.781198 

0.736243 
0.694573 
0.655927 
0.620063 
0.586763 

0.555823 
0.527058 
0.500300 
0.475391 
0.452188 

0.430561 
0.410388 
0.391558 
0.373970 
0.357530 

0.342152 
0.327756 
0.314270 
0.301627 
0.289765 

0.278627 
0.268162 
0.258319 
0.249056 
0.240332 

0.232107 
0.224348 
0.217022 
0.210099 
0.203553 

0.197357 
0.191488 
0.185924 
0.180646 
0. 175634 

0.170872 
0.166343 
0.162032 
0.157926 
0.154012 

0.150279 
0.146714 
0.143309 
0.140053 
0.136938 

0.133955 
7-4)61 


0.000000 
0.047939 
0.091990 
0.132480 
0.169710 

0.203952 
0,235457 
0,264454 
0,291151 
0,315740 

0.338395 
0.359276 
0,378530 
0,396290 
0.412679 

0,427810 
0,441783 
0.454694 
0.466629 
0.477666 

0.487877 
0.497329 
0.506083 
0.514194 
0.521712 

0.528685 
0.535156 
0.541164 
0.546746 
0.551933 

0.556757 
0.561246 
0.565426 
0.569319 
0.572948 

0.576333 
0.579492 
0.582442 
0.585199 
0.587776 

0.590187 
0.592445 
0.594560 
0. 596542 
0.598402 

0.600147 
0.601787 
0.603328 
0.604777 
0.606142 


0.607426 
(-4)5-1 


['-f  ]   ['~r]   [  5 

Jo'[^o(0-Lo(0]^'=/oW 


0.00000 
0.09690 
0.18791 
0.27347 
0.35398 

0.42982 
0.50134 
0.56884 
0.63262 
0.69294 

0.75005 
0.80418 
0.85553 
0.90430 
0.95066 

0.99479 
1.03682 
1.  07691 
1.11518 
1.15174 

1. 18672 
1.22020 
1.25230 
1.28309 
1.31265 

1.34106 
1.36840 
1,39472 
1,42008 
1.44455 

1.46816 
1.49098 
1,51305 
1.53440 
1.55508 

1.57512 

1.59456 
1.61343 
1.63176 
1.64957 

1.66689 
1.68375 
1.70017 
1,71616 
1,73176 


Table  12.1 

2r"Ho(<) 


TtJx 


I 


(It 


76182 


1.77632 


79049 
80434 


1.81788 


■(- 


T] 


1.000000 
0,959487 
0,919063 
0.878819 
0.  838843 

0.799223 
0.760044 
0.721389 
0.683341 
0. 645976 

0. 609371 
0.573596 
0.538719 
0.504803 
0.471907 

0.440086 
0. 409388 
0.379857 
0.351533 
0.324450 

0.298634 
0,274109 
0,250891 
0,228992 
0.208417 

0.189168 
0.171238 
0.154618 
0.139293 
0.125242 

0.112439 
0.100857 
0.090460 
0.081212 
0.073071 

0. 065992 
0.059928 
0.054829 
0.050642 
0.047311 

0.044781 
0.  042994 
0.041891 
0.041414 
0.041502 

0.042096 
0.043139 
0.044571 
0.046335 
0,048376 

0.050640 

r(-4)2] 


4    J 


Ho{t),  Hifa-).  Lo(2),  h\{x),  compiled  from  Mathematical  Tables  Project,  Table  of  the  Struve  functions 
L,(3;)  and  H,(x),  J.  Math.  Phys.  25,  252-259,  1946  (with  permission). 

f^HoO^^^  rUoO)—h)(Oy'  ^  f"     ,    '/'-  compiled  from  M.  Abramowitz,  Tables  of  integrals  of  Struve 

JO  JO  Tf  J X  t 

functions,  J.  Math.  Phys.  29,  49-51,  1950  (with  permission). 
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Table  12.2 

STRUV 

E  FUNCTIOI 

VS  FOR  LAR 

GE  ARGUMEl 

VTS 

J-' 

Ho(x)-yo(x) 

H,(x)-y,(x) 

/.(x) 

Ux)-U{x) 

/i(x)-L,(x) 

f2ix) 

Ux) 

<x> 

0.20 

0.123301 

0.  659949 

0.819924 

0.133955 

0. 607426 

0.793280 

0.125868 

5 

0.19 

0.117449 

0.657819 

0.818935 

0.126683 

0. 610467 

0.794902 

0.119694 

5 

0.18 

0.111556 

0.655774 

0.817981 

0.119468 

0.613348 

0.796448 

0.113505 

6 

0.17 

0.105625 

0.653818 

0.817062 

0.112319 

0.616060 

0.797910 

0.107299 

6 

0.16 

0.099655 

0.651952 

0.816182 

0.105242 

0.618598 

0.799279 

0.101079 

6 

0.15 

0.093647 

0.650180 

0.815341 

0.098241 

0.620955 

0.800551 

0.094843 

7 

0.14 

0.087602 

0.648504 

0.814541 

0.091318 

0.623129 

0.801721 

0.088593 

7 

0.13 

0.081521 

0.  646927 

0.813785 

0.084474 

0.625119 

0.802787 

0.082328 

8 

0.12 

0.075404 

0.645452 

0.813074 

0.077706 

0.626927 

0.803750 

0.076051 

8 

0.11 

0.069254 

0.644081 

0.812411 

0.071010 

0.628558 

0.804611 

0.  069761 

9 

0.10 

0.063072 

0.642817 

0.811796 

0. 064379 

0.630018 

0.805374 

0.063460 

10 

0.09 

0.056860 

0.641663 

0.811232 

0.057805 

0.631315 

0.806047 

0.057147 

11 

0.08 

0.050620 

0.640622 

0.810722 

0.051279 

0,632457 

0.806634 

0.050824 

13 

0.07 

0.044354 

0.639696 

0.810266 

0.044793 

0.633450 

0.807140 

0. 044492 

14 

0.06 

0.038064 

0.638888 

0. 809866 

0.038340 

0.634302 

0.807572 

0.038152 

17 

0.05 

0.031753 

0. 638200 

0.809525 

0.031912 

0.635016 

0.807933 

0.031805 

20 

0.04 

0.025425 

0.637634 

0.809244 

0.025506 

0.635596 

0.808225 

0.025451 

25 

0.03 

0.019082 

0.637191 

0.809023 

0.019116 

0.636045 

0.808450 

0.019093 

33 

0.02 

0.012727 

0. 636874 

0.808865 

0.012738 

0.636365 

0.808611 

0.012731 

50 

0.01 

0.006366 

0.636683 

0.808770 

0.006367 

0.636556 

0.808706 

0.006366 

100 

0.00 

0.000000 

0.  636620 

0.808738 

0.000000 

0.636620 

0.808738 

0.000000 

« 

"(-6)51 
3 

[(-5)2-1 
3 

[(-6)81 
3 

r(-5)n 

3 

[(-5)21 
3 

[(-5)11 
3 

[(-6)21 
3 

r[Ho(0  -  Yoimt  =-  In  x+/i(x) 
Jo  "■ 

r[U{t)-Io(t)]dt=l]nx+Mx) 
Jo  ■» 

j;[H=a^]*./,(x) 

<x>  =  nearest  integer  to  x. 

Starting  with  Ho(x)  and  H.(x),  recurrence  formula  12.1.9  may  be  used  to  generate  H„(x)  for  n<0.  As  long  as  "<5/2 
(approx.),  H„(x)  may  be  generated  by  forward  recurrence.  When  n>x/2,  forward  recurrence  is  unstable  io  avoid  tne 
instabiUty,  choose  n>  >x,  compute  H,(x)  and  H,+,(x)  mth  12.1.3,  and  then  use  backward  recurrence  ^^^^  12.1.9. 

If  n>0,  L„ix)  must  be  generated  by  backward  recurrence.  If  n<0,  L„(x)  may  be  generated  by  backward  recurrence 
as  long  as  L„(a;)  increases.     If  n<0  and  L„(x)  is  decreasing,  forward  recurrence  should  be  used. 

See  Examples  4-8. 
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Mathematical  Properties 


13.1.  Definitions  of  Kummer  and  Whittaker 
Functions 


13.1.1 


Kummer's  Equation 

2  -T^-^(b-z)  -;j^-aw=0 


dz' 


dz 


It  has  a  regular  singularity  at  2=0  and  an  irregular 
singularity  at  » . 

Independent  solutions  are 


Kummer's  Function 

13.1.2 

M(a,6,2)=i+y+^^+  .  . .  +(jy;;^|+  •  • 
where 

(a)„=a(a+l)(a+2)  .  .  .  (a+n-l),  (a)o=l, 
and 
13.1.3 


U(a,b,z): 


{■ 


M(a,  b,  z) 


sinrb  ^  r(l+a-6)r(6) 

_  ,_,M{l-\-a-b,2-b,z), 
^  T{a)T{2-b)        ^ 

Parameters 
(m,  n  positive  integers)  M{a,  b,  z) 

a  convergent  series  for 
all  values  of  a,  b  and  z 

a  polynomial  of  degree  m 
in  z 


by^—n     &9^  —  m 
bT^—n    a=—m 


b=—n    a^—m 
b=—n    a=—m, 
my>n 


a  simple  pole  at  b=—n 


undefined 


b=—n    a=—m, 

m<n 
U(a,  b,  z)  is  defined  even  when  b^>±n 

As  l^l^'oo. 


13.1.4 


r(6) 


M{a,  b,  2)==^  e'z''-'>[l-hO(\z\-')]        (^2>0) 


and 
13.1.5 


T{a) 


Tib) 


^^^'^'^^=r(6^  (-2)-1i+^(N|-')]     (^2<0) 

504 


U(a,  b,  z)  is  a  many-valued  function.    Its  princi- 
pal branch  is  given  by  —  T<arg  2  <  tt. 


13.1.6 


Logarithmic  Solution 


C7(a,n+1,  2)=-L^^^  [M(a,n+1,  2)  In  2 
,  (n-1)! 


Via) 


z  '^M(a—n,l—n,z)n 


for  n  =  0,  1,  2,  .  .  .,  where  the  last  function  is  the 
sum  to  n  teiTiis.  It  is  to  be  interpreted  as  zero 
when  n=0,  and  ^(a)  =  r'(a)/r(a). 

13.1.7  U(a,  1-n,  z)  =  z''U(a-\-n,  1+n,  z) 
As  ^2^00 

13.1.8  U{a,  b,  2)  =  2-''[l  +  0(|2|-*)] 

Analytic  Continuation 

M{b—a,b,  2) 


13.1.9 

U{a,b,ze'^''') 


IT 


{■■ 


sin7r6        ^V{\-\-a-b)V{b) 

e^""-"^2^-^M(l-g,2-6,2). 
r(a)r(2-6)  ^ 

where  either  upper  or  lower  signs  are  to  be  taken 
throughout. 

13.1.10 

U{a,  b,  2e^'*«)  =  [l-€-^-'"']  r[/|~^\)  M{a,  b,  z) 

-\-e-^'""'U(a,b,z) 

Alternative  Notations 

iFi{a;  b;  z)  or  $(a;  b;  z)  for  M(a,  6,  2) 

z'^iFaia,  \-\-a—b;  ;— 1/2)  or^(a;  b;  2)  for  U{a,  b,  2) 

Complete  Solution 

13.1.11  y=AM{a,b,  z)-\-BU(a,b,  z) 
where  A  and  B  are  arbitrary  constants,  bj^  —  n. 

Eight  Solutions 

13.1.12  yx=M{a,  b,  2) 

13.1.13  y2=2>"*M(l+a-6,  2-6,  2) 

13.1.14  y3=e'M{b-a,  6,  -2) 
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13.1.15  yi=z^-h'M{\-a,2-h,  -z) 

13.1.16  y,=  U(a,b,z) 

13.1.17  y,=  z'-''U{l-{-a-b,  2-6,  z) 

13.1.18  yj=e'U{b-a,  b,  -z) 

13.1.19  ys=z'-'€'U{l-a,  2-b,  -z) 

Wronskians 

If  W{m,  n]=-ymy'n—yny'm  and 

t=sgn  {Jz)  =  \  if  J^2>0, 
=  -1  if  ^2<0 
13.1.20 

W[l,  2]  =  W{Z,  4.]  =  W{\,  4.]  =  -W{2,  3} 

=  {\-b)z-''e' 
13.1.21 

TTfl,  3}  =  T^{2,  4.]  =  W[5,  Q]  =  W[7,  8}=0 

13.1.22  W{\,b]  =  -T{b)z-''e'lV{a) 

13.1.23  W^{1,  7}  =  r(6)e''*''2-*eVr(6-a) 

13.1.24  W[2,  5}  =  -r(2-6)2-*6Vr(l+a-6) 

13.1.25  ^-12,  7}  =  -r(2-6)2-*eVr(l-a) 

13.1.26  W{b,l]=e'-'^''-'''z-''e' 

Kummer  Transformations 

13.1.27  M{a,  b,  z)=e'M{b-a,  b,  -z) 
13.1.28 

z^-^'Mil^a-b,  2-b,  z)  =  z'-'>e'M(l~a,  2-b,  -z) 
13.1.29    U{a,  b,  z)  =  z'-'U{\+a-b,  2-b,  z) 
13.1.30 

e'U(b-a,  b,  -z)=e"'''-'"e'z'-''U(l-a,  2-b,  -z) 

Whittaker's  Equation 

13.1.31  f?f+l_l+^+(i3»^l„=0 

dz^  4     3         z^ 

Solutions: 

Whittaker's  Functions 

13.1.32  M«.,(2)  =  e-i^2i+''M(K/x-'c,  1+2m,  2) 
13.1.33 

W,Az)  =  e-^'z^^>^U{\+n-K,\-^2n,  z) 

(— 7r<arg  z<ir,  K=\b—a,  n=\h  —  \) 

'See  page  n. 


13.1.34 

W.,,{z)=  S^-'^^^ .  M..,{z)  +  ^.n^^^    .  M,  -,(2) 


13.1.35 


General  Confluent  Equation 


yi 


Solutions: 

13.1.36  Z-^e-^(^)M(a,  6,  A(Z)) 

13.1.37  Z-^e-^<^^C7(a,  b,  h{Z)) 
13.2.  Integral  Representations 


13.2.1 

r(6-a)r(a) 


r(6) 


M(a,  b,  z) 


=  rV'^^-^i 


-ty-'-'dt 


13.2.2 


=21-"^^^  r   '  e-i«(l  +  0'~''~'(l-0''"'^« 


13.2.3 


i?-' 


=2'-''ei-'      g-i^^^^sin^-'^cot^-^"  (i^)c?a 


13.2.4 


13.2.5 


(^=5-1) 
^a>0,  ^2>0 


-"-•rfi 


13.2.6 


r(a)U(a,b,  z)=  r e-^'f-'il-^ty-'-' 


13.2.7 

JO 


506 

13.2.8    T{a)U(a,b,z) 
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13.3.7 


=  e^^P  e-"(t-A)''-\t-\-By-''-'dt 

(A=l-B) 

Similar  integrals  for  M^_^(z)  and  Wt,^{z)   can 
be  deduced  with  the  help  of  13.1.32  and  13.1.33. 


13.2.9 


Barnes-type  Contour  Integrals 


ro 


T{b) 


a)  ,,,    ,    ,     1    r^'' 


T(-s)T(a-\-s) 
r(6+s) 


(-zYds 


for  |arg  (-z)\<iT,  a,  b^O,  -1,  -2,  ....  The 
contour  must  separate  the  poles  of  T(—s)  from 
those  of  r(a+s);  c  is  finite. 

13.2.10 

Tia)T(l-\-a-b)z''U{a,  b,  z) 

=x^  V  '    r(-s)r(a+s)r(l+a-6+s)2-'c?s 

Q 

for  |arg  sKy'  ct^^O,  -1,  -2,    .    .    .,  6-a?^l,  2, 

3,  .  .  .  .  The  contour  must  separate  the  poles  of 
r(— s)  from  those  of  r(a+s)  and  r(l  +a— 6+s). 

13.3.  Connections  With  Bessel  Functions 

(see  chapters  9  and  10) 

Bessel  Functions  as  Limiting  Cases 

If  b  and  z  are  fixed, 

13.3.1  lim{M(a,  6,  zla)lT{b)  ]=z^-^U,.,{2^) 

a->cD 

13.3.2  lim{M(a,  6,-2/a)/r(6)}=2i-iV6_,(2V2) 
13.3.3 

lim  {r(l+a-6)  ?7(a,  b,  2/a)}=22i-i»ii:,_i(2Vi) 

0->oo 

13.3.4 

lim{r(l+a-6)t/(a,  6,  -s/a)} 

a->oo 

=  -7rie-*2i-i*H^'2,(2Vi)       {JzyO) 
13.3.5  =7rie-"*2i-i*iy^2)^(2^         (y2<0) 

Expansions  in  Series 

13.3.6 

M{a,b,  z)  =  e^'T  {b-a-\){\zY-^+^ 

^  ^  (26-2a-l)„(6-2a)„(6-a-  I  +  n  ) 

^^^^    h-a-^.^n{¥)  (6^0-1,-2,   .   .    .) 


•  f:  A(^2)*''(6-2a)-iV»-:+„(V(226-42a)) 

71=0 

where 
A^=\,A,=0,A2=\b, 

(7i+l)^„+i=(n+6-l)^„_,  +  (2a-6M„_2, 

(a  real) 
13.3.8 
M{a,  b,  z) 


Tib) 


=  e'^  Z:  a3''(-a2)i''-*-«>J,_,+„(2V(-a2)) 


n=0 


where 

Co=l,  C,  =  -bh,  C^=-\{2h-l)a+\b{b  +  lW, 
(n+l)C„+i  =  [(l-2A)7i-6A]C„ 
+  [(l-2;i)a-A(A-l)(6+7i-l)]C„_, 

-A(A-l)ae„_2         (^real) 

13.3.9  M(a,  6,  z)  =  ^CM  b)h{z) 

71  =  0 

where 

Co=l,  Ci(a,  b)=2a/b, 

Cn+,(a,  b)=2aC„(a+l,  b  +  l)/b-Cn-i(a,  b) 

13.4.  Recurrence  Relations  and  Dififerential 
Properties 

13.4.1 

(b-a)M{a-l,  b,  z)  +  {2a-b  +  z)M{a,  b,  z) 

—aM{a-\-\,  b,  z)=0 
13.4.2 
b(b-l)M(a,  6-1,  z)-{-b(l-b-z)M(a,  b,  z) 

+  z{b-a)M{a,  6  +  1,  z)  =  Q 

13.4.3 

(l+a-6)M(a,  6,  z)—aM{a  +  \,  b,  z) 

+  (6-l)A/(a,  6-1,  z)=Q 

13.4.4 

6M(a,  6,  2)-6M(a-l,  6,  2)-23/(a,  6  +  1,  2)= 0 

13.4.5 

6(o+2)il/(a,  6,  2)  +  2(a-6).^/(a,  6  +  1,  2) 

-abM{a+\,  b,  z)=0 


'See  page  11. 
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13.4.6 

(a-l  +  2)M(a,  h,  z)-\-{h-a)M{a-\,  b,  z) 

-\-(l-b)M{a,  6-1,  z)=0 

13.4.7 

6(l-6+2)M(a,  b,  z)-hb(b-l)M(a-l,  6-1,  z) 

-azMia+1,  6  +  1,  z)=0 


13.4.8      M'(a,  6,  z)=^M(a+l,  6  +  1,  2) 


13.4.9    ^  {M(a,  6,  2)}  ==|||^  M(a+n,  6+n,  2) 


13.4.10     aM(a+l,  6,  2)=aM(o,  6,  2)  +  2M'(a,  6,  2) 

13.4.11 

(6— a)M(a— 1,  6,  z)  =  {b—a—z)M{a,  6,  2) 

+  2M'(a,  6,  2) 

13.4.12 

(6-a)M(a,  6  +  1,  2)  =  6M(a,  6,  2)-6M'(a,  6,  2) 

13.4.13 

(6-l)iV/(a,  6-1,  2)  =  (6-l)M(a,  6,  2) 

+  zM'(a,  6,  2) 

13.4.14 

(6-l)M(a-l,  6-1,  2)  =  (6-l-2)M(a,  6,  2) 

+  2M'(a,  6,  2) 

13.4.15 

C/(a-l,  6,  z)  +  {b-2a-z)U(a,  6,  2) 

+a(l+a-6)C/(a+l,  6,  2)=0 

13.4.16 

(6-a-l)t/(a,  6-1,  2)  +  (l-6-2)C/(a,  6,  2) 

+  2C/(a,  6+1,  2)=0 

13.4.17 

U(a,  6,  2)-aC/(a+l,  6,  z)  —  U{a,  6-1,  2)=0 

13.4.18 

(6-a)C/(a,  6,  z)^U{a-l,  6,  2) 

—  zU(a,  6  +  1,  2)  =  0 


13.4.19 

(a  +  2)C7(a,  6,  z)-zU(a,  6+1,  2) 

+a(6-a-l)C/(a+l,  6,  z)=0 

13.4.20 

(a+2-l)^(a,  6,  2)-t/(a-l,  6,  2) 

+  (l+a-6)t/(a,  6-1,  2)  =  0 

13.4.21       U'{a,  6,  2)  =  -aZ7(a+l,  6+1,  2) 


13.4.22 


C?2 


-  {U(a,  6,  2)}=(-l)"(a)„C7(a+w,  6+n,  2) 


13.4.23 

a{l-\-a-b)U{a+l,  6,  z)=aU(a,  6,  2) 

+  2C/'(a,  6,  2) 
13.4.24 

(l+a-6)C/(a,  6-1,  2)  =  (l-6)  t/(a,  6,  2) 

-zU\a,  6,  2) 

13.4.25     C7(a,  6  +  1,  z)  =  U{a,  6,  2)-C7'(a,  6,  2) 

13.4.26 

C/Ca-l,  6,  2)  =  (a-6  +  2)f7(a,  6,  z)-zU'(a,  6,  2) 

13.4.27 

Uia-1,  6-1,  2)  =  (l-6+2)C7(a,  6,  2) 

—  zU'{a,  6,  2) 

13.4.28     2MM._j,;._i(2)-2iM,,;.(2)  =  2MM,+j,;._j(2) 

13.4.29 

(1+2m+2k)M«+,.,(2)-(1+2m-2k)M«_i,,(2) 

=2(2k— 2)M«.;,(2) 
13.4.30 

W^«  +  J,.(2)-2W«.,+j(2)  +  (k  +  m)T^«-J,.(2)=0 

13.4.31 

(2k-2)T^,.,(2)+T^«+1.,(2) 

=  (M-K  +  i)(M  +  K-|)W^«-l.M(2) 

13.4.32 

2M:.,(2)  =  (i2-K)M«,,(2)+(HM  +  'c)A/«  +  ,..(2) 

13.4.33     zW:,,{z)  =  {h2-'^W,..(2)-W,+,,,(z) 
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13.5.  Asymptotic  Expansions  and  Limiting 
Forms 


13.5.1 

M(a,  b,z)^ 
Tib) 


For  \z\  large,  (a,  b  fixed) 
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13.5.10     U(a,b,z)=^^^^^=^^+0{\z\^-^'>) 

(0<^6<1) 

=r^iq:^+^(kln2|)      (6=o) 
_  r(i-6) 


the  upper  sign  being  taken  if— ^7r<^arg  2<Cf7r,  the 
lower  sign  if  — f7r<arg  z<—^ir. 

13.5.2 

U(a,b,z)=z-{'^^^i^^^±^"(-z)-^ 

n=0  nl 

+  O(|0|-«)}(-f7r<arg2<f7r) 
Converging  Factors  for  the  Remainders 

13.5.3 

and 
13.5.4 


*S! 


[f-6+2a+3-S'+0(|2|-^)] 


where  the  i?'th  and  iS"th  terms  are  the  smallest  in 
the  expansions  13.5.1  and  13.5.2. 

For  small  z  (a,  b  fixed) 

13.5.5  As\z\-^0,  M(a,b,  0)^1,  b^^-n 

13.5.6  C7(a,6,2)=^^fc^2'-»+0(|3|^^-^) 

(^6>2,65^2) 

(6=2) 


13.5.7 


=%r^^-^+^(i^^i) 


13.5.8 


13.5.9 


r(a)    ^     ^   ^^ 


Via) 


{\<m<2) 

[In2+^(a)]+0(|2ln2|) 
(6=1) 


13.5.11 
13.5.12 


r(l+a-6) 


■0{\z\) 


(^6<0,67^0) 


For  large  a  {by  z  fixed) 

13.5.13 

M{a,b,z)  = 

V  (6)ei^(|62-a2)i-i*J6_j  U{2bz-Aaz)) 

[l+OiWb-al')] 


where 


2  = 


and  o-=min  (1  — p,  ^— fp),  0<p<f. 


13.5.14 

M(a,6,a:)  =  r(6)e»^(^6x-ax)i-»V-4 

cos  (V(26x— 4ax)  — IJtt+Jt) 
[l+0(|^6-a|-i)] 
as  a^— 00  for  b  bounded,  x  real. 

13.5.15 

U{a,  b,  z)  = 
r(|6-a+f)e**2»-i*[cos  {a'^■)J^,_,(^/(2bz-4:az)) 
-sin  (a7r)r6_i(V(262-4a2))]  [l  +  6>(||6-a|-')] 

where  <t  is  defined  in  13.5.13. 

13.5.16 

U{a,  b,  x)  =  r(i6-a+i)7r-M^xi-i* 

cos  {^J{2bx—A:ax)  —  \b^r-\-a^^-\-\^^) 
[l^O{\\b-a\-m 

as  a->— 00  for  b  bounded,  x  real. 

For  large  real  a,  b,  x 

If  c6sh2  0=x/(2b—^a)  so  that  z>26-a>l, 

13.5.17 

M(a,  b,  x)  =  T(b)  sin  {air) 

exp  [(6-2a)(i  sinh  25-5+cosh2  ^)] 
[(6-2a)  cosh  0]^-l7r(|6-a)  sinh  20]"* 

[l  +  O(|i6-a|-0] 
13.5.18 
C7(a,  b,  x)=exp  [{b-2a)i^  sinh  20-e+cosh2  ^)] 

[(6-2a)  cosh  ^J^-Ki^-a)  sinh  29]-^ 
[l-^OQhb-an] 
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If  2:=(26-4a)[l  +  f/(6-2a)^],  so  that 

x~26— 4a 
13.5.19 

Mia,  h,  x)  =  6*^(6-2a)'-''r(6)[Ai(0  cos  (air) 

+Bi(0  sin  (a7r)+0(|i6-o|-')] 
13.5.20 

(l_^r(|)(6x-2a.i:)-^3^7r-»  +  0(!i6-a|-')} 
If  cos2e=z/(26-4a)  so  that  26-4a>x>0, 

13.6.   Special  Cases 


13.5.21 

M(a,  6,  2)  =  r(6)exp  {(6— 2a)  cos^  5} 

[(6-2a)  cos  eY-^iri^h-a)  sin  29]-» 
[sin  (air)  +  sin  { (^6  — a)(2^— sin  2^)+iir} 

+  0(||6-a|-)] 


13.5.22 

?7(a,  6,  x)  =  exp  [(6-2a)  cos2^][(6— 2a)  cos  5]'"* 

[{hh-a)  sin  29]-i{sin  l(^6-a) 
(20-sin  2^)  +  iir]  +  O(|i6-a|-0} 


13.6.1 
13.6.2 
13.6.3 
13.6.4 
13.6.3 
13.6.6 
13.6.7 
13.6.8 

13.6.9 

13.6.10 

13.6.11 
13.6.12 
13.6.13 

13.6.14 

13.6.15 

13.6.16 

13.6.17 

13.6.18 

13.6.19 

13.6.20 


n  +  1 
—  n 
n  +  1 

n  +  i 

L+l-tTJ 


JV 


im  +  J 


A/(a,  fe,  2) 


21-+ 1 
-2i'+l 
2i.+  l 
2n  +  2 
-2n 
2n  +  2 
2n+l 
2L  +  2 

a  +  1 

a+1 

l  +  >-n 

a 

2 

2 

h 

1  +  n 


2i2 

2t2 

22 

2t2 

2t2 

22 

—  2\^ 
2iz 


—  X 


—  2i2 

22 

\^ 


Relation 


r(l  +  v)e"a2)-'7,(2) 

r(l  -i')e''(i2)'[cos  {vT)J,{t)  -sin  (kt)  r,(2)] 

r(l  +  0e'(i2)-'7,(2) 

ra  +  n)e''(i2)-''-U,+i(2) 

r(i-n)c"(i2)"+U-,-i(2) 

ra  +  n)c'(^2)-»-i/,+j(2)  * 

r(l  +  n)e-»"(^izx)-"(ber,  i+t  bei,  z) 

n! 


(a) 


(a+l)« 

ax~'y{a,  x) 

(nOV" 
(1  +  v-n), 

—  sm  2 


—  sinh  2 

2 


(X) 


P-C*',  x) 


2"*exp(i2»)£;io^(2) 


22 


n! 


(2n)! 
n! 


,  (-i)-He*.(x) 


(2n  +  l)! 


(-i)-"-//e2,+,(x) 


2x 


erf  X 


Function 


ram+i) 


c'TCm,  n,  r) 


Bessel 
Bessel 

Modified  Bessel 
Spherical  Bessel 
Spherical  Bessel 
Spherical  Bessel 
Kelvin 
Coulomb  Wave 

Laguerre 

Incomplete  Gamma 

Poisson-Charlier 

Exponential 

Trigonometric 

Hyperbolic 

Weber 

or 
Parabolic  Cylinder 

Hermite 

Hermite 

Error  Integral 

Toronto 


•See  pape  ii. 
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13.6.   Special  Cases — Continued 


a 

r(a,  6,  z) 
6 

z 

Relation 

Function 

13.6.21 

^-i 

2i'+l 

22 

»-ie«(2r)-'«:,(2) 

Modified  Bessel 

13.6.22 

v-i 

2r^l 

-2« 

ixlc"('+i-«)(22)-'//i"(2) 

Hankel 

13.6.23 

.-+1 

2.'  +  l 

2i2 

ixie-"('+i-')  (22)-'Hi*'  («) 

Hankel 

13.6.24 

n  +  l 

2n^2 

22 

T-Je'(22)-«-JK.+j(2) 

Spherical  Bessel 

13.6.25 

1 

1 

|2''* 

xi2-i  exp  (|2»'2)2-»/'35/«  Ai  (?) 

Airy 

13.6.26 

n-fi 

2n+l 

v'ix 

i''T-ie^"(2\'ir)""[ker,  x  +  i  kei»  z] 

Kelvin 

13.6.27 

—  n 

a+1 

X 

(-l)»n!Li°^(x) 

Laguerre 

13.6.28 

l-o 

1— o 

X 

e'r(o,  z) 

Incomplete  Gamma 

13.6.29 

1 

—X 

-e-'  Ei  (x) 

Exponential  Integral 

13.6.30 

1 

X 

e^E.ix) 

Exponential  Integral 

13.6.31 

1 

— Inz 

-^li(x) 

Logarithmic  Integral 

13.6.32 

im—n 

1  +  m 

X 

r(l  +  n-|m)e'-"<i--«>aj,.  „(x) 

Cunningham 

13.6.33 

-1' 

0 

2x 

r(H-i..)e'it,(x)  forx>0 

Bate  man 

13.6.34 

1 

«r 

e^-^i+i  Si  (x)-Ci(x)] 

Sine  and  Cosine  Integral 

13.6.35 

1 

— *r 

«-*^|»t-«Si  (x)-Ci  (x)] 

Sine  and  Cosine  Integral 

13.6.36 

-!•' 

i2« 

2-i'e'''*D,iz) 

Weber 

13.6.37 

i-^v 

3 

Iz* 

2\-\'e^'*D,(z)lz   ' 

Parabolic  CyUnder 

13.6.38 

i-in 

x» 

2-»fl,(x)/x    • 

Hermite 

13.6.39 

i 

x» 

Vx  exp  (x*)  erf  c  x 

Error  Integral 

13.7.   Zeros  and  Turning  Values 

If  jft-i .r  is  the  r'th  positive  zero  ofJt,-i(x),  then 
a  first  approximation  X^  to  the  r'th  positive  zero 
of  M{a,  b,  x)  is 

13.7.1     X,-jj_,.,{l/(26-4fl)+O(l/(i6-a)=0} 


13.7.2 


Xo- 


x^fr-y. 


26-4a 


A  closer  approximation  is  given  by 
13.7.3    Xy=Xo-M(.a,  b,Xo)/M'ia,  b,Xo) 


For  the  derivative, 


13.7.4 

M'{a,b,X,)  = 


.V'(a,6,Xo)(l+(6-Zo)^^|^} 


If  Xo  is  the  first  approximation  to  a  turning  value 
of  M{a,  b,  x),  that  is,  to  a  zero  of  M'(a,  b,  x)  then 
a  better  approximation  is 


13.7.5 


X[=X, 


,    XiM'(a,b,X'o) 
aMia,b,X'o) 


'See  page  U. 
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The  self-adjoint   equation   13.1.1   can   also  be 
written 


13.7.6 


dz  dz 

The  Sonine-Polya  Theorem 


The  maxima  and  minima  of   \w\  form  an  in- 
creasing or  decreasing  sequence  according  as 


is  an  increasing  or  decreasing  function  of  x,  that  is, 
they  form  an  increasing  sequence  for  M{a,  h,  x) 
if  a>0,  x<6— I  or  if  a<0,  a;>6— |,  and  a  decreas- 
ing sequence  if  a>0  and  a;>6— ^  or  if  a<0  and 
x<h-h. 

The  turning  values  oi  \w\  lie  near  the  curves 

13.7.7 

w=  ±T{h)Tr-"h"\\hx-ax)^-^'>{\~xl{2h-^a)  ]  -'" 


Numerical  Methods 
13.8.  Use  and  Extension  of  the  Tables 
Calculation  of  M(a,  b,  x) 
Kummer's  Transformation 

Example  1.  Compute  M(.3,  .2,  -.1)  to  7S. 
Using  13.1.27  and  Tables  4.4  and  13.1  we  have 
a  =  .3,  6  =.2  so  that 

M(.3,  .2,  -.\)  =  e-'M{-.\,  .2,  .1) 
=  .85784  90. 

Thus  13.1.27  can  be  used  to  extend  Table  13.1  to 

negative  values  of  x.  Kummer's  transformation 
should  also  be  used  when  a  and  h  are  large  and 
nearly  equal,  for  x  large  or  small. 

Example  2.  Compute  M(17,  16,  1)  to  7S. 
Here  a=17,  6  =  16,  and 

M(17,  16,  l)  =  e'.\f(-l,  16,  -1) 

=2.71828  18X1.06250  00 
=2.88817  44. 

Recurrence  Relations 


Example  3.  Compute  .Tf(-1.3,  1.2,  .1)  to  7S. 
Using  13.4.1  and  Table  13.1  we  have  a=  — .3, 
6=.2  so  that 

M(-1.3,.2,.l)=2[.7Af(-.3,  .2,  .1)-.3M(.7,.2,  .1)] 

=  .35821  23. 

By  13.4.5  when  a  =  —  1 .3  and  6=  .2, 

M(-1.3,  1.2,  .1)  =  [.26  M(-.3,  .2,  .1) 

-.24MC-1.3,  .2,  .1)]/.15 

=  .89241  08. 
Similarly  when  a  =  —  .3  and  6  =  .2 

M(-.3,  1.2,  .1)  =  . 97459  52. 
Check,  by  13.4.6, 

iV/(-1.3,  1.2,  .1)  =  [.2  M(-.3,  .2,  .1) 

+  1.2  M(-.3,  1.2,  .1)1/1.5 

=  .89241  08. 


In  this  way  13.4.1-13.4.7  can  be  used  together 
with  13.1.27  to  extend  Table  13.1   to  the  range 

-10<a<10,  -10<6<10,  -10<a;<10. 

This  extension  of  ten  units  in  any  direction  is 
possible  with  the  loss  of  about  IS.  All  the  re- 
currence relations  are  stable  except  i)  if  a<0,  6<0 
and  |a|>|6|,  a;>0,  or  ii)  6<a,  6<0,  |6-a|>!6|, 
x<0,  when  the  oscillations  may  become  large, 
especially  if  |a;|  also  is  large. 

Neither  interpolation  nor  the  use  of  recurrence 
relations  should  be  attempted  in  the  strips 
6=— n±.l  where  the  function  is  very  large  nu- 
merically. In  particular  M{a,  b,  x)  cannot  be 
evaluated  in  the  neighborhood  of  the  points 
a=  —  m,  b=—n,  m<n,  as  near  these  points 
small  changes  in  a,  b  or  x  can  produce  very  large 
changes  in  the  numerical  value  of  M{a,  b,  x). 


Example 4.  At  the  point  (—1.  —\,x),Mia,  b,  x) 
is  undefined. 

When  a=  — 1,  M(— 1,  b,  a:)  =  l— |for  all  x. 

Hence  lim  M(  —  1 ,  b,x)  =  l  -^x.     But  M(b,  b,x)=e^ 

for  all  X,  when  a=b.     Hence  lim  M(6,  b,  x)  =  e'. 

In  the  first  case  6— >— 1  along  the  line  a=  — 1,  and 
in  the  second  case  6-^—1  along  the  line  a=b. 

Derivatives 

Example  5.  To  evaluate  M'{—.7,  —.6,  .5)  to 
7S.     By  13.4.8,  when  a  =  —  .7  and  6= —  .6,  we  have 

M'(-.7,  -.6,  .5)=^M(.3,  .4,  .5) 

=  1.724128. 
Asymptotic  Formulas 

For  a:>  10,  a  and  6  small,  M{a,  b,  x)  should  be 
evaluated  by  13.5.1  using  converging  factors 
13.5.3  and  13.5.4  to  improve  the  accuracy  if 
necessary. 
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Example  6.     Calculate   M(.9,    .1,    10)    to    7S, 
using  13.5.1. 
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Hence 


r(i) 

M(.9,.l,10)=^|y6 


.9TijQ-.9  y^  (•»)«(l-o),z 


r(.9)  ^  ^"  h'. 


^0  n\(-\Or 
^  (-.8)„(.1)„ 


-0(10-^) 


ri'.lO" 

=  -.198(.869)  +  1237253(.99190  285) 

+  0(1) 
=  1227235.23-. 17  +  0(1) 

=  1227235+0(1) 

Check,  from  Table  13.1,  M(.9,  .1,  10)  =  1227235. 
To  evaluate  M(a,  b,  x)  with  a  large,  x  small  and  6 
small  or  large  13.5.13-14  should  be  used. 

Example  7.  Compute  M(-52.5,  .1,  1)  to  3S, 
using  13.5.14. 

M(-52.5,  .1,  l)  =  r(.l)«-%05+52.5)-2^-«^ 
.5642  cos  [(.2-4(-52.5))-5-.057r+.257rl 

[l  +  O((.05  +  52.5)--^)]  =  -16.34  +  O(.2) 

By  direct  apphcation  of  a  recurrence  relation, 
M(— 52.5,  .1,  1)  has  been  calculated  as  —16.447. 
To  evaluate  M(a,  b,  x)  with  x,  a  and/or  b  large, 
13.5.17, 19  or  21  should  be  tried. 

Examples.  Compute  M(— 52.5,  .1,  1)  using 
13.5.21  to  3S,  cos  0=Vl/21O.2. 

Af(-52.5,  .1,  1) 

=  r(.l)e^"^-^  •=°«^'' 1105.1  cos  dy-\564:l 

52.55-^  sin  20-^[sin  (-52.57r) 

+sin  {52.55(20-sm20)  +  iT} 

+  O((52.55)-i)]  =  -16.47  +  O(.02) 

A  full  range  of  asymptotic  formulas  to  cover  all 
possible  cases  is  not  yet  known. 

Calculation  of  U(a,  b,  x) 

For  — 10<a;<10,  — 10<a<10,  -10<6<10 
this  is  possible  by  13.1.3,  using  Table  13.1  and  the 
recurrence  relations  13.4.15-20. 

Example  9.  Compute  U(l.l,  .2,  1)  to  5S. 
Usmg  Tables  13.1,  4.12  and  6.1  and  13.1.3,  we 
have 

C/(.l,  .2,  1)= 

T        .M(.l,.2,l)       M(.9, 1.8,1), 

sin(.27r)^r(.9)r(.2)      r(.i)r(i.8)  ^' 

ButM(.9,  1.8,  1)  =  .8[M(.9,  .8,  l)-M(-.l,  .8,  1)1 
=  1.72329,  using  13.4.4. 


C/(.l,  .2,  1)  =  5.344799(.371765-. 194486) 
=  .94752. 
Similarly 

U(-.9,  .2,  1)  =  .91272. 

Hence  by  13.4.15 

U(l.l,  .2,  l)  =  [C/(.l,  .2,  i)-U(-.9,  .2,  l)]/.09 
=  .38664. 

Example  10.    To  compute  ?7'(  — .9,  —.8,  1)  to 
5S.     By  13.4.21 

U'(-.9,  -.8,  1)  =  .9U{.1,  .2,  1) 
=  (.9)(.94752) 
=  .85276. 

Asymptotic  Formulas 

Example  11.     To  compute  U(l,  .1,  100)  to  5S. 
By  13.5.2 

C7(l,.l,100)=4(l-L9+^^f|^ 

-irolrorro+^(i°"")>- 

=  .01  {1-.019  +  .000551 -.000021 

+  O(10-«)}, 
=  .00981  53. 

Example  12.     To  evaluate  U(.l,  .2,  .01).     For 
x  small,  13.5.6-12  should  be  used. 

C7(.i,  .2,  .oi)=Z[^'-\-\-oa.oiy-') 


r(i.i 
r(.8) 


-.2) 
-O((.01)«) 


r(.9) 

=  1.09  to  3S,  by  13.5.10. 

To  evaluate  U(a,  b,  x)  with  a  large,  x  small  and 
b  small  or  large  13.5.15  or  16  should  be  used. 

To  evaluate  U{a,  b,  x)  with  x,  a  and/or  6  large 
13.5.18,  20  or  22  should  be  tried.  In  all  these 
cases  the  size  of  the  remainder  term  is  the  guide  to 
the  number  of  significant  figures  obtainable. 

Calculation  of  the  Whittaker  Functions 

Example  13.  Compute  M.o.-.4(l)  and  PT.o.  -.4(1) 
to  5S.  By  formulas  13.1.32  and  13.1.33  and 
Tables  13.1,  4.4 

M.o,-.4(l)=e--'M(.l,  .2,  1)  =  1. 10622, 
W.o.-A{\)=e'-^U{.l,  .2,  1)  =  .57469. 


Thus  the  values  of  M.,^(x)  and  W,,^(x)  can 
always  be  found  if  the  values  of  M{a,  b,  x)  and 
U(a,  b,  x)  are  known. 

13.9.  Calculation  of  Zeros  and  Turning  Points 

Example  14.  Compute  the  smallest  positive 
zero  of  A/(— 4,  .6,  x).  This  is  outside  the  range  of 
Table  13.2.  Using  13.7.2  we  have,  as  a  first 
approximation 
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Zo  =  ^ 


(.55t)^ 


17.2 


.174. 


Using  13.7.3  we  have 

X,=Xo-M{-4.,  .6,  Xo)/M'(-4,  .6,  Xo). 
But,  by  13.4.8, 

M'(-4,   .6,  Xo)  =  -(.15)-W(-3,  1.6,  Zo) 
Hence 

Zi=Xo^.l5A/(-4,.6,Xo)/M(-3,1.6,Xo), 

=  .174-f- (.15)  (.030004) 

=  .17850  as  a  second  approximation. 

If  we  repeat  this  calculation,  we  find  that 

X2=Zi-. 00002  99  =  .17852  99  to  7S. 

Calculation  of  Maxiina  and  >Iinima 

Example  15.  Compute  the  value  of  x  at  which 
Af(— 1.8,  —.2,  x)  has  a  turning  value.  Using  13.4.8 
and  Table  13.2,  we  find  that  A/' (-1.8,  -.2,x) 
=  9A/(  — .8,  .8.  x)  =0  when  x  =  .94291  59. 
Also  A/"(-1.8,  -.2,  x)=9iV/'(--8,  -8,  x)  = 
-9A/(.2,  1.8,  x)  and  A/(.2,  1.8,  .94291  59) >0. 
Hence  A/(— 1.8,  —.2,  x)  has  a  maximum  in  x  when 
x=. 94291  59. 

Example  16.  Compute  the  smallest  positive 
value  of  X  for  which  M(—3,  .6,  x)  has  a  turning 
value,  X'l.  This  is  outside  the  range  of  Table  13.2. 
Using  13.4.8  we  have 

M'(-3.  .6,  x.)  =  -3A/(-2,  1.6,  x)/.6. 

By  13.7.2  for  A/(- 2,  1.6,  x), 

.Yo=  (1.05x)7(11.2)  =  .9715. 

This  is  a  first  approximation  to  Xq  for  A/(— 3,  .6,  x). 
Using  13.7.5  and  13.4.8  we  find  a  second  approxi- 
mation 


^1=^0  [1  ■ 


■SM{-3,.Q,X'oy 
=X'o  [l-M(-2, 1.6,Xo)/.6A/(-3,  .6,X;)] 

=  .9715X1.0163  =  .9873  to  4S. 

This  process  can  be  repeated   to  give  as  many 
significant  figures  as  are  required. 


FiGTJKE   13.1. 

Figure  13.1  shows  the  curves  on  which  A/ (a,  6.  x) 
=  0  in  the  a,  b  plane  when  x=l.  The  function  is 
positive  in  the  unshaded  areas,  and  negative  in  the 
shaded  areas.  The  number  in  each  square  gives 
the  number  of  real  positive  zeros  of  M{a,  b,  x)  as  a 
function  of  x  in  that  square.  The  vertical 
boundaries  to  the  left  are  to  be  included  in  each 
square. 

13.10.  Graphing  Mia,  b,  x) 

Example  17.  Sketch  A/(— 4.5,  1,  x).  Firstly, 
from  Figure  13.1  we  see  that  the  function  has 
five  real  positive  zeros.  From  13.3.1,  we  find 
that  A/-^— 00,  A/'-^— 00  as  x-^-r<»  and  that 
A/->+°°,  A/'->+oo  as  x->-oo.  By  13.7.2  we 
have  d.s  first  approximations  to  the  zeros,  .3. 1.5,3.7, 
6.9,  10.6,  and  by  13.7.2  and  13.4.8  we  find  as  first 
approximations  to  the  turning  values  .9,  2.8,  5.8, 
9.9.  From  13.7.7,  we  see  that  these  must  lie  near 
the  curves 

y=±ei%5x)-H^-x'll)-h-i. 

From  these  facts  we  can  form  a  rough  graph  of 
the  behavior  of  the  function,  Figure  13.2. 
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(From  F. 


FiGiTRE  13.2.     M(  — 4.5,   1,  x). 


Q.  Tricomi,   Funzioni,  ipergeometrlche   confluentl,   Edizioni. 
Cremonese,  Rome,  Italy,  1954,  with  permission.) 


FiGUKE  13.3.     M{a,  1,  x). 

(From  E.  Jahnke  and  F.  Emde,  Tables  of  functions,  Dover  Publications, 
Inc.,  New  York,  N.Y.,  1945,  with  permission.) 


Figure  13.4.     M{a,  .5,  x). 

(From  E.  Jahnke  and  F.  Emde,  Tables  of  functions,  Dover  Publications, 
Inc.,  New  York,  N.Y.,  1945,  with  permission.) 

References 

Texts 

[13.1]  H.  Buchholz,  Die  konfluente  hypergeometrische 
Funktion  (Springer- Verlag,  Berlin,  Germany, 
1953).  On  Whittaker  functions,  'SN'ith  a  large 
bibliography. 

[13.2]  A.  Erdelyi  et  al.,  Higher  transcendental  functions, 
vol.  1,  ch.  6  (McGraw-Hill  Book  Co.,  Inc.,  New 
York,  N.Y.,  1953).    On  Kummer  functions. 

[13.3]  H.  Jefifreys  and  B.  S.  JeflFreys,  Methods  of  mathe- 
matical physics,  ch.  23  (Cambridge  Univ.  Press, 
Cambridge,  England,  1950).  On  Kummer 
functions. 

[13.4]  J.  C.  P.  Miller,  Note  on  the  general  solutions  of  the 
confluent  hypergeometric  equation.  Math.  Tables 
Aids  Comp.  9,  97-99  (1957). 

[13.5]  L.  J.  Slater,  On  the  evaluation  of  the  confluent 
hypergeometric  function,  Proc.  Cambridge 
Philos.  Soc.  49,  612-622  (1953). 


CONFLUENT    HYPERGEOMETRIC    FUNCTIONS 


515 


[13.6]  L.  J.  Slater,  The  evaluation  of  the  basic  confluent 
hypergeometric  function,  Proc.  Cambridge 
Philos.  Soc.  50,  404-413  (1954). 

[13.7]  L.  J.  Slater,  The  real  zeros  of  the  confluent  hyper- 
geometric function,  Proc.  Cambridge  Philos. 
Soc.  52,  626-635   (1956). 

[13.8]  C.  A.  Swanson  and  A.  Erdelyi,  Asymptotic  forms 
of  confluent  hypergeometric  functions.  Memoir 
25,  Amer.  Math.  Soc.  (1957). 

[13.9]  F.  G.  Tricomi,  Funzioni  ipergeometriche  confluenti 
(Edizioni  Cremonese,  Rome,  Italy,  1954).  On 
Kummer  functions. 
[13.10]  E.  T.  Whittaker  and  G.  N.  Watson,  A  course  of 
modern  analysis,  ch.  16,  4th  ed.  (Cambridge 
Univ.  Press,  Cambridge,  England,  1952).  On 
Whittaker  functions. 

Tables 

[13.11]  J.  R.  Airey,  The  confluent  hypergeometric  function, 
British  Association  Reports,  Oxford,  276-294 
(1926),  and  Leeds,  220-244  (1927).  M{a,  b,  x), 
a--4(.5)4,  6=i  1,  I,  2,  3,  4,  x=.l(.l)2(.2)3 
(.5)8,     5D. 


[13.12]  J.  R.  Airey  and  H.  A.  Webb,  The  practical  impor- 
tance of  the  confluent  hypergeometric  function, 
Phil.  Mag.  36,  129-141  (1918).  Mia,  b,  x), 
a=-3(.5)4,    6=1(1)7,  z=l(l)6(2)10,     4S. 

[13.13]  E.  Jahnke  and  F.  Emde,  Tables  of  functions,  ch.  10, 
4th  ed.  (Dover  PubUcations,  Inc.,  New  York, 
N.Y.,  1945).  Graphs  of  M{a,  b,  x)  based  on  the 
tables  of  [13.11]. 

[13.14]  P.  Nath,  Confluent  hypergeometric  functions, 
Sankhya  J.  Indian  Statist.  Soc.  11,  153-166 
(1951).  M{a,  b,x),  a=  1(1)40,  6  =  3,  x  =  .02(.02) 
.1(.1)1(1)10(10)50,  100,  200,     6D. 

[13.15]  S.  Rushton  and  E.  D.  Lang,  Tables  of  the  confluent 
hypergeometric  function,  Sankhya  J»  Indian  Statist. 
Soc.  13,  369-411  (1954).  M{a,  b,x),  a  =  .5(.5)40, 
6=.5(. 5)3.5,  x=.02(.02).l(.l)l(l)10(10)50,  100, 
200,     7S. 

[13.16]  L.  J.  Slater,  Confluent  hypergeometric  functions 
(Cambridge  Univ.  Press,  Cambridge,  England, 
1960).  M(a,  b,  x),  a=-l(.l)l,  6=.1(.1)1, 
x=.l(.l)10,  8S;  M(a,  b,  1),  a=-ll(.2)2, 
b=  —  4(.2)1,  8S;  and  smallest  positive  values  of 
x  for  which  Mia,  b,  x)  =  0,  a=— l(.l)  — .1, 
6=.1(.1)2.5,     8S. 


273-888  0-67— 34 


516 

Table  13.1 

a\b 
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CONFLUENT  HYPERGEOMETRIC  FUNCTION  Mia.  b.  x) 

x=0.1 


0.1 


0.2 


0.3 


0.4 


0.5 


1.0 

0.00000 

00 

-1) 

5.00000 

00 

(-1) 

6.66666 

67 

(- 

-1) 

7.50000 

00 

(-1) 

8.00000  00 

■0.9 

( 

-2) 

9.58364 

34 

-1) 

5.48093 

23 

(-1) 

6.98827 

46 

(■ 

-1) 

7.74183 

96 

8.19391  07 

0.8 

( 

-1) 

1.92586 

25 

-1) 

5.96605 

00 

(-1) 

7.31245 

77 

(■ 

-1) 

7.98547 

23 

( -ij 

8.38915  99 

0.7 

( 

-1) 

2.90253 

86 

-1) 

6.45537 

25 

(-1 
(-1) 

7.63922 

74 

(■ 

-1) 

8.23090 

56 

\~^) 

8.58575  33 

0.6 

(■ 

-1) 

3.88843 

71 

-1) 

6.94891 

92 

7.96859 

49 

(■ 

-1) 

8.47814 

73 

(-1) 

8.78369  61 

0.5 

( 

:1! 

4.88360 

25 

1. 

-1) 

7.44670 

94 

(-1) 

8.30057 

19 

I 

-1) 

8.72720 

49 

(-1) 

8.98299  40 

0.4 

( 

5.88807 

94 

( - 

-ij 

7.94876 

28 

(-1) 

8.63516 

97 

■\] 

8.97808 

60 

\-l] 

9.18365  22 

0.3 

( 

-1) 

6.90191 

26 

( - 

-1) 

8.45509 

89 

(-1 

8.97239 

98 

(- 

9.23079 

84 

9.38567  64 

0.2 

( 

-1) 

7.92514 

70 

(• 

--11 

8.96573 

73 

(-1 

9.31227 

38 

(- 

i\ 

9.48534 

97 

h 

9.58907  21 

0.1 

(■ 

-1) 

8.95782 

77 

(■ 

9.48069 

78 

(-1) 

9.65480 

34 

(■ 

9.74174 

76 

9.79384  48 

0.0 

( 

0) 

1.00000 

00 

( 

0) 

1.00000 

00 

(  0) 

1.00000 

00 

( 

0) 

1.00000 

00 

(  0) 

1.00000  00 

0.1 

( 

0) 

1.10517 

09 

( 

0) 

1.05236 

64 

K! 

1.03478 

75 

\ 

0) 

1.02601 

15 

0) 

1.02075  43 

0.2 

( 

l\ 

1.21130 

01 

( 

0 

1.10517 

09 

1.06984 

41 

0 

1.05220 

99 

1.04164  80 

0.3 

1.31839 

21 

( 

0 

1.15841 

56 

S§! 

1.10517 

09 

\ 

0) 

1.07859 

61 

(  0) 

1.06268  16 

0.4 

i 

0) 

1.42645 

14 

( 

0) 

1.21210 

24 

1.14076 

91 

0 
0) 

1.10517 

09 

(  0) 

1.08385  58 

0.5 

0) 

1.53548 

28 

( 

0) 

1.26623 

34 

(  0) 

1.17663 

99 

( 

1.13193 

51 

1.10517  09 

0.6 

( 

0) 

1.64549 

07 

( 

0) 

1.32081 

05 

(  0) 

1.21278 

44 

( 

°1 

1.15888 

93 

{  ^} 

1.12662  77 

0.7 

( 

0) 

1.75647 

99 

( 

0) 

1.37583 

59 

(  0) 

1.24920 

38 

} 

0 

1.18603 

45 

0 

1.14822  66 

0.8 

( 

0) 

1.86845 

49 

( 

0) 

1.43131 

14 

1.28589 

94 

I 

0) 

1.21337 

14 

(  oi 

1.16996  83 

0.9 

( 

0) 

1.98142 

05 

( 

§! 

1.48723 

92 

(  0) 

1.32287 

23 

\ 

0) 

1.24090 

08 

(  0) 

1.19185  34 

1.0 

( 

0) 

2.09538 

12 

( 

1.54362 

12 

(  0) 

1.36012 

38 

0) 

1.26862 

36 

(  oS 

1.21388  22 

I 


a\b 


0.6 


0.7 


O.S 


0.9 


1.0 


1.0 

''--W 

8.33333 

33 

( 

-1) 

8.57142 

86   ( 

-1) 

8.75000 

00 

\ 

-1) 

8.88888 

89 

(-1) 
-1) 

9.00000  00 

0.9   ( 

8.49524 

54 

( 

-1) 

8.71045 

21   < 

8.87183 

35 

-1) 

8.99733 

47 

9.09772  21 

0.8 

:-i) 

8.65820 

31 

( 

-1) 

8.85031 

91 

8.99436 

39 

-^ 

9.10636 

73 

(-1) 

9.19594  59 

0.7   ( 

-1) 

8.82221 

06 

( 

-1) 

8.99103 

26 

;-i) 

9.11759 

38 

1 

-1) 

9.21598 

87 

(-1) 

9.29467  31 

0.6 

-1) 

8.98727 

18 

( 

-1) 

9.13259 

59 

:-i) 

9.24152 

56 

I 

-1) 

9.32620 

11 

(-1) 

9.39390  52 

0.5 

'-1) 

9.15339 

10 

( 

-1) 

9.27501 

22 

'-1) 

9.36616 

18 

( 

-1) 

9.43700 

64 

(.U 

9.49364  42 

0.4   ( 

-1) 

9.32057 

22 

( 

-\] 

9.41828 

47   ( 

C-l\ 

9.49150 

52 

( 

-1 

9.54840 

68 

f -1) 

9.59389  16 

0.3   < 

-1) 

9.48881 

96 

( 

9.56241 

64 

9.61755 

81 

( 

-1 

9.66040 

42 

(-1) 

9.69464  91 

0.2   ( 

-1) 

9.65813 

72 

(■ 

-1) 

9.70741 

08 

\--l\ 

9.74432 

32 

( 

-1) 

9.77300 

09 

i-i! 

9.79591  86 

0.1 

'-1) 

9.82852 

93 

(■ 

-1) 

9.85327 

09 

9.87180 

29 

( 

-1) 

9.88619 

88 

9.89770  16 

0.0 

0) 

1.00000 

00 

( 

0) 

1.00000 

00 

0) 

1.00000 

00 

( 

0) 

1.00000 

00 

(  0) 

1.00000  00 

0.1 

:  0) 

1.01725 

53 

( 

0) 

1.01476 

01   ( 

0) 

1.01289 

17 

( 

0) 

1.01144 

07 

SS! 

1.01028  15 

0.2   ( 

:°o! 

1.03461 

94 

( 

0) 

1.02960 

78 

;  0 

1.02585 

56 

( 

0) 

1.02294 

21 

1.02061  50 

0.3 

1.05209 

25 

( 

0) 

1.04454 

34 

[    0 

1.03889 

21 

i 

0) 

1.03450 

45 

Ill 

1.03100  04 

0.4 

:  0) 

1.06967 

52 

( 

0) 

1.05956 

71 

;  0) 

1.05200 

13 

0) 

1.04612 

80 

1.04143  81 

0.5 

;  0) 

1.08736 

79 

( 

0) 

1.07467 

94   ( 

0) 

1.06518 

35 

( 

0) 

1.05781 

30 

(  0) 

1.05192  82 

0.6 

[    0) 

1.10517 

09 

( 

0) 

1.08988 

06   ( 

0) 

1.07843 

90 

( 

0) 

1.06955 

95 

(  0) 

1.06247  09 

0.7 

:  0) 

1.12308 

48 

( 

0) 

1.10517 

09 

[  0 

1.09176 

81 

f 

0) 

1.08136 

79 

(  0 

1.07306  64 

0.8 

(  0) 

1.14110 

98 

( 

0) 

1.12055 

08   ( 

0 

1.10517 

09 

f 

0 

1.09323 

83 

1.08371  47 

0.9 

(  oi 

1.15924 

65 

( 

0) 

1.13602 

05   ( 

0) 

1.11864 

79 

( 

0) 

1.10517 

09 

1.09441  62 

1.0 

[  0) 

1.17749 

53 

( 

0) 

1.15158 

03   ( 

0) 

1.13219 

91 

( 

0) 

1.11716 

60 

(  0) 

1.10517  09 

For  0<T<  1,  linear  interpolation  in  a,  6  or  j  provides  3-4S.  Lagrange  four-point  interpolation  gives  7S  in  a,b  ot  x  over 
mo.'^t  of  the  table,  but  the  Lagrange  .six-point  formula  is  needed  over  the  range  1<J-<10.  Any  interpolation  formula 
can  be  reapplied  to  give  two  dimensional  interpolates  in  a  and  6,  a  and  j  or  6  and  t.  This  calculation  can  be  checked 
by  being  repeated  in  a  different  order. 
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Table  13.1 


a\b 


0.1 


0.2 


0.3 


0.4 


0.5 


-1.0 

(  0] 

-1.00000 

00 

0.00000 

00 

(-1) 

3.33333 

33   ( 

r      't  1 

I  5.00000 

00 

j 

-1) 

6.00000 

00 

-0.9 

(-1] 

-8.16955 

02 

( 

-2) 

9.22415 

48 

(-1) 

3.95232 

64 

-1 

1  5.46684 

38 

-1) 

6.37527 

43 

-0.8 

(-r 

-6.30239 

72 

( 

-1) 

1.86164 

63 

M) 

4.58166 

34 

-1 

1  5.94088 

89 

-1) 

6.75592 

38 

-0.7 

(-1] 

-4.39817 

97 

( 

-1) 

2.81785 

03 

'-1) 

5.22143 

72 

-1 

1  6.42219 

72 

-1) 

7.14199 

30 

-0.6 

[-1] 

-2.45653 

39 

( 

-1) 

3.79118 

64 

[-1) 

5.87174 

11   ( 

"*■  i 

6.91083 

10 

-1) 

7.53352 

62 

■0.5 

:-2] 

-4.77093 

96 

( 

-1) 

4.78181 

44 

[-1) 

6.53266 

92   ( 

•y   y 

7.40685 

28 

-1) 

7.93056 

84 

■0.4 

'-1] 

+1.54050 

87 

( 

-1) 

5.78989 

52 

'-1) 

7.20431 

59 

-1 

7.91032 

56 

:l] 

8.33316 

46 

-0.3 

[-1] 

3.59664 

50 

( 

-1) 

6.81559 

07   < 

-1) 

7.88677 

63   ( 

-1 

1  8.42131 

28 

8.74136 

01 

■0.2 

'-1) 

5.69168 

81 

( 

-1) 

7.85906 

39 

'-1) 

8.58014 

62   ( 

-1 

1  8.93987 

82 

-1) 

9.15520 

06 

■0.1 

'-1) 

7.82601 

37 

( 

-1) 

8.92047 

86 

'-1) 

9.28452 

18   ( 

-I 

9.46608 

57 

-1) 

9.57473 

18 

0.0   ( 

0) 

1.00000 

00 

( 

0) 

1.00000 

00 

'  0) 

1.00000 

00   ( 

0] 

1.00000 

00 

0) 

1.00000 

00 

0.1   ( 

0) 

1.22140 

28 

( 

0) 

1.10977 

94   ( 

0) 

1.07266 

78   ( 

0) 

1.05416 

86 

l\ 

1.04310 

51 

0.2   ( 

0) 

1.44684 

80 

( 

0) 

1.22140 

28   ( 

0) 

1.14646 

55   ( 

0] 

1.10912 

09 

1.08679 

33 

0.3   < 

0) 

1.67637 

41 

( 

2! 

1.33488 

69   ( 

0) 

1.22140 

28   ( 

0) 

1.16486 

34 

j 

0) 

1.13106 

91 

0.4   ( 

0) 

1.91002 

01 

( 

1.45024 

87   ( 

0) 

1.29748 

97   ( 

0) 

1.22140 

28 

0) 

1.17593 

74 

0.5   ( 

0) 

2.14782 

49 

( 

0) 

1.56750 

53   ( 

0) 

1.37473 

61   ( 

0] 

1.27874 

56 

( 

0) 

1.22140 

28 

0.6   ( 

0) 

2.38982 

79 

( 

0) 

1.68667 

37   ( 

0) 

1.45315 

23   ( 
81   ( 

0) 

1.33689 

87 

/ 

2! 

0) 

1.26747 

01 

0.7   ( 

0) 

2.63606 

85 

( 

0 

1,80777 

12   ( 

0) 

1.53274 

0] 

1.39586 

86 

} 

1.31414 

41 

0.8   ( 

0) 

2.88658 

67 

( 

C) 

1.93081 

51   ( 

2! 

1.61353 

39   ( 

0) 

1.45566 

22 

( 

0) 
0) 

1.36142 

97 

0.9   ( 

0) 

3.14142 

25 

( 

0) 

2.05582 

28   ( 

1.69551 

97   ( 

0] 

1.51628 

63 

( 

1.40933 

17 

1.0   ( 

0) 

3.40061 

61 

( 

0) 

2.18281 

20   ( 

0) 

1.77871 

60   ( 

0) 

1.57774 

76 

( 

0) 

1.45785 

51 

a\b 


0.6 


0.7 


0.8 


0.9 


1.0 


1.0 

-1) 

6.66666 

67   ( 

'-1) 

7.14285 

71 

'-1) 

7.50000 

00 

(-1) 

7.77777 

78 

( 

-1) 

8.00000 

00 

0.9 

':!! 

6.98070 

53 

1  ( 

7.41302 

26   ( 

a\ 

7.73716 

33 

:-i) 

7,98920 

01 

-1) 

8.19077 

41 

0.8   ( 

7.29894 

21   ( 

-» \ 

7.68657 

38 

7.97712 

40 

(-1) 

8,20297 

76 

( 

-1) 

8.38356 

13 

0.7 

'-1) 

7.62141 

04   ( 

-1) 

7.96353 

68 

'-^ 

8.21990 

25 

'-1) 

8,41912 

68 

( 

-1) 

8.57837 

54 

0.6 

M) 

7.94814 

35   ( 

-1) 

8.24393 

73 

'-!) 

8.46551 

94 

:-i) 

8,63766 

45 

( 

-1) 

8.77523 

03 

0.5   ( 

-1) 

8.27917 

51   ( 

-1) 

8.52780 

14   ( 

-1) 

8.71399 

57 

(-1) 

8.85860 

76 

( 

-l) 

8.97413 

99 

0.4   ( 

-1) 

8.61453 

89 

-1) 

8.81515 

54   ( 

-1) 

8.96535 

20 

:-i) 

9,08197 

30 

( 

-1) 

9.17511 

81 

0.3   ( 

-1) 

8.95426 

91   ( 

-1) 

9.10602 

57 

'-1) 

9.21960 

95 

:-i) 

9,30777 

78 

( 

-1) 

9.37817 

91 

0.2   ( 

-1) 

9.29839 

97   ( 

-1) 

9.40043 

88 

:-i) 

9.47678 

92 

'-1) 

9.53603 

91 

(■ 

-^ 

9.58333 

69 

0.1   ( 

-1) 

9.64696 

51   ( 

-1) 

9.69842 

13 

[-1) 

9.73691 

22 

M) 

9.76677 

40 

( 

-1) 

9.79060 

58 

0.0   ( 

0) 

1.00000 

00   ( 

0) 

1.00000 

00   ( 

0) 

1.00000 

00   ( 

0) 

1.00000 

00 

( 

0) 

1.00000 

00 

0.1   ( 

0) 

1.03575 

39   ( 

0) 

1.03052 

02   ( 

0) 

1.02660 

74 

'  0) 

1.02357 

34 

( 

0) 

1.02115 

34 

0.2   ( 

0) 

1.07196 

17   ( 

0) 

1.06140 

54   ( 

0) 

1.05351 

56   ( 

0) 

1.04739 

95 

( 

0 

1.04252 

22 

0.3   ( 

0) 

1.10862 

70   ( 

0) 

1.09265 

84 

:  0) 

1.08072 

66   ( 

°) 

1.07147 

98 

0) 

1.06410 

78 

0.4   ( 

0) 

1.14575 

32   ( 

0) 

1.12428 

18   ( 

0) 

1.10824 

29   1 

'  oS 

1.09581 

63 

f 

0) 

1.08591 

18 

0.5   ( 

'  0) 

1.18334 

39   ( 

0) 

1.15627 

85   ( 

0) 

1.13606 

64   ( 

0) 

1.12041 

07 

( 

0) 

1.10793 

56 

0.6   ( 

0) 

1.22140 

28   ( 

0) 

1.18865 

12   ( 

0) 

1.16419 

94   ( 

0) 

1.14526 

47 

( 

0) 

1.13018 

06 

0.7   ( 

0) 

1.25993 

33   ( 

1.22140 

28   ( 

0) 

1.19264 

41   ( 

:?! 

1.17038 

02 

0) 

1.15264 

83 

0.8 

0) 

1.29893 

91   ( 

0) 

1.25453 

59   ( 

1.22140 

28 

1.19575 

89 

i' 

0) 

1.17534 

02 

0.9 

0) 

1.33842 

39   ( 

0) 

1.28805 

34   ( 

0) 

1,25047 

76   ( 

0) 

1.22140 

28 

0) 

1.19825 

79 

1.0 

0) 

1.37839 

12 

0) 

1.32195 

81   ( 

0) 

1.27987 

08   ( 

0) 

1.24731 

35 

( 

0) 

1.22140 

28 
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COXTXrZXT   HTPEEGEOMETEIC   FUXCTIOXS 
CONFLlEVr  mTERGEOMETRIC  FLECTION  M(a,  b.  x) 


x=«^ 


ah  <*-' 

-1.0  (  0)-2.00000  00 

-^.9  (  01-1.73884  94 

-0.8  (  0) -1.46940  36 

-«.7  (  0)-ia9153  81 

-0.6  (-11-9.05127  09 

-0.5  (-l)-6a0043  A4 

-41.4  (_1)-3.0615B  B4 

-8.3  (-3) +6.65629  62 

-8.2  (-1)  3.28532  83 

-ea  (-1)  6.59602  92 


oa 

0.2 
03 
0.4 
0.5 

0.6 
0.7 
0.8 
0.9 
1-0 


(-1) 

(-1) 
(-I)- 
(-2) 
(-2)- 

(-1 


0-2 

-5.0  00  00 
-3.67762 
-2.31724 
-9.18332 
-5.19671 

1.99731 
3.51517 
5.07379 
6.67375 
8.31562 


0.3 

0.00000 
6.90939 
1.80524 
2.74324 
3.70525 

4.69160 
5.70261 
6.73862 
7.79996 
8.88697 


00 
59 
85 
64 
58 

23 
46 
42 
60 
76 


(-1) 
(-1) 
(-1) 

1:1! 
i:l! 

-1 
-1 
-1 


0.4 

2.50000  00 
3.17420  35 
3.86467  39 
4.57162  39 
5.29526  85 


6.03582 
6.79351 
7.56854 
6.36115  78 
9.17156  65 


1.34985  88 
1.70931  54 
2.07850  71 
2.45757  28 


(  0)  2.84665  23 


3.24588  71 
3.65541  99 
4.07539  50 
4.50595  77 

4.94725  50 


(  0) 

hi 

Si 

0) 


ia7274 
1.34985 

1.53139 
1.71742 
1.90800 

2.10319 
2.30305 
2.50764 
2.71703 
2.93129 


56 
86 
94 
78 
49 

22 

18 
63 
89 
36 


1.11393 
1.23054 
1.34965 
1.47191 
1.59674 

1.72438 
1.85487 
1.98825 
2.12455 
2.26380 


77 
56 
68 
26 
26 

49 
58 
19 
03 
82 


44 
05 
74 


0.0   (  0)  1.00000  00   (  0)  l.DOOOO  00   (  0)  1.00000  00   (  0)  1.00000  00 


1.08466  67 
1.17118  59 
1.25957  47 
1.34985  88 
1.44206  18 

1.53620  75 
1.63232  02 
1.73D42  41 
1.63054  38 
1.93270  41 


-1) 
-1) 
-1) 
-1) 
-1) 

-1 

-1 

-1) 

-1) 

-1) 


0 

0 

0 

0) 

0) 

0) 
0) 
0) 

§! 


4.00000 
4.54351 
5.09916 
5.66711 
6.24750 

6.84049 
7.44624 
8.06491 
8.69665 
9.34162 


1.06719 
1.13575 
1.20571 
1.27707 
1.34985 

1.42408 
1.49976 
1.57691 
1.65556 
1.73572 


00 
25 
51 
03 
17 

44 
48 
07 
13 
71 


0)    1.00000  00 


33 
92 
42 
51 
88 

24 

30 
80 
49 
13 


-UO 
-0.9 
-0.8 
-0.7 
-0.6 

-8-5 
-0.4 
-0.3 
-0.2 

-8a 


oa 

0.2 
0.3 
0.4 
0.5 

0.6 
0.7 
0.8 
0.9 
1-0 


-1) 
-1) 
-1) 
-ll 
-1| 

;-i) 

-1) 
-1) 

1-1) 


0.6 

5.00000  00 
5.45594  63 
5.92137  29 
6.39639  42 
6.88112  54 

7.37568  28 
7.86016  36 
839474  59 

8.91948  91 

9.45453  34 


(-1) 

(-1) 

(-1) 

(-1) 


0.7 

5.71426 
6a0737 
630811 
6.91657 
7.33287 

7.75707 

8ae92s 

8.62958 

9.07807 

9.53485 


57 
55 
03 
86 
00 

44 
28 
68 
B8 
19 


( 


(  0) 

(  0) 

(  o: 

I  0 


1-05560  U 
iai226  90 
ia7001  62 
1-22885  51 
1-28879  84 

1-34985  88 
1.412M  93 

1.47538  27 
1.53967  22 
1.60553  08 


1.04736 
1.09556 
ia4466 
1.19462 

1.24547 

1.29721 
1.34965 
1.40342 
1.45790 
1.51333 


18 
01 
45 
48 
07 

20 
86 
10 
86 
23 


(-1 
(-1 
(-1 
(-1 
(-1 

(-1 

1:1 

(-1 
(-1 


0.0   (  0)  1.00000  00   (  0)  1.00000  00   (  0 


( 


(  0 

(  0 

(  0 

(  0 

(  0 


0.8 

6.25000 
6.59572 
6.94776 
7.30616 
7.67106 

8.04247 
6.42046 
6.80516 
9.19659 
9.59485 


00 
25 
02 
39 
45 

38 
41 
61 
93 
17 


1.00000  00 

1.04121  19 
1.08312  85 
1.12575  75 
1.16910  65 
1.21318  32 

1.25799  56 
1.30355  15 
1.34965  68 
1.39692  56 
1.44475  99 


-1 

-1 

-1) 

-1) 

-1) 

-1 

-1 

-1) 

-1) 

-1) 


0.9 

6.66666 
6.97537 
7.28940 
7.60881 
7.93364 


67 
97 
91 
20 
63 


8.26397  01 
6.59984  20 
6.94132  11 
9.28646  71 
9.64133  99 


0)  1.00000  00 

0)  1.03645  08 

0)  1.07349  27 

0)  1.11113  16 

0)  1.14937 

0)  1.18822 


40 
61 


1.22769  42 

1.26778  47 

1.30850  41 

1.34985  86 

1.39185  54 


-1) 

-1 

-1 

:1! 

-1^ 

-1 

-1 

-1) 

-1) 


1.0 

7.00000 
7.27897 
7.56249 
7.85061 
8.14336 

8.44079 
8.74297 
9.04993 
9.36172 
9.67839 


1.20360 
1.23936 
1.27565 
1.31248 
1.34985 


00 
71 
82 
06 
18 

99 
33 
07 
12 
44 


0)    1.00000  00 


88 
10 


1.03265 
1.06562 
1.09949  16 
1.13367  56 
1.16837  88 


57 
18 
25 
30 
88 
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Table  13.1 


x=().4 


a\b 

-1.0 
-0.9 
-0.8 
-0.7 
-0.6 

-0.5 
-0.4 
-0.3 
-0.2 
-0.1 

0.0 

0.1 
0.2 
0.3 
0.4 
0.5 

0.6 
0.7 
0.8 
0.9 
1.0 


0.1 

0) -3.00000 
0-2.67035 
0) -2.32590 
0) -1.96633 
0) -1.59134 


00 
54 
02 
24 
63 


0)-1.20063  19 

-1-7.93875  31 

-1) -3.70758  28 

-2)  +  6.90415  20 

-1)    5.25850  66 


0.2 

(  0) -1.00000  00 
-1-8.32139  43 
-1) -6.57495  96 
-1) -4.75937  91 

(-1) -2.87331  90 

(-2) -9.15428  01 

(-ij+l. 11566  21 

(-1)  3.22133  74 

(-1)  5.40300  15 

(-1)  7.66207  59 


0)  1.00000  00  (  0)  1.00000  00 

0)  1.49182  47  (  0)  1.24182  32 
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53 

( 

-1) 

9.12029 

84 

I 

9.22465 

40 

(-1) 

9.30751  06 

0.0 

(  0) 

1.00000 

00 

( 

0) 

1.00000 

00 

( 

0) 

1.00000 

00 

( 

0) 

1.00000 

00 

(  0) 

1.00000  00 

0.1 

(  0) 

1.12443 

77 

t 

0) 

1.10530 

38 

/ 

0) 

1.09109 

32 

/ 

0) 

1.08014 

45 

(  0 

1.07146  44 

0.2 

!  oi 

1.25375 

32 

} 

0 

1.21450 

50 

} 

0) 

1.18537 

84 

1 

0) 

1.16295 

44 

1.14519  01 

0.3 

(  0) 

1.38806 

15 

( 

0) 

1.32769 

20 

I 

0 

1.28292 

55 

( 

0) 

1.24848 

64 

(  ° 

1.22122  33 

0.4 

\l\ 

1.52747 

91 

( 

0) 

1.44495 

47 

( 

0 

1.38380 

56 

1 

0) 

1.33679 

79 

0 

1.29961  13 

0.5 

1.67212 

47 

( 

0) 

1.56638 

46 

( 

0) 

1.48809 

10 

0) 

1.42794 

70 

(  0) 

1.38040  19 

0.6 

(  0) 

1.82211 

88 

/ 

0) 

1.69207 

45 

( 

0) 

1.59585 

51 

( 

0) 

1.52199 

31 

(  0) 

1.46364  36 

0.7 

(  °1 

0) 

1.97758 

41 

} 

0 

1.82211 

88 

} 

0 

1.70717 

25 

( 

0) 

1.61899 

63 

(  0 

1.54938  57 

0.8 

2.13864 

53 

} 

0) 

1.95661 

34 

} 

0 

1.82211 

88 

( 

0 

1.71901 

75 

(  0 

1.63767  83 

0.9 

0) 
(  0 

2.30542 

91 

( 

0) 

2.09565 

57 

} 

0) 

1.94077 

10 

( 

0) 

1.82211 

88 

(  0 

1.72857  22 

1.0 

2.47806 

43 

( 

0) 

2.23934 

48 

I 

0) 

2.06320 

72 

( 

0) 

1.92836 

31 

(  0) 

1.82211  88 
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Table  13.1 


CONFLUENT   HYPERGEOMETRIC    FUNCTIONS 
CONFLUENT  HYPERGEOMETRIC  FLNCTION  M(a.  6,  x) 


a\b 

-1.0 
-0.9 
-0.8 
-0.7 
-0.6 

-0.5 
-0.4 
-0.3 
-0.2 
-0.1 

0.0 

0.1 
0.2 
0.3 
0.4 
0.5 

0.6 
0.7 
0.8 
0.9 
1.0 


=  0.7 


0.1 

0)-6.00000  00 

0) -5.52819  79 

0)-5.01049  23 

0) -4.44515  47 

0) -3.83041  49 

0) -3.16446  06 

0) -2.44543  68 

0) -1.67144  46 

-1) -8.40541  00 

-2)+4.92624  47 


0.2 

(  0)-2. 50000  00 

(  0) -2.25396  47 

(  0-1.98691  64 

(  0) -1.69810  26 

(  0) -1.38675  31 

(  0) -1.05207  99 

-1) -6.93277  09 

(-1) -3.09520  29 

(-1)+1. 00033  57 

(-1)  5.36246  53 


0.3 


(  0)-l. 33333  33 

(  0) -1.16362  83 

(-1)-9.81007  11 

(-1) -7.85028  60 

(-1) -5.75241  82 

(-1) -3.51185  70 

(-1) -1.12388  92 

(-1)+1. 41630  28 

(-1)  4.11364  25 

(-1)  6.97316  13 


0)  1.00000  00   (  0)  1.00000  00   (  0)  1.00000  00 


0) 

0 

0 

0) 

0) 

o°! 

1) 
1) 
1) 


2.01375  27 

3.09264  92 

4.23886  64 

5.45463  06 

6.74221  79 

8.10395  56 

9.54222  25 

1.10594  50 

1.26581  24 

1.43407  83 


(  0 
(  0 
(  0) 
(  0 
(  0) 


1.49219  50 

2.01375  27 

2.56561  44 

3.14874  21 

3.76411  90 


(  0)  4.41274  94 

(  0)  5.09565  95 

0)  5.81389  76 

(  0)  6.56853  43 

(  0)  7.36066  31 


(  0 
0 
0 
0 


1.31994  11 

1.65767  60 

2.01375  27 

2.38873  10 


3.19769 
3.63285 
4.08927 
4.56758 
5.06840 


12 
27 
57 
14 
38 


0.4 

-1) -7.50000  00 

-1) -6.19090  30 

-1) -4.79194  87 

-1) -3.30020  58 

-1) -1.71267  91 

-3) -2.63083  59 

-1)+1. 76203  27 

-1)  3.65553  75 

-1)  5.65746  78 

-1)  7.77115  48 

0)  1.00000  00 


(  0)  2.78318  26   ( 


0) 

0) 

0 

0) 

0) 

0) 
0) 
0) 
0) 
0) 


1.23474 
1.48171 
1.74125 
2.01375 
2.29957 

2.59910 
2.91274 
3.24088 
3.58393 
3.94232 


77 
31 
83 
27 
36 

58 
21 
34 
85 
46 


0.5 

-1) 

-4.00000 

00 

-1) 

-2.92768 

78 

-1) 

-1.78834 

77 

-2) 

-5.79886 

90 

-2)  +  6.99831 

62 

-1) 
-1) 

2.05299 

00 

3.48181 

61 

-1) 
-1) 

4.98858 

44 

6.57561 

66 

-1) 

8.24528 

23 

0) 

1.00000 

00 

0) 

1.18422 

38 

0) 

1.37745 

14 

0 

1.57993 

98 

0) 

1.79195 

11 

0) 

2.01375 

27 

l\ 

2.24561 
2.48782 

74 
35 

0) 


2.74065 
3.00440 
3.27935 


46 
00 
49 


a\b 


0.6 


0.7 


0.8 


0.9 


1.0 


1.0 

( 

t 

-1.66666 

67 

0.00000 

00 

( 

-1^ 

1.25000 

00 

1 

-1^ 

2.22222 

22 

( 

-1) 

3.00000  00 

0.9 

( 

-7.54915 

03 

( 

-2) 

7.95165 

75 

( 

-1) 

1.95634 

74 

( 

-ij 

2.85846 

10 

} 

-1) 

3.57936  92 

0.8 

( 

-2)  +  2. 09154 

67 

(■ 

-1) 

1.63250 

20 

( 

-1) 

2.69751 

66 

( 

-1) 

3.52400 

18 

I 

-1) 

4.18377  43 

0.7 

( 

-1) 

1.22710 

86 

(- 

i\ 

2.51322 

11 

\ 

-1) 

3.47447 

03 

( 

-1) 

4.21962 

49 

( 

-1) 

4.81385  81 

0.6 

( 

-1) 

2.30054 

51 

(■ 

3.43855 

96 

-1) 

4.28819 

01 

( 

-1) 

4.94612 

53 

( 

-1) 

5.47027  56 

0.5 

( 

-1) 

3.43109 

52 

(■ 

--W 

4.40977 

87 

( 

-1) 

5.13967 

66 

( 

_1\ 

5.70431 

32 

( 

-1) 

6.15369  36 

0.4 

( 

-1) 

4.62042 

36 

( 

5.42816 

47 

( 

-i! 

6.02994 

98 

\ 

-ij 

6.49501 

40 

[ 

-1) 

6.86479  13 

0.3 

( 

-1) 

5.87022 

82 

(- 

-1) 

6.49502 

91 

( 

6.96004 

90 

-1) 

7.31906 

85 

-1) 

7.60426  03 

0.2 

( 

-1) 

7.18224 

16 

(■ 

-1) 

7.61170 

97 

( 

'i] 

7.93103 

40 

( 

-1) 

8.17733 

33 

\ 

-1) 

8.37280  46 

0.1 

( 

-1) 

8.55823 

13 

( 

-1) 

8.77956 

99 

( 

8.94398 

42 

( 

-1) 

9.07068 

09 

-1) 

9.17114  12 

0.0 

( 

0) 

1.00000 

00 

( 

0) 

1.00000 

00 

( 

0) 

1.00000 

00 

( 

0) 

1.00000 

00 

( 

0) 

1.00000  00 

0.1 

( 

0) 

1.15093 

86 

( 

§i 

1.12744 

17 

( 

0) 

1.11002 

02 

( 

0) 

1.09661 

96 

( 

0) 

1.08601  24 

0.2 

l\ 

1.30882 

66 

( 

1.26042 

67 

0) 

1.22457 

33 

§! 

1.19701 

89 

0) 

1.17522  70 

0.3 

} 

1.47385 

50 

s 

S! 

1.39910 

20 

} 

0) 

1.34377 

57 

} 

1.30129 

20 

j 

0 

1.26772  07 

0.4 

( 

0) 

1.64621 

90 

1.54361 

79 

( 

0) 

1.46774 

58 

I 

0) 

1.40953 

43 

0) 

1.36357  19 

0.5 

( 

0) 

1.82611 

74 

( 

0) 

1.69412 

73 

( 

0) 

1.59660 

44 

( 

0) 

1.52184 

32 

( 

0) 

1.46286  04 

0.6 

( 

0) 

2.01375 

27 

( 

0) 

1.85078 

59 

( 

0) 

1.73047 

46 

( 

0) 

1.63831 

77 

( 

0) 

1.56566  72 

0.7 

( 

0) 

2.20933 

17 

( 

0) 
0) 

2.01375 

27 

( 

0) 

1.86948 

15 

\ 

0) 

1.75905 

87 

( 

0) 

1.67207  52 

0.8 

°1 

2.41306 

50 

( 

2.18318 

94 

( 

0) 
0) 

2.01375 

27 

0) 

1.88416 

89 

( 

0) 

1.78216  81 

0.9 

( 

0) 

2.62516 

74 

i 

0) 

2.35926 

09 

( 

2.16341 

82 

( 

§! 

2.01375 

27 

( 

0 

1,89603  16 

1.0 

( 

0) 

2.84585 

75 

0) 

2.54213 

50 

( 

0) 

2.31861 

02 

( 

2.14791 

66 

( 

0) 

2.01375  27 

CONFLUENT    HYPERGEOMETRIC    FUNCTIONS 
COXFLLENT  HYPERGEOMETRIC  FUNCTION  M(a,  b,  x) 
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Table  13.1 


x=0.8 


a\b 

-1.0 
-0.9 
-0.8 
-0.7 
-0.6 

-r.5 

-0.4 
-0.3 
-0.2 
-0.1 


0.1 
0.2 
0.3 
0.4 
0.5 

0.6 
0.7 
0.8 
0.9 
1.0 


0.1 

0) -7.00000 
0) -6.50401 
0) -5.94785 
0) -5.32888 
0) -4.64439 


-3.89159 
-3.06762 
-2.16953 
-1.19431 
-1.38863 


00 
48 
78 
96 
77 

56 
06 
29 
35 
05 


0.2 

0) -3.00000  00 

0) -2.73837  67 

0) -2.44921  23 

0) -2.13135  83 

0) -1.78363  55 


0.3 


(  0 
(  0 

(-1 


-1.66666 
-1.48461 
-1.28563 
-1.06906 
-8.34197 


Oj-l. 
-l)-9. 


-1.40483  36 

93710  17 

(-1) -5.48990  22 

(-2) -6.93656  36 

(-l)+4.46505  60 


-l)-5.80333 
-1) -3.06747 
-2) -1.26930 
-1+3.02591 
-1)  6.39888 


67 
68 
99 
32 
05 

58 
02 
95 
28 
38 


0.4 

(  0) -1,00000 
(-1) -8.58588 
(-1) -7.05401 
(-1-5.39992 
(-1) -3.61905 

(-1) -1.70668 

-2)+3.41976 

-1)  2.53186 

(-1)  4.86802 

(-1)  7.35564 


00 
03 
18 
81 
04 

54 
74 
47 
83 
06 


0.5 

-1) -6.00000 
-1) -4.83512 
-1) -3.58242 
-2.23871 
.00722 


-l)-2.2 
-2)-8.( 


-2)+7.34885 
-1  2.37153 
-1)  4.11274 
-1)  5.96208 
-1)  7.92325 


0) 

0 

0) 

0) 

0) 


2.22554 
3.54111 
4.95014 
6.45617 
8.06281 


09 
04 
63 
50 
37 


0)  9.77377  18 

1)  1.15928  53 
1)  1.35239  56 
1)  1.55710  78 
1)  1.77383  16 


\l\ 


1.59252 
2.22554 
2.90051 
3.61898 
4.38249 


93 
09 
91 
52 
84 


(  0)  5.19265  68 

0)  6.05109  78 

0)  6.95949  89 

(  0)  7.91957  87 

(  0)  8.93309  73 


( 


0) 
0) 
0) 
0) 
0) 

0) 

0 

0 


K! 


1.38374 
1.79197 
2.22554 
2.68533 
3.17225 

3.68723 
4.23121 
4.80517 
5.41011 
6.04704 


21 
63 
86 
38 
06 


1.28065 
1.57807 
1.89284 
2.22554 
2.57675 

2.94709 
3.33719 
3.74769 
4.17923 
4.63249 


33 
97 
81 
09 
45 

89 
88 
30 
55 
51 


0) 

0) 

0 

0) 

0) 

0) 

0 

0) 

0) 

0) 


00 
37 
29 
07 
55 

63 
85 
30 
97 
45 


0.0   (  0)  +  l. 00000  00   (  0)  1.00000  00   (  0)  1.00000  00   (  0)  1.00000  00   (  0)  1.00000  00 


1.21961 
1.45157 
1.69626 
1.95411 
2.22554 

2.51097 
2.81085 
3.12563 
3.45577 
3.80174 


77 
28 
83 
70 
09 

18 
12 
06 
20 
73 


a\b 


0.6 


0.7 


0.8 


0.9 


1.0 


1.0 

\ 

-1) 

-3.33333 

33 

( 

-1 

1-1.42857 

14 

0.00000 

00 

( 

"1) 

1.11111 

11 

( 

-1) 

2.00000 

00 

0.9 

-1) 

-2.33826 

62 

( 

-2 

) -5.57356 

94 

( 

-2) 

l.lMbl 

88 

( 

-\\ 

1.81250 

42 

-1) 

2.64028 

04 

0.8 

( 

-1) 

-1.27465 

48 

( 

-2 

1+3.69102 

15 

( 

-1) 

1.59854 

95 

! 

-ii 

2.55227 

74 

? 

-1) 

3.31335 

07 

0.7 

( 

-2) 

-1.40115 

64 

1 

-1< 

)  1.35264 

99 

( 

--1] 

2.46770 

86 

-1) 

3.33161 

66 

? 

-1) 

4.02018 

75 

0.6 

( 

-1) 

+1.06779 

15 

-i! 

2.39517 

31 

( 

3.38544 

19 

( 

-1) 

4.15173 

34 

( 

-1) 

4.76178 

82 

0.5 

( 

-1) 

2.35156 

45 

I 

-11 

3.49860 

15 

( 

-1) 

4.35327 

95 

( 

-1) 

5.01386 

60 

( 

-1) 

5.53917 

14 

0.4 

-1) 

3.71375 

95 

-1 

4.66490 

92 

5.37278 

55 

( 

-11 

5.91927 

92 

} 

-\\ 

6.35337 

71 

0.3 

f 

-1) 

5.15699 

27 

( 

-1 

5.89611 

50 

? 

-11 

6.44555 

87 

f 

-ii 

6.86926 

51 

\ 

-ij 

7.20546 

73 

0.2 

( 

-1 

6.68394 

10 

( 

-1] 

7.19428 

36 

( 

-iS 

7.57323 

29 

( 

-1) 

7.86514 

37 

f 

-1) 

8.09652 

62 

0.1 

( 

-1) 

8.29734 

28 

( 

-1] 

8.56152 

59 

( 

-1) 

^Jbli^l 

79 

( 

-1) 

8.90826 

31 

( 

-1) 

9.02766 

05 

0.0 

( 

0) 

1.00000 

00 

( 

0) 

1.00000 

00 

( 

0) 

1.00000 

00 

( 

0) 

1.00000 

00 

( 

0) 

1.00000 

00 

0.1 

( 

0) 

1.17947 

78 

f 

01 

1.15119 

12 

( 

0) 

1.13025 

42 

i 

0) 

1.11417 

60 

t 

0) 

1.10146 

98 

0.2 

( 

0) 

1.36846 

08 

} 

0 

1.30995 

18 

( 

o) 

1.26668 

86 

\ 

0) 

1.23349 

80 

f 

^\ 

1.20729 

30 

0.3 

( 

0) 

1.56724 

87 

( 

0 

1.47651 

22 

} 

0 

1.40948 

49 

( 

0) 

1.35811 

24 

( 

0) 

1.31758 

99 

0.4 

( 

0) 

1.77614 

79 

( 

0 

1.65110 

80 

I 

0) 

1.55882 

92 

( 

0 

1.48816 

89 

( 

0) 

1.43248 

29 

0.5 

( 

0) 

1.99547 

19 

( 

0] 

1.83397 

98 

( 

0) 

1.71491 

10 

( 

0) 

1.62382 

02 

( 

0) 

1.55209 

71 

0.6 

( 

0) 

2.22554 

09 

( 

0) 

2.02537 

37 

( 

0) 

1.87792 

43 

I 

^\ 

1.76522 

23 

( 

0) 

1.67656 

00 

0.7 

0 

2.46668 

24 

( 

0) 

2.22554 

09 

0) 

2.04806 

69 

( 

0) 

1.91253 

43 

\ 

0) 

1.80600 

17 

0.8 

} 

0) 

2.71923 

11 

( 

0] 

2.43473 

81 

} 

0 

2.22554 

09 

? 

° 

2.06591 

86 

0) 

1.94055 

51 

0.9 

( 

0) 

2.98352 

90 

( 

0) 

2.65322 

74 

( 

0) 

2.41055 

26 

f 

0) 

2.22554 

09 

( 

0) 

2.08035 

55 

1.0 

( 

0) 

3.25992 

56 

( 

0] 

2.88127 

68 

( 

0) 

2.60331 

27 

( 

0) 

2.39157 

03 

( 

0) 

2.22554 

09 
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Table  13.1 


CONFLUENT    HYPERGEOMETRIC    FUNCTIONS 
CONFLUENT  HYPERGEOMETRIC  FUNCTION  iVf(a,  b,  x) 


a;=0.9 


a\b 

-1.0 
-0.9 
-0.8 
-0.7 
-0.6 

-0.5 
-0.4 
-0.3 
-0.2 
-0.1 


0.1 
0.2 

0.3 
0.4 
0.5 

0.6 
0.7 
0.8 
0.9 
1.0 


0.1 

(  0) -8.00000  00 

(  0) -7.49259  77 

(  0) -6.90878  25 

0) -6.24470  96 

(  0) -5.49641  35 

(  0) -4.65980  55 

(  0) -3.73067  11 

0) -2.70466  65 

(  0) -1.57731  62 

(-1) -3.44010  11 


0.0   (  0)+l. 00000  00 


(  0)  2.45960  31 

(  0)  4.03983  23 

(  0)  5.74586  78 

0)  7.58304  06 

0)  9.55683  50 


1.16728 
1.39370 
1.63551 
1.89334 
2.16782 


93 
17 
72 
94 
87 


0.2 

-3.50000 
-3.22852 
-2.92208 
-2.57899 
-2.19753 

-1.77594 
-1.31238 
-8.04973 
-2.51778 
+  3.49195 


00 
60 
06 
21 
81 

43 
34 
88 
79 
37 
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92 

0) 

2.51617 

15 

( 

0) 

2.31092 

49 

4.03507 

07 

[  0) 

3.52448 

69 

0) 

3.14250 

04 

( 

0) 

2.84820 

19 

5.03790 

12   ( 

0) 

4.35023 

19 

0) 

3.83660 

34 

( 

0) 

3.44152 

39 

6.15318 

83 

:  0) 

5.26532 

81 

§j 

4.60320 

94 

( 

SI 

4.09470 

06 

7.38905 

61   ( 

0) 

6.27606 

41 

5.44729 

15 

( 

4.81173 

45 

8.75406 

09 

'§! 

7.38905 

61 

0) 

6.37407 

66 

0) 

5.59682 

82 

1.02572 

10   ( 

8.61126 

21 

0) 

7.38905 

61 

( 

0) 

6.45439 

28 

1.19079 

79   ( 

0) 

9.94999 

53 

0) 

8.49799 

64 

( 

0) 

7.38905 

61 
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Table  13.1 


x=3.0 


a\b 

-1.0 
-0.9 
-0.8 
-0.7 
-0.6 

-0.5 
-0.4 
-0.3 
-0.2 
-0.1 


0.6 
0.7 
0.8 
0.9 
1.0 


( 


0.1 

-2.90000 
-3.33062 
-3.67972 
-3.92295 
-4.03286 


1) -3.97869 
1) -3.72604 
1) -3.23666 
1) -2.46803 
1-1.37312 


00 
11 
78 
55 
65 

07 
95 
24 
49 
67 


( 


0.2 

) -1.40000 
-1.57397 
) -1.71028 
) -1.79849 
) -1.82694 

) -1.78256 
) -1.65079 
) -1.41549 
) -1.05876 
0) -5.60854 


0.1  (  1)  2.00855  37 

0.2  (  1)  4.41540  99 

0.3  (  1)  7.38953  06 

0.4  (  2)  1.10064  09 

0.5  (  2)  1.53485  39 


( 


2.05059 
2.65765 
3.36670 
4.18932 
5.13805 


14 
56 
66 
19 
80 


S?! 


9.47722 
2.00855 
3.31122 
4.88711 
6.77048 


00 
85 
23 
94 
57 

05 
47 
22 

41 
66 


0.0   (  0)+l. 00000  00   (  0)+l. 00000  00 


60 
37 
04 
46 
23 


8.99862  23 

1.16120  98 

1.46549  60 

1.81749  79 

2.22239  01 


0.3 


5  0)-9.( 
(  0)-9.^ 


-9.00000 
.93407 
1) -1.06346 
1-1.10419 
1-1.10887 


00 
08 
98 
34 
39 


1) -1.07004  00 
0-9.79393  09 
0) -8.27742  10 
0) -6.04935  06 
0-2.99786  41 


0.4 

0) -6.50000  00 

0) -7.05978  63 

0) -7.45607  06 

(  0) -7.64967  21 

(  0) -7.59691  35 

(  0) -7.24926  51 

(  0-6.55296  82 

(  O) -5.44863  43 

(  O) -3.87082  13 

0-1.74758  43 


( 


0.5 

-5.00000 
-5.35304 
-5.58342 
-5.66362 
-5.56302 

-5.24773 
-4.68029 
-3.81941 
-2.61971 
-1.03141 


01 

1 

1 

1 

1] 

1) 

1 

1) 

2) 

2) 


6.07912  54 

1.23871  81 

2.00855  37 

2.93502  26 

4.03729  70 


5.33622 
6.85444 
8.61651 
1.06490 
1.29806 


57 
79 
37 
11 
99 


( 


4.45833  69 
8.72184  59 
1.38935  23 
2.00855  37 
2.74198  55 


3.60289 
4.60562 
5.76574 
7.10006 
8.62675 


07 
86 
86 
77 
30 


3.53408 
6.63580 
1.03759 
1.48313 
2.00855 

2.62290 

3.33600 
4.15843 
5.10165 
6.17800 


00 
11 
63 
13 
55 

50 
11 
32 
67 
44 


'0)+1.0000  00   (  0)+l. 00000  00   (  0)+l. 00000  00 


59 
90 
15 
21 
37 

97 
27 
31 
02 
67 


a\b 


0.6 


-1.0  (  0) -4.00000  00 

-0.9  (  0) -4.22698  22 

-0.8  (  0) -4.35776  62 

-0.7  0) -4.37205  21 

-0.6  (  0) -4.24734  55 


-0.5 
-0.4 
-0.3 
-0.2 
-0.1 


0.6 
0.7 
0.8 
0.9 
1.0 


0) -3.95879 
0) -3.47899 
(  0-2.77784 
(  0) -1.82229 
(-1) -5.76188 


09 
58 
38 
72 
60 


0.7 

0) -3.28571 
0) -3.43076 
0) -3.49795 
0) -3.47180 
0) -3.33517 


43 
30 
59 
10 
91 


(  0) -3.06922  34 

(  0) -2.65319  12 

(  0) -2.06432  89 

(  0) -1.27772  88 

(-1) -2.66178  30 


0.8 

(  0) -2.75000  00 

(  0-2.83937  20 

(  0) -2.86423  28 

(  0-2.81244  38 

(  0) -2.67062  69 

0) -2.42407  50 

0) -2.05665  59 

(  0)-l. 55071  23 

(-1) -8.86954  74 

(_2) -4.43495  10 


0)- 
0 


0.9 

33333 
38362 


0) -2.37946 
0) -2.31115 
0) -2.16800 


33 
40 
93 
68 
92 


0) -1.93831  65 

0) -1.60926  29 

0) -1.16684  98 

-1) -5.95815  42 

-1)+1. 20451  21 


0) 

0 

0) 

0) 

0) 

0) 

0) 

-1 

-1) 

-1) 


1.0 

-2.00000 
-2.02218 
-1.99773 
-1.91873 
-1.77653 

-1.56163 
-1.26366 
-8.71351 
-3.72391 
+  2.46564 


00 
41 
27 
96 
50 

15 
85 
71 
35 
64 


0.0   (  0)+l. 00000  00   (  0)+1.00000  00   (  0)+l. 00000  00   (  0)  1.00000  00   (  0)  1.00000  00 


0.1  (  0)  2.94937  02 

0.2  (  0)  5.31885  34 

0.3  (  0)  8.15947  04 

0.4  (  1)  1.15266  06 

0.5  (  1)  1.54802  96 


1) 

1! 

1) 
1) 


2.00855 
2.54126 
3.15373 
3.85417 
4.65138 


37 
00 
75 
22 
52 


(  0)  2.55311  64 

0  4.42829  20 

0)  6.66364  61 

(  0  9.30049  38 

(  1)  1.23835  54 


K! 


1.59611 
2.00855 
2.48129 
3.02040 
3.63241 


70 
37 
50 
57 
26 


( 


0) 
0) 

II 

1) 

1) 
1) 
1) 
1) 
1) 


2.27097 
3.79559 
5.60309 
7.72517 
1.01960 


84 
01 
84 
18 
38 


1.30526  48 

1.63348  43 

2.00855  37 

2.43509  06 

2.91805  85 


( 


0) 

0 

0) 

0) 

0) 

1) 
1) 
1) 
1) 
1) 


2.06241 
3.32891 
4.82245 
6.56784 
8.59185 

1.09233 
1.35934 
1.66355 
2.00855 
2.39820 


49 
38 
42 
35 
66 

58 
30 
12 
37 
88 


( 


1.90360 
2.97434 
4.23056 
5.69204 
7.38010 

9.31770 
1.15295 
1.40421 
1.68839 
2.00855 


36 
69 
48 
18 
13 

09 
31 
20 
43 
37 
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CONFLUENT    HYPERGEOMETRIC    FUNCTIONS 
CONFLUENT  HYPERGEOMETRIC  FLNCTION  3f(a.  b,  x) 


x  =  4.0 


a\b 


0.1 


-1.0 

-0.9 

-0 

-0.7 

-0.6 


-0.8   ( 


-0.5 
-0.4 
-0.3 
-0.2 
-0.1 


0.1 
0.2 
0.3 
0.4 
0.5 

0.6 
0.7 
0.8 
0.9 
1.0 


( 


) -3.90000 
) -5.28985 


!1: 


-6.56662 
65252 


00 
40 
17 
34 


) -8.45540  43 


0.2 

(  1) -1.90000  00 

(  1) -2.48147  20 

(  1) -3.00867  57 

1) -3.44868  41 

1) -3.76267  54 


) -8.86704 
-8.76134 

) -7.99228 
-6.39183 
-3.76752 


80 
25 
75 
19 
93 


1 1!:^:; 


-3.90525  49 
.82372  05 
1) -3.45726  34 
(  1) -2.73610  36 
(  1) -1.58055  26 


0.3 

-1.23333 
55982 
-1.85166 
-2.09004 
-2.25292 


!:l: 


-2.31462 
-2.24546 
-2.01126 
-1.57295 
0) -8.86027 


33 
88 
07 
11 
22 

88 
12 
30 
45 
55 


0.4 

0) -9.00000 
1) -1.10723 
1) -1.28958 
1-1.43486 
1-1.52885 


00 
65 
24 
25 
30 


1)-1. 55505  56 
1) -1.49445  23 
1-1.32524  14 
l) -1.02255  01 
0) -5.58125  37 


0.5 

0) -7.00000  00 
0-8.40761  69 
0) -9.62460  70 
-1.05661 


02 
-1.11333  79 


1) -1.12123 
1) -1.06719 
0) -9.36252 
0-7.11353 
0) -3.73199 


61 
99 
11 
67 

87 


0.0   (  0)+l. 00000  00   (  0)+l. 00000  00   (  0)+l. 00000  00   (  0)+l. 00000  00   (  0)+l. 00000  00 


(  1) 

\l] 

(  2 

(  2 

2 
2 

3 
3 
3) 


5.45981 
1.25936 
2.18189 
3.34927 
4.80147 


50 
21 
72 
25 
67 


6.58320  17 
8.74427  45 
1.13401 
1.44322 


20 
61 


1.80888  49   ( 


2.40818 
5.45981 
9.38520 
1.43304 
2.04591 

2.79535 
3.70166 
4.78740 
6.07756 
7.59977 


08 
50 
09 
83 
31 

32 
95 
93 
33 
67 


1.44217  35 
3.20473  65 
5.45981  50 
8.28815  42 
1.17799  11 

1.60355  04 
2.11665  31 
2.72967  48 
3.45631  21 
4.31169  57 


SI! 


2) 

2) 
2) 
2 
2 


9.87867 
2.14598 
3.61972 
5.45981 
7.72277 

1.04714 
1.37755 
1.77124 
2.23672 
2.78343 


71 
18 
65 
50 
23 

53 
99 
33 
99 
47 


0) 

w 


1) 
1) 

2) 
2) 
2) 


7.32759 
1.55257 
2.59017 
3.87987 
5.45981 


68 
11 
89 

49 
50 


7.37235  87 

9.66443  28 

1.23879  22 

1.56000  85 

1.93640  05 


a\b 

-1.0 
-0.9 
-0.8 
-0.7 
-0.6 

-0.5 
-0.4 
-0.3 
-0.2 
-0.1 


0.1 
0.2 
0.3 
0.4 
0.5 

0.6 
0.7 
0.8 
0.9 

1.0 


0.6 

-5.66666 
-6.66432 
-7.50985 
-8.14117 
-8.48636 


(  0) -8.46261 

(  0) -7.97509 

(  0) -6.91578 

(  0) -5.16209 

(  0) -2.57549 


67 
27 
56 
89 
64 

04 
54 
17 
26 
99 


0.7 

(  0) -4.71428  57 

(  0-5.44175  41 

(  0-6.04428  51 

(  0) -6.47484  53 

(  0)-6.67916  15 

(  0) -6.59496  95 

(  0) -6.15120  28 

(  0) -5.26711  67 

(  0) -3.85134  51 

(  0) -1.80088  43 


0.8 

0) -4.00000  00 

0) -4.54078  84 

0) -4.97675  07 

0) -5.27129  22 

0) -5.38234  50 

0) -5.26181  06 

0-4.85495  90 

0) -4.09978  13 

0) -2.92629  19 

0) -1.25577  95 


0.9 


(  0) -3.44444  44 
(  0)-3. 


85159  75 
0) -4.16932  54 


)-4.1 
(  0) -4.36854  34 
(  0) -4.41593  73 


(  0) -4.27354 
(  0) -3.89828 
(  0) -3.24149 
0) -2.24839 
(-1) 


-8.57483 


17 
45 
77 
06 
35 


1.0 

(  0) -3.00000 

(  0) -3.30880 

(  0) -3.54030 

(  0) -3.67096 

(  0) -3.67394 


00 
92 

67 
90 
51 


(  0) -3.51873  12 
(  0-3.17081  98 
(  0) -2.59132  26 
(  0) -1.73656  51 
(-1) -5.57651  91 


0.0   (  0)+l. 00000  00   (  0)+l. 00000  00   (  0)+l. 00000  00   (  0)+l. 00000  00   (  0)+l. 00000  00 


0) 

1 
1 
1) 

1) 


5.73952 
1.18390 
1.95174 
2.90181 
4.06117 


(  1)  5.41 

!  H  ^•^■ 

(  1  9.i: 

(  2)  1.1' 


5.45981 

3090 

11107 

14406 

2)  1.41640 


56 
73 
11 
11 
30 

50 
76 
21 
67 
95 


(  0)  4.68094  79 

(  0)  9.38676  76 

(  1)  1.52787  90 

(  1  2.25363  21 

(  1)  3.13582  01 


( 


1! 

2) 


4.19644 
5.45981 
6.95271 
8.70463 
1.07479 


69 
50 
64 
66 
72 


0) 
0) 
1) 
1) 
1) 

1) 

1) 

1 

1) 

1) 


3.93968  87 

7.67325  59 

1.23229  94 

1.80245  87 

2.49282  52 

3.31999  64 

4.30227  62 

5.45981  50 

6.81475  87 

8.39140  83 


\l\ 


3.40078 
6.43024 
1.01831 
1.47644 
2.02901 


42 
18 
42 
52 
97 


1)  2.68883  75 

1)  3.46999  38 

1  4.38798  40 

1)  5.45981  50 

(  1)  6.70412  50 


2.99716  17 
5.50132  78 
8.58729  05 
1.23377  53 
1.68439  84 


2.22065  21 

2.85359  16 

3.59535  37 

4.45924  13 

5.45981  50 
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CONFLUENT  HYPERGEOMETRIC  FUNCTION  M(a,  b,  x) 


Table  13.1 


a;  =5.0 


a\b 


0.1 


0.2 


0.3 


0.4 


0.5 


-1.0 

( 

1) 

-4.90000 

00 

(  1) 

-2.40000 

00 

{    ^\ 

-1.56666 

67   ( 

[  i; 

1-1.15000 

00 

;  o| 

1-9.00000  00 

-0.9 

1 

-8.48135 

46 

1) 

-3.90138 

34 

i    1) 

-2.41382 

36 

'  1 ' 

1-1.69201 

76 

-1.27235  43 

-0.8 

f 

2 

-1.20177 

53 

^) 

-5.37054 

86 

(  1 

-3.23511 

34 

I    1 

1-2.21244 

58 

■^  J 

-1.62630  91 

-0.7 

( 

2) 

-1.52985 

90 

\\\ 

-6.71922 

90 

(  1) 

-3.98065 

33 

;  1 

1; 

1-2.67925 

47 

-1.93973  31 

■0.6 

( 

2) 

-1.80596 

42 

-7.83737 

80 

(  1) 

-4.58862 

62   1 

-3.05298 

12 

i  1* 

1-2.18551  10 

-0.5 

2) 

-1.99749 

08 

l^i 

-8.58991 

93 

i  1) 

-4.98353 

39 

;  i; 

-3.28566 

20   ( 

■1 1 

-2.33084  19 

-0.4 

2) 

-2.06475 

40 

-8.81313 

79 

(  1) 

-5.07426 

08 

i; 

-3.31965 

25 

}    1 

1-2.33646  31 

-0.3 

2) 

-1.95997 

71 

'  1  ^ 
i  1 

-8.31068 

13 

(  1) 

-4.75193 

11 

1 

1-3.08632 

11 

1 

-2.15579  45 

0.2 

l\ 

-1.62617 

59 

-6.84913 

57 

(  1) 

-3.88754 

12 

1 

1-2.50460 

94 

1-1.73399  46 

■0.1 

-9.95925 

89 

) 

-4.15313 

99 

(  1) 

-2.32934 

93   ( 

*  11 

-1.47944 

56 

1> 

1-1.00692  28 

0.0 

0) 

fl. 00000 

00   ( 

0)- 

fl. 00000 

00 

(  0) 

+1.00000 

00   ( 

0] 

+1.00000 

00   ( 

0] 

+1.00000  00 

0.1 

2) 

1.48413 

16   ( 

'W 

6.28624 

01 

S'i 

3.60663 

62   1 

2.36223 

07   ( 

.  1] 

1.67304  26 

0.2 

2) 

3.53395 

30 

1.48413 

16 

8.42893 

34   ( 

5.45552 

50   ( 

1 

3.81153  30 

0.3 

( 

2) 

6.28371 

74   ( 

'11 

2.62678 

96 

2 

1.48413 

16   ( 

1] 

9.55023 

72 

1 

6.62935  70 

0.4 

} 

2 

9.87643 

86   1 

4.11434 

26 

2) 

2.31584 

25   ( 

2 

1.48413 

16   ( 

2 

1.02565  96 

0.5 

( 

3) 

1.44760 

74   ( 

2) 

6.01287 

11 

(  2) 

3.37396 

77   ( 

2] 

2.15510 

54   ( 

2] 

1.48413  16 

0.6 

( 

?! 

2.02699 

13   ( 

2) 

8.39773 

11 

(  2) 

4.69942 

40   ( 

2) 

2.99320 

90   ( 

2) 

2.05515  14 

0.7 

} 

2.74711 

92   ( 

3 

1.13545 

79 

2 

6.33864 

72   ( 

2 

4.02706 

82   ( 

2 

2.75772  43 

0.8 

I 

^) 

3.63219 

45   ( 

3) 

1.49804 

92 

2 

8.34418 

40   ( 

2 

5.28902 

72   ( 

2 

3.61329  22 

0.9 

( 

3) 

4.70961 

17   ( 

1! 

1.93851 

85 

3) 

1.07753 

37   ( 

2 

6.81553 

64   ( 

2 

4.64598  46 

1.0 

( 

3) 

6.01029 

56   ( 

2.46923 

43 

3) 

1.36988 

66   ( 

2 

8.64757 

36   ( 

2 

5.88289  14 

a\b 

-1.0 
-0.9 
-0.8 
-0.7 
-0.6 

-0.5 
-0.4 
-0.3 
-0.2 
-0.1 


0.1 
0.2 
0.3 
0.4 
0.5 


( 


0.6 

-7.33333 
-1.00125 
-1.25327 
-1.47334 
-1.64188 


33 
62 
68 
02 
17 


1) -1.73534  19 
1) -1.72563  11 
1) -1.57953  99 
1) -1.25808  94 
0) -7.15818  24 


0.7 

0) -6.14285  71 

0) -8.13469  15 

0) -9.98761  99 

1) -1.15809  94 

1) -1.27685  52 


( 
(    0 


1) -1.33749  40 
1-1.31918  93 
1) -1.19740  11 
0-9.43413  73 
) -5.23827  09 


0.8 

-5.25000 
-6.76712 
-8.16187 
-9.34109 
-1.01924 


1) -1.05817 
1) -1.03502 
0) -9.31162 
-7.24837 
.90821 


5    O)-!'.: 
(    0)-3.< 


00 
82 
54 
21 
14 

04 
42 
41 
36 
47 


0.9 

-4.55555 
-5.73274 
-6.80132 
-7.68780 
-8.30396 

-8.54492 
-8.28701 
-7.38548 
-5.67194 
-2.95155 


56 
31 
29 
55 
66 

28 
58 
98 
55 
22 


1.0 

-4.00000 
-4.92670 
-5.75641 
-6.43011 
-6.87726 

-7.01437 
-6.74333 
-5.94963 
-4.50048 
-2.24261 


( 


I] 

1) 
1 
2) 


1.25021 
2.80473 
4.84355 
7.45788 
1.07513 


43 
44 
66 
26 
41 


0.6  (  2)  1.48413  16 

0.7  (  2  1.98603  96 

0.8  (  2)  2.59579  43 

0.9  (  2  3.33018  07 

1.0  (  2)  4.20801  74 


(  0)  9.72559  33 

.4485  95 

.67515  33 


1 1]  fX 

(  1)  5.6 
(  1)  8.0 


1)  5.62973  09 
1)  8.( 


( 


.08378  40   ( 


1.11223  46 

1.48413  16 

1.93485  65 

2.47651  46 

3.12265  96 


7.81074 
1.69066 
2.87239 
4.37580 
6.25698 

8.57928 
1.14140 
1.48413 
1.89509 
2.38432 


40 
81 
67 
33 
73 

78 
27 
16 
28 
45 


0) 
1) 
1) 
1) 
1 


6.43982 
1.36614 
2.29989 
3.48308 
4.95851 


88 
90 
34 
09 
46 


(  1)  6.77444  40 

(  1  8.98511  69 

(  2  1.16513  78 

2)  1.48413  16 

(  2)  1.86309  66 


00 
46 
51 
23 
99 

97 
16 
73 
61 
78 


0.0   (  0)+1.00000  00   (  0)+l. 00000  00   (  0)+1.00000  00   (  0)+1.00000  00   (  0)+l. 00000  00 


0)  5.42870  50 

1)  1.12729  02 
1  1.87930  66 
1)  2.82840  13 
1)  4.00784  46 


5.45508  08 
7.21214  61 
9.32612  06 
1.18496  18 
1.48413  16 
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=  6.0 


a\b 

-1.0 
-0.9 
-0.8 
-0.7 
-0.6 

-0.5 
-0.4 
-0.3 
-0.2 
-0.1 


0.1 
0.2 
0.3 
0.4 
0.5 

0.6 
0.7 
0.8 
0.9 
1.0 


0.1 

1) -5.90000  00 
2) -1.44132  92 
2)-2. 33128  14 
2) -3.20791  31 
2) -4.00174  16 


2) -4.62243 

2) -4.95505 

(  2) -4.85579 

-4.14715 

61250 


(  2j-4:] 
(  2)-2.( 


63 
80 
61 
07 
17 


0.2 

l)-2.90000 
1) -6.43961 
2)-l. 01116 
2-1.37008 
2)-1.69209 

2) -1.94024 
2) -2.06773 
2) -2.01621 
2) -1.71394 
2) -1.07362 


00 
14 
95 
05 
38 

69 
13 
45 
56 
31 


1 
1 
1 
1 
1) 

2) 

l\ 


0.3 

-1.90000 
-3.88390 
-5.92627 
-7.90656 
-9.66592 

-1.10002 
-1.16523 
-1.13027 
9.56011 
5.94951 


00 
81 
62 
11 
36 

61 
15 
51 
20 
89 


0.4 

1) -1.40000 
1-2.66287 
1) -3.95288 
1) -5.19335 
1-6.28400 


-7.09668 
-7.47062 
-7.20700 
-6.06296 
-3.74471 


00 
93 
49 
87 
93 

98 
14 
55 
12 
97 


( 


0.5 

.0000 
.96459 
1) -2.84081 
l) -3.67618 
1-4.40252 


1)-1.1( 
1)-1.9< 


\l] 


4.03428 
9.83405 
1.78513 
2.86060 
4.27068 

6.08625 
8.38957 
1.12757 
1.48541 
1.92506 


79 
67 
43 
97 
45 

44 
36 
14 
80 
91 


1.66280 
4.03428 
7.30095 
1.16700 
1.73835 


3) 

1! 


07 
79 
48 
13 
48 


2.47231  35 
3.40149  55 
3)  4.56354  65 
6.00176  64 
7.76580  14 


II] 


\l] 


3) 

3) 
3) 
3) 
3) 


9.26969 
2.23669 
4.03428 
6.43121 
9.55746 

1.35639 
1.86253 
2.49428 
3.27475 
4.23039 


34 
33 
79 
54 
91 

99 
97 
70 
26 
92 


5.89051  37 
1.41226  82 
2.53795  01 
4.03428  79 
5.98067  12 


8.46913  69 
1.16059  73 
1.55134 
2.03319 
2.62218 


92 
84 
79 


4.04184 
9.61906 
1.72165 
2.72837 
4.03428 

5.69983 
7.79473 
1.03990 
1.36045 
1.75159 


00 
57 
83 
94 
67 


-4.93318  77 
-5.15995  73 
-4.94954  27 
-4.13963  47 
-2.53449  16 


0.0   (  0)+l. 00000  00   (  0)-h1. 00000  00   (  0)+l. 00000  00   (  0)+1.00000  00   (  0)+1.00000  00 


10 
66 
84 
67 
79 

97 
21 
56 
49 
77 


a\b 

-1.0 
-0.9 
-0.8 
-0.7 
-0.6 

-0.5 
-0.4 
-0.3 
-0.2 
-0.1 

0.0 

0.1 
0.2 
0.3 
0.4 
0.5 

0.6 
0.7 
0.8 
0.9 
1.0 


0.6 

0) -9.00000 
1) -1.52103 
1) -2.14539 
1-2.73534 
1) -3.24219 

1) -3.60439 
1) -3.74541 
1) -3.57134 
1) -2.96819 
1) -1.79891 


00 
70 
69 
89 
87 

87 
77 
39 
67 
61 


0.7 

0) -7.57142 
1) -1.21887 
1) -1.67928 
-2.11028 
.47582 


l)-2.*] 
l)-2.^ 


i  lit^ 


86 
04 
88 
68 
00 


1) -2.73056  65 
1) -2.81841  55 
1) -2.67076  84 
-2.20463  65 
.32051  32 


0.8 

-6.50000 
-1.00236 
-1.35080 
-1.67379 
-1.94390 


Ul 


1) -2.12682 
1) -2.18026 
1) -2.05268 
1-1.68195 
0) -9.93780 


00 
52 

52 
50 
70 

93 
23 
12 
09 

50 


0.9 

-5.66666 
-8.41150 
-1.11025 
-1.35713 
-1.56045 


(  i)-ii: 

(  0)-7.( 


67 
68 
64 
62 
26 


(  1) -1.69364  40 
(  1) -1.72410  15 
(  1) -1.61224  68 
.31050  12 
.62137  49 


1.0 

-5.00000 
-7.17389 
-9.28639 
-1.12032 
-1.27553 


11 
I] 

2) 

2) 
2 
2 
2) 
3) 


2.92224 
6.89588 
1.22879 
1.94097 
2.86223 

4.03428 
5.50517 
7.33002 
9.57187 
1.23026 


67 
66 
89 
77 
27 

79 
98 
58 
15 
21 


(  1)  2.19683  71 

(  1)  5.13440  78 

(  1)  9.10486  02 

(  2  1.43316  97 

(  2)  2.10737  78 


( 


2) 

2 

2 

2) 

2) 


2.96297 
4.03428 
5.36065 
6.98699 
8.96449 


41 
79 
25 
63 
42 


(  1)  1.70335  65  (  11 

(  1)  3.93817  92  (  1 

1)  6.94664  31  (  1 
(  2)  1.08938  21  (  1 

(  2)  1.59705  69  (  2] 

(  2)  2.23967  22  (  2 

2)  3.04245  98  (  2 
2)  4.03428  79  2 

(  2  5.24808  61  (  2 

(  2)  6.72131  30  (  2 


1.35491  58 

3.09503  99 

5.42797  37 

8.47842  06 

1.23903  18 


1.73291 
2.34847 
3.10736 
4.03428 
5.15728 


89 
33 
70 
79 
26 


( 


1) 

1 

1 

1 

1) 

2) 
2) 
2) 
2) 
2) 


00 
32 
79 
42 
63 


1)-1. 37333  18 
1-1.38810  25 
1) -1.28887  64 
1-1.03853  60 
0) -5.92948  86 


0)+l. 00000  00   (  0)+l. 00000  00   (  0)+l. 00000  00   (  0)+1.00000  00   (  0)-t-l. 00000  00 


1.10148  13 

2.48291  09 

4.32726  56 

6.73053  68 

9.80333  40 

1.36726  52 

1.84838  13 

2.44026  08 

3.16176  35 

4.03428  79 
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CONFLUENT  HYPERGEOMETRIC  FUNCTION  M(a,  b,  x) 

x=7.0 


Table  13.1 


a\b 

-1.0 
-0.9 
-0.8 
-0.7 
-0.6 

-0.5 
-0.4 
-0.3 
-0.2 
-0.1 


0.1 
0.2 
0.3 
0.4 
0.5 

0.6 
0.7 
0.8 
0.9 
1.0 


0.1 

l)-6.90000  00 
2-2.66288  80 
2) -4.82834  55 
2)-7.06530  95 
2) -9.19980   13 


0.2 

-3.40000 
-1.15002 
-2.03315 
-2.93971 
-3.79893 


0.3 


3) -1.09929 
3)-l. 21270 
3) -1.21896 
3) -1.06546 
2-6.86139 


51 
91 
61 
71 
84 


2) -4.51426 
2) -4.95796 
2) -4.96479 
2) -4.32480 
2) -2.77502 


00 
17 
80 
82 
33 

47 
49 
64 
32 
15 


1) -2.23333  33 
1) -6.72111  28 
2) -1.15809  32 
2) -1.65375  76 
2)-2.12025  19 


0.4 

-1.65000 
-4.47674 
-7.51697 
-1.05973 
-1.34754 


2) -2.50491 
2) -2.73838 
2) -2.73134 
2) -2.37063 
2) -1.51499 


09 
73 
11 
77 
28 


00 
11 
57 
99 
31 


2) -1.58243  03 
2)-l. 72158  27 
2)-l. 71005  68 
2) -1.47850  91 
1) -9.40594  48 


0.5 

-1.30000  00 

-3.21693  87 

-5.26450  27 

-7.32517  82 

-9.23583  79 

-1.07780  84 
-1.16671  10 
-1.15389  05 
-9.93558  67 
-6.28867   03 


0.0       (    0)41.00000   00       (    0)+l. 00000  00       (    0)+l. 00000   00       (    0)+1.00000  00       (    0)+l. 00000   00 


3) 
3) 
3) 

I] 

4) 
4) 
4) 


1.09663 
2.72330 
5.02903 
8.19139 
1.24220 


32 
73 
83 
01 
89 


1.79722  28 

2.51381  30 

3.42679  34 

4.57689  88 

6.01161  32 


4.42900 
1.09663 
2.02058 
3.28466 
4.97211 

7.18148 
1.00289 
1.36506 
1.82058 
2.38799 


71 
32 
34 
83 
80 

47 
02 
23 
62 
82 


2.41753 
5.96600 
1.09663 
1.77901 
2.68791 

3.87554 
5.40336 
7.34333 
9.77948 
1.28094 


11 
60 
32 
54 
51 

96 
15 
78 
66 
89 


1.50292  87 

3.69501  44 

6.77457  83 

1.09663  32 

1.65368  85 

2.38009  49 

3.31282  90 

4.49515  29 

5.97748  66 

7.81838  27 


1.00798  98 

2.46763  45 

4.51182  31 

7.28692  93 

1.09663  32 

1.57543  68 

2.18907  73 

2.96556  40 

3.93749  79 

5.14269  05 


a\b 

-1.0 
-0.9 
-0.8 
-0.7 
-0.6 

-0.5 
-0.4 
-0.3 
-0.2 
-0.1 


0.1 
0.2 
0.3 
0.4 
0.5 

0.6 
0.7 
0.8 
0.9 
1.0 


0.6 

1) -1.06666  67 

1) -2.43203  85 

(  1) -3.88035  55 

1-5.32790  43 

(  1) -6.65941  15 

(  1) -7.72147  28 

(  1-8.31498  75 

1) -8.18647  83 

(  1) -7.01816  36 

(  1) -4.41663  81 


0.7 

(  0) -9.00000  00 

1) -1.90770  95 

1) -2.96917  41 

(  1) -4.02257  88 

(  1) -4.98346  93 

(  1) -5.74011  58 

(  1) -6.14818  51 

(  1) -6.02463  60 

(  1) -5.14074  94 

(  1) -3.21419  15 


( 


0.8 

-7.75000 
-1.53927 
-2.33863 
-3.12617 
-3.83826 

-4.39120 
-4.67738 
-4.56087 
1-3.87234 
-2.40338 


00 
06 
78 
60 
01 

14 
87 
46 
20 
13 


0.9 

0) -6.77777 
1) -1.27012 
1) -1.88526 
l)-2.48676 
1) -3.02562 


-3.43770 
-3.64095 
-3.53208 
-2.98287 
-1.83595 


78 
46 
21 
78 
11 

69 
75 
76 
74 
18 


1.0 

0) -6.00000  00 
1) -1.06732  11 
1-1.54912  65 
1-2.01662  21 
l)-2. 43133  06 


-2.74320  50 

-2.88847  09 

-2.78716  65 

-2.34034  55 

-1.42690  55 


0.0   (  0)+l. 00000  00   (  0)+1.00000  00   (  0)+l. 00000  00   (  0)+1.00000  00   (  0)+l. 00000  00 


(  1)  7.11674  98 

(  2)  1.73382  30 

(  2)  3.16073  31 

(  2)  5.09262  36 

(  2)  7.64800  47 


1.09663  32 

1.52109  75 

2.05725  48 

2.72726  12 

3.55678  22 


5.21962 
1.26468 
2.29812 
3.69345 
5.53466 


63 
67 
96 
22 

48 


7.92047  08 

1.09663  32 

1.48067  73 

1.95979  60 

2.55205  62 


1] 
1 
2 
2 
2) 

2) 

2) 
3 
3) 
3 


3.94472  08 
9.49891  56 
1.72012  72 
2.75715  27 
4.12222  44 


5.88720 
8.13601 
1.09663 
1.44913 
1.88419 


07 
69 
32 
63 
29 


1) 
1) 
2) 
2) 
2) 

2) 
2) 
2) 
3) 
3) 


3.05562 
7.30700 
1.31824 
2.10704 
3.14277 

4.47895 
6.17802 
8.31248 
1.09663 
1.42364 


65 
42 
90 
18 
19 

79 
12 
87 
32 

54 


2.41701  00 
5.73511  61 
1.03047  87 
1.64217  15 
2.44332  54 


2)  3.47456  13 

2)  4.78318  84 

2)  6.42409  85 

2)  8.46076   16 

3)  1.09663   32 


273-888  0-67  -35 
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x=8.0 


a\b 


-1.0 
-0.9 
-0.8 
-0.7 
-0.6 

-0.5 
-0.4 
-0.3 
-0.2 
-0.1 


0.1 
0.2 
0.3 
0.4 
0.5 

0.6 
0.7 
0.8 
0.9 
1.0 


( 


0.1 


l)-7.^ 

2) -5.: 


-7.90000 
.35947 

3) -1.62135 
3) -2.18025 


00 
58 
37 
82 
86 


3) -2.67429  61 
3-3.01799  53 
3) -3.09632 
3-2.75810 
3) -1.80829 


67 
97 
89 


0.2 

-3.90000 
-2.23970 
-4.34517 
-6.59589 
-8.82153 

-1.07763 
-1.21208 
-1.23996 
-1.10164 
-7.20419 


0.3 


00 
82 
66 
37 
60 

74 
08 
24 
91 
31 


-2.56666 
-1.26764 
-2.41159 
1-3.62791 
-4.82414 


(  2) -5.86783 
2) -6.57678 
(  2) -6.70780 
(  2) -5.94329 
(  2) -3.87580 


67 
73 
61 
31 
97 

06 
93 
36 
13 
16 


0.4 

1) -1.90000 
1) -8.18608 
2) -1.52562 
2-2.27325 
2-3.00441 


2) -3.63786 
2) -4.06244 
2-4.13029 
2) -3.64902 
2-2.37245 


00 
14 
18 
01 
34 

60 
15 
89 
75 
74 


0.5 

-1.50000 
-5.71092 
-1.04182 
-1.53682 
-2.01811 

-2.43202 
-2.70544 
-2.74155 
-2.41475 
-1.56480 


3) 
3) 
4) 
4) 
V 

4) 
4) 
5) 
5) 
5) 


2.98095 
7.51808 
1.40881 
2.32720 
3.57745 

5.24445 
7.42998 
1.02553 
1.38646 
1.84279 


80 
32 
29 
88 
28 

76 
57 
76 
40 
80 


I] 
I] 

4) 

4) 
4) 
4 
V 
4) 


1.18444 
2.98095 
5.57611 
9.19616 
1.41150 

2.06625 
2.92330 
4.02964 
5.44098 
7.22305 


63 
80 
41 
72 
69 

00 
17 
70 
22 
38 


6.35818 
1.59656 
2.98095 
4.90796 
7.52139 

1.09940 
1.55324 
2.13822 
2.88342 
3.82312 


11 
00 
80 
57 
08 

42 
53 
46 
27 
68 


2) 

2 

3) 

3) 

3) 

3) 

3) 
4) 
4) 
4 


3.88567 
9.73282 
1.81369 
2.98095 
4.56094 

6.65669 
9.39119 
1.29105 
1.73873 
2.30252 


25 
54 
75 
80 
12 

18 
38 
19 
91 
22 


2.56061 
6.39631 
1.18950 
1.95153 
2.98095 

4.34399 
6.11953 
8.40117 
1.12994 
1.49443 


00 
02 
83 
58 
79 

00 
00 
31 
59 
05 


0.0   (  0)+1.00000  00   (  0)+1.00000  00   (  0)+l. 00000  00   (  0)+l. 00000  00   (  0)+1.00000  00 


41 
86 
58 
01 
80 

08 
13 
14 
43 
61 


a\b 

-1.0 
-0.9 
-0.8 
-0.7 
-0.6 

-0.5 
-0.4 
-0.3 
-0.2 
-0.1 


0.1 
0,2 
0.3 
0.4 
0.5 

0.6 
0.7 
0.8 
0.9 
1.0 


( 


0.6 

1) -1.23333 
1) -4.19816 
1) -7.49216 
2-1.09361 
2) -1.42648 


-1.71051 
-1.89519 
-1.91386 
-1.68033 
-1.08493 


33 
11 
65 
95 
08 

24 
44 
58 
35 
76 


0.7 

(  1) -1.04285  71 

(  1) -3.20746  94 

(  1) -5.59749  62 

(  1) -8.08183  59 

(  2) -1.04680  37 


-1.24874 
-1.37780 
-1.38635 
-1.21307 
-7.80116 


83 
10 
99 
63 
43 


0.8 

-9.00000  00 
-2.52522  99 
-4.30847  38 
-6.15107  90 
-7.90952  94 


i)-9.: 

2)-l.( 


-9.38477  69 
.03097  46 
2)-l. 03347  63 
1) -9.01063  22 
1) -5.76904  74 


0.9 

0) -7.88888 

) -2.03685 

-3.39751 

) -4.79493 

) -6.11965 

-7.22077 
-7.89678 
-7.88488 
-6.84858 
-4.36332 


1.0 


89 
45 
08 
78 
64 

10 
13 
72 
28 
11 


2) 
2) 
2) 
3) 
3) 

3) 

3 

3) 

3 

4 


1.77542 
4.42157 
8.20490 
1.34359 
2.04885 

2.98095 
4.19313 
5.74840 
7.72114 
1.01986 


34 
41 
47 
84 
12 

80 
16 
89 
36 
91 


\l] 


3) 

3 
3) 
3) 
3) 


1.27804 
3.17224 
5.87308 
9.59878 
1.46114 

2.12243 
2.98095 
4.08075 
5.47370 
7.22067 


07 
03 
59 
19 
76 

36 
80 
63 
48 
87 


1) 

2 

2 

2) 

3) 

3) 

3 
3) 
3) 
3) 


9.47420 
2.34287 
4.32702 
7.05759 
1.07237 

1.55511 
2.18075 
2.98095 
3.99294 
5.26034 


10 
19 
55 
09 
41 

32 
96 
80 
06 
65 


II] 


7.19400 
1.77165 
3.26355 
5.31172 
8.05582 

1.16622 
1.63280 
2.22860 
2.98095 
3.92186 


22 

46 
40 
06 
19 

16 
79 
68 
80 
75 


0.0   (  0)+l. 00000  00   (  0)+1.00000  00   (  0)-i-1.00000  00   (  0)+l. 00000  00   (  0) 


-7.00000 

00 

-1.67621 

46 

-2.73380 

70 

-3.81325 

44 

-4.82945 

42 

-5.66582 

71 

-6.16743 

32 

-6.13297 

12 

-5.30551 

30 

-3.36181 

13 

+1.00000 

00 

5.57451 

38 

1.36651 

86 

2.51027 

48 

4.07661 

58 

6.17064 

03 

8.91734 

62 

1.24646 

81 

1.69869 

84 

2.26888 

68 

2.98095 

80 
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Table  13.1 


x  =  9.0 


a\b 

-1.0 
-0.9 
-0.8 
-0.7 
-0.6 

-0.5 
-0.4 
-0.3 
-0.2 
-0.1 


0.1 
0.2 
0.3 
0.4 
0.5 

0.6 
0.7 
0.8 
0.9 
1.0 


0.1 

(  1) -8.90000 

(  3) -1.15822 

(  3) -2.42781 

(  3) -3.83823 

(  3) -5.28795 

(    3) -6.62068 
(    3-7.60990 
3)-7.94036 
-7.18584 
-4.78278 


\l\ 


00 
92 
38 
48 
76 

16 
61 
79 
92 
15 


0.2 

1) -4.40000  00 
2) -4.70696  01 
2) -9.74816  44 
3) -1.53240  98 
3) -2.10310  78 

3) -2.62521  11 
3-3.00975  26 
3) -3.13336  92 
3) -2.82979  30 
3) -1.87974  72 


0.3 

l)-2. 90000  00 
2) -2.58988  67 
2) -5.29323  09 
2) -8.26992  61 
3) -1.13032  66 

3) -1.40643  82 
3-1.60814  10 
3) -1.67025  41 
3) -1.50519  87 
2) -9.97775  31 


0.4 

l)-2. 15000  00 

2) -1.62573  25 

2) -3.27532  02 

2) -5.08337  71 
2) -6.' 


.91755  27   ( 


2) -8.57840  43 
2-9.78118  66 
3) -1.01340  64 
2) -9.11218  60 
2) -6.02698  67 


0.5 

1) -1.70000 
2-1.10263 
2) -2.18739 
2) -3.37079 
2-4.56573 


( 


3)  8.10308 

4)  2.07097 

4)  3.93063 
4  6.57367 

5)  1.02271 


5) 

5 

5) 

5) 

5) 


1.51686 
2.17356 
3.03359 
4.14598 
5.56941 


39 
19 
86 
60 
23 

28 
27 
16 
16 
19 


( 


3) 
3) 
4) 
4) 
4) 

4) 

4) 
5) 
5) 
5) 


3.17569  47 
8.10308  39 
1.53566  77 
2.56471  76 
3.98485  11 

5.90279  86 

8.44810  69 

1.17771  47 

1.60777  16 

2.15743  14 


1.68114 
4.28218 
8.10308 
1.35137 
2.09683 

3.10207 
4.43426 
6.17433 
8.41941 
1.12854 


1.01296  25 
2.57548  14 
4.86584  85 
8.10308  39 
1.25557  31 

1.85508  62 
2.64844  50 
3.68332  96 
5.01687  01 
6.71721  10 


( 


00 
21 
83 
66 
11 


2) -5.64186  81 
2-6.41404  87 
2-6.62844  84 
2) -5.94613  42 
2-3.92362  38 


0.0   (  0)+l. 00000  00   (  0)+l. 00000  00   (  0)+l. 00000  00   (  0)+1.00000  00   (  0)+l. 00000  00 


6.57992 
1.66969 
3.14939 
5.23683 
8.10308 


17 
38 
49 
11 
39 


1.19562  36 
1.70478  81 
2.36805  96 
3.22165  07 
4.30870  75 


a\b 

-1.0 
-0.9 
-0.8 
-0.7 
-0.6 

-0.5 
-0.4 
-0.3 
-0.2 
-0.1 


0.1 
0.2 
0.3 
0.4 
0.5 

0.6 
0.7 
0.8 
0.9 
1.0 


0.6 

1)-1. 40000 
1) -7.88310 
2) -1.53831 
2) -2.35259 
2) -3.17089 

2) -3.90366 
2-4.42433 
2-4.56001 
2) -4.08061 
2) -2.68584 


( 


4.49581 
1.13844 
2.14370 
3.55908 
5.49915 


3)  8.10308 

4)  1.15389 
4)  1.60085 
4)  2.17532 
4  2.90602 


00 
88 
87 
85 
67 

91 
15 
78 
95 
35 


0.0   (  0)+1.00000  00 


13 
85 
76 
19 
09 

39 
32 

54 
51 
06 


11 

1 

2 
(  2) 
(  2)- 

(  2) 

2). 
(  2). 
(  2). 


0.7 

1.18571 
5.86101 
1.12401 
1.70516 
2.28631 


43 
35 

55 
69 
95 


•2.80365  84 
-3.16741  38 
■3.25546  2S 
■2.90574  94 
■1.90735   35 


0.8 

1) -1.02500 
1) -4.49394 
1) -8.46300 
2)-l. 27296 
2) -1.69747 

2) -2.07304 
2) -2.33416 
2) -2.39208 
2) -2.12938 
2) -1.39363 


2) 


\l\ 


3.18820 
8.05506 
1.51408 
2.50977 
3.87215 

5.69778 
8.10308 
1.12277 
1.52385 
2.03337 


43 
28 
89 
29 
54 

22 

39 
41 
32 
24 


<?! 


2.32750 
5.86608 

1.100^? 
1.82136 
2.80582 


Hi 


00 
10 
77 
76 
84 

42 
78 
63 
18 
74 


-T^  nnnoo  00   (  0)+l. 00000  00 


60 
76 

70 
25 


4.12286  14 
5.85547  03 
8.10308  39 
1.09842  88 
1.46399  00 


0.9 

0) -9.00000 
l) -3.53363 
l) -6.53007 
1) -9.73476 
2) -1.29066 


-1.56947 
-1.76099 
-1.79922 
-1.59711 
-1.04195 


00 
88 
44 
07 
47 

14 
80 
96 
34 
05 


1.0 

(  0) -8.00000  00 

(  l)-2. 83797  81 

1) -5.14354  17 

(  1) -7.59652  04 

(  2)-l. 00113  60 


!)-l. 
!)-l. 


35492  40 
2) -1.37997  11 
(  2) -1.22131  75 
(  1) -7.94021  75 


0)+1.00000  00   (  0)+l. 00000  00 


1.73981 
4.37321 
8.18906 
2-35291 

3)  2!08094 


3.05330 
4.33052 
5.98502 
8.10308 
1.07870 


39 
78 
59 
34 

OS 

38 
37 
62 
39 
28 


3) 

3) 

3 

3) 

3 

3) 


1.32662 
3.32490 
6.21332 
1.02470 
1.57360 

2.30549 
3.26534 
4.50694 
6.09425 
8.10308 


16 
16 
82 
26 
49 


U-7 

78 

55 
86 
39 


534 


COXFLUEXT    HYPERGEOMETRIC    FUNCTIONS 


Table  13.1 


CONFLl  EXT  mTERGEOMETRIC  FUNCTION  M(a.  b,  x) 


z  =  10.0 


a\b 

-1.0 
-0.9 
-0.8 
-0.7 
-0.6 

-0.5 
-0.4 

-0.3 
-0.2 
-0.1 


0.1 

1) -9.90000 
3) -2.63572 
3) -5.74321 
3) -9.29414 
4) -1.30473 


00 
95 
45 
29 
07 


(  4) -1.66086  19 

(  4) -1.93829  90 

(  4) -2.05153  93 

(  4) -1.88191  87 

(  4) -1.26894  82 


0^ 

(  1) -4.90000  00 

(  3) -1.04774  98 

(  3) -2.26606  51 

(  3-3.65315  21 

(  3) -5.11412  18 

(  3) -6.49508  42 
3) -7.56478  22 
(  3) -7.99213  74 
(  3) -7.31898  36 
(  3) -4.92715  82 


0.3 

(  1) -3.23333  33 

(  2) -5.63504  48 

(  3)-l. 20865  20 

(  3) -1.94041  89 

(  3) -2.70839  91 


(  3) 


3) -3.43144  26 
3) -3.98819  28 
(  3) -4.20553  66 
(  3) -3.84460  18 
(  3) -2.58388  05 


0.0   (  0)+1.00000  00   (  0)4-1.00000  00   (  0)+1.00000  00 


(  4)  2.20264  66 
(  4)  5.69563  19 


0.1 

0.2 

0.3   (  5)  1.09330  93 

0.4   (  5)  1.84869  24 

0.5   (  5)  2.90713  00 


n   5.< 
J)  l.{ 

I! 


0.6  (  5)  4.35713  28 

0.7  (  5)  6.30765  47 

0.8  (  5)  8.89199  75 

0.9  (  6)  1.22723  53 

1.0  (  6)  1.66450  66 


(  3)  8.52983  30 

(  4)  2.20264  66 

(  4)  4.22272  41 

(  4  7.13160  87 

(  5)  1.12016  64 


( 


5)  1.67700  20 
5)  2.42511  79 
3.41517  02 
4.70872  70 


(  5)  6.38024  53 


(  3)  4.46140  89 

(  4)  1.15043  71 

(  4)  2.20264  66 

(  4  3.71537  68 

(  4)  5.82887  58 

(  4)  8.71652  20 

(  5)  1.25912  31 

(  5)  1.77129  13 

(  5)  2.43971  24 

(  5)  3.30250  83 


0.4 

1) -2.40000 
2) -3.45535 
2) -7.34339 
3) -1.17365 
3) -1.63300 


00 
97 
26 
02 
24 


3) -2.06370  40 
3) -2.39329  23 
3) -2.51877  45 
3) -2.29844  83 
3) -1.54205  59 


0.5 

1) -1.90000  00 

2-2.28812  39 

2) -4.81371  33 

2) -7.65615  62 

3) -1.06170  13 


\l] 


3) -1.33814 
3-1.54831 
3) -1.62617 
3-1.48115 
2-9.91916 


2.65569 
6.83804 
1.30747 
2.20264 
3.45147 

5.15540 
7.43887 
1.04535 
1.43835 
1.94508 


71 
74 
73 
66 

55 

77 
06 
82 
42 
11 


( 


1.70399 
4.38084 
8.36496 
1.40739 
2.20264 


\)    9.1 
i)  1.2 


35 
36 
94 
57 
94 


0)+1.00000  00   (  0)+1.00000  00 


66 
00 
74 
54 
66 


3.28620  65 
4.73642  75 
6.64873   73 


(    5)    1.23458  19 


a\b 


0.6 


0.7 


0.8 


0.9 


1.0 


(    1) -1.56666   67 


-1.0 

-0.9 

-0.8       (    2) -3.32180   59 

-0.7       (    2)-5.25566   60 

-0.6       (    2) -7.26224  96 


I    2) -1.59656  19 


(  2) -9.12749  57 

(  3) -1.05359  27 

(  3)-1.10424  16 

(  3) -1.00381  19 


-0.5 
-0.4 
-0.3 
-0.2 
-0.1       (    2) -6.70959  43 


0.0       (    0)+l. 00000  00 


1.14989 
2.95153 
5.62785 
9.45635 
1.478T> 


01 
65 
57 
54 

d5 


0.6  (  4)  2.20264  66 

0.7  (  4  3.17106  89 

0.8  (  4)  4.44649  42 

0.9  (  4  6.10528  43 

1.0  (  4)  8.23940  35 


1) -1.32857  14 
2) -1.15824  17 

2) -2.38103  41 
2) -3.74603  08 
2) -5.15669  48 

2) -6.46204  50 
2) -7.44065  06 
2)-7.78122  74 
2) -7.05925  89 
2) -4.70898  38 


(  1) -1.15000  00 

(  1) -8.66482  26 

(  2) -1.75833  05 

(  2) -2.74969  50 

(  2) -3.77001  68 


2) -4.70972  63 
2) -5.40890  80 
2-5.64358  20 
2) -5.10920  02 
(  2) -3.40090  10 


Hi 


( 


( 


(  1) -1.01111  11 

(  1) -6.64811  79 

(  2)-l. 33052  77 

(  2) -2.06733  55 

(  2) -2.82246  37 


2) -3.51454  04 
2) -4.02538  09 
2) -4.19006  43 
2) -3.78501  43 
2) -2.51375  92 


(  0) -9.00000  00 

(  1)-5.21121  29 

(  2) -1.02772  90 

(  2) -1.58596  75 

(  2) -2.15560  45 


(  2) -2.67503  59 

(  2) -3.05522  11 

(  2-3.17236  75 

(  2) -2.85915  68 

(  2) -1.89427  82 


o)+i. 00000  00  (  o)+i.ooooo  00  (  o)+i.ooono  OO  (  0)+1.00000  00 


I] 

3) 


(  4S 


8.05237 
2.06339 
3.928A-7 

b.59238 
1.02914 


11 
28 

53 
95 


4)  1.53174  58 

4)  2.20264  66 

4)  3.08513  39 

4)  4.23152  76 

(  4)  5.70477  12 


(  2)  5.80387  50 

(  3)  1.48456  77 

(  3)  2.82236  24 

(  3)  4.72945  31 

(  3)  7.37367  65 

(  4)  1.09611  92 

(  4)  1.57436  46 

(  4  2.20264  66 

(  4)  3.01784  47 

(  4)  4.06428  07 


2)  4.28243  19 

3)  1.09332  07 
3)  2.07532  55 

(  3)  3.47272  61 

(  3)  5.40715  90 


(  3)  8.02783  98 

(  4)  1.15166  83 

(  4  1.60942  26 

(  4)  2.20264  66 

(  4)  2.96327  38 


3.22252 
8.21055 
1.55600 
2.59995 
4.04275 


43 
88 
88 
59 
54 


(  3)  5.99449  62 

3  8.58922  62 

4)  1.19892  63 

(  4)  1.63901  69 

4)  2.20264  66 
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2 

:eros 

OF  Mia,  b,  x) 

Table  13.2 

a\b 

0.1 

0.2 

0.3 

0.4 

0.5 

1.0 

0.10000  00 

0.20000 

00 

0.30000  00 

0.40000 

00 

0.50000  00 

0.9 

0.11054  47 

0.22012 

64 

0.32894  15 

0.43713 

15 

0.54480  16 

0.8 

0.12357  83 

0.24477 

52 

0.36411  44 

0.48196 

35 

0.59858  98 

0.7 

0.14010  11 

0.27567 

24 

0.40779  72 

0.53721 

21 

0.66443  91 

•0.6 

0.16173  42 

0.31555 

72 

0.46354  99 

0.60707 

04 

0.74705  02 

0.5 

0.19128  98 

0.36906 

09 

0.53728  03 

0.69839 

96 

0.85403  26 

0.4 

0.23411  73 

0.44470 

78 

0.63961  58 

0.82334 

00 

0.99868  55 

0.3 

0.30182  31 

0.56019 

88 

0.79200  44 

1.00591 

69 

1.20695  84 

0.2 

0.42537  31 

0.75993 

80 

1.04632  32 

1.30289 

37 

1.53918  36 

0.1 

0.72703  16 

1.20342 

40 

1.58016  05 

1.90320 

51 

2.19258  90 

a\b 


0.6 


0.7 


0.8 


0.9 


1.0 


1.0 

0.60000  00 

0.70000  00 

0.80000  00 

0.90000  00 

1.00000  00 

0.9 

0.65203  19 

0.75888  50 

0.86541  05 

0.97164  85 

1.07763  19 

0.8 

0.71419  38 

0.82892  89 

0.94291  59 

1.05625  10 

1.16901  22 

0.7 

0.78986  07 

0.91376  55 

1.03637  62 

1.15786  85 

1.27838  33 

0.6 

0.88415  45 

1.01887  44 

1.15158  21 

1.28256  70 

1.41205  79 

0.5 

1.00529  53 

1.15298  99 

1.29771  21 

1.43991  63 

1.57995  68 

0.4 

1.16751  37 

1.33112  03 

1.49044  27 

1.64618  10 

1.79887  13 

0.3 

1.39828  59 

1.58200  88 

1.75960  56 

1.93215  19 

2.10045  49 

0.2 

1.76075  91 

1.97114  63 

2.17271  84 

2.36714  89 

2.55566  24 

0.1 

2.45881  88 

2.70808  56 

2.94434  51 

3.17028  02 

3.38779  57 

Table  13.2  gives  the  smallest  zeros  in  x  of  M{a,  b,  x),  near  a  =6  =0,  that  is,  the  smallest  positive  roots  in 
X  of  the  equation  M{a,  b,  x)  =0.  Linear  interpolation  gives  H-iS.  Interpolation  by  the  Lagrange  six-point 
formula  in  two  dimensions  gives  7S. 
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'  National  Bureau  of  Standards  (deceased). 
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14.  Couloiub  Wave  Functions 


Mathematical  Properties 


14.1.  DiflFerential  Equation,  Series  Elxpansions 
Differential  Ex^uation 

14.1.1 

dp^  p  p^ 

(p>0,  — »<C'7<C°°,  L  a  non-n^ative  int^er) 

The  Coulomb  wave  equation  has  a  regular 
singularity  at  p=0  with  indices  Z— 1  and  —L; 
it  has  an  irregular  singularity  at  p=  =  . 


General  Solution 


14.1.2 


14.1.12      Fi=^^Fr.(r,,p)=CMp'^l(ri,p) 


14.1.13  n(r„p)=i:     kAi(r,)f/^-^-' 


Irregular  Coulomb  Wave  Function  Gi,(i»,  p) 

14.1.14 

Gl(v,  p)=^  F^iv,  P)[ln  2p+|^]+ei(»;,  P) 

14.1.15  ddv,  p)=DMp-'-Mv,  P) 

1 


w 


=  aF^{v,  p)^aG^{r,,  P)         (C,  G  constants)        l-*-!-!^  Z>i.(i?)CiW=2l3I 


where  Fl*^^,  p)  is  the  regular  Coulomb  wave 
function  and  Gl{t],  p)  is  the  irregular  (logarithmic j 
Coulomb  wave  function. 

Regular  Coulomb  Wave  Function  Fl(ii,  p) 

14.1.3 

Fr,{r„p)=CMp^'e-''M(L^l-iv,  2Z+2,  2ip) 

14.1.4 

=CMp'-'^l(v,p) 


14.1.5         ^i('?,P)=Z:  a^mp*-"--' 

k=L+l 

14.1.6 


^i_l=l.         .4L,: 


Z-1 


(it4-i)(^-2:-l).-lt  =2T7.4f_ -.4t_,         (^>Z-2) 

(See  chapter  6.) 

14.1.8  Cl(,v)=2TT,(e'^^-l)-' 


14.1.9 


^^^''^"2^(21+1) 


14.1.10  Ci(„)=i^^±^  Cx-i(7/) 


14.1.11 


Z(2Z+1) 


2r, 


{2L^l)[{2L)\f 


14.1.17 


14.1.18 


^i('7,PJ^Z)    ai('7)P*''^ 


(^-i-l)(^+Z)ai=2,7ai-i-ai_2-(2/j-l)p^(,)^j^ 


14.1.19 


g.L(-n) 


=■2: 


2i:-i-i  1 
S   7 


i>i(i7)       *=l  ^+1?^       i^l  S 


(See  Table  6.8.) 
14.1.20 

^'^^    ■    (2i)!     ^  -21-1^  2Z(l!j 
,  2^{iv-L)(iv-L^l) 


(2Z-1)(2!) 

2^(ir,-D(ir,-L^l) 


+ 


(iv—L-l 


■2L\ 


14.1.21 


ap      CoVl)  Pl{v) 

-\-e'i.{v,  P 
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14.1.22    el=f-  ddv,  p)=DMp-''-'^liv,  P) 
up 


14.1.23 


G,  .F. 
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14.2.  Recurrence  and  Wronskian  Relations 
Recurrence  Relations 

n'/i=Fi(ij,p)or(?i(ij,p), 

14.2.1     z^=(z-Vr)iiii-t-(^V.7)iii. 
14.2.2 


-.4  - 


-.8  - 


Figure  14.1.     F^(r,,  p),  Odn,  p). 


Figure  14.2.     F^.  Fi  0^  and  Gl 
,=  10,  p=20 


(/p 


14.2.3 


i[(Z^l)2+rT"x^i=(2Z+l)[.,+^^^±^ 


K 


-(i-l)[Z»+i7'lHix;-i 
Wronskian  Relations 

14.2.4  F'^G:,-FLGi=\ 

14.2.5  F:^.,GL-FLGL-=UU—n^-^ 

14.3.  Integral  Representations 

14.3.1 

14.3.2 
FL-iGi,= 


e-'V 


+1 


(2Z-.i):Ci(T7) 

14.3.3 


r: 


e-''"a-t)^-*^{l-{-t)'-+'^it 


e-'^p"-' 


(2L+1)ICM 
{(1— tanh^  t)^-^  exp  [— i(p  tanh  t— 277O] 

+2(1  +  0^  exp  [  —  pt~2r]  arctan  f];^/^ 
14.4.  Bessel  Function  Elxpansions 
Erpansion  in  Terms  of  Bessel-Clifford  Functions 
14.4.1 
Fdv,p)  =  CM^^f^p-''    ±    ht*^'hi2yl) 

K^V)  k=2L+l 


{t  =  2r,p,  ,?>0) 


14.4.2 


Gi,{r,,p)^DM\Mp-'    Z:     (-l)%t''K,{2^t) 

t=2X-rl 


540 
14.4.3 

14.4.4 

X^(^)    S     (-l)*(Ar-l)!6,=2 

k=2L+l 

(See  chapter  9.) 

Expansion  in  Terms  of  Spherical  Bessel  Functions 

14.4.5 

Fl(v,p)=  ^  __ 

1-3-5  .  .  .  (2L-{-l)pCdv)  f:.  hJ^J.^^ip) 

k=L        M ^p 

14.4.6 

h      1    h         2L+3 

.  (2k-\-l) 

""^    k{k+l)-L(L^l) 
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.^  .  (^-l)(^-2)-L(Z+l) 


2k-3 


14.4.7 

n(^,p)  =  l-3-5...(2L+l)p(?^(„) 

,  (Z+1)    ,      /"F  ^      ,  ,  ,    (Z+2) 


h'J^JL-i(p)  + 


(2L+1)  "^'\2p"^-^''''"^(2L+3)     '^^^ 

^P  k=L+l  \  ^P 

Expansion  in  Terms  of  Airy  Functions 

X=  {2ri-p)K2vy"  n=  {2y^y'\  7,»0 

p-27)\<2ri 


14.4.9 

Fo(v,f' 
Goiv,  p) 


Fo{-n,p)^,(r,.^M{x).g^g2_.  , 


M      M 


14.4.10 


Ai'(j-)    r/l    ,/2    , 


•]} 


Fo(v,p)_       i/o^N-tfAi(x)  ,g;+3:/i 


G'o(v,p) 


Biix) 

M  -til   (X)  fi 


{92  +  f.) 


•]) 


/2=3^  (2x^+6) 

/3=g3^  (84a:^+1480x*+2320x) 

yi  =  -(l/5)x 

^'3=^:^  (1056a:'»-1160x3-2240) 


63000 
(See  chapter  10.) 


14.5.  Asymptotic  Expansions 
Asymptotic  Expansion  for  Large  Values  of  p 

14.5.1  FL=g  cos  0^+/  sin  9^ 

14.5.2  G^i=/  cos  Ol—q  sin  0^ 

14.5.3  Fi=g*  cos  0^+/*  sin  9^ 

14.5.4  Oi=P  cos  ^^-y*  sin  0^,  gf*-fg*=^l 


14.5.5 


9L=p  —  r]  In  2p— Z  2"^"*^^ 


14.5.6  (ri=argr(i+l  +  iT7) 

(See  6.1.27,  6.1.44.) 


14.5.7 


<^z,+i  =  o-i+arctan 


i+l 


(See  Tables  4.14,  6.7.) 

14.5.8    j^±f„  g^±  g.^r-^j^n,  9*-j: 

t=0  n=Q  t=0  i=0 

where 

/o=l,^o=0,/o*  =  0,  ^=l-r;/p 

/t+i=atA— ftjt^jk 

£^*+i = O'kgt  +  **/* — fift+i/p 

_(2/-+l)77  Z(Z+l)-^(^+l)+^' 

^*'"(2yt+2)p'     ''*-  (2A:+2)p 


^ 
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14.5.9 


/+i^~l-f 


iiv-L){iv+L-^l)     (iv-L)(iv-L+l)(ir,+L+l){ir,+L+2) 
V.{2ip)  "^  2!(2ip)2 

(^7?-Z)(^r?-Z+l)(^^7-Z+2)(^7?4-i:+l)(^^7+L+2)(^r?+Z+3) 

3!(2tp)3 

Asymptotic  Expansion  for  L  =  0,  p  =  277>>0 


lA-^in  ^"(2^)  r(l/3)/3^.        2  r(2/3)  1       32     1        92672     r(2/3)    1 

I4.b.iu  (?o(277)/V3"'      2V^      ^    "^35  r(l/3) /3^     8100 /3«^737M0*  r(l/3) /3'°      '  '  "^ 


14.5.11 


'^(27,)  r(2/3)  r  n  ,    1    r(l/3)   18       1         -11488      r(l/3)   1 

:(27j)/V3"'2V^/3>^^=^   "^15  r(2/3)  j32^56700  /3« "^18711-10^  r(2/3)  i3«^  '  '  '' 


14.5.12 


'(2/3)  /3 


^  '  18711-10^  r(2/3) 
P={2r,/3)^,  r(l/3)=2.6789  38534  .  .  .  ,  r(2/3)  =  1.3541  17939  .  .  . 


Foi2rt)      ,  .70633  26373,  ;,.   .04959  570165  .00888  88888  89 
G^o(27?)'"  ^. 22340  4016  ^''  ^  ^     v^^  v' 


00245  51991  81  .00091  08958  061   00025  34684  115 


.} 


14.5.13 

F'o(2v)      r     .40869  57323,    _^.       .17282  60369     .00031  74603  174 
6^^(277)"' ^-.70788  17734 ^"^      ^^  r,^  "^  r,' 


00358  12148  50  .  .00031  17824  680  ,  .00090  73966  427 


Figure  14.3.     Fo{ri,  p). 
77=0,  1,  5,  10,  p/2 


Figure  14.5.     Oo(v,  p). 
T,  =  0,  1,  5,  10,  p/2 


12 

.8 
.4 

0 
-.4 
-JB 

-1.2 


K^lI\ 

/■yVj/W> 

"  \      ■•.   /.---' 

\^"^f\    4------'''f'^'"\  ^"'  /"' 

L  Fo'  =  COSp 

■B        ib/.l^'    141'     16    '/18-.     '   z'oV  ■  Z2  "•Iz'i 

I2r       .'''■^ 
-Gi3=sinp 


vr-V  ^vvVr 


Figure  14.4.     ^0(77,  p). 
77=0,  1,  5,  10,  p/2 


mz\o 

Figure  14.6.     O'oiv,  p). 
T,=o,  1,  5,  10,  p/2 
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14.6.  Special  Values  and  Asymptotic  Behavior 


14.6.1 


14.6.2 


14.6.3 


14.6.4 


14.6.i 


i>0,  p=0 

L=0,  p=0 

Fo=0,  Fo=Co{v) 
Go=llCo{v),G'o=-<^ 

L=0,  T/=0 
Fo=sm  p,  Fq  =  cos  p 
6^0=008  p,  (9^=— sin  p 


<3i+i-?^i~exp  i[p— T/  In  2p — 2"~'^^^ 


14.6.6  Z>0,  7j=0 

6'L=(-l)^(^Tp)iJ_c^i,(p) 

14.6.7  i>0,  2r?»p 
(2Z-1)!C^(7,) 


(27,p)i/2^+i[2(2„p)i] 
(2„p)iii:^^i[2(2,p)i] 


14.6.8 


14.6.9 


{2L+l)\CM 

L^0,2v»p 
Fo~6-"'(7rp)i/,[2(2,7p)»] 
K-'e-"(27r77)i/J2  (277p)il 

G^o-26''(^y^x[2(27,p)i] 

^; 2(^y6-^Ko[2(2„p)i] 

Z=0.27,»p 


Fo^^^e-;Fo^ 

1  . 
2^' 

-ig« 

Go^fie-'^;Gi^- 

-/3- 

Ig-O 

a= 

=  2-v27?p— TTT? 

/3= 

=  (p/2»7)» 

14.6.10  L=0, 277»p 

<=p/27; 
a=27,{[e(l-e)]»+arcsin  <»-^7r} 

/3={</(l-0}i 

14.6.11  Z=0,  p»2j, 
F,=a  sin  i3;  F'o=-t\hFo-aG,) 
Go=cL  cos  /3;  Go=-t'{aFo-\-bGo) 


,    1    ,,         ,  ot  — 3^       ■, 

TT  ,(1-0*.  1  .     A-{\-t)\ 


a=r2(l-0*,  6=[877(l-0]-' 
14.6.12  7j»0, 277-p 

PL 


f>t='l+U'+L{L+l)]"' 


1/6 

rAi(x)^ 

\Bi(x)/ 


Pl  Pi 

14.6.13  77»0,  2t7~p 
x=(2,-p)(2„)-i'3 

[6^o+*:ro] t'/2(2,)  -i/6[Bi'  (x)  +iAi'  (2)] 

14.6.14  77»0 
PL=ri^[v'+L{L+l)Y'' 


Fl(pl) 
G^Pr.)/ 


^'3      2^^  Vs/     I   "^      pi      / 


Fi(pr) 
Giipr.) 


;S3    ^  2^^  Uy'      l^     Pi     / 


1/6 
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14.6.15 


p  =  2r,»0 

Fo  r(2/3) 


14.6.16 


-G'J^^    2yT{2r,f3y" 


<ro{v)--[l+v(\nv-l)] 


(Equality  to  8S  for  77>3.) 


14.6.17  77^0 

<ro(v) '^ —yv        (7= Euler's  constant) 
2^Z! 


CM 


14.6.18 


(2Z+1)! 

2^Z! 


CM 


(2Z+1) 


g-',/2 


Numerical  Methods 


14.7.  Use  and  Extension  of  the  Tables 

In  general  the  tables  as  presented  are  not  simply 
interpolable.  However,  values  for  Z>0  may  be 
obtained  with  the  help  of  the  recurrence  relations. 
The  values  of  CxC^j,  p)  may  be  obtained  by 
applying  the  recurrence  relations  in  increasing 
order  of  L.  Forward  recurrence  may  be  used  for 
-fiC^?,  p)  as  long  as  the  instability  does  not  produce 
errors  in  excess  of  the  accuracy  needed.  In  this 
case  the  backwards  recurrence  scheme  (see  Ex- 
ample 1)  should  be  used. 

Example  1.  Compute  Fl{ti,  p)  and  Fl{v,  p)  for 
77=2,  p=5,  Z=0(l)o.  Starting  with  Ffo=l, 
Fu—0,  where  F*=cFl,  we  compute  from  14.2.3  in 
decreasing  order  of  L: 

(1)         (2)        (3)        (4) 
Fl  Ft.  Pl  Fi. 

0. 

1. 


L 
11 
10 

9 
8 
7 
6 
5 
4 
3 
2 
1 
0 


4.  49284 
17.  5225 
61.  3603 
191.238 
523.  472 
1238.  53 
2486.  72 
4158.46 
5727.97 
6591.81 


1 


090791 

21481 

43130 

72124 

99346 

1433 


.091 
.215 
.4313 
.72125 
. 99347 
1.  1433 


1043 
2030 
3205 
3952 
3709 
29380 


Fo/FJ=  1.7344  X10-*  =  c-\ 

The  values  in  the  second  column  are  obtained 
from  those  in  the  first  by  multiplying  by  the 
normalization  constant,  Fo/F*  where  Fo  is  the 
known  value  obtained  from  Table  14.1. 

Repetition  starting  with  F*s=l  and  F*q=0 
yields  the  same  results. 

In  column  3,  the  results  have  been  given  when 
14.2.3  is  used  in  increasing  order  of  L. 

F'l  (column  4)  follows  from  14.2.2. 


Example  2.  Compute  Gl{v,  p)  and  G^K??,  p)  for 
T?  =  2,  p  =  5,  Z=l(l)5. 

Using  14.2.2  and  6^0(2,  5)  =  .79445,  Go  =  -.&70A9 
from  Table  14.1  we  find  6^1  (2,  5)=  1.0815.  Then 
by  forward  recurrence  using  14.2.3  we  find: 


L 

Gl 

-G'l 

1 
2 
3 
4 
5 

1.  0815 

1.  4969 

2.  0487 

3.  0941 
5.  6298 

. 60286 
.  56619 
.  79597 
1.  7318 
4.5493 

The  values  of  G'l  are  obtained  with  14.2.1. 

Example  3.     Compute  Go{t],  p)  for  t7=2,  p  =  2.5. 

From  Table  14.1,  Go(2,  2)=3.5124,  (?o(2,  2) 
=  —2.5554.  Successive  diflferentiation  of  14.1.1 
for  i=0  gives 


rf*+2w 


d*w     ,  rd*'^^w    (P  ^w 


dp' 


^^^''-'^di'-^'dp'^' 


^d^^ 


Taylor's   expansion  is  w{p-\-^p)=w{p)-\-{^p)w' 


'     2! 
we  get: 


w"  + 


d^Go 


With  w=Go{r],p)  and  Ap=.5 


(Ap)*d*Go 


k 

dp* 

jk!     dp* 

0 

3.  5124 

3.  5124 

1 

—  2.  5554 

-1.2777 

2 

3.5124 

. 43905 

3 

-6.  0678 

-.  12641 

4 

12.  136 

.03160 

5 

-29.  540 

-.  00769 

6 

83.  352 

. 00181 

7 

-268.  26 

-.00042 

6^0(2,  2.  5) =2.  5726 

As  a  check  the  result  is  obtained  with  »7=2,  p=3, 
Ap=  — .5.  The  derivative  G'oiv,  p)  may  be  ob- 
tained using  Taylor's  formula  with  w=G'o{rj,  p). 


•See  page  ii. 
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Table  14.1 

C( 

.x" 

1 

0.5 

-  1) 

5.  1660 

1.0 

-  1 

2.2753 

1.5 

-  2) 

8.4815 

2.0 

-   2) 

2.  8898 

2.5 

-  3 

9.  3008 

3.0 

-  3) 

2.8751 

3.5 

-  4) 

8.6200 

4.0 

-  4) 

2.  5224 

4.5 

-  5) 

7.2358 

5.0      ( 

-  5) 

2.0413 

5.5 

-  6) 

5.6770 

6.0 

-  ^) 

1.5593 

6.5 

-  7) 

4.2367 

7.0 

-  1) 

1.1400 

7.5      ( 

-   8) 

3.0407 

8.0      ( 

-  9) 

8.  0474 

8.5      ( 

-  9) 

2.1146 

9.0 

-10 

5.5203 

9.5      ( 

-lOJ 

1.4325 

10.0      ( 

-11) 

3.  6966 

10.5      ( 

-12) 

9.4903 

11.0 

-12) 

2.4248 

11.5 

-13 

6.1679 

12.0 

-13i 

1.5623 

12.5      ( 

-14) 

3.9419 

13.0 

-15) 

9.9089 

13.5      ( 

-15) 

2.4822 

14.0 

-16) 

6.1972 

14.5 

-16) 

1.5424 

15.0      ( 

-17) 

3.8274 

15.5      ( 

-18) 

9.4708 

16.0 
16.5 

-18j 

2.3372 

-19) 
-19) 

5.7529 

17.0 

1.4126 

17.5      ( 

-20) 

3.4602 

18.0 

-21) 

8.4571 

18.5      ( 

-21) 

2.0625 

19.0 

-22) 

5.0197 

19.5      ( 

-22) 

1.2192 

20.0      ( 

-23) 

2.9556 

0.5      ( 

-  1) 

5.9292 

1.0 

-  1) 

3.4873 

1.5      ( 

-  1) 

1.  5684 

2.0      ( 

-  2) 

6.1308 

2.5      ( 

-  2) 

2.1980 

3.0      ( 

-  3) 

7.4239 

3.5 

-  5) 

2.3993 

4.0      ( 

-  '») 

7.4933 

4.5 

-  4) 

2.2767 

5.0      ( 

-  5) 

6.7615 

5.5      ( 

-  5) 

1.9700 

6.0 

-  6) 

5.6457 

6.5      ( 

-  ^ 

1.5950 

7.0 

-  1) 

4.4497 

7.5 

-  A 

1.2276 

8.0 

-   8 

3.3527 

8.5 

-  9i 

9.  0744 

9.0 

-  9) 

2.4359 

9.5 

-10) 

6.4900 

10.0 

-10) 

1.7173 

10.5 

-11) 

4.  5150 

11.0 

-11) 

1.1801 

11.5 

-12) 

3.0676 

12.0 

-13) 

7.9334 

12.5 

-13 

2.0420 

13.0 

-14) 

5.2322 

13.5 

-14) 

1.3350 

14.0 

(-15) 

3.3929 

14.5 

(-16 

8.5905 

15.0 

(-16) 

2.1673 

15.5 

(-17) 

5.4495 

16.0 

(-17) 

1.3659 

16.5 

-18) 

3.4129 

17.0 

(-19) 

8.5032 

17.5 

(-19) 

2.1127 

18.0 

(-20) 

5.2352 

18.5 

-20) 

1.2940 

19.0 

-21) 

3.1905 

19.5 

-22) 

7.  8484 

20.0 

-22) 

1.9263 

COULOMB  WAVE  Fl  NCTIONS  OF  ORDER  ZERO 


Fo(i,p) 


i('?,p) 


4)    6. 


2.  0789 
6.  8046 
2.1817 
6.  8691 
2.1283 
6.5001 
1.9597 
5.8395 
1.7215 
5.  0256 

1.4539 
4.1713 
1.1875 
3.3562 
9.4217 
2.6282 
7.2879 
2.  0096 
5.5121 
1.5043 

4.  0861 
1.1049 
2.9747 
7.9764 
2.1304 

5.  6690 
1.5031 
3.9718 
1.0461 
2.  7464 


(- 


3 

1.0432 
1.  0841 
7.3013 
3.  9861 
1.9162 
8.4417 
3.  4863 

1.  3692 
5.1636 
1.8829 

6.  6735 
2.3080 
7.8131 

2.  5954 
8.4780 
2.7278 
8.6573 
2.  7136 
8.  4089 
2.  5785 

7.  8306 

2.  3567 
7.  0332 
2.0826 
6.1216 
1.7870 
5.1827 
1.4939 
4.2812 
1.2201 

3.  4592 
9.7586 
2.7399 
7.  6580 
2.1311 
5.9063 
1.6304 
4.4834 
1.2284 
3.3538 


-3.1699 
^3.  0192 
4.  3300 
3.2695 
1.9237 
9.  8019 

4.  5336 
1.9532 
7.9650 
3.1077 

1.1690 
4.2638 
1.  5145 

5.  2563 
1.7875 

5.  9696 
1.9614 

6.  3501 
2.0285 
6.  4011 


1.  0899 
3.1270 
8.9243 
2.5341 
7.1612 

2.  0144 
5.6414 
1.5733 
4.  3698 
1.2090 


1 

oj 

0 

1 

1 
1 

I 

3) 

3) 
3) 
4) 

4) 
5) 
5) 
6) 
!-  6) 
(-  V) 
(-  7) 

(-  8) 
-  8 

IlO) 
(-10) 
(-11) 
(-11) 
(-12) 
(-12) 

-13) 
-13) 
-14) 
-14) 
-15) 
-15) 
-16 
-16) 
-17) 
-18) 


4 

4. 1924 
1.1571 
1.1186 
7.7520 
4.  4865 
2.3093 

1.  0927 
4.  8493 

2.  0448 
8.2690 

3.2283 

1.2230 

4.5136 

1.6280 

5.7536 

.9966 

.8154 

.2918 

.6019 

,4900 


8.  0621 
2.  5824 
8. 1895 
2.5730 
8.  0134 
2.4754 
7.  5877 
2.  3090 
6.9781 

2.  0952 

6.2521 
1.8547 
5.4712 
1.6053 
4.  6864 
1.3614 
3.9364 
1.1331 

3.  2476 
9.2696 


4.  5914 
1.  8462 
7.1867 
2.7200 
1.0045 
3.  6292 
1.2859 
4.4771 
1.5341 
5. 1804 


(-  7) 


(-12)  1.6705 

(-13)  5.0433 

(-13)  1.5132 

(-14)  4.5133 

(-14)  1.3386 

(-15)  3.9490 

-15)  1.1590 

(-16)  3.3848 

(-17)  9.8388 

(-17)  2.8470 


5 

- 1 

-4.  9046 

f  6.  8494 

1   0 

1.2327 

0) 

1.1433 

- 1 

8.  0955 

- 1) 

4.  8882 

2.  6473 

( _  1) 

1.3227 

(-  2) 

6.2060 

(-  2) 

2.7673 

i:li 

1. 1829 

4.  8778 

hi 

1.9502 

7.  5886 

-  '^\ 

2.  8831 

-  4) 

1.0722 

(-  5) 

3.9115 

(-  5 

1.4023 

(-  6) 

4.  9481 

(-  6) 

1.7207 

(-  7) 

5.9043 

2. 0009 

(-  8) 

6.7032 

(-  8) 

2.2216 

(-  9) 

7.2896 

-  °'\ 

2.  3694 

(-10 

7.  6337 

f-10 
(-11 

2.4390 

7.  7314 

(-11) 

2.4326 

(-12) 

7.  5998 

-12 

2.  3584 

(-13) 

7.2719 

(-13 

2.2286 

-14) 

6.  7904 

-14) 

2.0575 

-15 

6.2009 

(-15) 

1.8594 

(-16) 

5.  5480 

(-16) 

1.  6477 

(-  1) 

-8.3314 

-  A 

-7.2364 

(-  1) 

-1.0456 

+2.9380 

( _  11 

3.  8386 

( _  1) 

3.1264 

(-  1 

2.0555 

(-  1) 

1.1839 

(-  2) 

6.2113 

(-  2) 

3.  0360 

(-  2) 

1.4028 

6.1885 

( -  3) 

2.6259 

(-  3) 

1.0777 

(-  4) 
(-  4) 

4.  2964 

1.6695 

(-  5) 

6.3417 

(-  5) 

2.  3601 

-  6) 

8.  6225 

(-  6) 

3.  0976 

(-  6) 

1.  0958 

-  7 

3.8219 

\-   A 

1.3157 

-  8) 

4.4743 

-  8) 

1.5045 

(-  9) 

5.0060 

-  9) 

1.6492 

(-10) 

5.3830 

(-10) 

1.7417 

(-11) 

5.  5888 

(-11) 

1.  7794 

(-12) 

5.6234 

(-12) 

1.  7647 

(-13'i 

5.5009 

(-13) 

1. 7038 

(-14) 

5.2453 

(  -14) 

1.6054 

(-15) 

4.  8863 

(-15) 

1.4793 

(-16) 

4.4556 

For  use  of  this  tabic  see  F.xani|ilr>  1-3. 
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1.5 
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2.5 
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3.5 
4.0 
4.5 
5.0 

5.5 
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6.5 
7.0 
7.5 
8.0 
8.5 
9.0 
9.5 
10.0 

10.5 
11.0 
11.5 
12.0 
12.5 
13.0 
13.5 
14.0 
14.5 
15.0 

15.5 
16.0 
16.5 
17.0 
17.5 
18.0 
18.5 
19.0 
19.5 
20.0 


0.5 
1.0 
1.5 
2.0 
2.5 
3.0 
3.5 
4.0 
4.5 
5.0 

5.5 
6.0 
6.5 
7.0 
7.5 
8.0 
8.5 
9.0 
9.5 
10.0 

10.5 
11.0 
11.5 
12.0 
12.5 
13.0 
13.5 
14.  0 
14.5 
15.0 

15.5 
16.0 
16.5 
17.0 
17.5 
18.0 
18.5 
19.0 
19.5 
20.0 


COULOMB  WAVE  FUNCTIONS  OF  ORDER  ZERO 

G()(i;,p) 
12  3  4 


Table  14.1 


(      9) 


(-  1) -5.  6132 

0) -1.2636 

(      0) -4.  2300 

(      1)-1. 3813 

(      1) -4.  5128 

2)-l.  5015 

(      2)-5. 1001 

3) -1.7657 

(      3-6.2161 

(      4) -2.  2206 


4) -8.  0354 
5) -2.  9409 
6)-1.0873 
6) -4.  0566 
7)-1.5259 
7)-5.  7831 
8) -2.  2067 
8) -8.  4732 
9-3.2724 
10-1.2706 


(  10)- 
(    ID- 

U). 
I  12)- 
(    13)- 

13)- 
(  14)- 
(    14)- 

lit 

\  VI 

19). 

19)- 

20)- 

(    20) 


-4.9580 
-1.9437 
-7.6530 
-3.0256 
-1.2008 
-4.7827 
-1.9115 
-7.6643 
-3.0826 
-1.2434 

-5.  0296 
-2.0399 
-8.2941 
-3.3805 
-1.3810 
-5.6545 
-2.3201 
-9.  5394 
-3.9299 
-1.6221 


5.  3221 
1.2758 
2.0276 
3.5124 
7.1318 
1.  6390 
4.  0982 

1.  0878 
3.  0209 

8.  6969 

2.  5792 
7.  8428 
2.4367 
7.7137 
2.  4826 
8.1086 

2.  6837 
8.9891 

3.  0439 
1.  0411 

3.5934 
1.2509 

4.  3888 
1.5511 

5.  5199 

1.  9769 
7.1230 

2.  5811 

9.  4029 
3.4429 

1.  2667 
4.  6814 
1.7377 

6.  4769 
2.4236 
9. 1034 
3.4316 
1.  2981 
4.9263 
1.8756 


-  1) 

-  1) 
0) 
0) 
0) 
0) 
1) 
1) 
1) 
2) 

2) 
3) 
3) 
4) 
4) 
4) 

fi 

6) 
6) 

7) 
7) 

I! 
.2i 
1?! 


(  12) 
(    13) 

13) 
(  14) 
(  14) 
(  15) 
(  15) 
(  16) 
(    17) 

17) 


J  Go(n,p) 
"p 

3  (-  D- 


-3.4105 
K6.2704 
1.3423 

2.  0405 
3.2733 
6.  0195 
1.  2493 
2.8313 
6.  8403 
1.7354 

4.  5790 
1.  2482 

3.  4980 

1.  0041 

2.  9432 
8.  7893 
2.  6689 
8.  2266 
2.  5706 
8. 1333 

2.6029 

8.  4187 

2.  7496 

9.  0625 
3.0124 
1.  0093 

3.  4069 
1.1581 
3.9629 

1.  3645 

4.7264 
1. 6463 

5.  7652 

2.  0292 
7. 1771 

2.  5502 
9.1019 

3.  2623 
1.1741 
4.2418 


8.  5494 
7.  4783 
5.7358 
-8.  3499 
-1.9326 
-4.  8566 
-1.2438 
-3.2646 
-8.  8150 
-2.4467 

-6.9635 
-2.0268 
-6.0185 
-1.8195 
-5.  5897 
-1.  7425 
-5.  5045 
-1.7601 
-5.  6909 
-1.8591 

-6.1315 
-2.  0402 
-6.8449 
-2.3143 
-7.  8819 
-2.7027 
-9.  3274 
-3.2386 
-1.1310 
-3.9713 

-1.4017 
-4.9720 
-1.7719 
-6.3433 
-2.2806 
-8.  2334 
-2.9841 
-1.0857 
-3.9642 
-1.4526 


1 
1 
1 
0 
0 
0 
0 
1 

2 
3 
4 

(   6) 

(   6) 
(   6- 


-9.8570 
-1.  8901 


(  "^ 

(  9 

(  10) 

(  10) 

(  11) 
12) 
12) 
13) 
13) 
U) 
14) 

^^l 
15) 

16) 


f  7. 1836 
1.3975 
2.  0592 
3.1445 
5.  4049 
1.0423 
2.1964 
4.  9434 

1.1708 

2.  8891 

7.  3782 
1.  9403 
5.2344 
1.4441 
4.  0648 
1. 1648 

3.  3928 

1.  0029 

3.  0052 
9.1181 

2.  7986 

8.  6825 
2.  7207 
8.6053 
2.  7457 

8.  8331 

2.  8638 

9.  3530 

3.  0758 
1.  0182 
3.3917 
1.1365 
3.  8299 
1.2976 
4.4194 
1.  5126 
5.2016 
1.  7969 


-3.  4747 

-8.  3273 

1-7.0346 

1-5.6167 

-7.  6379 

-1.6029 

-3.  7375 

I  -8.  9366 

» -2. 1901 

» -5.  5222 

1-1.4325 
1-3.8154 
1-1.0408 
1-2.9006 
1-8.2422 
1-2.3835 
1-7.0031 
1-2.0878 
1-6.3080 
I  -1.  9295 

1-5.9693 
1-1.8664 
1-5.8932 
1-1.8780 
1-6.0367 
1-1.9562 
1-6.3878 
1-2.1009 
1-6.9573 
1-2.3188 

1-7.7763 

1-2.6230 
1-8.8973 
1-3.0340 
1-1.0399 
1-3.5813 
1-1.2392 
I  -4.  3069 
1-1.5033 
1-5.2691 


- 1 

1-9.3493 

- 1 

)  -8.  9841 

-  2 

-5.3716 

-  1 

1+7.9445 

0 

1.4442 

0 

2.0788 

0 

3.  0657 

0 

5.0146 

0 

9.1424 

1 

1.8193 

1 

3.  8704 

1 

8.  6736 

2 

2.  0275 

2 

4.9101 

3 

1.2258 

3 

3. 1422 

3 

8.2458 

4 

2.2097 

4 

6.  0344 

5 

1.6764 

5 

4.7305 

6 

1.  3542 

^ 

3.  9285 

7J 

1.1537 

7] 

3.  4272 

8 

1.0290 

8 

3.1205 

8 

9.  5523 

9 

2.9500 

9 

9.1867 

10 

2.  8835 

10 

9.1182 

11 

2.9039 

11 

9.3107 

12 

3.  0045 

12 

9.  7548 

13) 

3.1857 

14 

1.  0462 

14 

3.4544 

15; 

1.1464 

- 1 

+4.5076 

- 1 

-5.1080 

- 1 

-8.  0665 

- 1 

-6.  7049 

■  1 

-5.5046 

- 1 

-7.1618 

0 

-1.3970 

0 

-3.0719 

0 

-6.9633 

1) 

-1.  6176 

1) 

-3.  8641 

1) 

-9.4968 

2 

-2.3977 

2 

-6.  2044 

3 

-1.6419 

3 

-4.  4339 

4 

-1.2197 

4 

-3.4122 

4 

-9.  6943 

5 

-2.7937 

5) 

-8.1574 

6' 

-2.4111 

6 

-7.2077 

7; 

-2.1776 

7' 

-6.  6446 

8 

-2.  0464 

8 

-6.  3581 

9 

-1.9918 

9 

-6.  2887 

10 

-2.0003 

10) 

-6.  4071 

11) 

-2.  0660 

11) 

-6.7044 

12; 

-2.  1889 

12 

-7.1879 

13 

-2.3735 

13 

-7.8789 

14) 

-2.6288 

14 

-8.8139 

15) 

-2.  9690 

273-888  0-67— 36 
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Table  14.1 

COULOMB  WAVE  FLNCTIONS  OF  ORDER 

ZERO 

A" 

6 

Fi){v,P 

) 

8 

9 

10 

0.5 

[      0) 

-1.0286 

-  1) 

-7.6744 

-  1) 

+1.0351 

-  1) 

+8.  8802 

-  1 

1+9.3919 

1.0 

-  1) 

-1.6718 

-  1 

-9.  0632 

0 

-1. 0333 

-  1) 

-4.3441 

-  1 

)+4.7756 

1.5 

+  8,  7682 

-   1 

+1.1034 

-  1 

-7.  0763 

0 

-1.1015 

-  1 

-8.0125 

2.0 

0) 

1.2850 

0) 

1.0148 

-  1 

+  3.3340 

-  1 

-4.9930 

0 

-1.0616 

2.5 

-!! 

1.1633 

[      Oi 

1.3237 

0 

1.1181 

-  1) 

+  5.1312 

-  1 

-3.0351 

3.0 

8.  3763 

-Ei 

1.1803 

0' 

1.3540 

0? 

1.1984 

-  1 

+6.6010 

3.5 

-  1) 

5.2251 

8.6154 

0' 

1.1952 

0 

1.  3786 

0 

1.2627 

4.0 

-  1) 

2.9445 

-  1) 

5.  5158 

- 11 

8.  8245 

0 

1.2085 

0 

1.3992 

4.5 

-  1 

1.  5362 

-  i) 

3.2100 

- 1) 

5.7720 

- 1) 

9.0109 

0 

)    1.2207 

5.0 

-  2) 

7.  5384 

-  1) 

1.7351 

- 1) 

3.4502 

- 1) 

6.0014 

- 1 

)    9.1794 

5.5              ( 

-  2) 

3.  5181 

-  2) 

8.8379 

-  1) 

-  1) 

1.9214 

- 1) 

3.  6697 

- 1 

)    6.2092 

6.0 

-  2) 

1.5740 

-  2) 

4.2849 

1.  0100 

- 1) 

2.0964 

- 1 

3.8720 

6.5 

-  3) 

6.  7927 

-  2 

1.9924 

-  2) 

5.  0593 

- 1) 

1.1325 

- 1 

2.2615 

7.0 

-   3) 

2.8407 

-  3) 

8.  9366 

-  2) 

2.  4318 

-  2 

5.8352 

- 1 

)    1.2511 

7.5 

-   3) 

1.1557               ( 

-  3) 

3. 8839               ( 

-  2) 

1.1277 

-  2 

2.8870 

-  2 

)    6.6087 

8.0 

-  4) 

4.5875               ( 

-  3) 

1.6415 

-  3) 

5.  0678 

-  2 

1.3786 

-  2 

3.3543 

8.5 

-  4) 

1.7814 

-  4) 

6.  7674 

-  3) 

2.2145 

-  3) 

6.  3805 

-  2 

1.6440 

9.0 

-  5) 

6.  7813 

-   4) 

2.7281 

-  4) 

9.  4374 

-  3) 

2.8716 

-  3 

)    7.8106 

9.5               1 

-  5) 

2.5352 

-  4) 

1.0776 

-  4) 

3.9317 

-  3) 

1.2603 

-  3 

3.6091 
)    1.6263 

10.0               ( 

-  6) 

9.3224 

-   5) 

4.1786 

-  4) 

1.6046 

-  4) 

5.4065 

-  3 

10.5               ( 

-  ^) 

3. 3763                ( 

-   5) 

1.5930               ( 

-  5) 

6.  4260 

-  4) 

2.2716 

-  4 

)    7.1627 

11.0 

-  6) 

1.2058 

-  6) 

5.  9782 

-  5) 

2.5293 

-  5) 

9.  3643 

-  4 

i    3.0895 

11.5               ( 

:;! 

4.2504 

-  6) 

2.2113               < 

-  6'i 

9.  7972 

-  5 

3.7930 

-  4 

1    1.3072 

12.0 

1.4802 

-  7) 

8.  0697 

-  61 

3.  7389 

-  5 

1.5115 

-  5 

>    5.4341 

12.5 

-   8) 

5.  0971 

-  7) 

2. 9081                ( 

-  6'i 

1.4073 

-  6 

5.9333 

-  5 

1    2.2220 

13.0 

-   8) 

1.7367 

-  7) 

1.  0358 

-  7'i 

5.2291 

-  6) 

2.2964 

-  6 

8.9480 

13.5 

-  '' 

5.8586 

-  8 

3.6487               ( 

-  7'i 

1.9195 

-  7) 

8.7713 
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COULOMB  WAVE  FUNCTIONS  OF  ORDER  ZERO         Table  14. J 
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12.5 

3)  5.9114 

3)  2.0835 

2) 

7. 9840       1 

2 

3.3072       ( 

2) 

1.4744 

13.0      1 

4)  1.3640 

3)  4.6148 

3) 

1.6974 

2 

6.  7457 

2 

2.8830 

13.5      1 

4)  3.2036 

4)  1.0421       1 

3) 

3.  6852 

3 

1.4078      ( 

2) 

5.7803 

14.0      ( 

4)  7.6488 

4)  2,3953 

3) 

8.1567      ( 

3) 

3.0002       ( 

3) 

1.1857 

14.5      1 

5)  1.8544 

4)  5,5978 

4) 

1.8380 

3) 

6.5186      ( 

3) 

2.  4836 

15.0      ( 

5)  4.5606      ( 

5)  1.3286      ( 

4) 

4.2110       ( 

4) 

1.4419       ( 

3) 

5.3038 

15.5       ( 

6)  1.1368      { 

5)  3.1990      ( 
5)  7.8082       ( 

4) 

9.  7988      ( 

'') 

3.2432       ( 

4) 

1.1531 

16.0 

6)  2.8697      ( 

5 

2.3136 

4 

7.4095 

'^ 

2.  5494 

16,5      ( 

6)  7.3309      ( 

6)  1.9303       ( 

5) 

5.  5378 

5) 

1.7177      ( 

4) 

5,7251 

17,0      ( 

7  1.8940       ( 

6)  4.8301 

6) 

1.3427 

5 

4.0372       1 

5) 

1,3047 

17.5 

7)  4.9456      1 

7)  1.2225      { 

6) 

3.2955      1 

5 

9.6130      ( 

5 

3.0146 

18.0 

8  1.3046 

7)  3.1276       ( 

6) 

8.1823 

6) 

2.3172       ( 

5) 

7.  0570 

18.5      ( 

8)  3.4746      ( 

7)  8.0845      ( 

7) 

2.0539      { 

6' 

5,6510       ( 

6) 

1.6726 

19.0      1 

8)  9.3396      1 

8)  2.1103       1 

7) 

5.2096      ( 

7 

1.  3934       ( 

6 

4.0107 

19.5       ( 

9)  2.5325 

8)  5.5602      1 

8) 

1.  3345      ( 

7' 

3.4722 

6) 

9.7253 

20.0      ( 

9)  6.9249      1 

9)  1,4781      ( 

8) 

3.4512      1 

t 

8. 7394      ( 

7) 

2.  3833 

0.5      ( 
1.0      ( 

-  1) -1.9549      ( 

-  l)+6,6972      ( 

-  1) 

+9. 7040      ( 

-  1) 

+4.4173       ( 

-  1) 

-4.  6958 

-  1) -9.  3312       ( 

-  1) -7.  2341       ( 

-  2 

+5.  5060      ( 

-  l' 

+  7.9924 

-  i; 

+9.1053 

1.5       ( 

-  2)-3.  0001       ( 

-  l)-7,  2415 

-  1) 

-9.1975      I 

-  1 

-4.4998      1 

-  1) 

+  3.6132 

2.0      ( 

-  l)+8.  0730      ( 

-  1) +2.  8479 

-  1) 

-4. 3994      1 

-  1 

-8.9553      ( 

-  1 

-7.5330 

2.5      ( 
3.0      ( 

-  l)+7.  2980      1 

-  l)+8.  5982       ( 

-  1) 

+5.  0789 

-  1 

-1.6218      ( 

-  1) 

-7.5598 

-  1)+1. 1621       ( 

-  1)+6.2091      ( 

-  1) 

+  8.5795      1 

-  1 

+  6.5611       ( 

-  2) 

+7.  8968 

3.5      ( 

-  1-4.4342 

-  2)+1.2156      ( 

-  1) 

+5.1517 

-  1 

+8, 2450      ( 

-  1 

+7.4771 

4.0      ( 

-  1-6.9211       ( 

-  1) -4.  8470      ( 

-  2 

-7.3596 

-  1) 

+4. 1682       ( 

-  1 

+  7.7350 

4,5 

-  1-6.7991       1 

-  1) -6.  8955      ( 

- 1! 

-5.1566 

-  1 

-1.4460 

-  1 

+3.  2728 

5.0      ( 

-  l)-5.6855      ( 

-  1)-6.6551       ( 

- 1) 

-6.8530      ( 

-  1) 

-5.3907 

-  1) 

-2.  0374 

5.5 

-  1) -5.  0324 

(-  1) -5.  5863 

(- 1 

-6.5243 

-  1 

1-6.8002 

(-  1 

-5.  5683 

6.0 

-  1) -5.  8597 

1-4.9764 

(-■1 

-5.4972 

-  1 

-6.4050 

-  1 

-6.7414 

6.5 

-  1) -9. 1132 

(-  1)-5.7431 

(- 1 

-4.9245 

-  1 

) -5.  4165 

(-  1 

-6.2956 

7.0 

0-1.6356 

-  1-8.7431 

(- 1 

-5.6396 

-  1 

-4.8763 

f-  1 

-D.  3528 

7.5 

0) -3.  0877 

(   0)-l.  5360 

(- 1 

-S.  42'u 

(-  1 

) -5.  5466 

(-  1 

-4.8313 

8.0 

0) -5.  9776 

0) -2.  8442 

(   0 

-i!4516 

(-  1 

) -8. 1456 

-  1 

-5.4626 

8.5 

1) -1.184? 

0) -5.  4029 

(   0 

-2.6410 

0 

-1.3790 

-  ^ 

-7.9001 

9.0 

'   1) -2,  4038 

'   1) -1.0496 

0 

-4.9315 

0 

-2.4689 

° 

-1.3159 

v.  5 

'   1) -5,  0022 

'      1) -2.  0879 

6 

-9.4124 

(   0 

1-4.5385 

° 

-2.  3213 

io!o 

'   2) -1,0663 

(   1) -4.  2551 

(   1 

-1.8382 

(   0 

) -8.  5238 

(   0 

-4.  2061 

10,5       ( 

2) -2.  3257      ( 

1) -8.  8802      ( 

1) 

-3.6758 

1] 

-1.  6369 

(   0 

-7.  7837 

11,0 

2) -5.  1822       < 

2)-1.8956      ( 

1 

-7.5239      ( 

1 

-3.2170 

(  1 

-1.4720 

11,5 

3)-l.  1779 

2)-4. 1335 

2 

-1.5749 

1 

-6.  4688 

} 

-2.8470 

12,0 

3) -2.  7275 

2) -9. 1940 

2 

-3.3666      ( 

2 

-1.3297 

i 

-5.6316 

12,5 

3) -6.  4259 

3) -2.  0833 

2 

-7.3407      ( 

2 

-2.7912 

2 

-1.1385 

13.0 

4) -1.5386 
4) -3.  7400 

3) -4.  8031 

i   3) 

-1.6305 

2 

-5.9750 

I 

-2.  3496 

13.5 

4)-l.  1255 
4) -2. 6777 

3J 

-3.  6849 

3 

-1.3029 

(   2 

-4.  9448 

14,0 

4  -9.2211 

y 

-8.4644 

3 

-2.8906 

(   3 

-1.0599 

14,5 

5) -2.  3041 

4) -6.  4624 
5) -1.5808 

4J 

-1.9742 

3 

-6.  5183 

3 

-2.3115 

15.0 

5) -5.  8301 

4 

-4.6712 

4 

-1.4925 

(   3 

-5.1233 

15,  5 

(   6) -1.4929 

(   5) -3.  9163 

5 

-1.1203 

! 

-3.4670 
1-8.1642 

"! 

-1.1531 

16.0 

6) -3.  8658 

5) -9.  8198 

5 

-2.7217 

4, 

-2.6329 

16.5 

7)-1.0118 

6) -2.  4904 

5 

-6.6925 

1 

-1.9474 

4 

-6.  0946 

17,0 

7  -2.6753 

6) -6.  3846 

6 

-1.6647 

) -4.  7022 

5) 

-1.4291 

17,5 

(   7) -7. 1420 

(   7  -1.6537 

6 

-4.186? 

0 

-1.1556 

(   5 

-3.3924 

18,0 

8) -1.9243 

7) -4.  3256 
'   8  -1.1421 

r  7 

-1.0637 

6 

-2.8369 

(   5] 

-8. 147'< 

18,5 

(   8)-5.2302 

'   7 

-2.7299 

6 

-T.oecG 

[       6 

-1.9785 

19,0 

9)-l.  4335 

8) -3.  0423 

;  7 

-7.0724 

7 

) -1.7850 

^ 

-4.8557 

19.5 

(   9) -3.  9609 

8-8.1738 

(   8 

-1.8489 

7 

) -4.  5433 

'   7 

-1.2038 

20.0 

(  10)-1.1028 

(   9) -2,  2141 

(   8 

-4.8757 

8 

)-l.  1670 

7 

-3.0133 

552 


COULOMB    WAVE    FUNCTIONS 


Table  14.1     COl 

uX" 

16 

0.5 

(   0)  +  1.0105 

1.0 

'-  1)-3.0813 

1.5 

0) -1.0106 

2.0 

-  1)+1.  0271 

2.5 

(   0)  +  l.  0681 

3.0 

-  1) +7.  0689 

3.5 

(-  1) -3.  8460 

4.0 

(   0) -1.1328 

4.5 

0) -1.0557 

5.0 

-  1) -3.  5128 

5.5 

t-  l)  +  5. 1503 

6.0 

'   0)  1.1748 

6.5 

(   0)  1.4845 
0)  1.4802 

7.0 

7.5 

(   0)  1.2778 

8.0 

-  1)  9.9567 

8.5 

(-  1)  7.1674 

9.0 

(-  1)  4.8384 
-  1)  3.0947 

9.5 

10.0 

-  1)  1.8899 

10.5      ( 

-  1)  1.1084 

11.0      ( 

-  2)  6.2723 

-  2)  3.4374 

11.5      ( 

12.0      ( 

-  2)  1.8300 

12.5 

-  3)  9.4892 

13.0      ( 

-  3)  4.8032 

13.5      ( 

-  3)  2.3779 

14.0      ( 

-  3)  1.1532 

14.5      ( 

-  4)  5.4870 

15.0      ( 

-  4)  2.5646 

15.5      ( 

-  4)  1.1789 

16.0      ( 

-  5)  5.3346 

16.5      ( 

-  5  2.3787 

17.0      ( 

-  5)  1.0460 

17.5      1 
18.0      ( 

-  6)  4.5399 

-  6)  1.9459 

18.5      ( 

-  7)  8.2424 

19.0      ( 

-  7)  3.4522 

19.5      ( 

-  7)  1.4304 

20.0      ( 

-  8)  5.8668 

0.5      ( 

-  1)+1.  0374 

1.0      ( 

-  1) +9.  2398 

1.5      ( 

-  1) -2.  6352 

2.0      ( 

-  1) -9.  2711 

2.5      ( 

-  1)-2.1794 

3.0      1 

-  l)+6.  8521 

3.5      1 

-  1) -8.  2181 

4.0      ( 

-  1) +2.  6981 

4.5      1 

-  1) -3.  9491 

5.0      ( 

-  1) -7.  4641 

5.5      ( 

-  1) -7.  0977 

6.0      I 

-  l)-4.3534 

6.5      ( 

-  1)-1.1279 

'•  U             1 

-  l).-^!-  '»471 

7.5 

-  i)  216755 

8,0      { 

-  1)  3.0148 

8.5      ( 

-  1)  2.7316 

9.0      ( 

-  1  2.1740 

9.5      ( 

-  1)  1.5790 

10.0      ( 

-  1)  1.0690 

10.5      ( 

-  2)  6.8361 

11.0      I 

-  2)  4.1667 

11.5      ( 

-  2)  2.4370 

12.0      ( 

-  2)  1.3747 

12.5      ( 

-  3)  7.5088 

13.0      { 
13.5      ( 

-  3)  3.9846 

-  3)  2.0598 

14.0      ( 

-  3)  1.0396 

14.5      ( 

-  4)  5.1328 

15.0      ( 

-  4)  2.4832 

15.5      ( 

-  4)  1.1789 

16.0      ( 

-  5  5.4992 

16.5      ( 

-  5)  2.  5233 

17.0      ( 

-  5)  1.1401 

17.5      ( 

-  6)  5.0769 

1°   0       ( 

-  6)  2.2300 

is!  5     I 

-  /)    9.  d686 

19.0      1 

-  7)  4.1409 

19.5      ( 

-  7)  1.7529 

20.0      ( 

-  8)  7.3379 

COLLOIVIB  WAVE  FUINCTIONS  OF  ORDER  ZERO 


17 


(-  1) +6.  6039 

(-  1 

)+6.1193 

(-  1 

-8.5450 

(-  1 

-7.4809 

(-  l)  +  5.  2505 

0 

)+l.  1097 

1+4.6531 

(-  1 

-  1 

) -6.  0877 

(   0 

1-1.1932 

(-  1) -9.  8377 

(-  1 

1-2.3772 

(-  1 

) +6.  0673 
)  1.2270 

(   0 

(   0)  1.5072 

(   0 

)  1.4897 

(   0)  1.2856 

1   0 

)  1.0060 

(-  1 

)  7.2948 

(-  1 

)  4.9703 

(-  1 

)  3.2134 

(-  1) 

1.9857 

(-  1 

1.1794 

-  2 

6.  7632 

(-  2 

3.7577 

-  2) 
(-  2 

2.0290 

1.0674 

(-  3 

5.  4824 

-  3 

2.7546 

(-  3 

1.  3560 

(-  4) 

6.  5497 

(-  4) 

3.1079 

(-  4) 

1.4504 

(-  5 

6.  6636 

(-  5 

3.0167 

(-  5) 

1.3469 

(-  6: 

5.9345 

(-  6) 

2.5824 

(-  6: 

1.1105 

(-  7) 

4.7213 

(-  7) 

1.  9859 
( 

(-  1 

I 
-7.4873 

(-  1 

+  7.7918 

(-  1 

+5.5592 

(-  i! 

-6.6487 

(- 1) 

-8.  0683 

(-  2) 

+7.3796 

(-  li 

+  7.9551 

(-  i! 

+  7.3722 

(- 1: 

+1.3669 

(- 1) 

-4.7259 

(- 1) 

-7.  5469 

(- 1) 

-6.  8162 

-  K 

-4.  0420 

(-  2] 

-9.4232 

(- 1) 
(- 1) 

+i.4C2G 

2.  6574 

(- 1) 

2.9796 

(- 1) 

2.7098 

- 1 

2.1730 

(- 1) 

1.  5938 

(- 1) 

1.0912 

(-  2) 

7.  0640 

(-  2) 

4.  3620 

(-  2! 

2.  5860 

(-  2 

1.4792 

(-  3) 

8. 1964 

{-  3) 

4.4133 

(-  3) 

2.3153 

(-  31 

1.1861 

(-  45 

5.9443 

{-   ^} 

2.9194 

-  ^' 

1.4071 

1-  5) 

6.  6637 

i-  5) 

3.1043 

f-  5) 

1.4240 

(-  6) 

6.  457o 

(-  6) 

2.8708 

!:?! 

1.2636 

5.4935 

(-  7) 

2.3605 

18 

1) -2.  6356 
0+1.0298 
2) -4.  2659 
0) -1.0610 
(-  1) -3.  6504 
(-  l)+8.  3235 
(  0) +1.0517 
(-  1)+2.2016 
{-  1-7.9196 
(      0) -1.2226 


19 


20 


3.  3276 

2.  0789 
1.2493 
7.2527 
4.0816 
2.2331 
1.1907 
6.2000 
3.1586 
1.  5768 

7.  7245 

3.  7177 
1.7598 
8.2016 
3.  7665 
1.7058 
7.  6243 
3.3654 
1.4679 
6.  3305 


dp 


F(){v,p) 


(- 


(-  7) 


(-  l)-9 

.5714 

{-   1 

)+5 

.9819 

(-  1 

)+8 

.0098 

(-  1 

-6 

.0110 

0 

-1 

.0050 

-  2 

+3 
+1 

.2093 

(   0 

0266 

-  1 

+9 

.2908 

-  2 

-1 

3928 

(-  1 

-9 

3827 

(   0 

-1 

2281 

(-  1 

-8 

2121 

(-  2 

-3 

0049 

(-  1 

+7 

6541 

(   0 

1 

3157 

(   0 

1 

.5461 

(   0 

1 

.5069 

(   0 

1 

3001 

(   0 

1 

0253 

(-  1 

7 

5308 

1:11 

5 

2163 

3 

4376 

-  1) 

2 

1696 

-  1 

1 

3181 

(-  2 

7 

7405 

(-  2 

4 

4084 

(-  2 

2 

4418 

-  2; 

1. 

3185 

(-  3) 

6 

9542 

(-  3) 

3. 

5893 

(-  3 

1. 

8156 

(-  4 

9. 

0130 

(-  4 

4. 

3962 

(-  4 

2. 

1092 

\--l'. 

9. 

9629 

4. 

6375 

(-  5) 

2. 

1289 

(-  b) 

9. 

6448 

-  ^ 

4. 

3152 

(-  6) 

1. 

9078 

(-  1) 

-3. 

2396 

{-   1! 

-7. 

9198 

-  1' 

+6. 

1234 

-  1) 

+7. 

7886 

-  1 

-3. 

3293 

(-  1) 

-9. 

0956 

-  1) 

-3. 

6640 

(-  1; 

+  5. 

0199 

(-  1) 

+8. 

5260 

(-  1) 

+5. 

3380 

(-  2) 

-8. 

5571 

(-   1) 

-5. 

8167 

-  1 

-7. 

5212 

{-  1) 

-6. 

2703 

(-  1) 

-3. 

4994 

(-  2) 

-6. 

2964 

I  -  ■»■/ 

1 

4qi5 

{-  ^ 

"2! 

6235 

(-  1) 

2. 

9166 

(-  1) 

2. 

6698 

{-  ^ 

2. 

1696 

I-   1) 

1. 

6191 

(-  1 

1. 

1309 

{-  2) 

7. 

4828 

(-  2) 

4. 

7295 

-  2) 

2. 

8730 

-  2 

1. 

6854 

(-  3i 

9. 

5832 

(-  3) 

5. 

2978 

(-  3) 

2. 

8547 

(-  3) 

1. 

5025 

(-  4$ 

7. 

7388 

{-  4) 

3. 

9067 

(-  4) 

1. 

9356 

-  5 

9. 

4242 

(-  5) 

4. 

5139 

(-  5) 

2. 

1289 

-  6) 

9. 

8957 

(-  6) 

4. 

5369 

(-  6) 

2. 

0531 

(-  1 

1-8 

.1320 

(-  1 

-3 

.2923 

{   0 

+1 

.0154 

(-  1 

+3 

0159 

-  1 

-9 

4813 

-  1 

-7 

.8654 

(-  1 

+3 

8780 

0 

+1 

.1240 

-  1 

+7 

6776 

(-  1 

-2 

2935 

(   0 

-1 

0524 

(   0 

-1 

2155 

(- 1 

-7 

3630 

(-  2 

+6 

4345 

(-  1 

8 

3446 

° 

1 

3538 

0 

1 

5630 

<      0 

1 

5147 

(   0 

1 

3070 

(   0 

1 

0343 

(- 1) 

7 

6406 

(- 1 

5. 

3315 

(- 1 

3 

5437 

(- 1 

2. 

2578 

(- 1) 

1. 

3858 

-  2) 

8. 

2258 

(-  2) 

4 

7375 

-  2: 

2. 

6546 

(-  2) 

1 

4504 

(-  3) 

7 

7433 

(-  3) 

4. 

0459 

{-  3) 

2. 

0721 

(-  3) 

1. 

0416 

(-  41 

5. 

1452 

{-  < 

2. 

5000 

-  "* 

1. 

1961 

(-  5) 

5. 

6392 

(-  5 

2. 

6221 

(-  5 

1. 

2032 

(-  6) 

5. 

4529 

(-  1) 

+5. 

8913 

- 1; 

-9. 

2215 

(-  1) 

-2. 

1544 

(-  1) 

+9. 

0561 

(-  1) 

+4. 

4171 

(-  1) 

-6. 

3111 

(-  1) 

-8. 

4454 

(-  1 

-1. 

3528 

(-  1) 

+6. 

3846 

(-  1) 

+8. 

2868 

(-  1) 

+4. 

2976 

1-  1) 

-1. 

7601 

(-  1) 

-6. 

1873 

(-  1 

-7. 

4462 

(-  1) 

-6. 

0113 

-  ^) 

-3. 

2623 

-  2) 

-4. 

9686 

i-  -; 

+1. 

5282 

-1 

2. 

60/6 

(- 1) 

2. 

8881 

(- 1) 

2. 

6513 

- 1) 

2. 

1673 

- 1) 

1. 

6300 

- 1 

1. 

1487 

(-  2) 

7. 

6757 

-  2) 

4. 

9026 

(-  2) 

3. 

0112 

(-  2) 

1. 

7867 

(-  2) 

1. 

0279 

(-  3) 

5. 

7512 

(-  3) 

3. 

1370 

-  3) 

1. 

6717 

(-  4) 

8. 

7182 

(-  4) 

4. 

4568 

(-  4) 

2. 

2364 

(-  4) 

1. 

1028 

(-  5) 

5. 

3499 

(-  5 

2. 

5557 

(-  5) 

1. 

2033 

(-  6) 

5. 

5878 
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0.5 

-  1 

+1.  0821 

-  1) -7.  7111 

-  11-9.7953      ( 

-  1) -3.  3354 

-  1) +6.  0387 

1.0 

-  1 

+9.  8687 

-  l)  +  8.  3065 

-  3) -5.  5146 

-  1) -8.  3622 

-  1) -9.  7243 

1.5 

-  1 

-2.9626 

-  l)+6.  0950 

0)+l.  0457 

-  1) +6.  6931 

-  1) -2.  3123 

2.0 

0 

-1.  0694 

-  1) -7.  6383 

-  2)+8.  8035 

-  1) +8.  7398 

0)+1.0133 

2.5 

-  1 

-2.5363 

-  1) -9.  5594 

0) -1.0212 

-  1) -3.  9315 

-  1) +5.  0534 

3.0 

-  1 

+8.7388 

-  1)+1.  0254 

-  1) -7.  2872 

0) -1.0987 

-  1) -7.  5896 

3.5 

0 

+1.0876 

0) +1.0419 

-  l)+4. 1434 

-  1) -4.  5088 

0) -1.0436 

4.0 

-  1 

+3.5629 

0) +1.0004 

0+1.1362 

-  l)+6.7042 

-  1) -1.6256 

4.5 

-  1 

-6.2482 

-  1) +1.7088 

-  l)+8.  8526 

0) +1.1729 

-  1) +8.  7013 

5.0 

0] 

-1.2237 

-  1) -7.  6338 

-  3) -3.  2476      ( 

-  l)+7.  5425 

0)+l.  1657 

5.5 

0 

-1.2251 

0) -1.2701 

-  1) -8.  8135      ( 

-  1) -1.6427 

-  l)+6. 1562 

6.0 

-  1' 

-7. 5801       ( 

0  -1.2045 

0) -1.3038 

-  1) -9.  8158 

-  l)-3. 1172 

6.5 

-  2 

-7.4816 

-  1) -7. 1189 

0) -1.1808 

0) -1.3275      ( 

0-1.0666 

7.0 

-  1 

+6.1662       ( 

-  2) -3.  0805 

-  1) -6.  6763 

0) -1.1549 

0) -1.3430 

7.5 

0 

1.2182 

-  l)+6.4936      ( 

-  2) +1.0458 

-  1  -6.2518 

0-1.1277 

8.0 

0 

1.7353      ( 

0)  1.2413 

-  1)  6.8010 

-  2  +4.9276 

-  1) -5.  8448 

8.5 

0 

2.2476 

0)  1.7525      ( 

0)  1.2631 

-  1  7.0906      ( 

-  2  +8.5910 

9.0 

0 

2.8903      ( 

0)  2.2593 

0)  1.7689 

0)  1.2839 

-  1)  7.  3645 

9.5 

0 

3.8625      ( 

0)  2.8897      ( 

0  2.2705      ( 

0)  1.7846 

0)  1.3037 

10.0 

o; 

5.4768 

0)  3.8316 

0)  2.  8898      ( 

0)  2.2814      ( 

0)  1.7997 

10.5       ( 

0) 

8. 2695       < 

0)  5.  3768      ( 

0)  3.8044      ( 

0)  2.8904 

0)  2.2919 

11.0 

1 

1.3223 

0)  8.0193      ( 

0)  5.2879      ( 

0)  3.7803 

0)  2.8915 

11.5      ( 

1 

2.2207 

1)  1.2652      ( 

0)  7.7978 

0)  5.2085 

0)  3.7589 

12.0 

1 

3. 8880      1 

1)  2.0953      ( 

1  1.2151      1 

0)  7.6004      ( 

0)  5.1370 

12.5       ( 

1 

7.0544      ( 

1)  3.6163 

1)  1.9863 

1)  1.1707 

0)  7.4234 

13.0 

2) 

1.3205      ( 

1)  6.4666      ( 

1  3.3826      ( 

1)  1.8906 

1)  1.1312 

13.5 

2 

2.5411       1 

2)  1.1927 

1)  5.9669 

1)  3.1797      ( 

1)  1.8061 

14.0      ( 

2 

5. 0139      < 

2)  2.2615      ( 

2)  1.0855      ( 

1)  5.5380      ( 

1  3.  0021 

14.5 

3 
3; 

1.0121       ( 

2)  4.  3958 

2  2.0297      ( 

1)  9.9453 

1)  5.1664 

15.0      ( 

2. 0860      ( 

2)  8.  7404      1 

2)  3.8903 

2)  1.8354 

1)  9.1659 

15.5      ( 

3) 

4.3833 
9.3774      1 

3)  1.7745      ( 

2)  7.6267      ( 

2)  3.4717 

2  1.  6708 

16.0      ( 

3 

3)  3.6727      ( 

3)  1.5265       ( 

2)  6.7162 

2)  3.1213 

16.5       ( 

4 

2.0400       ( 

3)  7.7388      ( 

3)  3.1148      ( 

3)  1.3264 

2)  5.9630 

17.0      ( 

4] 

4.5079      ( 

4)  1.6582       ( 
4)  3.6090      ( 

3)  6.4702 

3)  2.6703 

3)  1.1629 

17.5 

5) 

1.0109 

4)  1.3667      ( 

3)  5.4726      ( 

3  2.3115 

18.0      ( 

5) 

2.2987 

4)  7.9717      ( 

4)  2.9323 

4)  1.1404      ( 

3)  4.6772 

18.5      1 

5) 

5.2957 

5  1.7855       ( 

4)  6.3851       1 

4)  2.4141       ( 

3)  9.6229 

19.0      ( 

6 

1.2353 

5)  4.0519       ( 

5)  1.4098      1 

4)  5.1860 

4)  2.0110 

19.5       1 

6 

2.9156 

5)  9.3105      ( 

5)  3.1542      1 

5  1.1297 

4)  4.2650 

20.0      1 

6! 

6.9590      1 

6)  2.1648      ( 

5)  7.1454      ( 

5)  2.4935      ( 

4)  9.1723 

0.5      ( 

-  1) 

-9.7855      ( 

-  1) -6.  4000      ( 

-  1) +2.  5695      ( 

-  1) +9.  3189      ( 

-  l)+7.  9224 

1.0      ( 

-  1 

+2.8609      ( 

-  1) -5.  7650      1 

-  1-9.7102      I 

-  1) -5.  6460      1 

-  1)+3.1370 

1.5      ( 

-  1! 

+9.1227 

-  l)+7.  7374      1 

-  2) +3.  6067 

-  1) -7.  3679 

-  1) -9.  3578 

2.0      ( 

-8. 3491       ( 

-  l)+6.  5787 

-  l)+9.  3570      1 

-  l)+3. 1578      I 

-  1  +5.3119      ( 

-  1) -2.  7296 

2.5      ( 

_  1 

-8.8452 

-  1) -4.  3562 

-  1  +8.6483      ( 

-  l)+8. 1928 

3.0      I 

_  1] 

-5.6757 

-  1) -8.  9431       ( 

-  l)-6.  7512 

-  2) -1.9960      ( 

-  1+6.6241 

3.5 

+  2.7609 

-   1) -3.  6790      ( 

-  1-8.2667      1 

-  1) -8. 1315      ( 

-  1) -3.  0592 

4.0      { 

+7.9794 

-  1)+4.3113       ( 

-  1) -1.7673       1 

-  1) -7. 1410 

-  1) -8.  7013 

4.5       1 

+7.1352       ( 

-  1)+8.1848      ( 

-  l)+5.  4934 

-  3) -3.  4829      i 

-  1) -5.  7890 

5.0      i 

+2.4665      ( 

-  l)+6.4978       ( 

-  1) +8. 1799      ( 

-   1) +6.  3669      ( 

-  1)+1.4822 

5.5 

(-  1 

-2.5327 
-5.7031 

-  1)+1.  7444 

-  1) +5.  8546 

-  1) +8.  0282 

-  1) +6.  9880 

6.0 

-  1 

-  1) -2.  9499 

-  1+1.0993 

(-  1) +5.  2246 

-  l)+7.  7756 

6.5 

(-  1 

-6.  6792 
-6.1949 

[-  1) -5.  8050 

-  1) -3.  3031 

-  2)+5.2317 

-  1) +4.  6186 

7.0 

_   1 

[-  1) -6.  6155 

-  1) -5.  8814 

-  1) -3.  6035 

-  1) -5.  9378 

-  4) +8.  3738 

7.5 

-  1 

-5.2752 

-  1) -6. 1017 

-  1) -6.  5515 

-  1) -3.  8601 

8.0 

-  1 

-4. 7892 

-  1) -5.  2127 

-  1) -6.  0151 

-  1) -6.  4880 

-  1) -5.  9783 

8.5 

-  1 

-5.  3860 

-  1) -4.  7495 

-  1) -5. 1547 

-  1) -5.  9344 

-  1) -6.  4254 

9.0 

(-  1 

-7.6818 

-  1) -5.  3157 

-  1) -4.  7121 

-  1) -5. 1007 

-  1) -5.  8590 

9.5 

0 

-1.2605 

-  1) -7.  4860 

-  1) -5.  2509 

-  1-4.6767 

-  1) -5.  0502 

-  1  -4.6431 

10.0 

0 

-2.1932 

0) -1.2115 

-  1) -7.  3093 

-  1  -5.1908 

10.5 

f   0 

-3.9217 
-7.1592 

0) -2.  0812 

0) -1.1677 

-  1  -7.1488 

-  1) -5. 1349 

11.0 

(   0 

0) -3.  6757 

0-1.9822 

0  -1.1284 

-  1) -7.  0023 

11.5 

1 

-1.3348 

0) -6.  6261 

0) -3.  4609 

0) -1.8942 

0)  -1.  0929 

12.0 

1 

-2.  5439 

1)-1.  2193 

0) -6. 1663 

0  -3.2719 

0-1.8154 
0) -3. 1044 

12.5 

1 

-4.9562 

1)-2.2921 

1) -1.1209 

0) -5.  7662 

13.0 

1 

-9.8652 

1) -4.  4031 

1) -2.  0805 

1  -1.0363 

0) -5.  4152 

13.5 

2 

-2.0042 

[   1) -8.  6387 

1) -3.  9443 

1) -1.9007 

0) -9.  6285 

14.0 

2 

-4.1515 

2)-1.7295 
2) -3.  5297 

1) -7.  6350 

l)-3.  5594 

1) -1.7465 

14.5 

2 

-8.7576 

2) -1.5077 

1) -6.  8033 

l)-3.  2330 

15.0 

3] 

-1.8795 

2) -7.  3354 

2) -3.  0346 

2) -1.3263 

1) -6.  1066 

15.5      ( 
16.0      1 

3) 

-4. 0993      ( 

3) -1.5507      ( 

2) -6.  2186      ( 

2) -2.  6348      ( 

2) -1.1761 

3: 

-9.0788      ( 

3) -3.  3317      ( 

3) -1.2962 

2) -5.  3284 

2) -2.  3079 

16.5       ( 

4 

-2.0399      ( 

3  -7.2680      i 

3) -2.  7456      1 

3  -1,0960 

2) -4.  6095 

17.0 

4 

-4. 6466      1 

4) -1.6085 

3) -5.  9047      1 

3-2.2906      ( 

2-9.3627 

17.5      ( 

5 

-1.0722       i 

4  -3.6089 

4)-1.2883      1 

3) -4.  8605      1 

3-1.9322 

18.0      ( 

5 

-2.5048      1 

4) -8.  2028 

4  -2.8495 

4  -1.0463 

3) -4.  0483 

18.5 

5) 

-5.9202       1 

5) -1.8875 

4) -6.  3850 

4  -2.2852 

3)  -8.  6039 

19.0 

6) 

-1.4150      ( 

5) -4.  3947      ( 

5) -1.4484      1 

4) -5.  0474 

4) -1.8537 

19.5       ( 

&) 

-3.4181 

6) -1.0347 

5) -3.  3247      1 

5) -1.1297      ( 

4) -4.  0457 

20.0      ( 

b) 

-8.3412      ( 

6) -2.  4624      ( 

5)-7. 7176      I 

5) -2.  5583      1 

4) -8.  9396 
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COUIX)MB    WA\'E    FUNCTIONS 
Co(T7)=e-i'^T  r(H-i7,)| 


0.00 
0.05 
0.10 
0.15 
0.20 

0.25 
0.30 
0.35 
0.40 
0,45 

0.50 
0.55 
0.60 
0.65 
0.70 

0.75 
0.80 
0.85 
0.90 
0.95 

1.00 


Co(v) 

1. 000000 
0.922568 

0.847659 
0.775700 
0.707063 

0.642052 
0.580895 
0.523742 
0.470665 
0.421667 

0.376686 
0.335605 
0.298267 
0.264478 
0.234025 

0.206680 
0.182206 
0.160370 
0.140940 
0.123694 


0.108423 
For  In  r(l+t«/),  see  Table  6.7. 


7J  Co(t?) 

1.00  (-1)1.08423 

1.05  (-2)9.49261 

1.10  (-2)8.30211 

1.15  (-2)7.25378 

1.20  (-2)6.33205 

1.25  (-2)5.52279 

1.30  (-2)4.81320 

1.35  (-2)4.19173 

1.40  (-2)3.64804 

1.45  (-2)3.17287 

1.50  (-2)2.75796 

1.55  (-2)2.39599 

1.60  (-2)2.08045 

1.65  (-2)1.80558 

1.70  (-2)1.56632 

1.75  (-2)1.35817 

1.80  (-2)1.17720 

1.85  (-2)1.01996 

1.90  (-3)8.83391 

1.95  (-3)7.64847 

2.00  (-3)6.61992 


2.00 
2.05 
2.10 
2.15 
2.20 

2.25 
2.30 
2.35 
2.40 
2.45 

2.50 
2.55 
2.60 

2.65 
2.70 

2.75 
2.80 
2.85 
2.90 
2.95 


Coiv) 

-3)6.61992 
-3)5.72791 
-3)4.95461 
-3)4.28450 
-3)3.70402 

-3)3.20136 
-3)2.76623 
-3)2.38968 
-3)2.06392 
-3)1.78218 

-3)1.53858 
-3)1.32801 
-3)1.14604 
-4)9.88816 
-4)8.53013 

-4)7.35735 
-4)6.34476 
-4)5.47066 
-4)4.71626 
-4)4.06528 


3.00  (-4)3.50366 
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15.  Hypergeometric  Functions 

Mathematical  Properties 


15.1.  Gauss  Series,  Special  Elementary  Cases, 
Special  Values  of  the  Argument 

Gauss  Series 

The  circle  of  convergence  of  the  Gauss  hyper- 
geometric series 

15.1.1 

F{a,  h;  c;  z)  =2^1  (a,  h;  c;  z) 

=F(b,a;c;z)=^j: 
Tie) 


(a)n(b)n  2" 
r(a+n)r(6+7i)  z' 


Tia)Tib)t^o         r(c+n)         n\ 

is  the  unit  circle   l2|  =  l.     The  behavior  of  this 
series  on  its  circle  of  convergence  is: 

(a)  Divergence  when  ^  (c—a—b)^—l. 

(b)  Absolute  convergence  when  ^  (c— a— 6)>0. 

(c)  Conditional  convergence  when  —  1  <^  (c—a 
—  6)^0;  the  point  2=1  is  excluded.  The  Gauss 
series  reduces  to  a  polynomial  of  degree  n  in  2 
when  a  or  6  is  equal  to  —n,  (n  =  0,  1,  2,  .  .  .  ). 
(For  these  cases  see  also  15.4.)  The  series  15.1.1 
is  not  defined  when  c  is  equal  to  —  m,  (m  =  0,  1, 
2,  .  .  .),  provided  a  or  6  is  not  a  negative  integer 
n  with  n<m.     For  c  =  —  m 


15.1.2 


1 


F(a,  b;  c;  z)  = 

z^'+'F  (a+m  +  l,  6  +  m  +  l;  m+2;  2) 


c!r.  Tic) 

(a)^.n(6)„,+i 
(m  +  1)! 

Special  Elementary  Cases  of  Gauss  Series 

(For  cases  involving  higher  functions  see  15.4.) 

15.1.3  F(l,  1;2;  2)  =  -2-iln  (1-2)    * 

15.1.4  F(^,l;^;z')=iz-nnQ^^ 

15.1.5  F(i  l;f; -22)  =  2-' arctan  2 

15.1.6 

Fih,  h  f;  z')  =  {l-z')^F(l,  1;  f;  z')  =  z-'  arcsin  z 


•See  page  n. 
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15.1.7 

Fih,  h  f;  -2^)  =  (l  +  2^)»F(l,  1;  f;  -z') 

=  Z-'  In  [2+(l+22)i] 

15.1.8  F(a,b;b;z)={l-z)-'' 

15.1.9  F(a,  Ha;  h;  2')  =  M(l  +  2)-2<'+(l-2)-2'-] 
15.1.10 

F{a,^+a;^;z')  = 

^2-ni-2a)-'[(l  +  2)^-2<'-(l-2)i-2<'] 

15.1.11 

F(-a,a;^;-2^)  =  H[(l  +  2^)*+2P''+[(l+2')*-2r} 

15.1.12 

Fia,  l-a;  ^;  -2')  = 

15.1.13 

Fia,  Ha;  l+2a;  2)  =2^1 +  (1-2)*]-="' 

=  (l-2)iF(l+a,  Ka;  l+2a;  2) 
15.1.14 

Fia,  Ha;  2a;  2)  =  22->(l-2)-ni  +  (l-2)*]'-*' 

sin  [(2a— 1)2] 


15.1.15  F  (a,  l-a;  f;  sin^  2)  = 

15.1.16  F(a,  2-a;f;sm2  2)- 


(2a— 1)  sin  z 
sin  [(2a— 2)2] 


(a-1)  sin  (22) 
15.1.17       Fi—a,  a;  ^;  sin^  2)=cos  (2a2) 


15.1.18     F(a,  l-a;i;sin2  2) 


2    >^     cos  [(2a— 1)2] 


cos  2 


15.1.19     F(a,  Ha;  i;  -tan'  2)=cos^  2  cos  (2a2) 

Special  Values  of  the  Argument 

15.1.20 

jpfn  h..u     r(c)r(c-a-6) 
i^(a,6,c,l)  =  j,^^_^^j,(^_j) 

ic9^0,  -1,  -2,  .  .  .,  ^ic-a-b)>0) 
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15.1.21 

(l+a-6?^0,  -1,  -2,  .  .  .) 

15.1.22 

F(a,  b;  a-6+2;-l)=2-V/==(6-l)-'r(a-6  +  2) 

Lr(ia)r(|+ia-6)~r(i+^a)r(l  +  ia-6)J 

(a-b  +  2^0,  -1,  -2,  .  .  .) 

15.1.23     F(l,  a;  a+1;  -l)  =  k['/'(Hk)-^(k)] 
15.1.24 

(ia+i6+i?^0,  -1,  -2,  .  .  .) 
15.1.25 

{[raa)r(Hi6)]-^-[r(i+|a)r(^6)]-'} 

(Ka+6)+i?^o, -1,-2,  ...) 

15.1.26 

F(a,l-a;b;h)  = 

2^-Mr(6)  [r(ia+i6)  r  (|+|6-|a)]-^ 

(6^^0,-1,-2,...) 

15.1.27 

F(l,  1;  a+l;  h)=a[Hh+ha)-Hha)] 

(a?^-l,-2, -3,  ...) 

15.1.28 

F(a,  a;  a+1;  i)  =  2°-ia[^(i+ia) -,/.(!«)] 

(aF^-1,-2, -3,  ...) 
15.1.29 

i'(a,^+a,^    2a,     ^)-U)       r(f)ra-2a) 

(f-2a^0, -1,-2,  ...) 
15.1.30 

(f+faj^O,  -1,  -2,  .  .  .) 
15.1.31 

^o^HJn-¥''+'\'""<^     r(|a+t) 
r(ia+f)r(|) 


15.2.    Differentiation     Formulas     and     Gauss' 
Relations  for  Contiguous  Functions 

Differentiation  Formulas 

15.2.1    ^  F(a,  b;  c;  z)=^^  F(a+1,  6+1;  c+1;  z) 
15.2.2 

£,  F(a,  b;  c;  ^)  =  ^^^  F(a+n,  b-^n;  c+n;  z) 
15.2.3 

^  [s-^+^-^i^Ca,  6;  c;  3)]=(a)„2«-'i^(a+n,  6;  c;  2) 
15.2.4 


(/" 


-  [2'=-'i^(a,  6;  c;  2)]=(c-n)„2<=-"-^F(a,  6;  c-n;  2) 


dz 
15.2.5 


(/2" 


c-a+n-l/l  y\a+b-c 


{l-zY+'-^F{a,b;c;z)] 
■■{c-a)nZ'-''-\l-zY+'>-'-^F{a-n,b;c;z) 


15.2.6 

^J{l-zy^'-^F{a,b;c;z)] 
(c—a)„(c—b)n 


(C)n 


(l-2)°+'-^-"i^(a,6;c+n;2) 


15.2.7 

^[(l-2r+"-^F(a,6;c;2)] 
(-l)"(a)„(c-6)„ 


(C)n 


(l-2)°-'F(a+7i,6;c+n;2) 


15.2.8 

£-Jz'-\l-zy-^^^F{a,b;c;z)] 

=  (c-n)„z'-''-\l-zy-'F(a-n,b;c-n]z) 
15.2.9 

£;^[2-Hl-2)''+'-^/^(a,6;c;2)] 
=  (c-ri)„2^-"-ni-2)'"^*"'""i^(a-n,  6-7i;c-n;2) 

Gauss'  Relations  for  Contiguous  Functions 

The  six  functions  F(a  ±  1 ,  6;  c;  2) ,  F(a,  6  ±  1 ;  c;  2)  ^ 
^(a,  6;  c±l;  2)  are  called  contiguous  to 
F(a,  b;  c;  2).    Relations  between  F{a,  b;  c;  2)  and 
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any  two  contiguous  functions  have  been  given  by 
Gauss.  By  repeated  application  of  these  rela- 
tions the  function  F{a^m,  6+w;  c^-l;  z)  with 
integral  m,  n,  l{c-\-l9^Q,  —1,  —2,  .  .  .)  can  be 
expressed  as  a  linear  combination  of  F{a,  h;  c;  z) 
and  one  of  its  contiguous  functions  with  coefficients 
which  are  rational  functions  of  a,  b,  c,  z. 

15.2.10 

{c—a)F{a—\,h;c;  z)-\-i2a—c—az-^bz)F{a,b;c;  z) 

+a(2-l)/^(a+l,  b;  c;  z)  =  0 

15.2.11 

{c-b)F{a,  6- 1;  c;  z)-\-i2b-c-bz-\-az)F(a,  b;  c;  z) 
+  6(2-l)F(a,  6+1;  c;  z)=0 

15.2.12 

c{c-\){z-\)F{a,  b;  c-1;  z) 

+c[c—l  —  (2c—a—b—l)z]F(a,  b;  c;  z) 

-\-{c-a){c-b)zF{a,  b;  c+1;  z)=Q 
15.2.13 

[c—2a—  {b—a)z\F{a,  b;  c;  z) 

+ail-z)F(a-\-\,  b;  c;  z) 

—  {c—a)F{a—l,  b;  c;  z)=0 
15.2.14 

(b—a)F(a,  b;  c;  z)-^aF(a+l,  b;  c;  z) 

-bF(a,  6  +  1;  c;  z)=0 
15.2.15 

(c-a-b)Fia,b;  c;  z)i-a(\-z)F(a-\-l,  6;  c;  z) 

-(c-b)F(a,  6-1;  c;  z)=0 
15.2.16 

c[a—{c—b)z]F(a,  b;  c;  z)—ac(l  —  z)F(a-{-l,  6;  c;  z) 

^{c-a){c-b)zF{a,  6;  c+1;  z)=Q 
15.2.17 

{c—a—\)F{a,  6;  c;  2)+aF(a+l,  6;  c;  z) 

-{c-\)F{a,  6;  c-1;  3)=0 
15.2.18 

(c—a—b)F(a,  6;  c;  2)  — (c— a)F(a— 1,  6;  c;  2) 

+6(l-2)7^(a,  6  +  1;  c;  2)=0 
15.2.19 

(6-a)(l-2)F(a,  6;  c;  z)-(c-a)F{a-l,  6;  c;  2) 

+  (c-6)F(a,  6-1;  c;  2)=0 
15.2.20 

c(l-2)F(a,  6;  c;  2)-cF(a-l,  6;  c;  2) 

+  (c-6)2/^(a,  6;  c+1;  2)=0 

*See  page  II. 
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[a-l-(c-6-l)2]7^(a,  6;  c;  2) 

-\-(c—a)F{a—l,  6;  c;  2) 

-(c-l)(l-2)/^(a,  6;  c-1;  z)=0 
15.2.22 
[c-26+(6-a)2]F(a,  6;  c;  2) 

+  6(l-2)i^(a,  6  +  l;c;  2) 

-{c-b)F(a,  6-1;  c;  2)  =  0 
15.2.23 
c[6-(c-a)2]F(a,6;c;  2)-6c(l-2)F(a,  6+1;  c;  2) 

+  (c-a)(c-6)2F(a,  6;  c+1;  2)=0 
15.2.24 
{c-b-l)F{a,  6;  c;  z)  +  bF(a,  6+1;  c;  2) 

-(c-l)F(a,  6;  c-1;  2)=0 
15.2.25 
cil  —  z)F(a,  6;  c;  z)—cF(a,  6— 1;  c;  2) 

*     +  (c  — a)2/'(a,  6;  c+1;  2)=0 
15.2.26 
[6-l-(c-a-l)2]F(a,  6;  c;  2) 

+  (c-6)F(a,  6-1;  c;  2) 

-(c-l)(l-2)i^>,  6;  c-1;  2)=0 
15.2.27 
c[c— 1  — (2c— a— 6— l)2]7^(a,  6;  c;  2) 

+  (c-a)(c-6)2F(a,  6;  c+1;  2) 

-c(c- 1)(1- 2) i^(a,  6;  c-1;  z)=0 


15.3.  Integral   Representations   and   Transfor- 
mation Formulas 


\ 


Integral  Representations 


15.3.1 

F{a,  6;  c;  2)  = 

r(c) 


r(6)r(c 


— rr  r  t''-'{i-ty-'>-\i-t2)-''dt 

0;  Jo 

(^c>^6>0) 


The  integral  represents  a  one  valued  analytic  func- 
tion in  the  2-plane  cut  along  the  real  axis  from  1  to 
00  and  hence  15.3.1  gives  the  analytic  continua- 
tion of  15.1.1,  F{a,  b;  c;  2).  Another  integral 
representation  is  in  the  form  of  a  Mellin-Barnes 
integral 


i 


i 
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,-.»     ^,     1         %  r(c)  C"    T(a+s)T(b+s)r(-s)  ,       ,,. 

15.3.2  F(a,  b;  c;  ^)=2«r(a)r(6)  J-,„ r(.+.)  ^''^'^ 

Here  — x<arg(— 2)<7r  and  the  path  of  integration  is  chosen  such  that  the  poles  of  r(a+s)  and 
T(h  +  s)  i.e.  the  points  s=—a—n  and  s=—b—m(n,  m=0,  1,  2,  .  .  .)  respectively,  are  at  its  left 
side  and  the  poles  of  csc(7rs)  or  T(—s)  i.e.  s=0,  1,  2,  are  at  its  right  side.  The  cases  in  which  —a,  —6 
or  —  c  are  non-negative  integers  or  a— 6  equal  to  an  integer  are  excluded. 

Linear  Transformation  Formulas 

From  15.3.1  and  15.3.2  a  number  of  transformation  formulas  for  F(a,  b;  c;  z)  can  be  derived. 

15.3.3  F{a,  b;  c;  z)  =  (l-zy-''-''F(c-a,  c-b;  c;  z) 

15.3.4  ={l-z)-''F(a,c-b;c;^^ 

15.3.5  ^{I-z^fU,  c-a;  c;  ^^ 

(|arg  (l-2)|<jr) 

+  '^^r(im6r^^  (l-.)--V-»  F(c-a.  l-a;.-a-5  +  l;  1-1) 

(|arg  2|<7r,  |arg  (l-2)|<7r) 
Each  term  of  15.3.6  has  a  pole  when  c=a-\-b±m,  (m=0,  1,  2,  .  .  .);  this  case  is  covered  by 

15.3.10  F(a,  b;  a+b;  2)==^Mfl,  ±  %^"  [2,/.(n+l)-^(a+n)-^(6+n)-ln  (l-2)](l-2)» 

i  {a)i.  f^O)  n=o     {ni) 

(|arg(l-2)|<7r,  |1-2|<1) 

Furthermore  for  m  =  l,  2,  3,  .  .  . 

15.3.11  F(a,  b;a+b  +  m;  ,)^^ppi±^^  g^^  (1_,), 


"r(a+m)r(6+m)  ;t^on!(l-m)„ 

r(a+6+m)  ,  _,..f.  (^ 
r(a)r(6)     ^^     '^    ;fro 

-^(n+m+l)+^(a+n+m)+^(6+n+m)]         (|arg  (l-2)|<7r,|l-2|<l) 
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15.3.12  l<{a,t},a+b     m,  z)  r(a)r(6)  ^^     ^^       i^o       n!(l-m)„       ^^     ^^ 

(-l)"'r(g+6-m)    -     (a).(6), 
— w? \Tm r  2_/  ~T7 — i — Ti  (1  —  2)  I  In  (l—2)—\I/(n-\-l) 

(|arg(l-2)|<7r,|l-2|<l) 

Similarly  each  term  of  15.3.7  has  a  pole  when  b=a±m  or  b—a=  ±m  and  the  case  is  covered  by 

15.3.13  F(.<^'^>^'^)  =  Y{amc-a)  ^~^^"  S  ^^^^""^W^"  2-"[ln(-2)+2^(n+l)-^(a+n)-^(c-a-n)] 

(|arg  (-0)|<7r,  |2|>1,  (c-a)  ^0,  ±1,  ±2,  .  .  .) 

The  case  b  —  a=m,  (m=l,  2,  3,  .  .  .)  is  covered  by 

15.3.14  F{a,a-{-m;c;  z)=F(a^m,a;c;  z) 

T(c)(—Z)~^~"*      ^    (a)  n  +  mi'i-  —C-\-a)  n+m  ^-„ri„    /       ^\    i     / /'I  _L^  J_^\^  //I    I   ^\ 

=7r7 — ; — TTTT T  2-1  — ' — TT — 1 — \i 2    Un  (— 2;+^(l  +  m+7i)+^(l+n) 

T{a-\-m)T{c—a)  t^o         ni(n  +  m)\  l      v      /     rv  i     /     rv    i     / 

//    I       I     \      //  M  I  /      \-a      r(c)      :^^  r(m  — n)(a)„    _. 

r(a+m)  t^o?^!^(c— a— n) 

(|arg(-2)|<7r,|2|>l,(c-a)5^0,±l,±2,...) 

The  case  c— a=0,  —1,  —2,  .  .  .  becomes  elementary,  15.3.3,  and  the  case  c—a=l,  2,  3,  .  .  .  can  be 
obtained  from  15.3.14,  by  a  limiting  process  (see  [15.2]). 

Quadratic  Transformation  Formulas 

If,  and  only  if  the  numbers  ±{l—c),  ±{a—b),  ±{a-\-b—c)  are  such,  that  two  of  them  are  equal 
or  one  of  them  is  equal  to  ^,  then  there  exists  a  quadratic  transformation.  The  basic  formulas 
are  due  to  Kummer  [15. 7J  and  a  complete  hst  is  due  to  Goursat  [15.3].    See  also  [15.2]. 

15.3.15  F(a,b]2b',z)  =  il-z)-i°FUa,b-^a',b-^h',^^Z^) 

15.3.16  =(l-^2)-"/'(^a,K|a;6+^;22(2-2)-2) 

15.3.17  =(i  +  iVr3i)-2«i?^L  a-6+^;6+i;  (|~^^)1  ' 

15.3.18  ={l-z)-i''F(a,2b-a;b+h  -ikz^^L]  V 

\  4V1-2     /  j 

15.3.19  F{a,  a+^;  c;z)  =  (^+i^l^^z)  '""F  (2a,  2a-c+l ;  c;  ^~^!^| 

\  l  +  Vl-2/ 

15.3.20  =(l±^^-^F(^2a,c-i;2c-l;  ±^^) 

15.3.21  =(l-2)-°F(^2a,  2c-2a-l;  c;  "^^^^^^ 

V  2V1-2  / 


15.3.22  F{a,b;  a-j-b^^;z)  =  Fi2a,  26;  a+6+^;  ^-^aO^) 

15.3.23  =(i+iVr^)-'"  F(2a,  a-6+i;  a+b+h"^^^) 

\  Vl-2  +  1/ 
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15.3.24  F(a,  h;  a+h-\;  z)  =  {\-z)-^F{2a-\,2h-l',a+h-\]h-h^l^-^) 

15.3.25  =(1-2)-*  (i+iVl^)^-'°i^(2g-l,a-6+i;a+6-i;^^(iEf~^) 

\  VI  — 2  +  1/ 

15.3.26  F{a,  h;  a-h+l;  z)  =  {l  +  z)-''F  {\a,  \a^\\  a-h+l]  4.z{l  +  z)-^) 

15.3.27  ={\±^-^F{a,a-h+\;2a-2h-\-\;  ±^^[z{l±^fz)-'') 

15.3.28  =(l-2)-°F(K  io-6+^;a-6+l;-42(l-0)-2) 

15.3.29  F  {a,  b;  ia+i6+i;  z)  =  {1-2z)-''f(^^,  ^-h^;  i<i+i6+i;  ^z^^p) 

15.3.30  =F(^a,  hb;  ^a+^6+|;  42-42^) 

15.3.31  F{a,  1-a;  c;  z)  =  {l-zy-'F(^c-^a,  h-^^a-h  c;  42-42^) 

15.3.32  =(1- 2)^-^1 -22)"-'^^  (hc-ia,  ^c-|a+^;  c;  (42^-42)  (1-22)"=^) 

Cubic  transformations  are  listed  in  [15.2]  and  [15.3]. 

In  the  formulas  above,  the  square  roots  are  defined  so  that  their  value  is  real  and  positive  when 
0^2<1.     All  formulas   are   valid   in   the   neighborhood  of  2=0. 

15.4.  Special  Cases  of  F(a,  b;  c;  z) 

Polynomials 

When  a  or  6  is  equal  to  a  negative  integer,  then 

15.4.1  f(-™,6;.;.)=g(=^£! 

This  formula  is  also  valid  when  c=—m—l;  m,  1=0,  1,  2,  .  .  . 

15.4.2  F(-m,  b;-m-l-  z)=±  ^."^^"^f?"  ^ 
Some  particular  cases  are 

15.4.3  F{-n,  n;  h  x)=Tn(l-2x) 

15.4.4  Fi-n,  71+1;  1;  x)=P„(l-2a;) 

15.4.5  F(^-n,n+2a;a-\-^;x^=-^^Clr'{l-2x) 

15.4.6  F{-n,  a+l+^+n;  a+1;  x)^-^-^  P^'»>(l-2z) 

Here  T„,  P„,  0^"^  P^"'^^  denote  Chebyshev,  Legendre's,  Gegenbauer's  and  Jacobi's  polynomials  re- 
spectively (see  chapter  22). 

Legendre  Functions 

Legendre  functions  are  connected  with  those  special  cases  of  the  hypergeometric  function  for  which 
a    quadratic    transformation    exists    (see    15.3). 

15.4.7  P(a,6;26;2)=22''-'r(i+6)2i-Ul-2)^^*-"-*^P!=6-i[(l-|)(l-2)-i] 

15.4.8  =2^^-^  wo\"^^\  z-'(l-z)^">-'''e'''''-'' Plzt  (--l) 

T{2b—a)  \z      / 

15.4.9  7^(a,6;26;-2)=22V-*^^^t^2-*(l  +  2)i^*-"'6-''<''-*'Pr?(l+^)(l^^^ 
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15.4.10  F(a,a+^;c;3)=2^-^r(c)2»-i'(l-2)i'-"-iFL--%[(l-2)-*] 

(|arg  2|<7r,  jarg  (1  — 2)|<7r,  z  not  between  0  and  —  cjo) 

15.4.11  F(a,a+^;c;x)=2'^-^r(c)(-x)i-i'(l-x)*'-''-iPL-_%[(l-x)-i]  (_oo<x<0) 

15.4.12  F(a,6;a+6+^;2)=2»+''-*r(|+a+6)(-2)i^i-<'-*'P!irJ[(l-2)i] 

(|arg  (— 2)|<7r,  z  not  between  0  and  1) 

15.4.13  F(a,6;a+6+^;x)=2<'+*-ir(A+a+6)x*^*-''-*'P!=ri[(l-x)i]  (0<x<l) 

15.4.14  F(a,6;a-6+l;2;)=r(a-6+l)2i*-i^(l-2)-T»_V  (^) 

(|arg  (1  — 2)|<7r,  z  not  between  0  and  —  <» ) 

15.4.15  F(a,6;a-6+l;x)  =  r(a-64-l)(l-x)-'(-x)i*-i^P*v(}3^)  (-oo<x<0) 

15.4.16  F{a,  l-a;c;  2)  =  r(c)(-0)*-^'(l-2)i'-iPlV(l-22) 

(|ai^  (— 2)|<7r,  |arg  (1  — 2)|<7r,  z  not  between  0  and  1) 

15.4.17  P(a,l-a;c;x)  =  r(c)xi-i'(l-x)i*-»PLV(l-2x)  (0<x<l) 

15.4.18  P(a,6;^a  +  i6+i;2)  =  r(i+k+^^)[2(2-l)]»''-''-^^P|ir-r-i;(l-22) 

(|arg  z  Ktt,  |arg  (2— l)K7r,  z  not  between  0  and  1) 

15.4.19  P(a,6;^a+i6+^;x)  =  r(i+^a+|6)(x-x2)i<^-''-*>P|[r-r-?Ul-2x)  (0<x<l) 

15.4.20  P(a,6;a+6-i;2)=2''+^-^r(a+6-i)(-2)i'^-«-*'(l-2)-iP|-n[(l-2)*] 

(I  arg(  — 2)|<7r,  |arg(l— 2)|<7r,  .-^[(l— 2)i]>0,  2not  between  0  and  1) 

15.4.21  P(a,6;a+6-|;x)=2«+*-5r(a+6-i)x'^'-''-*'(l-x)-iPi-n[(l-x)*]  (0<x<l) 

15.4.22  P(a,  6;  ^;  2)=7r-i2<'+^-'r(K«)r(H6)(2-l)i'i-''-*'[P*--r-|(2i)+P*a-r-;(-2i)] 

(|arg  2|<7r,  |  arg(2— l)|<7r,  2  not  between  0  and  1) 

15.4.23  F(a,  6;  i;  x)=T-i2''+*-'r(Ka)r(K6)(l-a;)i^i-°-"[Pr-r4(x*)+Ptr-|(-xi)]  (0<x<l) 

15.4.24  P(a,  6;  ^;-2)=x-i2<'-^-ir(Ua)r(l-6)(2+l)-i»-i''6^'^  ^"""^  {P*;S-,[2i(l  +  2)-*] 

+P»;'',_i[-2Hi+2)-»]i 
(± according  as  J^2^0,  2  not  between  0  and  ») 

*  15.4.25     P(a,  6;  i; -x)=7r-i2<'-*-'r(Ka)r(l-6)(l+x)-^-^*{P2;'?,_:[xHl+x)-i]+P„ni,-i[-5:' -(It?)"*]} 

(0<X<oo) 

15.4.26     P(a,6;|;x)  =  -7r-i2°+*-'r(a-i)r(6-f)x-Hl-x)*'*-"-*'{Pr-r4(x^)-Pa-rt(-x*)}         (0<a;<l) 

15.5.  The  Hyj>ergeometric  Differential  Bxjuation 

The  hypergeonietric  differential  equation 

15.5.1     2(1-2)  ^+[c-(a+6+l)2]  ^-a6w=0 

*See  page  n. 
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has  three  (regular)  singular  points  z—0,  1,  «> .    The  pairs  of  exponents  at  these  points  are 

15.5.2  p{%=Q,l-c,        p[]l=0,c-a-b,        pi:i'=a,b 

respectively.     The  general  theory  of  differential  equations  of  the  Fuchsian  type  distinguishes  between 
the  following  cases. 

A.  None  oj  the  numbers  c,  c—a—b;  a—b  is  equal  to  an  integer.    Then  two  linearly  independent  solutions 
of  15.5.1  in  the  neighborhood  of  the  singular  points  0,  1,  »  are  respectively 

15.5.3  Wno)=F{a,  b;  c;  z)  =  (l-2y-''-''F(c-a,  c-b;  c;  z) 

15.5.4  W2,o)  =  z'~'F{a-c^-\,  6-c+l;  2-c;  z)  =  z'-'{l-zy-''-''F{\-a,  1-6;  2-c;  z) 

15.5.5  w^a)=F{a,b•,a^b+\—c^,\  —  z)  =  z^-'F{\^-b-c,   1+a-c;  a+6-f  1-c;  \-z) 

15.5.6  W2a)  =  {^-zy-''-''F{c-b,c-a]c-a-b+\;\-z)=^z^-'{\-z)'-''-'>F{\-a,\-b;c-a-b+\;\-z) 

15.5.7  Wn:.)  =  z~''F{a,  a-c+1;  a-6+1;  z-^)=z'>-'{z-\)'-''-''F{l-b,  c-b;  a-6+1;   2"') 

15.5.8  W2(.)  =  2"'^(«',  6-c+l;  6-a+l;  z-^)  =  z''-'{z-\y-''-^F{\-a,  c-a;  b-a^-\^,  z-') 

The  second  set  of  the  above  expressions  is  obtained  by  applying  15.3.3  to  the  first  set. 
Another  set  of  representations  is  obtained  by   applying  15.3.4   to  JL5.5.3    through   15.5.8.      This 
gives  15.5.9-15.5.14. 

15.5.9  Wuo^  =  (l-z)-''F(a,  c-b;  c;  ^)=(1-2)-''F(^6,  c-a;  c;  j~j 

15.5.10  11)2(0)  =  z'-'il-zy-^-'Ff a-c+1,  l-b;  2-c;  ^~)=z'-'(l-zy-'-'F{b-c-\-l,  l-a;  2-c;-^^ 

15.5.11  Wia)  =  z~''Fia,  a-c+1;  a+6-c+l;  l-z~')  =  z-''Fib,  6-c+l;  a+6-c+l;  1-z-') 

15.5.12 

«j2(ij  =  2<'-«(l-2)'-«-»i?^(c-a,  i-a;c-a-6+l;  l-z-')  =  z'-'il-z)'-''-'Fic-b,l-b;  c-a-b-\-l;  1-2"') 

15.5.13     Wn^^  =  (z-l)-''F{a,  c-b;  a-6+1;  Y^^=(z-l)-''F{b,  c-a;  6-a+l;  j^^ 

.5.14 

^^^^z'-'iz-iy-^-'F  (a-c+l,  1-6;  a-6+1;  :^^A=z'-'(z-iy-'-'F  (b-c+l,  l-a;  6-a+l;  j—) 


15.5.14 

W2 


15.5.3  to  15.5.14  constitute  Kummer's  24  solutions  of  the  hypergeometric  equation.    The  analytic  con- 
tinuation of  Wi,2(0)(2)  can  then  be  obtained  by  means  of  15.3.3  to  15.3.9. 

B.  One  of  the  numbers  a,  6,  c-a,  c—b  is  an  integer.  Then  one  of  the  hypergeometric  series  for 
instance  Wi_2(0),  15.5.3,  15.5.4  terminates  and  the  corresponding  solution  is  of  the  form 

15.5.15  W=2°(l-2)%(2) 

where  Pniz)  is  a  polynomial  in  z  of  degree  n.     This  case  is  referred  to  as  the  degenerate  case  of  the 
hypergeometric  differential  equation  and  its  solutions  are  listed  and  discussed  in  great  detail  in  [15.2]. 

C.  The  number  c—a—b  is  an  integer,  c  nonintegral.  Then  15.3.10  to  15.3.12  give  the  analytic  continu- 
ation of  Wi.2(0)  into  the  neighborhood  of  2=1.  Similarly  15.3.13  and  15.3.14  give  the  analytic  continu- 
ation of  ^yl,2(0)  into  the  neighborhood  of  2=00  in  case  a— 6  is  an  integer  but  not  c,  subject  of 
course  to  the  further  restrictions  c—a—0,  ±1,  ±2  .  .  .  (For  a  detailed  discussion  of  all  possible 
cases,  see  [15.2]). 

D.  The  number  c=\.     Then  15.5.3,  15.5.4  are  replaced  by 

15.5.16  w;,(o)=7^(a,  6;1;2) 

273-888  0-67— 37 
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15.5.17  w,,o^=F(a,b-A;  2)ln  2+f:  ^-%^"2Wa+72)-^^(a)+^(6+n)-^(6)-2^(n+l)+2^(l)]        (|2|<l) 

E.  The  number  c=m  +  l,  m  =  l,  2,  3,  .  .  .  .     A  fundamental  system  is 

15.5.18  Wuo)=F(a,b;m+l;z) 

15.5.19  W2,o,=F(a,  b;  m  +  l;  z)  In  2+f:  .^'']_"i^^'    2Wa+ri)-,^(a)+^(6+n)-^(6)-^(m  +  l+7i) 

n=l  \^    I    iiljiji.- 

+^(m  +  l)-^(n.+l)+^(l)]-Z:;,     J-  ,      .;"3-"         (|2|<  l  and  a,  6^0,  1,  2,  .  .  .  (m-1)) 

n  =  l  U — tt^nU  —  0)n 

F.  The  number  c  =  l  — m,m  =  l,2,  3,  ....     A  fundamental  system  is 

15.5.20  «?i(0)  =  2"F(a+m,  6+m;  1  +  m;  3) 

15.5.21 

^,„,=2-F(a+m,  6+m;  1+m;  2)  in  s+^'S^"  ^'""trV'l^s'tr^"  [^^(a+m+7))-^(a+m)+^(6+m+n) 

n=l  ^-L    1    "i^n /i- 

-^(6  +  m)-^(m+l+n)+^(m+l)-^(7i+l)+^^(l)]-i:  n     T    '^n   7"^^   ^'""" 

„=i  {l—a—m)n{\—o—m)n 

{\z\<\  anda,65^0,  — 1,-2,  .  .  .  -(m-1)) 


15.6.  Riemann's  Differential  Equation 

The  hypergeometric  differential  equation  15.5.1 
with  the  (regular)  singular  points  0,  1,  «»  is  a 
special  case  of  Riemann's  differential  equation 
with  three  (regular)  singular  points  a,  b,  c 


15.6.1 

dz'^l    z-a     +     z-b     "^     z-c    jdz 

raa'(a-b)ia-c)     00'{b-c)(b-a) 
L  2— a 


z-b 


yy'ic—a)(c—b) 
z—c 


1 "^ =0 

J  {z—a){z—b){z—c) 


The  pairs  of  the  exponents  with  respect  to  the 
singidar  points  a;  b;  c  are  a,  a;  /3,  /3';  7,  7'  respec- 
tively subject  to  the  condition 


15.6.2 


a4-a'+^+/3'+7+V'  =  l 


The  complete  set  of  solutions  of  15.6.1  is  denoted 
b}-  the  symbol 


15.6.3 


Special  Cases  of  Riemann's  P   Function 

(a)  The  generalized  hjrpergeometric  function 

15.6.4 

'0         00         1 

w=P <  a       ^         y       z 

KOL  ^  y 

(b)  The  hjrpergeometric  fimction  F(a,  b;  c;  z) 
15.6.5 


w 


=^P< 


'^       0         00 
0         a 


1 

0  z 

_1— c         b       c—a—b 
(c)  The  Legendre  functions  P^,{z),  ^(2) 
15.6.6 


w=P< 


0 


■b 


y 


1 


0  (1-2^) 


i-r|v       —  Im 


(d)  The  confluent  hypergeometric  function 

15.6.7 

'^        0  00  c 

w=P  'i  i+w        —c         c—k 


provided  lim  c— »« . 


0 
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Transformation   Formulas   for  Riemann's  P   Function 

6 
&'-k-l 


15.6.9    P^ 


where 


c 

y+l 
y'  +  l 


15.6.10     z= 


Az,+B 


Aar-hB   ,     Abi+B        Aci-\-B 

y  a=-^ r^F;>  0  =  ^=71 — 7-^>  C^~ 


Cz.+D        Ca,+D        Cb,+D        Cc,+D 


and  A,  B,  C,  D  are  arbitrary  constants  such  that  AD—BCt^O. 
Riemann's  P  function  reduced  to  the  hypergeometric  function  is 


15.6.11    P< 


KS)"(SJ- 


^0  00 


{z—a){c—h) 
(z—b)(c—a) 


7'— 7 


The  P  function  on  the  right  hand  side  is  Gauss'  hypergeometric  function  (see  15.6.5).  If  it  is  replaced 
by  Kummer's  24  solutions  15.5.3  to  15.5.14  the  complete  set  of  24  solutions  for  Riemann's  differential 
equation  15.6.1  is  obtained.     The  first  of  these  solutions  is  for  instance  by  15.5.3  and  15.6.5 


•o-i^  -(sy my 4.+.+...+.'+. i+.-.';|^^|l4] 


15.7.  Asymptotic  Expansions 

The  behavior  of  F(a,  b;  c;  2)  for  large  \z\  is 
described  by  the  transformation  formulas  of  15.3. 

For  fixed  a,  b,  z  and  large  \c\  one  has  [15.8] 

15.7.1 

F{a,  b;  c;  z)=±  (^^^+0(|c|-'"-) 

n=0        \C)n       n\ 

For  fixed  a,  c,  z,  (c^^O,  —1,  —2,  .   .   .   ,  0<|2|<1) 
and  large  |6|  one  has  [15.2] 


(2-6)  (c- 

15.7.2 

F{a,b;c;z)=e-'"'[Tic)/T(c-a)]{bz)-''[l+0{\bz\-')] 
Mric)lT{a)]e'%bzr-'[l+0(\bz\-')] 


(-^<^rgibz)<^T^ 


15.7.3 

F(a,  6;c;2)-e^nr(c)/r(c-a)](62)-11+0(|62|-')] 

+[r{c)/T{a)]e'>^(bzr-'^[l+0(\bz\-')] 

(-i7r<arg(62)<tx) 

For  the  case  when  more  than  one  of  the  param- 
eters are  large  consult  [15.2]. 
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16.  Jacobian  Elliptic  Functions  and  Theta  Functions 

Mathematical  Properties 


Jacobian  Elliptic  Functions 
16.1.  Introduction 

A    doubly    periodic    meromorphic    function    is 
called  an  elliptic  function. 
Let  m,  mi  be  numbers  such  that 

m+mi=l. 

We  call  m  the  parameter,  rrii  the  complementary 
parameter. 

In  what  follows  we  shall  assume  that  the  param- 
eter m  is  a  real  number.  Without  loss  of  gen- 
erality we  can  then  suppose  that  0<m<l  (see 
16.10,  16.11). 

We  define  quarter-periods  K  and  iK'  by 


•»/2 


dB 


16.1.1 

K{m)=K=  I       Y^ ^^"^a72' 

^    ^  Jo     (1  — msm^^)'^^ 

iK' {m)=iK'  =^i         -jz ^2  aw  12 

^      '  Jo        (1  — mi  e"^^  ''^^^^ 


dd 


sin^e) 

so  that  K  and  K'  are  real  numbers.    K  is  called 
the  real,  iK'  the  imaginary  quarter-period. 
We  note  that 


16.1.2 


li:(m)=li:'(mi)=/iC'(l-m). 


We  also  note  that  if  any  one  of  the  numbers  m, 
mi,  K{m),  K'{m),  K'(m)/K(m)  is  given,  all  the 
rest  are  determined.  Thus  K  and  K'  can  not 
both  be  chosen  arbitrarily. 

In  the  Argand  diagram  denote  the  points  0,  K, 
K-{-iK',  iK'  by  s,  c,  d,  n  respectively.  These 
points  are  at  the  vertices  of  a  rectangle.  The 
translations  of  this  rectangle  by  \K,  niK' ,  where 
X,  M  are  given  all  integral  values  positive  or  nega- 
tive, will  lead  to  the  lattice 


.s 

.c 

.s 

.c 

.n 

.d 

.n 

.d 

.s 

.c 

.s 

.c 

.n 

.d 

.n 

.d 

the   pattern   being   repeated   indefinitely    on    all 
sides. 


Let  p,  q  be  any  two  of  the  letters  s,  c,  d,  n. 
Then  p,  q  determine  in  the  lattice  a  minimum 
rectangle  whose  sides  are  of  length  K  and  K'  and 
whose  vertices  s,  c,  d,  n  are  in  counterclockwise 
order. 

Definition 

The  Jacobian  elliptic  function  pq  u  is  defined  by 
the  following  three  properties. 

(i)  pq  u  has  a  simple  zero  at  p  and  a  simple 
pole  at  q. 

(ii)  The  step  from  p  to  q  is  a  half-period  of  pq  u. 
Those  of  the  numbers  K,  iK' ,  K-\-iK'  which  differ 
from  this  step  are  only  quarter-periods. 

(iii)  The  coefficient  of  the  leading  term  in  the 
expansion  of  pq  u  in  ascending  powers  of  u  about 
u=0  is  unity.  With  regard  to  (iii)  the  leading 
term  is  u,  \/u,  1  according  as  u=0  is  a  zero,  a 
pole,  or  an  ordinary  point. 

Thus  the  functions  with  a  pole  or  zero  at  the 
origin  (i.e.,  the  functions  in  which  one  letter  is  s) 
are  odd,  and  the  others  are  even. 

Should  we  wish  to  call  explicit  attention  to  the 
value  of  the  parameter,  we  write  pq  {u\m)  instead 
of  pq  u. 

The  Jacobian  elliptic  functions  can  also  be 
defined  with  respect  to  certain  integrals.     Thus  if 


16.1.3 


dd 


msin^y'''' 
the  angle  <p  is  called  the  amplitude 
16.1.4     (p=amu 
and  we  define 

16.1.5 

sn  '?^=sin  (p,  en  u=cos  <p, 

dn  u=(l—m  sin^  (p)^'^=A{<p). 

Similarly  all  the  functions  pq  u  can  be  expressed 
in  terms  of  <p.  This  second  set  of  definitions, 
although  seemingly  different,  is  mathematically 
equivalent  to  the  definition  previously  given  in 
terms  of  a  lattice.  For  further  explanation  of 
notations,  including  the  interpretation,  of  such 
expressions  assn  {(p\a),  en  (u\m),  dn  {u,  k),  see  17.2. 
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16.2.  Classification  of  the  Twelve  Jacobian  Elliptic  Functions 
According  to  Poles  and  Half-Periods 


Pole 
iK' 

Pole 
K-\-iK' 

Pole 
K 

Pole 
0 

Half  period  iK' 

sn  u 

cd  u 

dc  u 

ns  u 

Periods  2iK',  ^K+^iK',  4K 

Half  period  K+iK' 

en  u 

sd  u 

nc  u 

ds  u 

Periods  ^iK',  2K  +  2iK',  ^K 

Half  period  K 

dn  u 

nd  u 

sc  u 

cs  u 

Periods  ^iK',  ^K+UK',  2K 

The  three  functions  in  a  vertical  column  are 
copolar. 

The  four  functions  in  a  horizontal  Une  are 
coperiodic.  Of  the  periods  quoted  in  the  last  line 
of  each  row  only  two  are  independent. 


^'v'*^^ 

M 

\snu 

1-' 

K\ 

2k\ 
>,cnu 

\ 

/'3K 

Ak  ' 

- 

N, 

.' 

\_-^ 

Figure  16.1.     Jacobian  elliptic  functions 
sn  u,  en  u,  dn  u 
1 

The  curve  for  en  (w||)  is  the   boundary   between  those 
which  have  an  inflexion  and  those  which  have  not. 


2.5 

ZJO 

1.5 

1.0 
5 
0 

-5 
-1.0 
-1.5 
-2.0  - 


Figure  16.2.     Jacobian  elliptic  Junctions 

ns  u,  nc  u,  nd  u 

1 
m=- 


0 

r    ;    ^ 

cs  U;       /J 

/ 

■;            / 

\dcu 

CSu\    / 

V 

^\^ 

scu/    \ 

scu/ 

/ 
/ 
/ 
/ 

X^ 

/        \ 
/            X 
/              ■% 
/ 
/ 

f 

\ 

J 

^ 

*\ 

/2K 

Ak._ 

A" 

- 

^ 

/ 

cdu/ 

/ 

\  scu/ 

' 

/ 

/ 
/ 

/ 

dc  u\ 

■•./ 
} 

Figure  16.3.     Ja^^obian  elliptic  junctions 
sc  u,  cs  u,  cd  u,  dc  1^ 
1 


16.3.  Relation  of  the  Jacobian  Functions  to  the 
Copolar  Trio  sn  u,  en  u,  dn  u 


16.3.1  cdw= 

16.3.2  sdw= 


en  u 


16.3.3    Mu^ 


dnw 

sn  w 
dnw 

1 


1         dnw  1 

dcw= nsu-- 


nc  i^=- 


dn  w 


sc  w=- 


cn  u 

1 

en  w 

sn  w 


ds  w= 


sn  u 
dnw 


en  w 


cs  14=- 


sn  w 
cnu 


snu 


And  generally  if  p,  q,  r  are  any  three  of  the  letters 
s,  c,  d,  n, 


16.3.4 


pqw= 


pru 
qrw 


provided  that  when  two  letters  are  the  same,  e.g., 
pp  u,  the  corresponding  function  is  put  equal  to 
imity. 


■amj^ 
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16.4.  Calculation  of  the  Jacobian  Functions  by 
Use  of  the  Arithmetic-Geometric  Mean 
(A.G.M.) 

For  the  A.G.M.  scale  see  17.6. 
To  calculate  sn  iu\m),  en  iu\m),  and  dn  (u\m) 
form  the  A.G.M.  scale  starting  wdth 

16.4.1  «o=l,  ^o=V^u  Co=^/m, 
terminating  at  the  step  A^  when  Cjv  is  negligible  to 
the  accm'acy  required.    Find  <pff  in  degrees  where 

16.4.2  -        ''°° 


^;v  =  2*  Gj^U 


and  then  compute  successively  v?.v-i,  <p.v-2, 
(Pi,  <pq  from  the  recurrence  relation 


16.4.3 

Then 

16.4.4 


sin  (2^„_i— v?J=-=-  sin  <p„. 


sn  (w|m)=sin  (p^,  en  {u\m)—c,os,  <po 
dn(i^|m)=      ^f^°      • 

cos   (<Pi-<Po) 

From  these  all  the  other  functions  can  be  deter- 
mined. 


16.5.   Special  Arguments 


u 

sn  u 

en  u 

dn  u 

16.5.1 

0 

0 

1 

1 

16.5.2 

i'^ 

1 

m,«/< 

nii^'* 

a  +  m\'')^* 

(l  +  7ni'/2)»/« 

16.5.3 

K 

1 

0 

m,'/* 

16.5.4 

li^K') 

im-''* 

(l  +  W*)i/» 

16.5.5 

l(K  +  iK') 

2-l/2^-l;4[(l_|_^l/2)l/'! 

(S)"*<-' 

V4>'                -1(1- 

W,'/2)'/»] 

16.5.6 

K+^iiK') 

m-'/« 

(l_^I/»)l/2 

16.5.7 

iK' 

00 

00 

00 

16.5.8 

\K  +  iK' 

(l-mi'/2)-i/: 

./   mi'/2  \yi 

-imi^'* 

'\\-m\'^) 

16.5.9 

K  +  iK' 

m-i/« 

-i{mi/my'^ 

0 

16.6.  Jacobian  Functions  when  m  =  0  or  1 


' 

TO  =  0 

m=l 

16.6.1 
16.6.2 
16.6.3 

sn  (u  m) 
en  (u  m) 
dn  {u\m) 

sin  7/ 
cos  u 
1 

tanh  u 
sech  u 
sech  u 

16.6.4 
16.6.5 
16.6.6 

ed  (u|m) 
sd  (u\m) 
nd  (u\m) 

cos  u 
sin  K 

1 

1 

sinh  u 
cosh  w 

16.6.7 
16.6.8 
16.6.9 

dc  (w  TW) 
nc  (w  m) 
so  (M|m) 

sec  u 
sec  u 
tan  1/ 

1 
cosh  M 

sinh  u 

16.6.10 
16.6.11 
16.6.12 

ns  (u  m) 
ds  (u  m) 
cs  (u|m) 

CSC  u 
CSC  M 

cot  u 

coth  u 
csch  u 
csch  u 

16.6.13 

am  (u|m) 

u 

gd  u 

*See  page  n. 
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16.9.  Relations  Between    the    Squares    of    the 
Functions 

16.9.1  —dn'u-\-mi  —  —mcn^u=msn^u—m 

16.9.2  —mind'u-\-mi=—mmisd^u=m  cd^u—m 

16.9.3  miSC^u-\-mi=minc'u=dc^u—m 

16.9.4  cs^u+mi  =  ds^u=ns^u—m 

In  using  the  above  results  remember  that 
m+mi=l. 

If  pq  u,  rt  u  are  any  two  of  the  twelve  functions, 
one  entry  expresses  tq^?/  in  terms  of  pq^u  and 
another  expresses  qt^u  in  terms  of  rt^w.  Since 
tq^u-  qt^u=l,  we  can  obtain  from  the  table  the 
bilinear  relation  between  pq^w  and  li^u.  Thus 
for  the  functions  cd  u,  sn  u  we  have 


16.9.5      nd^u-- 


1—m  cd^u 


>  dn*w=l  — m  sn'u 


and  therefore 

16.9.6         (1— m  cd^w)(l— m  sn^w)=mi. 

16.10.  Change  of  Parameter 
Negative  Parameter 

If  m  is  a  positive  number,  let 

m 


16.10.1     M= 

16.10.2 
16.10.3 
16.10.4 


'l  +  m 


>  ni- 


1  u 

i  v= — i 


1  +  m 


Ml 


(0</x<l) 


sn  {u\—m)  =  ni^sd  {v\n) 
en  (w|— m)=cd  {v\n) 
dn  (w|— m)=nd  (»|m)- 


16.11.  Reciprocal  Parameter  (Jacobi's  Real 

Transformation) 

16.11.1  m>0,  n=m~\  v=um}'^ 

16.11.2  sn  (w|m)=M'''sn  (z?|m) 

16.11.3  en  (w|m)=dn  (y|/x) 

16.11.4  dn  (u|m)=cn  {v\ii) 

Here  if  m>l  then  m~'  =  /i<^l. 

Thus  elliptic  functions  whose  parameter  is  real 
can  be  made  to  depend  on  elliptic  functions  whose 
parameter  lies  between  0  and  1. 

16.12.  Descending  Landen  Transformation 

(Gauss'  Transformation) 

To  decrease  the  parameter,  let 


16.12.1 

then 
16.12.2 

16.12.3 

16.12.4 


^/l-mi^Y 


1+M^  sn^diu) 
en  (iflm) 


+M'^'sn2(r|M) 
^cn(r|/x)dn(y|M) 


Note  that  successive  applications  can  be  made 
conveniently  to  find  sn  (w|m)  in  terms  of  sn  (vj/i) 
and  dn  (w|w)  in  terms  of  dn  {v\\i),  but  that  the 
calculation  of  en  {u\Tri)  requires  aU  three  functions. 

16.13.  Approximation  in  Terms  of  Circular 
Functions 

When  the  parameter  m  is  so  small  that  we  may 
neglect  m^  and  higher  powers,  we  have  the 
approximations 

16.13.1 

sn  {u\m)  «sin  u—-  m('M— sin  u  cos  u)  cos  u 

16.13.2 

en  (w|m)  «cos  u-\--  7n(u— sin  u  cos  u)  sin  u 


16.13.3 


dn  (•M|m)«l— ^  m  sin^  u 


16.1^.4     am  (w|m)  «w— j  mCw— sin  u  cos  u). 

One  way  of  calculating  the  Jacobian  functions 
is  to  use  Landen's  descending  transformation  to 
reduce  the  parameter  sufficiently  for  the  above 
formulae  to  become  applicable.     See  also  16.14. 

16.14.  Ascending  Landen  Transformation 

To  increase  the  parameter,  let 


16.14.1    y.-- 


4m'/2 


(l+m>/2)2 


'Ml 


/l-m'/V 


+  Mi 


1/2 


16.14.2    sn(w|m)  =  (l+Mi''') 


sn  {p\\i)  en  (rl/i) 
dn  (^Im) 


16.14.3     cn(ti|m)  = 


l+Mi'''dn2(p|M)-Mi 


1/2 


16.14.4      dn(t^|m)  = 


M  dn  (^Im) 

l-M,'^MnMy|M)+Mi''' 


dn  (y|M) 
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16.17.  Addition  Theorems 
16.17.1    sn{u-\-v) 

sn  u-cn  w-dn  v+sn  v-cn  u-dn  u 


Note  that,  when  successive  apphcations  are  to 
be  made,  it  is  simplest  to  calculate  dn  {u\m)  since 
this  is  expressed  always  in  terms  of  the  same  func- 
tion. The  calculation  of  en  (w|m)  leads  to  that  of 
dn  (w|/i). 

The  calculation  of  sn  {u\m)  necessitates  the 
evaluation  of  all  three  functions. 

16.15.  Approximation  in  Terms  of  Hyperbolic 
Functions 

When  the  parameter  m  is  so  close  to  unity  that 
rrii^  and  higher  powers  of  rrii  can  be  neglected  we 
have  the  approximations 

16.15.1 

sn(w|m)«tanh  w+tW2i  (sinh  u  cosh  u— w)  sech^  u 

16.15.2 

en  {u\m)  «sech  w 

— -  Wi  (sinh  u  cosh  u—u)  tanh  u  sechw 

16.15.3 

dn  (u|m)«sech  w 

+-  mi  (sinh  u  cosh  u-\-u)  tanh  u  sech  u 
16.15.4 
am  {u\m)  «gd  u-\-t  rrii  (sinh  u  cosh  u—u)  sech  u. 

Another  way  of  calculating  the  Jacobian  func- 
tions is  to  use  Landen's  ascending  transformation 
to  increase  the  parameter  suflBciently  for  the  above 
formulae  to  become  applicable.     See  also  16.13. 

16.16.  Derivatives 


Func- 
tion 

Derivative 

16.16.1 
16.16.2 
16.16.3 

sn  u 
en  u 
dn  u 

en  «  dn  u 

—  sn  w  dn  u 

—  m  sn  u  en  u 

Pole  n 

16.16.4 
16.16.5 
16.16.6 

cd  u 
sd  u 
nd  u 

—  mi  sd  u  nd  u 
cd  M  nd  u 
m  sd  «  cd  « 

Pole  d 

16.16.7 
16.16.8 
16.16.9 

dc  u 
nc  u 

sc  u 

mi  sc  M  nc  u 
se  u  dc  u 
dc  u  nc  u 

Pole  c 

16.16.10 
16.16.11 
16.16.12 

ns  u 
ds  u 
cs  u 

—  ds  u  cs  u 
— cs  u  ns  u 

—  ns  u  ds  « 

Poles 

Note  that  the  derivative  is  proportional  to  the 
product  of  the  two  copolar  functions. 


1— m  sn^w-sn^y 


16.17.2     cn(u+z)) 


16.17.3     dn(w+z^)  = 


en  u  •  en  v—sn  w  •  dn  u  •  sn  v  •  dn  y 
\  —  m  sn^w  sn*y 

dnwdnv— msni^-cnw-sny  •  cnr 


1— msn^w  •  sn^y 


Addition  theorems  are  derivable  one  from 
another  and  are  expressible  in  a  great  variety  of 
forms.  Thus  ns(w+y)  comes  from  l/sn(w+y)  inthe 
form  ( 1  —  msn^w  snh)  /  (sn  -u  en  v  dn  y + sn  y  en  u  dn  u) 
from  16.17.1. 

Alternatively  r\s{u-^v)=m}'hn  {{iK'—u)  —  v} 
which  again  from- 16.17.1  yields  the  form  (ns  ucsvdsu 
—■nsvcsudsv)f{ns^u—ns^v). 

The  function  ipq(u-^v)  is  a  rational  function  of 
the  four  functions  pq  u,  pq  v,  pq'it,  pq'v. 

16.18.  Double  Arguments 

16.18.1     sn  2u 

_2sn  u-  en  u-  dn  u    2sn  u-  en  u-  dn  u 
~        1  —  msn^u  cn*u-|-sn^w  •  dn^u 


16.18.2     en  2u 


cn^u —sn^u-  dn^ w    cn^u —sn'^u  ■  dn^u 


1  —  msn*u  cn^u + sn'^u  •  dn'^w 

16.18.3     dn  2u 

dn'^u—msn'^u-cn^u_dn^u-\-cn'u{dn^u—l) 
~         l  —  msn^u        ""dn^w— cn^w(dn^w  — 1) 

1— en  2u    sn'^u  ■  dn^u 
1  +  cn  2u~~      cn^u 

1— dn  2u     msn^u  •  cn'^u 


16.18.4 
16.18.5 

16.19.1 
16.19.2 
16.19.3 


l+dn2'u  dn'^u 

16.19.  Half  Arguments 

1— en  u 


2ii/z= 


sn^iw 


cn^u 


dnH  U-- 


1+dn  u 

dn  u+cn  u 
1+dn  u 

mi+dn  u-\-mcn  u 


1+dn  u 
16.20.  Jacobi's  Imaginary  Transformation 

16.20.1  sn(iti|m)=isc(w|mi) 

16.20.2  cn(w|m)=nc(w|mi) 

16.20.3  dn(iu|m)=dc(w|m,) 
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16.21.  Complex  Arguments 

With  the  abbreviations 

16.21.1 

s=sn(x|m),  c=cn(x|m),  d=dn(2|m),  Si=sn(y|mi), 

Ci=cn(?/|mi),  di=dn(y\m^) 
s  •  di+ic-  d  •  Si  •  Ci 


16.21.2    sn{x-\-iy\m) 


16.21.3     en  (x -\- iy\  m)  = 


Ci+ms^  •  Si 
c  •  Ci—is  •  d  •  Si  •  di 


16.21.4    dn{x-{-iy\m)  = 


cl-\-ms^  ■  Sj 
d  •  Ci  •  di—ims-  c  •  Si 


ci+ws''  •  Si 


16.22.  Leading  Terms  of  the  Series  in  Ascending 

Powers  of  u 
16.22.1 

sn(w|m)  =  u— (1  +  w)  -y+(l  +  14m+m2)  ry 

-(l  +  135m  +  135m2+m3)  ^+  •  •  • 

16.22.2 

I       cn(w|7n)  =  l-2|-+(l+4m)  ^ 

-(l+44m+16m2)^V  ..  . 
I       16.22.3 

7/  7/ 

dn(w|m)  =  l  — m  ^+m(4+m)  -rj 

!  -m(16+44m+m2)  ^+  .  .  . 

I  d! 

i 

No  formulae  are  known  for  the  general  coeffi- 
cients in  these  series. 

16.23.  Series  Expansions  in  Terms  of  the  Nome 
2=g-'^'/^  and  the  Argument  v=tu/(2K) 


16.23.1     sn(w|m)  = 


27r       "      g"+'^2 


16.23.2     cn(w|m)  = 


27r 


2 


,n+l/2 


27r 


J  sin  (2w+l)y 


J  cos  (2n-'rl)v 


16.23.3     dn  (^1  m) -^-^~  g  ^i^n  cos  2/1?; 
16.23.4 

cd  (^l^)=^,T7^§\_y„.,     COS  (2n+l). 
16.23.5 


27r 


n+l/2 


^^  ^"i^)=(^^^^^^o^S^-^>"r4Y^-^^  (2^+^> 


27r 


16.23.6 

nd  N^)=2^+,-^S(-l)''r^^««2n. 

16.23.7 

dc  ('M|m)=^^secu 


27r  ^  ,     _  „     2 


2n+l 


+^  S  (-1)"  r^-^r  COS  (2n+l)i> 

xv    n=0  A       y 


16.23.8 

nc  (w|m)  = 


2ml/2ii: 
27r 


sec  w 


•,2n+l 


m 


16.23.9 

sc  (-^1^)  = 


T72^Z:(-1)"     I^2n+lCOs(2n  +  l> 


TT 


2m}/22^ 


tan  iJ 


27r 


16.23.10 


^<^S(-i)"rt?^^i^2^^ 


27r^     2 


ns  (^|m)=^cscy--^g^2g2n+ism(2n+l)y 
16.23.11 


ds(^|m)=2^csc.-^g3,:p^ 


I  sin  (2n+l)w 


16.23.12 

cs  (u I m)  =2^  cot  z?-^  g  T+q^  ^^  ^^^ 


T 


27r^:^     q 


16.24.  Integrals  of  the  Twelve  Jacobian  EUiptic 
Functions 

16.24.1  y*sn  u  du=m~^'^  In  (dn  w— m'^^cn  u) 

16.24.2  yen  u  du=m~^'^  arccos  (dn  u) 

16.24.3  ydn  u  c?w=arcsin  (sn  u) 

16.24.4  y*cd  u  du=7n~^'^  In  (nd  u+m^'hd  u) 

16.24.5  ysd  u  du={mmi)~^'^  arcsin  (— m^'^cd  u) 

16.24.6  ynd  u  du^mr^'^  arccos  (cd  u) 

16.24.7  ydc  u  du— In  (nc  w  +  sc  u) 

16.24.8  ync  u  du=mi^'^  In  (dc  u-{-m\'hc  u) 

16.24.9  yso  u  du=mi^'^  In  (dc  u-\-m\'^nc  u) 

16.24.10  yns  u  du=ln  (ds  u— cs  u) 

16.24.11  y*ds  u  du=ln  (ns  w— cs  u) 

16.24.12  yes  u  du=\n  (ns  w— ds  u) 

In  numerical  us 3  of  the  above  table  certain  re- 
strictions must  be  put  on  u  in  order  to  keep  the 
arguments  of  the  logarithms  positive  and  to  avoid 


576 


JACOBIAN    ELLIPTIC    FUNCTIONS    AND   THETA   FUNCTIONS 


trouble  with  many-valued  inverse  circular  func- 
tions. 

16.25.  Notation  for  the  Integrals  of  the  Squares 
of  the  Twelve  Jacobian  Elliptic  Functions 

16.25.1  Pq  v=  j     pq^^  dt  when  q?^s 

16.25.2  Ps  u=  r  (pq'^-^)  dt-^ 

Examples 

Cd  u=  r  cdH  dt,ys  u=  r(nsH-~\lt-^ 

16.26.  Integrals  in  Terms  of  the  Elliptic  Inte- 
gral of  the  Second  Kind  (see  17.4) 

16.26.1  mSn  u=—E{u)-^u 

16.26.2  mCn  u=E{u)—miU  Pole  n 

16.26.3  Dn  u=E{u) 

16.26.4  mCd  u=—E{u)-^u-Vmsn.  u  cd  u 

16.26.5 

mwiiSd  u=E{u)—miU  —  msn  u  cd  u  Pole  d 

16.26.6  WiXd  u=E{u)—Tnsn  u  cd  u 

16.26.7  Dc  u=—E{u)-ru+sn  u  dc  u 

16.26.8 

rrix'Sc  u  =  —E(u)-\-miU-^sn  u  dc  u  Pole  c 

16.26.9  WiSc  u=—E{u)^?,n  u  dc  u 

16.26.10  Xs  u=— £'(w)  +  w— en  u  ds  u 

16.26.11 

Ds  w  =  — £'(u)-l-miw  — en  u  ds  u  Poles 

16.26.12        Cs  u=—E{u)—cTi  u  ds,  u 

All   the  above  may  be  expressed  in  terms  of 
Jacobi's  zeta  function  (see  17.4.27). 

Z{u)=E{u)-^u,  where  E=E(K) 

16.27.  Theta  Functions;  Expansions  in  Terms 

of  the  Nome  q 

16.27.1 

i?j(2,  g)=,?,(2)=2g»'-'X)(-l)''5""'+'>  sin(2n+l)2 

n=0 

16.27.2 

l?2(2,2)=t?2(2)=22'/']S2»^"+'>  cos   (27i  +  l)2 
n=0 


16.27.3    r?3(2,  g)=,?3(2)  =  i+2  X)  g"'  cos  2n2 

n  =  l 

16.27.4 

Mz,  ?)=i?4(2)  =  l+2X:  (-l)^'  cos  2m 

71  =  1 

Theta  functions  aye  important  because  every 
one  of  the  Jacobian  elliptic  functions  can  be  ex- 
pressed as  the  ratio  of  two  theta  functions. 
See  16.36. 

The  notation  shows  these  functions  as  depend- 
ing on  the  variable  z  and  the  nome  q,  \q\<il. 
In  this  case,  here  and  elsewhere,  the  convergence 
is  not  dependent  on  the  trigonometrical  terms. 
In  their  relation  to  the  Jacobian  eUiptic  functions, 
we  note  that  the  nome  q  is  given  by 

q=e-"''"', 

where  K  and  iK'  are  the  quarter  periods.  Since 
q=q{m)  is  determined  when  the  parameter  m  is 
given,  we  can  also  regard  the  theta  functions  as 
dependent  upon  m  and  then  we  write 

^a(2,q)  =  ^a{2\m),a=l,2,3,4: 

but  when  no  ambiguity  is  to  be  feared,  we  \vTite 
6a(z)  simply. 

The  above  notations  are  those  given  in  Modern 
Analysis  [16.6]. 

There  is  a  bewildering  variety  of  notations,  for 
example  the  function  t}i{z)  above  is  sometimes 
denoted  by  ^q(z)  or  d{z);  see  the  table  given  in 
Modem  Analysis  [16.6].  Further  the  argument 
u=2Kz/t  is  frequently  used  so  that  in  consulting 
books  caution  should  be  exercised. 

16.28.  Relations   Between   the    Squares   of  the 

Theta  Functions 

16.28.1  ^Kz)HiO)=^l(z)^m-^l(z)n(0) 

16.28.2  ^l(z)dm  =  dl{z)^l{0)-^l(z)^m 

16.28.3  ^l{z)^m  =  ^l(z)dl{0)-di(z)dl{0) 

16.28.4  ^l(z)^l{0)=^liz)^m -^1(2)^1(0) 

16.28.5  i>^(0)+t?t(0)  =  i?|(0) 
Note  also  the  important  relation 

16.28.6  i?;(0)=i?.(0)t?3(0)i?4(0)  or  t?;=t?2i?3.?4 

16.29.  Logarithmic    Derivatives    of  "  the    Theta 

Functions 


16.29.1 


=cot 


?^+4z:7 

n  =  l   1 


f" 


sin  2nu 


ian>fl 


16.29.2 


^  =  -tan  1^+4  Z)  (-1)"  T^ 
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16.31.  Jacobi's  Notation  for  Theta  Functions 

iru 


sin  2nu 


16.29.3     ?^=4  S  (-1)"  r^n  sin  2nt/ 

I  n=l  A       2 


16.29.4 


t?3(w) 


=4Z) 


sin  271U 


16.30.  Logarithms  of  Theta  Functions  of  Sum 

and  Difference 
16.30.1 

^^t?i(a+^)^^^sin(a+^) 


t?i (a-i3)  sin  (a-/3) 


00     1         y|2n 

+4  2-  r^„  sin2nasin2n^ 
n=i  ri  1  —  2 


16.30.2 


In 


cos  {a-\-0) 
t?2(a-i3)~"'cos  (a-/3) 


=ln 


-,2n 


+  4  X)  ^^-r^  7-^  Sin  2na  sin  2n/3 


16.30.3 


In 


t?3(«-/3) 
16.30.4 


=4z; 


(-1)"      2" 


In 


„=i      n      1  —  2^ 


1      2" 


sin  2  na  sin  2n/3 


T7 ^(=4  X)  -  1       2n  sin  2na  sin  2ni8 


The  corresponding  expressions  when  ^=iy  are 
easily  deduced  by  use  of  the  formulae  4.3.55  and 
4.3.56. 


16.31.1  Q{u\m)  =  Q{u)  =  ^,(v),        ^=2K 

16.31.2  Qi{u\m)  =  ei{u)  =  d,{v)  =  Q(u+K) 

16.31.3  H(w|m)  =  H(w)=t?i(«) 

16.31.4  Hi(i/|m)  =  Hi(t^)=i?2(y)  =  H(w+X) 

16.32.  Calculation  of  Jacobi's  Theta  Function 
S{u\m)  by  Use  of  the  Arithmetic-Geometric 
Mean 

Form  the  A.G.M.  scale  starting  with 

16.32.1  ^0=1,  f>o=^ff^l,  Co='<fm 

terminating  with  the  A^th  step  when  Cn  is  negligible 
to  the  accuracy  required.  Find  <py  in  degrees, 
where 

16.32.2  <p^=2''a^u  i^^ 

TT 

and  then  compute  successively  <px^i,  <Pff-2,  .  .  ., 
(Pi,  <po  from  the  recurrence  relation 


sin  (2<pr,-i—ipn)=-^  sin  ,p„. 


16.32.3 

Then 

16.32.4 

,     ^.  .    ,     1  ,    2m\'^K{m)     1  ,    cos  {<pi—<f>o) 

In  Q{u\m)=-  In ■ — ^+o  1° — 

2  TT  2  cos  ^0 

+-  In  sec  (2^0— ^i)+g  In  sec  (2^i— ^)+  . 

1 


+2^v+i  1°  sec  (2<pff-i—<pff) 
16.33.  Addition  of  Quarter-Periods  to  Jacobi's  Eta  and  Theta  Functions 


u 

—  u 

u-^K 

U  +  2K 

u+Zif' 

i/  +  22A" 

i/  +  A:+iA:' 

U  +  2K  +  22A" 

16.33.1 

H{u) 

-H(«) 

H.(u) 

-H(u) 

k\/(u)0(m) 

-A'(u)H(u) 

A/(m)0i(«) 

.V(u)H(u) 

16.33.2 

H,(w) 

H,(u) 

-H(w) 

-H.(u) 

A/(m)0i(w) 

iV(u)H,(u) 

-a/(u)0(u) 

-iV(u)H,(u) 

16.33.3 

0i(w) 

0i(w) 

0(") 

0.(u) 

A/(w)H,(u) 

iV(ti)0.(t/) 

tM(w)H(u) 

A^(u)0.(u) 

16.33.4 

0(«) 

0.(") 

0(w) 

7\U(m)H(») 

-.V(»)0(") 

.V(-/)H,(») 

-.V(«)0(«) 

where 


M(.)=[exp(-;-|)],-. 


H(i^)  and  H,(w)  have  the  period  AK.     Q{u)  and 
01  (m)  have  the  period  2/iC. 

2iK'  is  a  quasi-period  for  all  four  functions, 
that  is  to  say,  increase  of  the  argument  by  2iK' 
multiplies  the  function  by  a  factor. 
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16.36.2 


16.34.  Relation  of  Jacobi's  Zeta  Function  to  the 
Theta  Functions 


16.34.1 


Z{u)=^\ne(u) 

"^'^  \2k)     cnudnu 


16.34.2 


sn  u 


dn  usnu 


^^  a,  (Si^ 


cn  u 


16.34.3 


'2K 


2KJ 


<m 


/  TTU 

\2K 


m 


sn  u  cn  w 

dn  u 


16.34.4 


.  <?k) 


'2K 


<m) 


16.35.  Calculation  of  Jacobi's  Zeta  Function 
Z(u\m)  by  Use  of  the  Arithmetic- Geometric 
Mean 

Form    the    A.G.M.    scale    17.6    starting    with 

16.35.1  flo=l ,  6o=  A^.  Co=  ^fni 

terminating  at  the  A^th  step  when  Cs  is  negUgible 
to  the  accm'acy  required.  Find  (ps  in  degrees 
where 


16.35.2 


*Pn- 


--2^atfU 


180= 


and  then  compute  successively  ^.v_i,  <pn-2, 
(Pi,  ^  from  the  recurrence  relation 


sin  (2v5„_i— v?„)=— sin^n. 


16.35.3 

Then 
16.35.4 

Z{u\m)=Ci  sin  (i^i+Ca  sin  ^+  .  .  .  -\-Cs  sin  tpff. 

16.36.  Neville's  Notation  for  Theta  Functions 

These  functions  are  defined  in  terms  of  Jacobi's 
theta  functions  of  16.31  by 


^M=n^,  tf.(«)=?w 


16.36.1 


Q{K) 


0(0) 


If  X,  /i  are  any  integers  positive,  negative,  or 
zero  the  points  UQ-\-2\K-\-2niK'  are  said  to  be 
congruent  to  Uq. 

ds{u)  has  zeros  at  the  points  congruent  to  0 
t?c(u)  has  zeros  at  the  points  congruent  to  K 
t?„(u)  has  zeros  at  the  points  congruent  to  iK' 
t?d(u)  has  zeros  at  the  points  congruent  to 
K+iK' 

Thus  the  suffix  secures  that  the  function  ^p(u) 
has  zeros  at  the  points  marked  p  in  the  intro- 
ductory diagram  in  16.1.2,  and  the  constant  by 
which  Jacobi's  function  is  divided  secures  that  the 
leading  coefficient  of  t?p(w)  at  the  origin  is  unity. 
Therefore  the  functions  have  the  fundamentally 
important  property  that  if  p,  q  are  any  two  of  the 
letters  s,  c,  n,  d,  the  Jacobian  eUiptic  function 
pq  w  is  given  by 


16.36.3 


pqw: 


^,(u) 


These  functions  also  have  the  property 

16.36.4  mi^'*^,{K-u)=i},{u) 

16.36.5  mi'^*^a{K-u)=dniu), 

for  complement Eiry  arguments  u  and  K—u. 

In  terms  of  the  theta  functions  defined  in  16.27, 
let  v=ruj{2K),  then 


16.36.6 
16.36.7 


2K^M    .(._Mv) 


r>;(0) 


l?2(0) 


'^^^^=m'^^-^=Mo) 


^(ul- ••• 


Figure  16.4.     Neville's  th^ta  functions 
t?.(u),  t>,(u),  Mu),  t?,(u) 
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I. Or 


Figure    16.5.     Logarithmic    derivatives    of    theta 
Junctions 

1 
™=2 


16.37.  Expression  as  Infinite  Products 

qz=q(m),  v=irul{2K) 


16.37.1 


1/6 


^^(u)=(^^\     sinv  n   (l-2g2«cos  2z;+g4") 
\mmi/  n=i 


16.37.2 


Uu) 


\      m 


l/2\  1/6 

—  j     cosy  n   (l+222«cos2z?+g4«) 


n=l 


16.37.3 

^a{n)=(  -i^  )  n   (l+222«-i  cos  2e;+g4"-2) 

\  log  /  n  =  \ 

16.37.4 


16.38.  Expression  as  Infinite  Series 

Let  v=Trul{2K) 

16.38.1 

r     2Tra^'^    "1^/2    00 
''•("^  =L'«^J     S  (-l)"2"'"-^"  sin  (2«+l). 

16.38.2    ^,(«)=[??;^j '"  ±  2.<»+..  cos  (2«+l)„ 

r     -|  1/2 

{u)  =\jk\     ^  ^  +2  ^  2    ^^^  2/iy  ^ 


16.38.3     t?rf 
16.38.4 


71  =  1 


r      _      -|  1/2  CO 


16.38.5    (2i^/7r)i/2_i_|_2g+25*+2g«+  .  .  .  =^^{0,q) 
16.38.6 

(2ii:77r)^^2=i^22i+22t  +  2g?+  .  .  .  =t?3(0,  2i) 
16.38.7 

==^2(0,  2) 
16.38.8 

{2m\'^KlTry'^=\-2q+2q'-2q^^  .   .    .  =i?,(0,  g). 

Numerical  Methods 
16.39.  Use  and  Extension  of  the  Tables 


') 


Example  1.     Calculate  nc  (1.99650|.64)  to  4S. 
From  Table  17.1,  1. 99650  =ii:+. 001.     From  the 
table  of  principal  terms 

nc  u=-mT^'y(u-K)^  .  .  . 
-(.36)-i/2 


nc(ii:+.001|.64): 


.001 
10000 


6      '   ■■• 
=  -1667+... 

and  since  the  next  term  is  of  order  .001  this  value 
—  1667  is  correct  to  at  least  4S. 
'      Example  2.     Use  the  descending  Landen  trans- 
formation to  calculate  dn  (.20|.19)  to  6D. 
Here  w=.19,  m}^2^.9  and  so  from  16.12.1 

Also 

273-888  0-67— 38 


H^'- 


10-^X7.67 


which  is  negligible. 
From  16.12.4 


dn(.20|.19) 


^"'[•H(ro)1-(--fo) 


Now  from  16.13.3 

dnr.l9|('^Yl=.999951 

whence  dn  (.20|.19)  =  .996253. 

Example  3.     Use  the  ascending  Landen  trans- 
formation to  calculate  dn  (.20|.81)  to  5D. 

From  16.14.1 

4(.9)      360  ^  1  \2 


^~(1.9)2~36l'  "' 
20  19 


Ki^y 


fi]  is  negligible  to  4D.     Thus 
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I 


dn  (.20|.81)=^X 


dn^ 


.19  I  ^V 


360^ 
361/ 


2 

19 


20' 


.(. 


19  ^"j 


From  16.15.3 


dn(.19  |||^)=sech  (.19)+^X3^  tanh  .19  sech  .19 

[smh.l9cosh.l9+.19] 

=  . 982218+7X5^7  (.187746)  (.982218) 
4     3ol 

[(.191145)(1.01810)  +  .19] 

=  .982218+7X;^  (.184408) [.384605] 
4     ool 

=  .982218+. 000049  =  . 982267. 

Thus  dn  (.20|. 81)  =  .98406. 


Example  4.  Use  the  ascending  Landen  trans- 
formation to  calculate  en  (.20|.81)  to  6D. 

Using  16.14.4,  we  calculate  dn  (.20|.81)  and 
deduce  en  (.20|.81)  from  16.14.3  settling  the  sign 
from  Figure  16.1. 

As  in  the  preceding  example,  we  reduce  the 

calculation  of  dn  (.20|.81)  to  that  of  dn  (.: 

when 

360\ 


19  I  ^\ 
•^^'361/ 


,n( 


19 


.982267 


361/ 

dn  (.20|.81)  =  .984056 
en  (.20|.81)  =  .980278. 


Example  5.     Use  the  A.G.M.  scale  to  compute  dc  (.672|.36)  to  4D. 

64 
From  16.9.6  we  have  dc^(.672|.36)  =  .36+  ^^^^;  ^^^|  ^^^-     We  now  calculate  sn(.672|.36)   by  the 


method  given  in  16.4.     Form  the  A.G.M.  scale 


-sn2(.672|.36) 


n 

On 

bn 

c„ 

On 

fn 

sin  ,p„ 

sin  {2<p„-i-,p„) 

2<Pn-l  —  fn 

0 
I 
2 
3 

1 

.  9 

.  89721 
.  89721 

.  8 

.  89443 
.  89721 
.  89721 

.  6 
.  1 

.  00279 
0 

.  6 

. 11111 
.00311 
0 

.  65546 

1.  2069 

2.  4117 
4.  8234 

.  60952 

.  93452 

.  66679 

-.  99384 

.  10383 
.  00207 
0 

.  10402 
.  00207 
0 

V5„  =  2'>a„u         vJ3  =  23(.89721)  (.672)  =  4.8234 
continuing  until  c„=0  to  5D. 

Then  complete  as  indicated  in  16.4  to  find  ^o  and  so  sn  u  and  hence  dc  u, 

^0=  .65546        snw=.60952        dcw=1.1740. 

Example  6.    Use  the  A.G.M.  scale  to  compute  0(.6|.36)  to  5D. 
We  use  the  method  explained  in  16.32   with  ao=l,  bo=.8,  Co=.6. 

Computing  the  A.G.M.   as  explained  in  17.6,  we  find 
(For  values  of  a„,  b„,  Cn,  see  Example  5.) 


n 

<f>ti 

sin  ,pn 

sin  {2,fin-l  —  <Pn) 

2<pn-l"~  <Pn 

sec  {2,pn-i  —  <Pn) 

^Tji^lnsec  (2v?«-i  — <p») 

0 
1 
2 
3 

.  58803 

1.  0780 

2.  1533 
4.  3066 

.  55472 

.  88101 

.  83509 

-.  91879 

.  09789 
.  00260 
0 

.  09805 
.  00260 
0 

1.  0048 

1. 

1. 

.  00120 
0 
0 

and  then  complete  the  calculation  outlined  in  16.32  to  give 


In  0(u|m)  =  -.O5734  +  .O2935  +  .OO12O 
=  -.02679 
0(u|m)  =  .97357. 


The  series  expansion  for  0  is  preferable. 
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Example    7.     Use    the    ^-series    to    compute 
cs  (.53601  62|.09). 
Here  we  use  the  series  16.23.12,  K=  1.60804  862, 

g=  .00589  414,  !;=|^=^radians  or  30°. 

Since  g*  is  neghgible  to  8D,  we  have  to  7D 
cs  (.53601  62|.09) 


=2^  cot  30°  ■ 


■ll -^3  sin  60° 


} 


=  (.97683  3852)  (1.73205  081) 

-3.90733  541[(.00003  4740)(.86602  5404)] 

=  1.69180  83. 

Example  8.     Use  theta  functions  to  compute 
sn  (.61802|.5)  to  5D. 

Here /^(^)= 1.85407 

o_^1802         o_     o 
'  ~1.85407>^^"  "-^^ 

sin2a=l/2,  a=45°. 

t?,(30°\45°) 


Thus 


sn  (.61802|.5) 


"t?„(30°\45°) 
.59128 


=  .56458 


1.04729 
from  Table  16.1. 

Example  9.     Use  theta  functions  to  compute 
sc  (.61802|.5)  to  5D. 

As  in  the  preceding  example 


so  that 


sc(.61802|.5)= 


??,(30°\45°) 


??,(30°\45°) 
We  use  Table  16.1  to  give 


t?,(30V5°)  =  .59128 
(sec  45°)it^,(30°\45°)  =  1.02796. 
Therefore 

5Q12R 
sc(.61802|.5)=j^^y^(sec45°)i 

=  .68402. 

Example  10.  Find  sn  (.75342 1. 7)  by  inverse 
interpolation  in  Table  17.5. 

This  method  is  explained  in  chapter  17,  Example 
7. 

Example  11.     Find  -w,  given  that  cs  (u|.5)  =  .75. 

From  16.9.4  we  have 


sn''  u- 


1 


Thus 
and 


1+cs  ^u 

sn^  (u|.5)  =  .64 
sn  (w|.5)  =  .8. 
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We  have  therefore  replaced  the  problem  by 
that  of  finding  u  given  sn  (u|m),  where  mis linown. 
If  ^=am  u 

sin  (p=sn  u  and  so 

v?=. 9272952  radians  or  53.13010°. 

From  Table  17.5, 

w=F(53.13010°\45°)  =  . 99391. 

Alternatively,  starting  with  the  above  value  of 
v?  we  can  use  the  A.G.M.  scale  to  calculate  F{<p\a.) 
as  explained  in  17.6.  This  method  is  to  be  pre- 
ferred if  more  figures  are  required,  or  if  a  differs 
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Tal>l<-  16.1 

THKI A  n 

NCI  IONS 

o.{^' 

«) 

e\(x. 

0" 

5° 

10- 

15= 

20° 

25 

-A, 

90' 

0° 

0.03000 

0000 

0.00000  0000 

0.00000  0000 

0.00000  0000 

0.00000 

0000 

0.00000 

0000 

5 

0,08715 

5743 

0.08732  1966 

0.08782  4152 

0.08867  3070 

0.08988 

7414 

0.09149 

5034 

85 

10 

0.17364 

8178 

0.17397  9362 

0.17497  9967 

0.17667  1584 

0,17909 

1708 

0.18229 

6223 

80 

15 

0.25881 

9045 

0.25931  2677 

0.26080  4191 

0.26332  6099 

0,26693 

4892 

0.27171 

4833 

75 

20 

0.34202 

0143 

0.34267  2476 

0.34464  3695 

0.34797  7361 

0,35274 

9211 

0.35907 

2325 

70 

25 

0.42261 

8262 

0.42342  4343 

0.42586  0446 

0.42998  1306 

0,43588 

2163 

0.44370 

5382 

65 

30 

0.50000 

0000 

0.50095  3708 

0.50383  6358 

0.50871  3952 

0.51570 

1435 

0.52497 

0857 

60 

35 

0.57357 

6436 

0.57467  0526 

0.57797  7994 

0.58357  6134 

0,59159 

9683 

0.60225 

0597 

55 

40 

0.64278 

7610 

0.64401  3768 

0.64772  1085 

0.65399  8067 

0.66299 

9145 

0.67495 

6130 

50 

45 

0.70710 

6781 

0.70845  5688 

0.71253  4820 

0.71944  3681 

0.72935 

6053 

0.74253 

3161 

45 

50 

0.76604 

4443 

0.76750  5843 

0.77192  5893 

0.77941  4712 

0.79016 

4790 

0.80446 

5863 

40 

55 

0.81915 

2044 

0.82071  4821 

0,82544  2256 

0.83345  4505 

0.84496 

1783 

0.86028 

0899 

35 

60 

0.86602 

5404 

0.86767  7668 

0.87267  6562 

0.88115  1505 

0.89332 

9083 

0.90955 

1166 

30 

65 

0.90630 

7787 

0.90803  6964 

0.91326  9273 

0.92214  2410 

0.93489 

7610 

0.95189 

9199 

25 

70 

0.93969 

2621 

0.94148  5546 

0.94691  1395 

0.95611  4956 

0.96935 

0025 

0.98700 

0216 

20 

75 

0.96592 

5826 

0.96776  8848 

0.97334  6839 

0.98281  0311 

0.99642 

3213 

1.01458 

4761 

15 

80 

0.98480 

7753 

0.98668  6836 

0.99237  4367 

1.00202  5068 

1.01591 

0350 

1.03444 

0908 

10 

85 

0.99619 

4698 

0.99809  5528 

1.00384  9133 

1.01361  2807 

1.02766 

2527 

1.04641 

6011 

5 

90 

1.00000 

0000 

1.00190  8098 

1.00768  3786 

1.01748  5224 

1.03158 

9925 

1.05041 

7974 

0 

e\a 

30= 

35° 

40° 

45° 

50° 

55= 

a  j  € 

0' 

0.00000 

0000 

0.00000  0000 

0.00000  0000 

0.00000  0000 

0.00000 

0000 

0.00000 

0000 

90° 

5 

0.09353 

4894 

0.09606  0073 

0.09914  2353 

0.10287  9331 

0.10740 

5819 

0.11291 

2907 

85 

10 

0.18636 

3367 

0.19139  9811 

0.19754  9961 

0.20501  0420 

0.21405 

3194 

0.22506 

4618 

80 

15 

0.27778 

4006 

0.28530  3629 

0.29449  2321 

0.30564  8349 

0.31918 

5434 

0.33569 

3043 

lb 

20 

0.36710 

5393 

0.37706  5455 

0.38924  7478 

0,40405  4995 

0.42204 

9614 

0.44403 

4769 

70 

25 

0.45365 

1078 

0.46599  3521 

0.48110  6437 

0.49950  2749 

0.52189 

9092 

0.54932 

5515 

65 

30 

0.53676 

4494 

0.55141  5176 

0.56937  7735 

0.59127  8602 

0.61799 

6720 

0.65080 

1843 

60 

35 

0.61581 

3814 

0.63268  1725 

0.65339  2178 

0.67868  8658 

0.70961 

8904 

0.74770 

4387 

55 

40 

0.69019 

6708 

0.70917  3264 

0.73250  7761 

0.76106  3101 

0.79606 

0581 

0.83928 

2749 

50 

45 

0.75934 

4980 

0.78030  3503 

0,80611  4729 

0.83776  1607 

0.87664 

1114 

0.92480 

2089 

45 

50 

0.82272 

9031 

0.84552  4503 

0.87364  0739 

0.90817  9128 

0.95071 

1025 

1.00355 

1297 

40 

55 

0.87986 

2121 

0.90433  1298 

0.93455  6042 

0.97175  1955 

1.01765 

9399 

1,07485 

2509 

35 

60 

0.93030 

4365 

0.95626  6326 

0.98837  8598 

1.02796  3895 

1.07692 

1759 

1.13807 

1621 

30 

65 

0.97366 

6431 

1.00092  3589 

1.03467  8996 

1.07635  2410 

1.12798 

8100 

1.19262 

9342 

25 

70 

1.00961 

2870 

1.03795  2481 

1.07308  5074 

1.11651  4503 

1.17041 

0792 

1.23801 

2299 

20 

75 

1.03786 

5044 

1.06706  1179 

1.10328  6100 

1.14811  2152 

1.20381 

2008 

1.27378 

3626 

15 

80 

1.05820 

3585 

1.08801  9556 

1.12503  6391 

1.17087  7087 

1.22789 

0346 

1.29959 

2533 

10 

85 

1.07047 

0366 

1.10066  1511 

1.13815  8265 

1.18461  4727 

1.24242 

6337 

1.31518 

2322 

5 

90 

1.07456 

9932 

1.10488  6686 

1.14254  4218 

1.18920  7115 

1.24728 

6586 

1.32039 

6454 

0 

e\a 

60= 

65° 

70' 

75° 

80° 

85° 

aj  e 

0° 

0.00000 

0000 

0.00000  0000 

0.00000  0000 

0.00000  0000 

0.00000 

0000 

0.00000 

0000 

90- 

5 

0.11968 

1778 

0.12814  8474 

0.13904  1489 

0.15372  0475 

0.17522 

3596 

0.21321 

7690 

85 

10 

0.23861 

4577 

0.25558  9564 

0.27747  6571 

0.30706  5715 

0.35063 

9262 

0.42844 

3440 

80 

15 

0.35604 

4091 

0.38160  3032 

0.41467  2740 

0.45960  9511 

0.52633 

5260 

0.64743 

4941 

75 

20 

0.47120 

6153 

0.50544  4270 

0.54994  7578 

0.61082  7702 

0.70219 

9693 

0.87146 

4767 

70 

25 

0.58332 

3727 

0.62633  5361 

0.68254  9331 

0.76005  8920 

0.87783 

8622 

1.10111 

6239 

65 

30 

0.69160 

6043 

0.74345  9784 

0.81164  3704 

0.90647  6281 

1.05251 

4778 

1.33612 

3616 

60 

35 

0.79525 

0355 

0.85596  1570 

0.93630  8263 

1.04907  2506 

1.22511 

1680 

1.57526 

8297 

55 

40 

0.89344 

6594 

0.96294  9380 

1.05553  5305 

1.18666  0037 

1.39412 

6403 

1.81633 

9939 

50 

45 

0.98338 

4972 

1.06350  5669 

1.16824  3466 

1.31788  6740 

1.55769 

2334 

2.05616 

7815 

45 

50 

1.07026 

6403 

1.15670  0687 

1.27329  7730 

1.44126  6644 

1.71363 

1283 

2.29072 

3417 

40 

55 

1.14731 

5349 

1.24161  0747 

1.36953  6895 

1.55522  4175 

1.85953 

2258 

2.51529 

0558 

35 

60 

1.21579 

4546 

1.31733  9855 

1.45580  7011 

1.65814  9352 

1,99285 

2358 

2.72469 

4161 

30 

65 

1.27502 

0900 

1.38304  3549 

1.53099  8883 

1.74846  0610 

2,11103 

3523 

2.91357 

4159 

25 

70 

1.32438 

1718 

1.43795  3601 

1.59408  7380 

1.82467  1332 

2.21162 

7685 

3.07668 

6743 

20 

75 

1.36335 

0417 

1.48140  2159 

1.64417  0149 

1.88545  5864 

2.29242 

2061 

3.20921 

2227 

15 

80 

1.39150 

0813 

1.51284  3876 

1.68050  3336 

1.92971  0721 

2.35155 

6149 

3.30704 

7313 

10 

85 

1.40851 

9209 

1.53187  4716 

1.70253  2036 

1.95660  6998 

2.38762 

2438 

3.36705 

9918 

5 

90 

1.41421 

3562 

1.53824  6269 

1.70991  3565 

1.96563  0511 

2.39974 

3837 

3.38728 

7004 

0 

-vsecai?,  *i 

'-l-^- 

e,  =90°  e=    a  -- arcsin  Vw 

t?s("l'«) 

-^.'^' 

6d 

In  calculating  elliptic  functions  from  theta  functions,  when  the  modular  angle  exceeds  about  60°,  use 
the  descending  Landen  transformation  16.12  to  induce  dependence  on  a  smaller  modular  angle. 
Compiled  from  E.  P.  .A.dams  and  R.  L.  Hippisley,  Smithsonian  mathematical  formulae  and  tables  of 
elliptic  functions,  3d  reprint  (The  Smithsonian  Institution,  Washington,  D.C.,  1957)  (with  permission). 
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THETA  FUNCTIONS 

Table 

16.1 

^.n(^\<^) 

e\a 

0° 

5° 

10° 

15° 

20° 

25° 

«'«) 

0" 

1.00000 

00000 

1.00000  00000 

1.00000 

00000 

1.00000  00000 

1.00000 

00000 

90° 

5 

1.00001 

44942 

1.00005  83670 

1.00013 

28199 

1.00023  99605 

1.00038 

29783 

85 

10 

1.00005 

75362 

1.00023  16945 

1.00052 

72438 

1.00095  25510 

1.00152 

02770 

80 

15 

1.00012 

78184 

1.00051  47160 

1.00117 

12875 

1.00211  61200 

1.00337 

73404 

75 

20 

1.00022 

32051 

1.00089  88322 

1.00204 

53820 

1.00369  53131 

1.00589 

77438 

70 

25 

1.00034 

07982 

1.00137  23717 

1.00312 

29684 

1.00564  21475 

1.00900 

49074 

65 

30 

1.00047 

70246 

1.00192  09464 

1.00437 

13049 

1.00789  74700 

1.01260 

44231 

60 

35 

1.00062 

77451 

1.00252  78880 

1.00575 

24612 

1.01039  27539 

1.01658 

69227 

55 

40 

1.00078 

83803 

1.00317  47551 

1.00722 

44718 

1.01305  21815 

1.02083 

14013 

50 

45 

1.00095 

40492 

1.00384  18928 

1.00874 

26104 

1.01579  49474 

1.02520 

88930 

45 

50 

1.00111 

97181 

1.00450  90305 

1.01026 

07491 

1.01853  77143 

1.02958 

63905 

40 

55 

1.00128 

03532 

1.00515  58975 

1.01173 

27599 

1.02119  71444 

1.03383 

08852 

35 

60 

1.00143 

10738 

1.00576  28392 

1.01311 

39167 

1.02369  24323 

1.03781 

34098 

30 

65 

1.00156 

73002 

1.00631  14139 

1.01436 

22536 

1.02594  77596 

1.04141 

29561 

25 

70 

1.00168 

48932 

1.00678  49535 

1.01543 

98405 

1.02789  45992 

1.04452 

01522 

20 

75 

1.00178 

02800 

1.00716  90696 

1.01631 

39354 

1.02947  37972 

1.04704 

05862 

15 

80 

1.00185 

05621 

1.00745  20912 

1.01695 

79795 

1.03063  73701 

1.04889 

76746 

10 

85 

1.00189 

36042 

1.00762  54187 

1.01735 

24037 

1.03134  99632 

1.05003 

49895 

5 

90 

1.00190 

80984 

1.00768  37857 

1.01748 

52237 

1.03158  99246 

1.05041 

79735 

0 

ict 

30° 

35° 

40° 

45° 

50° 

55° 

«<i 

0" 

1.00000 

00000 

1.00000 

00000 

1.00000  00000 

1.00000 

00000 

1.00000  00000 

1.00000 

00000 

90° 

5 

1.00056 

64294 

1.00079 

66833 

1.00108  26253 

1.00143 

67802 

1.00187  71775 

1.00243 

05914 

85 

10 

1.00224 

85079 

1.00316 

25308 

1.00429  76203 

1.00570 

35065 

1.00745  17850 

1.00964 

88003 

80 

15 

1.00499 

51300 

1.00702 

56701 

1.00954  73402 

1.01267 

06562 

1.01655  47635 

1.02143 

61311 

75 

20 

1.00872 

28461 

1.01226 

87413 

1.01667  23379 

1.02212 

67193 

1.02891  00179 

1.03743 

56974 

70 

25 

1.01331 

83978 

1.01873 

24599 

1.02545  62012 

1.03378 

46028 

1.04414  27466 

1.05716 

29130 

65 

30 

1.01864 

21583 

1.02622 

04548 

1.03563  21191 

1.04729 

03271 

1.06179  07561 

1.08002 

00285 

60 

35 

1.02453 

23743 

1.03450 

52308 

1.04689  09786 

1.06223 

37524 

1.08131  84270 

1.10531 

40947 

55 

40 

1.03081 

00797 

1.04333 

50787 

1.05889  07481 

1.07816 

10137 

1.10213  29153 

1.13227 

78297 

50 

45 

1.03728 

45330 

1.05244 

17208 

1.07126  68617 

1.09458 

82886 

1.12360  21058 

1.16009 

27802 

45 

50 

1.04375 

90125 

1.06154 

84606 

1.08364  32917 

1.11101 

64844 

1.14507  37802 

1.18791 

40899 

40 

55 

1.05003 

67930 

1.07037 

85902 

1.09564  39724 

1.12694 

63970 

1.16589  54205 

1.21489 

61356 

35 

60 

1.05592 

71242 

1.07866 

37978 

1.10690  42279 

1.14189 

38846 

1.18543  40490 

1.24021 

82552 

30 

65 

1.06125 

10260 

1.08615 

23221 

1.11708  18582 

1.15540 

45920 

1.20309  54999 

1.26310 

97835 

25 

70 

1.06584 

67280 

1.09261 

66042 

1.12586  75438 

1.16706 

77783 

1.21834  25328 

1.28287 

36204 

20 

75 

1.06957 

45853 

1.09786 

02047 

1.13299  42539 

1.17652 

88244 

1.23071  12287 

1.29890 

75994 

15 

80 

1.07232 

13226 

1.10172 

37756 

1.13824  53698 

1.18350 

00363 

1.23982  51648 

1.31072 

29838 

10 

85 

1.07400 

34764 

1.10408 

99048 

1.14146  12760 

1.18776 

94140 

1.24540  69243 

1.31795 

95033 

5 

90 

1.07456 

99318 

1.10488 

66859 

1.14254  42177 

1.18920 

71150 

1.24728  65857 

1.32039 

64540 

0 

e  ot 

60= 

65° 

70° 

75° 

80° 

85° 

««i 

0° 

1.00000 

00000 

1.00000 

00000 

1.00000  00000 

1.00000 

00000 

1.00000  00000 

1.00000 

00000 

90 

5 

1.00313 

85295 

1.00406 

92257 

1.00534  44028 

1.00720 

88997 

1.01026  06485 

1.01663 

88247 

85 

10 

1.01245 

94672 

1.01615 

50083 

1.02121  95717 

1.02862 

79374 

1.04076  43440 

1.06618 

38299 

80 

15 

1.02768 

16504 

1.03589 

51569 

1.04715  56657 

1.06363 

90673 

1,09068  07598 

1.14751 

59063 

75 

20 

1.04834 

57003 

1.06269 

75825 

1.08238  38086 

1.11122 

86903 

1.15864  11101 

1.25875 

62174 

70 

25 

1.07382 

76019 

1.09575 

73598 

1.12585  71388 

1.17001 

24008 

1.24276  19421 

1.39725 

25218 

65 

30 

1.10335 

71989 

1.13408 

00433 

1.17627  97795 

1.23826 

96285 

1.34068  05139 

1.55957 

26706 

60 

35 

1.13604 

11010 

1.17651 

06705 

1.23214  31946 

1.31398 

80140 

1.44960  33094 

1.74151 

57980 

55 

40 

1.17088 

93642 

1.22176 

77148 

1.29176  91861 

1.39491 

71251 

1.56636  90138 

1.93815 

19599 

50 

45 

1.20684 

51910 

1.26848 

10938 

1.35335  85717 

1.47863 

07744 

1.68752  66770 

2.14389 

95792 

45 

50 

1.24281 

67937 

1.31523 

31927 

1.41504  43413 

1.56259 

67789 

1.80942  88493 

2.35264 

71220 

40 

55 

1.27771 

04815 

1.36060 

17261 

1.47494  78592 

1.64425 

25175 

1.92833  82823 

2.55792 

12198 

35 

60 

1.31046 

39783 

1.40320 

31647 

1.53123  64694 

1.72108 

41609 

2.04054  54606 

2.75309 

84351 

30 

65 

1.34007 

89457 

1.44173 

53793 

1.58218  06891 

1.79070 

70015 

2.14249  29245 

2.93165 

25995 

25 

70 

1.36565 

16965 

1.47501 

81348 

1.62620  90720 

1.85094 

39670 

2.23090  12139 

3.08742 

47870 

20 

75 

1.38640 

11169 

1.50203 

00916 

1.66195  87940 

1.89989 

92030 

2.30289  04563 

3.21489 

91220 

15 

80 

1.40169 

28947 

1.52194 

10514 

1.68832  00831 

1.93602 

35909 

2.35609  12550 

3.30946 

52989 

10 

85 

1.41105 

92570 

1.53413 

83232 

1.70447  27784 

1.95816 

92561 

2.38873  86793 

3.36764 

82512 

5 

90 

1.41421 

35624 

1.53824 

62687 

1.70991  35651 

1.96563 

05108 

2.39974  38370 

3.38728 

70037 

0 

Vsecat^(e^\a) 

.•^".90 

€?=90°-€°     a 

=  arcsin  V 

/( 

'5'n("l"0=V<°^«) 

In  calculating  elliptic  functions  from  theta  functions,  when  the  modular  angle  exceeds  about  60°,  use  the 
descending  Landen  transformation  16.12  to  induce  dependence  on  a  smaller  modular  angle. 
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Tal.l.-  H).2 


'■\a 


L(>(;akitii>iic  derivatives  of  tiieia  Fi nchons 


;^lnT>s{")=/(€\a) 


0' 

5 
10 
15 
20 

25 
30 
35 
40 
45 

50 
55 
60 
65 
70 

75 
80 
85 
90 


11.43005 
5.67128 
3.73205 
2.74748 

2.14451 
1,73205 
1.42815 
1.19175 
1.00000 

0.83910 
0.70021 
0.57735 
0.46631 
0.36397 

0.26795 
0.17633 
0.08749 
0.00000 


11.40829 
5.66049 
3.72495 
2.74225 

2.14043 
1.72875 
1.42543 
1.18949 
0.99810 

0.83750 
0.69888 
0.57625 
0.46542 
0.36328 

0.26744 
0.17599 
0.08732 
0.00000 


10° 

00 

11.34306 
5.62812 
3.70365 
2.72658 

2.12820 
1.71888 
1.41729 
1.18270 
0.99240 

0.83273 
0.69489 
0.57297 
0.46277 
0.36121 

0.26592 
0.17499 
0,08683 
0.00000 


15° 

00 

11,23449 
5,57427 
3.66823 
2.70051 

2.10787 
1.70248 
1.40378 
1.17143 
0.98296 

0.82481 
0.68830 
0.56754 
0.45839 
0.35779 

0.26340 
0.17334 
0,08600 
0.00000 


20° 

00 

11.08275 
5,49902 
3,61876 
2.66414 

2.07952 
1.67962 
1,38497 
1,15577 
0.96985 

0.81383 
0,67915 
0,56001 
0.45232 
0.35306 

0,25992 
0,17105 
0,08487 
0,00000 


25° 

00 

10,88811 
5,40253 
3,55536 
2,61756 

2,04325 
1,65041 
1,36096 
1,13581 
0.95315 

0,79987 
0,66754 
0,55047 
0,44464 
0,34708 

0,25553 
0.16816 
0.08344 
0.00000 


90' 

85 

80 

75 

70 

65 
60 
55 
50 
45 

40 
35 
30 
25 
20 

15 

10 
5 
0 


0° 

5 
10 
15 
20 

25 
30 
35 
40 
45 

50 
55 
60 
65 
70 

75 
80 
85 
90 


30= 

00 

10.65083 
5.28496 
3.47816 
2,56090 

1.99919 
1.61498 
1.33189 
1.11167 
0.93301 

0.78307 
0.65359 
0.53902 
0.43543 
0,33992 

0.25028 
0.16471 
0.08173 
0.00000 


35° 

00 

10.37113 
5.14645 
3.38730 
2.49430 

1.94749 
1.57348 
1.29791 
1.08352 
0.90958 

0.76355 
0.63743 
0.52579 
0.42482 
0.33169 

0.24424 
0.16076 
0.07977 
0.00000 


40° 

00 

10,04914 
4.98711 
3.28290 
2.41789 

1.88828 
1.52607 
1.25919 
1.05154 
0.88302 


0.74151 
0.61923 
0.51093 
0.41292 
0.32248 


0.23751 
0.15634 
0.07759 
0.00000 


45° 

oo 
9.68479 
4.80696 
3.16502 
2.33179 

1.82172 
1.47292 
1.21591 
1.01592 
0.85355 


71714 
59918 
49462 
39991 
31242 


0.23017 
0.15155 
0.07522 
0.00000 


50° 

00 

9.27764 
4.60585 
3.03365 
2.23605 

1.74793 
1.41419 
1.16828 
0.97687 
0.82139 

0.69066 
0.57749 
0.47705 
0.38595 
0.30168 

0.22235 
0.14645 
0.07270 
0.00000 


55° 

00 

8.82657 
4.38332 
2.88859 
2.13062 

1.66695 
1.35001 
1.11647 
0.93462 
0.78679 


«Ai 


66232 
55441 
45846 
37125 
29042 


0.21419 
0.14114 
0.07009 
0,00000 


90' 

85 

80 

75 

70 

65 
60 
55 
50 
45 

40 
35 
30 
25 
20 

15 
10 

5 

0 


0° 

5 
10 
15 
20 

25 

30 
35 
40 
45 

50 
55 
60 
65 
70 


60° 

00 

8,32941 
4,13843 
2,72935 
2.01530 

1.57876 
1.28047 
1.06066 
0.88940 
0.75000 

0.63242 
0.53023 
0.43911 
0.35605 
0.27885 


65° 

oo 

7.78200 
3.86930 
2.55490 
1.88950 

1.48308 
1.20552 
1.00096 
0.84142 
0.71131 

0.60125 
0.50526 
0.41932 
0.34063 
0.26719 


70° 

00 

7.17654 
3.57238 
2.36323 
1.75208 

1.37931 
1.12492 
0.93737 
0.79086 
0.67101 

0.56918 
0.47987 
0.39943 
0.32532 
0.25574 


75° 


6.49756 
3.24056 
2.15026 
1.60057 

1.26603 
1.03795 
0.86969 
0.73784 
0.62941 

0.53662 
0.45454 
0.37992 
0.31054 
0.24484 


80° 

00 

71041 
85790 
90678 
42943 


1.13996 
0.94288 
0.79715 
0.68225 
0,58682 

0,50411 
0,42988 
0,36140 
0.29684 
0.23497 


85° 


4.71263 
2.37760 
1.60605 
1.22261 

0.99169 
0,83453 
0,71737 
0,62344 
0,54358 

0.47247 
0.40690 
0.34488 
0.28513 
0.22685 


«/e 


90< 

85 

80 

75 

70 

65 
60 
55 
50 
45 

40 
35 
30 
25 
20 


15 

10 

5 

0 


^^  S*??l^n  0.19749  0.18935  0.18170  0.17490  0.16949 

^°  n  ;,  lo  0.13034  0.12512  0.12026  0,11601  0,11272 

^^  n  nnnnn  0,06478  0,06224  0.05988  0,05784  0,05628 

90  0.00000  0.00000  0.00000  0.00000  0.00000  0.00000 

,/'„lnt?c('')  =  -/(<!  ^"j 

In  calculating  elliptic  functions  from  theta  functions,  when  the  modular  angle  exceeds  about 
60°,  use  the  descending  Landen  transformation  16.12  to  induce  dependence  on  a  smaller  mod- 
ular angle. 
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lo(;arhiimic 

DERIVATIVES 

OF  IIIETA 

FUNCTIONS 

Table  16.2 

'l;^\ndn(»)=-f,{€^a) 

e\a 

0° 

5° 

10° 

15° 

20° 

25° 

"/*, 

0*» 

5 
10 
15 
20 

0 
0 
0 
0 
0 

0.000000 
0.000331 
0.000651 
0.000952 
0.001224 

0.000000 
0.001324 
0.002607 
0.003811 
0.004897 

0.000000 
0.002984 
0.005875 
0.008583 
0.011024 

0.000000 
0.005318 
0.010466 
0.015283 
0.019616 

0.000000 
0.008337 
0.016401 
0.023933 
0.030690 

90" 

85 

80 

75 

70 

25 
30 
35 
40 
45 

0 
0 
0 
0 
0 

0.001458 
0.001649 
0.001788 
0.001874 
0.001903 

0.005833 
0.006591 
0.007147 
0.007486 
0.007596 

0.013124 
0.014819 
0.016057 
0.016804 
0.017037 

0.023332 
0.026318 
0.028487 
0.029776 
0.030154 

0.036462 
0.041075 
0.044394 
0.046332 
0.046846 

65 
60 
55 
50 
45 

50 
55 
60 
65 
70 

0 
0 
0 
0 
0 

0.001873 
0.001787 
0.001647 
0.001457 
0.001222 

0.007476 
0.007129 
0.006566 
0.005805 
0.004868 

0.016753 
0.015962 
0.014691 
0.012979 
0.010879 

0.029616 
0.028185 
0.025912 
0.022871 
0.019154 

0.045938 
0.043654 
0.040077 
0.035328 
0.029556 

40 
35 
30 
25 
20 

75 

80 
85 
90 

0 

0 
0 
0 

0.000951 
0.000650 
0.000330 
0.000000 

0.003786 
0.002589 
0.001314 
0.000000 

0.008455 
0.005780 
0.002933 
0.000000 

0.014877 
0.010165 
0.005157 
0.000000 

0.022935 
0.015661 
0.007942 
0.000000 

15 

10 

5 

0 

id- 

30° 

35° 

40° 

45° 

50° 

55° 

«*< 

0° 

5 
10 
15 
20 

0.000000 
0,012059 
0.023711 
0.034569 
0.044277 

0.000000 
0.016511 
0.032444 
0.047248 
0.060427 

0.000000 
0.021734 
0.042671 
0.062057 
0.079221 

0.000000 
0.027787 
0.054498 
0.079124 
0.100783 

0.000000 
0.034760 
0.068087 
0.098650 
0.125308 

0.000000 
0.042791 
0.083685 
0.120939 
0.153099 

90 
85 
80 
75 
70 

25 
30 
35 
40 
45 

0.052528 
0.059074 
0.063730 
0.066384 
0.066987 

0.071558 
0.080308 
0.086442 
0.089827 
0.090424 

0.093605 
0.104784 
0.112477 
0.116544 
0.116978 

0.118758 
0.132533 
0.141791 
0.146411 
0.146447 

0.147169 
0.163627 
0.174358 
0.179298 
0.178606 

0.179081 
0.198206 
0.210188 
0.215082 
0.213212 

65 
60 
55 
50 
45 

50 
55 
60 
65 
70 

0.065561 
0.062183 
0.056989 
0.050157 
0.041905 

0.088287 
0.083549 
0.076408 
0.067122 
0.055989 

0.113888 
0.107483 
0.098051 
0.085943 
0.071553 

0.142097 
0.133678 
0.121592 
0.106302 
0.088310 

0.172615 
0.161784 
0.146658 
0.127835 
0.105932 

0.205102 
0.191402 
0.172831 
0.150136 
0.124058 

40 
35 
30 
25 
20 

75 
80 
85 
90 

0.032483 
0.022163 
0.011235 
0.000000 

0.043344 
0.029545 
0.014968 
0.000000 

0.055309 
0.037660 
0.019067 
0.000000 

0.068143 
0.046339 
0.023443 
0.000000 

0.081578 
0.055395 
0.028000 
0.000000 

0.095321 
0.064622 
0.032631 
0.000000 

15 

10 

5 

0 

€\« 

0° 

5 
10 
15 
20 

60° 

0.000000 
0.052098 
0.101680 
0.146471 
0.184635 

65° 

0.000000 
0.063034 
0.122704 
0.176024 
0.220691 

70° 
0.000000 
0.076222 
0.147856 
0.210938 
0.262588 

75° 
0.000000 
0.092860 
0.179233 
0.253725 
0.312762 

80° 

0.000000 
0.115687 
0.221544 
0.309882 
0.376371 

85° 
0.000000 
0.153481 
0.289421 
0.395712 
0.467893 

a/e, 

90 
85 
80 
75 
70 

25 
30 
35 
40 

45 

0.214885 
0.236514 
0.249349 
0.253651 
0.250000 

0.255225 
0.278976 
0.292010 
0.294931 
0.288691 

0.301193 
0.326329 
0.338517 
0.338908 
0.328990 

0.354775 
0.379918 
0.389553 
0.385698 
0.370590 

0.420046 
0.442452 
0.446532 
0.435687 
0.413176 

0.507818 
0.520777 
0.512966 
0.490013 
0.456422 

65 
60 
55 
50 
45 

50 
55 
60 
65 
70 

0.239181 
0.222085 
0.199639 
0.172751 
0.142285 

0.274426 
0.253326 
0.226549 
0.195171 
0.160167 

0.310353 
0.284538 
0.252950 
0.216820 
0.177204 

0.346389 
0.315020 
0.278119 
0.237026 
0.192823 

0.381811 
0.343874 
0.301140 
0.254956 
0.206331 

0.415539 
0.369741 
0.320668 
0.269431 
0.216780 

40 
35 
30 
25 
20 

75 
80 
85 
90 

0.109049 
0.073794 
0.037222 
0.000000 

0.122405 
0.082664 
0.041645 
0.000000 

0.134996 
0.090960 
0.045763 
0.000000 

lilt 

0.146375 
0.098382 
0.049423 
0.000000 

=  -.'/(«,*«) 

0.156015 
0.104574 
0.052449 
0.000000 

0.163217 
0.109083 
0.054618 
0.000000 

15 

10 

5 

0 

In  calculating  elliptic  functions  from  theta  functions,  when  the  modular  angle  exceeds  about 
60%  use  the  descending  Landen  transformation  16.12  to  induce  dependence  on  a  smaller  mod- 
ular angle. 
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The  author  acknowledges  with  thanks  the  assistance  of  Ruth  Zucker  in  the  computa- 
tion of  the  examples,  Ruth  E.  Capuano  for  Table  17.3,  David  S.  Liepman  for  Table  17.4, 
and  Andreas  Schopf  for  Table  17.9. 
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17.1.  Definition  of  Elliptic  Integrals 

If  R{x,  y)  is  a  rational  function  of  x  and  y, 
where  y^  is  equal  to  a  cubic  or  quartic  polynomial 
in  X,  the  integral 
17.1.1  \R{x,y)dx 

is  called  an  elliptic  integral. 

The  elliptic  integral  just  defined  can  not,  in 
general,  be  expressed  in  terms  of  elementary 
functions. 

Exceptions  to  this  are 

(i)  when  R{x,  y)  contains  no  odd  powers  of  y. 
(ii)  when  the  poljTiomial  ^/^  has  a  repeated  factor. 

We  therefore  exclude  these  cases. 
By  substituting  for  y^  and  denoting  by  Ps{^)  a 
poljTiomial  in  a;  we  get  ^ 

jpi{^)+yV2i^) 


17.  Elliptic  Integrals 

Mathematical  Properties 

17.1.5 


R(x,y)= 


[Pi(x)-\-yP2(x)]  [P3(x)-yp,(x)]y 


[P3ix)Y-y'[Pi{x)Y]y 

_P:.ix)-{-yp&{x) 


ypiix) 


=Ri(x)-{ 


R2{X) 

y 


where  Ri(x)  and  R2(x)  are  rational  functions  of  x. 
Hence,  by  expressing  R2ix)  as  the  sum  of  a  poly- 
nomial and  partial  fractions 

I  R(x,y)dx=  I  Ri(x)dx-{-ZsAs  j  x'y'^dx 

+i:sBsj[{x-cyy]-\ 

Reduction  Formulae 


dx 


Let 
17.1.2 

y^=aoX^-^ai:i^-{-a2X^+a3X-\-ai  (ko!  +  ki|?^0) 

=  bo(x-c)'^b,(x-cy+b2(x-cy+h(x-c)-]-bi 

(\bo\  +  \b:\^0) 

17.1.3     /,=  fx'y-'dx,  Js=  f[y{x-c)T'dx 

By    integrating    the    derivatives    of    yx"    and 
y(x—c)~'  we  get  the  reduction  formulae 

17.1.4 

(.s  +  2)ao/.+3+iai(2s+3)/,+2  +  a2(s+l)/,+i 

-^h(h(2s-i-l)l,+saj,_i^x'y     (s=0,  1,  2,  .  .  .) 

2  See  [17.7]  22.72. 


(2-s)boJs-z+hbi{3-2s)Js-2-^b2{l-s)Js-i 
+ib3{l  —  2s)Js—sbiJs+i=y(x—c)~' 

(5=1,2,3, 


.) 


By  means  of  these  reduction  formulae  and  cer- 
tain transformations  (see  Examples  1  and  2) 
every  elliptic  integral  can  be  brought  to  depend 
on  the  integral  of  a  rational  function  and  on  three 
canonical  forms  for  elliptic  integrals. 


17.2.  Canonical  Forms 

Definitions 


17.2.1 


m=sin^  a;  m  is  the  parameter, 

a  is  the  modular  angle 


x=sm  (p=sn  u 
cos  v9=cn  u 


17.2.2 
17.2.3 
17.2.4 

(1  — m  sin^  (p)^=dnu=A{(p),  the  delta  amplitude 

17.2.5  (^=arcsin  (sn  u)  =  am  u,  the  amplitude 

Elliptic  Integral  of  the  First  Kind 

17.2.6  F(<p\a)=F{<p\m)=  ^(l-sin^asin^e)-^^ 

17.2.7  _  \\{l-t'){l-mt')]-^dt 

Jo 

=       dw=u 

Elliptic  Integral  of  the  Second  Kind 

17.2.8  E{<p\a)=E(u\m)=  r{l-t')-K^-mt')^dt 

17.2.9  =  i'^(l—sm^as'm^e)^dd 
=  j    dn^  w  dw 
=  miU-\-m  I    QVi^wdw 


17.2.10 


17.2.11 
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17.2.12  E{<p\a)=u—7n       sn^  wdw 
Jo 


17.2.13 


TT       t}',(Tru/2K)  ,  E{m)u 


2K{m)  Oi{Tru/2K)  '  K(m) 
(For  theta  functions,  see  chapter  16.) 

Elliptic  Integral  of  the  Third  Kind 

17.2.14 

U{n;ip\a)=  f*"  (l-nsin^^)"^  [l-sin^  a  sin^  d]-'''dd 

If  x— sn  (,u\m), 
17.2.15 

U{n;  u\m)=  r  (l-nt')-'[{l-n{l-7nn]-'''dt 

17.2.16  =  I     (l-nsn^  {w\m))-^dw 

The   AmpHtude    f 

17.2.17  (^=am  t/  =  arcsin  (sn  ^i)  =  a^csin  x 

can  be  calculated  from  Tables  17.5  and  4.14. 

The  Parameter  m 

Dependence  on  the  parameter  m  is  denoted  by  a 
vertical  stroke  preceding  the  parameter,  e.g., 
F(<p\m). 

Together  with  the  parameter  we  define  the 
complementary  parameter  m^  by 


17.2.18 


m-\-mi=l 


When  the  parameter  is  real,  it  can  always  be 
arranged,  see  17.4,  that  0<m<l. 

The  Modular  Angle  a 

Dependence  on  the  modular  angle  a,  defined  in 
terms  of  the  parameter  by  17.2.1,  is  denoted  by  a 
backward  stroke  \  preceding  the  modular  angle, 
thus  E(<p\a).  The  complementary  modular  angle 
is  Tr/2  —  a  or  90°  — a  according  to  the  unit  and 
thus  mi  =  sin^  (90°  — q;)  =  cos^  a. 

The  Modulus  A; 

In  terms  of  Jacobian  elliptic  functions  (chapter 
16),  the  modulus  k  and  the  complementary 
modulus  are  defined  by 

17.2.19         ^=ns  (K+iK'),  k'  =  dn  K. 

They  are  related  to  the  parameter  by  P=m, 
k'^=^m,. 

Dependence  on  the  modulus  is  denoted  by  a 
comma  preceding  it,  thus  n(?i;  u,  k). 


In  computation  the  modulus  is  of  minimal  im- 
portance, since  it  is  the  parameter  and  its  comple- 
ment which  arise  naturally.  The  parameter  and 
the  modular  angle  will  be  emploj'ed  in  this  chapter 
to  tile  exclusion  of  the  modulus. 

The  Characteristic  n 

The  elliptic  integral  of  the  third  kind  depends] 
on  three  variables  namel}'  (i)  the  parameter,] 
(ii)  the  amplitude,  (iii)  the  characteristic  n. 
When  real,  the  cliaracteristic  may  be  any  number! 
in  the  interval  (  — «>,  °o).  The  properties  of  thej 
integral  depend  upon  the  location  of  the  charac^ 
teristic  in  this  interval,  see  17.7. 

17.3.  Complete  Elliptic  Integrals  of  the  First  i 
and  Second  Kinds 

Referred  to  the  canonical  forms  of  17.2,  the  ellip- 
tic integrals  are  said  to  be  complete  when  the 
amplitude  is  ^tt  and  so  x=l.  These  complete  in- 
tegrals are  designated  as  follows 

17.3.1 

[K{m)\=K=V[{l-t'){\-mt')]-''Mt 


(*Tl2 


=       {\-m  sAxi"  e)-"Me 


17.3.2 
17.3.3 


K=F{y\m)=F{y\a) 


E{K{m)]==E=  V  {l-t'^y'Kl-mt^y'Ht 
Jo 

=  r'\i-m  s'm^  ey^de] 

17.3.4         E=E[K(m)]=E{m)=E(hA<^) 
We  also  define 

17.3.5 

K'=K{m,)=K(l-m)=  r'\\-m,  sin' d)-'''dd 

17.3.6         K'=F{hr\m,)=Fihr\hr-cc) 
17.3.7 
E'=E(m,)=E{l-m)=  T'^l-mi  sin^  ey^dd 

17.3.8    E' =E[K{m,)]^E {mr)=Eihr\hTr-ct) 

K  and  iK'  are  the  "real"  and  "imaginary" 
quarter-periods  of  the  con-esponding  Jacobian 
elliptic  functions  (see  chapter  16). 
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'2  m^ 


Relation  to  the  Hypergeometric  Function 

(see  chapter  15) 

17.3.9  K=hTrF(^,^;l;m) 

17.3.10  £;=^7rF(-U;l;m) 

Infinite  Series 

17.3.11 
17.3.12 

^(.)=^[l-ay^(Hy 

Legendre's  Relation 

17.3.13  EK'+E'K-KK'^iT 

Auxiliary  Function 

17.3.14  L{m)= — ^ — -  In K{m) 

IT  Till 

17.3.15  m  =  l-16exp  [-ir{K(m)-^L(m))/K'{m)] 

17.3.16  m=16exp  [-7r(K'(w)+Z(mi))/iiC(m)] 
The  function  L{m)  is  tabulated  in  Table  17.4. 

g- Series 

The  Nome  q  and  the  Complementary  Nome  2i 

17.3.17  g=g(m)=exp  [-ttK'/K] 
2i=2(wi)=exp  [— tK/K'] 


17.3.18 

17.3.19 
17.3.20 


In  -  In  — =7r2 
9"     21 


logio  -  logio  -=(7r  logio  6)2=1.86152  28349  to  lOD 
2  2i 


17.3.21 


,=exp[-.^7K)=^+8(0+84(^y 


+992 


(0 


17.3.22 


17.3.23 

E     1 


^  ,=1  1  +  2^* 

^=^  (l  +  mi)  +  (7r/ii02ri/12-2  2  q^'il-q'^)-'! 
17.3.24    amu=.+X:^^T$-|-'where.=^W(2/iO 


Limiting  Values 

\imK'iE-K)=0 


m-^ 


17.3.25 

17.3.26  lim  [K-^ln  (16/m,)]=0 

771->1 

17.3.27  lim  m-'(K-E)=Um  m-\E-m,K)=T/4: 


m-H) 


7n->0 


+ 


(|ml<l) 


17.3.28  lim  g/m=lim  gi/mi=l/16 

m->0  7ni->l 

Alternative  Evaluations  of  K  and  E  (see  also  17.5) 

17.3.29 

K(m)=2[l^m\'']-'K[{l-m\")l(l-\-m\'')Y 

17.3.30 

£'(m)  =  (l  +  m}/2)£;([(i_m}/2)/(i  +  7nl/2)]2) 

-2mr(l+m}/2)-i^(f(l_^,/2)/^^^i/2)p) 

17.3.31  iiC(a)=2i^(arctan  (sec'^' (x)\a) 

17.3.32  ii (a)  =2£'(arctan  (sec^^^  ^)n^^)  _ i  ^pog  a 
Polynomial  Approximations  ^  (0<m<l) 

17.3.33 

K(m)=[ao+aimi-\-a2ml]-{-[bo+bimi 
+  62W?]  In  (l/mi)  +  e(7n) 

|€(m)|<3X10-'* 

ao=  1.38629  44         60=. 5 

ai=   .11197  23         61=. 12134  78 

^2=   .07252  96         62=. 02887  29 

17.3.34 

K(m)={ao-{-aimi-\-  .  .  .  +a4wt]+[6o+6imi+  .  .  . 
+  64 wj]  In  (l/mi)+€(m) 

|c(m)|<2X10-' 

ao=  1.38629  436112  6o=.5 

ai=  .09666  344259  61=. 12498  593597 

^2=  .03590  092383  62=. 06880  248576 

a^=   .03742  563713  63=. 03328  355346 

(14=  .01451  196212  64=  .00441  787012 


'  The  approximations  17.3.33-17.3.36  are  from  C.  Has- 
tings, Jr.,  Approximations  for  Digital  Computers,  Prince- 
ton Univ.  Press,  Princeton,  N.  J.  (with  permission). 
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2.5 


4C°    50°    60°    70°    80°    90° 


Figure  17.1.     Complete  elliptic  integral  oj  the  first 
kind. 


Figure  17.2.     Complete  elliptic  integral  of  the 
second  kind. 


17.3.35 

£'(m)=[l+a.,mi+a-2mj]+[6i  Wi+62mf]  In  (1/mi) 
+e{m) 

|e(m)|<4X10-' 


a.i  =  . 46301  51 
a2  =  . 10778  12 


6i  =  . 24527  27 
62  =.04 124  96 


17.3.36 

£'(m)  =  [l^aiWi+  .  .  .  +a4wt]+[6imi+  .  .  . 
+64m|]ln(l/m,)+c(m) 

|€(m)I<2X10-' 


ai  =  . 44325  141463 
0^=. 06260  601220 
03=. 04757  383546 
04=. 01736  506451 


6,  =  . 24998  368310 
62=. 09200  180037 
63=. 04069  697526 
64=. 00526  449639 


17.4.1 
17.4.2 

17.4.3 
17.4.4 


f 


\ 


17.4.   Incomplete  Elliptic  Integrals  of  the  First 

and  Second  Kinds 

Extension  of  the  Tables 

Negative  Amplitude 

F{—^\m)  =—F{ip\m) 
E(— (p  m)  =  —E(<p\m) 

.Amplitude  of  Any  Magnitude 

F(sT±<p\m)=2sK±F{<p\m) 
E{u-2K)=E(u)+2E 
17.4.5      E{u-^2iK')=E{u)+2i{K'-E') 

17.4.6 

E{u^-2mK+2niK')  =E(u)+2mE+2ni{K'-E')      ^ 

17.4.7  E{K-u)  =E-E{u)  +  msn  u  cd  u 

Imaginary  .Amplitude 

If  tan  5=smh  ^ 

17.4.8  F{i^\a)=iF{e\\T-a) 

17.4.9 

E{iip\a)  =  -iE{e\\T-a)  +  iF{d\\T-a) 

—  i  tan  ^(1  — cos^  a  sin*  5)* 

Jacobi's  Imaginary  Transformation 
17.4.10 

E{iu\m)=i{u+dn{u\mi)sc{u\mi)—E{u\mx)] 

Complex  .Amplitude 

17.4.11      F{ip+i^\m)=FO^,m)-\-iF{n\mx) 


mr^ 
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where  cot^  X  is  the  positive  root  of  the  equation 
X-— [cot^  <p-\-m  sinhV  cscV— w^Ja;— Wi  cotV==0 
and  m  tan^  /i=tanV  cot^X— 1. 


17.4.12 

E{<p^vl\a)  =E(\\a)  -iE(fx\90°-a) 

-\-iF(fx\90°-a)- 


bi-^ibi 


where 

6i=sin^  a  sin  X  cos  X  sin^  ^(1— sin^  a  sin^  X)^ 
62=(l^sin^  a  sin^  X)(l  — cos^  a  sin^  /x)*  sin  fi  cos  m 
63=cos^  M+sin^  a  sin^  X  sin'*  n 

Amplitude  Near  to  W2  (see  also  17.5) 
If  cos  a  tan  <p  tan  ^=1 

17.4.13     F{<p\a)^F(rP\a)=F(ir/2\a)=K 

17.4.14 

E{,p\a)-^E(yf\a)^E(ir/2\a)-^sm^a  sin^    siniA 

Values  when  <p  is  near  to  ir/2  and  m  is  near  to  unity 
can  be  calculated  by  these  formulae. 


"«p\a) 


10  20  30  40  50  60  70  80  90 


Figure   17.3.     Incomplete  elliptic  integral  of  the 

first  kind. 

Fiif\a),      ^constant 


Parameter  Greater  Than  Unity 

17.4.15  F(<p\m)  =  m-iF(d\m-^),  sin  d=m^  sin  ip 

17.4.16  E{u\m)=m^E{um^m-^)  —  (m—  1)?/ 

by  which  a  parameter  greater  than  unity  can  be 
replaced  by  a  parameter  less  than  unity. 

Negative  Parameter 

17.4.17 

F{<p\-m)=={l-\-m)-iK(m(l+m)-') 

-(l+m)-iF(^^-^|m(l  +  m)-i^ 
17.4.18 

E(u\-m)  =  (l-i^m)i{E(uil+m)^mim-^l)-') 

—m(l-\-m)~hn(u{l-\-m)^\m(l-\-m)~^) 

cd(u(l +m)i|m(l +mr') } 

whereby  computations  can  be  made  for  negative 
parameters,  and  therefore  for  pure  imaginary 
modulus. 


F(</>\a) 


0°      10"     20°     30°     40°     50°     60°     70°     80°     90' 


Figure   17.4.     Incomplete  elliptic  integral  of  the 

first  kind. 

F(<p\a),      a  constant 
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E(tfi\a) 


10  20  30  40  50  60  70  80  90 


-f 


Figure  17.5.     ^—90°       jJ     >       a  constant. 


10°  20°         30°         40°         50°         60°         70°         80°         90° 


Figure   17.6.     Incomplete  elliptic  integral  of  the 
second  kind. 


E{(p\a),       v?  constant 

Special  Cases 

17.4.19 

Fi,p\0)  =  <p 

17.4.20 

F(i<p\0)=iip 

0°  10°         20°         30°        40°         50°        60°         70°         80°        90 


Figure   17.7.     Incomplete  elliptic  integral  of  the 
second  kind. 

E{<p\a),       a  constant 


Figure  17.8.     90°     ^'Q'^—ip,      a  constant. 
hi 

17.4.21 

F(A90°)=ln  (sec  .^+tan  .<f)=\n  tan  (|+|) 

17.4.22  F(iv\90°)=i  arctan  (sinh  <^) 

17.4.23  £"(^0)  =  ^ 

17.4.24  E(iip\0)=iip 

17.4.25  E(<p\90°)=sm  if 

17.4.26  E{i<p\90°)-^i  sinh  ^ 


1 


in 
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Jacobi's  Zeta  Function 

17.4.27  Z{<p\a)  =  E{<p\a)-E{a)F{^\a)IK{a) 

17.4.28  Z{u\m)  =  Z{u)  =  E{u)  -  uE{m)  /Kim) 

17.4.29  Z(-u)  =  -Z(u) 

17.4.30  Z(u-\-2K)  =  Z(u) 

17.4.31  Z(K-  u)  =  -  Z{K+  u) 

17.4.32  Z{u)  =  Ziu-K)-mMy'-K)cd{u-K) 

Special  Values 

17.4.33  Z(w|0)  =  0 

17.4.34  Z{it\l)  =  t&nhu 

Addition  Theorem 

17.4.35 

Z{u-\- v)  =  Z(u) -\- Z{v) —msn  u  sn  v  sn{u-\-v) 

Jacobi's  Imaginary  Transformation 


17.4.36 

iZ(iu\  m)  =Z(u\  Wj)  +^-^^,  —  dn(w|  mi)sc{u\  rrii) 


Relation  to  Jacobi's  Theta  Function 

17.4.37      Z{u)^e'(u)/e(u)=^\n  Q(u) 


g-Series 


27r 


17.4.38     Z{u)=^^  g'il-q'')-'  sin  (irsu/K) 


K(a)Z(.p\a) 
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0°  10°         20°        30°         40°        50°        60°        70°        80°         90° 

Figure  17.9.     Jacobian  zeta  Junction  K{a)Z{(p\a). 

•See  page  n. 
273-888  0-67— 39 


Heuman's  Lambda  Function 


Ao(A«)  =^^^^!f ,    "^  +- g(a)Z(A90°-a) 
zl.  [a)  7r 


17.4.40  =-{K(a)£'(v'\90°-a) 


-[K(a)-E(a)]F(<p\90°-a)  } 


60°         70°         80° 


Figure  17.10.     Heuman's  lambda  function  Ao{(p\a). 

Numerical  Evaluation  of  Incomplete  Integrals  of  the 
First  and  Second  Kinds 

For  the  numerical  evaluation  of  an  elliptic 
integral  the  quartic  (or  cubic  *)  under  the  radical 
should  first  be  expressed  in  terms  of  t^,  see 
Examples  1  and  2.  In  the  resulting  quartic  there 
are  only  six  possible  sign  patterns  or  combinations 
of  the  factors  namely 

{e^a'){f+b'),    {a'-e){f-b'), 
{a'-fW-f),    (f-a')(t'-b'),    (e+a')(t'-b'), 

(e'^a')(b'-e). 

The  list  which  follows  is  then  exhaustive  for 
integrals  which  reduce  to  F((p\a)  or  E((p\a). 

The  value  of  the  elliptic  integral  of  the  first 
kind  is  also  expressed  as  an  inverse  Jacobian 
elliptic  function.  Here,  for  example,  the  notation 
u=sn~^x  means  that  a;=sn  u. 

The  column  headed  "t  substitution"  gives  the 
Jacobian  elliptic  function  substitution  which  is 
appropriate  to  reduce  every  elliptic  integral  which 
contains  the  given  quartic. 


*  For  an  alternate  treatment  of  cubics  see  17.4.61  and 
17.4.70. 
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hFi<p\cd 


17.4.53 
f"      dt 

17.4.54 

r^    dt 

Jo  {l  +  t')i 

;5 

dt 


17.4.55 

C' di 

Ji  it'- 


ll A.56 

•»      dt 


jxd 


-t*)i 


cos  <p 


X2+1 

1-x' 

1+X2 
X 


3l7i^(A«) 


45= 


45<= 


45= 


45= 


17.4.57 


17.4.58 

dt 


I 


(i3-l)i 


17.4.59 
17.4.60 


J-»(l 


dt 


-<3)i 


cos  ^ 


X-1-V3 

x-i+Vs 

V3+1-X 

Vs-i+x 

V3-1+X 

Vs+i-x 

1-V3-X 

1  +  V3-X 


15= 


15= 


75= 


75= 


Reduction  of  j  dt/^/P  where  P=P(t)  is  a  cubic 
polynomial    with    three    real    factors    P  = 

(t-Pi)  it-02)(t-03)  where  i8i>^2>^3.     Write 


17.4.61 

1 
2 


X=^  (/3^-i83)'^^  m=sin2a=|-|, 


mi=cos^  «= 


A-^2 

'01-0Z 


17.4.62 

xl 


J  03  \P 

17.4.63 
17.4 
17.4 
17.4 


17.4.63 

'■   VP 

17.4.64 

dt 

17.4.65 

Vp 

17.4.66 

dt 


17.4.67 

•"3       d^ 


Jx       V-P 

17.4.68 

JcjV-p 

17.4.69 

xp^ 
Jx  V-P 


P(A«) 


P(A«) 


P(A«) 


P(A«) 


P(A(90°-«°)) 


F(A(90°-«°)) 


F(A(90°-a°)) 


P(A(90°-«°)) 


sin^ 

<P  = 

X- 

-^3 
-ft 

<P= 

(^. 

-ft)(x- 

-ft) 

(^2 

-/33)(^1 

-X) 

<P= 

X  — 

/3i 

X  — 

^2 

f^ 

X  — 

|3i 

X  — 

^3 

sin* 

«P  = 

/3i- 

1^3 
—  X 

cos* 

*?= 

^2- 
^2 

-^3 
—  X 

*>= 

(^. 

-^3)(X- 

-/32) 

(^1 

-^2)(X- 

-ft) 

ons.^ 

X- 

-/32 

l-ft 


Reduction  of  jdt/^^  when  P=P{t)=f-\-ait^ 
-\-a2t-\-az  is  a  cubic  polynomial  with  only  one  real 
root<=/3.  We  form  the  first  and  second  deriva- 
tives P'it),  P"{t)  with  respect  to  t  and  then  write 

1     1    P"iS) 
17.4.70     \^=\P' {&)y'\  m=s,m^  a=^-^         ^'^^ 


"2     8[P'm'^' 


17.4.71 

'X  dt 


^j; 


fp  Vp 

17.4.72 

^Jx  Vp 

17.4.73 

4: 


d< 


V(-P) 

17.4.74 

^jr  vr^ 


P(A«) 


F(A«) 


F(A(90°-a°)) 


F(A(90°-«°)) 


COS  ^  = 


X*-(x-^) 
X2+(x-/3) 


cos  V'= 


(x-ft-X* 
(x-ft  +  X* 


COS  <p  = 


()3-x)-X* 

(^-X)  +  X* 


COS  <f>  — 


X'-(;3-x) 
X*+(/3-x) 


17.5.   Landen's  Transformation 
Descending  Landen  Transformation  ' 

Let  an,  an+i  be  two  modular  angles  such  that 

17.5.1  (1+sin  a„+i)(l  +  cos  a„)=2         (a„+i<a„) 

and  let  <p„,  <p„+i  be  two  corresponding  ampUtudes 
such  that 

17.5.2  tan  (^„+i  — ^„)=cos  a„  tan  ip„     (^n+i>^n) 

«  The  emphasis  here  is  on  the  modular  angle  since  this 
is  an  argument  of  the  Tables.  All  formulae  concerning 
Landen's  transformation  may  also  be  expressed  in  terms 
of  the  modulus  A;  =  ml  =  sin  a  and  its  complement  k'  =  m\ 
=  cos  a. 
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Thus  the  step  from  r?  to  t?  + 1  decreases  the  modular 
angle  but  increases  the  amphtude.  By  iterating 
the  process  we  can  descend  from  a  given  modular 
angle  to  one  whose  magnitude  is  negligible,  when 
17.4.19  becomes  apphcable. 
With  00= a  we  have 

17.5.3 

=  ^(l+sin  ai)F{<p\ai) 
17.5.4     F(A«)=2""n  (l+sina,)F(^„V«) 
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With  00= «  ^ve  have 
17.5.13       F(A«)=2(l+sin  a)-»F(^\a,) 


s=l 


17.5.5 


17.5.6 


Fiip\a)  =  ^  n  (l+sin  a,) 


s=l 


<l>  =  lim  ^F{(Pr,\a„)=\im  ^ 


17.5.7        iiC=F(^\a)  =  ^  n  (1+sina,) 


s=l 


17.5.8 
17.5.9 


F(<p\a)=2Tr-'K^ 


E(<p\a)=F(<p\a)  [l-|  sin2  a  (^1+^  sin  a, 
+22  sin  «!  sin  a.+  .  .  .  j+sin  a    ^  (sin  aO^'^  sin  (^i 
+22  (sin  «i  sin  aa)^^^  sin  ^2+  •  •  ■ 


17.5.10 


£"=^1^    1—^  sin^  a  (  1+^  sin  ai+^  sin  aj  sin  0:2 


+^  sin  ai  sin  02  sin  as  + 


)] 


Ascending  Landen  Transformation 

Let  a„,  a„j^i  be  two  modular  angles  such  that 

17.5.11  (1+sin  a„)(l+cos  a„+i)=2       (a„+i>a„) 

and  let  (p„,  (p„+i  be  two  corresponding  amphtudes 
such  that 

17.5.12  sin  (2v'„+i  — v'r>)=sina;,sinv?„     (^„^i<<p„) 

Thus  the  step  from  n  to  n+1  increases  the 
modular  angle  but  decreases  the  amphtude.  By 
iterating  the  process  we  can  ascend  from  a  given 
modular  angle  to  one  whose  difference  from  a  right 
angle  is  so  small  that  17.4.21  becomes  apphcable. 


17.5.14     F(A«)=2"  n   {l+sin  a,)-'F(,p,\a„) 


»*o 


17.5.15       F(<p\a)  =  n  (1 +C0S  a,)F(^„\a„) 


«=i 


17.5.16     F{<p\a)  =  [csc  a  U  sin  aj*  In  tan  (^tt+I^) 

s  =  \ 


17.5.17 


$=lim  (p„ 


Neighborhood  of  a  Right  Angle  (see  also  17.4.13) 

When  both  (p  and  a  are  near  to  a  right  angle, 
interpolation  in  the  table  F((p\a)  is  difficult. 
Either  Landen's  transformation  can  then  be  used 
with  advantage  to  increase  the  modular  angle  and 
decrease  the  amplitude  or  vice-versa. 

17.6.  The  Process  of  the  Arithmetic-Geometric 
Mean 

Starting  with  a  given  number  triple  (oo,  60,  Cq) 
we  proceed  to  determine  number  triples 
{qi,  hi,  Ci,),  (a2,  62,  C2),  .  .  .,  (a.v,  by,  Cy)  according  to 
the  following  scheme  of  arithmetic  and  geometric 
means 

17.6.1 


Oo 

bo 

«i  =  KOo+^o) 

bi={aobo)^ 

a,=i(ai+6i) 

b2={aA)^ 

3.v=K«.v-i  +  6Ar- 

1) 

6jv=(a.v-i6.v_i)* 

Co 

Ci  =  H(io-bo) 
C2=Hai  —  bi) 

Cx=i{(^y-\  —  bx-i)- 

We  stop  at  the  Nth.  step  when  a.Y=6.v,  i.e.,  when 
Cv=0  to  the  degree  of  accuracy  to  which  the  num- 
bers are  required. 

To  determine  the  complete  elliptic  integrals 
K(a),  E{a.)  we  start  with 


17.6.2 

whence 
17.6.3 


1,  6o=cos  a,  Co=sin  a 


K{a)  = 


'^ay 


17.6.4  ^M_^=^  [cl^2ci+2'cl-\-  .  .  .  +2M,] 

To  determine  K'{a),  E'{a)  we  start  with 

17.6.5  «o=l)  6o=sin  a,  c'q=cos  a 
whence 
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^'(«)-2r^ 


17.6.6 
17.6.7 

A  (a;  ^ 

To  calculate  F{ip\a),  E{ip\a)  start  from  17.5.2 
which  corresponds  to  the  descending  Landen 
transformation  and  determine  <pi,  <P2,  ■  ■  ■ ,  (Pn 
successively  from  the  relation 

17.6.8  tan  (<Pn+i—'Pn)  =  {bn/a„)  tan  <p„,  (Po=<p 
Then  to  the  prescribed  accuracy 

17.6.9  /^(A«)=W(2^aA.)     * 

17.6.10 

Z{<p\a)=E(,p\a)-(E/K)F(^\a) 

*  =c,  sin  (Pi-\-C2  sin  (^2+  .  .  .  +Ca?  sin  (px 

17.7.  Elliptic  Integrals  of  the  Third  Kind 

17.7.1 

n(7?;  <p\a)=  y  (l—n  sin2  e)-i(l— sin^  a  sin^  d)-^dd 

17.7.2  U(n;hTr\a)  =  U(n\a) 

Case  (i)  Hyperbolic  Case  0<7J<  sin^  a 

e  =  arcsin  (n/sin^  a)*,         0<e<|7r 

q=q(a) 

V  =  ^rF(<p\a)/K{a), 

5i  =  [n(l-n)-i(sin»a-n)-»]i 
17.7.3 
U{n;<p\a)  =  8,  [-§  In  [^,{v-hP)/Mv-fi)] 

•See  page  ii. 


t^iiv-h^) 


In  „  .      ^'=2X)  s-'g'(l-g'0"'sin2svsin2s/3 


17.7.5 


=  cot  /3+4  X)  «2"(l-2?2'  cos  2/3+2^')"'  sin  2/3 


»=i 


In  the  above  we  can  also  use  Neville's  theta 
functions  16.36. 

17.7.6  U(n\a)  =K(a)  +8iK(a)Z{e\a) 

Case  (ii)  Hyperbolic  Case  n>l 

The   case   n>l    can   be   reduced    to    the   case 
0<A^<sin^  a  by  writing 

17.7.7  N=n-'  sin^  a,  p,  =  [(n-l)(l-n-i  sin^  «)]» 
17.7.8 

U(n;  <p\a)  =  -U{N;  <p\a) -\- F(<p\a) 

+2— In  [(A(v>)  +A  tan  <p) {A(<p) -pi  tan  <p)-'] 

where  A((p)  is  the  delta  amplitude,  17.2.4. 
17.7.9  nin\a)=K{a)-n{N\a) 

Case  (iii)  Circular  Case  sin^  a<C.n<C  1 

e=arcsin  [(1— n)/cos^  a]*         0<€<  ^tt 
fi=^TF(e\90°-a)/K(a) 

S=2(«) 
17.7.10 

v=^TF(<p\a)/K{a),  52  =  [n(l-n)-'(n-sin2  «)"']* 
17.7.11  n(7i;  A«)=52(X-4mI') 

17.7.12 
X=arctan  (tanh  /3  tan  v) 


+2  XI  (— l)'"'s"'5^'(l  — 2^0"'  sin  2sv  sinh  26'/3 


17.7.13 


M=rZ)  ^^'^  sinh  2s/3l  [l  +2  Xi  ?*'  cosh  2s/3l 

17.7.14     U{n\a)  =K{a)  +  ^ttS^II  -  Ao(A«)] 
where  Aq  is  Heuman's  Lambda  function,  17.4.39. 
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3.5 

_____ — ■ — n=.8,ip  =  90' 

^yn=7,tp-so°                  1 

3.0 

/ 

2.5 

- 

/ 

2.0 

^^^^=0,<fi  =  '30° 

1.5 

n  =  l,^  =  45° 

1.0 

.5 

ll-'U.lf-HJ 

n=0,l,>p  =  l5' 

.^ 

ELLIPTIC    INTEGRALS 


17.7.18 


Figure  17.11.     Elliptic  integral  of  the  third  kind 
n(n;  <p\a). 

Case  (iv)  Circular  Case  n<^0 

The   case   n<0   can   be   reduced    to    the    case 
sin^  a<A'^<l  by  \\Titmg 

17.7.15 

N=(sm^  a—n)(l—n)~^ 
P2  =  [— n(l— n)"^(sm^  a—n)]^ 
17.7.16 
[(l-n)(l-n-i  sin^  a)]^U(n;  ,p\a) 

=  [(1-A0(1-A^"'  sin^  a)Pn(iV;  ^\a) 
+  _p^' sin^aF(v?\a)  +  arctan  [^p2  sm  2^/A(^)] 
17.7.17 

U{n\a)  =  {- n  cos' a) {\-n)-' {sin'  a-n)-'n{N\a) 

+  sin2  a(sm'  a—n)~^K(a) 


17.7.19 


17.7.20 


Special  Cases 

n=0 
n(0;  ,p\a)=Fi,p\a) 

n=0,  a=0 

n(0;  Ao)=<p 

a=0 


Uin;  <p\0)  =  (\-n)-i  arctan  [(l-n)*  tan  ^],       * 

n<l 

=  (n— 1)~'  arctanh  [(w— !)>  tan  ^], 

n>l 

^tan  <p        n=l 

17.7.21  a=T/2 

n(n;  ^\ir/2)  =  (l— n)~*[ln  (tan  ^+sec  ^) 

—  ^  n*  In  (1+n^  sin  (p)(\—n^  sin  «p)~*]         rir^l 

17.7.22  n=±sina 
(iq=sin  a){2n(±sin  a;  <p\a)  —  F(ip\a)} 

=  arctan  [(ITsin  a)  tan  «p/A(^)] 

17.7.23  71=  1±  cos  a 

2  cos  an(l±cos  a;  (p\a)  =  ±^  hi  [(1  +  tan  ^ 
•A(<p))(l-tan  ^.A(^))-i]  +  ihi  [(AM 
+  COS  a -tan  ^)(A(^)— cos  a  tan  <p)~^] 

=F(l=Fcosa)F(A«) 

17.7.24  n=sm2  a 

n(sin2  a;  <p\a)=sec^  aE(<p\a)—{t&n^  a  sin 2<p)/{2A(fp)) 

17.7.25  71=1 

n  (1 ;  ^\a)  =  F(<p\a) — sec^  aE{(p\a)  +  sec^  a  tan  <pAi<p) 


Numerical  Methods 
17.8.  Use  and  Extension  of  the  Tables 


Example  1.     Reduce  to  canonical  form  \y~^dx, 
where 

y'=-3x*-h3^2^-n9x'^l72x-90 

By  inspection  or  by  solvmg  an  equation  of  the 
fourth  degree  we  find  that 

2/2=^1^2  where  Q.^Sx'-iOx+g,  Q2=-x'+8x-10 

First  Method 

^i-XQ2  =  (3  +  X)a:2_(io-f8X)x+9+10X  is  a  per- 
fect square  if  the  discriminant 

•See  page  n. 


(10+8X)'-4(3+X)  (9+ lOX)  =0;  i.e. ,  if  X=  -|  or  ^ 
and  then 

Qi+I  Q2=l  (x-l)^  Q^-l  Q2=l  (x-2y 

Solving  for  Qi  and  Q2  we  get 

Q,  =  (x-iy+2{x-2y,Q2=2{x-\r-3ix-2r 
The  substitution  ^  =  (x— l)/(x— 2)  then  gives 


4 


jy-'ds=±j 


[(t'+2){2t'-3)]-Ht 
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If  the  quartic  ]/^=0  has  four  real  roots  in  x 
(or  in  the  case  of  a  cubic  all  three  roots  are  real), 
we  must  so  combine  the  factors  that  no  root  of 
^1=0  Hes  between  the  roots  of  ^2=0  and  no  root 
of  ^2=0  hes  between  the  roots  of  Qi=0.  Provided 
this  condition  is  observed  the  method  just  de- 
scribed will  always  lead  to  real  values  of  \.  These 
values  may,  however,  be  irrational. 


Write 


Second  Method 


'4     -x'+Sx-lO 


and  let  the  discriminant  of  Qif^—Qi  be 


Then 


=4(3^2_^2)(2^2_i) 


^y-^dx=±{T-Ht  =  ±{[{?>t'+2){2t'-\)\ 


Mt 


This  method  will  succeed  if,  as  here,  T^  as  a 
function  of  t^  has  real  factors.  If  the  coefficients 
of  the  given  quartic  are  rational  numbers,  the 
factors  of  T^  will  likewise  be  rational. 


Write 


w- 


Third  Method 

Qi     3x2-l0x+9 


Qa     -x2+8x-10 

and  let  the  discriminant  of  Q2W—Q1  be 

4T^=4(3w^-2)(2^y-l)=4(^^y2+5w;+C) 
Then  if 
z^=W/w  and  Z'=(B-z^y-4:AC={z'-iy+48 


^y-hlx=±^Z-Hz 


However,  in  this  case  the  factors  of  Z  are  complex 
and  the  method  fails. 

Of  the  second  and  third  methods  one  wiU  always 
succeed  where  the  other  fails,  and  if  the  coefficients 
of  the  given  quartic  are  rational  numbers,  the 
factors  of  T"^  or  Z^,  as  the  case  may  be,  wiU  be 
rational. 

Example  2.  Reduce  to  canonical  form  j  y~'^dx 
where  y'^=x{x—\){x—2). 

We  use  the  third  method  of  Example  1  taking 
Qi=(x— 1),  Q2=x{x—2)  and  wTiting 


w= 


Qi^  x-1 
Q2    x2-2x 


The  discriminant  of  Q2W—Qi=x^w—{2w-\-l)x-\-l 
is 

4W=  (2w+  iy-4w=4m^-{- 1 
so  that 

W=Avt'^Bw^C  where  A=l,  5=0,  C=^ 
and  if  we  write  z'^  =Wlw  &nd 

Z'=(B-z'y-4:AC={z'y-l  =  {z'-l)(z'+l), 

jy-'dx=±  j  [{z'-l)(z'+l)]-'''  dz 

The  first  method  of  Example  1  fails  with  the 
above  values  of  Qi  and  ^2  since  the  root  of  Qi=0 
fies  between  the  roots  of  Q2=0,  and  we  get 
imaginary  values  of  X.  The  method  succeeds, 
however,  if  we  take  Qi=x,  Q2=ix—l){x—2),  for 
then  the  roots  of  Qi=0  do  not  he  between  those 
of  ^2=0. 

Example  3.     Fmd  ^(80/81). 

First  Method 

Use  17.3.29  with  m= 80/81,  7ni  =  l/81,  mV'=l/9. 
Since  [{1  -  mV')  {\  ^  ml'^yf  =  M,  K(S0/S1)  = 
1.8  iiL(.64)  =3.59154  500  to  8D,  taking i!C(.64)  from 
Table  17.1. 

Second  Method 

Table  17.4  giving  L{m)  is  useful  for  computing 
K{m)  when  m  is  near  unity  or  K'{m)  when  m  is 
near  zero. 

K(80/81)=-  i^' (80/81)  hi  (16X81) -Z(80/81). 

TT 

By  interpolation  in  Tables  17.1  and  17.4,  since 

80/81  =  .98765  43210, 

iiC' (80/81)  =  1.57567  8423 
Z(80/81)  =  .00311  16543 
i^(80/81)=T-H  1.57567  8423)  (7.16703  7877) 

-.00311  16543 
=3.59154  5000  to  9D. 


Third  Method 


The  polynomial  approximation  17.3.34  gives  to 


8D 

i^(80/81)  =3.59154  501 

Fourth  Method,  Arithmetic-Geometric  Mean 

Here  sin^  a =80/81  and  we  start  with 

ao=l,  60=^,  Co=V80/81 =.99380  79900 
giving 
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n 

On 

b„ 

Cn 

0 
1 
2 
3 
4 
5 

1.  00000  00000 
.  55555  55555 
.  44444  44444 
.  43738  79636 
.  43735  95008 
.  43735  95003 

.  mil  mil 

.  33333  33333 
.  43033  14829 
.  43733  10380 
.  43735  94999 
.  43735  95003 

.  99380  79900 
.  44444  44444 

.  mil  mil 

.  00705  64808 
.  00002  84628 
0 

ThusiiC(80/81)=|  Traj^ =3.59154  5001. 
Example  4.     Find  £;(80/81). 
First  Method 

Use  17.3.30  which  gives,  \vith  m= 80/81 

=  1.01910  6047 

taking  E(M)  and  K(.64)  from  Table  17.1. 
Second  Method 

Polynomial  approximation,  17.3.36  gives 
£■(80/81)  =  1.01910  6060.  The  last  two  figures 
must  be  dropped  to  keep  within  the  limit  of 
accuracy  of  the  method. 

Third  Method 

Arithmetic-geometric  mean,  17.6.  The  numbers 
were  calculated  in  Example  3,  fourth  method,  and 
we  have 


g(80/81) -£(80/81)^1 
i^(80/81)  2 


[cg+2cf+22q+  .  .  .  +2V5] 


=2  [1.43249  71298] 
=  .71624  85649. 

Using  the  value  of  /iL(80/81)  found  in  Example  3, 
fourth  method,  we  have 

£(80/81)  =  1.01910  6048  to  9D. 

Example  5.     Find  q  when  m=.9995. 
Here  77!i  =  .0005  and  so  from  Table  17.4 

Qim)  =  m25l   563013 

qi  =  m,Q(m)  =  . 00003   12578  15. 

From  17.3.19 

In  f-^=Tr^l]n  ('-')=7rVl0.37324  1132 

=  .95144  84701 
5=. 38618  125. 


The  computation  could  also  be  made  using 
common  logarithms  with  the  aid  of  17.3.20.  The 
point  of  this  procedure  is  that  it  enables  us  to 
calculate  21  without  the  loss  of  significant  figures 
which  would  result  from  direct  interpolation  in 
Table  17.1.  By  this  means  In  (l/^i)  can  be  found 
without  loss  of  accuracy. 

Example  6.  Find  m  to  lOD  when  K'IK=. 25 
and  when  K'/K=3.5. 

From  17.3.15  with  K'/K=. 25  we  can  write  the 
iteration  formula 

m^"+"  =  1-166-"'  exp  [-TZ(m(»>)/2i:'(7n<">)]. 

Then  by  iteration  using  Tables  17.1  and  17.4 


n 

m*"' 

0 
1 
2 
3 

1. 
.99994  42025 
.99994  42041 
.99994  42041 

Thus  m  =  . 99994  42041. 

From  17.3.16  with  K'/K=3.5  we  can  write  the 
iteration  formula, 

^(n+i)  =  16g-3.5T  gj^  [-TL(m[''^)/K{m^''^)] 


n 

m(»> 

0 

1 
2 
3 

0 

.(3)26841  25043 
.(3)26837  65 
.(3)26837  65 

Thus  m=. 00026  83765. 

The  above  methods  in  conjunction  with  the 
auxiliary  Table  17.4  of  L(m)  enable  us  to  extend 
Table  17.3  for  K'IK>3,  and  for  K'/K<.3. 

Example   7.     Calculate    to    5D    the   Jacobian 
elliptic  function  sn  (.75342|.7)  usmg  Table  17.5. 
Here 

m=sin2  ^_  7^  a=56.789089°. 

Thus,  sn  (.75342|.7)=sin  ip  where  (p  is  determined 
from 

/^(  A56.789089°)  =  .75342. 

Inspection  of  Table  17.5  shows  that  <p  lies 
between  40°  and  45°.  We  have  from  the  table 
of  F(A«) 


I 
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56° 

58° 

60° 

35° 
40° 
45° 
50° 

.  63803 
.  73914 
.  84450 
.  95479 

.  63945 
.  74138 
.  84788 
.  95974 

.  64085 
.  74358 
.  85122 
.  96465 

From  this  we  form  the  table  of  i^(^\56. 789089°) 


<p 

F 

A 

A2 

A3 

35° 

.  63859 

10144 

40° 

.  74003 

10581 

437 

72 

45° 

.  84584 

11090 

509 

50° 

.  95674 

A  rough  estimate  now  shows  that  <p  hes  between 
40°  and  41°.  We  therefore  form  the  follo^ving 
table  of  i^((p\56. 789089°)  by  direct  interpolation 
in  the  foregoing  table 


<f> 

F 

40.0° 

.74003 

40.5° 

.75040 

41.0° 

.76082 

whence  by  linear  inverse  interpolation 

^=40.5°+. 5°  r-75342-. 750401  g^^^o 

<P      v.o  -r.o    |_j6082-.75040j    ^^-^^^^ 

and  so  sin  v?=.65137  =  sn  (.75342|.7). 

This  method  of  bivariate  interpolation  is  given 
merely  as  an  illustration.  Other  more  direct 
methods  such  as  that  of  the  arithmetic-geometric 
mean  described  in  17.6  and  illustrated  for  the 
Jacobian  functions  in  chapter  16  are  less  laborious. 

Example  8.     Evaluate 


j: 


[{2t'+l)it'-2)]-'''dt. 


First  Method,  Bivariate  Interpolation 

From  17.4.50  we  have 
where 

.    2  1  ^|2  V2 

sm''  a=-,  cos  ^i=-V'  COS  ^2=-y 

Thus  a=26.56505  12°,  ^i  =  61.87449  43°,  v'2  =  45°, 
F(¥'i\a)  =  1.1 15921  and  /^(^2\a)  =  . 800380  and 
therefore  the  integral  is  equal  to  .141114. 


Second  Method,  Numerical  Quadrature 

Simpson's  formula  with  11  ordinates  and  interval 
.1  gives  .141117. 

Example  9.     Evaluate 


^\{t'-2){t'-4.)]-m. 


First  Method,  Reduction  to  Standard  Form   and 
Bivariate  Interpolation 

Here   we   can   use   17.4.48  notmg   that   0^=4, 
6^=2,  and  that 

f  i  /»»  X»  CO 

J^   [{t'-2){t'-4.)]-Ht=^^   -J^ 

=^[i^(^i\45°)-F(^\45°)] 


where 
Thus 


=2  [1.854075-. 535623]=. 659226 


sm  v9i=o'  sm  iP2~^^  sin^  «=-• 
^44 


a=45°,.^i  =  90°,<p2=30°. 
Second  Method,  Numerical  Integration 

If  we  wish  to  use  numerical  integration  we  must 
observe  that  the  integrand  has  a  singularity  at 
t=2  where  it  behaves  like  [8(^—2)]-*. 

We  remove  the  singularity  at  ^=2,  by  writing 

V{{f-2){t^-^)\-Ht=  Vjifydt^-  V\%{t-2)\-Ht 

where 

/(0  =  [(<='-2)(t2-4)]-*-[8«-2)]-». 
If  we  define/ (2) =0, 

can  be  calculated  by  numerical  quadrature.     Also 

£  \m-2)\-Ht=^^  {t-2)^=\ 
and  thus  we  calculate  the  integral  as 

1+  r  /(0(^<  =  l-''^40773=. 659227. 

Example  10.     Evaluate 

J  I  00 
(x-^-7a;  +  6)-i(/x. 
17 

x3-7x+6  =  (x-l)(x-2)(x+3)  and  we  use  17.4.65 
withi8,  =  2,  ^2=l,^3=-3, 
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m=sm2  a=4/5,  X=a^/2,  cos^^  ^5=3/4. 

Thus  a=  63.434949°,  ^=30°  and 

w=2(5)-*F(30°\63.434949°) 
=  2(5)-K.543604)  =  . 486214  from  Table  17.5. 

The  above  integral  is  of  the  Weierstrass  type  and 
in  fact  17=  ^(^;  28,  -24)  (see  chapter  18). 
Example  11.     Evaluate 


INTEGRALS 

the  integral=F(90°\30°)=^  (1.071797)  (1.001292) 

=1.68575  to  5D. 

Second  Method,  Ascending  Transformation 

We  use  17.5.11  to  give 

l+cos  a„+i  =  2/(l+sin  a„) 


r 


(24-12t -\-2t'' - 1^) -"'  dt. 
Jo 

We  have 

2A-l2t-2f--f=-(t-2)(e^l2)  =  -Pit). 

There  is  only  one  real  zero  and  we  therefore 
use  17.4.74  with  P(0  =  ^-2^—12^-24,  /3=2  so 
that    P'(2)  =  16,    P"(2)  =  8,    X=2    and    therefore 

m=sin^  a=->     a=30°. 
4 

Therefore  the  given  integral' is 

C-  r  =1  [F{^\m°)-F{^\QO°)] 

Jo         J  2/3       ^ 

where 


cos  ^=o' 


cos  ^2=2' 


v?i=70.52877  93' 


<f^=60' 


and  the  integral=|[l. 510344-1.212597]  =  . 148874. 
Elxample  12.     Use  Landen's  transformation  to 
evaluate 

rr/2    /  1  \ -1/2 

(l--sm25j       detooD. 

First  Method,  Descending  Transformation 

We  use  17.5.1  to  give 
2 


1+sm  aj  = 


:=1.071797 


1— cos  30' 
cos  ai=[(l— sin  ai)(l-^sin  ai)]^'2=  .997419 


1+sin  02= 


l-f-sin  03= 


1-fcos  ai 
2 


=  1.001292;  cos  a2=. 999999 


1— cos  02 

Thus  from  17.5.7, 


=1.000000 


n   1    cos  a„ 

1 

sin  a. 

1 
2 
3 

1 

.  33333  333     .  94280  904 
.  02943  725     .  99956  663 
.  00021  673     .  99999  998 

sin  (2^i-90°)=sin  30°,  ^=60° 

sin  (2^  — ^i)=sin  ai  sin  ^,  ^=57.367805° 

sin  {2(p3—(p2)=s,m  a^  sin  ^,  ^=57.348426° 

sin  (2(p4— ^)=sin  a^  sin  ^,  ^4=57.348425°=$. 

From  17.5.16 


F(90°\30°)=T^  ^ 


1.5  1.94280  904  1.99956  663 
2 


In  tan 


(45°+^$) 


1.99999  998 

=  1.37288  050  hi  tan  73.674213° 

=  1.37288  050(1.22789  30) 

F(90°\30°)  =  1.68575  to  5D. 

Example  13.    Find  the  value  of  F(89.5°\89.5°). 

First  Method 

This  is  a  case  where  interpolation  in  Table  17.5 
is  not  possible.    We  use  17.4.13  which  gives 

F(89.5°\89.5°)  =  P(90°\89.5°)-/'(A89.5°) 

where 

cot  i/'=sm  (.5°)  cot  (.5°)=cos  (.5°) 

1/^=45.00109  084° 

and  F(A 89.5°)  =  .881390  from  Table  17.5. 

F(90°\89.5°)=2^(sin2  89.5°)  =^(.99992  38476) 
=  6.12777  88 

Thus  P(89.5°\89.5°)  =  5.246389. 

Second  Method 

Landen's     ascending    transformation,    17.5.11, 
gives 
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COS  ai=(l-sin  89.5°)/(l+sin  89.5°) 

sin  ai  =  [(l-cos  a,)(l  +  cos  ai)]i=.99999  99997 

cos  a2=0 

sin  a2=l- 

17.5.12  then  gives 

sin  (2^1-89.5°)  =sin  89.5°  sin  89.5° 
=  .99992  38476 
2^1-89. 5°  =  89.2929049°,  ^i  =  89.39645  245° 

sin  (2^— <pi)=sin  ai  sin  <pi,         ^=89.39645  602° 
sin  (2v?3— ^2)=sin  ^,         ^3=v'2=^- 

Thus  17.5.16  gives 

F(89.5°\89.5°)  = 

(.99996  19231)*'°  ('-"  89-69822  801»)=5.24640. 
Example  14.    Evaluate 

r  [(9-t')(16-i-ty]-idt  to5D. 
From  17.4.51  the  given  integral 

=£-£=io  [Ei<pAa)-E{<p,\a)] 

where 

sin  a=f;        a=36.86990° 

sin  ^i=i  ^^        ^51=48.18968° 
5 


sin  <p2-- 


"3Vl7 


^52=23.84264°. 


By   bivariate   interpolation    in   Table  17.6   we 
find  that  the  given  integral 

=^[.80904 -.41192]=. 00496. 

Simpson's  rule  with  3  ordinates  gives 

H.00504  +  .01975  +  .005]=.00496. 

Example  15.     Evaluate 

n(^;45°\30°)= 

r'\l-^^sm'e)-\l-lsm'e)-idd  to6D. 


This  is  case   (i)   of  integrals  of  the  third  kind, 
0<n<sin2  a,  17.7.3 


n=A,  v5=45°,  a=30°, 


€=arcsin  (n/sin^  a)*=30°, 
/3=^F(30°\30°)/iiC(30°)  =  . 49332  60 
y=t7rF(45°\30°)/ii:(30°)  =  . 74951  51, 

5i=(16/45)i 

and  so  from  17.7.3 
n(^;45°\30°)  = 

(16/45)i|-,ln^^^^^+—  .j 

g=. 01797  24. 
Using  the  g-series,  16.27,  for  the  t?  functions  we  get 

n(^;45°\30°)  =  (16/45)i{ -.02995  89 

+  (1.86096  21) (.74951  51) }  =.813845. 

Table  17.9  gives  .81385  with  4  point  Lagrangian 
interpolation. 

Example   16.     Evaluate  the  complete  elliptic 
integral 

n  (t^\30°)  to  6D. 

From  17.7.6  we  have 

n  (tV\30°)  =i^(30°)  +  (16/45)''2^(a)Z(e\30°) 

where  €=arcsin(n/sin2a)i=30°.     Thus    using 

Table  17.7 

n  (^\30°)  =1.743055. 

Table  17.9  gives  1.74302  with  5  point  Lagran- 
gian interpolation. 

Example  17.     Evaluate 


n  (f ;  45°\30°) 


•t/4 


=  r    (l-f  sin2  0)-i(l-isin2e)-'^2^^ 


to6D. 


This  is  case  (iii)  of  integrals  of  the  third  kind, 
sin^  a<n<Cl, 

n=f,  ^=45°,  a=30° 
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€=arcsin  [(1  — 7i)/cos^  a]^=45° 
/3=i7rF(45°\60°)/iiC(30°)  =  .79317  74 
z,  =  ixF(45°\30°)/iiC(30°)  =  .74951  51 
52=(40/9)i 
2=.01797  24 
and  so  from  17.7.11 
n  (f ;  45°\30°)  =  (40/9)'^2(x_4^2;) 

=2.10818  51  {.55248  32-4(.03854  26) 

(.74951  51)}  =.921129. 

Table  17.9  gives  .92113  with  4  point  Lagrangian 
interpolation. 

Example  18.  Evaluate  the  complete  elliptic 
integral 

n  (f\30°)  to  5D. 

From  17.7.14  we  have 

n  (f\30°)=^(30°)+^^[l-Ao(6\30°)] 

where  e=arcsin  [(l—n)/cos^Q;]'^^=45°.     Thus  using 
Table  17.8 

n  (f\30°)  =2.80099. 

Table  17.9  gives  2.80126  by  6  point  Lagrangian 
interpolation.  The  discrepancy  results  from  in- 
terpolation with  respect  to  n  for  ^=90°  in  Table 
17.9. 

Example  19.     Evaluate 


n  (f ;  45°\30°) 


'T/4 


to5D. 


=  r      (l-f  sin2e)-'(l-isin2e)-i/2^ 


Here  n=-,  ^=45°,  a =30°  and  since  the  character- 
istic is  greater  than  unity  we  use  17.7.7 

N=n-^  sin*  a=.2,  pi  =  (l/5)i 
n  (f;45°\30°)  =  -n(  2;45°\30°)+F(45°\30°) 

+  (2^5;  in  (7/8)i_(i/5)i 

=  -.83612  +  .80437 

V35+V8 


+  K^ln 


a/35-a^ 


=  1.13214. 

Numerical  quadrature  gives  the  same  result. 
Example  20.     Evaluate 

n  (-i;  45°\30°) 

to  5D. 

Here  the  characteristic  is  negative  and  we  there- 
fore use  17.7.15  with  n=—-,  sin^  a=T 

4  4 

A^=(l— n)~*(sin2  a— n)  =  .4,  ^2=V-1 
and  therefore 
(5/2)^  n  (-i;  45°\30°)  =  (9/40)in  (f;  45°\30°) 

-H|(5/2)iF(45°\30°)+arctan  (35)"* 


Using  Tables  4.14,  17.5,  and  17.9  we  get 

n  (-i;45°\30°)  =  . 76987 
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Table  17.1  COMPLETE  ELLIPTIC  INTE(;RALS  OF  THE  FIRST  AND  SECOND  KINDS 
AND  THE  NOME  q  WITH   ARGUMENT  THE  PARAMETER  m 


A'(m)= J^2  (1-w  sin- »)   Ve  A"(7h)-  A'(w,) 

E(m)=j^  (1-w  sin-  ef,le  /■J'(,n)  =  E(mi) 


m 

A'(,/,) 

K'(m) 

q(M) 

TOi 

0.00 

57079 

63267 

94897 

00 

0.00000 

00000 

00000 

1.00 

0,01 

57474 

55615 

17356 

3. 

69563  73629 

89875 

0.00062 

81456 

60383 

0,99 

0.02 

57873 

99120 

Qlll^ 

3. 

35414  14456 

99160 

0.00126 

26665 

23204 

0,98 

0.03 

58278 

03424 

Ob373 

3. 

15587  49478 

91841 

0.00190 

36912 

69025 

0,97 

0.04 

58686 

78474 

54166 

3. 

01611  24924 

77648 

0.00255 

13525 

13689 

0.96 

0.05 

59100 

34537 

90792 

2. 

90833  72484 

44552 

0.00320 

57869 

70686 

0,95 

0.06 

59518 

82213 

21610 

2. 

82075  24967 

55872 

0.00386 

71356 

22010 

0,94 

0.07 

59942 

32446 

58510 

2. 

74707  30040 

24667 

0,00453 

55438 

98018 

0.93 

0.08 

60370 

96546 

39253 

2. 

68355  14063 

15229 

0.00521 

11618 

66885 

0.92 

0.09 

60804 

86199 

30513 

2. 

62777  33320 

84344 

0. 00589 

41444 

34269 

0.91 

0.10 

61244 

13487 

20219 

2. 

57809  21133 

48173 

0.00658 

46515 

53858 

0.90 

0.11 

61688 

90905 

05203 

2. 

53333  45460 

02200 

0.00728 

28484 

49518 

0.89 

0.12 

62139 

31379 

80658 

2. 

49263  53232 

39716 

0.00798 

89058 

49815 

0.88 

0.13 

62595 

48290 

38433 

2. 

45533  80283 

21380 

0.00870 

30002 

35762 

0.87 

0.14 

63057 

55488 

81754 

2. 

42093  29603 

44303 

0.00942 

53141 

02678 

0.86 

0.15 

63525 

67322 

64580 

2. 

38901  64863 

25580 

0.01015 

60362 

37153 

0.85 

0.16 

63999 

98658 

64511 

2. 

35926  35547 

45007 

0.01089 

53620 

10173 

0.84 

0.17 

64480 

64907 

98881 

2. 

33140  85677 

50251 

0.01164 

34936 

87540 

0.83 

0.18 

64967 

82052 

94514 

.  2. 

30523  17368 

77189 

0.01240 

06407 

58856 

0.82 

0.19 

65461 

66675 

22527 

2. 

28054  91384 

22770 

0.01316 

70202 

86392 

0.81 

0.20 

65962 

35986 

10528 

2. 

25720  53268 

20854 

0.01394 

28572 

75318 

0.80 

0.21 

66470 

07858 

45692 

2. 

23506  77552 

60349 

0.01472 

83850 

66891 

0.79 

0.22 

66985 

00860 

83368 

2. 

21402  24978 

46332 

0.01552 

38457 

56320 

0.78 

0.23 

67507 

34293 

77219 

2. 

19397  09253 

19189 

0.01632 

94906 

37206 

0.77 

0.24 

68037 

28228 

48361 

2. 

17482  70902 

46414 

0.01714 

55806 

74605 

0.76 

0.25 

68575 

03548 

12596 

2. 

15651  56474 

99643 

0.01797 

23870 

08967 

0.75 

0.26 

69120 

81991 

86631 

2. 

13897  01837 

52114 

0.01881 

01914 

93399 

0.74 

0.27 

69674 

86201 

96168 

2, 

12213  18631 

57396 

0.01965 

92872 

66940 

0.73 

0.28 

,70237 

39774 

10990 

2. 

10594  83200 

52758 

0.02051 

99793 

66788 

0.72 

0.29 

70808 

67311 

34606 

2. 

09037  27465 

52360 

0.02139 

25853 

82708 

0.71 

0.30 

71388 

94481 

78791 

2. 

07536  31352 

92469 

0.02227 

74361 

57154 

0.70 

0.31 

,71978 

48080 

56405 

2. 

,06088  16467 

30131 

0.02317 

48765 

35013 

0.69 

0.32 

72577 

56096 

29320 

2. 

,04689  40772 

10577 

0.02408 

52661 

67250 

0.68 

0.33 

,73186 

47782 

52098 

2. 

,03336  94091 

52233 

0.02500 

89803 

73177 

0.67 

0.34 

73805 

53734 

56358 

2. 

.02027  94286 

03592 

0.02594 

64110 

66576 

0.66 

0.35 

,74435 

05972 

25613 

2. 

, 00759  83984 

24376 

0.02689 

79677 

51443 

0.65 

0.36 

,75075 

38029 

15753 

,99530  27776 

64729 

0.02786 

40785 

93729 

0.64 

0.37 

,75726 

85048 

82456 

,98337  09795 

27821 

0.02884 

51915 

76181 

0.63 

0.38 

,76389 

83888 

83731 

,97178  31617 

25656 

0.02984 

17757 

44138 

0.62 

0.39 

, 77064 

73233 

33534 

,96052  10441 

65830 

0.03085 

43225 

51033 

0.61 

0.40 

,77751 

93714 

91253 

,94956  77498 

06026 

0.03188 

33473 

13363 

0.60 

0.41 

,78451 

88046 

81873 

,93890  76652 

34220 

0.03292 

93907 

86003 

0.59 

0.42 

,79165 

01166 

52966 

,92852  63181 

14418 

0.03399 

30208 

70043 

0.58 

0.43 

.  79891 

80391 

87685 

,91841  02691 

09912 

0.03507 

48344 

66773 

0.57 

0.44 

.80632 

75591 

07699 

,90854  70162 

81211 

0,03617 

54594 

93133 

0.56 

0.45 

,81388 

39368 

16983 

.89892  49102 

71554 

0,03729 

55570 

75822 

0.55 

0.46 

.82159 

27265 

56821 

.88953  30788 

53096 

0,03843 

58239 

43468 

0.54 

0.47 

.82945 

97985 

64730 

.88036  13596 

22178 

0,03959 

69950 

38753 

0.53 

0.48 

.83749 

13633 

55796 

.87140  02398 

11034 

0.04077 

98463 

75263 

0.52 

0.49 

. 84569 

39983 

74724 

, 86264  08023 

32739 

0.04198 

51981 

67183 

0.51 

0.50 

1 

. 85407 

46773 

01372 

1 

.85407  46773 

01372 

0.04321 

39182 

63772 

0.50 

mi 

K'{m) 

K(,h) 

7i('«) 

m 

[''.f] 


See  Examples  3—1. 

E(7n)  and  E'{7n)  from  L.  M.  Milne-Thomson,  Ten-figure  table  of  the  complete  elliptic  integrals 

K,  K',E,  E'  and  a  table  of   o/ni  ^'    r'/n'  \'  P^^.  London  Math.  Soc.(2)33,  1931(with  permission). 
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CUM 

KLJbll^    Cl^LlI 

riii.  1 

1>  1  fcOKALS 

yjV    IHE   f 

IKST 

AND  SECOND  KINDS 

Table  17.1 

AND  THE 

NOME  q  WITH  ARGUMENT  THE 

TT                                                             1 

PARAMETER  m 

^o«)=j;(i- 

-VI  sin^  e) 

\le 

K'{in)  =  K{vi\) 

^(m)=j;-a- 

-m  sin^  B)^(ld 

I'J'(m)  =  E(mi) 

</(»«)  =exp  [- 

-irK'(m):'K(vi)] 

7i(w)=7(7«i) 

m 

7i(»') 

E(in 

) 

E'{m) 

7«1 

0.00 

1.00000 

00000 

00000 

1.57079 

b-ill 

1.00000   0000 

1.  00 

0.01 

0.26219 

62679 

17709 

1.56686 

1942 

1,01599   3546 

0.  99 

0.02 

0.22793 

45740 

67492 

1.56291 

2645 

1.02859   4520 

o!  98 

0.03 

0.20687 

98108 

47842 

1.55894 

8244 

1.03994  6861 

0.  97 

0.04 

0.19149 

63082 

09940 

1.55496 

8546 

1.05050  2227 

0.96 

0.05 

0.17931 

60069 

55723 

1.55097 

3352 

1.06047   3728 

0.95 

0.06 

0.16920 

75311 

46133 

1.54696 

2456 

1. 06998   6130 

0.94 

0.07 

0.16055 

42010 

73011 

1.54293 

5653 

1.07912   1407 

0.93 

0.08 

0.15298 

14810 

09741 

1. 53889 

2730 

1.08793   7503 

0.92 

0.09 

0.14624 

42694 

73236 

1. 53483 

3465 

1.09647   7517 

0.91 

0.10 

0.14017 

31269 

54262 

1.53075 

7637 

1.10477   4733 

0.90 

0.11 

0.13464 

58847 

92091 

1.52666 

5017 

1.11285   5607 

0.89 

0.12 

0.12957 

14695 

20553 

1.52255 

5369 

1,12074   1661 

0.88 

0.13 

0.12488 

01223 

52049 

1.51842 

8454 

1.12845   0735 

0.  87 

0.14 

0.12051 

71957 

28729 

1.51428 

4027 

1.13599   7843 

0.86 

0.15 

0.11643 

90607 

17472 

1.51012 

1831 

1.14339   5792 

0.85 

0.16 

0.11261 

03164 

23363 

1.50594 

1612 

1.15065   5629 

0.84 

0.17 

0.10900 

18330 

23834 

1.50174 

3101 

1.15778   6979 

0.83 

0.18 

0.10558 

93457 

98477 

1.49752 

6026 

1.16479   8293 

0.82 

0.19 

0.10235 

24235 

13544 

1.49329 

0109 

1,17169   7053 

0.81 

0.20 

0.09927 

36973 

38825 

1.48903 

5058 

1,17848  9924 

0.80 

0.21 

0.09633 

82749 

65990 

1.48476 

0581 

1,18518  2883 

0.79 

0.22 

0.09353 

32888 

80648 

1.48046 

6375 

1.19178  1311 

0.78 

0.23 

0.09084 

75434 

60707 

1.47615 

2126 

1,19829   0087 

0.77 

0.24 

0.08827 

12359 

87862 

1.47181 

7514 

1.20471   3641 

0.76 

0.25 

0.08579 

57337 

02195 

1.46746 

2209 

1.21105   6028 

0.75 

0.26 

0. 08341 

33938 

83117 

1.46308 

5873 

1.21732   0955 

0.74 

0.27 

0.08111 

74173 

41165 

1.45868 

8155 

1.22351   1839 

0.73 

0.28 

0.07890 

17281 

26084 

1.45426 

8698 

1,22963   1828 

0.72 

0.29 

0.07676 

08740 

04317 

1.44982 

7128 

1.23568   3836 

0.71 

0.30 

0. 07468 

99435 

37179 

1.44536 

3064 

1.24167   0567 

0.70 

0,31 

0.07268 

44965 

37110 

1.44087 

6115 

1.24759   4538 

0.69 

0.32 

0.07074 

05053 

87511 

1.43636 

5871 

1.25345   8093 

0.68 

0.33 

0. 06885 

43052 

47167 

1.43183 

1919 

1.25926  3421 

0.67 

0.34 

0.  06702 

25515 

69108 

1.42727 

3B21 

1.26501   2576 

0.66 

0.35 

0.06524 

21836 

78738 

1.42269 

1133 

1.27070   7480 

0.65 

0.36 

0.06351 

03934 

00746 

1.41808 

3394 

1.27634  9943 

0.64 

0.37 

0.06182 

45979 

15898 

1.41345 

0127 

1,28194   1668 

0.63 

0.38 

0.06018 

24161 

79938 

1. 40879 

0839 

1.28748  4262 

0.62 

0.39 

0.05858 

16483 

56838 

1.40410 

5019 

1,29297   9239 

0.61 

0.40 

0.05702 

02578 

14610 

1.39939 

2139 

1,29842   8034 

0.60 

0.41 

0.05549 

63553 

09081 

1.39465 

1652 

1.30383   2008 

0.59 

0.42 

0.  05400 

81850 

43499 

1.38988 

2992 

1.30919   2448 

0.58 

0.43 

0.05255 

41123 

42653 

1.38508 

5568 

1.31451   0576 

0.57 

0.44 

0.05113 

26127 

21764 

1.38025 

8774 

1.31978  7557 

0.56 

0.45 

0. 04974 

22621 

64574 

1.37540 

1972 

1.32502  4498 

0.55 

0.46 

0.04838 

17284 

53289 

1.37051 

4505 

1.33022   2453 

0.54 

0.47 

0.04704 

97634 

16424 

1.36559 

5691 

1.33538   2430 

0.53 

0.48 

0.04574 

51959 

80149 

1.36064 

4814 

1.34050   5388 

0.52 

0.49 

0.  04446 

69259 

25028 

1.35566 

1135 

1.34559   2245 

0.51 

0.50 

0.04321 

39182 

63772 

1.35064 

3881 

1.35064   3881 

0.50 

nil 

7('") 

E'{m) 

r(-6)4i 

6 

E{vi) 

ni 

610 
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Table  17.2    COMPLETE  ELLIPTIC  INTEGRALS  OF  THE  FIRST  AND  SECOND  KINDS 
AND  THE  NOME  q  WITH  ARGUMENT  THE  MODULAR  ANGLE  « 

TT  _l 

K(a)=j^{l-sin-asm-e)    \le         K'{a)  =  K {90° -a) 


E(a)=  Q  (l-sin^  a  sirr  efde 

9(a)=exp[--A-'(a)/ir(«)] 


E'{a)=E{W-cc) 

gi(«)  =  9(90°-«) 


a 

K{a) 

K'{a) 

q{a) 

90'*-. 

o" 

57079 

63267 

94897 

00 

0.00000 

00000 

00000 

90 

1 

57091 

59581 

27243 

5.43490 

98296 

25564 

0.00001 

90395 

55387 

89 

2 

57127 

49523 

72225 

4.  74271 

72652 

78886 

0.00007 

61698 

24680 

88 

3 

57187 

36105 

14009 

4.33865 

39759 

99725 

0.  00017 

14256 

42257 

87 

4 

57271 

24349 

95227 

4.  05275 

81695 

49437 

0.00030 

48651 

48814 

86 

5 

57379 

21309 

24768 

3.  83174 

19997 

84146 

0.00047 

65699 

16867 

85 

6 

57511 

36077 

77251 

3.65185 

59694 

78752 

0.00068 

66451 

27305 

84 

7 

57667 

79815 

92838 

3.50042 

24991 

71838 

0.00093 

52197 

97816 

83 

8 

57848 

65776 

88648 

3.  36986 

80266 

68445 

0.00122 

24470 

64294 

82 

9 

58054 

09338 

95721 

3.25530 

29421 

43555 

0.00154 

85045 

16579 

81 

10 

58284 

28043 

38351 

3.15338 

52518 

87839 

0.00191 

35945 

90170 

80 

11 

58539 

41637 

75538 

3.06172 

86120 

38789 

0.00231 

79450 

15821 

79 

12 

58819 

72125 

27520 

2.97856 

89511 

81384 

0.00276 

18093 

29252 

78 

13 

59125 

43820 

13687 

2.90256 

49406 

70027 

0.  00324 

54674 

43525 

77 

14 

59456 

83409 

31825 

2.83267 

25829 

18100 

0.00376 

92262 

86978 

76 

15 

59814 

20021 

12540 

2.76806 

31453 

68768 

0.00433 

34205 

09983 

75 

16 

60197 

85300 

86952 

2.70806 

76145 

90486 

0.00493 

84132 

64213 

74 

17 

60608 

13494 

10364 

2.65213 

80046 

30204 

0.00558 

45970 

58517 

73 

18 

61045 

41537 

89663 

2.59981 

97300 

61099 

0.00627 

23946 

95994 

72 

19 

61510 

09160 

67722 

2.55073 

14496 

27254 

0.00700 

22602 

97383 

71 

20 

62002 

58991 

24204 

2.50455 

00790 

01634 

0.00777 

46804 

16442 

70 

21 

62523 

36677 

58843 

2.46099 

94583 

04126 

0.00859 

01752 

53626 

69 

22 

63072 

91016 

30788 

2.41984 

16537 

39137 

0.  00944 

92999 

75082 

68 

23 

63651 

74093 

35819 

2.38087 

01906 

04429 

0.01035 

26461 

44729 

67 

24 

64260 

41437 

12491 

2.34390 

47244 

46913 

0.01130 

08432 

78049 

66 

25 

64899 

52184 

78530 

2.30878 

67981 

67196 

0.01229 

45605 

27181 

65 

26 

65569 

69263 

10344 

2.27537 

64296 

11676 

0.01333 

45085 

07947 

64 

27 

66271 

59584 

91370 

2.24354 

93416 

98626 

0.01442 

14412 

80638 

63 

28 

67005 

94262 

69580 

2.21319 

46949 

79374 

0.01555 

61584 

97708 

62 

29 

67773 

48840 

80745 

2.18421 

32169 

49248 

0.01673 

95077 

33023 

61 

30 

68575 

03548 

12596 

2.15651 

56474 

99643 

0.01797 

23870 

08967 

60 

31 

69411 

43573 

05914 

2.13002 

14383 

99325 

0.01925 

57475 

39635 

59 

32 

70283 

59363 

12341 

2.10465 

76584 

91159 

0.02059 

05967 

10437 

58 

33 

71192 

46951 

55678 

2.08035 

80666 

91578 

0.02197 

80013 

16901 

57 

34 

72139 

08313 

74249 

2.05706 

23227 

97365 

0.02341 

90910 

88188 

56 

35 

73124 

51756 

57058 

2.03471 

53121 

85791 

0.02491 

50625 

23981 

55 

36 

74149 

92344 

26774 

2.01326 

65652 

05468 

0.02646 

71830 

76961 

54 

37 

75216 

52364 

68845 

1.99266 

97557 

34209 

0.02807 

67957 

17219 

53 

38 

76325 

61840 

59342 

1.97288 

22662 

74650 

0.02974 

53239 

19583 

52 

39 

77478 

59091 

05608 

1.95386 

48092 

51663 

0.03147 

42771 

20286 

51 

40 

78676 

91348 

85021 

1.93558 

10960 

04722 

0.03326 

52566 

95577 

50 

41 

79922 

15440 

49811 

1.91799 

75464 

36423 

0.03511 

99625 

22096 

49 

42 

81215 

98536 

62126 

1.90108 

30334 

63664 

0.03704 

02001 

87133 

48 

43 

82560 

18981 

35889 

1.88480 

86573 

80404 

0.03902 

78889 

26607 

47 

44 

83956 

67210 

93652 

1.86914 

75460 

26462 

0.04108 

50703 

79885 

46 

45 

1. 

85407 

46773 

01372 

1.85407 

46773 

01372 

0.04321 

39182 

63772 

45 

90"-a 

K\a) 

K{a) 

q\(pc) 

o 

[(-5)7- 

11 

[(-6)9 
9 

" 

i 


i 


Compiled  from  G.  W.  and  R.  M.  Spenceley,  Smithsonian  elliptic  function  tables,  Smithsonian 
Miscellaneous  Collection,  vol.  109,  Washington,  D.C.,  1947  (with  permission). 
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COMPLETE  ELLIPTIC  INTEGRALS  OF  THE  FIRST  AND  SECOND  KINDS 
AND  THE  NOME  q  WITH  ARGUMENT  THE  MODULAR  ANGLE  « 


Table  17.2 


KU)  =  J^2  (l-sin2  a  sin^  e)    \le         K'  (a)  =  K (90°-«) 


10 
11 
12 
13 
14 

15 
16 
17 
18 
19 

20 
21 
22 
23 
24 

25 

26 
27 
28 
29 

30 
31 
32 
33 
34 

35 
36 
37 
38 
39 

40 
41 

42 
43 
44 

45 
90°-c 


qM 


E{a)=j^  (l-sin^  a  sin^  e)\le 

q(a)=exp  [-wK'{a)/K{a)] 

E(a) 


1.00000  00000  00000 

0.40330  93063  38378 

0.35316  56482  96037 

0.32040  03371  34866 

0.29548  83855  58691 

0.27517  98048  73563 

0.25794  01957  66337 

0.24291  29743  06665 

0.22956  71598  81194 

0.21754  89496  99726 

0.20660  97552  00965 

0.19656  76611  43642 

0.18728  51836  10217 

0.17865  56628  04653 

0.17059  45383  49477 

0.16303  35348  21581 

0.15591  66592  65792 

0.14919  73690  67429 

0.14283  65198  36280 

0.13680  08474  28619 


0.13106  18244 
0.12559  47852 
0.12037  82455 
0.11539  33684 
0.11062  35386 

0.10605  40201 

0.10167  16783 

0.09746  47524 

0.09342  26672 

0.08953  58769 

0.08579  57337 
0.08219  43773 
0.07872  46415 
0.07537  99738 
0.07215  43668 

0.06904  22996 
0.06603  86859 
0.06313  88302 
0.06033  83890 
0.05763  33361 


99858 
09819 
07894 
49987 
78854 

85996 
93444 
70352 
88483 
52553 

02195 
66408 
92073 
58803 
98737 

09032 
10861 
96461 
33716 
79494 


0.05501  99336  98829 

0.05249  47051  04844 

0.05005  44121  29953 

0.04769  60340  17056 

0.04541  67490  83529 

0.04321  39182  63772 
q(a) 


1.57079  63267  94897 
1.57067  67091  27960 
1.57031  79198  97448 
1.56972  01504  23979 
1.56888  37196  07763 

1.56780  90739  77622 
1. 56649  67877  60132 
1.56494  75629  69419 
1.56316  22295  18261 
1.56114  17453  51334 

1.55888  71966  01596 
1.55639  97977  70947 
1.55368  08919  36509 
1.55073  19509  84013 
1.54755  45758  69993 

1.54415  04969  14673 

1.54052  15741  27631 

1.53666  97975  68556 

1.53259  72877  45636 

1.52830  62960  54359 

1.52379  92052  59774 

1.51907  85300  25531 

1.51414  69174  93342 

1.50900  71479  16775 

1.50366  21353  53715 

1.49811  49284  22116 

1.49236  87111  24151 

1.48642  68037  44253 

1.48029  26638  27039 

1.47396  98872  41625 

1.46746  22093  39427 

1.46077  35062  13127 

1.45390  77960  65210 

1.44686  92406  95183 

1.43966  21471  15459 

1.43229  09693  06756 

1.42476  03101  24890 

1.41707  49233  71952 

1.40923  97160  46096 

1.40125  97507  85523 

1.39314  02485  23812 

1.38488  65913  75413 

1.37650  43257  72082 

1.36799  91658  73159 

1.35937  69972  75008 

1.35064  38810  47676 

E'{a) 


E'{a)=E{90°-a) 
9i(«)  =  7(90°-«) 

E'(a) 

1.00000  00000  00000 
1.00075  15777  01834 
1. 00258  40855  27552 
1.00525  85872  09152 
1.00864  79569  07096 

1.01266  35062  34396 
1. 01723  69183  41019 
1.02231  25881  67584 
1.02784  36197  40833 
1.03378  94623  90754 

1.04011  43957  06010 
1.04678  64993  44049 
1. 05377  69204  07046 
1.06105  93337  53857 
1.06860  95329  78401 


1. 07640 
1. 08442 
1.09265 
1.10106 
1.10964 

1.11837 
1.12724 
1.13624 
1.14534 
1.15454 

1.16382 
1.17317 
1.18258 
1.19204 
1.20153 

1.21105 
1.22058 
1.23012 
1.23966 
1.24918 

1.25867 
1.26814 
1.27757 
1.28695 
1.29627 


51130 
52193 
03455 
21687 
34135 

77379 
96377 
43646 
78566 
66775 

79644 
93826 
90849 
56765 
81841 

60275 
89957 
72241 
11752 
16206 

96247 
65310 
39482 
37387 
80079 


76403 
72543 
37715 
57941 
42761 

69864 
57702 
84239 
80849 
24465 

93139 
83722 
45384 
79886 
13662 

68459 
54247 
85949 
88672 
07472 

79997 
65206 
50391 
83001 
94134 


1.30553  90942  97794 
1.31472  95602  64623 
1. 32384  21844  81263 
1.33286  99541  17179 
1, 34180  60581  29911 

1.35064  38810  47676 

E(a) 


90°- 


90 
89 
88 
87 
86 

85 
84 
83 
82 
81 

80 
79 
78 
77 
76 

75 
74 
73 
72 
71 

70 
69 
68 
67 
66 

65 
64 
63 
62 
61 

60 
59 
58 
57 
56 

55 
54 
53 
52 

51 

50 
49 
48 
47 
46 

45 


273-888  0-67— 40 
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Table  17.3 


PARAMETER  m  WITH   ARGUMENT  K(m)/K{m) 


A" 

A" 

A" 

K 

w/ 

A' 

V 

/ 

A' 

m 

0.30 

0.99954 

69976 

1.20 

0. 30866 

25998 

2.10 

0.02158 

74007 

0.32 

0.99912 

85258 

1.22 

0,29292 

52811 

2,12 

0,02028 

61803 

0.34 

0.99844 

79307 

1.24 

0,27782 

39170 

2,14 

0.01906 

26278 

0.36 

0.99740 

80762 

1.26 

0,26335 

17107 

2,16 

0.01791 

21974 

0.  38 

0.99590 

01861 

1.28 

0, 24949 

94512 

2,18 

0. 01683 

05990 

0.40 

0.99380 

79974 

1.30 

0.23625 

58558 

2,20 

0.01581 

37845 

0.42 

0.99101 

23521 

1.32 

0.22360 

78874 

2,22 

0.  01485 

79356 

0.44 

0.98739 

58502 

1.34 

0.21154 

10467 

2,24 

0.01395 

94517 

0.46 

0. 98284 

72586 

1.36 

0.20003 

96393 

2,26 

0.01311 

49385 

0,48 

0.97726 

54540 

1.38 

0.18908 

70181 

2,28 

0.01232 

11967 

0.50 

0.97056 

27485 

1.40 

0.17866 

58032 

2.30 

0.01157 

52117 

0.52 

0.96266 

75125 

1.42 

0.16875 

80773 

2.32 

0.01087 

41433 

0.54 

0.95352 

60602 

1.44 

0.15934 

55603 

2,34 

0.01021 

53165 

0.56 

0.94310 

38029 

1.46 

0.  15040 

97635 

2.36 

0.  00959 

62118 

0.58 

0.93138 

57063 

1.48 

0.14193 

21249 

2.38 

0.00901 

44574 

0.60 

0.91837 

61134 

1.50 

0.13389 

41273 

2.40 

0,00846 

78199 

0.62 

0.90409 

80105 

1.52 

0.12627 

73987 

2,42 

0,00795 

41974 

0.64 

0.  88859 

18214 

1.54 

0.11906 

38004 

2,44 

0,00747 

16117 

0.66 

0.87191 

38254 

1.56 

0.11223 

54993 

2.46 

0, 00701 

82011 

0.68 

0.85413 

42916 

1.58 

0.10577 

50300 

2.48 

0,00659 

22140 

0.70 

0.83533 

54217 

1.60 

0.09966 

53447 

2.50 

0,00619 

20026 

0.72 

0.81560 

91841 

1.62 

0. 09388 

98538 

2,52 

0.00581 

60167 

0.74 

0.79505 

51193 

1.64 

0.  08843 

24583 

2,54 

0.00546 

27984 

0.76 

0.77377 

81814 

1.66 

0.  08327 

75739 

2,56 

0.00513 

09763 

0.78 

0.75188 

6671] 

1.68 

0.  07841 

01486 

2,58 

0.00481 

92610 

0.80 

0.72949 

03078 

1.70 

0.07381 

56747 

2,60 

0.  00452 

64398 

0.82 

0.70669 

84707 

1.72 

0. 06948 

01950 

2,62 

0.00425 

13725 

0.84 

0.68361 

86358 

1.74 

0.  06539 

03054 

2.64 

0. 00399 

29873 

0.86 

0.66035 

50204 

1.76 

0.06153 

31533 

2.66 

0.00375 

02764 

0.88 

0.63700 

74395 

1.78 

0.05789 

64327 

2,68 

0,00352 

22924 

0.90 

0. 61367 

03730 

1.80 

0.05446 

83767 

2,70 

0,00330 

81448 

0,92 

0.59043 

22404 

1.82 

0.05123 

77481 

2,72 

0.00310 

69966 

0.94 

0.56737 

48621 

1.84 

0.04819 

38272 

2,74 

0.00291 

80610 

0.96 

0.  54457 

30994 

1,86 

0.04532 

63995 

2,76 

0.00274 

05988 

0.98 

0.52209 

46531 

1.88 

0,  04262 

57408 

2,78 

0.00257 

39151 

1.00 

0.50000 

00000 

1.90 

0,04008 

26022 

2,80 

0.00241 

73568 

1  02 

0.  47834 

24497 

1.92 

0, 03768 

81947 

2,82 

0.00227 

03103 

1.04 

0.45716 

83054 

1.94 

0,  03543 

41720 

2,84 

0.00213 

21990 

1.06 

0.43651 

71048 

1.96 

0.03331 

26147 

2,86 

0.00200 

24811 

1.08 

0.  41642 

19278 

1.98 

0,03131 

60134 

2,88 

0,  00188 

06475 

1.10 

0.  39690 

97552 

2.00 

0. 02943 

72515 

2,90 

0.00176 

62198 

1.12 

0.  37800 

18621 

2.02 

0, 02766 

95892 

2.92 

0.00165 

87487 

1.14 

0.  35971 

42366 

2.04 

0,  02600 

66464 

2.94 

0.00155 

78119 

1.16 

0. 34205 

80100 

2.06 

0, 02444 

23873 

2.96 

0.00146 

30127 

1.18 

0.32503 

98919 

2.08 

0.  02297 

11038 

2.98 

0,00137 

39785 

1.20 

0.  30866 

25998 

2.10 

0,02158 

74007 

3.00 

0.00129 

03591 

[(-4)2-1 
9 

[(-5)8-1 
7 

[(-5)11 
6 

For^. 

>3.0,-^ 

.  <  0.3,  see 

Example  6 

• 

Table  17.4 

AUXILIARY  FUNCTIONS  FOR  COMPUTATION 


^<»')-^ 

L(m)=.-K(ni)+ — 5_^  In  - 

w, 

Q(m) 

L{m) 

»n, 

Qim) 

L(m) 

0.00 

0, 

06250  00000  00000 

0. 

00000  00000 

0.08 

0.06513  95233  36060 

0.02111  58281 

0.01 

0. 

06281  45660  38302 

0. 

00251  65276 

0.09 

0.06549  04937  14101 

0.02392  34345 

0.02 

0. 

06313  33261  60188 

0. 

00506  66040 

0.10 

0.06584  65155  38584 

0. 02677  14110 

0.03 

0. 

06345  63756  34180 

0. 

00765  09870 

0.11 

0.06620  77131  77434 

0. 02966  07472 

0.04 

0. 

06378  38128  42217 

0. 

01027  04595 

0.12 

0.06657  42154  15123 

0.03259  24678 

0.05 

0. 

06411  57394  13714 

0. 

01292  58301 

0.13 

0.06694  61556  59704 

0.03556  76342 

0.06 

0. 

064^5  22603  66828 

0. 

01561  79344 

0.14 

0.06732  36721  61983 

0.03858  73466 

0.07 

0. 

06479  34842  5739b 

0. 

01834  76360 

0.15 

0.06770  69082  47689 

0.04165  27452 

[(-7)6-1 
8 

"(-6)5- 
5 

[(-7)7-1 
8 

[(-6)6-1 
5 

See  Examples  3.  ■>  and  (>. 
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a\<f  Qo 


ELLIPTIC  INTEGRAL  OF  THE  FIRST  KIND  F{<p\a) 
Fiv>\a)=j^  (l-sin2 «  sin2  e)'Kle 


5° 


10° 


15° 


20= 


25° 


Table  17.5 


30° 


0^ 

0 

0.08726 

646 

0.  17453 

293 

0.26179 

939 

0.34906 

585 

0.43633 

231 

0.52359  878 

2 

0 

0.08726 

660 

0.17453 

400 

0.26180 

298 

0.34907 

428 

0.43634 

855 

0.52362  636 

4 

0 

0.08726 

700 

0.17453 

721 

0.26181 

374 

0.34909 

952 

0.43639 

719 

0.52370  903 

6 

0 

0.  08726 

767 

0.17454 

255 

0.26183 

163 

0.34914 

148 

0.43647 

806 

0,52384  653 

8 

0 

0.  08726 

860 

0.17454 

999 

0.26185 

656 

0.34919 

998 

0.43659 

086 

0,52403  839 

10 

0 

0.08726 

980 

0.17455 

949 

0.26188 

842 

0.34927 

479 

0.43673 

518 

0.52428  402 

12 

0 

0. 08727 

124 

0.17457 

102 

0.26192 

707 

0.34936 

558 

0.43691 

046 

0.52458  259 

14 

0 

0.08727 

294 

0.17458 

451 

0.26197 

234 

0. 34947 

200 

0.43711 

606 

0.52493  314 

16 

0 

0.08727 

487 

0.17459 

991 

0.26202 

402 

0.34959 

358 

0.43735 

119 

0.52533  449 

18 

0 

0.08727 

703 

0.17461 

714 

0.26208 

189 

0.34972 

983 

0.43761 

496 

0.52578  529 

20 

0 

0.08727 

940 

0.17463 

611 

0.26214 

568 

0.  34988 

016 

0.43790 

635 

0.52628  399 

22 

0 

0.08728 

199 

0.17465 

675 

0.26221 

511 

0.35004 

395 

0.43822 

422 

0.52682  887 

24 

0 

0.08728 

477 

0.17467 

895 

0.26228 

985 

0.35022 

048 

0.43856 

733 

0.52741  799 

26 

0 

0. 08728 

773 

0.17470 

261 

0.26236 

958 

0.35040 

901 

0.43893 

430 

0,52804  924 

28 

0 

0.08729 

086 

0.17472 

762 

0.26245 

392 

0.35060 

870 

0.43932 

365 

0.  52872  029 

30 

0 

0. 08729 

413 

0.17475 

386 

0.26254 

249 

0.  35081 

868 

0.43973 

377 

0.52942  863 

32 

0 

0.08729 

755 

0.17478 

119 

0.26263 

487 

0. 35103 

803 

0.44016 

296 

0.53017  153 

34 

0 

0. 08730 

108 

0.17480 

950 

0.26273 

064 

0.35126 

576 

0.  44060 

939 

0.53094  608 

36 

0 

0.08730 

472 

0.17483 

864 

0.26282 

934 

0.35150 

083 

0.44107 

115 

0.53174  916 

38 

0 

0. 08730 

844 

0.17486 

848 

0.26293 

052 

0.35174 

218 

0.44154 

622 

0.53257  745 

40 

0 

0.08731 

222 

0.17489 

887 

0.26303 

369 

0.35198 

869 

0.44203 

247 

0.53342  745 

42 

0 

0.08731 

606 

0.17492 

967 

0.26313 

836 

0.35223 

920 

0.44252 

769 

0.53429  546 

44 

0 

0.08731 

992 

0.17496 

073 

0.26324 

404 

0. 35249 

254 

0.44302 

960 

0.53517  761 

46 

0 

0.08732 

379 

0.17499 

189 

0.26335 

019 

0.35274 

748 

0.44353 

584 

0,53606  986 

48 

0 

0.08732 

765 

0.17502 

300 

0.26345 

633 

0.  35300 

280 

0.44404 

397 

0,53696  798 

50 

0 

0.08733 

149 

0.17505 

392 

0.26356 

191 

0.35325 

724 

0.44455 

151 

0,53786  765 

52 

0 

0.08733 

528 

0.17508 

448 

0.26366 

643 

0.35350 

955 

0.44505 

593 

0,53876  438 

54 

0 

0.08733 

901 

0.17511 

455 

0.26376 

936 

0.35375 

845 

0.44555 

469 

0,53965  358 

56 

0 

0. 08734 

265 

0.17514 

397 

0.26387 

020 

0.35400 

269 

0.44604 

519 

0.54053  059 

58 

0 

0.  08734 

620 

0.17517 

260 

0.26396 

842 

0.35424 

101 

0.44652 

487 

0.54139  069 

60 

0 

0.  08734 

962 

0.17520 

029 

0.26406 

355 

0.  35447 

217 

0. 44699 

117 

0.54222  911 

62 

0 

0.08735 

291 

0.17522 

690 

0.26415 

509 

0.  35469 

497 

0.44744 

153 

0.54304  111 

64 

0 

0.08735 

605 

0.17525 

232 

0.26424 

258 

0.35490 

823 

0.44787 

348 

0.54382  197 

66 

0 

0. 08735 

902 

0.17527 

640 

0.26432 

556 

0.35511 

081 

0.44828 

459 

0.54456  704 

68 

0 

0.  08736 

182 

0.17529 

903 

0. 26440 

362 

0.35530 

160 

0.44867 

252 

0. 54527  182 

70 

0 

0.  08736 

442 

0.17532 

010 

0.26447 

634 

0.35547 

959 

0.44903 

502 

0. 54593  192 

72 

0 

0.08736 

681 

0.17533 

949 

0.26454 

334 

0.35564 

377 

0.44936 

997 

0,54654  316 

74 

0 

0.08736 

898 

0.17535 

712 

0.26460 

428 

0.35579 

326 

0.44967 

538 

0.54710  162 

76 

0 

0.08737 

092 

0.17537 

289 

0.26465 

883 

0.35592 

721 

0.44994 

944 

0.54760  364 

78 

0 

0. 08737 

262 

0.17538 

672 

0.26470 

671 

0.35604 

488 

0.45019 

046 

0.54804  587 

80 

0 

0. 08737 

408 

0.17539 

854 

0.26474 

766 

0.35614 

560 

0.45039 

699 

0.54842  535 

82 

0 

0.08737 

528 

0.17540 

830 

0.26478 

147 

0.35622 

881 

0.45056 

775 

0,54873  947 

84 

0 

0.08737 

622 

0.17541 

594 

0.26480 

795 

0. 35629 

402 

0.45070 

168 

0,54898  608 

86 

0 

0. 08737 

689 

0.17542 

143 

0.26482 

697 

0.35634 

086 

0.45079 

795 

0,54916  348 

88 

0 

0.08737 

730 

0.17542 

473 

0.26483 

842 

0.35636 

908 

0.45085 

596 

0,54927  042 

90 

0 

0. 08737 

744 

0. 17542 

583 

0.  26484 

225 

0.35637 

851 

0.45087 

533 

0, 54930  614 

"(-8)3-1 
3 

[(-7)3] 
4 

r(-6) 

4 

r 

[(-6)2-1 
5 

[(-6)5-1 
5 

[(-6)91 
5 

5 

0 

0. 08726 

730 

0.17453 

962 

0.26182 

180 

0.34911 

842 

0,43643 

361 

0,52377  095 

15 

0 

0.08727 

387 

0.17459 

198 

0.26199 

739 

0.  34953 

092 

0.43722 

998 

0,52512  754 

25 

0 

0.08728 

623 

0.17469 

061 

0.26232 

912 

0.35031 

330 

0.43874 

792 

0,  52772  849 

35 

0 

0.08730 

289 

0.17482 

397 

0.26277 

965 

0.35138 

244 

0.44083 

848 

0.53134  425 

45 

0 

0.08732 

185 

0,17497 

630 

0.26329 

709 

0. 35261 

989 

0.44328 

233 

0.53562  273 

55 

0 

0.  08734 

084 

0.17512 

935 

0.26382 

007 

0.35388 

123 

0.44580 

113 

0.54009  391 

65 

0 

0.08735 

756 

0.17526 

454 

0.26428 

466 

0.35501 

092 

0.44808 

179 

0,54419  926 

75 

0 

0.  08736 

998 

0.17536 

525 

0.26463 

238 

0.35586 

223 

0.  44981 

645 

0,54735  991 

85 

0 

0.08737 

659 

0.17541 

895 

0.26481 

840 

0.35631 

976 

0.45075 

457 

0,54908  352 

The  table  can  also  be  used  inversely  to  find  •^=am  »/  where  (/  =  F(<^\a)  and  so  the  Jacobian  elliptic 
functions,  for  example  sn  w=sin  v,  en  "=cos  v,  dn  u=  (l-sin2  «  sin2  ^)i/2.  See  Examples  7-11. 
Compiled  from  K.  Pearson,  Tables  of  the  complete  and  incomplete  elliptic  integrals,  Cambridge 
Univ.  Press,  Cambridge,  England,  1934  (with  permission).     Known  errors  have  been  corrected. 
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Table    17.5 


ELLIPTIC  INTEGRAL  OF  THE  FIRST  KIND  F(,,\a) 

F(^\a)=Jj'(i-sin2asm2er*rf« 


a\ff 

35° 

40° 

45° 

50° 

55° 

60° 

o" 

0.61086 

524 

0.  69813 

170 

0.  78539 

816 

0. 87266 

463 

0. 

95993 

109 

04719 

755 

2 

0.61090 

819 

0.69819 

436 

0.  78548 

509 

0.  87278 

045 

0. 

96008 

037 

04738 

465 

4 

0.61103 

691 

0. 69838 

220 

0.  78574 

574 

0.  87312 

784 

0. 

96052 

821 

04794 

603 

6 

0.61125 

108 

0. 69869 

484 

0.78617 

974 

0.87370 

649 

0, 

96127 

450 

04888 

194 

8 

0. 61155 

010 

0. 69913 

161 

0.  78678 

644 

0.87451 

593 

0. 

96231 

911 

05019 

278 

10 

0.61193 

318 

0. 69969 

159 

0.78756 

494 

0.  87555 

545 

0. 

96366 

180 

05187 

911 

12 

0,61239 

927 

0.70037 

358 

0.78851 

403 

0.  87682 

412 

0. 

96530 

224 

05394 

160 

14 

0.61294 

707 

0.70117 

608 

0. 78963 

221 

0.87832 

076 

0. 

96723 

998 

05638 

099 

16 

0.61357 

504 

0.70209 

730 

0.79091 

768 

0.88004 

389 

0. 

96947 

438 

05919 

813 

18 

0.  61428 

140 

0. 70313 

511 

0. 79236 

827 

0.  88199 

174 

0. 

97200 

462 

06239 

384 

20 

0.61506 

406 

0. 70428 

706 

0.79398 

143 

0.88416 

214 

0. 

97482 

960 

06596 

891 

22 

0. 61592 

071 

0.  70555 

037 

0.79575 

422 

0.  88655 

254 

0. 

97794 

790 

06992 

405 

24 

0.61684 

871 

0.70692 

183 

0.79768 

324 

0.88915 

992 

0. 

98135 

773 

07425 

976 

26 

0. 61784 

515 

0.70839 

788 

0.79976 

461 

0.89198 

071 

0. 

98505 

681 

07897 

628 

28 

0.61890 

682 

0.70997 

451 

0.80199 

389 

0.  89501 

076 

0. 

98904 

227 

08407 

347 

30 

0.  62003 

018 

0.  71164 

728 

0.  80436 

610 

0.  89824 

524 

0. 

99331 

059 

08955 

067 

32 

0. 62121 

138 

0.  71341 

124 

0.  80687 

558 

0.90167 

852 

0. 

99785 

743 

09540 

656 

34 

0. 62244 

622 

0.71526 

098 

0.80951 

599 

0.90530 

415 

00267 

749 

10163 

899 

36 

0. 62373 

019 

0. 71719 

052 

0.81228 

024 

0.90911 

465 

00776 

438 

10824 

474 

38 

0.62505 

840 

0.  71919 

335 

0.81516 

039 

0.91310 

148 

01311 

039 

11521 

933 

40 

0.  62642 

563 

0,  72126 

235 

0.81814 

765 

0.91725 

487 

01870 

633 

12255 

667 

42 

0. 62782 

630 

0.72338 

982 

0.82123 

227 

0.  92156 

370 

02454 

127 

13024 

880 

44 

0.  62925 

446 

0.72556 

741 

0.  82440 

346 

0.  92601 

535 

03060 

230 

13828 

546 

46 

0.63070 

385 

0.72778 

615 

0.82764 

941 

0.93059 

558 

03687 

427 

14665 

369 

48 

0.63216 

783 

0.73003 

640 

0.83095 

712 

0.93528 

835 

04333 

948 

15533 

731 

50 

0.  63363 

947 

0.73230 

789 

0. 83431 

247 

0.  94007 

568 

04997 

735 

16431 

637 

52 

0.63511 

150 

0.73458 

970 

0.83770 

010 

0.94493 

756 

05676 

412 

17356 

652 

54 

0.  63657 

639 

0.  73687 

028 

0.84110 

344 

0.94985 

177 

06367 

248 

18305 

833 

56 

0.63802 

636 

0.73913 

751 

0.  84450 

468 

0.95479 

381 

07067 

128 

19275 

650 

58 

0.63945 

343 

0.  74137 

870 

0.  84788 

483 

0.95973 

682 

07772 

516 

20261 

907 

60 

0.  64084 

944 

0. 74358 

071 

0.85122 

375 

0.  96465 

156 

08479 

434 

21259 

661 

62 

0.  64220 

613 

0. 74572 

998 

0.  85450 

024 

0.96950 

647 

09183 

436 

22263 

139 

64 

0.  64351 

521 

0.  74781 

266 

0.  85769 

220 

0.  97426 

773 

09879 

601 

23265 

660 

66 

0.  64476 

839 

0.  74981 

471 

0. 86077 

677 

0.  97889 

946 

10562 

535 

24259 

576 

68 

0. 64595 

751 

0. 75172 

208 

0.  86373 

057 

0. 98336 

406 

11226 

392 

25236 

238 

70 

0.  64707 

458 

0.75352 

078 

0. 86652 

996 

0.  98762 

253 

11864 

920 

26185 

988 

72 

0.  64811 

189 

0.75519 

716 

0.86915 

135 

0.99163 

507 

12471 

530 

27098 

218 

74 

0. 64906 

209 

0.75673 

800 

0.87157 

159 

0.99536 

166 

13039 

401 

27961 

482 

76 

0. 64991 

829 

0.  75813 

076 

0.87376 

830 

0.99876 

287 

13561 

610 

28763 

696 

78 

0.  65067 

415 

0.75936 

376 

0. 87572 

037 

1.00180 

067 

14031 

304 

29492 

436 

80 

0.65132 

394 

0. 76042 

640 

0. 87740 

833 

1. 00443 

942 

14441 

892 

30135 

321 

82 

0.65186 

270 

0.76130 

931 

0.87881 

481 

1.  00664. 

678 

14787 

262 

30680 

495 

84 

0.  65228 

622 

0.76200 

457 

0.87992 

495 

1.00839 

470 

15062 

010 

31117 

166 

86 

0.  65259 

116 

0.  76250 

582 

0.88072 

675 

1. 00966 

028 

15261 

652 

31436 

170 

88 

0.65277 

510 

0.  76280 

846 

0.88121 

143 

1. 01042 

658 

15382 

828 

31630 

510 

90 

0.  65283 

658 

0.  76290 

965 

0.  88137 

359 

1. 01068 

319 

1. 

15423 

455 

1. 

31695 

790 

7-5)2- 
5 

r(-5j3i 

6 

■(-5 
6 

4- 

[^-5)6-1 
6 

7-4)1- 
7 

7-4i2' 
7 

5 

0.61113 

335 

0.  69852 

295 

0.78594 

111 

0.  87338 

828 

0. 

96086 

405 

04836 

715 

15 

0.61325 

114 

0.70162 

198 

0.79025 

416 

0.87915 

412 

0. 

96832 

014 

05774 

229 

25 

0.61733 

857 

0.  70764 

702 

0.79870 

514 

0.  89054 

388 

0. 

98317 

128 

07657 

042 

35 

0.62308 

236 

0.71621 

617 

0.  81088 

311 

0.90718 

679 

00518 

803 

10489 

545 

45 

0.62997 

691 

0.  72667 

222 

0.82601 

788 

0.92829 

036 

03371 

296 

14242 

906 

55 

0.63730 

374 

0.73800 

634 

0.84280 

548 

0.95232 

094 

06716 

268 

18788 

407 

65 

0.64414 

930 

0.  74882 

464 

0.85924 

936 

0.97660 

210 

10223 

077 

23764 

210 

75 

0.  64950 

235 

0.75745 

364 

0.87269 

924 

0.99710 

535 

13306 

645 

28370 

993 

85 

0. 65245 

368 

0.76227 

978 

0.88036 

502 

1.00908 

899 

15171 

457 

31291 

870 
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ELLIPTIC  INTEGRAL  OF  THE  FIRST  KIND  F(,(>\a) 

^(^H  =  Ij,"  ( 1 -sin2  a  sin2  e) "  vie 


65° 


70' 


75° 


80° 


85° 
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90= 


0" 

13446 

401 

22173 

048 

30899 

694 

39626 

340 

48352 

986 

57079 

633 

2 

13469 

294 

22200 

477 

30931 

959 

39663 

672 

48395 

543 

57127 

495 

4 

13537 

994 

22282 

810 

31028 

822 

39775 

763 

48523 

342 

57271 

244 

6 

13652 

576 

22420 

180 

31190 

491 

39962 

909 

48736 

769 

57511 

361 

8 

13813 

158 

22612 

810 

31417 

314 

40225 

598 

49036 

470 

57848 

658 

10 

14019 

906 

22861 

010 

31709 

778 

40564 

522 

49423 

361 

58284 

280 

12 

14273 

032 

23165 

180 

32068 

514 

40980 

577 

49898 

627 

58819 

721 

14 

14572 

789 

23525 

808 

32494 

296 

41474 

871 

50463 

742 

59456 

834 

16 

14919 

471 

23943 

470 

32988 

047 

42048 

728 

51120 

474 

60197 

853 

18 

15313 

409 

24418 

827 

33550 

840 

42703 

700 

51870 

904 

61045 

415 

20 

15754 

967 

24952 

627 

34183 

901 

43441 

578 

52717 

445 

62002 

590 

22 

16244 

535 

25545 

700 

34888 

616 

44264 

399 

53662 

865 

63072 

910 

24 

16782 

525 

26198 

957 

35666 

531 

45174 

466 

54710 

309 

64260 

414 

26 

17369 

362 

26913 

385 

36519 

359 

46174 
47266 

360 

55863 

334 

65569 

693 

28 

18005 

472 

27690 

045 

37448 

981 

958 

57125 

942 

67005 

943 

30 

18691 

274 

28530 

059 

38457 

455 

48455 

455 

58502 

624 

68575 

035 

32 

19427 

162 

29434 

605 

39547 

013 

49743 

384 

59998 

406 

70283 

594 

34 

20213 

489 

30404 

906 

40720 

064 

51134 

644 

61618 

906 

72139 

083 

36 

21050 

542 

31442 

210 

41979 

198 

52633 

523 

63370 

398 

74149 

923 

38 

21938 

520 

32547 

772 

43327 

179 

54244 

734 

65259 

894 

76325 

618 

40 

22877 

499 

33722 

824 

44766 

938 

55973 

441 

67295 

226 

78676 

913 

42 

23867 

392 

34968 

545 

46301 

565 

57825 

301 

69485 

156 

81215 

985 

44 

24907 

904 

36286 

013 

47934 

287 

59806 

493 

71839 

498 

83956 

672 

46 

25998 

475 

37676 

148 

49668 

437 

61923 

762 

74369 

264 

86914 

755 

48 

27138 

210 

39139 

640 

51507 

416 

64184 

453 

77086 

836 

90108 

303 

50 

28325 

798 

40676 

855 

53454 

619 

66596 

542 

80006 

176 

93558 

110 

52 

29559 

414 

42287 

717 

55513 

354 

69168 

665 

83143 

068 

97288 

227 

54 

30836 

604 

43971 

560 

57686 

709 

71910 

125 

86515 

414 

2. 

01326 

657 

56 

32154 

149 

45726 

935 

59977 

378 

74830 

880 

90143 

591 

2, 

05706 

232 

58 

33507 

910 

47551 

372 

62387 

409 

77941 

482 

94050 

873 

2. 

10465 

766 

60 

34892 

643 

49441 

087 

64917 

867 

81252 

953 

1. 

98263 

957 

2. 

15651 

565 

62 

36301 

803 

51390 

609 

67568 

359 

84776 

547 

2. 

02813 

570 

2. 

21319 

470 

64 

37727 

323 

53392 

332 

70336 

398 

88523 

335 

2, 

07735 

219 

2. 

27537 

643 

66 

39159 

384 

55435 

972 

73216 

516 

92503 

509 

2. 

13070 

052 

2, 

34390 

472 

68 

40586 

195 

57507 

940 

76199 

085 

96725 

237 

2. 

18865 

839 

2, 

41984 

165 

70 

41993 

796 

59590 

624 

79268 

736 

2. 

01192 

798 

2. 

25177 

995 

2. 

50455 

008 

72 

43365 

925 

61661 

644 

82402 

292 

2. 

05903 

582 

2. 

32070 

416 

2. 

59981 

973 

74 

44684 

001 

63693 

134 

85566 

175 

2. 

10843 

282 

2. 

39615 

610 

2. 

70806 

762 

76 

45927 

266 

65651 

218 

88713 

308 

2. 

15978 

295 

2. 

47892 

739 

2. 

83267 

258 

78 

47073 

163 

67495 

873 

91779 

814 

2. 

21243 

977 

2. 

56980 

281 

2, 

97856 

895 

80 

48098 

006 

69181 

489 

94682 

231 

2. 

26527 

326 

2. 

66935 

045 

3. 

15338 

525 

82 

48977 

975 

70658 

456 

97316 

666 

2. 

31643 

897 

2. 

77736 

748 

3. 

36986 

803 

84 

49690 

410 

71876 

033 

99562 

118 

2. 

36313 

736 

2. 

89146 

664 

3. 

65185 

597 

86 

50215 

336 

72786 

543 

2. 

01290 

452 

2. 

40153 

358 

3. 

00370 

926 

4. 

05275 

817 

88 

50537 

033 

73350 

464 

2. 

02384 

126 

2. 

42718 

003 

3. 

09448 

898 

4. 

74271 

727 

90 

1. 

50645 

424 

1. 

73541 

516 

2. 

02758 

942 

2. 

43624 

605 

3. 

13130 

133 

00 

[(-4)31 
8 

r(-4)5-| 

8 

r(-4j9] 

10 

r(-3j2-| 

.  10 

■(-3)7- 

5 

13589 

544 

22344 

604 

31101 

537 

39859 

928 

48619 

317 

1. 

57379 

213 

15 

14740 

244 

23727 

471 

32732 

612 

41751 

762 

50780 

533 

1. 

59814 

200 

25 

17069 

811 

26548 

460 

36083 

467 

45663 

012 

55273 

384 

1. 

64899 

522 

35 

20625 

660 

30915 

104 

41338 

702 

51870 

347 

62477 

858 

1. 

73124 

518 

45 

25446 

980 

36971 

948 

48788 

472 

60847 

673 

73081 

713 

1. 

85407 

468 

55 

31490 

567 

44840 

433 

58817 

233 

73347 

444 

88296 

142 

2. 

03471 

531 

65 

38443 

225 

54409 

676 

71762 

935 

90483 

674 

2. 

10348 

169 

2. 

30878 

680 

75 

45316 

359 

64683 

711 

87145 

396 

2. 

13389 

514 

2. 

43657 

614 

2. 

76806 

315 

85 

49977 

412 

72372 

395 

2. 

00498 

776 

2. 

38364 

709 

2. 

94868 

876 

3. 

83174 

200 
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Table 

17.6 

ELLIPTIC  INTEGRAL  OF 

THE 

SECOND  KIND  £(^\a] 

E{A»)=f^^  (l-sin 

I 

2  a  sin-  S)  ■■■  (l9 

oi\<f 

0° 

5° 

10° 

15^ 

20° 

25° 

30° 

o" 

0 

0.08726 

646 

0.17453 

293 

0.26179 

939 

0.34906   585 

0.43633 

231 

0.52359   878 

2 

0 

0.08726 

633 

0.17453 

185 

0.26179 

579 

0.34905   742 

0.43631 

608 

0.52357   119 

4 

0 

0.08726 

592 

0.17452 

864 

0.26178 

503 

0.34903   218 

0.43626 

745 

0.52348  856 

6 

0 

0. 08726 

525 

0.17452 

330 

0.26176 

715 

0.34899   025 

0.43618 

665 

0.52335  123 

8 

0 

0. 08726 

432 

0.17451 

587 

0.26174 

224 

0.34893   181 

0.43607 

403 

0.52315  981 

10 

0 

0. 08726 

313 

0.17450 

636 

0.26171 

041 

0.34885   714 

0.43593 

Oil 

0.52291   511 

12 

0 

0.08726 

168 

0.17449 

485 

0.26167 

182 

0.34876  657 

0.43575 

552 

0.52261   821 

14 

0 

0.08725 

999 

0.17448 

137 

0.26162 

664 

0.34866   055 

0.43555 

106 

0.52227   039 

16 

0 

0.08725 

806 

0.17446 

599 

0.26157 

510 

0.34853   954 

0.43531 

765 

0.52187   317 

18 

0 

0.08725 

590 

0.17444 

879 

0.26151 

743 

0.34840  412 

0.43505 

633 

0.52142   828 

20 

0 

0.08725 

352 

0.17442 

985 

0.26145 

391 

0.34825  492 

0.43476 

831 

0.52093  770 

22 

0 

0.08725 

094 

0.17440 

926 

0.26138 

485 

0.34809   262 

0.43445 

488 

0.52040   357 

24 

0 

0.08724 

816 

0.17438 

712 

0.26131 

056 

0.34791   800 

0.43411 

749 

0.51982   827 

26 

0 

0.08724 

521 

0.17436 

353 

0.26123 

141 

0.34773   187 

0.43375 

767 

0.51921   436 

28 

0 

0.08724 

208 

0.17433 

862 

0.26114 

778 

0.34753   510 

0.43337 

709 

0.51856  461 

30 

0 

0, 08723 

881 

0.17431 

250 

0.26106 

005 

0.34732   863 

0.43297 

749 

0.51788  193 

32 

0 

0.08723 

540 

0.17428 

529 

0.26096 

867 

0.34711   342 

0.43256 

075 

0.51716  944 

34 

0 

0.  08723 

187 

0.17425 

714 

0.26087 

405 

0.34689   050 

0.43212 

880 

0.51643   040 

36 

0 

0.08722 

824 

0.17422 

817 

0.26077 

666 

0.34666   093 

0.43168 

368 

0.51566  820 

38 

0 

0. 08722 

453 

0.17419 

852 

0.26067 

697 

0.34642   580 

0.  43122 

748 

0.51488   638 

40 

0 

0.08722 

075 

0.17416 

835 

0.26057 

545 

0,34618   625 

0.43076 

236 

0.51408  862 

42 

0 

0.08721 

692 

0.17413 

779 

0.26047 

261 

0.34594   343 

0.43029 

055 

0.51327  866 

44 

0 

0.08721 

307 

0.17410 

700 

0.26036 

893 

0.34569   850 

0.42981 

431 

0.51246   037 

46 

0 

0.08720 

920 

0.17407 

613 

0.26026 

492 

0.34545  266 

0.42933 

594 

0.51163  767 

48 

0 

0.08720 

535 

0.17404 

531 

0.26016 

110 

0.34520  710 

0.42885 

776 

0.51081   454 

50 

0 

0.  08720 

152 

0.17401 

472 

0.26005 

795 

0.34496  302 

0.42838 

212 

0.50999   501 

52 

0 

0.08719 

774 

0. 17398 

449 

0.25995 

600 

0.34472   162 

0.42791 

134 

0.50918   310 

54 

0 

0.08719 

402 

0.17395 

477 

0.25985 

574 

0.34448   409 

0.42744 

775 

•0.50838  287 

56 

0 

0.08719 

039 

0.17392 

571 

0.25975 

765 

0.34425   159 

0.42699 

368 

0.50759   831 

58 

0 

0.08718 

686 

0.17389 

745 

0.25966 

224 

0.34402   529 

0.42655 

138 

0.50683   341 

60 

0 

0.  08718 

345 

0.17387 

013 

0.25956 

996 

0.34380   631 

0.42612 

308 

0.50609   207 

62 

0 

0.08718 

017 

0.17384 

388 

0.25948 

126 

0. 34359   575 

0.42571 

097 

0.50537   811 

64 

0 

0.08717 

704 

0.17381 

883 

0.25939 

660 

0.34339  465 

0.42531 

712 

0.50469   523 

66 

0 

0.08717 

408 

0.17379 

511 

0.25931 

640 

0.34320  404 

0.  42494 

358 

0.50404   700 

68 

0 

0.08717 

130 

0.17377 

283 

0.25924 

104 

0.34302   487 

0.42459 

224 

0.50343   686 

70 

0 

0.08716 

871 

0.17375 

210 

0.25917 

090 

0.34285   805 

0.42426 

495 

0.50286  804 

72 

0 

0.08716 

633 

0.17373 

302 

0.25910 

634 

0.34270   443 

0.42396 

339 

0.50234   359 

74 

0 

0.08716 

416 

0.17371 

568 

0.25904 

767 

0.34256  478 

0.42368 

913 

0.50186  633 

76 

0 

0.08716 

223 

0.17370 

018 

0.25899 

519 

0.34243  984 

0.42344 

363 

0.50143  886 

78 

0 

0. 08716 

053 

0.17368 

659 

0.25894 

917 

0.34233   022 

0.42322 

817 

0.50106   351 

80 

0 

0. 08715 

909 

0.17367 

498 

0.25890 

983 

0.34223  650 

0.42304 

389 

0.50074  232 

82 

0 

0.08715 

789 

0.17366 

539 

0.25887 

737 

0.34215   915 

0.42289 

175 

0.50047  707 

84 

0 

0.08715 

695 

0.17365 

789 

0.25885 

195 

0.34209   857 

0.42277 

258 

0.50026  923 

86 

0 

0. 08715 

628 

0.17365 

250 

0.25883 

370 

0.34205   507 

0.42268 

700 

0.50011   993 

88 

0 

0.08715 

588 

0.17364 

926 

0.25882 

271 

0.34202   889 

0.42263 

547 

0.50003   003 

90 

0 

0.  08715 

574 

0.17364 

818 

0.25881 

905 

0.34202   014 

0.42261 

826 

0.50000   000 

[(-8)4-1 
3 

r(-7)3] 

4 

r(-7)9] 

4 

[(-6)21 
5 

r(-6)4] 
5 

r(-6)7] 

5 

5 

0 

0. 08726 

562 

0.17452 

624 

0.26177 

698 

0.34901   329 

0.43623 

105 

0.52342   670 

15 

0 

0. 08725 

905 

0.17447 

391 

0.26160 

165 

0.34860  188 

0.43543 

791 

0.52207   785 

25 

0 

0.08724 

671 

0.17437 

550 

0.26127 

157 

0.34782   632 

0.43394 

028 

0.51952   597 

35 

0 

0.08723 

006 

0.17424 

275 

0.26082 

567 

0.34677  648 

0.43190 

776 

0.51605   197 

45 

0 

0.08721 

113 

0.17409 

157 

0.26031 

693 

0.34557   562 

0.42957 

525 

0.51204   932 

55 

0 

0. 08719 

220 

0.17394 

015 

0.25980 

639 

0.34436  714 

0.42721 

938 

0.50798  838 

65 

0 

0.08717 

554 

0.17380 

680 

0.25935 

592 

0.34329   797 

0.42512 

769 

0.50436  656 

75 

0 

0. 08716 

317 

0.17370 

770 

0.25902 

064 

0.34250   043 

0.42356 

271 

0.50164   622 

85 

0 

0.08715 

659 

0.17365 

493 

0.25884 

192 

0.34207   467 

0.42272 

556 

0.50018  720 

i 


See  Example  14. 

Compiled  from  K.  Pearson,  Tables  of  the  complete  and  incomplete  elliptic  integrals,  Cambridge  Univ. 
Press,  Cambridge,  England,  1934   (with  permission).     Known  errors  have  been  corrected. 
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a\ip 


35° 


ELLIPTIC  INTEGRAL  OF  THE  SECOND  KIND  E{^\a) 
£{A<^)=  f^  (l-sin2  a  sin2  e)K/9 
40"  45°"  50°  55° 


Table   17.6 


60° 


0° 

0.61086 

524 

0.69813  170 

0.78539 

816 

0.87266 

463 

0.95993 

109 

1.04719  755 

2 

0.61082 

230 

0.69806  905 

0.78531 

125 

0.87254 

883 

0.95978 

184 

1.04701  051 

4 

0.61069 

365 

0.69788  136 

0.78505 

085 

0.87220 

183 

0.95933 

459 

1.04644  996 

6 

0.61047 

983 

0.69756  935 

0.78461 

792 

0.  87162 

487 

0.95859 

083 

1.04551  764 

8 

0.61018 

171 

0.69713  427 

0. 78401 

409 

0.87081 

998 

0.95755 

301 

1.04421  646 

10 

0.60980 

055 

0.69657  784 

0.78324 

162 

0.86979 

001 

0.95622 

460 

1.04255  047 

12 

0.60933 

793 

0.69590  226 

0.78230 

343 

0.  86853 

863 

0.95461 

005 

1.04052  491 

14 

0.60879 

577 

0.69511  023 

0.78120 

308 

0.86707 

031 

0.95271 

478 

1.03814  615 

16 

0.60817 

636 

0.69420  492 

0.77994 

473 

0.86539 

034 

0.95054 

522 

1.03542  177 

18 

0.60748 

229 

0.69318  999 

0.77853 

323 

0.86350 

481 

0.94810 

878 

1.03236  049 

20 

0.60671 

652 

0.69206  954 

0.77697 

402 

0. 86142 

062 

0. 94541 

386 

1.02897  221 

22 

0,60588 

229 

0.69084  814 

0.77527 

316 

0.85914 

545 

0.94246 

984 

1.02526  804 

24 

0.60498 

319 

0.68953  083 

0.77343 

735 

0.85668 

781 

0.93928 

709 

1.02126  023 

26 

0. 60402 

308 

0. 68812  308 

0.77147 

387 

0.85405 

695 

0.93587 

699 

1.01696  224 

28 

0.60300 

616 

0.68663  077 

0.76939 

059 

0.85126 

295 

0.93225 

186 

1.01238  873 

30 

0.60193 

687 

0.68506  023 

0.76719 

599 

0.84831 

663 

0.92842 

504 

1.00755  556 

32 

0.60081 

994 

0.68341  817 

0.76489 

908 

0.  84522 

958 

0.92441 

083 

1.00247  977 

34 

0. 59966 

035 

0.68171  170 

0.76250 

947 

0.84201 

414 

0.92022 

452 

0.99717  966 

36 

0.  59846 

332 

0.67994  830 

0.76003 

726 

0.83868 

340 

0.91588 

234 

0.99167  469 

38 

0. 59723 

431 

0.67813  578 

0.75749 

309 

0.83525 

115 

0.91140 

150 

0.98598  560 

40 

0. 59597 

897 

0.67628  229 

0.75488 

809 

0.83173 

189 

0.90680 

017 

0.98013  430 

42 

0.59470 

312 

0.67439  630 

0.75223 

383 

0.82814 

080 

0.90209 

742 

0.97414  397 

44 

0.59341 

278 

0.67248  651 

0.74954 

234 

0.82449 

369 

0.89731 

325 

0.96803  899 

46 

0.59211 

406 

0.67056  191 

0. 74682 

605 

0.82080 

700 

0.89246 

858 

0.96184  497 

48 

0.59081 

324 

0.66863  167 

0.74409 

773 

0.81709 

775 

0.88758 

513 

0.95558  873 

50 

0.58951 

664 

0.66670  515 

0.74137 

047 

0.81338 

346 

0.  88268 

551 

0.94929  830 

52 

0.  58823 

065 

0.  66479  183 

0.73865 

766 

0.  80968 

217 

0.87779 

305 

0.94300  285 

54 

0.58696 

171 

0.66290  130 

0.73597 

286 

0.80601 

230 

0.87293 

184 

0.93673  272 

56 

0.58571 

622 

0.66104  317 

0.73332 

979 

0.80239 

262 

0.86812 

660 

0.93051  931 

58 

0.58450 

056 

0.65922  707 

0.73074 

229 

0.79884 

217 

0.86340 

261 

0.92439  505 

60 

0.58332 

103 

0.65746  255 

0.72822 

416 

0.79538 

015 

0.85878 

561 

0.91839  329 

62 

0.58218 

382 

0.65575  905 

0.72578 

915 

0.79202 

582 

0.85430 

169 

0.91254  821 

64 

0.58109 

497 

0.65412  585 

0.72345 

085 

0.  78879 

839 

0.84997 

709 

0.90689  460 

66 

0.58006 

032 

0.65257  197 

0.72122 

260 

0.78571 

685 

0.  84583 

811 

0.90146  778 

68 

0.57908 

549 

0.65110  612 

0.71911 

737 

0.  78279 

987 

0.84191 

082 

0.89630  323 

70 

0.  57817 

584 

0.64973  667 

0.71714 

767 

0.78006 

562 

0.83822 

090 

0.89143  642 

72 

0.57733 

641 

0.64847  154 

0.71532 

545 

0.77753 

157 

0.83479 

335 

0.88690  237 

74 

0.57657 

189 

0.64731  812 

0.71366 

196 

0.77521 

434 

0.83165 

223 

0.88273  530 

76 

0.57588 

663 

0.64628  328 

0.71216 

766 

0.77312 

952 

0. 82882 

031 

0.87896  810 

78 

0.57528 

450 

0.64537  322 

0.71085 

210 

0.77129 

143 

0.82631 

879 

0.87563  185 

80 

0.57476 

897 

0.64459  347 

0.70972 

381 

0.76971 

298 

0.82416 

694 

0.87275  520 

82 

0. 57434 

302 

0.64394  879 

0.70879 

019 

0.76840 

544 

0.82238 

177 

0.87036  381 

84 

0.57400 

912 

0.64344  316 

0.70805 

745 

0.76737 

830 

0.82097 

770 

0.86847  970 

86 

0. 57376 

921 

0.64307  973 

0.70753 

050 

0.76663 

912 

0.81996 

631 

0.86712  068 

88 

0. 57362 

470 

0.64286  075 

0.70721 

289 

0.76619 

339 

0.81935 

604 

0.86629  990 

90 

0.57357 

644 

0.64278  761 

0.70710 

678 

0.76604 

444 

0.81915 

204 

0.86602  540 

r(-5)n 

5 

r(-5)2i 

5 

r(-5)3i 

5 

r(-5)4-i 

6 

r(-5)5-| 

6 

[(-5)7-1 
6 

5 

0.61059 

734 

0.69774  083 

0.78485 

586 

0.87194 

199 

0.95899 

964 

1.04603  012 

15 

0. 60849 

557 

0.69467  152 

0.78059 

337 

0.86625 

642 

0.95166 

385 

1.03682  664 

25 

0.60451 

051 

0.68883  790 

0.77247 

109 

0.85539 

342 

0.93760 

971 

1.01914  662 

35 

0.59906 

618 

0.68083  664 

0.76128 

304 

0.84036 

234 

0.91807 

186 

0.99445  152 

45 

0.59276 

408 

0.67152  549 

0.74818 

650 

0.82265 

424 

0.89489 

714 

0.96495  146 

55 

0.58633 

563 

0.66196  758 

0.73464 

525 

0.80419 

500 

0.87052 

066 

0.93361  692 

65 

0.58057 

051 

0.65333  844 

0.72232 

215 

0.78723 

820 

0.84788 

276 

0.90415  063 

75 

0.57621 

910 

0.64678  548 

0.71289 

304 

0.77414 

195 

0.83019 

625 

0. 88079  972 

85 

0.57387 

732 

0.64324  351 

0.70776 

799 

0.76697 

232 

0.82042 

232 

0.86773  361 

618 


Table   17.6 


ELLIPTIC    INTEGRALS 

ELLIPTIC  INTEGRAL  OF  THE  SECOND  KIND  E{py) 
E(,f\a)^  f^'  fl-sin2  a  sin2  ey,/e 


65° 


70° 


75° 


80° 


85° 


90° 


0" 

13446 

401 

22173 

048 

30899 

694 

39626 

340 

48352 

986 

57079 

633 

2 

13423 

517 

22145 

628 

30867 

442 

39589 

024 

48310 

448 

57031 

792 

4 

13354 

929 

22063 

443 

30770 

767 

39477 

165 

48182 

929 

56888 

372 

6 

13240 

837 

21926 

717 

30609 

916 

39291 

030 

47970 

717 

56649 

679 

8 

13081 

573 

21735 

820 

30385 

297 

39031 

062 

47674 

288 

56316 

223 

10 

12877 

602 

21491 

274 

30097 

484 

38697 

886 

47294 

312 

55888 

720 

12 

12629 

522 

21193 

748 

29747 

215 

38292 

302 

46831 

652 

55368 

089 

14 

12338 

066 

20844 

065 

29335 

393 

37815 

292 

46287 

363 

54755 

458 

16 

12004 

099 

20443 

195 

28863 

089 

37268 

017 

45662 

693 

54052 

157 

18 

11628 

624 

19992 

262 

28331 

541 

36651 

823 

44959 

085 

53259 

729 

20 

11212 

778 

19492 

542 

27742 

153 

35968 

233 

44178 

179 

52379 

921 

22 

10757 

834 

18945 

465 

27096 

502 

35218 

961 

43321 

813 

51414 

692 

24 

10265 

204 

18352 

618 

26396 

337 

34405 

903 

42392 

023 

50366 

214 

26 

09736 

439 

17715 

743 

25643 

578 

33531 

146 

41391 

049 

49236 

871 

28 

09173 

228 

17036 

745 

24840 

326 

32596 

967 

40321 

335 

48029 

266 

30 

08577 

404 

16317 

686 

23988 

858 

31605 

841 

39185 

532 

46746 

221 

32 

07950 

942 

15560 

796 

23091 

635 

30560 

436 

37986 

503 

45390 

780 

34 

07295 

961 

14768 

469 

22151 

305 

29463 

629 

36727 

328 

43966 

215 

36 

06614 

728 

13943 

273 

21170 

705 

28318 

499 

35411 

306 

42476 

031 

38 

05909 

660 

13087 

946 

20152 

870 

27128 

343 

34041 

965 

40923 

972 

40 

05183 

322 

12205 

408 

19101 

036 

25896 

675 

32623 

066 

39314 

025 

42 

04438 

435 

11298 

760 

18018 

648 

24627 

240 

31158 

614 

37650 

433 

44 

03677 

875 

10371 

291 

16909 

366 

23324 

019 

29652 

865 

35937 

700 

46 

02904 

677 

09426 

484 

15777 

077 

21991 

241 

28110 

340 

34180 

606 

48 

02122 

034 

08468 

023 

14625 

899 

20633 

398 

26535 

837 

32384 

218 

50 

01333 

305 

07499 

796 

13460 

200 

19255 

255 

24934 

449 

30553 

909 

52 

00542 

010 

06525 

908 

12284 

604 

17861 

873 

23311 

580 

28695 

374 

54 

0. 

99751 

835 

05550 

682 

11104 

010 

16458 

621 

21672 

971 

26814 

653 

56 

0. 

98966 

632 

04578 

671 

09923 

604 

15051 

210 

20024 

724 

24918 

162 

58 

0. 

98190 

414 

03614 

663 

08748 

883 

13645 

710 

18373 

339 

23012 

722 

60 

0. 

97427 

354 

02663 

689 

07585 

669 

12248 

590 

16725 

747 

21105 

603 

62 

0. 

96681 

780 

01731 

023 

06440 

132 

10866 

752 

15089 

364 

19204 

568 

64 

0. 

95958 

158 

00822 

192 

05318 

814 

09507 

580 

13472 

145 

17317 

938 

66 

0. 

95261 

084 

o! 

99942 

966 

04228 

653 

08178 

986 

11882 

658 

15454 

668 

68 

0. 

94595 

256 

0. 

99099 

354 

03176 

998 

06889 

476 

10330 

172 

13624 

437 

70 

0. 

93965 

447 

0. 

98297 

583 

02171 

634 

05648 

221 

08824 

773 

11837 

774 

72 

0. 

93376 

462 

0. 

97544 

068 

01220 

781 

04465 

133 

07377 

505 

10106 

217 

74 

0. 

92833 

088 

0. 

96845 

360 

00333 

091 

03350 

951 

06000 

556 

08442 

522 

76 

0. 

92340 

024 

0. 

96208 

074 

o! 

99517 

606 

02317 

331 

04707 

504 

06860 

953 

78 

0. 

91901 

802 

0. 

95638 

776 

0. 

98783 

670 

01376 

904 

03513 

640 

05377 

692 

80 

0. 

91522 

691 

0. 

95143 

847 

0. 

98140 

781 

1. 

00543 

295 

02436 

393 

04011 

440 

82 

0. 

91206 

588 

0. 

94729 

297 

0. 

97598 

331 

0. 

99831 

000 

01495 

896 

02784 

362 

84 

0. 

90956 

905 

0. 

94400 

544 

0. 

97165 

228 

0. 

99255 

019 

00715 

650 

01723 

692 

86 

0. 

90776 

445 

0. 

94162 

171 

0. 

96849 

392 

0. 

98830 

025 

00123 

026 

00864 

796 

88 

0. 

90667 

305 

0. 

94017 

677 

0. 

96657 

142 

0. 

98568 

915 

o! 

99748 

392 

00258 

409 

90 

0. 

90630 

779 

0. 

93969 

262 

0. 

96592 

583 

0. 

98480 

775 

0. 

99619 

470 

1. 

00000 

000 

6 

9- 

7-4)1- 
7 

■^-4 

)2- 

rf-4 

9 

2' 

r(-4)3i 

9 

[(-4)4-1 
10 

5 

13303 

553 

22001 

878 

30698 

342 

39393 

358 

48087 

384 

56780 

907 

15 

12176 

337 

20649 

962 

29106 

728 

37550 

358 

45984 

990 

54415 

050 

25 

10005 

236 

18039 

569 

26026 

405 

33976 

099 

41900 

286 

49811 

493 

35 

06958 

479 

14359 

813 

21665 

853 

28896 

903 

36076 

208 

43229 

097 

45 

03292 

660 

09900 

829 

16345 

846 

22661 

050 

28885 

906 

35064 

388 

55 

o! 

99358 

365 

05063 

981 

10513 

448 

15755 

065 

20849 

656 

25867 

963 

65 

0. 

95606 

Oil 

00378 

508 

04769 

389 

08838 

943 

12673 

373 

16382 

796 

75 

0. 

92579 

978 

o! 

96518 

626 

0. 

99915 

744 

02823 

305 

05342 

632 

07640 

511 

85 

0. 

90857 

873 

0. 

94269 

813 

0. 

96992 

212 

o! 

99022 

779 

00394 

027 

01266 

351 

i 


ELLIPTIC    INTEGRALS 
JACOBIAIN  ZETA  FUNCTION  Z(*»\«) 

K(a)Z{v\c.)  =  K{a)E{,p\a)-E{cc)F{v>\a) 

K  (90°) Z {<p\a)  =  K  (90°) Z{u  I)  ^K  (90°)  tanh  »  =  -  for  all  >' 
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Table  17.7 


ct\<P 

0" 

5° 

10° 

15° 

20° 

25° 

30° 

0** 

2 

4 

6 

8 

0 
0 
0 
0 
0 

0.000000 
0.000083 
0.000332 
0.000748 
0.001331 

0.000000 
0.000164 
0.000655 
0.001474 
0.002621 

0.000000 
0.000239 
0.000957 
0.002155 
0.003832 

0.000000 
0.000308 
0.001231 
0.002770 
0.004928 

0,000000 
0.000367 
0,001467 
0.003302 
0.005875 

0.000000 
0.000414 
0.001658 
0.003734 
0.006644 

10 
12 
14 
16 
18 

0 
0 
0 
0 
0 

0.002080 
0.002997 
0.004082 
0.005337 
0.006761 

0.004098 
0.005905 
0.008043 
0.010516 
0.013324 

0.005992 
0.008635 
0.011765 
0.015384 
0.019496 

0.007706 
0.011107 
0.015136 
0.019796 
0.025094 

0.009188 
0.013246 
0.018055 
0.023621 
0.029951 

0.010393 
0,014987 
0,020433 
0.026740 
0.033919 

20 
22 
24 
26 
28 

0 
0 
0 
0 
0 

0.008357 
0.010125 
0.012067 
0.014186 
0.016483 

0.016470 
0.019958 
0.023791 
0.027972 
0.032508 

0.024105 
0.029216 
0.034834 
0.040968 
0.047624 

0.031035 
0.037627 
0. 044878 
0.052799 
0.061401 

0.037055 
0.044942 
0.053626 
0.063119 
0.073438 

0.041981 
0.050941 
0.060814 
0,071617 
0.083373 

30 
32 
34 
36 
38 

0 
0 
0 
0 
0 

0.018962 
0.021625 
0.024476 
0.027520 
0.030761 

0. 037403 
0.  042664 
0.  048298 
0.054315 
0.060725 

0.054811 
0.062540 
0.070823 
0.079674 
0.089108 

0.070696 
0.080700 
0.091430 
0.102905 
0.115148 

0.  084599 
0.096624 
0.109534 
0.123356 
0.138120 

0.096103 
0.109834 
0.124596 
0.140421 
0.157347 

40 
42 
44 
46 
48 

0 
0 
0 
0 
0 

0.034205 
0.037860 
0.041734 
0.045835 
0.050177 

0.067540 
0,074774 
0.082444 
0.090569 
0.099172 

0.099145 
0.109807 
0.121118 
0.133109 
0.145813 

0.128185 
0.142046 
0.156765 
0.172383 
0.188947 

0.153860 
0.170614 
0.188428 
0.207353 
0.227450 

0.175418 
0.194683 
0.215197 
0.237025 
0.260240 

50 
52 
54 
56 
58 

0 
0 
0 
0 
0 

0.054771 
0.059634 
0. 064786 
0.070249 
0.  076052 

0.108280 
0.117925 
0.128146 
0.138989 
0.150510 

0.159273 
0.173536 
0.188661 
0.204716 
0.221785 

0.206513 
0.225145 
0.244921 
0.265933 
0.288294 

0.248789 
0.271452 
0.295538 
0.321161 
0.  348462 

0,284929 
0,311193 
0,339150 
0. 368940 
0.400731 

60 
62 
64 
66 
68 

0 
0 
0 
0 
0 

0.082227 
0.088818 
0.095876 
0.103468 
0.111676 

0.162776 
0.175872 
0.189901 
0.204994 
0.221320 

0.239971 
0.259398 
0.280221 
0.302637 
0.326895 

0.312138 
0.337632 
0.364981 
0.394446 
0.426356 

0.377610 
0.408811 
0.442321 
0.478462 
0.517644 

0.434726 
0.471170 
0.510371 
0.552710 
0. 598675 

70 
72 
74 
76 
78 

0 
0 
0 
0 
0 

0.120612 
0.130420 
0.141301 
0.153537 
0.167542 

0.239097 
0.258615 
0.280272 
0.304631 
0.332519 

0.353322 
0.382351 
0.414575 
0.450832 
0.492356 

0.461145 
0.499384 
0.541857 
0. 589673 
0.644462 

0.560402 
0.607444 
0.659739 
0.718657 
0.786214 

0. 648900 
0,704225 
0,765797 
0,835238 
0,914934 

80 
82 
84 
86 
88 

0 
0 
0 
0 
0 

0.183967 
0.203902 
0.229402 
0.265091 
0.325753 

0.365230 
0.404937 
0.455734 
0.526833 
0.647691 

0.541075 
0.600229 
0.675918 
0.781873 
0.962000 

0.708771 
0.786884 
0.886859 
1.026844 
1.264856 

0.865556 
0.961976 
1.085434 
1.258352 
1.552420 

1.008608 
1.122523 
1,268462 
1.472953 
1.820811 

90 


5 

0 

0.000519 

0.001023 

0.  001496 

0,001923 

0.002292 

0.002592 

15 

0 

0.004688 

0.009238 

0.013513 

0.017387 

0.020743 

0.023479 

25 

0 

0.013105 

0.025838 

0.037836 

0. 048754 

0.058271 

0.066098 

35 

0 

0.025973 

0.051258 

0.075176 

0.097073 

0.116329 

0.132373 

45 

0 

0.043755 

0. 086448 

0.127026 

0.164459 

0.197748 

0.225942 

55 

0 

0.067477 

0,133487 

0.196567 

0.255266 

0.308149 

0.353807 

65 

0 

0.099601 

0.197305 

0.291216 

0.379430 

0.460039 

0.531121 

75 

0 

0.147228 

0.292070 

0.432134 

0.565011 

0.  688264 

0.799407 

85 

0 

0.245478 

0.487761 

0.723644 

0.949910 

1.163313 

1.360551 

See  Example  16. 

Compiled  from  P.  F.  Byi-d  and  M.D.  Friedman,  Handbook  of  elliptic  integrals  for  engineers 
and  physicists,  Springer-Verlag,  Berlin,  Germany,  1954  (with  permission). 
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Table  17.7 


JACOBIAN  ZETA  FUNCTION  Z(*'\«) 

K{a)Z{^\a)  =  K(a)E(<p\a)-E{a)F{<f\a) 

K{90'')Z{^\a)  =  K{90°)Z{u\l)=K{90°)  tanh  w  =  »  for  all  » 


a\<p 

35° 

40° 

45° 

50° 

55° 

60° 

0° 

0.000000 

0.000000 

0.000000 

0.000000 

0.000000 

0, 000000 

2 

0.000450 

0.000471 

0.000479 

0,  000471 

0.000450 

0.000415 

4 

0.001800 

0.001886 

0.001916 

0.001887 

0.001800 

0.001659 

6 

0.004052 

0.004248 

0.004314 

0.004250 

0.004056 

0.003739 

8 

0,007212 

0.007561 

0. 007681 

0.007567 

0.  007224 

0, 006660 

10 

0.011284 

0.011833 

0.012023 

0.011849 

0.011313 

0,010433 

12 

0.016276 

0.017073 

0.017353 

0.017106 

0.016337 

0,015070 

14 

0.022197 

0.023293 

0.  023683 

0.023354 

0.022312 

0.020588 

16 

0.029060 

0.030505 

0.031029 

0.030610 

0.029257 

0.027006 

18 

0. 036876 

0.038728 

0.039411 

0.038897 

0.037194 

0. 034347 

20 

0.  045662 

0.  047979 

0.  048850 

0. 048238 

0.046150 

0.042639 

22 

0.055435 

0,058279 

0.059372 

0.058663 

0.056156 

0.051912 

24 

0.066216 

0.069655 

0.071005 

0.  070203 

0.  067246 

0. 062203 

26 

0.078026 

0.082132 

0.083783 

0.082895 

0. 079461 

0. 073551 

28 

0.090893 

0.095744 

0. 097742 

0.096782 

0.  092844 

0.  086003 

30 

0. 104844 

0.110525 

0.112924 

0.111909 

0. 107447 

0.099613 

32 

0.119914 

0.126515 

0.  129375 

0.128330 

0.123327 

0.114438 

34 

0.136138 

0.143758 

0.  147147 

0.146103 

0.140549 

0.130548 

36 

0.153557 

0.162305 

0.166300 

0,165296 

0.159186 

0.148018 

38 

0.172220 

0.182211 

0.  186898 

0.185983 

0.  179319 

0, 166934 

40 

0.192178 

0.203541 

0.209016 

0.208248 

0.  201042 

0.187395 

42 

0.213492 

0,226365 

0.232738 

0.232187 

0.224459 

0.209512 

44 

0.236228 

0.250764 

0.258158 

0.257907 

0.  249691 

0,233413 

46 

0.260466 

0.276831 

0.285383 

0.285531 

0.276871 

0.259243 

48 

0.286295 

0,  304671 

0,314535 

0.315196 

0.306156 

0.287169 

50 

0.313816 

0.  334405 

0.345755 

0.  347064 

0.337723 

0.317383 

52 

0.343151 

0.366173 

0.379203 

0.381317 

0.371776 

0.350108 

54 

0.374438 

0.400138 

0.415067 

0.418166 

0.408552 

0. 385601 

56 

0.407844 

0.  436490 

0.453565 

0.  457861 

0.448328 

0.424167 

58 

0.443565 

0.475457 

0.  494956 

0.  500691 

0,491428 

0.466161 

60 

0.481836 

0.517310 

0.539547 

0.547003 

0,538238 

0.512007 

62 

0.522947 

0.562378 

0.587709 

0.597211 

0,589220 

0.562214 

64 

0.567251 

0.611064 

0.  639896 

0.651822 

0.  644933 

0.617399 

66 

0.615191 

0. 663870 

0.  696670 

0.711460 

0.706068 

0.678320 

68 

0.667330 

0.721434 

0.758741 

0.776910 

0.773487 

0. 745922 

70 

0.724397 

0,784577 

0.827024 

0.849178 

0.848294 

0.821411 

72 

0. 787359 

0.854390 

0.902728 

0.929590 

0.931931 

0.906356 

74 

0.  857536 

0.932355 

0.987491 

1.019938 

1.026343 

1. 002860 

76 

0.  936789 

1.020563 

1.083621 

1.122735 

1.134246 

1.113848 

78 

1.027859 

1.122089 

1,194508 

1.241670 

1.259612 

1.243568 

80 

1.135017 

1.241721 

1.325428 

1.382470 

1.408589 

1.398577 

82 

1.265447 

1.387516 

1.485245 

1,554749 

1.591484 

1.589820 

84 

1.432669 

1.574623 

1.690632 

1.776579 

1.827639 

1. 837791 

86 

1.667113 

1.837147 

1.979107 

2,088611 

2.160541 

2.188502 

88 

2. 066078 

2.284127 

2.470622 

2.620801 

2.729164 

2,788909 

90 


5 

0,002813 

0.  002948 

0.002994 

0.002949 

0.002815 

0.  002594 

15 

0.025510 

0.026774 

0,027228 

0.026855 

0.025662 

0,  023683 

25 

0.071991 

0,075754 

0.077249 

0.076403 

0.073210 

0. 067742 

35 

0.144695 

0,152865 

0.156547 

0,155518 

0.  149686 

0.139108 

45 

0.248154 

0,263583 

0.271538 

0,271473 

C.  263028 

0,246077 

55 

0.  390865 

0,418002 

0.433972 

0.  437641 

0.428046 

0.404479 

65 

0.590735 

0,  636916 

0,  667669 

0.680968 

0.674774 

0.647089 

75 

0.895883 

0,975016 

1,033955 

1.069585 

1.078397 

1.056317 

85 

1.538234 

1.692810 

1.820471 

1.916972 

1.977347 

1.995386 
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JACOBIAN  ZETA  FUNCTION  Z{<p\cc)  Table  17.7 

A^  (a) Z{<p\a)  =  K  (a)  E {<p\a)  - E (a) F (^\  a) 

K(90°)Z{.p\o.)  =  K{90°)Z{u\l)=K{90°)  tanh  ?/  =  -  for  all  » 


o'^ 

2 

4 
6 
8 

65° 

0.000000 
0.000367 
0.001468 
0.003308 
0.005893 

70° 

0.000000 
0.000308 
0.001232 
0.  002776 
0.  004946 

75° 
0.000000 
0.000239 
0.000958 
0.002160 
0.  003849 

80° 
0.000000 
0.000164 
0.  000656 
0.001477 
0.002633 

85° 

0.000000 
0.000083 
0.000333 
0.000750 
0.001337 

90" 

0 
0 
0 
0 
0 

10 
12 
14 
16 
18 

0.009233 
0.013341 
0.018231 
0.023922 
0.030438 

0.007751 
0.011202 
0.015312 
0.020098 
0.  025581 

0. 006032 
0.008718 
0.011920 
0.015649 
0.019924 

0.004127 
0.005966 
0.008158 
0.010713 
0. 013642 

0.002096 
0.003030 
0.004143 
0.  005442 
0.006930 

0 
0 
0 
0 
0 

20 
22 
24 
26 
28 

0.037803 
0.046047 
0.055206 
0.065319 
0.076431 

0.031783 
0.  038732 
0. 046459 
0.055000 
0.  064397 

0.024763 
0.030188 
0.  036225 
0.042905 
0.  050260 

0.016959 
0.020680 
0.  024823 
0.029411 
0. 034466 

0.008617 
0.010509 
0.012617 
0.014952 
0.017526 

0 
0 
0 
0 
0 

30 
32 
34 
36 
38 

0.088594 
0.  101867 
0.116315 
0.132015 
0.149053 

0.  074696 
0.085951 
0.098224 
0.111585 
0.126114 

0.058332 
0.067164 
0.  076808 
0.  087324 
0.098779 

0.040018 
0. 046099 
0.052747 
0.060004 
0.  067920 

0.020354 
0.023454 
0.026845 
0.030550 
0.034595 

0 
0 
0 
0 
0 

40 
42 
44 
46 
48 

0.167527 
0.187551 
0.209254 
0.232785 
0.258315 

0.141905 
0.159064 
0.177713 
0.197996 
0.220078 

0.111254 
0.124839 
0.139641 
0.155784 
0.173414 

0.076554 
0.085973 
0.096255 
0.107493 
0.119798 

0.039011 
0.  043833 
0.049104 
0.054874 
0.061201 

0 
0 
0 
0 
0 

50 
52 
54 
56 
58 

0.286045 
0.316206 
0.349070 
0.  384960 
0.424255 

0.244154 
0.270454 
0.299246 
0.330854 
0.  365664 

0.192704 
0.213858 
0.237121 
0.262789 
0.291220 

0.133299 
0.148154 
0.164550 
0.182720 
0.202947 

0.068157 
0.075826 
.0.084312 
0.093745 
0.104281 

0 
0 
0 
0 
0 

60 
62 
64 
66 
68 

0.467411 
0.514976 
0.567621 
0.626169 
0.691653 

0.404143 
0. 446860 
0.494517 
0.  547987 
0. 608372 

0.322854 
0.  358236 
0.  398048 
0.443155 
0.  494668 

0.225584 
0.251076 
0.279993 
0,313069 
0.351277 

0.116121 
0.129521 
0.144812 
0.162430 
0.182965 

0 
0 
0 
0 
0 

70 
72 
74 
76 
78 

0.765385 
0.849072 
0.944993 
1.056298 
1.187535 

0.  677086 

0.755975 
0.847508 
0.955095 
1.083634 

0.554038 
0.623195 
0.704762 
0.802400 
0.921408 

0.395917 
0.448779 
0.512376 
0.590350 
0.688163 

0.207230 
0.236382 
0.272114 
0.317015 
0.375226 

0 
0 
0 
0 
0 

80 
82 
84 
86 
88 

1.345674 
1.542281 
1.798909 
2.163806 
2.790834 

1.240571 
1.438150 
1.698985 
2.073357 
2.721008 

1. 069839 
1.260828 
1.518315 
1.894760 
2.555104 

0.814374 
0.983236 
1.220780 
1,583040 
2.241393 

0.453784 
0.565578 

0.  736684 
1.028059 

1.  628299 

0 
0 
0 
0 
0 

90 


5 

0.002295 

0.  001926 

0.001498 

0.001025 

0,000520 

0 

15 

0.  020975 

0.017619 

0.013718 

0,009390 

0,004769 

0 

25 

0.060141 

0,050625 

0.  039483 

0,027060 

0,013755 

0 

35 

0.124003 

0.104764 

0.081953 

0,056296 

0,028657 

0 

45 

0.220781 

0.187640 

0. 147536 

0,101748 

0,051923 

0 

55 

0.366615 

0.314676 

0.  249634 

0,173397 

0.088901 

0 

65 

0,596098 

0.520463 

0.419877 

0,295957 

0.153297 

0 

75 

0,998480 

0.899033 

0,751288 

0,549278 

0.293208 

0 

85 

1,962673 

1.866624 

1,686113 

1,380465 

0.860811 

0 
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Table 

17.8 

HEUMAN'S  1 

.AMBDA  FUr 

'ACTION  An(c=>\a 

) 

Ao(*'\a)  = 

-          K'{a) 

^+?A'(a)ZM90°- 

-a)=^!ir(a)i;(^\90°-")-[A»-^(a)]F(v\90°-a)! 

a\<P 

0° 

5° 

10° 

15° 

20° 

25° 

30° 

2 

4 
6 
8 

0 
0 
0 
0 
0 

0.087156 
0.087129 
0.087050 
0.086917 
0.086732 

0.173648 
0.173595 
0.173437 
0.173173 
0.172804 

0.258819 
0.258740 
0.258504 
0.258111 
0.257562 

0.342020 
0.341916 
0.341604 
0.  341084 
0. 340359 

0.422618 
0. 422490 
0.422104 
0.421462 
0.420566 

0.500000 
0.  499848 
0.499391 
0.498633 
0.497574 

10 
12 
14 
16 
18 

0 
0 

0 
0 
0 

0. 086495 
0.086206 
0.  085866 
0. 085476 
0.085037 

0. 172332 

0.171757 
0.171080 
0.170303 
0. 169429 

0.256858 
0.256001 
0.254994 
0.253838 
0.252536 

0. 339430 
0.  338299 
0.  336969 
0.335445 
0.333729 

0.419419 
0.418024 
0.416385 
0.414506 
0.412394 

0.496219 
0.494572 
0.492638 
0.490424 
0.  487937 

20 
22 
24 
26 
28 

0 
0 
0 
0 
0 

0.084549 
0.084013 
0.083432 
0. 082806 
0.082136 

0.168458 
0.167393 
0.166236 
0.164991 
0.163661 

0.251092 
0.249509 
0.247790 
0. 245941 
0,243966 

0.331827 
0.  329743 
0.327483 
0. 325052 
0. 322458 

0.410054 
0. 407492 
0.404717 
0.401736 
0.398558 

0.485184 
0.482176 
0.478920 
0.475428 
0.471710 

30 
32 
34 
36 
38 

0 

0 
0 
0 
0 

0.081425 
0.080674 
0.079884 
0.079058 
0.078198 

0.162247 
0.160755 
0.159187 
0.157548 
0.155842 

0.241870 
0.239657 
0.237335 
0.234908 
0.232383 

0.319707 
0.316806 
0.313764 
0.310587 
0.307286 

0.395191 
0.391645 
0.387930 
0.384057 
0.380037 

0. 467777 
0.463642 
0.459316 
0.454813 
0.450147 

40 
42 
44 
46 
48 

0 
0 
0 
0 
0 

0.077307 
0.076385 
0.075436 
0.074463 
0.  073469 

0.154073 
0.152246 
0.150367 
0.148439 
0. 146470 

0.229767 
0.227068 
0.224292 
0.221447 
0.218543 

0.303869 
0.300346 
0.296727 
0.293022 
0.  289242 

0.375880 
0.371600 
0.367209 
0.362720 
0.358145 

0.445330 
0.440378 
0.435306 
0.430127 
0.  424860 

50 
52 
54 
56 
58 

0 
0 
0 
0 
0 

0.072455 
0.071426 
0.070385 
0. 069336 
0.068281 

0.  144464 
0.142428 
0.140370 
0.138295 
0.136211 

0.215587 
0.212589 
0.209558 
0.206506 
0.203443 

0.285399 
0.281505 
0.277573 
0.273616 
0.  269648 

0.353500 
0. 348799 
0.344057 
0.339290 
0.334516 

0.419519 
0.414121 
0. 408685 
0.403228 
0.397769 

60 
62 
64 
66 
68 

0 
0 
0 
0 
0 

0.067226 
0.066175 
0.065131 
0.064100 
0.063088 

0.134126 
0.132049 
0.129989 
0.127955 
0.125958 

0.200380 
0.197331 
0.194307 
0.191324 
0.188396 

0.265684 
0.261739 
0.257832 
0.253979 
0.250200 

0.329751 
0.325015 
0.320328 
0.315710 
0.311185 

0.392328 
0.386926 
0.381586 
0.376331 
0.371186 

70 
72 
74 
76 
78 

0 
0 
0 
0 
0 

0.062100 
0.061143 
0.060223 
0.059348 
0.  058528 

0.124009 
0.122121 
0.120307 
0.118583 
0.116967 

0.185540 
0.182774 
0.180119 
0.177596 
0.175231 

0.246517 
0.242952 
0.239531 
0.236282 
0.233238 

0.306778 
0.302515 
0.298427 
0.294547 
0.290914 

0.366180 
0.361342 
0.356706 
0.352309 
0.348194 

80 
82 
84 
86 
88 

0 
0 
0 
0 
0 

0. 057773 
0.057095 
0.  056508 
0.056034 
0. 055698 

0.115479 
0.114143 
0.112988 
0.112053 
0.111392 

0.173054 
0.171099 
0.169410 
0.168043 
0.167078 

0.230436 
0.227922 
0.225750 
0.223992 
0.222751 

0.287571 
0.284573 
0.281983 
0.279887 
0.278408 

0.344410 
0.341017 
0.338088 
0.335718 
0.334046 

90 

0 

0.055556 

r(-5)2] 

5 

0.111111 

(-(-5)5- 

5 

0.166667 

r(-5)7] 

6 

0.222222 

[(-5)9- 

6 

0.277778 

[-(-4)1- 

6 

0.333333 

[-(-4)1- 

6 

5 
15 
25 
35 

0 
0 
0 
0 

0.086990 
0.085677 
0.083124 
0.079476 

0.173318 
0.170704 
0.165625 
0.158377 

0.258327 
0.254434 
0.246882 
0.236134 

0.341370 
0. 336231 
0. 326288 
0.312192 

0.421815 
0. 415475 
0.403252 
0.386013 

0.499050 
0.491565 
0.477203 
0.457086 

45 
55 
65 
75 
85 

0 
0 
0 
0 
0 

0.074953 
0.  069861 
0.064614 
0.059779 
0.056256 

0.149408 
0.139334 
0.128968 
0.119433 
0.112490 

0.222878 
0.208034 
0.192809 
0.178839 
0.168682 

0.294884 
0.275597 
0.255897 
0.237883 
0.224814 

0.  364976 
0.341676 
0.318009 
0.296459 
0.280867 

0.432729 
0.405958 
0.378946 
0.  354475 
0.336826 

Compiled  from  C.  Heuman,  Tables  of  complete  elliptic  integrals,  J.  Math.  Phys.  20,  127-206, 
1941  (with  permission) . 
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HEUMAN'S  LAMBDA  FUNCTION  Ao(^\a) 


Table  17.8 


AOVlP 

^'"-         K'(a) 

^^..v-y-v-^ 

"^         -/   ^  >"V 

/  "  V^  i""     V 

L\/      \/J 

a\<p 

35° 

40° 

45° 

50° 

55° 

60° 

0° 

0.573576 

0.642788 

0.707107 

0, 766044 

0.819152 

0.866025 

2 

0.573402 

0. 642592 

0.706891 

0,765811 

0,818903 

0.865762 

4 

0.572878 

0.642006 

0,706247 

0.765113 

0.818157 

0.  864975 

6 

0.  572009 

0.641032 

0,705177 

0.763956 

0.816922 

0. 863674 

8 

0.570795 

0.639674 

0.703687 

0. 762347 

0,815210 

0.861876 

10 

0.569244 

0.  637940 

0,701786 

0.760298 

0.813034 

0.859602 

12 

0.567360 

0.635836 

0, 699484 

0.757822 

0.810416 

0.856877 

14 

0.565150 

0.633373 

0,696794 

0.754937 

0.807375 

0.853731 

16 

0.562623 

0.630561 

0,693729 

0,751660 

0.803935 

0.850194 

18 

0.559789 

0,627412 

0,690306 

0,748011 

0.800123 

0.846297 

20 

0.556657 

0,623939 

0,  686540 

0,744012 

0.795963 

0.842073 

22 

0.553238 

0,620157 

0.682450 

0,739683 

0.791483 

0.837553 

24 

0,549546 

0.616080 

0,678054 

0,735049 

0.786709 

0. 832766 

26 

0.545591 

0.611725 

0,673372 

0,730130 

0.781667 

0.827743 

28 

0.541389 

0.607107 

0,  668422 

0,724951 

0,776384 

0.822510 

30 

0.536953 

0.602244 

0,663225 

0.719533 

0, 770883 

0.817093 

32 

0.532297 

0.597153 

0.657801 

0,713900 

0,765190 

0.811517 

34 

0.527437 

0,591851 

0.652170 

0.708073 

0,759326 

0.805804 

36 

0.522388 

0.586356 

0.646351 

0.702074 

0,753314 

0.799976 

38 

0.517165 

0.580687 

0.  640365 

0.695923 

0,747177 

0.794052 

40 

0.511786 

0.574862 

0,634231 

0. 689642 

0,740932 

0.788051 

42 

0.506266 

0,568898 

0,627970 

0.683251 

0,734602 

0.781992 

44 

0.500622 

0,562815 

0,621600 

0.676769 

0.728203 

0,775891 

46 

0.494873 

0,556632 

0.615142 

0.670217 

0.721756 

0,769764 

48 

0.489034 

0.550366 

0.608615 

0,663613 

0.715277 

0.763627 

50 

0.483125 

0. 544038 

0.602038 

0.656976 

0, 708785 

0.757496 

52 

0.477164 

0.537668 

0.595432 

0.650326 

0,702298 

0.75-1385 

54 

0.471170 

0.531275 

0.588817 

0, 643682 

0,695832 

0.745310 

56 

0.465163 

0.524879 

0.582212 

0,  637064 

0,689405 

0.739286 

58 

0.459163 

0,518502 

0.575640 

0,630491 

0,683037 

0.733329 

60 

0.453192 

0.512167 

0.569122 

0,623985 

0,676745 

0.727455 

62 

0.447272 

0.505895 

0,562680 

0.617567 

0,670549 

0.721680 

64 

0.441428 

0.499711 

0.556339 

0,611258 

0.664469 

0.716024 

66 

0.435683 

0.493642 

0.550124 

0.605085 

0,658528 

0,710504 

68 

0.430065 

0.487715 

0.  544062 

0.  599072 

0,  652749 

0,705142 

70 

0.424604 

0.481959 

0.538183 

0.593247 

0,647159 

0. 699961 

72 

0.419332 

0.476408 

0.532519 

0.  587641 

0,641784 

0.694985 

74 

0.414284 

0.471098 

0.527106 

0,582290 

0.636659 

0.690244 

76 

0.409500 

0.466070 

0.521985 

0.577231 

0.631818 

0.685770 

78 

0.405026 

0.461371 

0.517202 

0.572511 

0,627303 

0.681601 

80 

0.400915 

0.457055 

0.512813 

0.568181 

0.623166 

0, 677782 

82 

0.397229 

0.453189 

0.508883 

0.564307 

0,619464 

0. 674368 

84 

0.394049 

0.449853 

0.505494 

0.560967 

0.616276 

0.671427 

86 

0.391477 

0.447157 

0.502754 

0.558268 

0.613700 

0.669053 

88 

0. 389662 

0,445255 

0.500823 

0.556366 

0.611884 

0.667379 

90 

0.388889 

0, 444444 

0,500000 

0.555556 

0.611111 

0.666667 

[(-4)11 
6 

r(-4)i] 

6 

[(-4)11 
6 

r(-4)i] 

6 

[(-4)1] 
6 

[(-4)1] 
6 

5 

0. 572487 

0.641567 

0.705765 

0. 764592 

0.817600 

0. 864388 

15 

0.563926 

0.632010 

0.695307 

0.753346 

0.805703 

0.852010 

25 

0.547600 

0.613936 

0.675748 

0.732623 

0.784220 

0.830282 

35 

0.524935 

0.589127 

0,649283 

0.705094 

0.756337 

0.802903 

45 

0.497760 

0.559735 

0,618381 

0.673501 

0.724985 

0.772830 

55 

0.468167 

0.528076 

0.585512 

0.  640369 

0.692612 

0.742291 

65 

0.438541 

0. 496661 

0.553214 

0.608153 

0.661480 

0.713246 

75 

0.411857 

0.468546 

0.524506 

0,579721 

0.634200 

0. 687972 

85 

0.  392679 

0.448417 

0.504034 

0,559529 

0.614903 

0.  670162 

^ 
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Table  17.8 


a\<p 


HEUMAN'S  LAMBDA  Fl  NCTION  Ao(v\a) 


65° 


--\K(a)E(.p\90°-a)-[K(c)-E{a)]F{^\90°-a)\ 


70° 


75° 


80° 


85° 


90° 


0 

0.906308 

0.939693 

0.965926 

0. 984808 

0.996195 

2 

0.906032 

0.939407 

0.965633 

0.984511 

0.995903 

4 

0.905210 

0.938559 

0.964769 

0.983652 

0.995130 

6 

0.903857 

0.937172 

0.963376 

0.982315 

0.  994063 

8 

0.901997 

0.935282 

0.961512 

0.980599 

0.  992833 

10 

0.  899660 

0.932934 

0.959244 

0.978597 

0.991511 

12 

0.896881 

0.930177 

0.956638 

0.976384 

0.990135 

14 

0.  893699 

0.927061 

0.953755 

0.974016 

0.988727 

16 

0.890152 

0.923634 

0.  950646 

0.971534 

0.987299 

18 

0.  886280 

0,919940 

0.947355 

0.  968969 

0.985858 

20 

0.882119 

0.916018 

0. 943918 

0. 966343 

0.984410 

22 

0.877704 

0.911904 

0.940364 

0.963671 

0.982958 

24 

0.873068 

0.907630 

0.936718 

0.960968 

0.981506 

26 

0.868240 

0.903221 

0.933000 

0.958241 

0.980054 

28 

0.863249 

0.898703 

0.929226 

0.955500 

0.978604 

30 

0.858117 

0.894095 

0.925409 

0.952751 

0.977159 

32 

0.852869 

0.889416 

0.921563 

0.949998 

0.975719 

34 

0.847523 

0.884681 

0.917695 

0.947247 

0.974286 

36 

0.842100 

0.879904 

0.913817 

0.  944502 

0.972861 

38 

0.836615 

0.875099 

0.909935 

0.  941766 

0.971445 

40 

0.831085 

0.870277 

0.906056 

0.939042 

0.970039 

42 

0.825524 

0.865449 

0.902188 

0.936335 

0.  968644 

44 

0.819946 

0.860625 

0.898337 

0.933647 

0.967262 

46 

0.814365 

0.855814 

0. 894508 

0.930981 

0.965894 

48 

0.808792 

0.851026 

0.890708 

0. 928341 

0.964540 

50 

0.803241 

0. 846269 

0. 886942 

0.925731 

0.963204 

52 

0.797724 

0.841553 

0.883216 

0.923152 

0.961885 

54 

0.792252 

0.836887 

0.879537 

0.920610 

0.960586 

56 

0.786839 

0.832280 

0.875911 

0.918108 

0.959309 

58 

0.781496 

0.827742 

0.872345 

0.915649 

0.958055 

60 

0.776237 

0.823283 

0. 868846 

0.913240 

0.956826 

62 

0.771077 

0.818913 

0.865421 

0.910884 

0.955626 

64 

0.766029 

0.814645 

0.862080 

0.908588 

0.954457 

66 

0.761110 

0.810490 

0.858831 

0.906357 

0.953321 

68 

0.756338 

0.806464 

0.855685 

0.904198 

0.952223 

70 

0.751731 

0.802581 

0.852654 

0.902119 

0.951166 

72 

0.747312 

0.798860 

0.849751 

0.900129 

0.950154 

74 

0.743104 

0.795319 

0.846990 

0.898237 

0.949193 

76 

0.739137 

0.791983 

0. 844390 

0.896456 

0.948288 

78 

0.735442 

0. 788877 

0.841972 

0.  894800 

0.947446 

80 

0.732059 

0.786036 

0. 839759 

0. 893286 

0. 946677 

82 

0.729036 

0.783497 

0.837783 

0.891933 

0.945990 

84 

0.726434 

0.781312 

0.836083 

0.890770 

0.945400 

86 

0.724333 

0.  779549 

0.834711 

0.889831 

0.944923 

88 

0.722852 

0.778307 

0.833745 

0.889170 

0.  944587 

90 

0.722222 

0.  777778 

0.833333 

0. 888889 

0. 944444 

1 

-(-4)1- 
6 

r(-5)9-| 

6 

r(-5)7] 

6 

r(-5)5i 

5 

r(-5)2] 

5 

5 

0.904599 

0.937930 

0.  964135 

0.983037 

0.994624 

15 

0.891969 

0.925384 

0.952226 

0.972787 

0.988015 

25 

0.870676 

0.905441 

0.934867 

0.959607 

0.980779 

35 

0.844820 

0.882297 

0.915757 

0.945873 

0.973573 

45 

0.817155 

0.858217 

0.896419 

0.932311 

0.966576 

55 

0.789537 

0.834576 

0.877717 

0.919353 

0.959944 

65 

0.763552 

0.812552 

0.860443 

0.907464 

0.953885 

75 

0.741089 

0.793624 

0.845669 

0.897332 

0.948733 

85 

0.725315 

0.780373 

0.835352 

0.890270 

0.945145 
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Table  17.9 


n 

o\<P 

0° 

15° 

30° 

45° 

60° 

75° 

90° 

0.0 

0° 

0 

0.26180 

0.52360 

0.78540 

1.04720 

1.30900 

1.57080 

0.0 

15 

0 

0.26200 

0.52513 

0.79025 

1.05774 

1. 32733 

1.59814 

0.0 

30 

0 

0.26254 

0.52943 

0.80437 

1.08955 

1.  38457 

1.68575 

0.0 

45 

0 

0.26330 

0.53562 

0.82602 

1.14243 

1.48788 

1.85407 

0.0 

60 

0 

0.26406 

0.54223 

0.  85]22 

1.21260 

1.64918 

2.15651 

0.0 

75 

0 

0.26463 

0.54736 

0.87270 

1.28371 

1.87145 

2.76806 

0.0 

90 

0 

0.26484 

0.54931 

0.88137 

1.31696 

2.  02759 

00 

0.1 

0 

0 

0.26239 

0.52820 

0.80013 

1.  07949 

1.36560 

1. 65576 

0.1 

15 

0 

0.26259 

0.52975 

0.80514 

1.09058 

1.38520 

1. 68536 

0.1 

30 

0 

0.26314 

0.53412 

0.81972 

1.12405 

1. 44649 

1.78030 

0.1 

45 

0 

0.26390 

0.54041 

0.84210 

1.17980 

1.55739 

1.96326 

0.1 

60 

0 

0.26467 

0.54712 

0.86817 

1.25393 

1.73121 

2.29355 

0.1 

75 

0 

0.26524 

0.55234 

0.89040 

1.32926 

1.97204 

2.96601 

0.  1 

90 

0 

0.26545 

0.55431 

0.  89939 

1.36454 

2.14201 

00 

0.2 

0 

0 

0.26299 

0.53294 

0.81586 

1,11534 

1.43078 

1.75620 

0.2 

15 

0 

0.26319 

0.53452 

0.82104 

1.12705 

1.45187 

1.78850 

0.2 

30 

0 

0.26374 

0.53896 

0.83612 

1.16241 

1.51792 

1.89229 

0.2 

45 

0 

0.26450 

0.54535 

0.85928 

1.22139 

1.63775 

2.09296 

0.2 

60 

0 

0.26527 

0.55217 

0.88629 

1.30003 

1.82643 

2.45715 

0.2 

75 

0 

0.26585 

0.55747 

0.90934 

1.38016 

2.  08942 

3.20448 

0.2 

90 

0 

0.26606 

0.55948 

0.91867 

1.41777 

2.27604 

00 

0.3 

0 

0 

0.26359 

0.53784 

0.  83271 

1.15551 

1.50701 

1.87746 

0.3 

15 

0 

0.26379 

0.53945 

0.  83808 

1.16791 

1.52988 

1.91309 

0.3 

30 

0 

0.26434 

0.54396 

0.85370 

1.20543 

1.60161 

2.02779 

0.3 

45 

0 

0.26511 

0.55046 

0.87771 

1.26812 

1.73217 

2.25038 

0.3 

60 

0 

0.26588 

0.55739 

0.90574 

1.35193 

1.93879 

2.65684 

0.3 

75 

0 

0.26646 

0.56278 

0.92969 

1.43759 

2.22876 

3.49853 

0.3 

90 

0 

0.26667 

0.56483 

0.93938 

1.47789 

2.43581 

00 

0.4 

0 

0.26420 

0.54291 

0.  85084 

1.20098 

1.59794 

2.02789 

0.4 

15 

0 

0.26440 

0.54454 

0.85641 

1.21419 

1.62298 

2.06774 

0.4 

30 

0 

0.26495 

0.54912 

0.87262 

1.25419 

1.70165 

2.19629 

0.4 

45 

0 

0.26572 

0.55573 

0.89756 

1.32117 

1.84537 

2.44683 

0.4 

60 

0 

0.26650 

0.56278 

0.92670 

1.41098 

2.07413 

2.90761 

0.4 

75 

0 

0.26708 

0.56827 

0.95162 

1.50309 

2.39775 

3.87214 

0.4 

90 

0 

0.26729 

0.57035 

0.96171 

1.54653 

2.63052 

oo 

0.5 

0 

0 

0.26481 

0.54814 

0.87042 

1.25310 

1.70919 

2.22144 

0.  5 

15 

0 

0.26501 

0.54980 

0.87621 

1.26726 

1.73695 

2.26685 

0.5 

30 

0 

0.26557 

0.55447 

0.89307 

1.31017 

1.82433 

2.41367 

0.5 

45 

0 

0.26634 

0.56119 

0.91902 

1.38218 

1.98464 

2.70129 

0.  5 

60 

0 

0.26712 

0.56837 

0.94939 

1.47906 

2.24155 

3.23477 

0.5 

75 

0 

0.26770 

0.57394 

0.97538 

1.57881 

2.60846 

4.  36620 

0.5 

90 

0 

0.26792 

0.57606 

0.98591 

1.62599 

2.87468 

00 

0.6 

0 

0 

0.26543 

0.55357 

0.89167 

1.31379 

1.85002 

2.48365 

0.6 

15 

0 

0.26563 

0.55525 

0.  89770 

1. 32907 

1.88131 

2.53677 

0.6 

30 

0 

0.26619 

0.56000 

0.91527 

1.  37544 

1.98005 

2.70905 

0.6 

45 

0 

0.26696 

0.56684 

0.94235 

1.45347 

2.16210 

3.04862 

0.6 

60 

0 

0.26775 

0.57414 

0.97406 

1.55884 

2.45623 

3.68509 

0.6 

75 

0 

0.26833 

0.57982 

1.00123 

1.66780 

2.88113 

5.05734 

0.6 

90 

0 

0.26855 

r(- 5)5-1 

4 

0.58198 

r(-4)4l 

6 

1.01225 

r(-3)2i 

7 

1.71951 

[(-3)71 

7 

3.19278 

00 

See  Examples  15-20. 


626 

Table    17.9 


ELLIPTIC    INTEGRALS 


ELLIPTIC  INTEGRAL  OF  THE  THIRD  KIND  n(n,-^\a) 

n(n;  v\a)=  p  (1-w  sin^  0)"^[l-sin^  a  sin^  6]    'dd 


T» 

0" 

15° 

30° 

45° 

60° 

75° 

90° 

0.7 

o" 

0 

0.26605 

0.55918 

0.91487 

1.38587 

2.03720 

2.86787 

0.7 

15 

0 

0.26625 

0.56090 

0.92116 

1.40251 

2.07333 

2.93263 

0.7 

30 

0 

0.26681 

0.56573 

0.93952 

1.45309 

2.18765 

3.14339 

0.7 

45 

0 

0.26759 

0.57270 

0.96784 

1.53846 

2.39973 

3.56210 

0.7 

60 

0 

0.26838 

0.58014 

1.00104 

1.65425 

2.74586 

4.35751 

0.7 

75 

0 

0.26897 

0.  58592 

1.02954 

1.77459 

3.25315 

6.11030 

0.7 

90 

0 

0.26918 

0.58812 

1.04110 

1.83192 

3.  63042 

00 

0.8 

0 

0 

0.26668 

0.56501 

0.94034 

1.47370 

2.30538 

3.51240 

0.8 

15 

0 

0.26688 

0.56676 

0.94694 

1.49205 

2.34868 

3.59733 

0.8 

30 

0 

0.26745 

0.57168 

0.96618 

1.54790 

2.48618 

3.87507 

0.8 

45 

0 

0.26823 

0.57877 

0.99588 

1.64250 

2.74328 

4.  43274 

0.8 

60 

0 

0.26902 

0.58635 

1.03076 

1.77145 

3.16844 

5.51206 

0.8 

75 

0 

0.26961 

0.59225 

1.06073 

1.90629 

3.80370 

7.  96669 

0.8 

90 

0 

0.26982 

0.59449 

1.07290 

1.97080 

4.28518 

00 

0.9 

0 

0 

0.26731 

0.57106 

0.96853 

1.58459 

2.74439 

4.96729 

0.9 

15 

0 

0.26752 

0.57284 

0.97547 

1.60515 

2.79990 

5.09958 

0.9 

30 

0 

0.26808 

0.57785 

0.99569 

1.66788 

2.97710 

5.53551 

0.9 

45 

0 

0.26887 

0.58508 

1.02695 

1.77453 

3.31210 

6.42557 

0.9 

60 

0 

0.26966 

0.59281 

1.  06372 

1.92081 

3.87661 

8.20086 

0.9 

75 

0 

0.27025 

0.  59882 

1.09535 

2.  07487 

4.74432 

12.46407 

0.9 

90 

0 

0.27047 

0.60110 

1.10821 

2.14899 

5.42125 

00 

1.0 

0 

0 

0.26795 

0.57735 

1.00000 

1.73205 

3.73205 

00 

1.  0 

15 

0 

0.26816 

0.57916 

1.00731 

1.75565 

3.81655 

oo 

1.0 

30 

0 

0.26872 

0.58428 

1.  02866 

1.82781 

4.08864 

00 

1.0 

45 

0 

0.26951 

0.59165 

1.06170 

1.95114 

4.61280 

00 

1.0 

60 

0 

0.27031 

0.59953 

1.10060 

2.12160 

5.52554 

00 

1.0 

75 

0 

0.27090 

0.60566 

1.13414 

2.30276 

7.  0-0372 

00 

1.0 

90 

0 

0.27112 

r(-5)51 

4 

0.60799 

[(-4)51 

6 

1. 14779 
r(- 3)2-1 

7 

2.39053 

[(-2)1-1 

7 

8.22356 

00 
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18.  Weierstrass  Elliptic  and  Related  Functions 
Mathematical  Properties 


18.1.  Definitions,  Symbolism,  Restrictions  and 
Conventions 

An  elliptic  function  is  a  single-valued  doubly 
periodic  function  of  a  single  complex  variable 
which  is  analytic  except  at  poles  and  whose  only 
singularities  in  the  finite  plane  are  poles.  If  oj  and 
w'  are  a  pair  of  (primitive)  half -periods  of  such  a 
function  j{z),  then  j{z+2Moi^2N(^')=j{z),  M 
and  A^  being  integers.  Thus  the  study  of  any 
such  function  can  be  reduced  to  consideration  of 
its  behavior  in  a  fundamental  period  parallelo- 
gram (FPP).  An  elliptic  function  has  a  finite 
number  of  poles  (and  the  same  number  of  zeros) 
in  a  FPP;  the  number  of  such  poles  (zeros)  (an 
irreducible  set)  is  the  order  of  the  function  (poles 
and  zeros  are  counted  according  to  their  multi- 
plicity). All  other  poles  (zeros)  are  called  con- 
gruent to  the  irreducible  set.  The  simplest  (non- 
trivial)  elliptic  functions  are  of  order  two.  One 
may  choose  as  the  standard  function  of  order  two 
either  a  function  with  two  simple  poles  (Jacobi's 
choice)  or  one  double  pole  (Weierstrass'  choice) 
in  a  FPP. 

Weierstrass'  {P -Function.  Let  w,  w'  denote  a 
pair  of  complex  numbers  with  ^(aj7w)>0.  Then 
ff^(2)  =  ff^{z\(j},  0)')  is  an  elliptic  function  of  order 
two  with  periods  2  a),  2  a}'  and  having  a  double  pole 
at  2=0,  whose  principal  part  is  2~^;  (P{z)  —  z~'^  is 
analytic  in  a  neighborhood  of  the  origin  and  van- 
ishes at  2=0. 

Weierstrass'  ^-Function  ^{z)  =  ^{z\o),  w')  satisfies 
the  condition  ^'{z)  =  —  (J>{z)',  further,  ^{z)  has  a 
simple  pole  at  2=0  whose  principal  part  is  2~*; 
^{z)  —  z''^  vanishes  at  2=0  and  is  analytic  in  a 
neighborhood  of  the  origin,  ^{z)  is  NOT  an 
elliptic  function,  since  it  is  not  periodic.  However, 
it  is  quasi-periodic  (see  "period"  relations),  so 
reduction  to  FPP  is  possible. 

Weierstrass'  a-Function  a(z)  =  a(z\co,  w')  satisfies 
the  condition  y(z)l(T{z)  =  ^(z);  further,  a{z)  is  an 
entire  function  which  vanishes  at  the  origin. 
Like  f,  it  is  NOT  an  elliptic  function,  since  it  is 
not  periodic.  However,  it  is  quasi-periodic  (see 
"period"  relations),  so  reduction  to  FPP  is  pos- 
sible. 


Invariants    ^2    and    g^ 

Let  W=2Mo}-^2No}',  M  and  A^  being  integers. 
Then 

18.1.1  5r2=602'PF-*and5r3=140S't7-« 

are  the  INVARIANTS,  summation  being  over  all 
pah^  M,  A^  except  M=N=0. 

Alternate  Symbolism  Emphasizing  Invariants 

18.1.2  ff>(2)  =  {P(z;g„g^) 

18.1.3  (P'{z)  =  g>'{z-g„g,) 

18.1.4  f(2)  =  f(2;y2,  ^3) 

18.1.5  <r(2)  =  <7{z;g2,  gz) 

Fundamental  Differential  Equation,  Discriminant  and 
Related  Quantities 

18.1.6  rp'\z)=4g>\z)-g,(P(z)-g, 
18.1.7 


=Hg>{z)-e,){g>{z)-e2)i(P(z)-e,) 


18.1.8 


A=gl-27f,=  16(e2-e,y(es-e^ne,-e2y 
18.1.9 

^2  =^  —  4  (61^2  +  ei^a  +  62^3) = 2  («? -f  ei -I- e|) 

18.1.10  gz=^e,e2e,=Ue\+el-]-el) 

18.1.11  €,+^24-63=0 

18.1.12  et+et-{-et=gl/8 

18.1.13  46?-fir2e,-^3=0(i=  1,  2,  3) 

Agreement  about  Values  of  Invariants  (and  Discrim- 
inant) 

We  shall  consider,  in  this  chapter,  only  real  gj 
and  gz  (this  seems  to  cover  most  applications) — 
hence  A  is  real.  We  shall  dichotomize  most  of 
what  follows  (either  A>0  or  A^O).  Homoge- 
neity relations  18.2.1-18.2.15  enable  a  further 
restriction  to  non-negative  ^3  (except  for  one  case 
when  A=0). 

Note  on  Symbolism  for  Roots  of  Complex  Numbers  and 
for  Conjugate  Complex  Numbers 

In  this  chapter,  2'^"  (n  a  positive  integer)  is  used 
to  denote  the  principal  nth  root  of  2,  as  in  chapter 
3;  2  is  used  to  denote  the  complex  conjugate  of  2. 
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FPP's,  Symbols  for  Periods,  etc. 


> 

,            A>0 

2cj' 

1 

2CU2 

J 

L 

/  J 

Re 

% 

Cl) 

J 

R.= 

^FPP 

R4 

r 

r 

A<  0 


0  cu 

RECTANGLE 


2a; 


Figure  18.1 

c«J2=w+a>'  aj2  =  o)'  —  a> 


^-X 


0:3  =  0} 


w  REAL 

to'  PURE  IMAG. 

|w'|  ^w,  since  ^3^0 


«2  REAL 

w^  PURE  IMAG. 

|w2!^w2,  since  ^3^0 


Fundamental  Rectangles 

Study  of  all  four  functions  {ff>  ,(J>' ,  f,  o-)  can  be  reduced  to  consideration  of  their  values  in  a  Funda- 
mental Rectangle  including  the  origin  (see  18.2  on  homogeneity  relations,  reduction  formulas  and 
processes) . 

A>0  ""  A<0 


1 


Fundamental  Rectangle  is  -7  FPP,  which  has  ver-       Fundamental  Rectangle  has  vertices  0,  aj2,  a)2+ir> 

4  ^ 


^2 


tices  0,  w,  aj2  and  co' 

y 


2 


CD' 


FUNDAMENTAL 
RECTANGLE 

{=-f   FPP) 


W, 


CD, 


2aj' 


FUNDAMENTAL 
rECTANGLE 


Cl). 


-^X 


u)  0 

Figure  18.2 
There  is  a  point  on  the  right  boundary  of  Fundamental  Rectangle  where  ^  =0.     Denote  it  by  Zq. 


18.2.  Homogeneity  Relations,  Reduction 
Formulas  and  Processes 


Homogeneity  Relations  (Suppose  t?^0) 
Note  that  Period  Ratio  is  preserved. 

18.2.1  g>'{u\to>,  t<^')=t-'g>'{zw,  a,') 

18.2.2  g>{tz\to:,  toi')=t-'g>(z\o,,  co') 

18.2.3  r(<2|«'«',  ^w')=r'r(2|w,  w') 

18.2.4  (T{tz\to},  to}')=t<T(z\u,  co') 

18.2.5  gzito},  to}')=t-%(o},  w') 

18.2.6  Qzitw,  to)')=t-%{o),  0)') 

18.2.7  ei(t(>},  tco')=t-hi{o},  0)'),  1^=1,  2,  3 

18.2.8  A(«co,  <«')=r»2A(aj,  co') 

18.2.9  Hi{to>,  to}')=t-^Ht{w,  co'),i=l,2,3 

(See  18.3) 

18.2.10  q(tu),  tu}')=q{o},  coO         (See  18.10) 

18.2.11  m{to},  tio')=mio},  w')         (See  18.9) 

18.2.12  g>'(tz;  t-%,  t-%)=t-'g^'{z',  g2,  g,) 

18.2.13  rp  (tz;  t-%,  t-%)=t-'ff>(z;  g^,  g^) 

18.2.14  at2;  r%,  t-%)  =rY(z;  g^,  gz) 

18.2.15  a{tz',  t-%,  t-%)  =ta{z;  g2,  gz) 
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The  Case  g3<0 

Put  t=i  and  obtain,  e.g., 
18.2.16      ^(2;  g^,  gz)  =  -G>{iz;  g„  -g,) 
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Thus  the  case  $F3<0  can  be  reduced  to  one  where 
^3>0. 

"Period"   Relations  and  Reduction  to  the  FPP  {M^N 
integers) 

18.2.17  ^  '(2+2Mco+2Ara;')  =  g>'{z) 

18.2.18  (P  (24-2Mco  +  2Ara,0  =  ^  (2) 

18.2.19 

f(3+2Mco+2A^co')  =  r(2)+2M7,+2W 

18.2.20 

(T(2+2Mco+2iVa)0 

=  (-l)'^+^+^^a(2)  exp  [(2+Mco  +  A/'co')(2iVfr7 

+2iV7,')] 
18.2.21  where  r;=f(a>),  rj'  =  f(co') 

"Conjugate"  Values 
J(z)=j{z),  where/  is  any  one  of  the  functions 


A>0 


Reduction  to  V4  FPP  (See  Figure  18.1) 

(s  denotes  conjugate  of  s) 

Point  Z4  in  /{4 


A<0 


18.2.22 
18.2.23 
18.2.24 


^'(24)  =  -^'(2a,-24) 
^(04)  =  ^  (2a;- 2,) 


^'(24)  =  -^'(2co2-24) 


^(24)  =  ^(20,2- 24) 


f(24)  =  -f(2co-24)+2^ 


f(24)  =  -f(2a;2-24)+2(77  +  rjO 


18.2.25     (r(24)  =  <T(2a)-24)  exp  [27^(24— co)] 


<r(24)  =  (r(2a)2  — 24)  exp  [2(17+77') (24— "2)] 
Point  23  in  Kz 


18.2.26  ^  '(23)  =  -  ^  '(20,2-  23) 

18.2.27  ^  (23)  =  g)  (20,2-23)  ^  (23)  =  rp  (20)2-23) 

18.2.28  r(23)  =  -f(2«2- 23) +2(77+77')  r(23)  =  -f(2«2-23)+2(77+77') 

18.2.29  (r(23)  =  <r(2o;2-23)  exp  [2(77+77') (23-0J2)]  (7(23)  =  (7(20,2-23)  exp  [2 (77 +  77') (23 -0)2)] 

Point  Z2  in  i{2 

^'(22)  =  ^'('i2) 


18.2.30 
18.2.31 
18.2.32 


^'(22)  =  ^'(22-20,') 


^(22)  =  ^(22-20,') 


f(22)  =  f(22-2o,')+277' 


18.2.33      (r(22)  =  -cT(22-2o,')  exp  [277'(22-o,')] 


^(22) =^(22) 
r(22)=f(S) 

{7-(22)  =  cr(22) 
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Figure  18.3 


Reduction  from   Vi  FPP  to  Fundamental  Rectangle  in 
Case  A<0 

We  need  only  be  concerned  with  the  case  when 
z  is  in  triangle  A2  (therefore  2w'  — 2  is  in  triangle 

A,). 

18.2.34'  g){z)  =  g>{2oi'-z) 

18.2.35  g>'{z)  =  -(J>'{2o>'-z) 

18.2.36  f(2)=2rj'-f(2aj'-2) 

18.2.37  a{z)  =  (j{2<^'-z)  exp  W {z- o)')] 


18.2.38 
18.2.39 
18.2.40 
18.2.41 
18.2.42 
18.2.43 
18.2.44 

18.2.45 


Reduction    to   Case   where  Real   Half-Period   is   Unity 

(preserving  period  ratio) 

A>0  A<0 

(aj2=c«jH-aj') 

g>'{zW,o^')^o^-'  g>'  (zo^-^\,-\  ^'(2|c.,a,')  =  cor^'6c.r|-'-) 

g>{z\u:,^')=i,-'g:>(zc.-'\\,-\  g:>{z\u>,u>')=<^'g:>(zo>A-^-^ 

\                        0}  /  \               l'«^2     <^2/ 

/     \             f\                 (        -111      ^'\  (     \              f\                   (        -ll'^       ^'\ 

<7(2|a),  CO  )  =  aj(r  I  20)     |1,  —  I  a-(2|aj,  co  j  =  aj20' I  20)3     — > —  I 

\                         CO  /  \               |C02     0)2/ 

(72(cO,aj')=W~'*^2(   1,    —  )  ^2(W,W0=<«J2"V2(— '  —  ) 

\          CO  /  \C02     CO2  / 

(73(0),  C0')  =  C0-^$r3f  1,  —  j  y3(w,  C0')=C0j^i73(  — '  —   ) 


(i=l,2,3) 


;i(co,  C0')  =  '«^2^«<  (  ""'  ~  ) 
\C02      CO2/ 

(i  =  l,2,3) 


A(co,  co')  =  co-'2A  (\,  -")  A(co,  co')  =  a)2-''A  ("-,  -) 

\  CO/  \C02     CO2/ 


NOTE:  New  real  half -period  is 

0)     ,    CO    CO  +  CO    

C02        C02  C02 
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18.3.   Special  Values  and  Relations 

Values  at  Periods 

(P,  (J>' ,  and  f  are  infinite,  <t  is  zero  at  z=2o3i,  i=l,2,  3  and  at  2a>2(A<;0). 
A>0  A<0 

Half-Periods 

18.3.1  ^(co,)  =  e,(2=l,2,3) 

18.3.2  g>'M=0{i=\,2,2>) 

18.3.3  r?,=  r(co,)(i=l,2,3) 

18.3.4  Vi^V,V2=V-hv'  ,V3=v' 

18.3.5  m=2e\+eje,{i,j,k=l,2,3;i9^j,i9^k,J9^k) 
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18.3.6 

18.3.7 
18.3.8 


=  (^t-e,)(e,-6.)=26l+^=3g?-f 


et  real 

ei>0>€2>e3 
(equality  when  ^3=0) 


18.3.9       7j>0 


18.3.10    t?7*=0if 


62  real  and  non-negative 

(^2=0  when  gf3=0) 

ei=—a-{-i0,  63=61 

where  a>0,|8>0 

(equality  when  ^3=0) 

t72>0 


18.3.11  |co'|/co^l. 91014  050(approx.) 

18.3.12  Hi>0,H3>0 


18.3.13  H2  =  i^f-H| 

18.3.14  ff(w)  =  e'"-^Vi^'' 

18.3.15  c{oi')=ie^'"''Vm'' 

18.3.16  a2(c02)  =  6''2<-2/(-H2) 


18.3.17     arg[cr(a;2)]=Y+I 


18.3.18     CP{i^l2)  =  6i+H,>6, 


I     18.3.19     rp'(o>|2)  =  -2H^^J2H^  +  ^6, 
18.3.20     r(w/2)  =  M»?+V2Hi+3ei] 


i72/i|0  if  |«2l/aj2|3.81915  447  (approx.) 

^2>0 

7r/4<arg(Z^3)  <7r/2  (equality  if  g^^O) ;  ^,=^3 

a(a,',)=i6"''"'^"/Hl'' 
a\oi')  =  6^''->'l{-m 

arg[cr(a,')]=^^+|-^  arg(e2+H2-6,) 

Quarter  Periods 

g>{0}2l'^)  =  62  +  H2>62 


rp'  (0^2/2)  =  -2H2^J2H,-\-3ei 

f(W2)  =  M'72  +  V2H2  +  3«2] 
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A>0  A<0 

18.3.21  <r(a;;2)=2i/4^/8(2fl'j+3ej)i/8  (r(a,,/2)=2i/4£^/8(2fl^^+3g^)i/8 

18.3.22  ^  («72)  =e3--ff3<«3<0  ^  (co^/2)  =e^-U^^g)  (a,2+a,^/2)<e2<0 


18.3.23        g>'Wl2)  =  -2H,i\2Hi-3e3  g>  '{i^l2)  =  -2^2^2^2-362=  ^  '(0^2+0,^/2) 


18.3.24  rM2)  =  M'7'-iA2H3-3e3]  f(a4/2)  =  ^h2-H  2^2-362]= -r(a;2+co^/2)+2V 

18.3.25  (Ka)72)=2i/4^3/8(2i73_3e3)i/8  <r(«^/2)=2i/4^/8(2^^_3e2)i/8 

=<r((.)2+wi/2)  erp  [— »j't02] 

18.3.26  rp(o>2/2)^e2-H2  ^(coV2)  =  e3-^3 

18.3.27  ff>'{o>2/2)  =  -2H2i{2H2-Se2)i  (P'WI2)  =  -2iH^{2H^-3ez)^ 

18.3.28  r(W2)  =  M'72-i(2H2-3e2)i]  r(«72)=lh'-i(2iy3-3e3)^] 

18.3.29  (r(co2/2)=,,^,^„.  %    ,,.,,  <r(a,72)=; 


[4£?|(2£r2-36,)]^'«  ^    '  '     [4H|(2£r3-363)]^'« 

One-Third  Period  Relations 

At  2  =  2a;,/3({=l,  2,  3)  or  2a;2/3,^"'=12^^'^ 
equivalently: 

18.3.30  ^^[P'-2Ag2(p^-4:Sg^g>-gi=0 

A>0  A<0 

18.3.31  r(2./3)=|+[^(|^)J  ,(W3)=|.+[^^] 

18.3.32  ,(2.73)=^-[^^]  ,(2.;/3)=f-[^(|^)] 

18.3.33  r(2W3)=f+[^^7  ,(2«73)=^+[^^^] 

18.3.34  «rf2a:/3)==^^JME3  <r(2a,2/3)  =^^^Bi^ 


A^'(2a;/3)  A  ^'(20,2/3) 


18.i.do  a(2a,/3)-j^,^2o,73)r'3,2w/3  ''^^"^^^-[^TWSFV^^ 

18.3.36  cr(2W3)-j^, ^20,2/3)]^^^.^'-^  '^^^^  /^^-[  r^'(2a;73)?'V''^^ 

Legendre's  Relation 

18.3.37  Tjw'  —  rj'u^Tnl2  tj^o^ — 772a>2=7ri 
(also  valid  for  A<Oj 

Relations  Among  the  J7, 

18.3.38  H\^m+m=^2i^ 

18.3.39  HlHI^HlHl^miP,=0 
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18.3.40  mHlHI=^-A/16 

18.3.41  lQm-l2g2Ht^A=0ii=l,  2,  3) 

18.4.  Addition  and  Multiplication   Formulas 
Addition  Formulas^  (217^22) 

18.4.1  rp  (.+..)=!  [^;^:;^rg;ffj-ffl  (^0-^(3.) 

18.4.2  rp   (e,  +  2,)-  ^___^__ 

18.4.3  f(3,  +  2.)  =  r(20  +  f(^.)+2  7?)  (20-^  (2.) 

18.4.4  cr(2i  +  22)cr(2i-22)  =  -c7='(2,)cr'(22)[^(2i)-^(22)] 

Duplication  and  Triplication  Formulas 

[Note  th^tg>''=6lP\z)-^>g>'\z)=4.rpKz)-g,g>(z)-g,  and  ^'"(2)=12^(2)^'(2)] 

18.4.5  '^(22)=-2r7)(2)+[^;^J 

18.4.0  ^  K^z)—  47p^\z) 

18.4.7  a2z)=2^(z)  +  g>"(z)l2rp'(z) 

18.4.8  <ji2z)  =  -rp'(z)(T'(z) 

18.4.10  (r(32)  =  -^'2(2)a«(2)[^(22)-^(2)] 

18.5.   Series  Expansions 
Laurent  Series 

18.5.1  g>(z)  =  z-'-{-J2c,z"'-' 

fe=2 

18.5.2  where  C2=i?2/20,  03=^3/28 

and 

3  '^"2 

18.5.3  '''=(2k-^l){k-3)  S  '''"''*"'"'  ^-  ^ 

18.5.4  ^'(2)=-22-3+X)(2it-2)c,.2'*-=' 

*=2 

18.5.5  f(2)=2-i-Z:ct2^*-V(2/:-l) 

it=2 
oD  _4m  +  6n  +  l 

'  Formulas  for  f  and  ^  are  not  true  algebraic  addition  formulas. 
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18.5.7  where  ao, 0=1  and 

1 A  1 

18.5.8  a„,.„=3(m  +  l)a^+i,„-i+y  (n  +  l)a^_2.„+i— -  (2m-{-Sn—l)(Am-{-Qn—l)a„-i,„, 

it  being  understood  that  a^,„  =  0  if  either  subscript  is  negative. 

(The  radius  of  convergence  of  the  above  series  for  (P  —  z~'^,  (J>'-]-2z~^  and  f— 2~'  is  equal  to  the 
smallest  of  \2ui\,  \2ui'\  and  |2a>rh2co'l;  series  for  a  converges  for  all  z.) 


18.5.9 

18.5.10 

18.5.11 

18.5.12 

18.5.13 

18.5.14 

18.5.15 

18.5.16 

18.5.17 

18.5.18 

18.5.19 

18.5.20 

18.5.21 

18.5.22 

18.5.23     Ci 

18.5.24 


V^alues  of  Coefficients  ^  cjt  in  Teims  of  C2  and  d 

Cs =80263/11 

C6=[2c^+3c|]/39 

C7=2<^C3/33 

C8=5c2(llc|+36ci)/7293 

C9=C3(29ci+llc|)/2717 

Cio=  (242c^4-1455cicD/240669 

Cu=14c2C3(389c^+369ci)/3187041 

Ci2=(114950c^+1080000cfci  +  166617c^)/891678645 

Ci3=10c5C3(297c^+530c|)/11685817 

2c2(528770cf+7164675cf>ci+2989602c|) 
(306735) (215441) 

4c3(62921815c^+179865450c?ci+14051367c|) 


Cu 


Cl5  = 


Cl6  = 


Cn- 


(179685) (38920531) 

ci(589o7855cf+ 108651 1320cic^+875341836c|) 
(5909761)(5132o65) 

C2C3(30171955d+126138075c^c^+28151739c|) 


(920205)(6678671) 

1541470  •  949003^+30458088737  •  1 1554^+122378650673  ■  378c^|+2348703  •  887777c| 

(1342211013)(469ol05713) 

^2c;>C3(3365544215d+429852433  •  45cfci+ 852774347  7c|) 
^''  (91100295)(113537407) 


3  NOTES: 

1.  C4-C16  were  computed  and  checked  independently 
by  D.  H.  Lehmer;  these  were  double-checked  by 
substituting  ^2=20  C2.  .93  =  28  C3  in  values  given  in 
[18.10]. 

2.  Cir-fi8  were  derived  from  values  in  [18.10]  bj- 
the  same  substitution.  These  were  checked  (numer- 
ically) for  particular  values  of  g2,  gt. 


3.  Ci9  is  given  incorrectly  in  [18.12]  (factor  13  is 
missing  in  denominator  of  third  term  of  bracket) ; 
this  value  was  computed  independently. 

4.  No  factors  of  any  of  the  above  integers  with  more 
than  ten  digits  are  known  to  the  author.  This  is  not 
necessarih-  true  of  smaller  integers,  which  have,  in 
many  instances,  been  arranged  for  convenient  use 
with  a  desk  calculator. 


»v4 
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18.5.25 


WEIERSTRASS    ELLIPTIC 
Reversed  Series*  for  Large  |  iP  \ 


4-^'  (ai+7ai)u^«+^  (3a^+10ai)u2^ 


AND    RELATED    FUNCTIONS 

Reversed  Series  for  Large  |  (P   \ 

18.5.29  z=A^u-^A^u''-^A^v}-\-A^v?^-  . 

18.5.30  whereu=(^"^3)-V'/3 

18.5.31  ^1=2^/3 


,3^-,|l7 


35a2Q!3 
92 


(9a!+4ai)u2 


+  2^  (33a^+180aiai+10a|)u2^ 


7a2«3 
■   12 


(llal  +  10ai)w" 


+^  (143a^+llo5a^i+210a|)  W^^ 


23-29 


+^  (143a^+220a|ai+6a|)^3^ 
+^'  (65a5+728a^i+280a!)w33 
+11^'  (195a«+45oaiai+42a|)w3^ 


11 


.3_.4 


^MT  (1105a^+16380a«ai+10920a|a; 


+  16803)^"-^  ^  /'CC;^6_J_OCM~3_2_Lc;A^4A^,39 


2« 


(85a^+280a|a§+56a|)  w^ 


14302 
2^41 

143^3 


(323a|+6120aia|+6300a|a|+336a^)w*i 


+  2r43(1615a|+7140a«cd+2520a|a|+24a«)w^ 

18.5.26  where  02=^^2/8 

18.5.27  a3=£?3/8 

18.5.28  u={[p-'y^ 


*  In  this  and  other  series  a  choice  of  the  value  of  the 
root  has  been  made  so  that  2  will  be  in  the  Fundamental 
Rectangle  (Figure  18.2),  whenever  the  value  of  the  given 
function  is  appropriate. 


18.5.32 

18.5.33 

18.5.34 
18.5.35 


A,-     -A, 


A, 


■4a3^i 


18.5.36 
18.5.37 
18.5.38  ^17 


7 

^9  =  0 
Al  =  80203^^/11 

^13=^  (g|+6o^) 


^i5=-96o|a3/175 
14o2^? 


51 


(a|+12o|) 


18.5.39  where  a2=S'2/6,  03=^3/6 

Reversed  Series  for  Large  |  f  | 

18.5.40  2=u+A^u^+A^u'+A.,u^+. 

18.5.41  where  u=^~^ 

18.5.42  A=-52/5 

18.5.43  ^7= -53/7 

18.5.44  ^9=52/7 

18.5.45  yln=3M3/ll 

18.5.46  ^13=^  (-851+751) 

18.5.47  ^15= -415153/91 


18.5.48  ^i7=9Y63  (13495^-411651) 


18.5.49     .4i9=; 


25, 


323323 

18.5.50  where  52=-£;2/12 

18.5.51  53=^3/20 


(11543151- 2256851) 


I 


Other  Series  Involving  (fi 

Series  near  Zq    [^(2o)=0] 
18.5.52 
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18.5.57  where  ■M=(2— oji)^ 

Other  Series  Involving  iP ' 
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33 

5c2(55c^-2316c^K^ 
143 


18.5.53 


] 


+  •• 


where  M=(0—2o),^o  =  <9^'(2o)='iV^ 


18.5.54 


+i5a  (2ifi!+  {f +6a3}  g>-^^-^g>',^ 

+  {154a3+33^|}  r7)^''+2002a^3^^_^^„2a«)  ^, 

+i(3{28o3+^i}^^«+11^3{98a3+^i}^^« 

+2002a3|^a3+g,||^^4 

+ 16016  aV3^o'+ 19448  a^)vio]+   .  .  . 

18.5.55     where  v=  g>  \{g)  [y  and  a=^2/4 

Series  near  Ui 
18.5.56 

(^  -e,)  =  (3e]-5c2)u-\- (10c2e,+21c3)u2+  (Tcae? 
+  21c36,+5ciK+(i8c3e?+30c^g. 

+  33c2C3)w^ + (22cle\-\-92c2Czei-\-  105c| 

10c|\    5,  /728        2  ,  220  3     ,  „,  , 


3405  ,        ,  45750      ,  ,  25   A    ,  , 

l43-^^^^+13'V^+---' 


11 


ciczei-\- 


Series  near  Zq 
18.5.58 


(^'-^o)  =  [-10c2W-56c3'?^3  +  30ciw^+264c2C3'M' 

(840^-100^1)    g     5452(^^3    a 
"^  3  "^  11       "" 

70c2(55c|-23164)    13"] 
"^  143  ^  J 

^  i  -  15c2'U^-28c3U*'+30ciw«+  IHcgCaW*" 

+7(12ci-5c|K2-?^^^i/^n+  . . 

where  w=(2— 2o) 


+ 


18.5.59 


18.5.60 


{z-Zo)=A-bA'- 


S^'o 


A'+3(c2+b')A 


+  10bg>  'oA'-S[36c3-S(p  'o+4b']A' 
-3^  o(f  C2+2162)^«+^  (2856^02 

+  100(1-279^  o'b+lS2b'^A'-{-  . . 

18.5.61  where  A={g>'-g)  ',)!{- IOC2) 

18.5.62  and  b=^gzlg2 
Series  near  coi 

18.5.63 

r^'  =  2(3e?-5c2)a  +  4(10c2e<  +  21c3)a3  +  6(7c2e? 
+  21c3e,+  5ci)a*+24(6c3e?+  lOc^g, 

+  llc2C3)a^+10('22cie?+92c2C3e<  +  105c§ 


lOcl 
3 


2\    9  .0^/364         ,  ,  110  3 
+42c|e,4-^  ^^^3)  a"+70  Q^  <^e\ 


+  ..., 


18.5.64 


where  a=(2— w«) 
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OdireT  Scries  LavoKipg  t 

Seria  mmr  z^  l<p  (sb)=03 
18^65 


^  _  ^  r  ^'  g^^'  gs^^  4^"  i9f.gc,M" 

^        26         ""    ^      66      J"^L    3 
,  7c-m'^    odu'     llCjCgW*  ,  (10c|— 84cf) 


2  7  3        '  33 


u^M+ 


"*      ^9~  '"     '  429 

1ILS.66  wiiere  u=(2— ^), 

lt.5.67  fD=r(2o) 

Series  near  t^i 

18^68 

,^        ,  (3^— DCs)    ,     mc2e,^21c^)c^ 

o  o 

(7c2fi-r21Cg€i^-5c^)a' 


^6f.,^-10c|f,-llf.jCB)a« 


18^.69 


J.  J. 

9  /?64  110 

—  T^  (  ^  CpCgC^H-^  c|€i+42c|«i 


Q150 


:  143 


ia..s.:o 


p+l^^+ll-- 


j  1^171.  ^  ^  384271^  861-yl  ^_^ 


18^.71 

18.5.72 


55  '  6006 

'wbere  7i=5^/48 

72  =  ^8^120 


xC'T  reytrs-icn  of  Maduam  soies,  see  3.6.2S  and 

IlS-lSj- 


18.6.  Derivatives    and    Differential    Equations 

Ordiruiry     (c£=p2/20,  c^^g J28) 

18.6.1  ^'iB)  =  -!P(z) 

18.6.2  .r'(2)/(7(2)  =  f(2) 

18.6.3 

18.6.4  J)"(2)  =  6^2(2)-ig2=6^2-10c, 

18.6.5  !P '"  (z)  =  12  rpfP' 
18.6.6 

=  5!  [^^-3c,^  -^^] 
18.6.7 

18.6.8 

18.6.9       =7![^*-4c2^2-4c3^+5ci/7] 

18.6.10    rp''\z)=4.-i\g)'[g>'-2c(p-c^] 

18.6.11 

+(10cf^  +  llc2C3)/3] 
18.6.12 

^«'(2)=o-9!^'[^^-3c2i?)^-2c3^  4-2^/3] 

18.6.13 

+  (342c2e3^  -^84c^- 10<|)/331 
18.6.14 

^^"'(2)  =  6-ll!55'I^=-4c,J)^-3cs^^ 

-(""^^^57C2C)/331 
18.6.15 

g)''^'{z)=\^\g)-'-l(^g)■^-lc^rp'-^ha,g)^^^ 

-f210c2C3^  Vll+(84<^3-35c|)  ^  /13- 13634^3/429] 

u.6a6 

-5<|^'-60f^3^/n-^a2d-5<^)/13] 
18.6.17 

^^">(2)  =  15!I^^-Sc2^«-Sc3^=^o2<|^V3 
^ 328C2C3 ^  Ml  -  (444ci- 32Sd)  (P  '/39 

-48S4cs  ,(?^  /33+C2(55(^-2316«|)/429] 
18.6.18 

(P'^'"{z)  =  8-\o\(P'\9^''-^c^9'-hc^[P'^2^e^g)^l-i 
-123cjra^7ll  +  (lll<^-824)  J>/39-6l4c»/33] 


I 


\ 
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18.6.19 


18.6.20 


^wr^i-l  ^3f +f  )-9«=^'+l  ^ +2 » 


^92 

18.6.21 


,^=_3,(,.^+|,3) 


18.6.22 


+ 


i  2(9^3^+1^1)-!  ^2^' 


^i4K^^^^+^^0 


-y.^Q  ^3  ^+1^3)4-1^3^' 


18.6.23     A  ^=2  ^2<^"+2  ^''"'^8  ^2^'''~2  ^'^''' 
18.6.24 


f  here  '  denotes  ^  j 

Differential  Equations 

18.6.25 

Equation  Solution 

18.6.26 


y"=(j^-Say'-]-3yr      y= 


a-3rp'(2;0,g3) 


93 


4-3a_2 
27 


18.6.27 

y'*=^  (y+ar(2/+6)'       y=^(P\z;  92,  o)-b, 

92=—^  (a-6) 


2/"  =  [a^(2)  +  6]y  (Lamp's  equation) — see  [18.8], 
2.26 

For  other  (more  speciaUzed)  equations  (of 
orders  1-3)  involving  {Piz),  see  [18.8],  nos. 
1.49,  2.28,  2.72-3,  2.439^40,  3.9-12. 

For  the  use  of  ^  (2)  in  solving  differential  equa- 
tions of  the  form  y""-{-A(2,y)  =  0,  where  A(2,y)  is 
a  polynomial  in  ?/  of  degree  2m,  with  coefl5cients 
which  are  analytic  functions  of  2,  see  [18.7], 
p.  312ff. 

18.7.  Integrals 

Indefinite 

18.7.1  ^ff>\z)dz=\[P'{2)+^g^z 

18.7.2  ^rf>^{z)dz=^^g>"'{z)-^g,^{z)^~g^z 

(formulas  for  higher  powers  may  be  derived  by 
integration  of  formulas  for  (J>  ^^'  (2) ) 

For  S [P''{z)dz,  n  any  positive  integer,  see 
[18.15]  vol.  4,  pp.  108-9. 


If  ^ '(a)  5^0 
18.7.3 

[P  '{a)  J 


dz 


[P{z)-[P{a) 

=22f(a)+hi  <r(2— a)— In  a{z-\-a) 


YoT  fdz/{  g>  (z)-  rp  {a)]',{g>  '(a)  5^0)71  any  posi- 
tive integer,  see  [18.15],  vol.  4,  pp.  109-110. 


Definite 


18.7.4 
18.7.5 

18.7.6 

18.7.7 


A>0 

dt 


A<0 


f"     dt  f"     dt 


J«3 


where  <  is  real  and 
s{t)=^t^-92i-9z 


J*2 


dt 


VROI 


642 


WEIERSTRASS    ELLIPTIC    .OvD    RELATED    FUXCTIOXS 


18.8  Conformal  Mapping 

ic  =  u  +  iv 


A>0 


A<0 


v=(p(z)  maps  the  Fundamental  Rectangle 
onto  the  half-plane  r<0;  if  laj'l  =  uj(y3=0),  the 
isosceles  triangle  Oojoja  is  mapped  onto  u>0,  v<0. 

w=g>'(z)  maps  the  Fmidamental  Rectangle 
onto  the  to-plane  less  quadrant  III;  if  W\  =  (^\  the 
triangle  Qbxo-z  is  mapped  onto  p>0,  v>u. 


w=(J){z)  maps  the  Fundamental  Rectangle 
onto  the  half -plane  c<0;  if  |aj2J  =  w2(^3=0),  the 
isosceles  triangle  0a)2w'  is  mapped  onto  u>0, 
p<0. 

w=(J>'{z)  maps  the  Fundamental  Rectangle 
onto  most  of  the  ip-plane  less  quadrant  III;  if 
jaj2|  =  a>2,  the  triangle  0a>2aj'  is  mapped  onto  y>0, 
p>w. 


(a  =  period  ratio) 


ip=f  (2)  maps  the  Fundamental  Rectangle  onto 
the  half-plane  m>0.  If  a  <  1.9  (approx.).  v<0; 
otherwise  the  image  extends  into  quadrant  I. 
For  very  large  a,  the  image  has  a  lai^e  area  in 
quadrant  I. 

tp=<r(2)  maps  the  Fundamental  Rectangle  onto 
quadrant  I  if  a  <1.9  (approx.),  onto  quadrants 
I    and   II   if    1.9<o<3.8    (approx.).     For   large 

o,  arg[(r(a)2)]~-7iT5  consequently  the  miage  wmds 
around  the  origin  for  large  a. 

Other  maps  are  described  in  [18.23]  arts.  13.7 
(square  on  circle),  13.11  (ring  on  plane  with  2 
sUts  in  line)  and  in  [18.24],  p.  35  (double  half 
equilateral  triangle  on  haK-plane). 

Obtaining  (p '  from  (7)  '■ 


w=^iz)  maps  the  Fundamental  Rectangle  onto 
the  half-plane  u>0.  The  image  is  mostly  in 
quadrant  IV  for  small  a,  entirely  so  for  (approx.) 
1.3<a<3.S.  For  very  large  a,  the  image  has  a 
large  area  in  quadrant  I. 

w=<7iz)  maps  the  Fundamental  Rectangle  onto 
quadrant  I  if  a<C3.8  (approx.),  onto  quadrants  I 
and    II    if    3.8<a<7.6     (approx.).     For    large 

a,  arg    tr  (  0)2+-^  )    ~"^'  consequently  the  image 

winds  around  the  origin  for  large  a. 

Other  maps  are  described  in  [18.23]  arts.  13.8 


(equilateral    triangle    on    half-plane) 
(isosceles  triangle  on  half -plane). 


and    13.9 


Fundamental  Rectangle 

FUNDAMENTAL     RECTANGLE 

y 


u" 


A 

;.4,.4) 


.4 


OJ-i 


Fundamental  Rectangle 

A     <    0 
FUNDAMENTAL      RECTANGLE 

y 


io/2 


.4 


(.4,.4) 


.4 


u;,--l 


Figure  18.4 
In  region  A  In  region  A 

^(^')  >:0  if  j/>. 4  and  z<.o;  y(^')>:0  elsewhere  (1)  If  a>1.05,  use  criterion  for  region  A  for 

A>0. 

(2)  If  l<a.<1.05:  mj>')>0  if  y>A  and 
x<A,  -x/4<arg  (^')<3t/4  if  .4<y<.5  and 
.4< x<.5.        J{[P  ')  >  0  elsewhere 


In  region  B 
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In  region  B 

Use  the  criterion  for  region  B  for  A^O. 
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The  sign  (indeed,  perhaps  one  or  more  significant 
digits)  oi  (J>'  is  obtainable  from  the  first  term, 
—2/2^,  of  the  Laurent  series  for  [P'. 

(Precisely  similar  criteria  apply  when  the  real  half-period?^  1) 


A>0         aj=l 
Map:  (J>{z)=u-{-iv 

_^        X  1 

Near  zero:  [P {z)  =-^-\- ^i 


OJ    =1 


e,  l<.2 
le,l<.003 


y 


1.0    * 


w'  =  1.4i 


1.4 
1.0 

- 

"- 

- 

-- 

•- 

■- 

- 

'- 

- 

-- 

"" 

■- 

.5 

- 

-■ 

0 

> 

1. 

/=2.02 


/ 

1.5 
1.0 
.5 

y 

-• 

- 

-' 

-■ 

- 

'■ 

-■ 

L_ 

•- 

Figure  18.5 
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A<0  a>j=l 

Map:  (p{z)=u-\-iv 


Near  zero:  ^(2)=^+€i 


^(2)=^+C22«  +  €, 


0)2  =  1 


|C,|  <  .7 
|€j|<.05 


W2=1.5'i 


-2  - 


«2=2.0'i 


0  ■■rT"~rT"|~rT"i-| 
5  --L - - 


•07 
l^jl  <  .03 


Figure   18.6 
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A>0  aj=l 
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Map:  ^(2)=u-\-iv 


U)    =1 


Near  zero:  f(2)= — |-ci 

^.     .        1       C2^   , 

r(2)=- — ^+€2 

Z        6 


10  15  2.0  2.5  30  3.5 


" 


le,U  .01 
|e,l  <  2X10" 


.5  1.0  15  2.0  2.5  3.0  3.5 


/  =  1.4i 


y 

4  -r-j-pp-i-i-p-r-- 

0 ■■ 


le,  l<  .007 

kjl  <    0002 


5  20  2.5  3.0  3.5 


co'=2.0i        -" 


2.0  TiTrTT-rrq 

,5 :::::-.::: 





^ -.:.-:::  ■;■::.: 

I«|l  S   .007 
ItjIS  .0002 


Figure  18.7 
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A<0  W2=l 

Map:  ^(2)=u-riv 

Near  zero:  ^(z)= — |-ci 
z 

Z        6 


\ 


ii}2- 


V                c 

:          t 

2Z           J,t 

J  C 

3  5 

.5 

- 

'\,  ' \? '^ 

0 

- 

-OSg^o 

,-             . 

-.„_.. 

1      ■ 

'  -6  L^ 

>-j 

/ 

-i 

/ 

'        ;  -^J^' 

\/            '^ 

-.^    / 

-IjO 

— 

[_       1     .4J,--' 

-X^ 

y 

\.2i 

/ 

1           •            \ 

/.5i      ^.4,        ',.3. 

\      ^/ 

-1.5 

1 
1 

-2.0 

^•'\ 

/\^      / 

-2.5 

0 

\/    ' 

-3.0 

,.-' 

-i5 

L 

0  .5  i.C         » 


k|l<.04 
|e2l<.ooo2 


0)2=1.01 


y 

.5 

::::: 

: 

-_ 

:; 

- 

"-_ 

'■\ 

'^- 

-- 

"- 

■' 

- 

Kils.007 
I  €, Is. 0009 


5  1.0  1.5  Za         2.5         30         3.5 


&>2=2.0i 


I. 
'i. 

Ieil<.004 
l€,l<.0004 


5   


Figure  18.8 
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A>0  «=! 

Map:  a(z)—u-\-iv 
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0)    =1 


/  =  lAi 


u}'=2.0i 


1.0       u 
Figure  18.9 
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A<0  aj2=l 

Map:  a{z)=u-\-iv 


0)^  =  1 


.5 


aV 


.5 


1.0      X 


U2^1.5i 


1 
.8 



1       .2 

p-T-1 

3 

4     « 

5    .6 

L""L 

L-J 

'•°  75 i 

.6 
.4 
.2 

--■ 





:\ 

;; 
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;_1 
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.11 
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»>  u 


.4  .6  .8  1.0 

Figure  18.10 
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18.9.  Relations  with  Complete  Elliptic  Integrals  K  and  K'  and  Their  Parameter  m 
and  with  Jacobi's  Elliptic  Functions  (see  chapter  16) 

(Here  K(m)  and  K'{m)=K{l—m)  are  complete  elliptic  integrals  of  the  1st  kind;  see  chapter  17.) 
A>0  A<0 


i2-m)K^(m)  ^  _(2m-l)+6iVm-m^ 

3  0)2 


18.9.1  e,='^~'V,t  ""'  e^^^"'"     ^'^T  ■K'(m) 


(2m-l)IC(m)  _2(l-2m)JJP(m) 

3a)^  Scol 


18.9.2  e2=- o   2  «2-  0.2 


,QO^                 .      -(^+l)g^(m)  (2m-l)-6Wm-m^   ^ 

18.9.3  63= 5-2 C3= ^-2 K\m) 

60}  0CO2 

,„^,                    4(m*-m+l;2iC*(m)  4(16m2-167n+l)2i:Xm) 

^^•^•^         ^^= 3.? ^^= 3^;^ 

,««.            4(m-2)(2m-l)(m  +  l)i^^(m)  8(2m-l)(32m2-32m-l)ii:«(m) 

l»-9-5     ^3= 27^;;e 9z= ^^^ 

^  _Um\m-iyiO\m)  _-256(m-m^)jr^(m) 

18.9.0               A-                 ^12  A-                  ^12 

,     ^g^(m)co  ,    iK'{m)oi2 

18.9.7  CO  =— "i^T — ^—  <«'2=~^?7 — ^ — 

/i(m)  K{m) 

18.9.8  a>=ii:(m)/(ei-g3)'^'  a>2=K(m)/m" 

1  3^2 

18.9.9  m=(e2-e3)/(ei-e3)  ^""2~4^ 

18.9.10  [0  <m  <  i  since  Qz  >  0] 

18.9.11  ^(2)=63+(6x-e3)/sn='(3*|m)  J>{z)=e2+H2  \tTX'\^) 

18.9.12 

^'(2)= -2(61-63)'^'- cn(2*|m)dn(2*|m)/sn3(2*|m)  ^,,        -mi'hn{z'\m)dii{z'\m) 

^  ^^)  [l-cn(2'|m)]2 

where  where 

2*=(e,-e3)h  z'=22Hl" 

18.9.13  77=r(a,)=^^^  [3E(m)+(m-2)K(m)]  v2=n^2)=^r^[QE(m)  +  (^m-5)Kim)] 

OO)  00)2 

18.9.14  V-Ka)^-^'^'"^'  77;=rM=^^^^^^^ 

0)  0)2 

[£■(7/1)  is  a  complete  elliptic  integral  of  the  2d  kind  (see  chapter  17).] 
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18.10.  Relations  with  Theta  Functions  (chapter  16) 


The  formal  definitions  of  the  four  i?  functions  are  given  by  the  series  16.27.1-16.27.4  which  converge 
for  all  complex  z  and  all  g  defined  below.      (Some  authors  use  x2,  instead  of  2,  as  the  independent  variable.) 
These  functions  depend  on  2  and  on  a  parameter  q,  which  is  usually  suppressed.     Note  that 

t?;(0)=t?2(0)??3(0)t?4(0),  where  ,?,(0)=t?i(0,  g). 

A>0  A<0 


-e' 


Q  —  gfnT  —  q  —  tK'IK 


18.10.1 
18.10.2 
18.10.3 

g  is  real  and  since  5r3>0(|co'|>a;),  ^<iq<e 


18.10.4 
18.10.5 

18.10.6 
18.10.7 

18.10.8 

18.10.9 

18.10.10 

18.10.11 

18.10.12 

18.10.13 

18.10.14 

18.10.15 
18.10.16 
18.10.17 


(«=7r2/2aj) 

^(^)  =  ^^+4^^U,,,(0)^.(.)J 
i=l,2,3 


f(2) 


4co3  t?2(0)t?3(0)t?4(0)t?i3(y) 


(7(2)=—  exp 


(ji      2a;t?i(y) 


(0) 


12co26,=7r2[,?K0)+t?l(0)] 
I2a;2g2=7r2[;?2*(0)-t?t(0)] 


{e,-e,)^=-i{e^-e,)^=^^l{0) 


{e,-e^)^=-i{e^-e,y^=^§m 


92=\  (^)V!(0)  +^1(0)  +t?«4(0)] 

£^3=461^263 


Ai=^r?;==(0) 


4  a)' 


18.10.18  7,  =  r(")  =  - 

18.10.19  77'  =  f(w')  = 


7r2t?;"(0) 


12a;t?;(0) 


TJOJ    ^1 


T2  =  a4/2cJ2 


g   is   pure   imaginary   and    since    flf3>0(|«2|>a)2), 
(«=7r2/2a>2) 


^(^)=^^+i^[liliT 


0)2      2a)2«9i(») 

.  .     2a)2         fv2z\  t?i(») 
.(2)=-exp(2Z,-j^^^ 

I2col6i=7r2[r?*(0)-t?j(0)] 
12coie2=^[T?!(0)4-t?|(0)] 


{e2-e,y=i{e^-e,Y=^\{Q) 


2a)2 


(ei— e3)*='i(e3— ei)*= 


TT 


2a)2   ^ 


(62-«i)*=-i(ei-e2)*=2^I(0) 

92=\  (^)V^(O)  +ty!(o)  +t?5(0)  ] 
^3=4eie2«3 

(-A)i=|^3,?;n0)e-'/* 
ta)2 

_  x^»?;"(o) 

T;2  =  f(a,2)  — ^2a,2,?;(0) 

/ 

7/2  =  f  (0)2)= 

Ci>2 


18.10.20 

18.10.21 

t?2 

18.10.22 

18.10.23 

A>0 

^A 

Note: 

^.(0)>0,i= 

=2, 

3,4 
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Series 

t?i(0)=0 
t?2(0)=2gi[l+giHg'''  +  g'*+  .  .  .  +g«(«+i>+  .  .  .] 

t?3(0)  =  l+2[g+g*+g»+  .  .  .  +gn2+  .  .  .] 
t?4(0)  =  l+2[-g+g*-2«+  .  .  .  +(_i)ng„2_|_  .  .  .] 

Attainable  Accuracy 

A<0 

Note:t?2(0)=^e''/»,  4>6; 
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t?^(0) :  2  terms  give  at  least  5S 

j=2,  3,  4       3  terms  give  at  least  llS 
4  terms  give  at  least  2 IS 


^t?3(0)>0;  t?4(0)  =  i?3(0) 

2  terms  give  at  least  3S 

3  terms  give  at  least  5S 

4  terms  give  at  least  IDS 


18.11     Expressing  any  Elliptic  Function  in  Terms  of  [P  and  (p' 

If  j{z)  is  any  elliptic  function  and  Cp  {z)  has  same  periods,  write 

18.11.1  /(2)  =  M/(2)+y(-2)]  +  M{/(2)-/(-2)}{^'(2)]-^]^'(2). 

Since  both  brackets  represent  even  elliptic  functions,  we  ask  how  to  express  an  even  elliptic  func- 
tion g{z)  (of  order  2k)  in  terms  of  (p  (2).  Because  of  the  evenness,  an  irreducible  set  of  zeros  can  be 
denoted  by  a,  (i=l,  2,  .  .  .  ,  k)  and  the  set  of  points  congruent  to  — a<  (^=l,  2,  .  .  .  ,k);  correspond- 
ingly in  connection  with  the  poles  we  consider  the  points  ±6i,  i=l,  2,  .  .  .  ,k.     Then 


18.11.2 


'''^'=^?.{Sjpfti}'  ^"-^^'^ 


a  constant.     If  any  a^  or  hi  is  congruent  to  the  origin,  the  corresponding  factor  is  omitted  from  the 
product.     Factors  corresponding  to  multiple  poles  (zeros)  are  repeated  according  to  the  multiplicity. 

18.12.     Case  A=0(c>0) 
Subcase  I 

18.12.1  5F2>0,  ^3<0:  {ey=e2=c,  e3=-2c) 

18.12.2  H,=H2=0,  H,=3c 
18.12.3 

rp(z;  12c2,-8c3)=c+3c{sinh  [(3c)h]]-^ 

18.12.4 

f(2;  I2c2,-8c^)  =  -c2+(3c)i  coth  [(Sc^z] 
18.12.5 

a(z;  12c',-8c')  =  (3c)-i  sinh  [(Sc)h]e-"^'^ 

18.12.6  cu=cx,,  co'  =  (12c)-i7r?: 

18.12.7  ,,=^(0,)  =  — c» 

18.12.8  r,'  =  ^(oi')  =  -cw' 


18.12.9 

q=l,         m=l 

18.12.10 

(7(w)  =  0 

18.12.11 

a{.  )-       ^ 

18.12.12 

a(a)2)  =  0 

18.12.13 

g>(o>/2)=c 

18.12.14 

rp' (<o/2)=o 

18.12.15 

f(co/2)  =  -oo 

18.12.16 

<r(a>/2)  =  0 

18.12.17 

^(a,72)  =  -5c 

18.12.18 

^'(.72)=^ 

18.12.19 

f(a,72)=M-C<-'4-7r/ 
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18.12.20 

18.12.21 
18.12.22 

18.12.23 


<r(a)72)= 
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a,'6''^»«V2 


CO) 


(r(a)2/2)  =  0 


18.12.24 

Subcase  II 

18.12.25 

92>0,  gz>0:  {ei=2c,  e2=ez=—c) 

18.12.26  H,=2>c,  H2-=Hz=0 

18.12.27  [p{z;  12c\  8c^)=-c-\-3c {sin  [{Sc)iz]}-^ 

18.12.28 

f(2;  12c2,  8c^)=cz+{3c)i  cot  [{3c)h] 

18.12.29 

cr(2;  12c2,  8c3)  =  (3c)-i  sin  [(3c)i2]e«^/» 


18.12.30 
18.12.31 
18.12.32 
18.12.33 

18.12.34 

18.12.35 
18.12.36 
18.12.37 

18.12.38 

18.12.39 

18.12.40 

18.12.41 
18.12.42 
18.12.43 
18.12.44 
18.12.45 


a)=(l2c)~V,  u'=iao 
7j  =  f(aj)=Cco 

5  =  0,  771  =  0 


o-(w)  = 


2coe'/2^ 


(r(co')=0 

(r(aj2)=0 

P(«/2)  =  5c 

f(a;/2)  =  i(ca,  +  7r/co) 

cr{o}/Z)= 

IT 

rpwi2)  =  -c 

^'(a,72)=0 

r(a;72)  =  +ico 

(t(o;72)=0 

^(W2)  =  -c 


18.12.46 

^ '(0,2/2)  =0 

18.12.47 

r(co2/2)=^+ico 

18.12.48 

(r(aj2/2)=0 

Subcase  III 

18.12.49 

92  = 

=0,  j^3=0(ei=e2=^3= 

=0) 

18.12.50 

^(2;0,  0)  =  2-2 

18.12.51 

f(2;0,  0)  =  2-^ 

18.12.52 

cr(2;0,  0)  =  ? 

18.12.53 

co=  — ia;'  =  oo 

18.13.  Equianharmonic  Case  (g2=0,  g3=l) 

If  ^2=0  and  gz^O,  homogeneity  relations  allow 
us  to  reduce  our  considerations  of  (J>  io  (J>{z\  0,  1) 
{G^\  r  and  0-  are  handled  similarlv).  Thus 
g>{z;Q,gz)=gy'g>{zg\";Q,l).  The  case  ^2=0, 
^3=1  is  caUed  the  EQUIAXHARMOXIC  case. 

J  FPP;  Reduction  to  Fundamental  Triangle 

Ai  =  AOw22o  is  the  Fundamental  Triangle 

Let  €  denote  e*"'^  throughout  18.13. 

co2«  1.5299  54037  05719  28749  13194  17231* 


Figure  18.11 


*  This  value  was  computed  and  checked  by  multiple 
precision  on  a  desk  calculator  and  is  believed  correct  to 
308. 
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Reduction  for  22  in  ^2'  21 =€22  is  in  Ai. 
18.13.1  ^(22)  =  e-2^(20 

[P'{^2)  =  -W'{^^) 

f(22)  =  €-f(2i) 
o-(22)  =  €<r(2i) 

Reduction  for  23  in  A3:  2i  =  €~H2co'— 23)  is  in  Aj 

18.13.5  g>{zz)=t-'g>{z,) 

18.13.6  [P'{zz)=ff>'{z.) 

18.13.7  r(23)=-e-^r(20+v,      v=rM 

18.13.8      a(23)  =  e(7(2i)  exp  [(23 -co') (27,')] 


18.13.2 
18.13.3 
18.13.4 


18.13.9 

A=-27, 


Special  Values  and  Formulas 

H,=^/^(^-'''),         ^3=V3(4-''3)6 


18.13.10     m=sin2  15°  ^ 


2-V3 


q=ie 


-»-\/3/2 


18.13.11 
18.13.12 
18.13.13 
18.13.14 

where  A^(co2lTry2^''3^'^ -l.OOSQ  67 


18.13.15 


0)2- 


)l/4 


47r 


Values  at  Half-periods 


^ 

.^' 

r 

a 

18.13.16 

aj=  coi 

ei  =  4-i/V 

0 

77  =  e7r/2w2V3 

e~'(7-(w2) 

18.13.17 

aj2 

e2  =  4-'/J 

0 

172  =  ■»?  +  '?'  =  7r/2w2V3 

ew/4vr(2i/3) 
3i 

18.13.18 

w'  =  «3 

63  =  4-1/3^-2 

0 

ij'  =  e-i5r/2w2V3 

€0-(tf2) 

18.13.19 

C02' 

62  =  4-1/5 

0 

772'  =  —  iri /2w2  =  r\'  —  7; 

ie3T/4V3(21/3) 

3i 

Values  ^  along  (0,  ^2) 

G> 

rp' 

f 

0- 

18.13.20 

772  ,  V3  (2^/' +  2  + 2^/3) 
3"*"              6 

2a)2/9 
18.13.21 

Vcos  SU° 

-  V3[v^cos  20°+  Vcos  40°] 
Vcos  20°- v^ cos  40° 

-V3(2i/3+l)/(2'/3-l) 

v'cos20°- v'cos40° 

1/(21/3-1) 

0)2/3 
18.13.22 

gT/36V3     W21/3-1 
31/6       y  21/3+1 

g»/16V3'(21/I2) 

3'/*V'2  +  V3 

g,/«vr/3i/6 

4w2/9 
18.13.23 

v^cos  40° 

-  V3[Vcos  20°+  Vcos  80°] 

Vcos20°-Vcos80° 

e2+i/2 

1 

Vcos20°-Vcoo  80° 

W2/2 

18.13.24 
2^2/3 
18.13.25 

-3W2+V5 
-V3 

(W4«2V3)  +  (3i/«V2+V3/2^/^) 
!(n2)  +  3-/« 

8W2/9 

Vcos  20° 

-V3[Vcos  40°- Vcos  80°] 
v^cos  40°+ v' cos  80° 

>/cos40°+ Vcos80° 

•  Values  at  2a)2/9,  4a)2/9  and  8w2/9  from  [18.14]. 
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Values  along  (0,  Zq) 


18.13.26 

2o/2 

18.13.27 

32o/4 

18.13.28 


^ 


—  2'/V 
0 


^' 


3t 


i(3»/«)V2-V3 


p-ir/6 


gT/12  V3"g,r/8 
3174 

g3r/16  V3(21/12)e«'/' 

3«/*V2-V3 


Duplication  Formulas 

18.13.29  5'(2.)=^^|!^' 

18.13.30  ^'(2.)=?M£W0|;(£)=i 


18.13.31  f(22)=2f(2)4 


3^^(3) 


18.13.32  (T{22)=-rp'(2)aK2) 

Trisection  Formulas  (x  real) 


18.13.33 


Hf)- 


cos-^ 


0+7r 


0+7r 


18.13.34    5>'(^)=-V5  _ 

-V^cos-— ycos 


0+7r 
3 


where    tan    <i>=[p'{x),  0<x<2aj2   and    we  must 
choose  0  in  intervals 

/     TT  7r\    /tt  3t\    /Btt  57r\  ^ 
(-2'  2J'  (2'  2}  U'  2" j  '°  S**' 


Complex  Multiplication 

18.13.35 

(P{tz)  =  r'(p{z) 

18.13.36 

(P'{.z)=^-g)'{z) 

18.13.37 

fM  =  6-^f(2) 

18.13.38 

(j{tz)  =  f:a{z) 

In  the  above,  «  denotes  (as  it  does  throughout 
section  18.13),  e''^.  The  above  equations  are  useful 
as  follows,  e.g.  : 

If  z  is  real,  c2  is  on  Ow'  (Figure  18.11);  if  tz 
were  purely  imaginarj^,  z  would  be  on  Osq  (Figure 
18.11). 


Equianharmonic  Case 

Map:  f(z)=u-\-iv 


Conformal  Maps 

-60°       .2  .4 


.6  .8  1.0  1.2  1.4 

1 — ^  U 


^(2) 


Near  zero:  ff>  (2)=-2+ei 


^(3)=i+|+., 


/ 

5 

y 

T' 

f# 

Ef 

r 

2 

»- 

1.0  1.5 


-1.0  - 


il  <.04 
gl  <.DOOI 
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2 

Near  zero:  (P  '{z)— — 3-4-€i 


r(2) 


Near  zero:  ^{z)= — l-ci 


^(^^4-1^+^^ 


Zo 


|e,|<.2 

|e2|<  .001 


|€,  I  <  .007 
kgl  $    IX  10" 


r{z) 


0  .2 

*y 


.5 


.6 


1.0  1.2  1.4  1.6 


0  .5  1.0 

Figure  18.12 
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Coefficients  for  Laurent  Series  for  (P ,  {P'  and  f 

(c„  =  0  for  m9iZk) 


I 


k 

EXACT  C3k 

APPROXIMATE  cj* 

1 

2 
3 

4 
5 
6 

7 

8 

9 

10 

11 

12 
13 

1/28 

1/(13-28*)  =  1/10192 

l/(1319-283)  =  1/5422144 

3/(513»19-28*)  =  234375/(7709611X108) 

4/(5132.19-31-28*)  =  78125/(16729  85587X10*) 

(7-43)/(13»-19*-31.37-28«) 

(6-431)/(5-13«-192-31-37.43-28') 

(3-7-313)/(5»13<-19*-31-37-43.288) 

(4-1201)/(5«13*193.31-37-43-28«) 

(2*.3-4M823)/(5-135.193-3P-37-43-61-28i") 

(3-79-733)/(5-13*-193-31»-37-43-61-67-28") 

3.115313963-29059 

3.5714     28571     42857       .  .  .  X 10-* 
9.8116     16954     47409     73312     40188X10-* 
1.8442     88901     21693     55885     78983X10-' 
3.0400     36650     35758     61350     20301  XlO-i" 
4.6697     95161     83961     00384     33643X10-i> 
6.8662     18676     79393     36788     98X10-i» 
9.7990     31742     57961     41839     66X10-" 
1.3685     06574     79360     13026     87X10"" 
1.8800     72610     01329     79236     40X10"" 
2.5497     66946     68202     63683X10-*' 
3.4222     48599     51463     05316X10-"' 

4.5541     38864     99184     30391  X10-!« 
6.0171      15776     98241     99591  XlO-s« 

53.13«19<-3P-372.43-61-67-73-28i» 
22.3«-7-ll-2647111 

5»135-19«-3P.37*-61-67-73-79-28i' 

I 


First  5  approximate  values  determined  from  exact  values  of  Czk]  subsequent  values  determined  by  using  exact  ratios 
C3k/czk-2,  using  at  least  double  precision  arithmetic  with  a  desk  calculator.  All  approximate  c's  were  checked  with  the 
use  of  the  recursion  relation;  C3  —  C2-  are  believed  correct  to  at  least  21S;     C30  — C39  are  believed  correct  to  20S. 


C3k< 


Ci 


13*-»  •  28* 


li'  k  =  2,  3,  4, 


Other  Series  Involving   (P 

Reversed  Series  for  Large  |  (Jj  \ 


18.13.39 

z 


(^-^r[l+| 


u  ,  3^2    5w^    7w*     63w^ 
26  "^  38  "^  40  "^  248 

.  231w«  .  429u 


592    '    688 


-+0(^«)], 


18.13.40  where  w=^ -78  and  2  is  in  the  Funda- 
mental Triangle  (Figure  18.11)  if  [P  has  an  appro- 
priate value. 

Series  near  sq 
18.13.41 


18.13.42 

u=—i 


i5,[:+f+6^V2^«+^-2|^%0(5>-')} 


18.13.43  where  u={z—Zq) 

Series  near  co] 

18.13.44 

18.13.45  where  ^=(2— a)2)^  x=e2U 


285 
637 


'+<9(x0} 


18.13.46 

u 


=62  ^    w—w^-\-vfi—^  w^-\-^  w^ 


7        '  7 

18.13.47  where  w  =(  ^-e2)/3e2 

Other  Series  Involving  ff>' 

Reversed  Series  for  Large  |  iP    \ 

18.13.48 

2  =  2^/3(^/1/3)- V,/3  n_|.  (^/)-2 

■^^(<P')-'-\-0{rp'-')]. 

2  being  in  the  Fundamental  Triangle  (Figure  18.11) 
if  IP '  has  an  appropriate  value. 


Series  near  ao 


18.13.49 


{rp'-i)=x  [-2-ix-h^  x^+l  x^+0(x^)] 

18.13.50  where  x=(2— 20)^ 

18.13.51  x=2ari-ia-^a^-h^-F0(a^)} 

18.13.52  where  a=(^'-2)/(-4) 
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18.13.53 


r  24 


,25   ,  ,  24   5  .285 


18.13.54  where  v= 62(2—0)2)^ 
18.13.55 

(z-o>,)=(rp'l6el)  ^l-2w+9w'-^  v^ 

18.13.56  where  w=  [P  '79 


Other  Series  Involving  T 

Reversed  Series  for  Large  |f  | 


18.13.57 


^=r^[i- 


7  ,  1772    496y 


18.13.58 
18.13.59 

(f-ro)=i[- 


7^  143      3553 

7=r-72o 

Series  near  20 


-0(y)], 


2  '  56     5096 
18.13.60  where  u={z—Zo) 

18.13.61 


)6j+L8     308j+^^''  ^' 


Series  near  C02 


18.13.62 
18.13.63 


(2_„,)=(i:=^ri_^. 

—  ^2      L 


«=e2(s— <«'2)^ 

12^2     267iy3     139^4 


18.13.64 


18.13.65 


5  35 

_30192w^     1634208 
275     "^    3575 

Series  Involving  <r 


ly^+OCw 


0]' 


2-3    ,     23.33    1,  ,  2«-3*-23 


2^3''5^-31    25     28-38-5-9103    3, 
^25!        ^   "^        31!         ^ 

2^'-3'^-5-229-2683  ^^ 
37! 


2"-3^°-5-23-257-18049    ,, 
43!  ^ 

2^^-3^''-5-59107895773 
49! 


2*8  +  0(2*^) 


18.13.66 


2  =  0- -f 


41(7^ 


13-337(7^8 


23-3-5-7  '  27-32.5='-lM3  '  2>''-3*-53-lM7-19 

31-101(^25 


Oia"') 


19! 


^2i5.35.5-ll2.17-23 
Economized  Polynomials  (0<a;<1.53) 

18.13.67  x'^(x)=i:a„x«"+e(a;) 

0 

|€(a;)|<2X10-^ 

ao=(- 1)9.99999  96  a4=- (-9)2.20892  47 

ai=  (-2)3.57143  20  a5=(-10)1.74915  35 

^2=  (-5)9.80689  93  a6=-(- 12)4.46863  93 
a3=  (-7)2.00835  02 

18.13.68  7^g>'{x)=j:,anX''''-\-e{x) 

0 

|e(a:)|<4X10-^ 

ao= -2.00000  00  a^^- (-9)2.12719  66 

a,=  (-l)1.42857  22  a5=(- 10)6.53654  67 

a2=(-4)9.81018  03  ae=-(-ll)1.70510  78 
a3=  (-6)3.00511  93 

6 

18.13.69  xf(x)=X)<^nX'"+e(x) 

0 

|€(x)|<3X10-« 
ao=(- 1)9.99999  98    a4=(- 10)6.12486  14 
a,=  _(_3)7. 14285  86  a5=(-ll)4.66919  85 
a^=_(_6)8.91165  65  a8=(-12)1.25014  65 
03= -(-8)1.44381  84 
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18.14.  Lemniscatic  Case 

(^2=1,   93  =  ^) 

If  gf2>0  and  ^3=0,  homogeneity  relations  allow 
us  to  reduce  our  consideration  oi  [P  to  [p  (2;  1,  0) 
{[P'l  ^  ^iid  a  are  handled  similarly).  Thus  [p{z; 
92,  0)=92^g>(zg2i',  1,  0).  The  case  92=1,  93=0 
is  caUed  the  LEMNISCATIC  case. 


LJ'    C  = 


^X 


Figure  18.13 


iFPP;  Reduction  to  Fundamental  Triangle 
Ai  =  A0a;w2  is  the  Fundamental  Triangle 
a)«  1.8540  74677  30137  192 « 

Reduction  Jar  22  in  A2:  21  =  122  is  in  Ai 

18.14.1  ^(22)  =  -^(21) 

18.14.2  ^'(22)=l^'(20 

18.14.3  r(22)  =  -^f(2,) 

18.14.4  a(z2)=ia{z0 
Special  Values  and  Formulas 

18.14.5 

A=l,  H,=H3=2-i,  H2=i/2, 

m=sin^  450=^^  g=e~» 

18.14.6  t?2(0)  =  t?4(0)  =  (a,V2/7r)i;  t?3(0)=(2a,/7r)» 

18.14.7  a,=ii:(sin2  45°)=^^=4  where 

4Vir     ^2 

5«2.62205  75542  92119  81046  48395  89891  11941 
36827  54951  43162  is  the  Lemniscate  constant 
[18.9] 

^  This   value   was   computed   and   checked   by   double 
precision  methods  on  a  desk  calculator  and  is  believed 
I     correct  to  18S. 


Values  at  Half-periods 


(P 

G>' 

f 

a 

18.14.8 

w  =  a)i 

ei  =  5 

0 

r\  •=  t/4&> 

eW8(2i/4) 

18.14.9 

W2'=Zo 

62  =  0 

0 

iJ  +  V 

e'/*(V2)e''/* 

18.14.10 

a)'"=W3 

ez=-\ 

0 

Jj'  =  —  Ti74co 

ze'/8(2i/4) 

Values  along  (0,  to) 

^ 

^' 

f 

18.14.11 

j 

w/4 

^(V^+2i/<)(H-2i/*) 

\ 

18.14.12 

«/2 
18.14.13 

a/2 

—  a 

8a,     2V2 

gr/32  (21/16) 

a* 

~^2V3  +  3 
V3 

2?+J^(2a,/3) 
3       V         3 

g»/I8(31/8) 

(2  +  V3)»/» 

2w/3 
18.14.14 

iVl  +  sec30° 

3w/4 

^U'^-2')(l  +  2i) 

1 

a=l+V^ 
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[P 

[P' 

f 

<T 

18.14.15 

-i/2 

«(VS+V2)e''/* 

gi»/4 

L4wv2     2j 

2,2     r^(2zo/3)T« 
3       L           3        J 

e./6.(2./32)             .^^^ 

2o/4 

18.14.16 
W2 
18.14.17 

a'/HVS+V2)'/*  " 
gw/i()(2i/8)e'»/< 

e''/<V2V3-3 

gT/9g.>/4(31/6) 

_ 

— Wsec30°-1 

-'-  (a-V2a) 

2zo/3 

18.14.18 

3zo/4 

V3 

a(V5-V2)e<'/* 

'V2V3-3 

ai/<(V^-V2)'/* 

a=l+V2 
Duplication  Formulas 

18.14.19     [P{2z) 
18.14.20 


18.14.21        r(22)  =  2r(2)-f 

18.14.22 

18.14.23 


c{2z)=-g)'{z)a'{z) 
Bisection  Formulas  (0<^x<^2aj) 


^(i) 


[[PKx)+{rp{x)+h]'^][g>Kx)±[(p{x)-m 

[Use  +  on  0<a:<a),  —  on  co<x'\2co] 


18.14.24 

-[2(p{x)-\]yig>{x)-v\ 

-2^3/2(2;)  (See  [18.13].) 
[Use  —  on  0<Cx<co,  +  on  a;<a;<C2w] 

Complex  Multiplication 

18.14.25  [P{iz)=-^{z) 

18.14.26  [P'{iz)^i[P'{z) 

18.14.27  f(^2)=-^r(2) 

18.14.28  (r(^2)=^(r(2) 

The  above  equations  could  be  used  as  follows, 
e.g. :  If  z  were  real,  iz  would  be  purely  imaginary. 


Conformal  Maps 


Lemniscatic  Case, 

Map:/(2)=w+iy 
ff>{z) 

Near  zero:    ^(2)=-2+ei 

^(2)=P  +  ^+e2,    \Z\<\ 

Near^o:  [P{z)=^~^^~^'^\ez, 


\Z-Z,\<yl2      _,^ 


r7)(e)  =  -i^_^V(^V^. 


273-888  0-67— 43 
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g>'{z) 


.y 

/ 

T 

/ 

A 

A 

0         .5       1.0       1.5    oj 


-3 


—2 
Near  zero:  [P'{z)= — r+*i 


Near3o:^'(2)=-^V^+'^ 

^  — (Z  — 2o)   ,   3(2— 2o)'  , 


f(2) 
Near  zero:  ^{z)= — f-ci 

2 

Near  2o:  f(3)  =  ro+^-^^^+63, 

|2-2o|<V2 


0 

.2 

.4 

-.2 

\ 

1 

1 

-.4 

- 

\ 

-.6 

- 

-.8 

— 

\ 

\y 

i.a     1.3  1.2 


\    xe 


ra'x:^ 


I 
1.0 

/. 

/ 

/ 

/ 

/ 

^ 

Zo 

.5 

— 

- 

- 

-- 

/ 

jJ 

_. 

._ 

J 

_. 

1.0  i.e       X 


K|l<.02 

1^21  S.OOOI        I 

iejl<.02 

1^415-002    ' 


<z) 


2.0 
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Coefficients  for  Laurent  Series  for  (P ,  [P ' ,  and  f 

(c„  =  0  for  m  odd) 


A- 

EXACT  ctk 

APPROXIMATE  cjt 

1 

1/20 

.05 

2 

1/(3-202)  =  1/1200 

.8333  . 

.   .    XlO-3 

3 

2/(313-203)  =  1/156000 

.641025 

641025     .  .   . 

XlO-5 

4 

5/(31317-20<)  =  1/21216000 

.47134 

23831     07088 

98944X10-7 

5 

2/(32-13-17-205)  =  1/(31824X105) 

.31422 

82554     04725 

99296X10-9 

6 

10/(33-132-17-206)  =  l/(4964544X105) 

.20142 

83688     49183 

32882X10-" 

7 

4/(3-132-17-29-20')  =  1/(7998432X100 

.12502 

45048     02941 

37651  X10-'3 

8 

2453/(3<lM32172-29-20»)=958203125/(1262002599X10'«) 

.75927 

19109     76468 

59917X10-" 

9 

2.5-7-61/(33. 133. 172.29-37-209)  =  833984375/(18394643943X1017) 
C2*<3|^.  A;=l,  2,  .  .  . 

.45338 

43533     93461 

06092X10-18 

Other  Series  Involving  (p 
Reversed  Series  for  Large  |  iP  \ 


18.14.29 

z 


(^-1)1/2^14 


3w^  23  Iw'  429  w^  195w^ 
'  8  ~^  400  "^  464  "^  128 

,  12155w«  ,  46189iyi° 


4736 


10496 


■Oi.w^')\ 


18.14.30  w=  [P'"^!^,  and  2  is  in  the  Fundamental 
Triangle  (Figure  18.13)  if  (J)  has  an  appropriate 
value. 

Series  near  za 

18.14.31  2f?>  =  -x-H|'-^-F^-hO(x«), 


18.14.32 
18.14.33    X 


X=(2-2o)V2 


=  -\w^ 


W" 


Iw' 


\\w 


75 


Series  near  oi 


195 


-4-  0(w;«)] 
w=2[P 


18.14.34 

V  ^    -r  g  -r  ^  -r  ^^  -r  ^g  -t-325  ^^^^  )> 

18.14.35  v=(2-o,y/2 
18.14.36 

^L  ^5     5  ^  75 

15  ^    195   ^^^  ^J' 

18.14.37  y  =  (rp-e,) 


Other  Series  Involving  ^' 
Reversed  Series  for  Large  |  IP    \ 


18.14.38 

2 


18.14.39  A=2^'\  y=^wV6,  and  z  is  in  the 
Fundamental  Triangle  (Figure  18.13)  if  (J>'  has 
an  appropriate  value. 

Series  near  zq 
18.14.40 

^'4  (2-30)  [-l+3.-^  +  ^  +  0(.^)] 

18.14.41  ^y=  (2-20)720 

18.14.42 

2o)=2^'[l+f+^+^-f-Vo(u^)} 


'    5    '    3 

Series  near 


(2 
18.14.43 

18.14.44 

18.14.45  x=(2— w) 

18.14.46 


x=g>'-rp''jf 


\2[P"     \h(P" 


.?°p-^-l^+0(ff>"') 


Other  Series  Involving  f 
Reversed  Series  for  Large  |f| 

^     136y3  ,  1349z; 


18.14.47     2:=r'[l-^+^ 
18.14.48 


1001   '    9163 
t;=f-Vl2 


*  1 
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U-lo)=\(^-^oY[l-'.+'i-f,+0(v')} 


18.14.50 
18.14.51 

(r-'j)=- 


p=(2-2o)V20 
Series  near  a> 

x^     x^     x'      x^ 


2     6     20     70     240 


18.14.52 


825     31200     9750 


■0(x^0. 


18.14.53 

v?  ,  7vf     ISw'  ,  929w«     194M7"  ,  9428831^^ 


x=w- 


3    '  30        63    '  4536        891     '    3891888 

18.14.54     ic=-2(r-»?) 

Series  InvolTing  a 
18.14.55 

z"      3^2*  .  3-232"  .  3-1072*^  ,  3'-7.23.372'i 


cr=z- 


2-5!     22.9!^  23.13!  ^  2*-17!  ^       25-21! 
.  3'-313-5032^     3*-7-6859732« 


2«-25! 


2'-29! 


0{^) 


18.14.56 


2  =  a- 


17-1130-1 


2^.3-5  '  29.3-7  '  2".3^.7-lM3 

.      1220510-^'  i 


2W.35.7'-1117  '  223.32.11.19 


-^O(a^) 


Economized  Polynomials  (0<x<1.86) 

18.14.57  ^g>{x)=  J2anX"'  +  €(x) 

0 

|€(x)|<2X10-^ 

ao=(- 1)9.99999  98         04=  (-8)4.81438  20 


ai=  (-2)4.99999  62 
02=  (-4)8.33352  77 
a3=(-6)6.4D412  86 


a5=(_  10)2.29729  21 
a6=(- 12)4.94511  45 


18.14.58         i?g>'ix)=J2a„x"'-he(x) 

0 

|e(z)|<4X10-^ 

ao= -2.00000  00  a4=  (-7)6.58947  52 


ai=(- 1)1.00000  02 
a^=  (-3)4.99995  38 
0-3=  (-5)6.41145  59 


a5=  (-9)5.59262  49 
a5=(-ll)5.54177  69 


18.14.59 


xf(2)=Z)<'»a:*"+6(^) 


|c(x)|<3X10-» 

ao=  (-1)9.99999  99  0^=- (-9)2.57492  62 

ai=-(-2)1.66666  74  a5= -(-11)5.67008  00 

02= -(-4)1.19036  70  0.6=  (-13)9.70015  80 
a3=- (-7)5.86451  63 


18.15.  Pseudo-Lemniscatic  Case 

(g2=-h  g3  =  0) 

If  ^2^0  and  g3=0,  homogeneity  relations  allow 
us  to  reduce  our  consideration  oi  (J>  to  (p  (z;  —1, 
0).     Thus 

18.15.1    ^(2;^.,,0)  =  |^2rp(2|^2r;-l,0) 

IIP',  r  iind  a  are  handled  similarly].  Because  of 
its  similarity  to  the  lemniscatic  case,  we  refer  to 
the  case  (72=  — 1,  ^3=0  as  the  pseudo-lemniscatic 
case.  It  plays  the  same  role  (period  ratio  unity) 
for  A<l0  as  does  the  lemniscatic  case  for  A>0. 

a>2=-\2X  (real  half -period  for  lemniscatic  case) 
=0)  (the  Lemniscate  Constant — see  18.14.7) 


^-X 


2(J 
Figure  18.15 


KWUU 
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18.15.2 
18.15.3 


1,  5^2=  —  !,  ^3=0 


H,=  -i/V2,  H2=h,  H^=^|^|2,         m  =  \,  q=i€-''' 


Special  Values  and  Relations 

18.15.4 

18.15.5  where  R=^'o:2^/2/^^ 

Values  at  Half-Periods 


IP 

^' 

r 

a 

18.15.6  a)  =  CiJi 

18.15.7  W2 

18.15.8  a)'  =  aJ3 

18.15.9  W 

i/2 

0 
-i/2 

0 

0 
0 
0 
0 

hiv2  —  V2') 

r}2  =  ir/2u2 
K'72  +  7;2') 
172'=  —'iv2 

e-.r/4eT/8(21/4) 

e<»/4er/8(2i/<) 

t<7-(w2) 

18.15.10  g){z;  -1,  0)=i^(26''^*;  1,  0) 

18.15.11  g>'{z;  -1,  0)=e^'*^''^'(se'"'^*;  1,  0) 


Relations  with  Lemnlscatic  Values 

18.15.12  f(2;  -1,  0)=e''^Y(2«*'^*;  1,  0) 

18.15.13  a{z;  -1,  0)=e-''^V2«*''*;  1,  0) 


Numerical  Methods 
18.16.  Use  and  Extension  of  the  Tables 

Example  1.     Lemnlscatic  Case 

(a)  Given  z=xAriy  in  the  Fundamental  Triangle,  find  (J>{[P' ,^,<r)  more  accurately  than  can  be 
done  with  the  maps. 

0- — Use  Maclaurin  series  throughout  the  Fundamental  Triangle.  Five  terms  give  at  least  six 
significant  figures,  six  terms  at  least  ten.  Cp ,  f — Use  Laurent's  series  directly  "near"  0,  (if  |2l<Cl,  four 
terms  give  at  least  eight  significant  figures  ior  (J> ,  nine  for  f ;  five  terms  at  least  ten  significant  figures  for 
(J>,  eleven  for  f).  Use  Taylor's  series  du-ectly  "near"  Zq.  Elsewhere  (unless  approximately  seven  or 
eight  significant  figures  are  insufficient)  use  economized  polynomials  to  obtain  (J>{x),  (J>'{x)  and/or  ^{x) 
as  appropriate.  To  get  (J>{iy),  (P'{iy)  and/or  f(r2/))  use  Laurent's  series  for  "small"  y,  otherwise  use 
economized  polynomials  to  compute  [P{y),  [P'iy)  and/or  f(?/),  then  use  complex  multiphcation  to 
obtain  [P{iy),  [P'{iy)  and/or  ^{iy).     FinaUy,  use  appropriate  addition  formula  to  get  (J>{z)  and/or  ^(2). 

(J>' — Use  Laurent's  series  directly  "near"  0  (if  \z\<.  1,  four  terms  give  at  least  six  significant  figures, 
five  terms  at  least  eight  significant  figures).  Elsewhere,  either  use  economized  polynomials  and  addition 
formula  as  for  Cp  and  f,  or  get  ^'^=4^^—  (J>  and  extract  appropriate  square  root  {^[P  '>  0). 

(b)  Given  (P{(J>' ,  T,  a)  corresponding  to  a  point  in  the  Fundamental  Triangle,  compute  z  more 
accurately  than  can  be  done  with  the  maps.  Only  a  few  significant  figures  are  obtainable  from  the  use 
of  any  of  the  given  (truncated)  reversed  series,  except  in  a  small  neighborhood  of  the  center  of  the  series- 
For  greater  accuracy,  use  inverse  interpolation  procedures. 

Example  2.     Equianharmonic  Case 

(a)  Given  z=x-\-iy'\n  the  Fundamental  Triangle,  find^(^',  f,  a)  more  accurately  than  can  be 
done  with  the  maps. 

a — Use  Maclaurin  series  throughout  the  Fundamental  Triangle.  Four  terms  give  at  least  eleven 
significant  figm-es,  five  terms  at  least  twenty  one. 

^,f— Use  Laurent's  series  directly  "near"  0  (if  l^K  1,  four  terms  give  at  least  lOS  for  ^,  llS  for  f ; 
five  terms  at  least  13S  for  Cp ,  14S  for  f).  Elsewhere  (unless  approximately  seven  or  eight  significant 
figures  are  insufficient)  use  economized  polynomials  to  obtain  [P{x),  (P'{x)  and/or  f(x),  as  appropriate. 
To  g^i  (p{iy),  (P'{iy)  and/or  ^{iy),  use  Laurent's  series.  Then  use  appropriate  addition  formula  to  get 
g>{z)  and/or  r (2). 
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Cp' — Use  Laurent's  series  directly  "near"  0  (if  |2J<1,  four  terms  give  at  least  8S,  five  terms  at  least 
11 S).  Elsewhere,  either  proceed  as  for  (p  and  f,  or  get  (J>'^=A(J)^—l  and  extract  appropriate  square 
root(^^'^O). 

(b)  Given  (P{(P',^,<t)  corresponding  to  a  point  in  the  Fundamental  Triangle,  compute  z  more 
accurately  than  can  be  done  with  the  maps.  Only  a  few  significant  figures  are  obtainable  from  the  use 
of  any  of  the  given  (truncated)  reversed  series,  except  in  a  small  neighborhood  of  the  center  of  the  series. 
For  greater  accuracy,  use  inverse  interpolation  procedures. 

Example  3.  Given  period  ratio  a,  find  parameters  m  (of  elliptic  integrals  and  Jacobi's  functions 
of  chapter  16)  and  g  (of  d^  functions). 

m — In  both  the  cases  A>0  and  A<0,  the  period  ratio  is  equal  to  K'{m)IK{m)  (see  18.9).  Knowing 
K'lK,  if  \<K'IK^  3,  use  Table  17.3  to  find  m;  if  K'/K>3,  use  the  method  of  Example  6  in  chapter  17. 
An  alternative  method  is  to  use  Table  18.3  to  obtain  the  necessary  entries,  thence  use 

m=(e2—e3)/{ei—e3)  in  case  A>0, 


m- 


3^2/4^2  in  case  A<CO. 


q — In  both  the  cases  A>0  and  A<CO,  the  period  ratio  determines  the  exponent  for  q[q=e~"^  if  A^O, 

q=ie~''^''^  if  A<CO].     Hence  enter  Table  4.16  [e"""',  x=0(.01)l]  and  multiply  the  results  as  appropriate 
[e.g.,e-''-72x=(g-.)4(g-.72x)] 

Determination  of  Values  at  Half-Periods,  Invariants  and  Related  Quantities  from  Given  Periods  (Table  18.3) 


A>0 

Given  w  and  co',  form  co'/iw  and  enter  Table  18.3. 
Multiply  the  results  obtained  by  the  appropriate 
power  of  CO  (see  footnotes  of  Table  18.3)  to  obtain 
value  desired. 

Example  4. 

Given  cxj=10,  co'  =  lli,  find  g(,  g^  and  A. 

Here  co7^w=l-l,  so  that  direct  reading  of  Table 
18.3  gives 

ei(l)-1.6843  041 

e2(l)  =  -.2166  258  {=-6^-63) 

€3(1)  =  -1.4676  783 

gr2(l)  =  10.0757  7364 

fir3(l)  =2.1420  1000. 

Multiplying  by  appropriate  powers  of  w=10  we 
obtain 

ei  =  . 01684  3041 

62= -.00216  6258 

63= -.01467  6783 

^2=1.0075  77364  X  10"' 

^3=2.1420  1000  X  10-« 
whence 

A=8.9902  3191  x  10"'° 


A<0 

Given  002  and  C02',  form  0:2' /iu2  and  enter  Table 
18.3.  Multiply  the  results  obtained  by  the  appro- 
priate power  of  C02  (see  footnotes  of  Table  18.3) 
to  obtain  value  desired. 

Example  4. 

Given  co2=10,  002'= IH,  find  et,  gt,  and  A. 


II 


Here  o}'2/iu2'- 
18.3  gives 


1.1,  so  that  direct  reading  of  Table 


ei(l)  =  -.2166  2576+3.0842  589i 

62(1)  =  .4332  5152  =  -2^(ei) 

63(l)=ii(l) 

^2(1)  = -37.4874  912 

fir3(l)  =  16.5668  099. 

Multiplying  by  appropriate  powers  of  co2=10 
we  obtain 

ei  = -.00216  62576+. 03084  2589i 

^2=. 00433  25152 

63=61 

^2= -3.7487  4912  X  10"^ 

$f3=  1.6566  8099  X  10"^ 
whence 

A=-6.0092  019  X  10"^ 
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Example  5.     (A>0) 

Given  w=10,  u'=55i,  find  i?,  ??',  (r(«),  (t(co') 
and  (r(a^). 

Forming  u'/io)=5.5  and  entering  Table  18.3  we 
obtain  rj  =  . 82246704,  (T(a;)  =  .96045  40.  Using 
Legendre's  relation  we  find  tj'^tjw'— 7ri/2=2.9527 
723'i.  Since  interpolation  for  cr(co')  and  (r(co+aj') 
is  difficult,  use  is  made  of  18.3.15-18.3.17  together 
with  18.3.4  and  18.3.6.  Values  of  ^2,  93  and  61  can 
be  read  directly  to  eight  significant  figures  and  e^ 
to  about  five  significant  figures  giving  gf2=8.1174 
243,  ^3=4.4508  759,  ^1  =  1.6449  341,  and  £3 
=  -.82247.  Use  of  18.3.6  yields  ^^3= -00174  69 
and  fl^2=. 00174  69i.  Application  of  18.3.15- 
18.3.17  yields  (r(a)')/*= -0071 177  and  aM 
=  —  .002016  — .010551.  Multiplying  the  results 
obtained  by  the  appropriate  powers  of  oj  we  ob- 
tain 77  =  .08224  6704,  t/'  =  .29527  723i,  (r(co)  =9.6045 
40,  <r(aj')  = -0711771  and  a(w2)  =  -.02016-.1055i. 


Example  5.     (A<0) 

Given  0^2=  1000,  W2'  =  1004i,  find  tjj,  772',  <tM, 
c((x}2')  and  o-(co')- 

With  w2/iaj2=  1.004,  four  point  interpolation  in 
Table  18.3  gives  rj2=  1 .5626  756, 7,2=  - 1.5726  664i, 
(r(aj2)  =  1.1805  028,  a(w2)  =  l-1901  52i  and  a(o}') 
=  . 475084 +  .476717i. 

Multiplying  the  results  obtained  by  the  appro- 
priate powers  of  wj  gives  7?2=.00156  26756,  772 
=  -.00157  266641,  (7(0)2)  =  1180.5028,  aM 
=  1190.1521  and  (7(0)')  =475.084 -h476.717i. 


Determination  of  Periods  from  Given  Invariants  (Table  18.1.) 


A>0 

Given  $F2>0  and  y3>0  such  that  A=^— 275f3>0 
(if  ^(3=0,  |aj'|  =  w;  see  lemniscatic  case),  compute 


,-2/3 


92=9293 
and  o)'93^'^., 


From  Table   18.1, 
thence  w  and  co'. 


determine    cog^}  '^ 


M3 


Example  6. 

Given  ^2=10,  6^3=2,  find  w  and  co'.    With 
6.2996  05249,   from  Table   18.1    cog^ 


-2/3 


92= 

l/6_ 


1.1267  806  and  wV^*=  1-2324  295i  whence  aj= 
1.003847  and  w'  =  1.097970i. 


Example  7. 

Given    92=S,    93=4:,    find    w    and    co'.     With 
^2=^2^3-2/3  =  3. 1748  02104,  from  Table  18.1  (^93^'^= 
1.2718  310  and  coV^^=  1-8702  425i 
whence  aj=  1.009453  and  a>'  =  1.484413i. 


A<0 

Given  ^2  and  93^0  such  that  A=y|— 275f|<0  (if 
S'3=0,Ja>2'|  =  w2;  see  pseudo-lemniscatic  case),  com- 
pute 92=9293^'^-  From  Table  18.1,  determine 
0)293^'^  and  0)2^93^'^,  thence  a>2  and  002'. 

Example  6. 

Given  gr2=  — 10,  93=2,  find  C02  and  C02.  With 
y2=M3"'^'=-10/1.5874  0105=-6.2996  053,  from 
Table  18.1  0)2^3' ^^=1-5741  349  and  «2f73'''=  1-7124 
396i  whence  W2=  1.40239  48  and  co2=  1.52561  02i. 


Example  7. 

Given  ^2=7,  93=^, 
With  92=9293-'^ 
Table  18.1  <^293^" 
141i  whenceaj2=. 


find  0)2  and  03^. 
7/3.3019   2725=2.119974,  from 
^=1.3423  442  and  o)2V"=3.1441 
99579  976  and  0)2=2.33241  83i. 


Computation  of  ^,  ^',  or  f  for  Given  z  and  Arbitrary  gfj,  g^ 

(or  arbitrary  periods  from  which  92  and  93  can  be  computed — 
in  any  case,  periods  must  be  known,  at  least  approximately) 

First  reduce  the  problem  (if  necessary)  to  computation  for  a  point  z  in  the  Fundamental  Rectangle 
by  use  of  appropriate  results  from  18.2. 


Figure  18.16 


^x 
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Method  1  (as  accurate  as  desired) 

If  both  X  and  y  are  "small,"  (point  in  double-cross  hatched  region)  use  Laurent's  series  in  z  directly. 
If  either  x  or  y  is  "large,"  use  Laurent's  series  on  Ox,  then  on  Oy  and  finally  use  an  addition  formula. 
(For  (p '  an  alternative  is  to  get  (p ,  then  compute  the  appropriate  root  of  (J>  '^=4  (J>^—g2  (J)  —g^ ;  see  18.8.) 


A>0 

Method  2  (for  {P  or  g>'  only) 

Compute  gi(2=  1,2,3)  (if  only  ^2,  Qs  are  given 
use  Table  18.1  to  get  the  periods,  then  get  et  in 
Table  18.3;  if  periods  are  also  given,  use  Table  18.3 
directl}').  In  any  case,  obtain  m{  =  [e2—ez]l 
[gi— 63]),  thence  Jacobi's  functions  sn(2*|m), 
cn(2*|m),  dn(2*|m),  from  16.4  and  16.21  and 
g>  ox  (p'  from  18.9.11-18.9.12. 

Method  3  (accuracy  limited  by  Table  4.16  of 

e""  and  by  the  method  of  getting  periods). 

Obtain  periods,  their  ratio  a,  then  q  =  e~'^  from 
Table  4.16.  Hence  get  t?,(0),  2=2,3,4  from 
truncated  series  18.10.21-.23.  Compute  appro- 
priate t?  functions  for  z—x  and  for  z=iy,  whence 
get  g>(x),  CP'ix)  and/or  r(x),  g){iy),  Cp'{iy) 
and/or  f(%),  then  use  an  addition  formula  (if 
either  x  or  1/  is  "small",  it  is  probably  easier  to 
use  Laurent's  series). 

Example  8.  Given  2  =  .07  +  .lr,  gr2=10,  gz=2, 
find  G^. 

Losing  Laurent's  series  directly  with 
C2=.5 

C3  =  .07142  85714 

C4=. 08333  33333 

C5=. 00974  02597 

2-2= -22.97193  820-63.06022  25i 

+  C22'=-     .00255  000+     .00700  OOi 

+C32*=-     .00001214-     .00001021 

+C42'=+     .00000  024-     .00000  OH 


(P{z\ 


22.97450  010-63.05323  28i. 


4, 


Example  9.  Given  2=15  +  73{,  gr2  =  8,  .(/a 
find  (p.  From  Example  7,  w=  1.009453,  a;'  = 
1. 4844131.  From  Table  18.3,  ^1  =  1.61803  37, 
63=  — .99999  96,  whence  m=.  14589  79.  From 
18.2.18  with  M=l  and  .V=24,  ^(.867658  + 
1.748176i)  =  ^(15  +  73i)._Since  2  lies  in  i?2,  by 
18.2.31  ^(1  5 +  73i)  =  ^  (.867658  +  1.220652). 
From  16.4  wnth  2*=1.40390  +  1.97505i,  sn(2*|w) 
=  2.46550  +  1.965272.  Using  18.9.11,  ^(15  +  73i) 
=  -. 57743 +  .067797i. 


A<0 

Method  2   (for  ff>  ov  gi'  only) 

Compute  €2  and  H2  (if  only  ^2,^3  are  given,  use 
Table  18.1  to  get  the  periods,  then  get  e^  in 
Table  18.3;  if  periods  are  also  given  use  Table  18.3 
directl}').  In  any  case,  obtain  m(=}^— 3^2/4^2) 
thence  Jacobi's  functions  sn(2'|m),  cn(2'lm), 
dn(2'!m),  from  16.4  and  16.21  and  (p  ov  J)'  from 
18.9.11-18.9.12. 

Method  3  (accuracy  limited  as  in  the  case  A^O). 
Obtain  periods,  their  ratio  a,  thence  q2^=e~^'^ 
from  Table  4.16.     Then  proceed  as  in  the  case 
A>-0,  using  corresponding  formulas. 


Example  8.  Given  2=.l  +  .03i,  ^2=  — 10,  ^3=2, 
find^. 

Using  Laurent's  series  directly  with 
C2=  — .5 

C3  =  .07142  85714 
C4=. 80333  33333 
2-2=76.59287  938-50.50079  960i 
C222=  -  .00455  000  -     .00300  OOOi 
C324= +  .00000  334+     .00000  780i 
C42'=  -  .00000  002  +     .00000  01  li 

^(2)  =76.58833  270-50.50379  169i. 

Examiple  9.  Given  2  =  1.75+3. 6i,  {72=7,  ^3=6, 
find  ff>.  From  Example  7,  ^2  =  . 99579  98,  co^  = 
2.33241  83i.  Using  18.2.18  with  M=\,  N=l, 
^(1.75  +  3.60  =  ^(--24159  96-1 .064836i)  = 
^(.24159  96  +  1.0648  36i).  With  A<  0  from  Table 
18.3,^1= -.81674  362  +  .50120  901,62  =  1.63348  724, 
^3=  — .81674  362  — .50120  90?  whence  m  =  .01014 
3566,  iy|  =  1.58144  50,  so  that  2'  =  22i7i  = -76415 
29+3.367959i.  From  16.4,  cn(2'|m)  =4.00543  66 
-12.32465  69i.  Applying  18.9.11,  ip  (1.75  +  3.6i) 
=  — .960894-.383068i. 
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A>0 

Example  10.  Given  w=10,  oi'  =  20i,  find 
f(9  +  19i)  by  use  of  theta  functions,  18.10  and 
addition  formulas. 

For  the  period  ratio  a  =  oi'  jwi  =  2  with  the  aid  of 
Table  4.16,  g=e-2'  =  .00186  74427. 

Using  the  truncated  approximations  18.10.21- 
18.10.23  we  compute  the  theta  functions  for 
argument  zero.  Using  16.27.1-16.27.4  we  com- 
pute the  theta  functions  for  arguments  v  where 
z=x  and  z=iy.  Then,  with  18.10.5-18.10.7 
together  with  18.10.9  and  18.10.18  we  obtain 
f(9)  =  .09889  5484,  r(19i)  = -.00120  0155i, 
^(9)  =  .01706  9647,  ^'(9)  =  -.00125  8460, 
^(190  =  -.00861  2615,  ^'(190  =  -.00003  757i. 
Using  the  addition  formula  18.4.3,  we  obtain 
f(9  +  19i)  =  .07439   49 -.00046  88i  I 

Use  of  Table  18.2  in  Computing  (J)  ^  [P' ■>  f  ^^^  Special  Period  Ratios 

If  the  problem  is  reduced  to  computing  [P ,  [p'  A  in  the  Fundamental  Rectangle  for  the  case  when  the 
real  half-period  is  unity  and  pure  imaginary  half-period  is  ia,  for  certain  values  of  a  Table  18.2  may  be 
used.  Consider^  as  an  example.  If  \z\  is  "small",  then  use  Laurent's  series  directly  for  (J>  (z)  [invar- 
iants for  use  in  the  series  are  given  in  Table  18.3]. 

If  X  is  "large"  and  y  "small"  use  Table  18.2  to  obtain  x^g> (x)  and  3?(P'{x),  thence  ^  (x)  and  lP'{x); 
use  Laurent's  series  to  obtain  (J>{iy)  and  (P'{iy)',  finally,  use  addition  formula  18.4.1. 

For  X  "small"  and  y  "large",  reverse  the  procedure.  For  both  x  and  y  "large,"  use  Table  18.2  to 
obtain  (J>{x),  (J>'{x),  (J>  (iy)  and  ff>'(iy),  thence  use  addition  formula  18.4.1. 

Similar  procedures  apply  to  {p'  or  f.  For  ff>',  one  can  also  first  obtain  ip,  then  compute  ff>'^ 
=  4:{P^  —  g2[p—g3  and  extract  the  appropriate  square  root  (see  18.8  re  choice  of  sign  for  IP'). 


A<0 

Example  10.  Given  0)2  =  5,  a;2  =  7i  find 
^'(3+2i)  by  use  of  theta  functions,  18.10  and 
addition  formulas. 

With  the  use  of  Table  4.16  and  18.10.2,  q=ie-''' 
=  .11090  12784i 

The  theta  functions  are  computed  for  argument 
zero  using  18.10.21-18.10.23  and  the  theta 
functions  for  arguments  Vi  and  ^2  corresponding 
to  2  =  2i+22  using  16.27.1-16.27.4.  Using  18.10.5- 
18.10.6  together  with  I&IO.IO,  we  find  ^(3)  = 
.10576  946,  ^(2i)  = -.24497  773,  ^'(3)  = 
-.07474140,  g>'(2i)  =  -. 25576  0071.  The  addi- 
tion formula  18.4.1  yields  ^(3  +  2i)  =  .01763  210 
-.07769  187i,  and  18.4.2  jaelds  ^'(3  +  2i)  = 
-.00069  182  f  .04771  305i. 


A>0 

Example  11.     Compute  ^(.8  +  i)  when  a=1.2. 
Using  Table  18.2  or  Laurent's  series  18.5.1-4  with 
^2=9.15782  851  and 
^3=3.23761  717  from  Table  18.3, 
^(.8)  =  1.92442  11, 
^'(.8)  =  -2.76522  05, 
5)  (i)  =  - 1.40258  06  and 

^'(2)  = -1.19575   58i.     Using   the  addition   for- 
mula 18.4.1 
^(.8  +  i)  = -.381433-. 14936H. 

Example    12.     Compute    f(.02  +  3{)    for   a=4. 
Using  Table  18.2  or  Laurent's  series  18.5.1-5  with 
(/2  =  8.11742  426 
f/3=4.45087  587 
from  Table  18.3, 

f (.02)  =49.99999  89, 
^(.02)  =2500.00016, 
IP  '(.02)  =  -  249999.98376, 
f  (3  i)  =  .89635  173i, 
^(3i)  = -.82326  511, 
^'(3{)  =  -. 00249  829i. 
Applying  the  addition  formula  18.4.3, 
f  (.02  +  30  =  .016465  +  .89635i 


A<0 

Example  11.     Compute  ^(.9 +  .li)  for  a  =  1.05. 
Using  Table  18.2  or  Laurent's  series  18.5.1-4  with 
gr2=— 42.416.53  54  and 
^3=9.92766  62  from  Table  18.3, 
^(.9)  =  .34080  33, 
^'(.9)  =  -2. 164801, 
^(.li)  = -99.97876, 

^'(,li)  =  — 2000.42551.      With   the   addition   for- 
mula 18.4.1 
^(.9  +  .H)  =  .231859-.215149i. 

Example  12.  Compute  ^'(.4 +  .92)  for  a  =  2. 
L'^sing  Table  18.2  or  Laurent's  series  18.5.1-4, 
with 

(^2=4.54009  85, 
(73=8.38537  94 
from  Table  18.3, 

^(.4)  =  6.29407  07, 
^'(.4)  =  -30.99041, 
^(.90  =  -1.225548, 
^'(.90  =  -3.19127  03?. 
Using  the  addition  fonnulas  18.4.1-2, 

^'(.4  +  .9i)  =  1.10519  76-.56489  OOi. 
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Computation  of  a  for  Given  a  and  Arbitrary  ^2  and  ga 

(or  periods  from  which  Qi  and  Qz  can  be  computed — in  any  case,  periods  must  be  known,  at  least 

approximately) 

First  reduce  the  problem  (if  necessary)  to  computation  for  a  point  z  in  the  Fundamental  Rectangle 
(see  18.2).     After  final  reduction  let  z  denote  the  point  obtained. 

A>0  A<0 

If^2>a,/2or,  If^2>W2or 

^2>co2/4,  use  duplication  formula  as  in   case 

Jz>w'l2,  use  duphcation  formula  ^>^-      Otherwise,    use    Maclaurin    series    for    a 

directly. 
a{z)  =  -g)\zl2)a\zl2), 

obtaining  o-(2/2)  by  use  of  Maclaurin  series  for  <r 
and  (J>'{zl2)  by  method  explained  above.  Other- 
wise, simply  use  Maclaurin  series  for  a  directly. 

An  alternate  method  is  to  use  theta  functions  18.10  first  computing  g  and  t?<(0),  i=2,  3,  4. 


A>0 

Example  13.  Compute  a{A-\-\2i)  for  sr2=8, 
^3=4.  From  Example  7,  aj=  1.009453  and  w' 
=  1. 4844131  Since  ^2>co72,  the  Maclaurin  se- 
ries 18.5.6  is  used  to  obtain  (r(2/2)  =  o-(.2  +  .65i) 
=  .19543  86 +  .64947  28i,  the  Laurent  series  38.5.4 
to  obtain  /?>' (.2 +  .65i)  =  5.02253  80-3.56066  93i. 
The  duphcation  formula  18.4.8  gives  (r(.4+1.3i) 
=  .278080+ 1.272785i 


A<0 

Example  13.  Compute  (r(.8  +  .4i)  for  ^2=7, 
^3=6.  From  Example  7,  aj2=. 99579  976,  u, 
=2.33241  83i.  Smce  ^2>aj2/2,  the  Maclaurin 
series  18.5.6  is  used  to  obtain  <T(2/2)  =  <7(.4  +  .2'i) 
=  .40038  01 9 +  .19962  017i,  the  Laurent  series 
18.5.4  to  obtain  ^'(.4  +  .2i)  = -3.70986  70 
+22.2185442.  The  duphcation  formula  18.4.8 
gives  a(.8  +  .4i)  =  .81465  765  +  .38819  473i. 


Given  a{(p,  (J>' ,  f)  corresponding  to  a  point  in  the  Fundamental  Rectangle,  as  well  as  ^2  and  gz  or 
the  equivalent,  find  z. 

Only  a  few  significant  figures  are  obtainable  from  the  use  of  any  of  the  given  (truncated)  reversed 
series,  except  in  a  small  neighborhood  of  the  center  of  the  series.  For  greater  accuracy,  use  inverse 
interpolation  procedures. 

If  the  given  function  does  not  correspond  to  a  value  of  z  in  the  Fundamental  Rectangle  (see  Con- 
formal  Maps)  the  problem  can  alwaj^s  be  reduced  to  this  case  by  the  use  of  appropriate  reduction  for- 
mulas in  18.2.  This  process  is  relatively  simple  for  [P{z),  more  difficult  for  the  other  functions  (e.g.  if 
A>0  and  fp=a-\-ib,  where  Z>>0,  simply  consider  (J)=a—ih  and  find  Zi  in  Ri  IFigure  18.1];  then  com- 
pute 22=2i  +  2w',  the  point  in  B^  corresponding  to  the  given  (P). 


A>0 

Example  14.  Given  (J>  =  \-%,  gr2  =  10,  ^3  =  2, 
find  z.  Using  the  first  three  terms  of  the  reversed 
series  18.5.25  Zi « .727  +  .423i.  The  Lam-ent  series 
18.5.1  gives 


and 


^(21)  =  ^  (.727  +  .423i)  =  .825  -  .895i 

^  (22)  =  ^  (.697  +  .3932)  =  .938  - 1 .038i. 

Inverse  interpolation  gives 
2J''  =  .707  +  .380i.     Repeated   apphcations  of   the 
above  procedure  yield  2=. 706231 +  .379893i. 


A<0 

Example  14.  Given  ^  =l+i,  g^=-\0,  ^3=2, 
find  2.  From  Example  6,  W2=  1.40239  48  and 
aj2  =  1.52561  02i.  Since  6>0,  2  exists  in  R2  and  z 
is  computed  with  (J> .  Using  18.5.25  ^vith  a2=  — 
1.25,  a3=-25,  u=[{ff>)-^Y'^  and  the  coefficients  c„ 
from  Example  8 

2w=  1.55377  3973 +  .64359  42493i 


.08044  9281 -.19422  17466i 
-.01961  9359 +  .00812  66047i 


C2W'-- 

2     9 

^=-.10115  7160-.04190  06673i 


w^ 
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A>0 


Example  15.     Given   f=10— 15i,  fif2  =  8,  5f3=4, 
find  z.    Using  the  reversed  series  18.5.40  with 

^5= -.13333  333, 

^7= -.02857  14286, 

n=     .03076  923076  +  .04615  384615i 

^5'?^5= -.00000  001402 +  .00000  006860i 

^,u^= -.00000  000004 -.00000  000003i 

z=     .03076  921670  +  . 04615  391472i. 


A<0 

Stopping  with  the  term  in  vH ,  2iw.81+.23i. 
Assuming  A2=  — .03  — .Oli,  using  18.5.1,  ^(.81  + 
.23i)  =  .91410  95-.86824  37i,  ^(.78  +  .22i)  = 
1.03191  60-. 91795  22i;  with  inverse  interpolation 


,(1) 


7725  +  .2404i.      Repeated     appHcations     of 
inverse  interpolation  yield  2=.  772247  — .239258i. 

Example  15.  Given  (r=.4  +  .li,  g^  —  l,  ^3=6, 
find  z.  Using  the  reversed  series  18.5.70  with 
T2  =  . 14583,  73=.05 


cr= +  .40000  000 +.10000  OOOi 


72^ 

5 

730^ 

7 

37^^ 


14 
197273<t'' 


=  +  .00011  783  +  . 00032  696i 
=  -.00000  208 +.00001  432i 
=  -.00000  093 +  .00000  126i 


55 


=  -.00000  013  +  . 00000  006i 


2=. 40011  469+.  10034  260i 


Methods  of  Computation  of  [P  (  iP  ',  f  or  a)  for  Given 
z  and  Given  g2^  gz  (or  the  equivalent),  with  the  Use 
of  Automatic  Digital  Computing  Machinery 

(a)  Integration  of  Differential  Equation 

(P  and  (p'  may  be  generated  for  any  z  close 
enough  to  a  "knowTi  point"  z*{(p{z*)  and ^'(2*) 
being  given)  by  integrating  (p" =^  (p'^—Qil'l. 
A  program  to  do  this  on  SWAC,  via  a  modifica- 
tion of  the  Hammer-Hollingsworth  method 
(MTAC,  July  1955,  pp.  92-96)  due  to  Dr.  P. 
Henrici,  exists  at  Numerical  Analysis  Research, 
UCLA  (code  number  00600,  wTitten  by  W.  L. 
Wilson,  Jr.).  The  program  has  been  tested 
numerically  in  the  equianharmonic  case,  using 
integration  steps  of  various  sizes.  For  example, 
if  one  starts  with  2*  =  0)2,  using  an  "integration 
step"  (A,^),  where  h  and  k  are  respectively  the 
horizontal  and  vertical  components  of  a  step, 
with  {h,k)  having  one  of  the  six  values  (±2Ao,0), 
(±Ao,±A:o),  ^0=0)2/2000,  A-o=|a)2 1/2000,  one  can 
expect  ahnost  8S  in  g)  and  7S  in  ^'  after  1000 
steps,  unless  2  is  too  near  a  pole. 

(b)  Use  of  Series 

The  process  of  reducing  the  computation  prob- 
lem to  one  in  which  2  is  in  the  Fundamental 
Rectangle  can  obviously  be  mechanized.  Inside 
the  Fundamental  Rectangle  the  direct  use  of 
Laurent's  series  is  appropriate  when  the  period 


ratio  a  is  not  too  large.  However,  if  a^V3(A>0) 
or  a^2v'3(A<0),  the  series  will  diverge  at  the 
far  corner  of  the  Fundamental  Rectangle,  so  that 
use  may  be  made  of  an  appropriate  duplication 
formula.  Alternatively,  one  may  compute  the 
functions  on  Oz  and  0?/,  then  use  an  addition 
formula.  Even  so,  the  series  will  diverge  at 
2=m  if  a^2(A>0)  and  at  2=ia/2  if  a^4(A<0). 

For  great  accuracy,  multiple  precision  operations 
might  be  necessary.  Double  precision  floating 
point  mode  has  been  used  in  a  program,  written 
for  SWAC,  to  compute  ^ ,  ^ '  and  f . 

For  computation  of  a,  use  of  the  Maclaurin 
series  throughout  the  Fundamental  Rectangle  is 
probably  simplest  (series  converges  for  aU  2). 

Mention  should  be  made  of  the  possible  use  of 
the  series  defining  the  t?  functions.  These  series 
converge  for  all  complex  v,  and  the  computation 
oi  !P,[P',  f  and  (r  by  18.10.5-18.10.8  could  easily 
be  mechanized.  The  series  involved  have  the 
advantage  of  converging  very  fast,  even  in  case 
A<0,  where  \q\^e-''\q^e-'  if  A>0). 

Use  oj  Maps 

If  the  problem  (of  computing  [P ,  (P' ,  ^  ov  a  iov 
given  2)  is  reduced  to  the  case  where  the  real  half- 
period  is  unity  and  imaginary  half-period  is  one 
of  those  used  in  the  maps  in  18.8  inspection  of  the 
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appropriate  figure  will  give  the  value  of  [P{z) 
[^(2)  or  a{_z)\  to  2  — 3S.  If  ^ '  is  wanted  instead, 
get  ^,  use  18.6.3  to  obtain  (p  '^  and  select  sign  (s) 
of  [P '  appropriately.  (See  Conformal  Mapping 
(18.8)  for  choice  of  sign  of  square  root  of  (p''^). 

Computation  of  Zo 

Given  ^2,  ^3  (or  equivalent) 

Since  2^^(2o)=0,  th^  Laurent's  series  gives 

0  =  l-\-C2U^-\-C3V?^CiU^-\-    .    .    . 

where  «=2^.  We  may  solve  this  equation  [by 
Graeffe's  (root-squaring)  process  or  otherwise] 
for  its  absolutely  smallest  root  [having  found  an 


approximation  to  \zo\  by  Graeffe's  process,  we 
may  use  the  fact  that  2o='^+iyo(A>0),  2o=w2 
+  i?/o(A<0)  to  obtain  an  approximation  to  Zq]. 

It  is  noted  that  ?/o/"  is  a  monotonic  decreasing 
function  of  (period  ratio)  a^l  for  A>0  and 


[1  ^W^>-  arccosh  V3( 

TT 


.7297)]. 


1/0/CO2  is  a  monotonic  increasing  function  of  a  for 

A<0  and 

2 
[0^yo/«2<-  arccosh  V3] 


TT 


Further  data  is  available  from  Table  18.2  or  from 
Conformal  Maps  defined  by  fp  (2) . 
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Table    l«.l 


TABLE  FOR  OBTAINING  PERIODS  FOR  INVARIANTS  ^2  AND/;. 


Non-Negative  Discriminant 

S2 


(^2   ^2^3    3 ) 


Non-Positive  Discriminant 


3.00 
3.05 
3,10 
3.15 
3.20 

3.25 
3.30 
3.35 

3.40 


S2 
3.4 
3.5 
3.6 
3.7 
3.8 
3.9 

4.0 
4.1 
4.2 
4.3 
4.4 

4.5 
4.6 
4.7 
4.8 
4.9 

5.0 
5.2 
5.4 
5.6 
5.8 

6.0 
6.2 
6.4 
6.6 
6.8 


7.8 

8.0 
8.2 
8.4 
8.6 


9.0 
9.2 
9.4 
9.6 
9.8 
10.0 


0.10 
0.09 
0.08 
0.07 
0.06 

0.05 
0.04 
0.03 
0.02 
0.01 
0.00 


(o^i  ':ij^N|ln(^,-3) 


1.28254  98 

1.27944  73 

1.27637  43 

1.27333  03 

1.27031  49 

1.26732  80 

1.26436  90 

1.26143  77 

1.25853  38 


25853  38 
25280  64 
24718  42 
24166  45 
23624  47 
23092  23 


1.22569  47 
1.22055  95 
1.21551  44 
1.21055  69 
1.20568  50 

1.20089  62 
1,19618  86 
1,19156  00 
1,18700  83 
1,18253  18 

1.17812  83 
1,16953  35 
1.16120  96 
1.15314  34 
1.14532  23 

1.13773  46 
1.13036  91 
1.12321  55 
1.11626  38 
1.10950  49 

1,10293  00 

1, 09653  11 

1,09030  03 

1,08423  04 

1.07831  46 

1.07254  63 

1.06691  95 

1.06142  83 

1.05606  74 

1.05083  15 

1.04571  58 
1.04071  56 
1.03582  65 
1.03104  44 
1.02636  52 
1.02178  54 


CO//  6   </  •* 

h  :\  f  •> 

1.81701  "99 
1,82207  90 
1.82696  90 
1.83165  87 
1.83611   17 

1.84028  47 
1.84412  45 
1.84756  35 
1.85050  78 
1.85280  73 
1.85407  47 
{-i)f 

10 


12 

1,52168  83 

1,51892  22 

1,51685  48 

1,51505  45 

1,51342  84 

1,51193  18 

1,51053  84 

1,50923  08 

1, 50799  63 


u 


^fA 


1,69503  33 
1,64719  87 
1,60789  93 
1,  57451  65 
1,54548  31 
1,  51978  54 


1,49672  94 
1,47581  86 
1,45668  57 
1,43905  10 
1,42269  63 

1,40744  84 
1,39316  72 
1,37973  79 
1.36706  51 
1.35506  88 

1.34368  10 
1.32250  70 
1,30316  60 
1,28537  08 
1,26889  69 

1.25356  57 
1,23923  29 
1,22577  98 
1,21310  78 
1,20113  41 

1,18978  83 
1.17901  03 
1.16874  82 
1.15895  67 
1,14959  65 

1,14063  29 
1.13203  51 
1.12377  59 
1.11583  09 
1.10817  84 

1.10079  87 
1.09367  40 
1.08678  83 
1.08012  69 
1.07367  66 
1.06742  51 


'  i-i/- 

1.89818  Ol 

1.89119  06 

1.88476  56 

1.87888  68 

1.87354  40 


86873  53 

86447  02 

86077  37 

85769  72 

85534  90 

85407  47 

10 


10 
11 

13 
14 
17 

20 
25 
33 

50 
100 


^=0,20412 


n4s 


F2-' 

'^■24.^2 

i 

^^24^2! 

*A 

<S2> 

-0,00 

2.62205   76 

2.62205 

76 

-    » 

-0.01 

2.62025   54 

2.  62384 

98 

-100 

-0.02 

2.61693   53 

2.62710 

11 

-  50 

-0.03 

2.61258   87 

2.63126 

10 

-  33 

-0.04 

2.60737  43 

2.63611 

20 

-  25 

-0.05 

2.60137  48 

2.64151 

34 

-  20 

-0.06 

2.59464   00 

2.64735 

75 

-  17 

-0.07 

2.58720   37 

2.65355 

47 

-  14 

-0.08 

2.57909  05 

2.  66002 

55 

-  13 

-0.09 

2.57032   09 

2.  66669 

74 

-  11 

-0.10 

2.56091   33 

2.67350 

25 

-  10 

-0.11 

2.55088  61 

2.68037 

66 

-     9 

-0,12 

2.54025  86 

2.68725 

88 

-     8 

-0.13 

2.52905   23 

2.69409 

09 

-     8 

-0.14 

2.51729   09 

2.70081 

77 

-     7 

-0.15 

2.50500  11 

2.70738 

70 

-     7 

-0.16 

2.49221   23 

2.71375 

03 

-     6 

-0.17 

2.47895    70 

2.71986 

26 

-     6 

-0.18 

2.46527   01 

2.72568 

31 

-     6 

-0.19 

2.45118  90 

2.73117 

52 

-     5 

-0.20 

2.43675  29 

2.73630 

70 

-     5 

^2-' 

^^2^3 

^^2^^' 

<S2> 

-0.20 

1.62955  49 

1.82987 

88 

-     5 

-0.25 

1.66926  74 

1.94863 

05 

-     4 

-0.30 

1.68880   94 

2.  04569 

84 

-     3 

-0.35 

1.69574  71 

2.12452 

34 

-     3 

-0.40 

1.69529  14 

2.18836 

87 

-     3 

-0.45 

1.69080   53 

2.24023 

31 

-     2 

-0.50 

1.68433   20 

2.28267 

03 

-     2 

-0.55 

1.67705   44 

2.31773 

31 

-     2 

-0.60 

1.66962   98 

2.34701 

74 

-     2 

-0,65 

1.66240   65 

2.37174 

42 

-     2 

-0,70 

1.65555   57 

2.  39284 

34 

-     1 

-0.75 

1.64914   98 

2.41102 

56 

-     1 

-0.80 

1.64320   64 

2.42683 

68 

-     1 

-0.85 

1.63771   44 

2.44070 

05 

-     1 

-0.90 

1.63264   84 

2.45294 

88 

-     1 

-0.95 

1.62797  70 

2.  46384 

40 

-     1 

-1.00 

1.62366  67 

2.  47359 

62 

-     1 

^2 

'^2^  3      |- 

t  V6, 
^-^ln( 
0 

3 

S2) 

-1.0 

1.62366  67 

3.03954 

85 

-0.8 

1.60646  93 

3.05518 

40 

-0.6 

1.58820   63 

3.  06892 

24 

-0.4 

1.56918  06 

3.  08070 

50 

-0.2 

1.54967   81 

3.  09053 

50 

0.0 

1.52995   40 

3.09846 

47 

0.2 

1.51022   67 

3.10458 

18 

0.4 

1.49067  44 

3.10899 

55 

0.6 

1.47143   75 

3.11182 

48 

0.8 

1.45262   13 

3.11318 

95 

1.0 

1,43430  15 

3.11320 

22 

1.2 

1.41652   88 

3.11196 

36 

1.4 

1.39933   41 

3.10955 

78 

1.6 

1.38273   24 

3.10604 

84 

1.8 

1.36672   71 

3.10147 

38 

2.0 

1.35131   24 

3.  09584 

00 

2.2 

1.33647  63 

3.  08910 

74 

2.4 

1.32220   24 

3.08116 

35 

2.6 

1.30847  11 

3.07175 

37 

2.8 

1.29526   10 

3.06025 

10 

3.0 

1.28254   98 

3.04337 

67 

A  =  0 

■(-.■ij.r 

•(-3)3 

•<) 

11 

. 

1^  =  0.40821  829 
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Table    1«.2 


TABLE  FOR  OBTAINING  .!?.  9'  AND  r  ON  Ox  AND  Oj 

(Positive  Discriminant— Unit  Real  Half-Period) 


z=xV 

(         1.00 

1.05 

1.1 

1.2 

1.4 

2.0 

4.0 

0.00 

1.00000 

00 

1,00000 

00 

1.00000 

00 

1.00000 

00 

1.00000 

00 

1.00000 

00 

1,00000  00 

0.05 

1.00000 

37 

1,00000 

34 

1.00000 

32 

1.00000 

29 

1.00000 

26 

1.00000 

25 

1,00000  25 

0.10 

1.00005 

91 

1, 00005 

41 

1.  00005 

05 

1. 00004 

59 

1.00004 

22 

1. 00004 

08 

1,00004   07 

0.15 

1,00029 

91 

1.00027 

41 

1.00025 

59 

1.00023 

31 

1.  00021 

46 

1,00020 

75 

1.00020  73 

0.20 

1.00094 

57 

1.00086 

77 

1. 00081 

12 

1.00074 

02 

1, 00068 

25 

1. 00066 

02 

1.00065  97 

0.25 

1.00230 

98 

1.00212 

32 

1.00198 

79 

1.  00181 

79 

1.00167 

98 

1.00162 

64 

1.00162   51 

0.30 

1.00479 

35 

1. 00441 

61 

1.00414 

21 

1. 00379 

79 

1.00351 

80 

1. 00340 

97 

1.00340  71 

0,35 

1, 00889 

27 

1.00821 

33 

1.00772 

00 

1.00709 

99 

1.  00659 

56 

1. 00640 

03 

1.00639  57 

0.40 

1,01520 

23 

1.01408 

14 

1.01326 

70 

1.  01224 

31 

1.01140 

98 

1.01108 

69 

1.01107  93 

0,45 

1.02442 

50 

1.02269 

65 

1,02144 

00 

1. 01985 

94 

1.01857 

24 

1.01807 

36 

1.01806  19 

0.50 

1.03738 

54 

1.03486 

08 

1.03302 

47 

1.03071 

36 

1.02883 

08 

1.02810 

10 

1.02808  38 

0.55 

1.  05504 

92 

1.05152 

36 

1. 04895 

81 

1.  04572 

73 

1. 04309 

40 

1.04207 

28 

1.04204  87 

0.60 

1.07855 

23 

1.07381 

21 

1.07036 

11 

1.06601 

29 

1.  06246 

70 

1.06109 

15 

1.06105  91 

0.65 

1,10923 

99 

1,10307 

22 

1.09857 

95 

1. 09291 

64 

1.08829 

58 

1.08650 

29 

1, 08646  07 

0.70 

1,14872 

15 

1.14092 

35 

1.13524 

09 

1.12807 

45 

1.12222 

46 

1.11995 

41 

1,11990   05 

0.75 

1,19894 

38 

1.18933 

40 

1.18232 

81 

1.17348 

94 

1.16627 

18 

1.16346 

98 

1,16340  37 

0.80 

1,26229 

01 

1.25071 

86 

1,24227 

98 

1.23162 

95 

1.22292 

96 

1,21955 

14 

1,21947  17 

0.85 

1.34171 

37 

1.32807 

28 

1.31812 

18 

1.30556 

03 

1.29529 

60 

1,29130 

97 

1,29121   57 

0.90 

1.44091 

81 

1,42515 

17 

1.41364 

80 

1.39912 

31 

1.38725 

23 

1.38264 

14 

1,38253   27 

0,95 

1, 56460 

22 

1, 54671 

40 

1.53366 

04 

1.51717 

65 

1.50370 

31 

1.49846 

94 

1.49834  59 

1.00 

1.71879 

62 

1, 69885 

59 

1. 68430 

41 

1.66592 

77 

1.65090 

68 

1.64507 

17 

1,64493  41 

[(-3)4 
8 

■ 

8 

r 

[(-3)41 

8 

[(-3)4-1 
8 

[(-3)4] 
8 

[(-3)4] 
8 

[(-3)4] 
8 

2//=// 

\"       1.00 

1.05 

1.1 

1.2 

1.4 

2.0 

4.0 

0.00 

1.00000 

00 

1,00000 

00 

1.00000 

00 

1. 00000 

00 

1.00000 

00 

1. 00000 

00 

1,00000   00 

0.05 

1.00000 

37 

1,00000 

34 

1.00000 

31 

1.00000 

29 

1.00000 

26 

1.00000 

25 

1,00000   25 

0.10 

1.00005 

91 

1.00005 

40 

1.00005 

03 

1.00004 

57 

1.00004 

19 

1.00004 

05 

1,00004   04 

0.15 

1.00029 

91 

1,00027 

31 

1.00025 

42 

1.00023 

05 

1.00021 

13 

1.00020 

39 

1,00020  37 

0.20 

1, 00094 

57 

1,00086 

20 

1.00080 

14 

1.00072 

54 

1. 00066 

38 

1.00063 

99 

1.00063   94 

0.25 

1,00230 

98 

1,00210 

14 

1.00195 

05 

1.00176 

15 

1.00160 

81 

1.  00154 

88 

1.00154  75 

0.30 

1,  00479 

35 

1,00435 

08 

1. 00403 

04 

1. 00362 

91 

1.00330 

38 

1.00317 

81 

1.00317  52 

0.35 

1, 00889 

27 

1,00804 

86 

1.00743 

81 

1.00667 

40 

1,00605 

50 

1,00581 

59 

1.00581   03 

0.40 

1,01520 

23 

1, 01371 

37 

1.01263 

81 

1.01129 

28 

1.01020 

38 

1. 00978 

33 

1.00977  34 

0.45 

1,  02442 

50 

1.02194 

93 

1.02016 

25 

1.01792 

92 

1.01612 

33 

1,01542 

64 

1. 01540  99 

0.50 

1.03738 

54 

1.03345 

04 

1.03061 

34 

1. 02707 

18 

1.02421 

09 

1.02310 

77 

1.02308  17 

0.55 

1.05504 

92 

1,04901 

44 

1. 04466 

92 

1.03925 

21 

1. 03488 

20 

1.  03319 

83 

1,03315   85 

0.60 

1.07855 

23 

1, 06955 

87 

1. 06309 

37 

1.05504 

64 

1. 04856 

45 

1. 04606 

96 

1,  04601   09 

0.65 

1.10923 

99 

1,09614 

60 

1,08675 

16 

1.07507 

92 

1.  06569 

47 

1. 06208 

70 

1,06200  18 

0.70 

1.14872 

15 

1,13001 

89 

1,11663 

04 

1.10003 

09 

1.  08671 

44 

1.08160 

18 

1.08148  16 

0.75 

1.19894 

38 

1,17264 

63 

1,15387 

03 

1.13065 

03 

1.11207 

03 

1.10494 

84 

1.10478  09 

0.80 

1.26229 

01 

1.22578 

78 

1.19980 

68 

1.16777 

18 

1.14221 

52 

1.13243 

76 

1.13220  79 

0.85 

1.34171 

37 

1.29157 

86 

1.25602 

53 

1.21233 

97 

1.17761 

18 

1.16435 

46 

1.16404   34 

0.90 

1.44091 

81 

1.37264 

39 

1.32443 

52 

1.  26544 

15 

1.21873 

89 

1.20095 

66 

1,20053   95 

0.95 

1.  56460 

22 

1.47224 

79 

1.40736 

61 

1.32835 

02 

1.26610 

10 

1.24247 

14 

1,24191   74 

1,00 

1.71879 

62 

1.59449 

89 

1,50769 

66 

1.40258 

06 

1.32024 

17 

1.28909 

73 

1.28836  81 

1.05 

1. 74462 

36 

1.62902 

39 

1.10 

1.77589 

10 

r(-3)4] 

8 

[(-3)31 
8 

[(-3)J 

7 

1 

[(-3)1] 

7 

[(-4)8] 
6 

[(-4)6] 
6 

[(-4)6] 
6 

2  '  =  .'/\"        1.00 

1.05 

1.1 

1.2 

1.4 

2.0 

4.0 

1.0 

1.71879 

62 

1. 59449 

89 

1. 50769 

66 

1.40258 

06 

1.32024 

17 

1.28909 

73 

1.288368 

1.2 

1.  85616 

29 

1.  61789 

95 

1.52970 

17 

1.527649 

1.4 

2. 09401 

44 

1,86127 

05 

1. 855916 

1.6 

2,28676 

23 

2.273495 

1.8 

2,80921 

52 

2.777516 

2.0 

3,43759 

29 

3,363868 

2.2 

4, 028426 

2.4 

4,767658 

2.6 

If  the  real  half-period 

^1, 

see  18.2 

Homogeneity  Relations.     Interpolation  with 

5,578809 

2.8 

respect  to  " 

will,  in  general,  be  difficult  because  of  the 

\  non-uniform  subintervals 

6.459856 

3.0 

involved. 

Aitken's  interpo 

ation  may  be  used  in 

this 

case.     As  few 

as   3S  may 

7.409386 

3.2 
3.4 

be  obtained. 

For  the  computation  of  fP, 

CP'  or  ;-  at  r- 

'  •  ill,  an  addition  formula 

8. 426442 
9.510400 

3.6 

may  be  used  (18. 1  and  Kxanipit-!.  1 1- 

12). 

10.  660867 

3.8 

11. 877621 

4.0 

13.160574 
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lA 

BLl 

:   FOK  OB 

lAI 

IMING  fP, 

G>'  t 

\ND  f  OIN 

Ox 

AND  Oj 

Table  18.2 

(Positive  Discriminant— 1 

Unit  Real  Half-Period) 

z^rp-{z) 

J=.r\ 

a           1.00 

1.05 

1.1 

1.2 

1.4 

2.0 

4.0 

0.00 

-2.00000  00 

-2.  00000 

00 

-2. 00000 

00 

-2. 00000 

00 

-2. 00000 

00 

-2. 00000 

00 

-2.00000  00 

0.05 

-1.99999  26 

-1.99999 

32 

-1. 99999 

37 

-1. 99999 

43 

-1.  99999 

47 

-1. 99999 

49 

-1.99999  49 

0.10 

-1.99988  18 

-1.  99989 

17 

-1. 99989 

89 

-1. 99990 

80 

-1. 99991 

53 

-1. 99991 

81 

-1.99991  82 

0.15 

-1.99940  16 

-1.  99945 

07 

-1. 99948 

63 

-1. 99953 

10 

-1. 99956 

73 

-1. 99958 

14 

-1.99958  17 

0.20 

-1.99810  75 

-1.99825 

79 

-1. 99836 

70 

-1. 99850 

41 

-1. 99861 

55 

-1.  99865 

86 

-1.99865  97 

0.25 

-1.99537  33 

-1.99572 

57 

-1. 99598 

17 

-1. 99630 

33 

-1. 99656 

50 

-1. 99666 

63 

-1.99666  88 

0.30 

-1.99038  23 

-1.99107 

69 

-1. 99158 

17 

-1. 99221 

67 

-1.  99273 

38 

-1. 99293 

42 

-1.99293  89 

0.35 

-1.98210  95 

-1.98332 

00 

-1. 98420 

07 

-1. 98530 

95 

-1. 98621 

31 

-1.98656 

35 

-1.98657  17 

0.40 

-1.96928  90 

-1.  97121 

06 

-1. 97260 

99 

-1. 97437 

35 

-1.  97581 

22 

-1. 97637 

02 

-1.97638  34 

0.45 

-1.95036  13 

-1.95319 

16 

-1. 95525 

47 

-1.  95785 

77 

-1. 95998 

33 

-1.  96080 

82 

-1.96082  78 

0.50 

-1.92339  01 

-1.92730 

50 

-1. 93016 

21 

-1. 93377 

03 

-1. 93671 

95 

-1. 93786 

53 

-1.93789  23 

0.55 

-1.88593  83 

-1.89106 

43 

-1. 89480 

97 

-1.  89954 

33 

-1. 90341 

73 

-1.  90492 

32 

-1.90495  86 

0.60 

-1.83488  99 

-1.84127 

27 

-1.  84594 

09 

-1.  85184 

82 

-1. 85668 

71 

-1. 85856 

93 

-1.85861  37 

0.65 

-1.76619  53 

-1. 77376 

97 

-1.  77931 

45 

-1. 78633 

89 

-1. 79209 

80 

-1.  79433 

95 

-1.79439  25 

0.70 

-1.67451  43 

-1.68307 

45 

-1. 68934 

72 

-1. 69729 

96 

-1. 70382 

60 

-1. 70636 

76 

-1.70642  75 

0.75 

-1.55271  74 

-1.56189 

13 

-1. 56861 

96 

-1. 57715 

61 

-1. 58416 

75 

-1. 58689 

93 

-1.58696  39 

0.80 

-1.39118  65 

-1.40041 

70 

-1. 40719 

15 

-1. 41579 

29 

-1. 42286 

23 

-1.42561 

79 

-1.42568  30 

0.85 

-1.17683  20 

-1.18536 

53 

-1. 19163 

25 

-1. 19959 

24 

-1. 20613 

88 

-1. 20869 

13 

-1.20875  17 

0.90 

-0.89169  81 

-0. 89858 

18 

-0. 90364 

00 

-0. 91006 

69 

-0. 91535 

50 

-0.  91741 

70 

-0.91746  57 

0.95 

-0.51095  87 

-0.51505 

33 

-0.51806 

28 

-0.  52188 

70 

-0.  52503 

45 

-0.52626 

26 

-0.52629  14 

1.00 

0.00000  00 

0. 00000 

00 

0.00000 

00 

0.  00000 

00 

0.  00000 

00 

0.  00000 

00 

0.00000  00 

[(-2)21 
9 

r(-2)2] 

9 

r(-2)2] 

9 

[(-2)21 
9 

[(-2)2-1 
9 

[(-2)21 
9 

[(-2)2- 
9 

z/i=y\a      1.00 

1.05 

1.1 

1.2 

1.4 

2.0 

4.0 

0.00 

-2.00000  00 

-2.00000 

00 

-2. 00000 

00 

-2. 00000 

00 

-2. 00000 

00 

-2.00000 

00 

-2.00000  00 

0.05 

-1.99999  26 

-1.99999 

32 

-1.99999 

37 

-1. 99999 

43 

-1. 99999 

48 

-1.99999 

49 

-1.99999  49 

0.10 

-1.99988  18 

-1.99989 

21 

-1.99989 

95 

-1. 99990 

89 

-1,  99991 

65 

-1. 99991 

94 

-1.99991  95 

0.15 

-1.99940  16 

-1. 99945 

48 

-1. 99949 

33 

-1. 99954 

15 

-1. 99958 

07 

-1.  99959 

59 

-1.99959  62 

0.20 

-1.99810  75 

-1.99828 

08 

-1, 99840 

62 

-1, 99856 

33 

-1. 99869 

07 

-1.  99873 

99 

-1.99874  11 

0.25 

-1.99537  33 

-1.99581 

31 

-1. 99613 

14 

-1. 99652 

94 

-1.  99685 

19 

-1. 99697 

66 

-1.99697  95 

0.30 

-1.99038  23 

-1. 99133 

82 

-1. 99202 

89 

-1. 99289 

25 

-1. 99359 

12 

-1.99386 

12 

-1.99386  76 

0.35 

-1.98210  95 

-1.98398 

06 

-1. 98533 

03 

-1.98701 

63 

-1. 98837 

91 

-1. 98890 

48 

-1.98891  71 

0.40 

-1.96928  90 

-1.97268 

69 

-1. 97513 

44 

-1.97818 

68 

-1.  98065 

01 

-1. 98159 

94 

-1.98162  18 

0.45 

-1.95036  13 

-1. 95619 

80 

-1.  96039 

48 

-1. 96561 

82 

-1.  96982 

60 

-1. 97144 

57 

-1.97148  38 

0.50 

-1.92339  01 

-1.93299 

84 

-1.  93989 

10 

-1. 94845 

17 

-1. 95533 

26 

-1. 95797 

74 

-1.95803  95 

0.55 

-1.88593  83 

-1.90123 

75 

-1. 91218 

25 

-1. 92574 

23 

-1.  93661 

23 

-1.94078 

35 

-1.94088  17 

0,60 

-1. 83488  99 

-1. 85861 

50 

-1. 87553 

39 

-1. 89643 

16 

-1. 91313 

16 

-1. 91952 

74 

-1.91967  77 

0.65 

-1.76619  53 

-1.80221 

44 

-1. 82780 

48 

-1. 85930 

08 

-1. 88437 

77 

-1. 89395 

96 

-1.89418  46 

0.70 

-1.67451  43 

-1.72827 

05 

-1. 76629 

64 

-1. 81290 

09 

-1.  84984 

78 

-1. 86392 

68 

-1.86425  71 

0.75 

-1.55271  74 

-1.63184 

71 

-1.  68753 

62 

-1. 75545 

41 

-1.  80902 

61 

-1.82937 

52 

-1.82985  21 

0.80 

-1.39118  65 

-1.50639 

22 

-1.  58698 

80 

-1.  68471 

79 

-1. 76134 

96 

-1.  79034 

89 

-1.79102  80 

0.85 

-1.17683  20 

-1.34312 

50 

-1. 45865 

26 

-1. 59780 

32 

-1. 70615 

96 

-1.  74698 

46 

-1.  74793  96 

0.90 

-0.89169  81 

-1.13018 

63 

-1. 29452 

95 

-1.  49093 

18 

-1.  64263 

75 

-1,  69950 

14 

-1.70082  95 

0.95 

-0.51095  87 

-0.85145 

23 

-1.  08387 

84 

-1. 35912 

08 

-1.  56972 

20 

-1.64818 

82 

-1.65001  75 

1.00 

0. 00000  00 

-0.48485 

79 

-0. 81220 

52 

-1. 19575 

58 

-1.  48600 

58 

-1. 59338 

85 

-1.59588  68 

1.05 

0.00000 

00 

-0. 45984 

59 

1.10 

0.  00000 

00 

[(-2)2-1 
9 

r(-2)] 

9 

[■ 

[(-2)11 
9 

[(-3)4-1 
9 

[(-3) 

7 

r 

[(-4)4-1 
6 

[(-4)6-1 
6 

z/i=y\a       1.00 

1.05 

1.1 

1.2 

1.4 

2.0 

4.0 

1.0 

0.00000  00 

-0.  48485 

79 

-0. 81220 

52 

-1. 19575 

58 

-1.48600 

58 

-1. 59338 

85 

-1.59588  68 

1.2 

0. 00000 

00 

-0.  99449 

51 

-1.34717 

40 

-1.35527  93 

1.4 

0.  00000 

00 

-1.07521 

03 

-1.09935  83 

1.6 

-0. 78786 

76 

-0.85550  88 

1.8 

-0.46104 

27 

-0.64191  20 

2.0 

0. 00000 

00 

-0,46669  27 

2.2 

-0.33022  92 

2.4 

-0.22828  89 

2.6 

-0.15467  43 

2.8 

-0.10296  79 

3.  0 

-0, 06745  48 

3.  2 

-0. 04346  22 

3.4 

-0.  02734  75 

3.6 

-0.01629  07 

3.  8 

-0.00795  66 

4.0 

0.00000  00 

273-888  0-67— 44 
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Table 

1«.2 

T 

ABLI 

:  FOR  Ol 

iTAir 

»JiN(;  j>.  L 

?■   AI 

VD  r  ON 

0.t  A 

ND  Ov 

(Positive  Discriminant— Unit  Real  Half- 

Period) 

-.((z) 

--=A' 

r    1.00 

1.05 

1.1 

1.2 

1.4 

2.0 

4.0 

0.00 

1.  00000 

000 

1.00000 

000 

1.00000 

000 

1.00000 

000 

1.00000 

000 

1.00000 

000 

1.00000  000 

0.05 

0.  99999 

876 

0. 99999 

887 

0.  99999 

895 

0.  99999 

905 

0.  99999 

912 

0.  99999 

915 

0.99999  915 

0.10 

0. 99998 

031 

0.  99998 

198 

0.  99998 

319 

0.  99998 

471 

0. 99998 

595 

0.  99998 

643 

0. 99998  644 

0.15 

0.99990 

029 

0.  99990 

871 

0.  99991 

481 

0.99992 

246 

0.  99992 

868 

0.  99993 

109 

0.99993  115 

0.20 

0. 99968 

483 

0.99971 

119 

0.  99973 

030 

0.  99975 

429 

0.99977 

377 

0.99978 

130 

0.99978  148 

0.25 

0.  99923 

041 

0.  99929 

399 

0. 99934 

010 

0. 99939 

799 

0. 99944 

501 

0. 99946 

321 

0.99946  364 

0.30 

0.  99840 

360 

0.  99853 

355 

0.  99862 

782 

0.  99874 

617 

0. 99884 

235 

0.  99887 

957 

0.99888  045 

0.35 

0.  99704 

076 

0.99727 

741 

0.99744 

912 

0.  99766 

478 

0.  99784 

008 

0.99790 

793 

0.99790  954 

0.40 

0.  99494 

715 

0.99534 

298 

0.  99563 

028 

0.  99599 

122 

0.99628 

469 

0.99639 

831 

0. 99640  099 

0.45 

0.  99189 

577 

0.99251 

583 

0. 99296 

602 

0.99353 

179 

0.99399 

196 

0.  99417 

016 

0.99417  438 

0.50 

0.  98762 

541 

0.98854 

726 

0.98921 

683 

0.99005 

855 

0.99074 

340 

0.99100 

867 

0.99101  490 

0.55 

0.  98183 

783 

0.98315 

105 

0.  98410 

521 

0.  98530 

511 

0.98628 

174 

0.98666 

012 

0.98666  904 

0.60 

0.97419 

386 

0.97599 

894 

0.97731 

096 

0.97896 

146 

0.98030 

531 

0.98082 

605 

0.98083  833 

0.65 

0.  96430 

782 

0. 96671 

478 

0.  96846 

489 

0.97066 

726 

0.  97246 

106 

0.97315 

633 

0.97317  272 

0.70 

0.95174 

028 

0.  95486 

674 

0.95714 

079 

0.96000 

343 

0.96233 

582 

0.  96324 

002 

0.96326  132 

0.75 

0.93598 

819 

0.93995 

720 

0.  94284 

503 

0.94648 

146 

0.  94944 

525 

0.95059 

446 

0.95062  155 

0.80 

0.91647 

208 

0.92140 

960 

0.92500 

321 

0.92952 

973 

0.93322 

007 

0.  93465 

128 

0.93468  503 

0.85 

0.  89251 

910 

0. 89855 

136 

0.90294 

299 

0. 90847 

617 

0.91298 

848 

0.91473 

876 

0.91478  003 

0.90 

0.  86334 

108 

0.87059 

177 

0.  87587 

177 

0.  88252 

588 

0.  88795 

364 

0.  89005 

936 

0.89010  902 

0.95 

0.  82800 

562 

0.  83659 

307 

0.  84284 

790 

0.  85073 

222 

0.85716 

486 

0. 85966 

076 

0.85971  964 

1.00 

0.78539 

822 

0.79543 

267 

0.  80274 

283 

0.81195 

906 

0.  81947 

977 

0.82239 

820 

0.82246  703 

[(-4)9-1 

7 

[(-4)9] 

8 

[(-4)91 

8 

[(-4)9-1 
8 

■(-4)9] 
8 

[(-4)9] 
8 

"(-4)9] 
8 

z/i=y\n     1.00 

1.05 

1.1 

1.2 

1.4 

2.0 

4.0 

0.00 

1.00000 

000 

1.00000 

000 

1.00000 

000 

1.00000 

000 

1.00000 

000 

1.00000 

000 

1.00000  000 

0.05 

0.  99999 

876 

0.99999 

887 

0. 99999 

895 

0. 99999 

905 

0.  99999 

912 

0.  99999 

915 

0.99999  916 

0.10 

0. 99998 

031 

0.99998 

200 

0.99998 

322 

0.  99998 

476 

0. 99998 

601 

0.99998 

649 

0.99998  650 

0.15 

0.  99990 

029 

0.99990 

891 

0. 99991 

516 

0.99992 

299 

0.  99992 

935 

0.  99993 

181 

0.99993  187 

0.20 

0. 99968 

483 

0. 99971 

234 

0. 99973 

226 

0.  99975 

725 

0.99977 

752 

0.99978 

537 

0.99978  555 

0.25 

0.  99923 

041 

0.99929 

836 

0. 99934 

758 

0.99940 

928 

0.99945 

935 

0.99947 

871 

0.99947  917 

0.30 

0.  99840 

360 

0. 99854 

660 

0. 99865 

014 

0.  99877 

991 

0.99888 

517 

0.  99892 

586 

0.99892  682 

0.35 

0.  99704 

076 

0.  99731 

033 

0.99750 

544 

0.99774 

989 

0.99794 

811 

0.99802 

472 

0.99802  653 

0.40 

0.  99494 

715 

0. 99541 

639 

0.99575 

586 

0.99618 

100 

0.99652 

557 

0. 99665 

871 

0.99666  184 

0.45 

0.  99189 

577 

0.  99266 

485 

0.99322 

092 

0.  99391 

695 

0. 99448 

077 

0. 99469 

855 

0.99470  368 

0.50 

0.98762 

541 

0. 98882 

817 

0. 98969 

725 

0.99078 

438 

0.  99166 

445 

0.99200 

425 

0.99201  225 

0.55 

0.  98183 

783 

0.  98364 

988 

0.  98495 

820 

0.98659 

357 

0.  98791 

646 

0.98342 

700 

0.98843  902 

0.60 

0.97419 

386 

0. 97684 

238 

0.97875 

291 

0.98113 

896 

0.  983C6 

740 

0.  98381 

123 

0.98382  874 

0.65 

0.96430 

782 

0.  96808 

373 

0.97080 

464 

0.97419 

926 

0.97694 

003 

0.  97799 

651 

0.97802  138 

0.70 

0.95174 

028 

0.95701 

320 

0.  96080 

810 

0.96553 

710 

0.96935 

061 

0.97081 

949 

0.97085  406 

0.75 

0.93598 

819 

0.94322 

518 

0.94842 

600 

0.  95489 

807 

0.96010 

986 

0.96211 

557 

0.96216  276 

0.80 

0.91647 

208 

0.92626 

102 

0. 93328 

385 

0.  94200 

908 

0.  94902 

381 

0.  95172 

061 

0.95178  405 

0.85 

0.  89251 

910 

0.90559 

833 

0.91496 

295 

0.92657 

574 

0.  93589 

412 

0.93947 

230 

0.93955  644 

0.90 

0.  86334 

108 

0.  88063 

688 

0.  89299 

175 

0.90827 

878 

0.  92051 

815 

0.92521 

144 

0.92532  176 

0.95 

0.  82800 

562 

0.  85068 

069 

0.  86683 

386 

0. 88676 

908 

0.90268 

849 

0.90878 

307 

0.90892  628 

1.00 

0.78539 

822 

0.81491 

420 

0.  83587 

315 

0.86166 

128 

0.  88219 

209 

0.89003 

731 

0.89022  154 

1.05 

0.  77237 

164 

0. 79939 

419 

1.10 

0.75655 

714 

[(-4)91 

7 

[(-4^8] 
8 

[(-4)8-1 

7 

[(-4)41 

7 

[(-4)31 
6 

[(-4)3] 
6 

[(-4)3] 
6  . 

z:i^y\a       1.00 

1.05 

1.1 

1.2 

1.4 

2.0 

4.0 

1.0 

0.78539 

822 

0.  81491 

420 

0.83587 

315 

0.86166 

128 

0.88219 

209 

0.  89003 

731 

0.89022  15 

1.2 

0.  71573 

454 

0. 76897 

769 

0.78909 

505 

0.78956  60 

1.4 

0.59293 

450 

0.64073 

496 

0.64184  73 

1.6 

0.43846 

099 

0.44095  77 

1.8 

+0.17708 

802 

+0.18250  43 

2.0 

-0. 14800 

012 

-0.13652  01 

2.2 

-0.51809  61 

2.4 

-0.96348  97 

2.6 

-1.47349  03 

2.8 

-2.04858  16 

3.0 

-2.68905  52 

3.2 

-3.39508  38 

3.4 

-4.16677  17 

3.6 

-5.00417  86 

3.8 

-5.90734  21 

4.0 

-6.87630  32 

■(-3)8- 

[[-3^8] 
10 

WEIERSTRASS    ELLIPTIC    AND    RELATED    FUNCTIONS 


677 


TABLE 

FOR  OBTAINING  ff>. 

g>'  AND  f  ON  Ox 

AND  Oy 

Table  18.2 

(Negative  Discriminant — 

Unit  Real  Half-Period) 
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0.99893 

08 

0. 99918 

15 

0.99950 

43 

0.  99980 

51 

1.00011 

83 

1.00020   71 

0.20 

0.  99622 

33 

0. 99663 

32 

0. 99743 

55 

0. 99845 

77 

0.  99940 

30 

1.00038 

24 

1.00065  92 

0.25 

0.  99079 

63 

0.99182 

47 

0.99381 

16 

0. 99631 

17 

0. 99860 

26 

1.00096 

01 

1.00162   38 

0.30 

0. 98097 

82 

0.98317 

67 

0. 98736 

11 

0.99255 

06 

0.99725 

51 

1.00205 

83 

1.00340  46 

0.35 

0.  96495 

11 
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1.3 
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1.4 

If  the  real  half-period 

^1, 

see  18.2 

Homogeneity 

Relations.     Ii 

riterpolation  with 

1.85056  87 
2.04521   26 

1.5 

respect  to  " 

will,  in  general,  be  difficult  because  of  the  non-uniform  subintervals 

1.6 

involved. 

Aitken's  interpolation  may  be  used  in 

this 

case.    As  few 

as   3S  may 

2.26025  62 

1.7 
1.  8 

be  obtained. 

For  the  computation  of  fP, 

ffi'  or  r  at  r 

r  t  ///,  an 

addition  formula 

2. 49441   96 
2.74594   50 

1.9 

may  be  used  (18.1  and  Kxamplcs  1 1- 

12). 
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TABLE 

FOR  OBTAINI\(;  .7>.  &>•   AM)  f  ON 
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AND  Ov 

(Negative  Discriminant — Unit  Real  Half-Period) 
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TABLE 

FOR  OBTAINI\(;  /?>,  9'  AND  r  ON 

Ox 

AND  Ov 

Table  18.2 

(Negative  Discriminant — Unit  Real  Half-Period) 
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74 

1.00779   77 

1,00285 

61 

0.  99781 

57 

0.99640   37 

0.45 

1. 03186 

18 

1. 02805 

07 

1.02090 

50 

1.01217   02 

1. 00433 

47 

0.99639 

49 

0.99417   86 

0.50 

1. 04821 

35 

1. 04227 

15 

1.03127 

19 

1.01799   52 

1.00619 

68 

0.  99432 

31 

0,99102   12 

0.55 

1. 06990 

78 

1.06102 

21 

1, 04478 

39 

1.02543   63 

1.00840 

79 

0.99139 

16 

0.98667   79 

0.60 

1,09776 

14 

1. 08493 

81 

1,06180 

26 

1.03459   22 

1.01087 

54 

0.98734 

37 

0.98085   06 

0.65 

1.13248 

70 

1.11454 

88 

1,08258 

64 

1.04547  13 

1.01343 

17 

0.98186 

55 

0.97318   91 

0.70 

1.17462 

06 

1.15021 

58 

1.10724 

76 

1.05796  45 

1.01581 

69 

0.97457 

57 

0.96328  27 

0.75 

1. 22444 

09 

1.19206 

86 

1.13570 

79 

1.07181   59 

1.01765 

94 

0.96501 

30 

0.95064   87 

0.80 

1.28188 

76 

1.23993 

78 

1.16765 

25 

1.08659   33 

1.01845 

50 

0.95262 

09 

0.93471    88 

0.85 

1.  34648 

26 

1.29329 

24 

1.20248 

62 

1.10165   80 

1.01754 

41 

0.93672 

94 

0.91482   13 

0.90 

1.41726 

20 

1.35118 

37 

1.23929 

22 

1.11613   35 

1.01408 

58 

0.91653 

15 

0.89015   86 

0.95 

1.49272 

42 

1.41220 

03 

1.27679 

52 

1.12887  36 

1.00702 

73 

0.89105 

46 

0.85977   85 

1.00 

1. 57079 

62 

1.47443 

48 

1.31332 

66 

1.13842   65 

0. 99506 

76 

0.  85912 

29 

0.82253   59 

r(-3)i] 

7 

r(-4)8] 

7 

r(-4j5] 

6 

[(-4)4- 
6 

[(-4)6-1 
6 

[(-4)8-1 
6 

[■(-4)9-1 
L     6     J 

zli=y^ 

\n       1.00 

1.05 

1.15 

1.3 

1.5 

2.0 

4.0 

0.00 

1. 00000 

00 

1.00000 

00 

1.00000 

00 

1.00000   00 

1.00000 

00 

1. 00000 

00 

1.00000   00 

0.05 

1.00000 

49 

1.00000 

44 

1.00000 

34 

1.00000   21 

1.00000 

08 

0.  99999 

95 

0.99999   92 

0.10 

1. 00007 

88 

1.00007 

08 

1.00005 

46 

1.00003   34 

1. 00001 

35 

0. 99999 

25 

0.99998   65 

0.15 

1.00039 

88 

1.00035 

86 

1.00027 

73 

1.00017   04 

1.00006 

91 

0.  99996 

24 

0.99993   19 

0.20 

1.00125 

98 

1.00113 

51 

1.00088 

05 

1.00054   31 

1.00022 

22 

0. 99988 

28 

0.99978   57 

0.25 

1.00307 

33 

1.00277 

55 

1.00216 

14 

1.00134   04 

1.00055 

43 

0.  99971 

90 

0,99947   96 

0.30 

1.  00636 

38 

1. 00576 

38 

1.00451 

03 

1.00281   53 

1.00117 

94 

0.99943 

06 

0,99892   78 

0.35 

1. 01176 

23 

1.01069 

02 

1. 00841 

42 

1.00529   28 

1.00225 

03 

0.99897 

41 

0,99802    83 

0.40 

1. 01999 

45 

1.01824 

62 

1.01445 

97 

1.00917  72 

1.00396 

67 

0.99830 

68 

0.99666   50 

0.45 

1.03186 

18 

1.02921 

31 

1.02333 

32 

1.01496  03 

1.00658 

42 

0,  99739 

10 

0.99470   88 

0.50 

1.04821 

35 

1. 04444 

39 

1.03581 

72 

1.02322   84 

1.01042 

41 

0. 99619 

89 

0.99202    03 

0.55 

1.  06483 

58 

1. 05277 

97 

1.03466   71 

1.01588 

39 

0.99471 

80 

0.98845  10 

0.60 

1.07515 

67 

1.05006   29 

1.02344 

73 

0.99295 

77 

0.98384   63 

0.65 

1.07029   97 

1.03369 

45 

0.  99095 

58 

0.97804   63 

0.70 

1. 04730 

93 

0. 98878 

64 

0.97088   86 

0.75 

1.06508 

51 

0.  98656 

79 

0.96221   00 

0.80 

0.  98447 

25 

0.95184   75 

0.85 

0.98273 

54 

0.93964   06 

0.90 

0.  98166 

56 

0.92543   21 

0.95 

0. 98165 

63 

0.90906   94 

1.00 

0.  98319 

64 

0.89040   57 

r(-4)6] 
6 

r(-4)6-| 

6 

[(-4)71 
6 

[(-4)6-1 
6 

r(-4)5] 

6 

[(-4)21 
6 

[(-4)31 
5 

zli=y\a 

4.0 

1.1 

0.84561   98 

1.2 

0,79003   67 

1.3 

0.72274   36 

1.4 

0.64295   89 

1.5 

0.55003   38 

1.6 

0.44345   14 

1.7 

0.32282    70 

1.8 

0.18790   92 

1.9 

+0.03858  90 

2.0 

-0.12508  40 

[(-3)2] 
6 
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Tal.l.   18.3 


INVARIANTS  AND  VALl  KS  AT  HALF  PKIilODS 

(Non-Negative  Discriminant— Unit  Real  Half-Period) 


a=a'  /i 

.</•-' 

.7:! 

ri  =  .^a) 

r^  =  r/'iu 

') 

.  =  f(l) 

-,''/'=r(u' 

)  ''■ 

1.00 

11.81704 

500 

0. 00000 

000 

1.71879 

64 

-1.71879 

64 

0.78539 

816 

-0. 78539 

82 

1.02 

11.37372 

384 

0,  55318 

992 

1.71005 

96 

-1,66138 

15 

0.78979 

718 

-0.76520 

32 

1.04 

10.98419 

107 

1,03485 

699 

1.70235 

77 

-1,  60783 

69 

0.79367 

192 

-0.74537 

75 

1.06 

10.64177 

347 

1. 45484 

521 

1,69556 

79 

-1.55787 

59 

0.79708 

535 

-0.72588 

58 

1,08 

10.34065 

794 

1,82151 

890 

1,68958 

18 

-1.51123 

63 

0.  80009 

279 

-0.  70669 

61 

1.10 

10.07577 

364 

2,14201 

000 

1,68430 

41 

-1.46767 

83 

0.  80274 

283 

-0. 68777 

92 

1.12 

9.  84269 

185 

2,42241 

937 

1, 67965 

08 

-1.42698 

19 

0.80507 

817 

-0.66910 

88 

1.14 

9,  63754 

049 

2.66798 

153 

1.67554 

80 

-1.38894 

48 

0.80713 

637 

-0. 65066 

09 

1.16 

9,45693 

072 

2.88320 

000 

1.67193 

04 

-1.35338 

12 

0.80895 

045 

-0.  63241 

38 

1,18 

9,29789 

413 

3. 07195 

918 

1. 66874 

05 

-1.32011 

96 

0.81054 

949 

-0.  61434 

79 

1.20 

9,15782 

851 

3,23761 

717 

1.66592 

77 

-1.28900 

20 

0.81195 

906 

-0. 59644 

54 

1.22 

9.03445 

117 

3,38308 

317 

1.  66344 

74 

-1.25988 

23 

0.81320 

168 

-0.57869 

03 

1,24 

8,  92575 

843 

3,51088 

223 

1.66126 

03 

-1.23262 

55 

0.81429 

717 

-0.  56106 

78 

1,26 

8,82999 

055 

3.62320 

977 

1.65933 

17 

-1.20710 

65 

0.81526 

299 

-0.54356 

50 

1.28 

8,  74560 

138 

3.72197 

756 

1.  65763 

09 

-1.18320 

95 

0.  81611 

453 

-0,52616 

97 

1.30 

8.  67123 

169 

3. 80885 

265 

1. 65613 

11 

-1.16082 

70 

0.  81686 

533 

-0,50887 

14 

1.32 

8,  60568 

628 

3.88529 

056 

1.65480 

86 

-1.13985 

91 

0,  81752 

732 

-0.49166 

03 

1.34 

8.54791 

374 

3.95256 

351 

1,65364 

22 

-1.12021 

33 

0.  81811 

103 

-0.47452 

75 

1,36 

8,49698 

890 

4.01178 

462 

1,65261 

37 

-1.10180 

31 

0,  81862 

572 

-0.45746 

53 

1,38 

8,45209 

746 

4.  06392 

870 

1,65170 

67 

-1,08454 

85 

0,  81907 

958 

-0. 44046 

65 

1.40 

8,41252 

263 

4.10985 

014 

1,65090 

68 

-1,06837 

47 

0. 81947 

977 

-0.42352 

46 

1.42 

8.  37763 

305 

4,15029 

819 

1,65020 

13 

-1,  05321 

20 

0,  81983 

269 

-0.40663 

39 

1.44 

8,34687 

283 

4,18593 

045 

1,64957 

92 

-1. 03899 

58 

0.82014 

389 

-0.38978 

91 

1.46 

8.31975 

228 

4.21732 

438 

1,64903 

06 

-1,02566 

55 

0.  82041 

831 

-0,37298 

56 

1.48 

8,29583 

997 

4,24498 

728 

1,64854 

68 

-1,01316 

45 

0,  82066 

031 

-0,35621 

91 

1,50 

8,27475 

580 

4,26936 

502 

1.64812 

02 

-1.00144 

04 

0,82087 

370 

-0,33948 

58 

1,52 

8.25616 

484 

4, 29084 

965 

1, 64774 

39 

-0.  99044 

37 

0.82106 

191 

-0.32278 

22 

1,54 

8.23977 

191 

4,30978 

602 

1, 64741 

20 

-0.  98012 

84 

0.82122 

787 

-0,30610 

54 

1.56 

8.22531 

684 

4,32647 

752 

1. 64711 

94 

-0. 97045 

19 

0.82137 

423 

-0,28945 

25 

1.58 

8.21257 

036 

4.34119 

120 

1.  64686 

13 

-0, 96137 

37 

0.82150 

329 

-0, 27282 

11 

1,60 

8.  20133 

033 

4,35416 

210 

1.64663 

38 

-0,95285 

64 

0.  82161 

711 

-0,25620 

90 

1.65 

8.17870 

308 

4,38026 

291 

1.64617 

54 

-0,93379 

17 

0.  82184 

628 

-0,21475 

00 

1.70 

8,16217 

907 

4,39931 

441 

1.64584 

08 

-0.91752 

88 

0.  82201 

364 

-0.17337 

32 

1.75 

8,15011 

147 

4.41322 

294 

1.64559 

63 

-0,90365 

18 

0.82213 

589 

-0.13205 

85 

1,80 

8.14129 

812 

4.42337 

818 

1.  64541 

78 

-0, 89180 

82 

0.82222 

516 

-0.  09079 

10 

1.85 

8.13486 

127 

4.43079 

368 

1.64528 

73 

-0,88169 

76 

0.82229 

038 

-0. 04955 

91 

1.90 

8.13016 

001 

4.43620 

896 

1.64519 

21 

-0,87306 

52 

0.82233 

800 

-0.00835 

41 

1.95 

8, 12672 

634 

4.44016 

375 

1, 64512 

25 

-0. 86569 

37 

0,82237 

281 

+0.  03283 

07 

2.00 

8,12421 

844 

4.44305 

205 

1. 64507 

17 

-0. 85939 

82 

0.  82239 

820 

0.07400 

01 

2.05 

8,12238 

671 

4.44516 

152 

1,  64503 

45 

-0. 85402 

10 

0.  82241 

676 

0.11515 

80 

2,10 

8,12104 

883 

4,44670 

219 

1.64500 

74 

-0.  84942 

78 

0.  82243 

032 

0.15630 

73 

2.15 

8.12007 

164 

4,44782 

746 

1, 64498 

76 

-0. 84550 

41 

0.  82244 

022 

0.19745 

01 

2.20 

8,11935 

791 

4. 44864 

934 

1. 64497 

32 

-0.84215 

20 

0.  82244 

745 

0.23858 

81 

2.25 

8,11883 

660 

4.44924 

963 

1, 64496 

26 

-0. 83928 

80 

0.82245 

274 

0.27972 

23 

2,30 

8,11845 

583 

4,44968 

808 

1,  64495 

49 

-0. 83684 

11 

0.82245 

659 

0,32085 

38 

2.4 

8, 11797 

459 

4.45024 

222 

1. 64494 

51 

-0. 83296 

37 

0.82246 

146 

0.40311 

12 

2.5 

8,11771 

785 

4.45053 

785 

1.  64494 

00 

-0.  83013 

28 

0.82246 

406 

0.48536 

38 

2.6 

8,11758 

087 

4,45069 

555 

1.64493 

71 

-0. 82806 

54 

0.  82246 

546 

0.  56761 

39 

2,7 

8,11750 

782 

4.  45077 

969 

1. 64493 

57 

-0.82655 

58 

0.  82246 

619 

0.  64986 

24 

2.8 

8, 11746 

884 

4,45082 

457 

1.  64493 

49 

-0, 82545 

33 

0.  82246 

659 

0.73211 

01 

2.9 

8.11744 

804 

4,45084 

852 

1,  64493 

45 

-0.  82464 

81 

0.  82246 

680 

0.  81435 

74 

3.0 

8,11743 

694 

4.45086 

130 

1.  64493 

43 

-0.82406 

01 

0.  82246 

691 

0,  89660 

44 

3.1 

8.11743 

103 

4.45086 

811 

1. 64493 

42 

-0.  82363 

06 

0.  82246 

698 

0.97885 

13 

3.2 

8.11742 

787 

4.45087 

174 

1.  64493 

41 

-0.  82331 

68 

0.  82246 

701 

1.  06109 

81 

3.3 

8.11742 

619 

4.45087 

368 

1. 64493 

41 

-0, 82308 

78 

0.  82246 

702 

1,14334 

48 

3.4 

8,11742 

529 

4.45087 

472 

1.  64493 

41 

-0,82292 

04 

0.82246 

703 

1.22559 

16 

3.5 

8,11742 

481 

4,45087 

528 

1.  64493 

41 

-0,82279 

82 

0.82246 

703 

1. 30783 

83 

3.6 

8,11742 

455 

4.45087 

556 

1.  64493 

41 

-0.82270 

89 

0. 82246 

703 

1.39008 

50 

3.7 

8.11742 

441 

4.45087 

572 

1,  64493 

41 

-0.  82264 

37 

0.82246 

704 

1.47233 

17 

3.8 

8,11742 

434 

4.45087 

581 

1, 64493 

41 

-0.82259 

61 

0.82246 

704 

1.55457 

84 

3.9 

8.11742 

430 

4. 45087 

585 

1,  64493 

41 

-0.82256 

13 

0.82246 

704 

1.63682 

51 

4.0 

8.11742 

426 

4.45087 

587 

1,  64493 

41 

-0.82253 

59 

0.82246 

704 

1.71907 

18 

oo 

8.11742 

426 

4.45087 

590 

1. 64493 

41 

-0.82246 

70 

0.82246 

704 

00 

i  =  0 

■(-3) 
8 

7' 

r(-3)9i 

8 

[(-4)1 
5 

r(-4)5"i 

6 

•(-5)7-| 
6 

[(-5)51 
5 

For  rt  =  l:  fjo  =  '^,  7:?  =  0,  i'^=ui  2,  e.^=  -wS  2,  r,=ir  4,  v'  i=  -^r  4. 

For  fl-  »:  .72  ir^  12,  .'/;j=7r''  216,  r^  =^-2  6,  '.i  =  -7r-'  12,  T,=7r-'  12,  v'.'i-". 

(a,=  1.85407  4677  is  the  real  half-period  in  the  Lemniscatic  case  18.1  i.) 

For  4<a<  » ,  to  obtain  n'  use  Legendre's  relation  i'  =  >)«'  -r/  2. 

To  obtain  the  corresponding  values  of  tabulated  quantities  when  the  real  half-period  u,^l, 

multiply  g-2  by  u-4,  //.j  by  ^-r,,  e-  by  «-2  and  i  by  a,-i. 
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INVARIANTS  AND  VALl  KS  AT  HALI  PERIODS 

(Non-Negative  Discriminant— Unit  Real  Half-Period) 


Tabi.-  i«:i 


(/  =  «''  / 

-d) 

it(u')  / 

(Rciu-i) 

^a(«2) 

1.00 

0.94989  88 

0. 949899 

1.182951 

1.182951 

1.02 

0.95114  80 

0.967481 

1.170397 

1.218650 

1.04 

0.95224  92 

0.984884 

1.157316 

1.253864 

1.06 

0.95321  98 

1.002097 

1.143695 

1.288619 

1.08 

0.95407  54 

1.019107 

1.129522 

1.322935 

1.10 

0.95482  97 

1.035904 

1.114782 

1.356827 

1.12 

0.95549  47 

1.052476 

1.099457 

1.390301 

1.14 

0.95608  10 

1.068811 

1.083531 

1.423362 

1.16 

0.95659  79 

1.084899 

1.  066989 

1.456007 

1.18 

0.95705  36 

1.100727 

1.049814 

1.488231 

1.20 

0.95745  55 

1.116285 

1.031991 

1.520022 

1.22 

0.95780  98 

1.131562 

1.013507 

1.551369 

1.24 

0.95812  22 

1.146546 

0.994349 

1.582254 

1.26 

0.95839  77 

1.161227 

0.974506 

1.612657 

1.28 

0.95864  07 

1.175594 

0.953970 

1.642557 

1.30 

0.95885  49 

1.189636 

0.  932733 

1.671930 

1.32 

0.95904  38 

1.203344 

0.910790 

1.700750 

1.34 

0.95921  04 

1.216707 

0.888138 

1. 728989 

1.36 

0.95935  73 

1.229716 

0.864776 

1.756618 

1.38 

0.95948  68 

1.242361 

0.  840704 

1.783607 

1.40 

0.95960  10 

1.254633 

0.815927 

1.809925 

1.42 

0.95970  18 

1.266522 

0.790449 

1.835542 

1.44 

0.95979  06 

1.278021 

0.764278 

1.  860425 

1.46 

0.95986  89 

1.289120 

0.  737425 

1. 884541 

1.48 

0.95993  80 

1.299811 

0.709900 

1.907860 

1.50 

0.95999  90 

1.310087 

0.681719 

1.930348 

1.52 

0.96005  27 

1.319941 

0.652896 

1.951974 

1.54 

0.96010  01 

1.329364 

0.623452 

1.972707 

1.56 

0.96014  19 

1.338351 

0.593404 

1.992515 

1.58 

0.96017  87 

1.346895 

0.  562777 

2.011370 

1.60 

0.96021  13 

1.354990 

0.531593  . 

2.029242 

1.65 

0.96027  67 

1.373224 

0.451372 

2.069439 

1.70 

0.96032  45 

1.388539 

0.368286 

2.102914 

1.75 

0.96035  94 

1.400869 

0.282840 

2.129313 

1.80 

0.96038  49 

1.410170 

0.195588 

2.148344 

1.85 

0.96040  35 

1.416408 

0.107125 

2.159783 

1.90 

0.96041  71 

1.419573 

+0.018074 

2.163478 

1.95 

0.96042  70 

1.419665 

-0.070918 

2.159353 

2.00 

0.96043  43 

1.416707 

-0.159199 

2.147412 

2,05 

0.96043  96 

1.410733 

-0.246114 

2.127732 

2.10 

0.96044  35 

1.401800 

-0.331019 

2.100473 

2.15 

0.96044  63 

1.389977 

-0.413290 

2.  065864 

2.20 

0.96044  84 

1.375349 

-0.492330 

2.024211 

2.25 

0.96044  99 

1.358018 

-0. 567579 

1.975882 

2.30 

0.96045  10 

1.338098 

-0.  638522 

1.921308 

2.4 

0.96045  24 

1.291016 

-0.765682 

1.795415 

2.5 

0.96045  31 

1.235264 

-0.870782 

1.650936 

2.6 

0.96045  35 

1.172151 

-0.951807 

1.492779 

2.7 

0.96045  37 

1.103091 

-1.007808 

1.326086 

2.8 

0.96045  38 

1.029557 

-1.038896 

1.155967 

2.9 

0.96045  39 

0.953025 

-1.  046157 

0.987255 

3.0 

0.96045  40 

0.874937 

-1,031530 

0.824296 

3.1 

0.96045  40 

0.796655 

-0.  997636 

0.  670787 

3.2 

0.96045  40 

0.719428 

-0.947586 

0.  529666 

3.3 

0.96045  40 

0.644360 

-0. 884775 

0.403050 

3.4 

0.96045  40 

0. 572395 

-0.812687 

0.292246 

3.5 

0.96045  40 

0.504299 

-0.734720 

0.197780 

3.6 

0.96045  40 

0.440663 

-0.  654024 

0.119493 

3.7 

0.96045  40 

0.381903 

-0. 573398 

0.056643 

3.8 

0.96045  40 

0.328268 

-0.495196 

+0.008033 

3.9 

0.96045  40 

0.279851 

-0.421291 

-0.  027857 

4.0 

0.96045  40 

0.  236623 

-0.353075 

-0.052740 

00 

0.96045  40 

0.000000 

0.000000 

0.000000 

i  =  0 

[(-5)2- 
4 

■(-4)9- 
5 

■(--3)3- 
6 

r(-3)2- 

6 

For«=l:  <'(1)  =  '^^'/^X  <r(«')  =  »a(l),  .x(«2)  =  v'2"*^*'*-'/-. 

For  «  =  » :  ,r(l)  =  2«^^'24  ^,  »(„')  =  o,  a(«2)  =  0. 

(w=  1.85407  4677  is  the  real  half-period  in  the  Lemniscatic  case  18.1  1.) 

To  obtain  the  corresponding  values  of  tabulated  quantities  when  the  real  half-period 

w^l,  multiply  0  by  w. 
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Table  18.3 


INVARIANTS  AND  VALUES  AT  HALF-PERIODa 

(Non-Positive  Discriminant— Unit  Real  Half-Period) 


5?e,= 


Se, 


1.00 
1.02 
1.04 
1.06 
1.08 

1,10 
1.12 
1.14 
1.16 
1.18 

1.20 
1.22 
1.24 
1.26 
1.28 

1.30 
1.32 
1.34 
1.36 
1.38 

1.40 
1.42 
1.44 
1.46 
1,48 

1.50 
1.52 
1.54 
1.56 
1.58 

1,60 
1,65 
1,70 
1,75 
1.80 

1,85 
1,90 
1.95 
2.00 
2.05 

2.10 
2.15 
2.20 
2.25 
2.30 

2.4 
2.5 
2,6 
2,7 
2.8 

2.9 
3.0 
3.1 
3,2 
3,3 

3,4 
3.5 
3.6 
3.7 
3.8 

3.9 
4.0 


'     92 

-47,26818  00 
-45,35272  19 
-43.40071  30 
-41.42954  84 
-39,45420  53 

-37,48749  12 
-35,54027  17 
-33,62168  02 
-31,73930  91 
-29,89938  64 

-28,10693  45 
-26,36591  62 
-24,67936  58 
-23,04950  83 
-21,47786  60 

-19.96535  52 
-18.51237  16 
-17.11886  71 
-15.78441  82 
-14.50828  67 

-13.28947  27 
-12.12676  19 
-11.01876  70 

-  9.96396  40 

-  8.96072  32 

-  8.00733  71 

-  7.10204  36 

-  6.24304  63 

-  5,42853  20 

-  4,65668  53 

-  3,92570  12 

-  2,26537  64 

-  0,82241  58 
+  0,42844  48 

1,51045  44 


(I: 


3{(P 


44471  18 
25015  81 
94365  25 
54009  85 
05259  79 


5,49261  57 
5,87014  76 
6,19388  05 
6,47134  49 
6,70905  42 

7.08692  59 
7.36377  30 
7.56643  61 
7.71470  39 
7.82312  83 

7,90239  07 
7,96032  11 
8,00265  32 
8,  03358  32 
8,  05618  01 

8,  07268  80 
8,08474  69 
8,09355  57 
8,09999  01 
8.10469  00 

8,10812  30 
8.11063  05 


0.00000  00 

4.41906  00 

8,23156  58 

11,49257  28 

14,25448  26 

16.56680  99 

18.47603  08 

20,02550  17 

21.25543  82 

22.20294  45 

22,90208  34 
23,38397  82 
23,67693  85 
23.80660  45 
23.79610  09 

23,66620  08 

23.43548  95 

23.12052  98 

22.73602  29 

22.29496  60 

21.80880  22 
21.28756  31 
20,74000  36 
20,17372  81 
19. 59530  70 

19,01038  59 

18,42378  52 

17,83959  12 

17.26123  98 

16.69159  27 

16.13300  57 
14.79653  23 
13.56033  77 
12,43388  94 
11,41927  28 

10,51370  92 

9,71138  21 

9,00473  54 

8,38537  94 

7,84470  38 

7.37428  09 
6.96611  56 
6,61278  90 
6,30752  86 
6,  04422  78 

5.62231  14 
5.31058  54 
5.  08099  59 
4.91228  49 
4.78851  39 

4.69782  05 

4.63142  26 

4.58284  25 

4.54731  53 

4.52134  25 

4.50235  93 
4.48848  72 
4.47835  14 
4.47094  62 
4.46553  65 

4.46158  47 
4.45869  80 


(M)    ^^(M)      "^^'^^^     ''2/'  =  fK)/' 


0,00000  000 
-0,04867  810 
-0.09452  083 
-0.13769  202 
-0.17834  547 

-0.21662  576 
-0.25266  894 
-0.28660  315 
-0.31854  915 
-0.34862  086 

-0.37692  571 
-0,40356  512 
-0.42863  481 
-0.45222  513 
-0.47442  139 

-0.49530  414 
-0.51494  941 
-0.53342  897 
-0.55081  058 
-0,56715  817 

-0,58253  209 
-0,59698  926 
-0,61058  339 
-0,62336  513 
-0,63538  226 

-0,64667  980 
-0,65730  023 
-0,66728  357 
-0,67666  751 
-0.68548  761 

-0.69377  734 
-0.71238  375 
-0.72831  198 
-0,74194  441 
-0,75360  961 

-0,76358  973 
-0,77212  691 
-0,77942  883 
-0.78567  351 
-0.79101  353 

-0.79557  957 
-0,79948  352 
-0,80282  119 
-0,80567  458 
-0,80811  383 

-0,81198  137 
-0.81480  718 
-0,  81687  167 
-0.81837  985 
-0.81948  158 

-0,82028  636 
-0.82087  422 
-0.  82130  361 
-0.82161  725 
-0,82184  634 

-0,82201  368 

-0,82213  590 

-0,82222  517 

-0.82229  038 

-0,82233  800 

-0.82237  279 
-0.82239  820 


3.43759  29 

3.36827  69 

3.29802  68 

3.22711  39 

3.15578  40 

3.08425  89 

3.01273  84 

2,94140  17 

2,87040  90 

2,79990  29 

2,73000  96 

2.66084  07 

2.59249  39 

2.52505  44 

2.45859  58 

2.39318  14 

2.32886  49 

2.26569  11 

2.20369  72 

2.14291  32 


08336  24 
02506  27 
96802  64 
91226  13 
85777  09 


1.80455  50 

1.75261  00 

1.70192  94 

1,65250  41 

1,60432  26 

1.55737  16 
1.44527  36 
1.34049  21 
1.24271  21 
1.15159  40 

1,06678  48 
0,98792  73 
0,91466  65 
0,84665  46 
0,78355  46 

0,72504  25 
0,67080  91 
0,62056  06 
0,57401  95 
0.53092  40 

0.45410  32 
0.38831  56 
0.33200  75 
0.28383  23 
0.24262  75 

0.20739  21 
0.17726  58 
0.15151  09 
0.12949  50 
0.11067  62 

0.09459  10 

0.08084  29 

0.06909  25 

0,05904  97 

0.05046  65 

0.  04313  08 
0.  03686  13 


1.57079  63 
1.53091  63 
1.49282  30 
1.45647  87 
1,42184  01 

1,38885  99 
1,35748  74 
1,32766  96 
1,29935  18 
1.27247  81 


24699  24 
22283  82 
19995  95 
17830  09 
15780  77 


1.13842  65 

1.12010  52 

1.10279  31 

1.08644  09 

1.07100  10 

1.05642  75 
1.04267  61 
1,02970  43 
1,01747  14 
1.00593  83 

0.99506  76 
0.98482  36 
0.97517  21 
0.96608  09 
0.95751  90 

0.94945  69 
0.93130  88 
0.91571  53 
0.90232  74 
0,89084  07 

0,88099  10 
0,87254  91 
0.  86531  67 
0.85912  29 
0,85382  00 

0.84928  11 
0.84539  69 
0.84207  37 
0,83923  09 
0,83679  93 

0,83294  16 
0,83012  09 
0.82805  92 
0.82655  25 
0.82545  16 

0.82464  72 

0.82405  96 

0.82363  03 

0.82331  67 

0.82308  77 

0.82292  04 

0.82279  82 

0.82270  89 

0,82264  37 

0,82259  61 

0.82256  13 
0.82253  59 


]      ■[ 


0.82246  70 


-1,57079  63 
-1.58005  81 
-1.58905  67 
-1.59772  52 
-1.60600  53 

-1.61384  68 
-1.62120  68 
-1.62804  93 
-1.63434  46 
-1.64006  85 

-1.64520  18 
-1.64973  00 
-1.65364  28 
-1.65693  36 
-1.65959  88 

-1.66163  82 
-1.66305  38 
-1.66384  99 
-1.66403  31 
-1.66361  13 

-1.66259  42 
-1.66099  26 
-1.65881  85 
-1.65608  44 
-1.65280  40 

-1.64899  13 
-1.64466  08 
-1.63982  76 
-1.63450  65 
-1.62871  26 

-1.62246  17 
-1.60493  31 
-1.58487  67 
-1.56251  97 
-1.53807  94 

-1.51175  93 
-1,48374  94 
-1.45422  51 
-1.42334  69 
-1.39126  17 

-1.35810  23 
-1.32398  93 
-1,28903  05 
-1,25332  31 
-1,21695  43 

-1,14253  28 
-1,06629  03 
-0.98863  87 
-0.90990  09 
-0.83032  82 

-0.75011  58 
-0.66941  39 
-0.58833  87 
-0.50697  92 
-0.42540  32 

-0.34366  33 
-0.26179  91 
-0,17984  06 
-0,09781  10 
-0.01572  75 

+0.06639  64 
+0.14855  08 


4)3-1 
6      J 


«>  8.11742  43         4,45087  59       -0.82246  703       0.00000  00 

-«  [(-|)3]  [(-2)8]  [(-4)4]  [(-|,1 

Fora  =  l:,(72  =  -4<^. fi'3=0,  (ke\=^,  •^''i="2^  i2='r/2,  12A"=-t2. 

For  a  =  » :  <72='rV  12,  di  =7r6/216,  (ke^  =  -7r2/12,  ^e,  =0,  ^2 = ^2/12,  n,  /  =  -. 

(u= 1.85407  4677  is  the  real  half-period  in  the  Lemniscatic  case  18.1 1.) 

For  4<«<=>,  to  obtain  n^  use  Legendre's  relation  i.2  =  '72"2-t/. 

To  obtain  the  corresponding  values  of  tabulated  quantities  when  the  real  half-period  "^'^l, 

multiply  .72  by  "7*,  'Jw  by  "2^''.  '',  by  ".7"  and  1  by  «.7'. 
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INVARIANTS  AND  VALUES  AT  HALF-PERIODS     Table  18.3 

(Non-Positive  Discriminant— Unit  Real  Half-Period) 


1.00 
1.02 
1.04 
1.06 
1.08 

1.10 


12 
14 
16 
18 


1,20 
1.22 
1.24 
1.26 
1.28 

1.30 
1.32 
1.34 
1.36 
1.38 

1.40 
1.42 
1.44 
1.46 
1.48 

1.50 
1.52 
1.54 
1.56 
1.58 

1.60 
1.65 
1.70 
1.75 
1.80 

1.85 
1.90 
1.95 
2.00 
2.05 

2.10 
2.15 
2.20 
2.25 
2.30 

2.4 
2.5 
2.6 
2.7 
2.8 

2.9 
3.0 
3.1 
3.2 
3.3 

3.4 
3.5 
3.6 
3.7 
3.8 

3.9 
4.0 


■i  =  0 


,  1  t^o 

"^2^2' 


1.18295  13 
1.17091  79 
1.15940  62 
1.14841  45 
1.13793  68 

1.12796  39 
1.11848  38 
1.10948  26 
1.10094  49 
1.09285  44 

1.08519  40 
1.07794  61 
1.07109  31 
1. 06461  72 
1.05850  11 

1.05272  75 
1.04727  97 
1.04214  12 
1.03729  63 
1.03272  96 

1.02842  64 

1.02437  26 

1.02055  48 

1.01696  00 

1.01357  57 

1.01039  05 
1.00739  28 
1.00457  23 
1.00191  88 
0.99942  27 

0.99707  51 
0.99179  98 
0.98727  79 
0.98340  36 
0.98008  56 

0.97724  49 
0.97481  36 
0.97273  30 
0.97095  31 
0.96943  05 

0.96812  82 
0.96701  46 
0.96606  23 
0.96524  80 
0.96455  19 

0.96344  79 
0.96264  13 
0.96205  18 
0.96162  12 
0.96130  65 

0.96107  67 
0.96090  89 
0.96078  62 
0.96069  67 
0.96063  12 

0.96058  34 
0.96054  86 
0.96052  31 
0.96050  44 
0.96049  08 

0.96048  09 
0.  96047  37 

0.96045  40 


ff> 


"("2)/' 

Ji<r(u,') 

1.182951 

0.  474949 

1.219157 

0.475654 

1.255842 

0.476433 

1.292964 

0.477275 

1.330480 

0.478169 

1.368342 

0.479107 

1.406502 

0.480078 

1.444910 

0.481074 

1.483513 

0.482085 

1.522257 

0.483104 

1.561089 

0.484122 

1.599952 

0,485132 

1.638790 

0.486126 

1.677548 

0.487098 

1.716167 

0.488041 

1.754591 

0.488949 

1.792765 

0.489817 

1.830630 

0.490639 

1.868133 

0.491410 

1.905218 

0.492126 

1.941832 

0.492783 

1.977922 

0.493376 

2.013437 

0.493902 

2.048327 

0.494357 

2.  082544 

0.494739 

2.116040 

0.495045 

2.148771 

0.495272 

2.180693 

0.495418 

2.211766 

0,495480 

2.241950 

0.495458 

2.271208 

0.495348 

2.340071 

0.  494687 

2.402437 

0.493456 

2.457895 

0.491645 

2.506120 

0.439246 

2.  546866 

0.486255 

2.579972 

0.482673 

2.605345 

0.478503 

2.622973 

0.473748 

2.632902 

0.468417 

2.635245 

0.462516 

2.630169 

0.456054 

2.617892 

0.449041 

2.598678 

0.441488 

2.572828 

0.433405 

2.502604 

0.415693 

2.410244 

0.395997 

2.299090 

0.374417 

2.172666 

0.351055 

2.034544 

0.326022 

1.888235 

0.299435 

1.737097 

0.271420 

1.584242 

0.242114 

1.432486 

0.211664 

1.284291 

0.180224 

1.141740 

0.147962 

1.006520 

0.115052 

0.879924 

0.  081678 

0.762869 

0.  048028 

0.655914 

+0.014297 

0.559298 

-0.019318 

0.472982 

-0.052618 

0.000000 

0.000000 

r(-3)3-| 

6 

"(-4)2" 
4 

j  =  -2^e,,  -J'-f 

(r?)^^''^*''^^ 

0.  474949 
0.483826 
0.492792 
0.501851 
0.  511006 

0.520259 
0.  529611 
0.  539064 
0.  548616 
0.558268 

0.  568019 
0.  577866 
0.  587809 
0.  597843 
0.607968 

0.  618179 
0.  628474 
0.638850 
0.  649302 
0.659828 

0.670422 
0.681082 
0,  691804 
0.  702582 
0.713414 

0.  724295 
0.  735221 
0.  746189 
0.757192 
0.  768229 

0.  779295 
0.807059 
0.834917 

0.  862812 
0.890687 

0.918490 
0.946170 
0.973680 
1.000975 

1.  028011 

1.054750 
1.081151 
1.107179 
1.132799 
1.157978 

1.  206881 
1.253647 
1.298044 
1.339858 
1.  378884 

1.414929 
1.447812 
1.477367 
1.503441 
1.525899 

1.  544621 
1.559512 
1.570495 
1.577518 
1.580552 

1,579595 
1.  574671 

0.  000000 


Forr/=l:  <rri)=«>^*'a,,    <r(«2)  =  /Va),  c(^')=r^''p'^'*  2^i\ 
For  «=-:  a(l)  =2^2/24  T,  <'(<-2)=0,  <r(-'j=0. 

(<^=  1.85407  4677  is  the  real  half-period  in  the  Lemniscatic  case  18.1 1.) 

To  obtain  the  corresponding  values  of  tabulated  quantities  when  the  real  half-period 

<^2^l,  multiply  <T  by  "^z. 
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19.  Parabolic  Cylinder  Functions 

Mathematical  Properties 
19.2.1 


19.1.  The  Parabolic  Cylinder  Functions 
Introductory 

These  are  solutions  of  the  differential  equation 

d'y 


19.1.1 


dx 


,-\-(ax'+bx^c)y=0 


with  two  real  and  distinct  standard  forms 

19.1.2 

dx'     ^' 

r2+a)i/= 

=0 

19.1.3 

x'-a)y= 

=0 

The  functions 

19.1.4 

y{a,  x) 

y{a,  -x) 

yi-a, 

ix) 

y{- 

y(-a,  —ix) 

are  all  solutions  either  of  19.1.2  or  of  19.1.3  if  any 
one  is  such  a  solution. 

Replacement  of  a  by  —ia  and  x  by  xe^*'  converts 
19.1.2  into  19.1.3.  If  y{a,  x)  is  a  solution  of  19.1.2, 
then  19.1.3  has  solutions: 


19.1.5 

y{—ia,xe^*') 


y{—ia,  —xe^'') 
y(ia,  — xe"*'') 


y(ia,xe   *"■) 


Both  variable  x  and  the  parameter  a  may  take 
on  general  complex  values  in  this  section  and  in 
many  subsequent  sections.  Practical  applications 
appear  to  be  confined  to  real  solutions  of  real  equa- 
tions; therefore  attention  is  confined  to  such  solu- 
tions, and,  in  general,  formulas  are  given  for  the 
two  equations  19.1.2  and  19.1.3  independently. 
The  principal  computational  consequence  of  the 
remarks  above  is  that  reflection  in  the  y-axis 
produces  an  independent  solution  in  almost  all 
cases  (Hermite  functions  provide  an  exception), 
so  that  tables  may  be  confined  either  to  positive 
X  or  to  a  single  solution  of  19.1.2  or  19.1.3. 


The  Equation  g-Q  x'+a)  y= 


0 


19.2.  Power  Series  in  x 

Even  and  odd  solutions  of  19.1.2  are  given  by 
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'{l  +  (a+i)  1^4- (a+i)  (a+f)fj+ 


4! 


} 


=e-^'\F,{^+i'A;^x') 


19.2.2 


2! 


=/>> 


-^^1-f  (a-i)  ?;-f-(a-i)(a-f)  ^-h 


4! 


19.2.3 

2/2=xe-i^'M(ia+f,f,ix2) 


=  e 


'|x+(a+f)f^+(a+f)(a+i)  |^+ 


3! 


5! 


} 


} 


19.2.4 


|)|  +  (a-f)(a-l)rT  + 


} 


=  ei^'/x-h(a- 

these  series  being  convergent  for  all  values  of  x 
(see  chapter  13  for  M{a,  c,  z)). 

Alternatively, 

19.2.5 

+(a^+lla^+^)g+(a«+25a3+?i^  a)'^ 

19.2.6 

x^     /  ,    3\  X*     /  ,  .  13   \  x^ 


+ 


+(.H17.'+f)|;+(a'+35<,3+f<,)f^ 


+ 


in   which    non-zero    coefficients    a„    of   x^lnl    are 
connected  by 

19.2.7  a„+2=a-an-\-^n{n  —  l)an-2 
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19.3.   Standard  Solutions 

These  have  been  chosen  to  have  the  asymptotic 
behavior  exhibited  in  19.8.  The  first  is  Whit- 
taker's  function  [19.8,  19.9]  in  a  more  symmetrical 
notation. 

19.3.1 

U{a,  x)  =Z>_a-j(x)  =cos7r(i+^)  -Fj 

— sinx(i+ia)r2 

19.3.2 

1 


V{a,x)- 


Tih-a) 


{sin7r(i+A«)-ri 


+cos7r(i+ia)-F 


in  which 


IQQQ     Y  -  1    r(i-^a)      _        sec7r(l  +  ^q.) 


1  r(f-ia) 


csc7r(i4-^«) 


i^-3-4    ^^=VF^I^^^^=^2l^-W^^^ 


19.3.5 


V^ 


^^'^'^^"~2J«+ir(f  +  ia) 


U'{a,0)  =  - 


^fv 


19.3.6 


F(a,0)  = 


2i«+lsin7r(|-^a) 


Til -ha) 


V'(a,0)- 


2i''-ir(i  +  ia) 


2^+^sin7r(i-^g) 

r(i-ia) 


In  terms  of  the  more  famihar  Dnix)  of  Whit- 
taker, 


19.3.7 
19.3.8 


U{a,x)=D,a-\{x) 


1 


F(a,x)=-r(i+a){sin7ra-D_„_j(x)+I>-„-j(-a;)} 

TT 

19.4.  Wronskian  and  Other  Relations 
19.4.1  ^l^^^l^,^ 

19.4.2 

7ry(a,x)  =  r(i-fa){sin7ra-t7(a,  x)+C7(a,  —x)] 

19.4.3 

r(i+a)t/(a,  z)  =  7r  sec^7ra{F(a,  — x) 

— sinira-F(a,x)} 


19.4.4 

r(i-fa)cos7r(i  +  |a) 


Vtt 


2}«-i 


yi=2sin7r(f+ia).F, 

=t/(a,x)+C/((i,-x) 
19.4.5 

r(f-k)sin7r(i  +  ia) 


V^2i''-4 


2/2=2  cos  7r(f+ia) -Fa 

=U{a,  x)—U(a,  — x) 

19.4.6 

V27i^C/(-a,  ±ix)  = 

r(i+a){e-'''i«-i'C7(a,  ±x)  +  e''^i<'-i'C7(a,  Tx)} 
19.4.7 

^^U(a,±x)  = 
T(h-a){e-'''^+W{-a,±ix)-\-e"'^+W(-a,Tix)} 

19.5.  Integral  Representations 

A  full  treatment  is  given  in  [19.11]  section  4. 
Representations  are  given  here  for  U(a,  z)  only; 
others  may  be  derived  by  use  of  the  relations  given  in 
19.4. 

19.5.1  t7(a,2)=^%^e-i^*f  e"-i^V-i(/s 

19.5.2  ^T{\-a)  ^j,,  r  g-ir2(2+0"-^^« 

where  a  and  /3  are  the  contours  shown  in  Figures 
19.1  and  19.2. 

WTien  a-]-\  is  a  positive  integer  these  integrals 
become  indeterminate;  in  this  case 


1 


19.5.3    U{a,z)  =  ^,^\    .  e-^^M      e- "-">'' s'^-Hs 
r(|+a)  Jo 


1' 


a 

S    PLANE 

^ 

' 

y 

^ 

t    PLANE 

/3 

< — '" 

^1 

J 

y 

Figure  19.1 
-T<arg  »<ir 


Figure  19.2 
-x<arg  (2+0>» 
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19.5.4    U{a,z)  = 


V27^^ 


■J. 


e\^^      e-"+i^*s-"-ic?s 


19.5.5 


19.5.6 


^(a-\)ri 


V27ri 

g-(a-i)Ti 


"1 


gi.-2  g„  +  },2^_a-J^^ 


e"+i'*s-°-*(/s 


where  e,  cs  and  €4  are  shown  in  Figures  19.3  and 
19.4. 


S    PLANE 


S    PLANE 


19.5.9 

U{a,  z) 


^^^S^  J(, )  ^^^~'^"(l  +  «)"'"~ni-<)*^-*c^< 


19.5.10 


M^^I  ^-^(i2='+^^)-^-Ki3=^-^')*"- 


■     2i 


»dv 


Figure  19.3 


19.5.7 

C/(a,2): 


19.5.8 


2i< 


Figure  19.4 
On  fi       Jir<arg  «<ix 
On  «i    — iT<arg»<— Jn 


{\-\-t)^-i{\-t)-^-idt 


■  2i< 


i(/y 


The  contour  fi  is  such  that  {\z'^-\-v)  goes  from 
00 e~"  to  00  6''  while  v=\z'^  is  not  encircled; 
(is^— y)~^°~'  has  its  principal  value  except  pos- 
sibly in  the  immediate  neighborhood  of  the 
branch-point  when  encirclement  is  being  avoided. 
Likewise  rji  is  such  that  {\z^—v)  goes  from  <»e*» 
to  00 g-*'  while  encirclement  of  v=  —  \z'^  is  simi- 
larly avoided.  The  contours  (fi)  and  (tji)  may  be 
obtained  from  fi  and  r/j  by  use  of  the  substitution 
v=\zH. 

The  expressions  19.5.7  and  19.5.8  become  inde- 
terminate when  a=f,  |^,  V->  .  •  .;  for  these  values 


19.5.11 

U{a,z)- 


!■ 


A  U  +  ^^)  Jo 


Again  19.5.9  and  19.5.10  become  indeterminate 
when  a=i,  f ,  f,  .  .  . ;  for  these  values 


19.5.12 

U{a,z)  = 


r(|+k) 


1 


g-iz2  g-*sia-i(22^2s)-i''-i(/s 


19.5.13     C7(a,2)=^2 


(*-¥<x,i 
-a-\ 

J  -cat 


Barnes-Type  Integrals 


2Tri  "        J_„,  r(^+a) 

where  the  contour  separates  the  zeros  of  r(5)  from  those  of  r(a4-^— 2s).     Similarly 

r(s)r(^-a-2s) 


V2  ^iz2  /»  +  »!■ 


r(i-a) 


(^/22)2»  cos  STT  ofs 


(|arg  2|<|t) 


(|arg  2|<i7r) 


19.6.  Recurrence  Relations 

19.6.1  L''(a,x)+^xC7(a,x)  +  (a+^)C/(a+l,x)=0 

19.6.2  i:'{a,x)-\xU{a,x)^V{a-\,x)=^ 

19.6.3  2?:''(a,x)+L^(a-l,  x)+(a+^)6"(a+l,  x)=0 

19.6.4  xL^(a,x)-L'(a-l,x)  +  (a+^)6'(a+l,x)=0 
These  are  also  satisfied  hy  Y{\—a)V{a,  x). 

19.6.5  F'(a,x)-ixF(a,x)-(a-i)F(a-l,x)=0 

19.6.6  F'(a,x)  +  ixF(a,x)-F(a+l,x)  =  0 


19.6.7 

2F'(a,x)-F(a+l,x)-(a-^)F(a-l,x)  =  0 

19.6.8 

xF(a,x)-F(a  +  l,x)  +  (a-^)F(a-l,x)=0 
These  are  also  satisfied  by  t/(a,x)/r(^— a) 

19.6.9  i/i(a,x)  +  fx?/i(a,x)  =  (a  +  ^)?/2(a  +  l,x) 

19.6.10  ?/;(a,x)  — |x?/i(a,x)  =  (a  — ^)?/2(a  — l,a:) 


pvWU 
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19.6.11  y2{a,x)^\xy2{a,x)=yx{a-\-\,x) 

19.6.12  y'iia,  x)  —  \xy2{a,  x)=yi{a—l,x) 

Asymptotic  Expansions 
19.7.   Expressions  in  Terms  of  Airy  Functions 


When    a    is    large    and    negative,    write,    for 

0<X<oo  

19.7.1 

T=-(ft?3)' 

t?3=i  j  \l^^ds=l  arccos  ^-i^Vw'     (^<  1) 
19.7.2 

t?2=i  j   ^/s^-ld€=U^J^^-l-i  arccosh  |     (^>  1) 

Then  for  x>0,  a^—  <x> 

19.7.3 

Uia,  x)^2-i-^T  (i-ia)  (|i^)^Ai(0 

19.7.4 

r  (i-a)  Via,  x)^2-^-i'^T  ii-^a)  (|^)^Bi(0 

Table  19.3  gives  r  as  a  function  of  ^. 
See  [19.5]  for  further  developments. 

19.8.  Expansions  for  x  Large  and  a  Moderate 

When  a;>>|a| 
19.8.1 
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sense  of  Watson  [19.6],  although  valid  for  a  wider 
range  of  |arg  a:|  in  Poincare's  sense;  the  second 
series  is  completely  valid  only  for  x  real  and  posi- 
tive. 


U(a,x)^e-''^x- 


l- 


2x2 


(a+i)(a+f)(a+f)(a+i) 


2.4z* 


} 


19.8.2 


(x^+«) 


^-i)(«-f) 


F(a,x)^^W*{l  +  (^^ 

/  (a-i)(a-f)(a-f)(a-i) 


2-4x* 


} 


(x-^+oo) 


These  expansions  form  the  basis  for  the  choice  of 
standard  solutions  in  19.3.  The  former  is  valid 
for  complex  x,  with   |arg  x|<|ir,  in  the  complete 


19.9.  Expansions  for  a  Large  \^'ith  x  Moderate 

(i)  a  positive 
When  a>>x2,  with  p  =  yja,  then 

19.9.1  U(a,  X)  =2ia+tr(i_^i^)  exp  (-px-{-v,) 

19.9.2  U{a-x)=^^-^^^^^^-r^^exp  ipx+v,) 
where 


19.9.3 


Vi,  Vo 


-1-3(23^)      (2X)  -^2^     5 


l/l^NS 


2p        {2p) 


,T 


(W 


{2pf 


.  2(Jxr  ,  {^\xf-\{hxy 

^ {2py ^       {2pY      ^"  ' 

The  upper  sign  gives  the  first  function,  and  the 
lower  sign  the  second  function. 

(ii)  a  negative 
When  — a>>x2,  with^=V--^,  then 

19.9.4 

t/(a,x)+ir  (i-a)-F(a,x) 


2i''+i    ' 


yir 


e""'  exp  {Vr-\-iVi) 


where 
19.9.5 


iW  ,  2(ix)*     9(ix)2-i^(ix)' 


{2py '  {2py 


CipY 


Vi 


2p  "^    (2py    "^      (,2py 


(a^— 00) 

Further    expansions    of    a   similar    type    will    be 
found  in  [19.11]. 

19.10.  Darwin's  Expansions 

(i)  a  positive,  x^+4a  large.     Write 
19.10.1  X=Vx^+4o 

_         C"  x+X 

0=4ot?,(x/2Va)  =  ^       Xdx=\xX+a  In  ^-7=r 
Jo  ^y"' 


=-  VxM-4a+«  arcsinh  jr-p 

4  ^-yd 
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19.10.11 


19.10.2    U{a,  x)  = 


19.10.3    U{a,  -x)  = 

where 

19.10.4 


vr(K«) 

(2Try'' 


yTih+a) 


exp  {—e+v{a,x)} 
exp  {d-{-v(a,  —x) 


v(a,  x) +  In  X+i:  i-iydJX'' 

(a>0,  z2+4a^+co) 

and  dst  is  given  by  19.10.13. 

(ii)  a  negative,  3^+4a  large  and  positive.    Write 


19.10.5 


X=^x'-4'a\ 


+X 


e=4|a|t?2(a;/2vM)=i  rXdx=ixX+a  In  |±| 


^ 

=^x\a;*— 4|a|+a  arccosh  77-1=; 


(see  Table  19.3  for  i?2),  then 


19.10.6    r(«,  x)=^^^y7^  exp  {-e+iia,  x)} 


19.10.7 

V{a,x) 


exp  [d-^via,  —x)] 


(27r)i'Sr(i-a) 
where  again 
19.10.8 

via,  x)--iln  X+i:  i-iyd^JX'^ 

(a<0,  z2+4q^+oo) 

and  (/a,  is  given  by  19.10.13. 

(iii)  a  large  and  negative  and  x  moderate.  Write 


19.10.9  Y=^4a\-x^ 

e=4la|t?4(x/2VH) 

=i  I    Ydx^=x^Y^  a\  arcsin  ;r— :^ 

Jo  '   '  2via| 

(see  Table  19.3  for  t>4=i7r— t^a),  then 
19.10.10 


U(a,  «)=^^^^|t7^  e^'  cos  I^Tr+^Tra^d^vX 


V(a,x)  = 


where 


(27r)Kr(i-a) 


6"^  sin  {lTr+^ira-\-d-\-Vi} 


19.10.12      r, ilnr-||+^-.  . 


ds      d^ 


(2;24-4a->—  00) 


In  each  case  the  coefficients  dzr  are  given  by 
19.10.13 

(/6=f  x^-2a 


+^aV-19a*x') 


1  t"^ 


See  [19.11]   for  (/15,  .  .  .,   dii,   and   [19.5]   for   an 
alternative  form. 

19.11.  Modulus  and  Phase 

When  a  is  negative  and  |jK2V|a!,  the  func- 
tions U  and  V  are  oscillatory  and  it  is  sometimes 
convenient  to  write 

19.11.1  U(a,  x)  +  iT(|-a)F(a,  x)=F(a,  x)e''=^°'^ 

19.11.2  U'ia,  x)+iT(i-a)V'(a,  x)=- G  {a,  x)e'* '''■'' 
Then,  when  a<0  and  \a\»3^, 

19.11.3 

^=^^^  ''''         X=(^+i)7r+i>x+r, 

where  Vr,  lu  are  given  by  19.9.5  and  p='\'—a. 
Alternatively,  %vithp  =  A  a!,  and  again  — a»x^, 

19.11.4 


J,    T{\-ha)  f  X'         fx^ 

'^^2i<'-K¥   \'"^(4p)2"^(4;))^ 


(Apr 


} 


I 
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19.11.5 


X~(ia+i 


^)Tr-\-px'l 


fa:2      |a;*-16 


19.11.6 


G^ 


(42))  2       {4p)' 

{Apr       •••/ 

r(f-fa) /,        x'        |x* 


1- 


(42))2     (4p)* 


19.11.7 


} 

{2-Y.2  2.-v.4_|_1fi 

■} 


43.6,^3203.2 

(4p)« 


Again,  when  a;^+4a  is  large  and  negative,  with 

F=V4|a|-a;^  then 

19.11.8 


where   0,    tv    and    v,    are    given   by    19.10.9    and 
19.10.12. 

Another  form  is 


19.11.9 


F^ 


2Vr(|— a)  /,  ,     3     ,  5a  ,    621 


(2' 
19.11.10 


'7r)KT    V 


Hx^64 


4F*  '  r«  '  32F* 


■■■) 


(a;2+4a^—  00) 


(27r)i         V       4F^ 


7a__835^_        \ 
■jre     3278      •  •    J 


while  ^  and  X  are  connected  by 
19.11.11 


(a;^+4a^'—  oo'i 

Connections  With  Other  Functions 

19.12.  Connection   With   Confluent    Hypergeo- 
metric  Functions  (see  chapter  13) 

19.12.1 


19.12.2      L^(a,z)  =  2-J<'a;-W_j,_i(|x2) 
19.12.3 

19.12.4 

C7(a,x)=2-l-^''e-i^V(^a+i,  i  W 

Expressions  for  V{a,  x)  may  be  obtained  from 
these  by  use  of  19.4.2. 

19.13.  Connection  With  Hermite   Polynomials 
and  Functions 

When  n  is  a  non-negative  integer 
19.13.1 

U{-n-lx)=e-'^''Her,(x)  =  2-^''e-i''H„(x/^^) 
19.13.2 

V(n-\-h,x)  =  ^'2J^ei'='He*(x)  =  2-i''ei^'m(x^'2) 

in  which   H^ix)   and  Hen{x)   are    Hermite   poly- 
nomials (see  chapter  22)  while 


19.13.3    Het(x)^e-^''  ~  e^^'-  {-iYHeniix) 


dx'' 


r2    d\^,,, 

19.13.4    Hl{x)^e-'^  ^  e'^={-i)''H„(ix) 


d^ 
dx' 


This  gives  one  elementary  solution  to  19.1.2  when- 
ever '2a  is  an  odd  integer,  positive  or  negative. 

19.14.  Connection    With   Probability    Integrals 
and  Dawson's  Integral  (see  chapter  7) 

If,  as  in  [19.10] 

19.14.1  Hh.,ix)=e-i'' 

19.14.2 

nhn{x)=j^'  Hh„-,(t)dt=il/n\)  j\t-xre-i'Mt 

{n>0) 


then 
19.14.3 


U{n-^lx)=^e^''HhM  {n>-l) 


273-888  0-67— 45 
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Correspondingly 
19.14.4  V(^,x)=^l2fi^e^'^ 

and 
19.14.5 


Here    V{—^,  x)   is  closely  related    to   Dawson's 
integral 


f/ 


dt 


These  relations  giye  a  second  solution  of  19.1.2 
wheneyer  2a  is  an  odd  integer,  and  a  second  solu- 
tion is  unobtainable  from  U{a,  x)  by  reflection  in 
the  ?/-axis. 
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19.15.14  Vi-l,  x)  =  (fx)KJ^t+J^i) 

19.15.15  V(-2,  x)  =  l(hx)K2A+^yi-J'i) 
19.15.16 

F(-3,.  x)=l  ■  l{\x)KoA+^A-^A-Jd 

19.15.17  U{-\,  x)  =  y'2h{\x)K^ 

19.15.18  r(-f ,  x)  =  ^'2fK{\xy2K^ 

19.15.19  r(-f,  x)  =  ^!2hr{\xf{bKi-Ki) 

19.15.20  F(ix)  =  (|x)(/i+/_i) 

19.15.21  F(|,  x)  =  (k)^(2/j+2/_,) 

19.15.22  Fa,  x)  =  (^x)^(5/j+5/_i-/3-/_j) 


sin  \mr     \  ,   ^^v 

•2tTa»+i)/<"^°> 


19.15.   Explicit    Formula    in    Terms    of   Bessel 
Functions  TXTien  2a  Is  an  Integer 


Write 

19.15.1 

19.15.2 


I -„—!„= (2/t)  sin  wx  •  Kn 

/_n+/n=COS  Tlir  ■  J„ 


where  the  argument  of  all  modified  Bessel  func- 
tions is  jx^.     Then 

19.15.3  Uil,  x)=2T-H^x)'{-Ki+Ki) 

19.15.4  U(2,  x)=2  •  lT-i(ix)K'^Ki-3Ki+Ki) 
19.15.5 

C7(3,  x)=2  .  f  .  lir-Kix)K-5Ki+9Ki-5Ki+K.) 

19.15.6  F(l,  x)=\{\x)KA-J\) 

19.15.7  F(2,  x)  =  Kix)H2j^-3j^j+jrj) 

19.15.8  F(3,  x)  =  Klx)KoJ^i-9j^}+5j^.-J^j) 

19.15.9  r(0,x)=7r-i(ix)*^l 

19.15.10  r(-l,  x)=T-Kix)Kii^i+ii:i) 
19.15.11 

C7(-2,  x)=T-Kix)K2ii:i+3ii:j-ii:i) 
19.15.12 

r(-3,  x)=ir-K\x)K^K^^9K.-bK^-K^:) 
19.15.13  F(0,x)  =  iax)ij^i 


The  Equation  ^+Q  ^^^-a)  i/= 
19.16.  Power  Series  in  x 


0 


Even  and  odd  solutions  are  giyen  by  19.2.1  to 
19.2.4  with  — ia  written  for  a  and  xe'"  for  x; 
the  series  involves  complex  quantities  in  which  the 
imaginary  part  of  the  sum  vanishes  identically, 

Alternativeh', 

19.16.1 

+  (a*-lla2+^)  |j  +  (a^-2oa^+H^)  ^+  .  .  . 
19.16.2 

2/2=x+(Z^-f-(a2— f)  __|_(^3_^)  _ 

-|-(a^-17a^+^)  ^+(a5-35a^+^i^)  ^+  .  .  . 

in   which   non-zero    coefficients   a„   of   x'^lnX    are 
connected  by 

19.16.3  a„+2=a  •  Qr.— Tn(M— l)a,_2 

19.17.  Standard  Solutions   (see  [19.4]) 

19.17.1     ir(a,±x)=^^^§!^^((?.y.T>/2(?3y.) 


=2-(V|..^Vf^0 


19.17.2 

where 

19.17.3    6^i=|r(i+iia)|        (?3=|r(H-iia)| 


^ 
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At  x=0, 


19.17.4    T^(a,0)=^ 


ra+|ia) 


19.17.5 


W'(a,0)  =  -^^ 


r(f+^m)*__l    /^ 


r(i+im) 

Complex  Solutions 

19.17.6  E(a,  x)=k-HV(a,  x)-\-iBW{a,  -x) 

19.17.7  E*(a,  x)=k-m'(a,  x)-ikm'{a,  -x) 
where 


19.17.8  k=^^lTe^-e"'         l|k=^l  +  e^"'-\-e^'' 
In  terms  of  U{a,  x)  of  19.3, 

19.17.9  E{a,  x)  =  V2ei"'^'i''+^**2  U{ia,  xg-i^') 
with 

19.17.10  </>2=arg  r(|+ia) 

where  the  branch  is  defined  by  <^2=0  when  a=0 
and  by  continuity  elsewhere. 
Also 

19.17.11 

19.18.  Wronskian  and  Other  Relations 

19.18.1  W{W{a,x),W{a-x)]=\ 

19.18.2  W{E{a, x),  £"*(«,  x) }  =  -2i 


19.18.3  '^Y+eF^E{a,x)  =  e'''E*{a,x)+iE*{a,-x) 

19.18.4  £■*(«,  x)  =  e-'^*»+i''£'(-a,  ix) 
19.18.5 


Vr(FFm)£'*(a,  x)  =  e-J''v'r(Km) £■(-«,  ix) 
19.19.  Integral  Representations 

These   are   covered    for   19.1.3   as   well  as  for 
19.1.2  in  19.5  (general  complex  argument). 

Asymptotic  Expansions 
19.20.   Expressions  in  Terms  of  Airy  Functions 

When  a  is  large  and  positive,  write,  for  0<x<oo 
x=2Va|         <=(4a)'r 


19.20.1 

T=-(P3)^ 

t?3=^  J    Vl-s'  ds=\  arccos  |-KV1-^'     (^<  1) 
19.20.2 

T=  +  (fl?2)* 

t?2=i  j    V5'-lffe=ilV^'-l-|  arccosh  ^        (|>  1) 

Then  for  x>0,  a^+  « 
19.20.3 


W(a,x)~A^(4a)-ie-J'"('-2^')  Bi(-0 


19.20.4 


W{a,  -x)-2V^(4a)-i6i-(^yAi(-0 

Table  19.3   gives   r  as   a   function   of   ^.     See 
19.5]  for  further  developments. 


19.21.  Expansions  for  x  Large  and  a  Moderate 

Wben  x»|a|, 
19.21.1 

E{a,  x)  =  \2lx  exp  {i{lx^—a  In  x+^02+i7r)}s(a,  x) 
19.21.2 


W{a,  x)  =  \2k/x{si{a,  x)  cos  (|x'-a  In  x  +  |7r+|</>.,) 
— Si(a,  x)  sin  (^x^— aln  x+|7r  +  5<^..)} 

19.21.3 

|^(a -z)=:V2/H{«i(a,x)  sin  Qx^-a  In  x  +  i7r+|<^,) 
+.S2(a,  x)  cos  (|x^— aln  x+jTr+^c^i)} 

where  02  is  defined  by  19.17.10  and 

19.21.4  s{a,  x)^Si(a,  x)-\-is2{a,  x) 

19.21.5 

r  \         1     1        ^2  ^4  ^'8         I        "8        J- 

.5,(,a,  a;j~i-r-j,2^2     2!2V     3!2V"^4!2V~^  '  '  " 


19.21.6 

Siia,  x) 
with 


Ua 


V.2x'     2!2V^3!2V^4!2V      •"" 

(x^+") 


li 
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19.21.7  Ur-]-Wr=r(r-\-^-\-ia)lr(^+ia) 
or 

19.21.8  sia.^)-^±(-iy'-^^±ii^^. 


19.22.  Expansions  for  a  Large  With  x  Moderate 

(i)  a  positive 
When  a'^y-a^,  with  p=-v^,  then 

19.22.1  Wia,  x)  =  W(a,  0)  exp  (-px-\-Vi) 

19.22.2  W(a,-x)  =  W{a,  0)  exp  (px-\-V2) 
where  W(a,  0)  is  given  by  19.17.4,  and 
19.22.3 
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(see  Table  19.3  for  ^2),  then 

19.23.2  W(a,  x)  =  ^f2ke'r  cos  (iir+e+vO 

19.23.3  W(a,-x)  =  ^e'rsm(^-\-d-^Vi) 
where 
19.23.4 


Vi,V2^±- 


■,±^ 


2p      '  {2py^      {2pf 

2_(ix)_^  ^a^)M:lM! 
"^  {2pY  ^       {2py 


(a^+00) 


The  upper  sign  gives  the  first  function,  and  the 
lower  sign  the  second  function. 

(ii)  a  negative 
When  —ay^x^,  ^vith  p  =  \'—a,  then 

19.22.4 

W(a,x)-\-iW(a,-x) 

=  ^f2W(a,  0)  exp  {Vr-^i(px+^Tr-\-Vi)} 

where  W(a,  0)  is  given  by  19.17.4,  and 

19.22.5 

„ (jxy  2axy  Hjxy^^  (jxr , 

^^      (2py^  {2py  {2pY       "^  •  •  • 

'        2p  (2pY      "^  {2py 

(a-^—co) 

Further  expansions  of  a  similar  type  will  be  found 
in  [19.3]. 

19.23.  Darwin's  Expansions 

(i)  a  positive,  a;^— 4a>>0 
Write 


19.23.1 

X=Vx2-4a        0=4at?2(x/2Va)=i  r_ 

x-\-X 


Xdx 


=\xX—a  In 


2y[a 


=\x^Jx'^—Aa—a  arccosh  jr-= 


and  d^r  is  given  by  19.23.12. 

(ii)  a  positive,  4a— x2>>0 
Write 

19.23.5 


(x^— 4a^'0o) 


r=V4a-a;2        Q=^a^^{xl2^[^) 


=i  JJ  Ydx= 


\xY-\-a  arcsin 


2Va 


(see  Table  19.3  for  ^^=\T^—d^,  then 

19.23.6  W{a,  a;)  =exp  { -Q^v{a,  x) } 

19.23.7  W{a,  -a;)=exp(0+z)(a,  -x)] 
where 

19.23.8 

Ka,  x) i  In  F+^34-^^+|i4-  .  .  . 

(x'^— 4a^—  00) 
and  dzr  is  again  given  by  19.23.12. 

(iii)  a  negative,  x^— 4a>>0 
Write 

19.23.9 


X=Vx2+4!a| 


0=4|o|t?i(x/2V|a|)=i  r^rfx 

x+Z 


=ixX-aln 


=-^xV^M-4|a|  — o  arcsinh 


2v|a| 


(see  Table  19.3  for  «?,)  then 

19.23.10  W{a,  x)  =  ^l2ke'^  cos  {\k^Q-^v^ 

19.23.11  W{a,  -x)  =  ^j2Jke'^sm  (^r+<?+y,) 

where  y,  and  y<  are  again  given  by  19.23.4.     In 
each  case  the  coefficients  dzr  are  given  by 


-frwM 


19.23.12 

d,=\  (^x'-~ax'+^a'x'-{-^  a'x'^19a'x) 
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a'  \5760         320 
1  ^'^ 


320 


12 


See  [19.11]  for  d^,  .  .  .,  dn,  and  [19.5]  for  an  al- 
ternative form, 

19.24.  Modulus  and  Phase 

When  a  is  positive,  the  function  W{a,  x)  is 
oscillatory  when  x<^—2^[d  and  when  x^2\a; 
when  a  is  negative,  the  function  is  oscillatory  for 
all  X.  In  such  cases  it  is  sometimes  convenient 
to  write 


19.24.1 

k-m\a,  x)^ikW{a-x)  =  E{a,  x)=Fe''' 

19.24.2 

dW(a,x)  ,  .jid\l^(a,—x) 


ix>0) 


k-i 


■ik' 


dx  dx 

Then,  when  a;^>>|a|, 
19.24.3 


E'{a,x)  =  -Ge'^ 
{x>0) 


19.24.4 


V!( 


a     lOa^-3     30a^-47a 


42^ 


X~|a;2_a  In  x+i<^2+i7r-^ 


Ax^ 


4a2-3  ,  4a3-19a 


•) 


8x2 


8x* 


19.24.5 
19.24.6 


ViO-? 


6a2-5     14a3_63a 


4x^ 


4a;« 


■•) 


,12        1        .  w      1     I  4a'+5  ,  4a3+29a 
^-ix'-a  In  x+^2-i7rH — ^^ — |- 


Sa;^ 


8a;^ 


where  ^o  is  defined  by  19.17.10. 

When  a<0,  |a|»a;2 
19.24.7  F--^I2W{a,  0)e'r 

where  «,  is  given  by  19.22.5  with  p=V— a.    Also 


F 
19.24.9 


x^'    ,  |x^+8    J^x«+152x' 


-6 


■) 


^11       /i  .    fa;'      fa;'+16  ,  4-x'+^4iix2  \ 

^    V  ^(42?)'       (4p)^  ^       (4p)«  / 


19.24.10 


(4i>)2      (42>)^ 


{ApY 


•) 


19.24.11 


Again,  when  a<0,  x^— 4a»0,  with  X=-\/xM-4|a|, 
then 

19.24.12        F^^l2e'^         x  =  \Tr-\-d^Vi 

where  6,  Vr  and  Vt  are  given  by  19.23.4  and  19.23.9. 
Another  form  also  when  a>0,  x^— 4a^oo  is 

19.24.13 


F 
19.24.14 

6 


4 


^ 5a      621      1371a 

AX'    X^"^32X«^  4X^° " 


7a      835      1729a 


AX'  '  X'     32^«     4X'°   '   •  •  7 
while  4^  and  X  are  connected  by 

19.24.15 

1      ,    X   /,       47      214a  .14483  ,         \ 
"^-^ 2^+:F  V       6^^~3^+40X^+  •  •  ■) 

19.25.  Connections  With  Other  Functions 

Connection  With  Confluent  Hypergeometric  and  Bessel 
Functions 

19.25.1 


W{a,  ±x)  =  2-5  j^^|i//(-f,  ia,  ix^) 

:^^^xH(-i,ia,ix2)} 


±- 


where 


19.25.2 

H{m,  n,  x)=e-''iFi{m+l-in;  2m+2;  2ix) 


19.25.3 


=e-'^M(m-\-\-in,  2m +2,  2ix) 


19.25.4 

\V(0,  ±x)=2~U^{J-i(W)±Jii\x')]         (x>0) 
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19.25.5 

dx 


W(0,  ±x)  =  -2-ix^'Trx{Ji(\x')±J-i(\x')} 


19.26.  Zeros 


(a;>0) 


Zeros  of  solutions  U(a,  x),  V(a,  x)  of  19.1.2  occur 
only  for  |x|<^2V— a  when  a  is  negative.  A  single 
exceptional  zero  is  possible,  for  any  a,  in  the  gen- 
eral solution;  neither  U{a,x)  nor  V{a,x)  has  such 
a  zero  for  x>0. 

Approximations  may  be  obtained  by  reverting 
the  series  for  xp  (or  X  for  zeros  of  derivatives)  in 
19.11,  giving  ^  (or  x)  values  that  are  multiples  of 
^TT,  odd  multiples  for  U{a,  x),  even  multiples  for 
V{a,  x) .     Writing 

a={\r—\a  —  \)ir 

as  an  approximation  to  a  zero  of  the  fimction,  or 
/3=(k-k+i)ir 

as  an  approximation  to  a  zero  of  the  derivative, 
we  obtain  for  the  corresponding  zero  c  or  c' ,  with 
—a—jp^  the  expressions 


19.26.1     c: 


19.26.2 


a     2a^-3a     52a^-240a^+315a 
V        482)'  7680/  "^ 

/3  ,  2/3^+3^  ,  52/35+280/3^-285,8 


p       48^5 


7680p^ 


These  expansions,  however,  are  of  little  value 
in  the  neighborhood  of  the  turning  point  x^2\—a. 
Here  first  approximations  may  be  obtained  by 
use  of  the  formulas  of  19.7.  If  a„  (negative)  is  a 
zero  of  Ai(^),  the  corresponding  zero  c  of  U{a,  x) 
is  obtained  approximately  by  solving 


19.26.3 

t?3=i{arccos  ^-^1-^'}  = 


i  —  dn)' 


6|a| 

c=2^J\a\i        (a«0) 

This  may  be  done  by  inverse  use  of  Table  19.3. 
For  a  zero  of  V{a,x),  a„  must  be  replaced  by  6„, 
a  zero  of  Bi(i).  For  further  developments  see 
[19.5]. 

Zeros  of  solutions  W{a,x),  W{a,—x)  of  19.1.3 
occur  for  \x\'^2^|a  when  a  is  positive;  the  general 
solution  may,  however,  have  a  single  zero  between 
—  2^,a  and  +2-v^.  If  a  is  negative,  zeros  are 
unrestricted  in  range. 

Approximations  may  be  obtained  by  reverting 
the  series  for  \j/  (or  x)  in  19.24.  With  —a=p^, 
a=(ir—^)ir,    /3=(^r4-|)7r,    r>0    being    an    odd 


integer  for  W(a,  x)  or  its  derivative,  or  an  even  m 
integer  for  \V{a,—x)  or  its  derivative,  the  zeros  j^ 
±c,  ±c'  have  expansions 


19.26.4    c« 


a     2a3-3a     52a5-240a3  +  315a 


p        48p' 


7680/ 


19.26.5 


^_   2/3^+3^  ,  52^5+280/33-285/3 


48p5 


7680/ 


When  X  is  large  and  a  moderate,  we  may  solve 
inverselj^  the  series  19.24.4  or  19.24.6  with 
a=2  (''TT— ^TT— 02),  &—2  {rir^\Tr—<i>2) ,  r  odd  or  even 
as  above;  the  presence  of  the  logarithm  makes  it 
inconvenient  to  revert  formally. 

The  expansions  19.26.4  and  19.26.5  fail  w^hen  x 
is  in  the  neighborhood  of  2-vlaI.  When  a  is 
positive,  a  zero  c  of  W{a,—x)  is  obtained  approxi- 
mately by  solving 


19.26.6 


^2=i{lV^'-l-arccosh  ^) 


(— g»)^ 
6a 

c=2Va^ 


(a»0) 


wdth  the  aid  of  Table  19.3.  For  a  zero  of  W{a,  x) 
we  replace  a„  by  6„.  When  a  is  negative  we  solve, 
again  wdth  the  aid  of  Table  19.3, 


19.26.7 


'?i-i{^V^'+l+arcsinh|}  = 


{n-\)Tr 


4|a! 
c=2VH^         (-«»0) 

where  n=\,  2,  3,  .  .  .  for  an  approximate  zero 
of  W{a,  —x),  and  w=i,  |,  f,  .  .  .  for  an  approxi- 
mate zero  of  W{a,  x) .  Further  developments  are 
given  in  [19.5]. 

Any  of  the  approximations  to  zeros  obtained 
above  may  readily  be  improved  as  follows: 

Let  c  be  a  zero  of  y,  and  c'  a  zero  of  y' ,  where  y 
is  a  solution  of 


19.26.8 


y"-Iy^-0 


B.QV&I-=a±\x\  r=±\x,  r'=±h;  the  method  is 
general  and  the  following  formulae  may  be  used 
whenever  /'"=0.  Then  if  7,  y'  are  approxima- 
tions to  the  zeros  c,  c'  and 

19.26.9    u=yiy)ly'(y)        v=y'{y')IPy{y') 
with  7=7(7)  or  I=I{y')  respectively,  then 


I^WM 
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19.26.10 
19.26.11 
19.26.12 

+{-^prr'-^ir'-^M')v^+  . . . 

19.26.13 

-{\pr'-^pr'^-\i>'+  .  .  .} 

The  process  can  be  repeated,  if  necessary,  using 
as  many  terms  at  any  stage  as  seems  convenient. 
Note  the  relations,  holding  at  zeros, 


C7'(a,c)  =  -vW^/F(a,c) 
F'(a,c')  =  V2^/C/(a,c') 
W'{a,c)  =  -llW{a,-c) 


19.26.14 
19.26.15 
19.26.16 
19.26.17 

W{a,c')  =  \l-(j^W{a,  -x)\       =-l/W(a,  -c') 

19.27.  Bessel  Functions  of  Order  ±\,  ±  f  as 
Parabolic  Cylinder  Functions 

Most  applications  of  these  functions  refer  to 
cases  where  parabolic  cylinder  functions  would  be 
more  appropriate.     We  have 


19.27.1    J^^{\x')=%  {W{Q,-x)TW{0,x) 


19.27.2     JijCiz^) 


l-,•2^=. 


-2« 


XypKX 


{W{0,x)±W{0,-x)] 


Functions  of  other  orders  may  be  obtained  by 
use  of  the  recurrence  relation  10.1.22,  which  here 
becomes 


19.27.3  \x''J.^,{\x')-2vJ.{\x')+\x'J,-x{\x'')=0 
Again 

19.27.4  I-^{\x')  +  h{\x')=^  F(0,  x) 

19.27.5 

^  K^{\x')=I-^{\x')-h{\x')=^  U{0,  X) 

TV  \irX 

19.27.6     /_j(ix^)+/iax2)  =  -^  jz  F(0,x) 

XyX  "X 

19.27.7 


K.{\x')=I-.{\x')-Ii{\x') 


4      d_ 

x^Jttx  dx 


U(0,x) 


As  before,  Bessel  functions  of  other  orders  may  be 
obtained  by  use  of  the  recurrence  relation  10.2.23, 
which  here  becomes 

19.27.8  lx'L+,ilx')+2vL(ix')-lx'L_,{lx')=0 

19.27.9  lx'K.+rilx')-2vK.{^,x')-lx'K.-,(lx')  =  0 


Numerical  Methods 
19.28.  Use  and  Extension  of  the  Tables 


For  U(a,  x),  V(a,  x)  and  W{a,  x),  interpolation 
x-wise  may  be  carried  out  to  5-figure  accuracy 
almost  everywhere  by  using  5-point  or  6-point 
Lagrangian  interpolation.  For  |a|<l,  compa- 
rable accuracy  a-wise  may  be  obtained  mth  5-  or 
6-point  interpolation. 

For  |a|>  1,  U{a,  x)  and  V{a,  x)  may  be  obtained 
by  use  of  recurrence  relations  from  two  values, 
possibly  obtained  by  interpolation,  with  |a|<l; 
such  a  procedure  is  not  available  for  W{a,  ±x), 
|a|>l. 

In  cases  where  straightforward  use  of  the  a-\vise 
recurrence  relation  results  in  loss  of  accuracy  by 
cancellation  of  leading  digits,  it  may  be  worth 
while  to  remark  that  greater  accuracy  is  usually 
attainable  by  use  of  the  recurrence  relation  in  the 


reverse  direction,  from  arbitrary  starting  values 
(often  1  and  0)  for  two  values  of  a  somewhat 
beyond  the  last  value  desired.  This  is  because  the 
recurrence  relation  is  a  second  order  homogeneous 
linear  difference  equation,  and  has  two  inde- 
pendent solutions.  Loss  of  accuracy  by  cancella- 
tion occurs  when  the  solution  desired  is  diminishing 
as  a  varies,  while  the  companion  solution  is  in- 
creasing. By  reversing  the  direction  of  progress 
in  a,  the  roles  of  the  two  solutions  are  inter- 
changed, and  the  contribution  of  the  desired  solu- 
tion now  increases,  while  the  unwanted  solution 
diminishes  to  the  point  of  negligibility.  By  start- 
ing sufficiently  beyond  the  last  value  of  a  for  which 
the  function  is  desired,  we  can  ensure  that  the 
unwanted  solution  is  negligible  but,  because  the 
starting  values  were  arbitrary,  we  have  an  un- 
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knowm  multiple  of  the  solution  desired.  The  com- 
putation is  then  carried  back  until  a  value  of  a 
with  |a|<l  is  reached,  when  the  precise  multiple 
that  we  have  of  the  desired  solution  may  be  deter- 
mined and  hence  removed  throughout.  Compare 
also  9.12,  Example  1. 

Example  1.     Evaluate  U(a,  5)  for  a  =  5,  6,  7, 
.  .  .,  using  19.6.4. 

(a  +  h)  U(a+ 1,  x)  +xUia,  x)  -  U(a-  1,  x)  =  0 


a 

Forward 

Backward 

Final  Values 

Recurrence 

Recurrence 

3 

(-6)       5.2847* 

(12) 

1.  59035 

(-6)     5.2847** 

4 

(-7)       9.172* 

(11) 

2.  76028 

(-7)     9.1724 

5 

(-7)        1.5527 

(10) 

4.  67131 

(-7)      1.55227 

6 

(-8)       2.5609 

(9) 

7.  72041 

(-8)     2.5655 

7 

(-9)       4.1885 

(9) 

1.  24785 

(-9)     4.1466 

8 

(-10)     6.2220 

(8) 

1.  97488 

(-10)   6.5625 

9 

(-10) +  1.2676 

(7) 

3.  06369 

(-10)    1.01806 

10 

(^ll)-O.  1221 

(6) 

4.  66352 

(-11)    1.5497 

11 

(-11)  +  1.  2654 

(0) 

697082 

(-12)   2.3164 

12 

(-12) -5.  6079 

102444 

(-13)  3.404 

13 

(-12) +  3.  2555 

14789 

(-14)   4.91 

14 

2111 

(-15)   7.01 

15 

292 

(-16)   9.7 

16 

42 

17 

5 

18 

1+ 

19 

0+ 

*From  tables.         """Starting  values. 

**This  value  was  used  to  obtain  the  constant  multiplier 

d_(-6)5.284/^^_jg^g  22298  for   converting  the    pre- 


k*     (12)1.59035 

vious  column  into  this  one. 

The  second  column  shows  forward  recurrence 
starting  with  values  at  a  =  3,4  from  Table  19.1. 
Backward  recurrence  starts  with  values  0  and  1 
at  a=19  and  18,  containing  a  multiple  kU{a,  5) 
and  a  subsequently  negligible  multiple  of  the  other 
solution  T{^—a)V{a,5).  Rounding  errors  con- 
vert kU{a,x)  into  k*U{a,x)  without  affecting  the 
values  in  the  last  column.  The  value  of  Ijk*  is 
identified  from  the  known  value  of  f7(3,  5),  and 
used  to  obtain  the  final  column  hj  multiplying 
throughout  by  1/^*.  The  improvement  in  t/(5,  5) 
is  evident  by  comparison  with  Table  19.1. 

Derivatives.  These  are  not  tabulated  here. 
Since  the  functions  U(a,x),  V{a,x)  and  W{a,x) 
satisfy  differential  equations,  values  of  derivatives 
are  often  required. 

For  all  these  functions  the  equation  is  second 
order  with  first  derivative  absent,  so  that  second 
derivatives  may  be  readily  obtained  from  function 
values  by  use  of  the  differential  equation. 

First  derivatives  can  be  obtained  for  [/(a,  x)  and 
V(a,x)    by   applying  the  appropriate  recurrence 


relations  19.6.1-2.  If  less  accuracy  is  needed  they 
can  be  found  by  use  of  mean  central  differences  of 
U{a,  x) ,  V{a,  x)  and  also  of  W{a,  x)  with  the  formula 

hu'=h-^=n8u—ln8^u-\-^8^u—  .  .  . 

using  h=.l',  this  usually  gives  a  3-  or  4-figure 
value  of  du/dx. 

If  greater  accuracy  is  needed  for  dW(a,  x)/dx  it 
may  be  obtained  by  evaluating  d^Wjdx^  with  the 
help  of  the  differential  equation  satisfied  by  W 
and  integrating  this  second  derivative  numerically. 
This  requires  one  accurate  value  of  dW/dx  to 
start  off  the  integration;  we  describe  two  methods 
for  obtaining  this,  both  making  use  of  the  differ- 
ence between  two  fairly  widely  separated  values 
of  W,  for  example,  separated  by  5  or  10  tabular 
intervals. 

(i)  Write  /„  /;,  //  for  W{a,  Xo-\-rh)  and  its 
first  two  derivatives,  then  /o  may  be  found  from 

zn  zn    1 


h^ 


}(/n-/-n) 


2^  IT2         240    ^      1^60480    " 

-AMiVM5-7¥oM5^+^^lioM5'-.  .  .}/;' 

(ii)  Consider  a  solution  y  of  the  differential 
equation  for  W{a,  x),  namely  y"  =  {  —  lx^-\-a)y. 
If  we  are  given  values  y  and  y'  at  a  particular 
x=Xo  and  write  r„=fl'"?/^"Vn!,  T_i  =  r_2=0,  then 
we  may  compute  T2,  T3,  T4,  .  .  .  in  succession  by 
use  of  the  recurrence  relation  obtained  from  the 
differential  equation, 


H' 


n+2- 


(n-M)(w+2) 


[i-\3^o-\-a)T^-WxoT„-i 


iH'T„.,] 


These  are  computed,  to  a  fixed  number  of  decimals 
until  they  become  negligible,  thus  giving 

y(xo±H)  =  To±T,  +  T2±T,-\-  .  .  . 

This  may  be  applied,  with  H=rh,  h  being  the 
tabular  interval,  and  r  a  small  integer,  say  r=5, 
to  the  solutions  y=yi,  y=y2  having 


yi{x-o)  =  W(a,  Xo) 

y2(xo)=o 


y{(xo)  =  W*'{a,xo) 
2/2(20)  =  ! 


in    which    W*'(a,  Xo)     is    an    approximation    to 
W'(a,  Xo),  not  necessarily  a  good  one;  it  may  be 
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obtained  from  differences,  for  example.     We  thus 
obtain  yi(xo±H)  and  y2{xo±H). 
Now  suppose 

W'(a,Xo)  =  W*\a,Xo)-^\ 

then,  for  all  x 

W(a,  x)^yi(x)-\-\y2(x) 

and  m  particular 

W(a,  Xo±H)=yi(xo±H)^\y2(xo±H) 

The  values  of  W(a,  Xo±H)  may  be  read  from  the 
tables  and  two  independent  estimates  of  X  ob- 
tained, whence 

W'(a,Xo)  =  W*'(a,Xo)+\ 

to  a  suitable  accuracy. 

Example  2.     Evaluate  W'(—3,  1)  using  r=5. 
From  Table  19.2 

^(-3,  .5)  =  -.05857         TF(-3,  1)  =  -.61113 

Wi-3,  1.5)  =  -.69502 

(i)  Using  the  first  method 


X 

Wi-3,x) 

W"(-3,x) 

5 

52 

53 

0.4 

+  0.07298 

-0.  22186 

0.5 

-.05857 

+. 17937 

+  131 

0.6 

-. 18832 

. 58191 

0.7 

-.31226 

.  97503 

0.8 

-.  42646 

1.  34761 

34081 

0.9 

-.  52722 

1.  68842 

29775 

-1095 

1.0 

-.  61113 

1.  98617 

24374 

-1032 

1.  1 

-.  67522 

2.  22991 

17941 

1.2 

-.  71706 

2.  40932 

1.3 

-. 73488 

2.  51513 

1.4 

-. 72761 

2.  53936 

1.5 

-. 69502 

2.  47601 

-9129 

1.6 

-. 63774 

2.  32137 

The  fifth  decimal  in  W'^(  —  S,  x)  is  only  a  guard 
figure  which  is  hardly  needed.  Only  the  differ- 
ences needed  have  been  computed. 

Then 


A^'(-3,l) 

=ro(- -69502+. 05857)' 


1000 


(10.38874) 


T^  (2.29664) -7^  (-.09260)1- 


1000  \ 


1 

'240 


11 


(-.02127) 


} 


100   \^24  ^""-^     1440 
=  -.0636450-.0103887-.0001918-. 0002272 
=  -.0744527 


Thus  W'{-2>,  1)  = -.74453.  This  might  have  an 
error  up  to  about  1^  units  in  the  last  figure  but  is, 
in  fact,  correct  to  5  decimals. 

(ii)  Using  the  second  method,  with 

2/i(l)  =  T^(-3,  1)  =  -. 61 113         to  5  decimals 
2/1(1)  =  — .745         to  about  3  decimals 

the  following  values  result,  with  H=.5, 


yi 

y2 

W(-3,  x)  =  j/,+Xy, 

To 

— 

.61113 

.0000 

Atz=1.5 

T, 

— 

.37250 

+  .5000 

Z-.695223  +  .4323X 
=  -.69502 

T2 

+ 

.24827  2 

.0000 

X=.000203/.4323 

^3 

+ 

5680  9 

-    677 

=  .000470 

T, 

1407  4 

-      26 

So  W'{-3,  1) 
=  -.745  +  X 
=  -.744530 

T, 

— 

279  3 

+      24 

Atz=.5 

T, 

+ 

13  4 

+        2 

-.058363-.4371X 
=  -.05857 

T-, 

+ 

5  4 

X=.000207/.4371 

Ts 

+ 

5 

=  .000474 

2/(1.5: 

)  — . 

695223 

+  .4323 

So  W'(-3,  1) 

yi.5) 

058363 

-.4371 

=  -.745  +X 
=  -.744526 

Thus  W'(-3,  1) 

=  —  .74453  which  is  correct  to 

5  deci 

imals. 

Example    3.     Evaluate    the    positive    zero    of 

m-3,  X). 

We  use  19.7.3  to  obtain  a  first  approximation, 
see  19.26.3.     The  appropriate  zero  of  Ai{t)  is  at 


whence 


«=(4|a|)iT  =  -2.338 
-  (2.338)  X  (12)-*= -.4461 


Hence,  from  Table  19.3,  |=.3990  and  the  approxi- 
mate zero  is  a;=2V]aT^=1.382. 

We  improve  this  by  using  19.26.10,  but  take,  for 
convenience,  x=1.4  as  an  approximation,  so  that 
the  value  of  C/can  be  read  directly  from  the  tables. 
U'  can  be  obtained  as  in  the  section  following 

Example  1. 

We  find 

U{-3,  1.4)  =  .02627         U'{-3,  1.4)  =2.0637 

Then  19.26.9  gives 

u=UIU'  =  m2T3Q         /=-2.51 

7'  =  .7        /"  =  .5 
and 
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c  =  1.4-.012730  +  .000002  =  1.38727 
which  is  correct  to  5  decimals,  while  19.26.11  gives 


y'(c)  =2.0637(1  + .000203)  =2.0641 
compared  with  the  correct  value  2.06416. 
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U{-5.0,x)       r(-4.5,r)   r(-4.0.-^)   f7(-3.5,.r)   U(-B.O,x)       U(-2.5,x)       U(-2.0,x)      f7(-1.5,T) 


0.0 
0.1 
0.2 
0.3 
0.4 

0,5 
0.6 
0.7 
0.8 
0.9 

1.0 
1.1 
1.2 


1.8 
1.9 

2.0 
2.1 
2.2 
2.3 
2.4 

2.5 
2.6 
2.7 
2.8 
2.9 

3.0 
3.1 
3.2 
3.3 
3.4 

3.5 
3.6 
3.7 
3.8 
3.9 

4.0 
4.1 
4.2 
4.3 

4.4 

4.5 
4.6 
4.7 
4.8 
4.9 


0) 
0) 
0) 
0) 
0) 

0 

0 

0) 

0 

0 

0 
0 
0 
0 
0 


3.0522 
3.6547 
4.0753 
4.2934 
4.2988 

4.0918 
3.6836 
3.0953 
2.3566 
1.5042 

+0.5799 
-0.3719 
-1.3064 
-2.1806 
-2.9554 


0) -3.5976 
0) -4.0808 


-4.3868 
-4.5059 
-4.4368 

-4.1866 
-3.7694 
-3.2057 
-2.5208 
-1.7434 

-0.9039 

-0.0332 

+0.8387 

1.6842 

2.4789 

3.2021 
3.8377 
4.3739 
4.8038 
5.1246 

5.3376 
5.4473 
5.4614 
5.3895 
5.2427 

5.0332 
4.7733 
4.4753 
4.1508 
3.8106 

3.4641 
3.1197 
2.7843 
2.4632 
2.1608 


3.0000 
2.9328 
2.7341 
2.4132 
1.9846 


(  0)  1.4678 
(-1)  8.8615 
-l)+2.6550 
.6676 
.8321 


-l)-3'.l 
;-l)-9.{ 


0) -1.5576 
0) -2.0661 
0) -2.4882 
0-2.8077 
0) -3.0131 

0) -3.0982 
0) -3.0617 
0-2.9073 
0-2.6435 
0) -2.2824 


D)-i.: 


0) -1.3321 
-1) -7.7961 
-1) -2.0142 
-1) +3.8325 


-1) 
0 
0 
0) 
0) 

0 
0 
0 
0 
0) 

0 

0 

0) 

0) 

0) 

0) 

0) 

0 

0) 

0) 

0) 

0) 

0 

0 

0) 


9.5635 
1.5015 
2.0048 
2.4545 
2.8422 

3.1620 
3.4108 
3.5883 
3.6963 
3.7388 

3.7212 

3.6501 
3.5331 
3.3781 
3.1929 

2.9854 
2.7630 
2.5323 
2.2992 
2.0689 

1.8455 
1.6324 
1.4322 
1.2466 
1.0766 


0)  1.5204 

0}  1.1869 

-1)  8.0608 

-l)+3.9325 

-1)-0.3518 

-1) -4.6224 

-1) -8.7118 

0-1.2462 

0) -1.5731 

0) -1.8397 

0) -2.0368 
0) -2.1578 
0) -2.1992 
0)-2.1608 
0) -2.0454 

0) -1.8583 

0) -1.6076 

0) -1.3029 

-1) -9.5564 

-1) -5.7791 

-1) -1.8226 
-1) +2.1890 
-1)  6.1381 
-1)  9.9170 
0)  1.3432 


0) 

0) 

0 

0 

0) 

0 
0 
0 
0 
0) 

0) 
0) 
0) 
0) 
0) 

0) 

0) 

0 

0 

0) 

-1) 
-1) 

-1 
-1 

(-1) 


1.6604 
1.9373 
2.1696 
2.3548 
2.4921 

2.5823 
2.6273 
2.6304 
2.5957 
2.5279 

2.4320 
2.3134 
2.1771 
2.0282 
1.8714 

1.7108 
1.5502 
1.3927 
1.2408 
1.0967 

9.6165 
8.3683 
7.2277 
6.1969 
5.2750 


0.0000 

-1) -2.9825 

-1)-5.8611 

-1) -8.5358 

0) -1.0915 

0) -1,2917 
0-1.4477 
0) -1.5544 
0) -1.6088 
0) -1.6097 

0) -1.5576 
0) -1,4550 
0-1.3061 
0) -1.1162 
-1) -8.9198 

-1)-6.4101 

-1-3.7121 

-l)-0.9080 

(-1)+1.9218 

(-1)  4.7004 


( 


-1) 

-1) 

0) 

S! 

0) 

0) 

0 

0 

0 


7.3576 
9.8317 
1.2071 
1,4035 
1.5694 

1.7031 
1,8039 
1.8721 
1.9089 
1.9164 


1.8972 
1.8543 
(  0)  1.7910 

0)  1.7109 

0) 


( 


1.6175 

1.5142 
1.4043 
1.2906 
1.1760 
1.0626 

9.5241 
8.4694 
7.4740 
6.5463 
5.6918 

4.9134 
4.2117 
3.5852 
3,0311 
2,5455 


0) -0.8721 
0)-1.0103 
0)-1.1183 
0-1.1930 
0)-1.2322 


0) -1.2351 
0) -1.2018 
0)-1.1336 
0-1.0329 
(-1) -9.0285 


1-7.4764 
1-5.7190 
1-3.8076 
1-1.7956 
1+0.2627 

I  2.3147 

(  4.3106 

I  6.2053 

I  7.9592 

I  9.5394 

I  1.0920 

I  1,2083 

I  1.3017 

I  1.3719 

)  1.4191 

I  1,4443 

I  1,4487 

I  1,4341 

I  1,4027 

I  1,3567 

I  1,2985 

I  1.2306 

I  1,1553 

I  1.0749 

I  9,9150 

I  9.0701 

I  8.2306 

I  7.4107 

I  6.6219 

I  5.8733 

I  5.1716 

I  4.5215 

I  3.9256 

I  3.3849 

I  2.8991 

I  2.4665 

I  2.0848 

\  1,7507 

i  1.4608 

I  1.2112 


(  0 
(-1 
(-1 
(-1 
(-1 


-1.0000 
-9,8753 
-9,5045 
-8.8975 
-8,0706 


-1) -7,0456 
-1) -5,8492 
-1-4,5120 
-1) -3.0677 
-1) -1.5517 

0,0000 
-1)  1.5518 
-1)  3.0698 
-1)  4.5223 
-1)    5.8812 

-1)  7,1223 

-1)  8.2258 

-1)  9,1766 

-1)  9,9648 

0)  1,0585 

1.1036 
1.1323 
1.1451 
1.1431 
1.1278 

1.1005 
1.0628 
1.0166 
9.6347 
9.0514 

8.4319 
7.7913 
7.1430 
6.4987 
5.8688 

5.2617 
4.6840 
4.1408 
3.6358 
3.1709 

2.7473 
2.3649 
2.0226 
1.7190 
1.4517 

1.2185 
1.0164 
8.4272 
6.9451 
5.6894 


-1) -6.0814 
-1) -5.1516 
-1) -4.1190 
-1) -3.0046 
-1) -1.8308 

1-0.6213 
1+0.6004 
I  1.8107 
I  2.9871 
I  4.1087 

5.1567 
6.1146 
6.9691 
7.7095 
8.3285 

8.8221 
9.1890 
9.4313 
9.5532 
9.5616 

9.4652 
9.2742 
9.0001 
8.6549 
8.2510 

7.8009 
7.3167 
6.8097 
6.2905 
5.7687 

5.2527 
4,7497 
4,2658 
3,8056 
3.3729 

2.9700 
2.5987 
2.2595 
1.9525 
1.6768 

1.4313 
1.2144 
1.0242 
8.5874 
7.1578 

5.9314 
4.8867 
4.0029 
3.2603 
2.6403 


(-1 
-1 
-1 
-1 

-1 
-1 
-1 
-1 
-1 


0.0000 
10.9975 
11.9801 
12.9333 
i 3.8432 

14.6971 
i 5.4836 
(6.1929 
6.8172 
7.3502 


(-1)7.7880 
(-1)8.1287 
(-1)8.3721 
(-1  8.5203 
(-1)8.5768 


-1) 
-1 
-1 
-1 
-Ij 

-1] 
-1 
-1 
-1 
-1 


8.5467 
8.4367 
8.2541 
8.0074 
7.7055 

7.3576 
6.9728 
6.5603 
6.1288 
5.6863 


(-1)5.2403 
-1)4.7975 
(-1)4.3638 
(-1)3.9440 
(-1)3.5424 

(-1)3.1620 
(-1)2.8052 
(-1)2.4738 
(-1)2.1684 
(-1)1.8896 


(-1)1.^ 
(-1)1.^ 


5.0       (    0)    1.8800     (-1)    9.2276 
For  interpolation,  see  19,28. 


(-1)    4,4586     (-1)    2,1235     (-2)    9,9802     (-2)    4.6331     (-2)    2.1262 


6370 

4099 

-1)1.2073 

1)1.0280 

(-2)8.7028 

(-2)7.3263 
(-2)6.1328 
(-2  5.1052 
(-2)4.2261 
(-2)3.4791 

(-2)2.8484 
(-2)2.3192 
(-2)1.8780 
(-2)1.5125 
(-2)1.2116 

(-3)9.6523 
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0.4 

0.5 
0.6 
0.7 
0.8 
0.9 

1.0 
1.1 
1.2 

1.3 
1.4 

1.5 
1.6 
1.7 
1.8 
1.9 

2.0 
2.1 
2.2 
2.3 
2.4 

2.5 
2.6 
2.7 
2.8 
2.9 

3.0 
3.1 
3.2 
3.3 

3.4 

3.5 
3.6 
3.7 
3.8 
3.9 

4.0 
4.1 
4.2 
4.3 
4.4 

4.5 
4.6 
4.7 
4.8 
4.9 

5.0 


F(-5.0,  x) 

(-2)-5.8311 
(-2)-4.3898 
(-2) -2.7299 
(-2) -0.9344 
(-2) +0.9074 

(-2)  2.7045 

-2  4.3687 

-2)  5.8194 

(-2)  6.9875 

(-2)  7.8188 

(-2)  8.2767 

(-2)  8.3429 

(-2)  8.0189 

(-2  7.3241 

(-2)  6.2954 

-2)    4.9836 

-2)    3.4514 

-2)    1.7690 

(-2)+0.0110 

(-2)-1.7477 

(-2) -3.4354 
(-2) -4.9863 
(-2) -6.3439 
(_2) -7.4620 
(-2) -8.3067 

(-2) -8.8568 

(-2) -9.1035 

-2) -9.0496 

-2) -8.7090 

(-2)-8.1043 

-2) -7.2651 

-2) -6.2264 

(-2) -5.0260 

(-2-3.7030 

(-2)-2.2954 

i)-0.8391 
!  +0.6339 
!)  2.0962 
!  3.5259 
I)    4.9072 

I)  6.2301 

I)  7.4913 

I)  8.6933 

>)  9.8444 

L)  1.0959 

L)  1.2056 

L)  1.3161 

L)  1.4305 

L)  1.5525 

L)  1.6863 


F(-4.5,.r)   F(-4.0,.r)   F(-3.5,.i-)   F(-3.0,  r)   F(-2.5,.r)   F(-2.0,.r)   F(-1.5,j-) 


0.0000 
!)  2.6397 
!)  5.1612 
!)  7.4519 
!)  9.4102 

I)  1.0950 

.)  1.2007 

.)  1.2536 

.)  1.2518 

.)  1.1958 

(-1)  1.0887 

(-2)  9.3549 

(-2)  7,4311 

(-2)  5.2005 

(-2)  2.7584 

(-2)+0.2057 
(-2)-2.3553 
(-2) -4.8261 
(-2)-7.1155 
(-2)-9.1435 

(-1) -1.0844 

(-1) -1.2166 

(-1)-1.3076 

-1) -1.3558 

-1) -1.3610 

(-1) -1.3246 
-1) -1.2495 
(-1)-1.1392 
(-2) -9.9858 
(-2) -8.3257 

-2) -6.4659 

-2-4.4605 

(-2)-2.3612 

(-2)-0.2157 

(-2)+1.9344 


-2 
-2 

:-2) 

-1) 
-1) 

-1 

-1 

-1) 

-1) 

-1) 

-1 
-1 


4.0539 
6.1158 
8.1014 
1.0000 
1.1811 

1.3540 
1.5202 
1.6819 
1.8422 
2.0048 

2.1743 
2.3561 
2.5567 
2.7834 
3.0454 


-1)  1.3071 

'-1)  1.5417 

-1)  1.7149 

;-l)  1.8199 

;-l)  1.8527 

-1)  1.8125 

-1)  1.7011 

-1)  1.5234 

•-1)  1.2869 

, -1)  1.0010 

-2)  6.7728 
'-2)+3.2819 

-2)-0.3303 
'-2)-3.9309 

-2-7.3916 


(-1 
(-1 
(-1 

-1 
-1 
-1 
-1 
-1 

-1 
-1 
-1 
-2 
-2 

-2 
-2 
-2 
-2 

-1 

-1 
-1 
-1 
-1 
-1 

-1 
-1 
-1 

-1 
-1 

-1 

-1 
-1 

'-1 


-1.0594 
-1.3434 
-1.5824 
-1.7697 
-1.9008 

-1.9731 
-1.9864 
-1.9423 
-1.8442 
-1.6967 

-1.5059 
-1.2784 
-1.0214 
-7.4214 
-4.4770 

-1.4470 

+1.6090 

4.6402 

7.6054 

1.0474 

1.3228 
1.5859 
1.8370 
2.0775 
2.3101 

2.5382 
2.7664 
3.0002 
3.2465 
3.5131 

3.8093 
4.1462 
4.5368 
4.9967 
5.5449 


2.6596 
2.6132 
2.4757 
2.2520 
1.9503 

-1)  1.5812 
-1)  1.1580 
-2)  6.9534 
■-2)+2.0926 
'-2) -2.8383 

(-2) -7.6762 
(-1)-1.2266 
(-1) -1.6465 
(-1) -2.0148 
(-1) -2.3214 

(-l)-2.5583 
(-1) -2.7203 
(-1) -2.8047 
(-1) -2.8113 
(-1) -2.7426 

(-1) -2.6027 
(-1) -2.3979 
(-1)-2.1357 
(-1-1.8247 
(-1) -1.4739 

(-1) -1.0927 
(-2) -6.9034 
(-2) -2.7540 
(-2)+!. 4424 
(-2)  5.6176 

9.7155 
1.3693 
1.7522 
2.1187 
2.4688 

2.8040 
3.1270 
3.4421 
3.7545 
4.0712 

4.4004 
4.7517 
5.1365 
5.5683 
6.0629 

6.6389 
7.3192 
8.1309 
9.1078 
1.0291 


2.6240 
2.1296 
1.5714 
9.6646 


(-2)+3.3275 

(-2) -3.1080 

(-2-9.4527 

(-1) -1.5523 

-1) -2.1149 

-1) -2.6176 

-1) -3.0472 
-1) -3.3933 
-1) -3.6481 
-1-3.8069 
-1) -3.8677 

-1)-3.8317 
-1) -3.7025 
-1-3.4861 
-1) -3.1904 
-1) -2.8250 

-1) -2.4003 
-1) -1.9277 
-1) -1.4184 
-2) -8.8371 
-2) -3.3411 

-2)+2.2080 
-2)  7.7266 
-1)  1.3145 
-1  1.8411 
-1)  2.3486 

-1)  2.8352 

-1)  3.3007 

-1)  3.7466 

-1)  4.1761 

-1)  4.5942 

-1)  5.0074 

-1)  5.4239 

-1)  5.8535 

-1)  6.3080 

-1)  6.8012 

-1)  7.3492 

-1)  7.9710 

-1)  8.6890 

-1)  9.5300 

0)  1.0526 

0)  1.1717 

0  1.3150 

0  1.4885 

0)  1.6998 

0)  1.9582 


0.0000 
(-1) -0.7946 
(-1)-1.5693 
(-1)-2.3051 
(-l)-2.9840 

-1) -3.5896 
-1) -4.1079 
-1) -4.5275 
-1) -4.8397 
-1) -5.0388 

-1) -5.1225 
-1-5.0912 
-1) -4.9482 
-1-4.6995 
-1) -4.3533 

-1) -3.9197 
-1) -3.4103 
-1) -2.8375 
-1) -2.2142 
-1) -1.5535 

-l)-0.8679 
-1-0.1692 
-l)+0.5320 
-1  1.2264 
-1)  1.9066 

-1)  2.5667 

-1)  3.2030 

-1)  3.8134 

-1  4.3982 

-1)  4.9594 

-1)  5.5010 

-1)  6.0291 

-1)  6.5514 

-1)  7.0778 

-1)  7.6202 

-1)  8.1924 

-1  8.8110 

-1)  9.4951 

0)  1.0267 

0)  1.1153 

0)  1.2186 

0)  1.3401 

0)  1.4846 

0)  1.6575 

0)  1.8657 

0)  2.1178 

0)  2.4244 

0)  2.7989 

0)  3.2584 

0)  3.8246 


-1 
-1 
-1 
-1 

-1 

1 
1 
(-1 
(-1 
(-1 

(-1 
(-1 

iii 

(-1 

-1 
(-1 

(-1 
(-1 

(-1 
(-1 
(-1 

i:J 

(-1) 
-l) 

(-1) 
-1) 

(-1) 

(  0 
(  0 
(    0) 

i§ 

0 

(    0 

0 


-4.5748 
-5.1829 
-5.6877 
-6.0796 
-6.3515 

-6.4991 
-6.5210 
-6.4186 
-6.1959 
-5.8594 

-5.4177 
-4.8813 
-4.2621 
-3.5731 
-2.8278 

-2.0397 
-1.2222 
-0.3880 
+0.4512 
1.2852 

2.1053 
2.9044 
3.6777 
4.4221 
5.1367 

5.8227 
6.4834 
7.1242 
7.7525 
8.3779 

9.0120 
9.6689 
1.0365 
1.1119 
1.1954 

1.2896 
1.3975 
1.5228 
1.6699 
1.8439 


(    0)  2.0513 

(    0)  2.2999 

(    0)  2.5993 

0  2.9616 

0)  3.4019 


3.9393 
4.5978 
5.4083 
6.4102 
7.6545 


-1) -7.9788 
-1) -7.9191 
-1) -7.7409 
-1) -7.4476 
-1) -7.0444 

(-1) -6.5385 
(-1) -5.9387 
(-l)-5.2553 
(-l)-4.4995 
(-1) -3,6835 

(-1) -2.8197 

(-1-1.9206 
-1) -0.9984 
-l) -0.0648 
-1) +0.8696 

-1)  1.7953 

-1)  2,7043 

-1)  3,5902 

-1)  4.4484 

-1)  5,2761 

-1)  6,0723 

-1)  6.8384 

-1)  7.5775 

-1  8.2948 

-1)  8.9975 

-1)  9.6950 

0)  1.0399 

0  1.1122 

0)  1.1882 

0)  1.2697 

0)  1.3588 

0)  1.4582 

0  1.5708 

0)  1.7001 

0)  1.8502 

0)  2,0262 

0)  2.2339 

0)  2.4806 

0)  2.7751 

0)  3.1285 

0)  3.5541 

0)  4.0690 

0)  4.6942 

0)  5.4567 

0)  6.3903 

0)  7.5384 
0)  8.9563 


,0715 
,2908 
,5653 


1.8370  (-1)  3.3533  (-1)  6.2047  (  0)  1.1734  (  0)  2.2757 


4.5254  (  0)  9.2067  (  1)  1,9107 
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U{-1.0,x)        Ui-0.9,x)         U{-O.S,x)         t7(-0.7,x)    C7(-0.6,x)    C7(-0.5,x)    L^(-0.4,x) 


0.0 
0.1 
0.2 
3.3 
0.4 

0.5 
0.6 
0.7 
0.8 
0.9 

1.0 
1.1 
1.2 
1.3 

1.4 

1.5 
1.6 
1.7 
1.8 
1.9 

2.0 
2.1 
2.2 
2.3 

2.4 

2.5 
2.6 
2.7 
2.8 

2.9 

3.0 
3.1 
3.2 

3.3 

3.4 

3.5 
3.6 
3.7 
3.8 
3.9 

4.0 
4.1 
4.2 

4.3 
4.4 

4.5 
4.6 
4.7 
4.8 
4.9 


(-1)5.8137 
(-1)6.3918 
(-1)6.9062 
(-1)7.3523 
(-1)7.7267 

-1)8.0270 
-1)8.2522 
-1)8.4023 
-1)8.4788 
(-1)8.4842 

(-1)8.4220 
(-1)8.2967 
(-1)8.1136 
(-1)7.8786 
(-1)7.5982 


(-1)6.5! 
-1)6.1! 


.2789 

.9279 

.5519 

.577 

-1)5.7517 


(-1 
-1 
-1 
-1 
-1 

-1 
-1 
-1 
-1 
-1 

-1 
-1 
-1 
-1 
-1 

-2 
-2 
-2 
-2 
-2 

-2 

-2 
-2 
-2 
-2 

(-2 
-2 
-3 
-3 
-3 


5.3401 
4.9285 
4.5219 
4.1247 
3.7407 

3.3732 
3.0246 
2.6968 
2.3911 
2.1084 

1.8488 
1.6124 
1.3985 
1.2064 
1.0351 

8.8335 
7.4981 
6.3306 
5.3165 
4.4411 

3.6903 
3.0502 
2.5079 
2.0512 
1.6688 

1.3507 
1.0875 
8.7099 
6.9398 
5.5007 


(-1)6.8058 
(-1)7.2692 
(-1  7.6673 
(-1)7.9973 
(-1)8.2572 

(-1)8.4462 
(-1)8.5646 
(-1  8.6136 
(-1)8.5958 
(-1)8.5144 

(-1)8.3737 
(-1)8.1787 
(-1)7.9348 
(-1)7.6480 
(-1)7.3248 

(-1)6.9716 
(-1  6.5948 
(-1)6.2008 
(-1)5.7958 
(-1)5.3855 

(-1)4.9754 
(-1)4.5701 
(-1)4.1741 
(-1)3.7910 
(-1)3.4238 

(-1)3.0751 
(-1)2.7467 
(-1)2.4399 
(-1)2.1556 
(-1)1.8942 

(-1)1.6555 
(-1  1.4391 
(-1)1.2443 
(-1)1.0701 
(-2)9.1545 

(-2)7.7900 
(-2)6.5939 
(-2  5.5521 
(-2)4.6503 
(-2)3.8747 

(-2)3.2115 
(-2)2.6480 
(-2)2.1720 
(-2)1.7723 
(-2)1.4386 

(-2)1.1618 
(-3)9.3333 
(-3)7.4594 
(-3)5.9310 
(-3)4.6914 


-1)7.7241 
-1)8.0677 
-1)8.3471 
-1)8.5606 
-1)8.7077 

-1)8.7886 
-1)8.8049 
-1)8.7586 
-1)8.6531 
-1)8.4923 

-1)8.2808 
-1)8.0238 
-1)7.7269 
-1)7.3960 
-1)7.0371 

-1)6.6565 
-1)6.2600 
-1)5.8535 
-1)5.4424 
-1)5.0319 

-1)4.6264 
-1)4.2301 
-1)3.8466 
-1)3.4788 
-1)3.1292 

-1)2.7995 
-1)2.4912 
-1  2.2049 
-1)1.9412 
-1)1.7000 

(-1)1.4809 

(-1)1.2832 

-1  1.1061 

-2)9.4842 

(-2)8.0899 

(-2)6.8646 
(-2)5.7946 
(-2)4.8660 
(-2)4.0651 
(-2)3.3784 

(-2)2.7932 
(-2)2.2975 
(-2)1.8800 
(-2)1.5305 
(-2)1.2396 

(-3)9.9881 
(-3)8.0067 
(-3)6.3856 
(-3)5.0667 
(-3)3.9996 


(-1 
(-1 
(-1 

(-1 
(-1 
(-1 

(-1 
-1 
-1 
-1 
-1 


8.5642 
8.7853 
8.9453 
9.0436 
9.0807 

9.0580 
8.9776 
8.8425 
8.6563 
8.4235 

8.1488 
7.8374 
7.4949 
7.1269 
6.7392 


-1)6.3372 
-1)5.9266 
-1  5.5123 
-1)5.0993 
(-1)4.6918 

(-1)4.2938 
(-1  3.9086 
(-1)3.5391 
(-1)3.1876 
(-1)2.8559 

(-1)2.5453 
(-1)2.2566 
(-1)1.9903 
(-1)1.7462 
(-1)1.5241 

(-1)1.3234 
(-1  1.1432 

-2)9.8240 
(-2)8.3989 

-2)7.1436 


6.0447 

5.0887 

-2)4.2619 

-2)3.5512 

(-2)2.9439 


(-2)2.4280 
-2)1.9923 
(-2  1.6265 
(-2)1.3211 
(-2)1.0676 


-1)9.3233 
-1)9.4211 
-1)9.4626 
-1)9.4483 
9.3796 


-1) 


(  0] 
(-1 


1.0000 
9.9750 
9.9005 
9.7775 


-1)9.2584 
-1)9.0874 
-1  8.8702 
-1)8.6107 
-1)8.3133 

-1)7.9828 
-1)7.6245 
-1)7.2435 
-1)6.8451 
-1)6.4345 

-1)6.0168 
-1)5.5968 
-1)5.1791 
-1)4.7676 
-1)4.3662 

(-1)3.9779 

-1)3.6054 

-1)3.2511 

(-1)2.9165 

(-1)2.6029 

(-1)2.3112 
-1)2.0418 
-1  1.7945 
-1)1.5691 
-1)1.3651 

-1)1.1816 
-1)1.0175 
-2  8.7182 
-2)7.4318 
(-2)6.3032 


(-2)6.0447   ( 
(-2)5.0887   ( 

\ 


(-3)8.5831 
(-3  6.8657 
-3)5.4641 
-3)4.3266 
3.4085 


It 


-2)5.3190 
-2)4.4657 
-2)3.7304 
-2)3.1004 
; -2)  2.5638 

-2)2.1094 
-2)1.7268 
-2)1.4064 
-2)1.1397 
-3)9.1898 

(-3)7.3725 
(-3  5.8847 
(-3)4.6736 
(-3)3.6931 
(-3)2.9036 


(-1)9.6079 

(-1)9.3941 
-1)9.1393 
-1)8.8471 
-1)8.5214 
-1)8.1669 


(-1)7.7880 
(-1  7.3897 
(-1)6.9768 
(-1)6.5541 
(-1)6.1263 


(-1)5.6978 
(-1)5.2729 
(-1)4.8554 
(-1)4.4486 
(-1)4.0555 

(-1)3.6788 
(-1)3.3204 
(-1)2.9820 
(-1)2.6647 
(-1)2.3693 

(-1)2.0961 
-1)1.8452 
-1  1.6162 
-1)1.4086 
-1)1.2215 

(-1)1.0540 
(-2)9.0491 
(-2)7.7305 
(-2)6.5710 
(-2)5.5576 

(-2)4.6771 
-2)3.9164 
(-2)3.2631 
(-2)2.7052 
(-2)2.2315 

-2)1.8316 
-2)1.4958 
-2)1.2155 
-3)9.8282 
(-3)7.9071 

(-3)6.3297 
(-3  5.0418 
(-3)3.9958 
(-3)3.1511 
(-3)2.4726 


(  0 

0 
0 

S-2 

(-1 
(-1 
(-1 
(-1 
(-1 

(-1 
-1 
-1 
-1 
-1 

-1 
-1 
-1 
-1 
(-1 

(-1 
(-1 

\:\ 

(-1 

(-1 
(-1 
(-1 
(-1 
(-1 

(-2 
(-2 
(-2 

(-2 
-2 
-2 

S-1 

(-2 
-2 
(-2 
(-3 
(-3 

\-l 

(-3 
(-3 
(-3 


1.0594 
1.0448 
1.0261 
1.0035 
9.7698 

9.4700 
9.1382 
8.7781 
8.3937 
7.9892 

7.5689 
7.1372 
6.6986 
6.2573 
5.8173 

5.3826 
4.9566 
4.5424 
4.1429 
3.7603 

3.3965 
3.0532 
2.7312 
2.4313 
2.1538 

1.8987 
1.6657 
1.4541 
1.2632 
1.0920 

9.3934 
8.0408 
6.8492 
5.8055 
4.8967 

4.1098 
3.4324 
2.8525 
2.3589 
1.9411 

1.5895 
1.2951 
1.0500 
8.4709 
6.8002 

5.4320 
4.3177 
3.4150 
2.6876 
2.1047 


5.0   (-3)4.3375   (-3)3.6919   (-3)3.1412   (-3)2.6716   (-3)2.2714   (-3)1.9305   (-3)1.6401 
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0.0 
0.1 
0.2 
0.3 
0.4 

0.5 
0.6 
0.7 
0.8 
0.9 

1.0 
1.1 
1.2 
1.3 
1.4 

1.5 
1.6 
1.7 
1.8 
1.9 

2.0 
2.1 
2.2 
2.3 
2.4 

2.5 
2.6 
2.7 
2.8 
2.9 

3.0 
3.1 
3.2 
3.3 
3.4 

3.5 
3.6 
3.7 
3.8 
3.9 

4.0 
4.1 
4.2 
4.3 
4.4 

4.5 
4.6 
4.7 
4.8 
4.9 


V{-1.0,x) 

(-l)-6.5600 
(-1) -5.8422 
(-1) -5.0662 
_1  -4.2400 
(-l)-3.3725 

(-l)-2.4725 
(-1)-1.5494 
(-1)-0.6122 
(-l)+0.3305 
(-1)    1.2704 


V(-0.9,x) 


(-1 
(-1 
(-1 
(-1 
(-1 

(-1 
(-1 
(-1 
(-1 
(-1 

(  0 
(    0 

(    0 

(    0 

(    0 

i§ 

(  0 
(  0 
(    0 

0 
0 
0 
0 
0 

0 
0 
0 
0 
0 

0 
0 
0 

1 
1 


2.2004 
3.1139 
4.0057 
4.8721 
5.7105 

6.5198 
7.3008 
8.0557 
8.7883 
9.5044 

1.0211 
1.0918 
1.1637 
1.2380 
1.3163 

1.4005 
1.4925 
1.5949 
1.7104 
1.8424 

1.9948 
2.1722 
2.3801 
2.6253 
2.9159 

3.2618 
3.6752 
4.1712 
4.7686 
5.4910 

6.3680 
7.4368 
8.7448 
1.0352 
1.2337 

1.4797 
1.7862 
2.1698 
2.6520 
3.2611 


-l)-5.! 
-l)-4.- 


5730 
(-1) -4.7818 
(-1) -3.9477 
(-1) -3.0785 
(-1) -2.1823 


(-1)-1.2674 


.5867 


(-l)-0.341i 
-l)+0.f 

1.5106 
2.4234 


(-1) 
(-1) 
(-1) 

(-1) 

(-1 

(-1) 

-1) 

0) 

(    0 
■   0 


( 


( 


0) 
(  0) 
(    0) 

(    0) 
0) 


0) 
(  0) 
(    0) 

0) 
0) 
(  0) 
(  0) 
(    0) 


3.3194 
4.1939 
5.0435 
5.8660 
6.6605 

7.4279 
8.1704 
8.8917 
9.5974 
1.0295 

1.0992 
1.1701 
1.2434 
1.3205 
1.4032 

1.4936 
1.5939 
1.7068 
1.8355 
1.9837 

2.1558 
2.3571 
2.5940 
2.8740 
3.2066 


3.6032 
4.0781 
4.6487 
0)  5.3371 
0)    6.1706 


(  0)  7.1841 

(  0)  8.4212 

(  0)  9.9377 

(  1)  1.1805 

(  1)  1.4113 


1.6981 
2.0559 
2.5044 
3.0694 
3.7844 


V(-O.S,x) 


-4.3852 
-3.5487 
-2.6839 
-1.7980 
-0.8980 

+0.0088 
0.9156 
1.8159 
2.7040 
3.5749 

4.4245 
5.2498 
6.0492 
6.8220 
7.5693 

8.2931 
8.9974 
9.6875 
1.0370 
1.1054 

1.1749 
1.2468 
1.3225 
1.4037 
1.4922 


Vi-0.7,x) 


V(-0.6,x)  V(-0.5,x) 


(  0 

(  0 

(  0 

(  0 

(  0 

(  0 
0 

(  0 
0 
0 

(  0 
■  0 


0 
(  0 
(  0 


0) 
0) 

1) 

1) 
1) 

1) 

1 

1) 

1) 
1) 


1.5902 
1.7005 
1.8259 
1.9700 
2.1371 

2.3321 
2.5609 
2.8310 
3.1511 
3.5319 

3.9868 
4.5323 
5.1887 
5.9818 
6.9437 

8.1149 
9.5470 
1.1305 
1.3474 
1.6160 

1.9502 
2.3680 
2.8928 
3.5549 
4.3944 


)-3.0307   ( 
)-2.1784   ( 


-3.0307 
-2.1784 
-1.3109 
-0.4343 
+0.4451 


-1) 
-1) 
-1) 


-1) 

-1) 

0) 

0) 

0) 

0) 

0' 

0 

0) 

0) 

0) 

0 

0 

0) 

0) 

(  0) 
0) 
(  0) 
(  0) 
(  0) 

{  0) 
0) 


0) 
(  0) 
(  0) 


1) 


(  1) 


\] 

1) 
1) 


1.3217 
2.1900 
3.0449 
3.8823 
4.6988 


-1)  5.4920 

-1)  6.2606 

-1)  7.0044 

-1)  7.7246 

-1)  8.4234 


9.1046 
9.7734 
1.0437 
1.1102 
1.1780 

1.2482 
1.3222 
1.4015 
1.4879 
1.5837 

1.6912 
1.8134 
1.9535 
2.1157 
2.3045 

2.5258 
2.7864 
3.0945 
3.4604 
3.8966 

4.4183 
5.0449 
5.8001 
6.7138 
7.8238 

9.1775 
1.0835 
1.2875 
1.5394 
1.8520 

2.2417 
2.7297 
3.3437 
4.1199 
5.1058 


-1)-1.5522 
-1) -0.7135 
(-1)+0.1294 
(-1)  0.9716 
(-1)  1.8082 


2.6347 
3.4471 
4.2420 
5.0167 
5.7694 

6.4993 
7.2065 
7.8924 
8.5594 
9.2113 

9.8533 
1.0492 
1.1134 
1.1791 
1.2472 

1.3191 
1.3964 
1.4806 
1.5740 
1.6787 

1.7975 
1.9338 
2.0911 
2.2741 
2.4881 

2.7396 
3.0365 
3.3882 
3.8066 
4.3061 

4.9045 
5.6242 
6.4930 
7.5458 
8.8266 

1.0391 
1.2311 
1.4676 
1.7604 
2.1243 

2.5787 
3.1489 
3.8676 
4.7777 
5.9359 


0.0000 
-1)0.7972 
-1)1.5905 
-1)2.3760 
-1)3.1502 

-1)3.9099 
-1)4.6526 
-1)5.3763 
-1)6.0797 
-1)6.7626 

-1)7.4254 
-1)8.0697 
-1)8.6982 
-1)9.3147 
-1  9.9240 


1.0532 
1.1148 
1.1778 
1.2436 
1.3132 


0)1.3881 
0)1.4699 
0)1.5607 
0  1.6625 
0)1.7781 


0)1.9104 
0)2.0631 
0)2.2404 
0)2.4474 
0)2.6902 

0)2.9763 
0)3.3147 
0)3.7163 
0)4.1947 
0)4.7667 

0)5.4531 
0)6.2797 
0)7.2790 
.4920 
'03 


0J8!49: 
(  0)9. 97( 


1)1.1779 
1)1.4002 
1)1.6747 
1)2.0149 
1)2.4386 

1)2.9687 
1)3.6350 
1)4.4765 
1)5.5441 
1)6.9051 


V{-OA,x) 

1.5701 
2.3012 
3.0232 
3.7334 
4.4296 

(-1)5.1099 
-1  5.7729 
(-1)6.4182 
(-1)7.0457 
(-1)7.6563 

(-1)8.2519 

(-1)8.8353 

(-1)9.4101 

-1)9.9812 

0)1.0555 


( 


))l!6625   ( 
))1.7781   ( 


0)1.1138 
0)1.1739 
0)1.2369 
0)1.3038 
0)1.3762 

0)1.4554 
0)1.5435 
0)1.6424 
0)1.7546 
0)1.8830 

0)2.0311 
0)2.2029 
0)2.4032 
0)2.6378 
0)2.9136 

0)3.2392 
0)3.6249 
0)4.0834 
0  4.6305 
0  5.2855 


(  0)6.0726 

(  0)7.0220 

(  0)8.1716 

(  0)9.5693 

(  1)1.1276 

1)1.3367 
1  1.5942 
1  1.9127 
1)2.3082 
1)2.8017 


3.4202 
4.1991 
5.1846 
6.4372 
8.0370 


5.0   (  1)  4.0344   (  1)  4.6937   (  1)  5.4639   (  1)  6.3641   (  1)  7.4168   (  1)8.6484   (  2)1.0090 
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PARABOLIC    CYLINDER    FUXCTIONS 


f7(-0.3,a;)    U{-0.2,x) 


0.0 
0.1 
0.2 
0.3 
0.4 

0.5 
0.6 
0.7 
0.8 
0.9 

1.0 
1.1 
1.2 
1.3 

1.4 

1.5 
1.6 
1.7 
1.8 
1.9 

2.0 
2.1 
2.2 
2.3 
2.4 

2.5 
2.6 
2.7 
2.8 
2.9 

3.0 
3.1 
3.2 
3.3 

3.4 

3.5 
3.6 
3.7 
3.8 
3.9 

4.0 
4.1 
4.2 
4.3 
4.4 

4.5 
4.6 
4.7 
4.8 
4.9 

5.0 


0)1.1105 
0)1.0843 
0)1.0548 
0)1.0223 
-1)9.8697 

-1)9.4906 
-1)9.0890 
-1)8.6684 
-1)8.2324 
-1)7.7849 

-1)7.3298 

-1)6.8710 

-1)6.4124 

5.9576 

5.5101 

5.0730 
4.6492 
4.2412 
3.8510 
3.4805 

3.1309 
2.8032 
2.4980 
2.2155 
1.9556 

1.7179 
1.5020 
1.3069 
1.1317 
9.7528 

8.3643 
7.1389 
6.0636 
5.1253 
4.3112 

3.6089 
3.0063 
2.4921 
2.0558 
1.6876 

1.3786 
1.1207 
9.0656 
7.2976 
5.8457 

4.6596 
3.6961 
2.9173 
2.2914 
(-3)1.7909 

(-3)1.3929 


(  0)1.1535 
(  0)1.1161 
(  0)1.0764 
0  1.0347 
(-1)9.9120 


(-1)9. 
-1)8. 


4609 

(-1)8.9968 

(-1)8.5228 

-1)8.0421 

(-1)7.5583 


(-1)7.0747 
(-1)6.5946 
(-1  6.1212 
(-1)5.6576 
(-1)5.2066 

-1)4.7706 
-1)4.3519 
-1)3.9524 
-1)3.5734 
(-1)3.2162 

(-1)2.8816 
(-1)2.5700 
(-1  2.2816 
-1)2.0162 
(-1)1.7734 

(-1)1.5526 
(-1)1.3529 
(-1)1.1734 
(-1)1.0129 
(-2)8.7027 

(-2)7.4416 
(-2)6.3330 
(-2)5.3640 
(-2)4.5215 
(-2)3.7932 

(-2)3.1669 
(-2  2.6314 
-2)2.1759 
(-2)1.7906 
(-2)1.4664 


(-2)1.1951 
(-3)9.6928 
(-3)7.8234 
(-3)6.2839 
(-3)5.0228 


(-3)3.9954 

-3)3.1626 

-3)2.4912 

(-3)1.9528 

(-3)1.5233 


Ui- 0.1,x) 

(  0)1.1887 
(  0)1.1406 
(  0)1.0914 
(  0  1.0412 
(-1)9.9016 

(-1)9.3856 
(-1)8.8661 
(-1)8.3458 
(-1)7.8273 
(-1)7.3135 

(-1)6.8072 
(-1)6.3111 
(-1)5.8278 
(-1)5.3596 
(-1)4.9087 

(-1)4.4769 
(-1)4.0657 
-1)3.6765 
(-1)3.3102 
(-1)2.9673 

(-1)2.6482 
(-1)2.3529 
(-1)2.0812 
(-1)1.8326 
(-1)1.6064 

-1)1.4017 
-1  1.2174 
-1)1.0525 
-2)9.0579 
-2)7.7589 

(-2)6.6151 
(-2)5.6137 
-2)4.7415 
(-2)3.9860 
(-2)3.3351 

(-2)2.7772 

(-2  2.3018 

-2)1.8986 

-2)1.5587 

(-2)1.2735 

(-2)1.0355 
(-3)8.3792 
(-3)6.7481 
(-3)5.4085 
(-3)4.3139 

(-3)3.4243 
(-3)2.7050 
(-3)2.1265 
(-3)1.6637 
(-3)1.2952 


UiO,x) 


£7(0.1,  x) 


)1.2163   (  0)1.2 
)  1.1581   (  0)1.1 


0)1.2163 
0)1.1581 
0)1.1000 
0)1.0421 
-1)9.8431 


-1)9.2695 
-1)8.7018 
-1)8.1419 
-1)7.5920 
-1)7.0542 

-1)6.5307 
-1)6.0235 
-1)5.5346 
-1)5.0655 
(-1)4.6178 

(-1)4.1927 
(-1  3.7912 
(-1)3.4139 
(-1)3.0613 
(-1)2.7334 

(-1)2.4302 
-1)2.1513 
(-1)1.8960 
(-1)1.6637 
(-1)1.4534 

(-1)1.2640 
(-1  1.0944 
(-2)9.4322 
(-2)8.0925 
(-2)6.9114 

(-2)5.8757 
(-2)4.9721 
(-2)4.1881 
(-2)3.5114 
(-2)2.9303 

-2)2.4340 
-2)2.0122 
-2  1.6558 
-2)1.3560 
(-2)1.1053 

(-3)8.9669 
(-3)7.2400 
(-3)5.8179 
(-3)4.6529 
(-3)3.7034 

(-3)2.9336 
(-3)2.3127 
-3  1.8145 
(-3)1.4168 
(-3)1.1009 


2366 
691 
0)1.1029 
0)1.0379 
-1  9.7411 


(-1 

-1 

(-1 

\--\ 

(-1 

(-1 
(-1 
(-1 
(-1 
(-1 

(-1 

\:l 

(-1 
(-1 

-1 
-2 
-2 
-2 
-2 

(-2 
(-2 
-2 
(-2 
(-2 

(-3 

(-3 
(-3 

(-3 

(-3 

-3 
(-3 

(-3 
(-4 


(-3)1.1825       (-3)1.0035       (-4)8.5136       (-4 


9.1173 
8.5082 
7.9153 
7.3400 
6.7838 

6.2482 
5.7343 
5.2436 
4.7769 
4.3352 

3.9191 
3.5288 
3.1647 
2.8266 
2.5142 

2.2270 
1.9643 
1.7252 
1.5086 
1.3136 

1.1387 
9.8278 
8.4445 
7.2235 
6.1513 

5.2146 
4.4006 
3.6967 
3.0912 
2.5730 

2.1318 
1.7580 
1.4431 
1.1791 
9.5887 

7.7613 
6.2526 
5.0135 
4.0011 
3.1779 

2.5122 
1.9765 
1.5477 
1.2061 
9.3540 


[7(0.2,  a;) 

0)1.2500 
0)1.1740 
0)1.1004 
0)1.0291 
-1)9.6004 


£7(0.3,  x) 


8.9333 
8.2895 
-1)7.6699 
-1  7.0750 
-1)6.5055 


(-1)5.9622 
(-1)5.4457 
(-1)4.9566 
(-1)4.4953 
(-1)4.0619 

(-1)3.6565 
(-1)3.2790 
-1)2.9290 
(-1)2.6060 
(-1)2.3093 

(-1)2.0381 
(-1)1.7913 
(-1)1.5678 
(-1)1.3665 
(-1)1.1859 


-1) 
-2 
-2 
-2 
(-2) 


1.0248 
8.8173 
7.5534 
6.4422 
5.4703 


(-2)4.6244 
(-2  3.8918 
-2)3.2606 
(-2)2.7194 
(-2)2.2577 


(-2)1. 
(-2)1. 
(-2 


8659 
5351 
2571 


-2U. 
(-2)1.0247 
(-3)8.3139 

-3)6.7143 
-3)5.3973 
-3)4.3184 
-3)3.4390 
(-3)2.7259 

(-3)2.1504 
-3)1.6885 
(-3)1.3195 
(-3)1.0263 
(-4)7.9449 


0)1.2570 
0)1.1732 
0)1.0930 
0)1.0161 
-1  9.4255 


-1)8.9333   (-1) 
-1)8.2895   (-1) 


8.7218 
8.0498 
1)7.4093 
1)6.8000 
1  6.2220 


-1) 

-1 

-1 

-1 
-1 


5.6753 
5.1597 
4.6753 
4.2217 
3.7986 


-1)3.4055 
-1  3.0417 
-1  2.7065 
-1)2.3990 
(-1)2.1181 

(-1)1.8627 
-1  1.6315 
-1  1.4232 
-1)1.2363 
-1)1.0695 

(-2)9.2134 
-2)7.9031 
-2  6.7502 
-2)5.7406 
-2)4.8608 


(-2] 

(-2 
(-2 
(-2 
(-2) 


4.0978 
3.4393 
2.8739 
2.3907 
1.9799 


-2)1.6322 
-2)1.3396 
-2)1.0944 
-3)8.9001 
-3)7.2048 


(-3)5.8057 
(-3)4.6568 
(-3)3.7179 
(-3)2.9546 
(-3)2.3371 


(-3)1.8400 
-3  1.4419 
(-3)1.1246 
(-4  8.7305 
(-4)6.7457 


7.2201       (-4)6.1210       (-4)5.1875 


PARABOLIC    CYLINDER    FUNCTIONS 


707 
Table  19.1 


y(-0.3,x)  y(-0.2,a;)  y(-0.1,a:) 


0.0 
0.1 
0.2 
0.3 
0.4 

0.5 
0.6 
0.7 
0.8 
0.9 

1.0 
1.1 
1.2 
1.3 
1.4 

1.5 
1.6 
1.7 
1.8 
1.9 

2.0 
2.1 
2.2 
2.3 
2.4 

2.5 
2.6 
2.7 
2.8 
2.9 

3.0 
3.1 
3.2 
3.3 
3.4 

3.5 
3.6 
3.7 
3.8 
3.9 

4.0 
4.1 
4.2 
4.3 

4.4 

4.5 
4.6 
4.7 
4.8 
4.9 


-1)3.0993 
-1)3.7442 
-1)4.3780 
-1)4.9991 
-1)5.6064 

-1)6.1992 
-1  6.7773 
-1)7.3412 
-1)7.8922 
-1)8.4321 

(-1)8.9640 

-1)9.4914 

0)1.0019 

0)1.0553 

0  1.1100 


1.1668 
1.2267 
1.2908 
1.3603 
1,4368 


0)1.5220 
0)1.6178 
0)1.7267 
0)1.8513 
0)1.9950 

0)2.1614 
0)2.3551 
0)2.5818 
0)2.8478 
0)3.1612 

0)3.5318 
0)3.9715 
0)4.4950 
0)5.1205 
0)5.8704 


6.7730 
7.8635 
9.1860 
1.0797 
1.2766 


(  1)1.5185 

(  1)1.8169 

(  1)2. 

\  Ilk 


1864 
6464 
2213 


(  1)3.9432 

(  1)4.8541 

(  1)6.0085 

(  1)7.4787 

(  1)9.3598 


5.0   (  2)1.1778 


-1)4.5280 
-1)5.0724 
-1  5.6069 
-1)6.1307 
-1)6.6436 

-1)7.1460 
-1)7.6386 
-1)8.1229 
-1)8.6009 
-1)9.0756 

-1)9.5505 
0)1.0030 
0)1.0521 
0)1.1028 
0)1.1559 

0)1.2125 
0)1.2734 
0)1.3400 
0)1.4136 
0)1.4958 

0)1.5886 
0)1.6941 
0)1.8149 
0)1.9541 
0)2.1153 

0)2.3028 
0)2.5218 
0)2.7785 
0)3.0803 
0)3.4366 


0)3.8584 
0)4.3596 
0)4.9572 
0)5.6722 
0)6.5308 

0)7.5658 
0)8.8182 
1)1.0340 
1)1.2196 
1)1.4470 

1)1.7268 
1  2.0725 
1)2.5016 
1  3.0366 
1)3.7065 

1)4.5494 
1)5.6148 
1  6.9677 
1)8.6937 
2)1.0906 


-1)5.7994 
-1)6.2358 
-1)6.6661 
-1)7.0905 
-1)7.5093 

-1)7.9238 
-1)8.3353 
-1)8.7460 
-1)9.1588 
(-1)9.5771 


( 


0)1.0005 
0)1.0449 
0  1.0913 
0)1.1406 
0)1.1936 

0)1.2513 
0)1.3147 
0)1.3853 
0)1.4645 
0)1.5542 

0)1.6563 
0)1.7734 
0)1.9083 
0)2.0645 
0)2.2459 

0)2.4576 
0)2.7053 
0  2.9961 
0)3.3387 
0)3.7435 

0)4.2236 
0)4.7948 
0)5.4768 
0  6.2941 
0)7.2770 

8.4638 
9.9023 
a. 1653 
1.3793 
1.6419 

1)1.9656 
1)2.3663 
1)2.8646 
3.4870 
4.2680 


w 


( 


5.2524 
6.4990 
8.0849 
1.0112 
1.2715 


V(O.x) 

(-1)6.8621 

(-1)7.1901 

(-1  7.5184 

-1)7.8474 

-1)8.1782 

(-1)8.5124 
-1)8.8519 
-1)9.1994 
-1)9.5583 

(-1)9.9325 

0)1.0327 
0)1.0747 
0  1.1200 
0)1.1693 
0)1.2236 

0)1.2839 
0)1.3515 
0)1.4277 
0)1.5142 
0)1.6130 

0)1.7265 
0)1.8572 
0)2.0085 
0)2.1841 
0)2.3887 

0)2.6278 
0)2.9080 
0)3.2376 
0)3.6263 
0)4.0864 

0)4.6326 
0)5.2835 
0)6.0617 
0  6.9957 
0)8.1210 


9.4818 
1.1134 
1.3149 
1.5616 
1.8649 

2.2395 
2.7041 
3.2829 
4.0073 
4.9179 

6.0680 
7.5270 
9.3866 
1.1768 
1.4831 


y(o.i,x) 

(-1)7.6731 
(-1)7.9000 
(-1)8.1349 
(-1)8.3788 
(-1)8.6331 

-1)8.8994 
-1)9.1803 
-1)9.4787 
-1)9.7982 
(  0)1.0143 

0)1.0519 
0)1.0932 
O)  1.1389 
0)1.1898 
0)1.2470 


V{02,x) 


1.3115 
1.3848 
1.4683 
1.5639 
1.6738 

1.8005 
1.9470 
2.1171 
2.3149 
2.5457 


0)2.8159 
0)3.1330 
0)3.5064 
0)3.9474 
0)4.4700 

0)5.0914 
0)5.8328 
0  6.7208 
0)7.7882 
0)9.0763 


1.0637 
1.2535 
1.4854 
1.7699 
2.1203 

2.5539 
3.0927 
3.7653 
4.6086 
5.6708 

7.0147 
8.7230 
1.0904 
a. 3703 
1.7309 


-1)8.2008 
8.3406 


-IV 

-1); 

-1)8.4974 

-1)8.6720 

-1)8.8660 

(-1)9.0813 
(-1)9.3205 
(-1)9.5867 
(-1)9.8840 
(  0)1.0217 

0)1.0591 
0  1.1013 
0)1.1490 
0)1.2032 
0)1.2649 

0)1.3353 
0)1.4160 

0  1.5085 
0)1.6150 
0)1.7379 

0)1.8799 
0)2.0446 
0)2.2360 
0)2.4589 
0)2.7195 

0)3.0247 
0)3.3834 
0)3.8063 
0)4.3064 
0)4.8998 

0)5.6065 
0)6.4510 
0)7.4640 
0)8.6838 
1)1.0158 

1)1.1948 

1  1.4130 
1)1.6799 
1)2.0080 
1)2.4130 


2.9150 
3.5401 
4.3219 
5.3040 
6.5433 

8.1143 
1.0115 
1.2674 
1.5964 
2.0211 


V(0.3,x) 

-1)8.4269 

-1)8.5002 
-1)8.5993 
-1)8.7250 
-1)8.8790 


-1)9.( 
-1)9.: 


.0632 
.2803 
-1)9.5336 
-1)9.8273 
(  0)1.0166 


0)1.0556 
0)1.1005 
0)1.1520 
0)1.2110 
0)1.2789 


1.3569 
1.4466 
1.5499 
1.6692 
1.8070 

1.9665 
2.1517 
2.3672 
2.6185 
2.9124 


0)3.2572 
0)3.6627 
0)4.1415 
0)4.7084 
0  5.3820 


6.1855 
7.1472 
8.3029 
9.6969 
1.1385 


\l\ 


1)1.3438 
1)1.5945 
1)1.9019 
2.2804 
2.7486 


3.3300 
4.0554 
4.9644 
6.1085 
7.5550 

9.3921 
1.1736 
1.4740 
1.8608 
2.3611 


2)1.3756       (    2)1.6073       (    2)1.8791       (    2)2.1979       (    2)2.5720       (    2)3.0112 
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U{0A,X) 


0.0 
0.1 
0.2 
0.3 
0.4 

0.5 
0.6 
0.7 
0.8 
0.9 

1.0 
1.1 
1.2 
1.3 
1.4 

1.5 
1.6 
1.7 
1.8 
1.9 

2.0 
2.1 
2.2 
2.3 
2.4 

2.5 
2.6 
2.7 
2.8 
2.9 

3.0 
3.1 
3.2 

3.3 
3.4 

3.5 
3.6 
3.7 
3.8 
3.9 

4.0 
4.1 
4.2 
4.3 
4.4 

4.5 
4.6 
4.7 
4.8 
4.9 


1.2579 
1.1672 
1.0811 
9.9946 
9.2205 

8.4870 
7.7928 
7.1368 
6.5181 
5.9358 

5.3894 
4.8780 
4.4008 
3.9571 
3.5459 

3.1663 
2.8171 
2.4972 
2.2054 
1.9402 

1.7003 
1.4842 
1.2904 
1.1174 
9.6358 

8.2754 
7.0773 
6.0272 
5.1111 
4.3157 

3.6284 
3.0372 
2.5313 
2.1004 
1.7351 


1.4270 
1.1683 
-3)9.5224 
-3)7.7263 
-3)6.2406 


-3)5.0176 
-3)4.0160 
-3)3.1995 
-3)2.5373 
-3)2.0029 


5)2!5373   ( 
5)2.0029   ( 


-3)1.5738 
-3)1.2308 
-4)9.5815 
-4)7.4240 
-4)5.7255 


U(0.5,x) 


1.2533 
1.1564 
1.0652 
9.7955 
8.9898 

8.2327 
7.5219 
6.8555 
6.2318 
5.6493 

5.1064 
4.6019 
4.1343 
3.7022 
3.3042 

2.9390 
2.6050 
2.3007 
2.0246 
1.7749 

1.5501 
1.3486 
1.1687 
1.0088 
8.6728 

7.4258 
6.3320 
5.3770 
4.5470 
3.8288 

3.2104 
2.6803 
2.2281 
1.8441 
1.5196 

1.2468 
1.0184 
8.2810 
6.7038 
5.4026 


(-3)4.3344 
(-3  3.4617 
-3)2.7521 
-3)2.1781 
-3)1.7158 


UiOAx) 


(  0)1.2436   ( 
(  0)1.1413   ( 


(-3  1. 

(-3)1. 

(-4)8. 

(-4)6.3107 

(-4)4.8579 


3455 

0503 

8.1601 


0)1.2436 
0)1.1413 
0)1.0458 
(-1)9.5680 
(-1)8.7372 


(-1)7.9624 
(-1)7.2403 
(-1)6.5683 
(-1  5.9437 
(-1)5.3643 

(-1)4.8280 
(-1  4.3327 
-1)3.8765 
(-1)3.4575 
(-1)3.0739 

(-1)2.7238 

(-1)2.4053 

-1)2.1167 

-1)1.8561 

(-1)1.6216 

(-1)1.4115 
(-1)1.2240 
(-1)1.0574 
(-2  9.0985 
(-2)7.7984 

(-2)6.6573 
-2)5.6603 
(-2)4.7930 
(-2)4.0418 
(-2)3.3942 

(-2)2.8384 
(-2)2.3636 
(-2)1.9598 
(-2)1.6181 
(-2)1.3301 

(-2)1.0887 
(-3)8.8715 
(-3)7.1975 
(-3)5.8136 
(-3)4.6749 

(-3)3.7425 
(-3)2.9826 
(-3)2.3663 
(-3)1.8689 
(-3)1.4693 


-3)1.1499 
-4)8.9583 
-4)6.9470 
-4)5.3625 
(-4)4.1203 


5.0   (-4)4.3948   (-4)3.7221   (-4)3.1512 


^(0.7,  z) 

0)1.2292 

0)1.1223 

0)1.0233 

-1)9.3162 

-1)8.4665 

-1)7.6795 
-1)6.9511 
-1)6.2776 
-1)5.6558 
-1)5.0826 

-1)4.5553 
-1  4.0713 
-1)3.6282 
-1)3.2235 
-1)2.8550 

-1)2.5204 
-1)2.2177 
-1  1.9447 
-1)1.6994 
-1)1.4798 

-1)1.2838 
-1)1.1097 
-2)9.5563 
-2)8.1979 
-2)7.0055 

-2)5.9630 
-2)5.0555 
-2)4.2689 
-2)3.5900 
-2)3.0068 


06 
000 


-2)2.5078 
-2)2.0830 
-2)1.7228 
-2)1.4189 
-2)1.1636 

-3)9.5009 
-3)7.7243 
-3)6.2525 
-3)5.0391 
-3)4.0432 

-3)3.2298 
-3)2.5686 
-3)2.0336 
-3)1.6029 
-3)1.2577 


4)9.8235 
4)7.6382 
4)5.9121 
4  4.5551 
)  3.4935 


-4 


U{O.S,x) 

0)1.21 

0)1.10 

-1)9.9813 

-1)9.0440 

-1)8.1811 

-1)7.3870 
-1)6.6567 
-1)5.9857 
-1)5.3699 
-1)4.8057 

-1)4.2896 
-1)3.8187 
-1)3.3898 
-1)3.0003 
-1)2.6475 

-1)2.3288 
-1)2.0419 
-1)1.7844 
-1)1.5540 
-1)1.3487 

-1)1.1664 
-1)1.0050 
-2)8.6280 
-2)7.3793 
-2)6.2874 

-2)5.3363 
-2)4.5115 
-2)3.7990 
-2)3.1863 
-2)2.6615 

-2)2.2142 
-2)1.8344 
-2)1.5134 
-2)1.2434 
-2)1.0172 

-3)8.2868 
-3)6.7217 
-3)5.4288 
-3)4.3655 
-3)3.4952 

-3)2.7861 
-3)2.2111 
-3)1.7470 
-3)1.3742 
-3)1.0761 

-4)8.3889 
-4)6.5103 
-4)5.0295 
-4)3.8680 
-4)2.9611 


t7(0.9,x) 


(  0)1.1883 
(  0)1.0746 
-1)9.7063 
(-1  8.7549 
(-1)7.8843 


.)  8.7549   ( 
.)  7.8843   ( 


(-1)7.0879 
(-1)6.3597 
(-1)5.6945 
(-1)5.0877 
(-1)4.5347 

(-1)4.0318 
(-1)3.5753 
-1)3.1618 
(-1)2.7881 
(-1)2.4514 

(-1)2.1487 
-1)1.8774 
(-1  1.6351 
(-1)1.4193 
(-1)1.2278 

(-1)1.0585 
(-2)9.0923 
(-2)7.7820 
(-2)6.6361 
(-2)5.6377 

(-2)4.7714 

(-2)4.0227 

-2  3.3782 

-2)2.8258 

(-2)2.3543 

(-2)1.9535 
(-2)1.6144 
(-2)1.3287 
(-2)1.0890 
(-3)8.8881 

(-3)7.2238 
(-3)5.8462 
(-3  4.7111 
(-3)3.7801 
(-3)3.0200 

-3)2.4023 
-3)1.9025 
-3)1.5001 
-3)1.1776 
(-4)9.2036 

(-4)7.1610 
(-4)5.5468 
(-4)4.2772 
(-4)3.2833 
(-4)2.5090 


i7(1.0,a:) 

(  0)1.1627 
(  0  1.0467 
(-1)9.4122 


-1)8.4523 
-1)7.5790 


(-1)6.7845 
(-1)6.0622 
(-1  5.4060 
(-1)4.8105 
(-1)4.2709 


(-1 
(-1 
(-1 

(-1 
(-1 
(-1 
(-1 
(-1 

(-2 
(-2 

(-2 

(-2 
(-2 
(-2 
(-2 
(-2 

(-2 
(-2 

(-3 

(-3 
-3 
-3 
-3 
-3 


3.7826 
3.3417 
2.9443 
2.5870 
2.2665 

1.9797 
1.7240 
1.4965 
1.2948 
1.1165 

9.5952 
8.2173 
7.0122 
5.9622 
5.0508 

4.2627 
3.5839 
3.0017 
2.5042 
2.0810 

1.7224 
1.4199 
1.1658 
9.5318 
7.7615 

6.2937 
5.0820 
4.0863 
3.2716 
2.6082 


(-3)2.0704 
-3  1.6363 

(-3)1.2876 
-3  1.0088 

(-4)7.8686 

(-4)6.1105 
(-4)4.7242 
(-4)3.6361 
(-4)2.7861 
(-4)2.1252 


-4)2.6671   (-4)2.2566   (-4)1.9086   (-4)1.6138 


PARABOLIC    CYLINDER    FUNCTIONS 


709 
Table  19.1 


V(OA,x) 


0.5 
0.6 
0.7 
0.8 
0.9 

1.0 
1.1 
1.2 
1.3 
1.4 

1.5 
1.6 
1.7 
1.8 
1.9 

2.0 
2.1 
2.2 
2.3 

2.4 


2.9 

3.0 
3.1 
3.2 
3.3 
3.4 


4.0 
4.1 
4.2 
4.3 
4.4 

4.5 
4.6 
4.7 
4.8 
4.9 


(-1)8.3485 
(-1)8.3808 


0.0 

0.1 

0.2       (-1)8.4468 

0.3       (-1)8.5475 

0.4       (-1)8.6844 


(-1)8.8595 
(-1)9.0757 
(-1  9.3364 
(-1)9.6460 
(    0)1.0010 


( 


( 


0)1.0434 
0)1.0926 
0)1.1495 
0)1.2151 
0)1.2908 

0)1.3779 
0)1.4784 
0)1.5943 
0)1.7281 
0)1.8829 

0)2.0622 
0)2.2705 
0)2.5130 
0)2.7961 
0)3.1275 


2.5  (    0)3.5166 

2.6  (    0  3.9749 

2.7  (    0)4.5165 

2.8  (    0)5.1589 
))  5.9235 


( 


( 


0 


0)6.8368 
0)7.9320 
0)9.2504 
1)1.0844 
1)1.2777 


3.5  (  1)1.5132 

3.6  (  1)1.8014 

3.7  (  1)2.1555 

3.8  (  1)2.5923 

3.9  (  1)3.1336 


1)3.8072 
1)4.6493 
1)5.7065 
0397 
7286 


{ III: 


(  2)1.0878 
2)1.3624 
(  2)1.7151 
(  2)2.1701 
(    2)2.7596 


y(0.5,x) 

(-1)7.9788 
(-1)7.9988 
-1)8.0590 
(-1  8.1604 
(-1)8.3045 

(-1)8.4934 
(-1)8.7302 
-1)9.0186 
(-1)9.3633 
(-1)9.7698 


( 


( 


0)1.0245 
0)1.0797 
0)1.1436 
0)1.2174 
0)1.3024 

0)1.4003 
0)1.5132 
0)1.6433 
0)1.7936 
0)1.9674 

0)2.1689 
0)2.4030 
0)2.6757 
0)2.9943 
0)3.3676 


(  0)3.8065 
(  0)4.3241 
0)4.9368 
(  0)5.6644 
(    0)6.5320 


( 


1)4.3563 
1)5.3341 
1)6.5642 
1)8.1183 
2)1.0091 


( 


2)1.2605 
2)1.5826 
2  1.9968 
2)2.5321 
2)3.2270 


y(0.6,x) 

(-1)7.3474 
(-1)7.3851 
-1)7.4675 
(-1)7.5954 
(-1)7.7707 


-1 
-l' 
-l' 

-l' 


7.9958 
8.2739 
8.6092 
9.0068 
9.4730 


( 


0)7.5701 
0)8.8172 
1)1.0321 
1)1.2142 
1)1.4357 


1)1.7060  ( 
1)2.0373  ( 
1)2.4452  ( 
1)2.9495 
1)3.5756 


0)1.0015 
0)1.0643 
0  1.1367 
0)1.2200 
0)1.3158 

0)1.4260 
0)1.5528 
0)1.6989 
0)1.8675 
0)2.0625 

0)2.2886 
0)2.5514 
0)2.8578 
0)3.2160 
0)3.6363 

0)4.1310 
0)4.7153 
0)5.4079 
0)6.2320 
0)7.2162 


(  0)8.3962 
(  0)9.8164 
1)1.1533 
(  1)1.3615 
(    1)1.6151 


( 


1)1.9253 
1)2.3064 
1)2.7765 
3.3588 
4.0833 


I] 


)  3.8072  (  1)4.3563  I 
)  4.6493  (  1)5.3341  ( 
)5.7065       (    1  6.5642       ( 


1)4.9884 
1)6.1242 
1)7.5559 
(    1)9.3682 
(    2)1.1673 


( 


2)1.4616 

2   1.8392 

2)2.3259 

2.9559 

3.7752 


V(0.7,x) 

-1)6.4988 
-1  6.5836 
-1)6.7147 
.8936 
.224 


-1)6.8« 
-l)7.i; 


-1)7.4039 
-1  7.7419 
-1)8.1412 
-1)8.6076 
-1)9.1481 

-1)9.7713 
0)1.0488 
0)1.1309 
0)1.2251 
0)1.3330 

0)1.4569 
0)1.5992 
0)1.7629 
0)1.9518 
0)2.1703 

0)2.4236 
0)2.7182 
0)3.0620 
0)3.4644 
0)3.9371 

0)4.4944 
0)5.1536 
0)5.9365 
0)6.8696 
0)7.9862 

0)9.3274 
1  1.0945 
1)1.2903 
1)1.5284 
1)1.8190 

1)2.1752 
1)2.6137 
1  3.1556 
1)3.8282 
1)4.6667 

1)5.7165 
1)7.0364 
1)8.7031 
2)1.0817 
2)1.3511 

2)1.6957 
2)2.1387 
2)2.7106 
2)3.4524 
2)4.4187 


y(0.8,x) 

(-1)5.4912 
(-1)5.6492 
(-1)5.8526 
(-1)6.1035 
(-1)6.4046 

-1)6.7596 
-1)7.1730 
-1  7.6504 
-1)8.1984 
(-1)8.8253 

(-1)9.5408 
(  0  1.0357 
(  0  1.1287 
(  0)1.2348 
(    0)1.3561 


( 


( 


0)1.4949 
0)1.6542 
0)1.8373 
0)2.0484 
0)2.2926 

0)2.5760 
0)2.9058 

0  3.2911 
0)3.7428 
0)4.2741 

0)4.9015 
0)5.6451 
0)6.5297 
0)7.5862 
0)8.8529 

1)1.0378 
1)1.2220 
1)1.4455 

1  1.7178 
1)2.0509 

1)2.4601 
1)2.9646 
1)3.5896 
1)4.3669 
1)5.3377 

1)6.5556 
1)8.0899 
2)1.0031 
2)1.2498 
2)1.5647 

2)1.9684 

2  2.4882 
2)3.1606 
2)4.0341 
2)5.1742 


y(0.9,x) 

-1)4.3932 
-1)4.6453 
-1)4.9394 
-1)5.2785 
(-1)5.6664 


(-1) 
-1) 
-1)7.1" 
-1)7.8] 


6.1076 
6.6077 
733 
8124 
(-1)8.5344 


(-1)9.3507 
(  0)1.0275 
(  0)1.1323 
(  0)1.2514 
(    0)1.3870 


( 


0)1.5420 
0)1.7196 
0)1.9238 
0)2.1592 
0)2.4317 


1)2.7849 
1)3.3658 
(    1)4.0868 
(    1)4.9853 
1)' 


V(1.0,x) 

(-1)3.2800 

-1)3.6401 

-1)4.0368 

(-1)4.4742 

(-1)4.9575 

(-1)5.4924 
(-1  6.0858 
(-1)6.7457 
(-1)7.4814 
(-1)8.3040 

(-1)9.2267 

0)1.0265 

0)1.1437 

(    0)1.2765 

(    0)1.4276 


( 


(    0)1.*9238       ( 
(    0)2.1592       ( 


0)2.7481 
0  3.1169 
0)3.5483 
0)4.0548 
0)4.6517 

0)5.3578  ( 
0)6.1963 

0)7.1959  ( 

0)8.3921  ( 

0)9.8292  ( 

1)1.1563  ( 
1)1.3662 

1)1.6214  ( 

1)1.9329  ( 

1)2.3148  ( 

(    1)2.7849       ( 
(    1)3.3658       ( 


( 


(    1)6.1098  ( 

1)7.5232  ( 
1)9.3073 

2)1.1569  ( 

2)1.4449  ( 

2)1.8131  ( 

2)2.2861  ( 

2)2.8963  ( 

2)3.6870  ( 

2)4.7161  ( 

2)6.0616  ( 


0)1.5999 
0)1.7973 
0)2.0243 
0)2.2862 
0)2.5896 

0)2.9424 
0  3.3542 
0)3.8368 
0)4.4044 
0)5.0747 

0)5.8692 
0)6.8146 
0)7.9440 
0)9.2985 
1)1.0929 

1)1.2900 
1)1.5293 
1)1.8207 
1)2.1773 
1)2.6153 

1)3.1555 
1)3.8246 
1)4.6566 
5.6956 
6.9986 


\] 


1)8.6395 
2)1.0715 
2)1.3351 
2  1.6714 
2)2.1022 


2)2.6566 
2)3.3731 
2)4.3032 
2  5.5160 
2)7.1043 


5.0       (    2)3.5270       (    2)4.1331       (    2)4.8456       (    2)5.6833       (    2)6.6688       (    2)7.8285       (    2)9.1938 
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Table  19.1 


U(1.5,x) 


1.0000 
8.8187 
7.7700 
6.8389 
6.0120 


(-1)5.2778 
(-1)4.6262 

i 

(-1)4.0482 

1-1  3.5360 

( 

(-1)3.0825 

( 

-1)2.6816 
-1)2.3276 
-1)2.0157 
-1  1.7412 
-1)1.5003 


i:l 

(-2 
(-2 
(-2 

(-2 
(-2 
(-2 
(-2 
(-2 

(-2 
(-2 
(-2 
(-2 

(-2 


1.2893 
1.1049 
9.4412 
8.0438 
6.8324 

5.7853 
4.8830 
4.1080 
3.4444 
2.8782 

2.3966 
1.9886 
1.6441 
1.3544 
1.1116 


(-3)9.0885 
(-3)7.4028 
(-3  6.0067 
(-3)4.8549 
(-3)3.9086 

(-3)3.1342 
(-3)2.5032 
-3)1.9912 
(-3)1.5775 
(-3)1.2446 

(-4)9.7788 
-4)7.6513 
(-4  5.9616 
(-4)4.6255 
(-4)3.5736 

(-4)2.7491 
(-4)2.1058 
(-4)1.6061 
(-4)1.2197 
(-5)9.2216 


U  {2.0.x) 

(-1)8.1085 
(-1)7.0232 
(-1)6.0787 
(-1)5.2566 
(-1)4,5410 

-1)3.9182 
-1)3.3763 
-1)2.9051 
-1)2.4957 
-1)2.1403 

(-1)1.8321 
-1)1.5651 
(-1)1.3343 
(-1)1.1350 
(-2)9.6317 

(-2)8.1541 
(-2)6.8857 
(-2)5.7994 
(-2)4.8712 
(-2)4.0801 

(-2)3.4076 

-2)2.8375 

-2)2.3556 

(-2)1.9495 

(-2)1.6082 

(-2)1.3223 

(-2)1.0837 

-3)8.8509 

-3)7.2040 

(-3)5.8431 

(-3)4.7224 
(-3)3.8030 
-3  3.0513 
(-3)2.4392 
(-3)1.9426 

(-3)1.5412 
(-3)1.2181 
-4)9.5895 
(-4)7.5202 
(-4)5.8741 

(-4)4.5702 
-4)3.5414 
-4)2.7331 
-4)2.1007 
-4)1.6081 

(-4)1.2259 
(-5)9.3061 
(-5)7.0352 
(-5)5.2961 
(-5)3.9701 


17(2.5,  z) 

-1)6.2666 
-1)5.3409 
-1)4.5492 
-1)3.8719 
(-1)3.2925 


-1)1.2124 
-1)1.0208 
-2)8.5773 
-2)7.1928 
; -2) 6.0190 

-2)5.0255 
-2)4.1862 
-2)3.4786 
-2)2,8833 
-2)2.3837 

-2)1.9653 
-2)1.6159 
-2)1.3248 
-2)1.0829 
-3)8.8260 

-3)7.1710 
-3)5.8081 
-3)4.6891 
-3)3.7734 
-3)3.0264 

-3)2.4191 
-3)1.9270 
-3)1.5296 
-3)1.2099 
-4)9.5361 

(-4)7.4887 
(-4)5.8592 
(-4  4.5672 
(-4)3.5468 
(-4)2.7439 

(-4)2.1146 
(-4)1.6233 
(-4)1.2413 
(-5)9.4547 
(-5)7.1727 

(-5)5.4198 

-5)4.0787 

-5)3.0571 

(-5)2.2819 

(-5)1.6964 


(-1)2.7969  ( 
(-1)2.3731  ( 

-1) 

-1) 

(-1)2.0109  ( 

-1) 

(-1  1.7015  ( 

-1 

(-1)1.4375  ( 

-2) 

-2 
-2 
-2 
'-2 
-2 

-2 
-2 
-2 
-2 
-2 

-2 
-3 

-3 

-3 

(-3 

(-3 

(-3 

-3 

-3 

-3 

(-3 
(-4 
(-4 
(-4 
(-4 


U(S.O,x) 

-1)4.6509 
-1)3.9060 
-1  3.2786 
-1)2.7501 
-1)2.3050 


1.9302 
1.6146 
1.3490 
1.1256 
9.3785 

7.8022 
6.4802 
5.3727 
4.4461 
3.6721 

3.0265 
2.4890 
2.0423 
1.6718 
1.3652 

1.1120 
9.0339 
7.3193 
5.9138 
4.7646 

3.8275 
3.0655 
2.4478 
1.9484 
1.5460 

1.2228 
9.6394 
7.5735 
5.9301 
4.6274 


(-4)3.5982 
(-4  2.7880 
-4  2.1526 
(-4  1.6559 
(-4)1.2692 

(-5)9.6913 
(-5)7.3727 
(-5)5.5875 
(-5)4.2185 
(-5)3.1726 

(-5)2.3767 
(-5)1.7736 
(-5)1.3183 
(-6)9.7593 
(-6)7.1961 


[7(3.5,  X) 

-1)3.3333 
-1)2.7615 
-1)2.2867 
-1)1.8924 
-1)1.5650 


1.2931 
1.0674 
8.8019 
7.2491 
5.9624 


-2)4.8971 

-2)4.0160 

(-2)3.2830 

(-2  2.6872 

(-2)2.1922 


1.7849 
1.4503 
1.1759 
9.5127 
7.6780 


(-3)6.1823 

-3  4.9656 

-3)3.9782 

(-3)3,1787 

(-3)2.5331 

(-3)2.0129 
(-3)1.5951 
(-3)1.2603 
(-4)9.9277 
(-4)7.7967 

(-4)6.1042 
(-4  4.7641 
(-4  3.7062 
-4)2.8738 
(-4)2.2210 

(-4)1.7107 

-4)1.3131 

-4)1.0045 

(-5)7.6567 

(-5)5.8157 

(-5)4.4015 
(-5  3.3191 
(-5)2.4937 
(-5)1.8667 
(-5)1.3920 

(-5)1.0342 
-6)7.6538 
(-6)5.6428 
(-6)4.1440 
(-6)3.0315 


U{A.O,x) 

(-1)2.3167 
(-1)1.8950 
(-1)1.5494 
(-1)1.2662 
(-1)1.0340 


li! 


-2)8.4374 
2)6.8788 
-2)5.6025 
-2)4.5579 
-2)3.7035 


-2)3.0053 
-2)2.4351 
-2)1.9701 
-2)1.5913 
-2)1.2831 

-2)1.0327 
-3)8.2953 
-3)6.6500 
-3)5.3198 
-3)4.2463 

-3)3.3818 
-3)2.6869 
-3)2.1296 
-3)1.6837 
-3)1.3277 

-3)1.0442 
-4  8.1895 
-4  6.4052 
-4)4.9954 
-4)3.8845 

-4)3.0117 
-4  2.3279 
-4  1.7938 
-4)1.3778 
-4)1.0550 

-5)8.0514 
-5)6.1244 
-5  4.6430 
-5)3.5080 
-5)2.6413 

-5)1.9818 
-5)1.4817 
-5  1.1039 
-6)8.1946 
-6)6.0609 

-6)4.4663 
-6)3.2790 
-6  2,3983 
-6)1.7475 
-6)1.2685 


[7(4.5,1) 

-1)1.5666 
-1)1,2662 
(-1)1.0230 
-2)8.2604 
-2)6.6663 

-2)5.3758 
-2)4.3316 
-2)3.4869 
-2)2.8040 
-2)2.2523 


(-2)1.8068 
(-2)1.4475 

i 

(-2)1.1579 

-3  9.2486 
(-3)7.3749 

( 

( 

5.8705 
4.6645 
3.6991 
2.9276 
2.3122 


(-3)1.8222 

-3)1.4328 

-3)1.1240 

(-4)8.7960 

(-4)6.8665 

(-4)5.3467 
-4)4.1523 
-4)3,2161 
-4)2.4841 
-4)1.9134 

-4)1.4695 
-4  1.1253 
-5)8.5914 
-5)6.5394 
-5)4.9621 

-5)3.7534 
-5)2.8300 
-5  2.1269 
-5)1.5932 
-5)1.1894 

(-6)8.8495 
(-6)6.5617 
(-6)4.8485 
(-6)3.5701 
(-6)2.6194 

(-6)1.9150 

(-6)1.3949 

-6  1.0124 

-7)7.3205 

(-7)5.2737 


[7(5.0,  z) 

-1)1.0335 
-2)8.2588 
-2)6.5971 
-2)5.2673 
-2)4.2032 

-2)3.3518 
-2)2.6707 
-2  2.1262 
-2)1.6910 
! -2) 1.3434 

-2)1.0660 
-3)8.4479 
-3)6.6856 
-3)5.2831 
-3)4.1683 


-3 
-3 

(-3 


3.2833 
2.5816 
2.0262 
1.5873 
1.2409 


(-4)9.6810 
-4)7.5364 
-4  5.8538 
-4)4.5364 
-4)3.5071 

-4)2.7047 
-4)2.0806 
-4)1.5964 
-4)1.2216 
-5)9.3228 

-5)7.0950 
-5  5.3843 
-5  4.0742 
-5)3.0738 
-5)2.3121 

(-5)1.7338 

-5)1.2961 

-6)9.6590 

(-6)7.1749 

(-6)5.3123 

(-6)3.9203 
-6)2.8834 
-6)2.1136 
-6)1.5440 

(-6)1.1240 

(-7)8.1539 
7)5.8942 
7)4.2455 
(-7)3.0469 
(-7)2.1788 


5.0  (-5)6.9418  (-5)2.9634  (-5)1.2558  (-6)5.2847  (-6)2.2089  (-7)9.1724  (-7)3.7849  (-7)1.5523 
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Table  19.1 


y(i.5,x) 

0.0000 
-1)0.7999 
-1  1.6118 
-1)2.4481 
-1)3.3218 

-1)4.2467 
-1)5.2381 
-1  6.3130 
-1  7.4906 
-1)8.7928 

0)1.0245 
0)1.1877 
0)1.3724 
0)1.5826 
0)1.8234 

0)2.1005 
0)2.4211 
0)2.7936 
0  3,2284 
0)3.7380 

i 4.3378 

15.0463 
15.8865 
16.8869 
18.0823 

0)9.5162 
1)1.1243 
1)1.3329 
1)1.5860 
1)1.8943 

1)2.2710 
1)2.7333 
1)3.3028 
1)4.0070 
1)4.8812 

1)5.9708 
1)7.3343 
1)9.0472 
2)1.1208 
2)1.3945 

(1.7425 
12.1870 
12.7569 
3.4909 
14.4399 

2)5.6724 
2  7.2797 
2)9.3849 
3)1.2154 
3)1.5812 


y(2.0,x) 


V(2.5,z) 


y(3.0,z) 


3.4311 
3.9591 
4.5665 
5.2660 
6.0721 

7.0024 
8.0774 
9.3217 
1.0764 
1.2440 


0)1.4390 
0)1.6665 
0)1.9325 
0)2.2442 
0)2.6104 

0)3.0418 
0)3.5514 
0)4.1551 
0)4.8722 
0)5.7267 

0)6.7480 
0  7.9725 
0)9.4452 
1)1.1222 
1)1.3374 


1.5987 
1.9172 
2.3068 
2.7849 
3.3738 


1)4.1018 
1)5.0049 
1)6.1295 
1)7.5350 
1)9.2982 

2)1.1519 
2)1.4325 
2  1.7887 
2  2.2424 
2  2.8227 


3.5678 
4.5283 
5.7716 
7.3873 
9.4956 


3)1.2258 
3  1.5893 
3  2.0695 
3)2.7065 
3)3.5553 


7.9788 
8.0788 
8.3814 
8.8948 
9.6332 


-1 
-1 
-1 
-1 

-1 

0)1.0617 
0)1.1873 
0  1.3438 
0)1.5356 
0)1.7683 

0)2.0490 
0)2.3862 
0)2.7905 
0)3.2748 
0)3.8551 

0)4.5511 
0)5.3869 
0)6.3925 

0  7.6047 
0)9.0697 

1)1.0844 
1)1.3000 
1)1.5626 
1)1.8834 
1)2.2765 

1)2.7597 

1  3.3555 

1  4.0926 
1)5.0074 
1)6.1466 

1)7.5701 
1)9.3551 
2)1.1601 
2)1.4437 
2)1.8032 

2)2.2604 
2)2.8441 
2)3.5920 
2)4.5540 
2)5.7960 

2)7.4057 

2  9.5001 

3  1.2236 
3  1.5823 
3  2.0545 


2.6786 
3.5069 
4.6106 
6.0871 
8.0706 


-1) 
-1 
-1 
'-1 
-1) 

0) 
0 
0 
0 
0) 

0 
0 
0 
0 
0 

(  0 
(  0 

1 
(  1 

(  1 

(  1 
(  1 

1 
1 
1 

1 

1 
1 

1' 

2 

2 
2 
2 
2 
2 

2 
2 
2 
2 

3 


4.9200 
5.8561 
6.9684 
8.2911 
9.8651 

1.1740 
1.3975 
1.6644 
1.9833 
2.3652 

2.8230 
3.3729 
4.0346 
4.8322 
5.7959 

6.9626 
8.3782 
1.0100 
1.2199 
1.4765 

1.7910 
2.1774 
2.6535 
3.2418 
3.9709 

4.8771 
6.0069 
7.4199 
9.1925 
1.1423 

1.4240 
1.7809 
2.2345 
2.8131 
3.5537 

4.5048 
5.7308 
7.3166 
9.3755 
1.2058 


3)1.5567 
3  2.0173 
3)2.6243 
3)3.4272 
3)4.4934 

3)5.9146 
3  7.8166 
4)1.0372 
4)1.3819 
4)1.8487 


y(3.5,x) 

0.0000 

-1)2.4076 

-1  4.8999 

-1  7.5647 

0)1.0497 

0)1.3802 
0  1.7600 
0)2.2033 
0)2.7266 
0)3.3501 


4.0980 
5.0002 
6.0933 
7.4224 
9.0439 


1)1.1028 
1)1.3461 
1)1.6454 
1  2.0145 
1)2.4708 

1)3.0364 
1)3.7393 
1)4.6150 
1)5.7092 
1)7.0801 

1)8.8025 
2)1.0973 
2)1.3716 
2)1.7193 
2)2.1614 


2.7252 
3.4467 
4.3729 
5.5657 
7.1071 


2)9.1055 
3)1.1705 
3)1.5100 
3)1.9547 
3)2.5393 


3.3108 
4.3324 
5.6903 
7.5019 
9.9277 

1.3188 
1.7588 
2.3547 
3.1649 
4.2708 


y(4.0,i) 

0)0.8578 
0)1.0483 
0)1.2810 
0)1.5652 
0)1.9126 


y(4.5,x) 


y(5.o,x) 


2.3376 
2.8579 
3.4955 
4.2777 
5.2386 


0)6.4206 
0)7.8765 

0  9.6727 
1)1.1892 
1)1.4640 

1)1.8048 
1)2.2284 

1  2.7558 
1)3.4139 
1)4.2370 

1)5.2689 
1)6.5656 
1)8.1989 
2)1.0262 
2)1.2873 

2)1.6189 
2)2.0411 
2)2.5801 

2  3.2701 
2)4.1562 

2)5.2976 
2)6.7721 
2)8.6829 
3)1.1167 
3)1.4407 

3)1.8646 
3)2.4212 

3  3.1543 
3)4.1233 
3)5.4084 

3)7.1188 

3  9.4032 

4  1.2465 
4)1.6584 
4)2.2145 

4)2,9680 
4)3.9929 
4  5.3922 
4  7.3096 
4)9.9472 


0)2.3937 

0)2.4477 

2.6124 

2.8954 

3.3098 


0)3.8751 
0)4.6180 
0)5.5736 
0)6.7880 
0)8.3200 


1.0245 
1.2659 
1.5683 
1.9473 
2.4227 


1)3.0195 
1)3.7699 
1  4.7150 
1)5,9076 
1)7.4155 

1)9.3262 
2)1.1753 
2)1.4841 
2)1,8781 
2)2.3822 


3.0285 
3.8596 
4.9310 
6.3162 
8.1119 


3)1,0447 
3)1,3491 
3  1,7474 
3)2.2698 
3)2.9574 

3)3,8650 
3)5,0672 
3)6,6645 
3)8,7939 
4)1.1642 


1.5465 
2.0613 
2.7570 
3,7005 
4,9845 


4)6,7384 
4)9.1425 
5)1.2450 
5)1.7018 
5)2.3348 


1.7220 
2.1545 
2,6952 
3.3715 
4.2178 


0)5.2778 
0)6,6060 

0  8,2721 

1  1,0364 
1)1,2993 


1.6301 
2.0469 
2.5728 
3,2373 
4.0782 


1)5.1442 
1)6,4978 

1  8,2198 
2)1,0415 
2)1.3218 

2)1.6806 
2)2.1408 

2  2.7325 
2)3,4948 
2)4,4794 


5,7544 
7.4093 
9.5631 
1,2374 
1,6051 


3)2,0877 
3)2,7227 
3)3,5606 
3)4,6697 
3)6,1422 

3)8,1029 
4)1.0722 
4)1.4232 
4)1,8950 
4)2,5313 

4)3,3924 
4)4,5614 
4)6,1538 
4)8.3306 
5)1.1316 

5)1.5426 
5  2.1103 
5)2,8973 
5)3,9923 
5  5.5212 


3)2.0666  (  3)4.6909  (  4)1.0746  (  4)2.4833  (  4)5.7864  (  5)1.3589  (  5)3.2156  (  5)7.6639 
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Table  19.2 

X 

W^(-5.0,x) 

W(-A.O,x) 

W{-S.O,x) 

^^(-2.0,3:) 

W{-5.0,-x) 

W{-A.O,-x) 

W{-Z.O,-x) 

^^(-2.0,- 

0.0 

0.47348 

0.50102 

0.53933 

0,60027 

0.47348 

0.50102 

0.53933 

0.60027 

0.1 

0.35697 

0.39190 

0.43901 

0.51126 

0.56641 

0.59017 

0,62350 

0.67730 

0.2 

0.22267 

0.26715 

0.32555 

0.41203 

0.63113 

0.65576 

0.68900 

0.74078 

0.3 

+0.07727 

+0.13172 

0.20231 

0.30453 

0.66435 

0.69515 

0.73381 

0.78939 

0.4 

-0.07200 

-0.00899 

+0.07298 

0.19088 

0.66434 

0.70666 

0.75649 

0.82206 

0.5 

-0.21764 

-0,14933 

-0.05857 

+0.07334 

0.63099 

0.68972 

0.75622 

0.83798 

0.6 

-0.35231 

-0.28362 

-0.18832 

-0.04569 

0.56583 

0.64485 

0.73285 

0.83665 

0.7 

-0.46911 

-0.40634 

-0.31226 

-0.16377 

0.47199 

0,57370 

0.68690 

0,81785 

0.8 

-0.56198 

-0.51236 

-0.42646 

-0.27838 

0.35408 

0.47898 

0.61955 

0,78173 

0.9 

-0.62597 

-0.59713 

-0.52722 

-0.38697 

0.21799 

0.36441 

0.53268 

0,72875 

1.0 

-0.65752 

-0.65688 

-0.61113 

-0,48704 

+0,07061 

0,23458 

0,42880 

0.65975 

1.1 

-0.65470 

-0.68881 

-0.67522 

-0,57617 

-0,08044 

+0.09483 

0,31103 

0.57594 

1.2 

-0.61732 

-0.69121 

-0.71706 

-0,65204 

-0,22724 

-0.04897 

0,18303 

0.47890 

1.3 

-0.54700 

-0.66357 

-0.73488 

-0,71255 

-0.36189 

-0.19063 

+0,04890 

0.37059 

1.4 

-0.44716 

-0.60670 

-0.72761 

-0,75583 

-0.47700 

-0.32388 

-0.08688 

0.25333 

1.5 

-0.32290 

-0.52270 

-0.69502 

-0,78031 

-0.56602 

-0.44262 

-0.21962 

0.12978 

1.6 

-0.18077 

-0.41495 

-0.63774 

-0,78484 

-0.62369 

-0.54122 

-0.34454 

+0.00294 

1.7 

-0.02851 

-0.28803 

-0.55733 

-0,76869 

-0.64634 

-0.61480 

-0.45694 

-0.12397 

1.8 

+0.12535 

-0.14758 

-0.45625 

-0,73166 

-0.63218 

-0.65945 

-0.55237 

-0.24749 

1.9 

0.27194 

-0.00009 

-0.33785 

-0,67412 

-0.58147 

-0.67250 

-0.62680 

-0.36405 

2.0 

0.40253 

+0.14739 

-0.20633 

-0.59707 

-0.49661 

-0,65271 

-0.67684 

-0.47006 

2.1 

0.50907 

0.28751 

-0.06661 

-0.50217 

-0.38212 

-0,60042 

-0.69989 

-0,56198 

2.2 

0.58468 

0.41299 

+0.07581 

-0.39174 

-0.24445 

-0,51764 

-0.69432 

-0,63649 

2.3 

0.62416 

0.51702 

0.21503 

-0.26879 

-0.09171 

-0,40802 

-0.65962 

-0,69061 

2.4 

0.62438 

0.59364 

0.34495 

-0,13696 

+0.06678 

-0,27680 

-0.59652 

-0,72184 

2.5 

0.58460 

0.63810 

0.45960 

-0,00046 

0.22095 

-0.13062 

-0.50704 

-0,72830 

2.6 

0.50668 

0.64722 

0.55333 

+0.13603 

0.36067 

+0.02276 

-0.39454 

-0,70889 

2.7 

0.39507 

0.61968 

0.62119 

0,26749 

0.47637 

0.17482 

-0.26363 

-0.66340 

2.8 

0.25669 

0.55625 

0.65920 

0,38872 

0.55973 

0.31672 

-0.12008 

-0.59265 

2.9 

+0.10057 

0.45985 

0.66463 

0,49459 

0.60434 

0.43980 

+0.02936 

-0.49853 

3.0 

-0.06260 

0.33555 

0.63631 

0,58021 

0.60627 

0.53615 

0.17727 

-0.38404 

3.1 

-0.22123 

0.19042 

0.57472 

0,64123 

0.56451 

0,59915 

0.31588 

-0.25332 

3.2 

-0.36354 

+0.03320 

0.48225 

0,67411 

0.48124 

0.62397 

0.43747 

-0.11153 

3.3 

-0.47850 

-0.12614 

0.36312 

0.67637 

0.36184 

0.60808 

0.53481 

+0,03530 

3.4 

-0.55672 

-0.27701 

0.22333 

0,64681 

0.21471 

0.55155 

0.60167 

0.18042 

3.5 

-0.59128 

-0.40886 

+0.07050 

0.58576 

+0.05079 

0.45725 

0.63325 

0.31672 

3.6 

-0.57849 

-0.51196 

-0.08654 

0.49519 

-0.11714 

0.33088 

0.62663 

0.43701 

3.7 

-0.51836 

-0.57820 

-0.23816 

0.37883 

-0.27544 

0.18074 

0.58111 

0.53447 

3.8 

-0.41490 

-0.60177 

-0.37452 

0.24205 

-0,41066 

+0,01731 

0,49849 

0.60305 

3.9 

-0.27601 

-0.57982 

-0.48622 

+0.09180 

-0,51073 

-0,14737 

0.38313 

0.63793 

4.0 

-0.11306 

-0.51295 

-0.56500 

-0.06370 

-0,56615 

-0.30058 

0.24189 

0.63597 

4.1 

+0.05995 

-0.40534 

-0.60443 

-0.21535 

-0.57098 

-0.42985 

+0.08387 

0.59605 

4.2 

0.22741 

-0.26474 

-0.60059 

-0.35365 

-0.52367 

-0.52406 

-0.08010 

0.51937 

4.3 

0.37359 

-0.10210 

-0.55252 

-0.46937 

-0.42750 

-0,57448 

-0.23812 

0.40960 

4.4 

0.48406 

+0.06923 

-0.46263 

-0.55413 

-0.29056 

-0.57571 

-0.37804 

0.27290 

4.5 

0.54726 

0.23443 

-0.33674 

-0.60118 

-0.12531 

-0,52643 

-0.48847 

+0.11769 

4.6 

0.55583 

0.37847 

-0.18393 

-0.60601 

+0,05237 

-0.42982 

-0.55975 

-0,04573 

4.7 

0.50770 

0.48758 

-0.01604 

-0.56693 

0,22465 

-0.29363 

-0.58492 

-0,20576 

4.8 

0.40664 

0.55059 

+0.15314 

-0.48549 

0,37342 

-0.12977 

-0.56059 

-0.35036 

4.9 

0.26226 

0.56028 

0.30893 

-0,36666 

0.48233 

+0.04660 

-0.48753 

-0.46788 

5.0 

0.08936 

0.51440 

0.43707 

-0.21874 

0.53861 

0.21827 

-0.37095 

-0.54818 

r(-3)vi 

6 

[(-3)7-1 
6 

r(-3)6i 

6 

[(-3)5-1 
6 

[(-3)71 
6 

[(-3)61 
6 

[(-3)6-1 
6 

[(-3)51 
6 

X) 


Values  of  py(o,x)  for  integral  values  of  a  are  from  National  Physical  Laboratory,  Tables  of  Weber  parabolic  cylinder  func- 
tions. Computed  by  Scientific  Computing  Service  Ltd.  Mathematical  Introduction  by  J.  C.  P.  Miller.  Her  Majesty's 
Stationery  Office,  London,  England,  1955  (with  permission). 


PARABOLIC    CYLINDER    FUNCTIONS 


713 


Table  19.2 


3.5 
3.6 
3.7 
3.8 
3.9 

4.0 
4.1 
4.2 
4.3 

4.4 

4.5 
4.6 
4.7 
4.8 
4.9 


(-1 


(-] 


Py(2.0,z) 

6.0027 
5.2271 
4.5561 
3.9758 
3.4744 

3.0411 
2.6668 
2.3436 
2.0644 
1.8233 

1.6151 
1.4351 
1.2795 
1.1450 
1.0286 

9.2770 
8.4018 
7.6411 
6.9782 
6.3984 

5.8890 
5.4386 
5.0372 
4,6755 
4.3456 

4.0402 
3.7524 
3.4763 
3.2064 
2.9379 

2.6664 
2.3883 
2.1007 
1.8013 
1.4891 


(-2)  1.1637 
(-3)  8.2597 
(-3)  4.7816 
(-3+1.2365 
(-3) -2.3273 

(-3) -5.8480 
-3) -9.2508 
-2) -1.2449 
-2)-1.5347 
-2) -1.7842 

(-2) -1.9831 
(-2)-2.1213 
(-2) -2.1898 
(-2) -2.1815 
(-2)-2.0914 


W{S.O,x) 

5.3933 
4.5427 
3.8285 
3.2292 
2.7262 

2.3041 
1.9499 
1.6525 
1.4028 
1.1931 


-1) 
-2) 
(-2) 
-2) 
-2) 

-2) 
-2) 
(-2) 
-2) 
-2) 

-2) 

-2) 

-2) 

-2 

-2 

-2 

-2 

-2) 

(-2) 

(-3) 

(-3 
(-3 
(-3) 
-3) 
-3) 

(-3 

(-3 

(-3) 

(-3 

(-3 

-3 
-3 
-3 
-3 
-3 

-3 
-3 
-3 
-3 
-3 


1.0168 
8.6859 
7.4385 
6.3880 
5.5025 

4.7556 
4.1248 
3.5917 
3.1406 
2.7584 

2.4342 
2.1588 
1.9245 
1.7247 
1.5540 

1.4075 
1.2813 
1.1719 
1.0764 
9.9205 

9.1665 
8.4815 
7.8473 
7.2477 
6.6685 

6.0967 
5.5212 
4.9326 
4.3233 
3.6879 

3.0231 
2.3283 
1.6058 
0.8609 
1+0.1023 

-0.6579 
1-1.4043 
-2.1182 
-2.7786 
-3.3622 


W(A.O,x) 

L)  5.0102 
4.1061 
3.3667 
2.7621 
2.2677 

1.8634 
1.5327 
1.2621 
1.0407 
8.5930 

7.1069 
5.8882 
4.8880 
4.0663 
3.3906 

2.8343 
2.3757 
1.9973 
1.6845 
1.4256 

1.2111 
1.0330 
8.8491 
7.6160 
6.5875 

5.7281 
5.0088 
4.4055 
3.8984 
3.4711 

3.1099 
2.8032 
2.5414 
2.3163 
2.1209 

1.9491 
1.7956 
1.6558 
1.5256 
1.4014 

1.2800 
1.1586 
1.0349 
9.0706 
7.7357 

6.3364 
4.8704 
3.3422 
1.7637 
1+0.1548 


W{5.0,x) 

(-1)4.7348 

-1)3.7888 

-1)3.0330 

(-1)2.4291 

(-1)1.9466 


W(2.0,-x)        W{3.Q,-x)        Wi4.0,-x)       W{5.0,-x) 


(-1 
-1 
-1 
-2 
-2 

(-2 
(-2 
(-2 
(-2 
(-2 

(-2 
-2 

(-2 
-2 
-3 

:i 
31 

(-3) 
(-3 
(-3) 
(-3) 
(-3 


1.5611 
1.2530 
1.0067 
8.0964 
6.5197 

5.2572 
4.2455 
3.4340 
2.7825 
2.2590 

1.8377 
1.4984 
1.2246 
1.0035 
8.2455 

6.7954 
5.6183 
4.6610 
3.8810 
3.2443 

2.7236 
2.2968 
1.9464 
1.6580 
1.4202 


-3)1.2237 
-3)1.0610 
-4)9.2596 
-4  8.1356 


( 

(-4)7.1975 

(-4)6.4117 
(-4)5.7506 
(-4)5.1910 
(-4)4.7135 
(-4)4.3017 

-4)3.9416 
-4)3.6211 
(-4)3.3295 
-4)3.0577 
-4)2.7975 

-4)2.5418 
-4)2.2847 
(-4)2.0210 
-4  1.7468 
-4)1.4595 


6.0027 
6.8986 
7.9324 
9.1243 
1.0497 

1.2075 
1.3888 
1.5967 
1.8345 
2.1061 

2.4156 
2.7674 
3.1662 
3.6169 
4.1247 

4.6948 
5.3324 
6.0424 
6.8296 
7.6980 

8.6507 
9.6899 
1.0816 
1.2027 
1.3319 

1.4686 
1.6117 
1.7597 
1.9108 
2.0626 

2.2123 
2.3564 
2.4910 
2.6116 
2.7132 

2.7908 
2.8386 
2.8513 
2.8234 
2.7502 

2.6275 
2.4523 
2.2234 
1.9410 
1.6079 

1.2294 

8.1345 

1+3.7101 

1-0.8430 

1-5.3626 


(-1 
(-1 
-1 
(-1 
(  0 

(  0 

0 

(  0 

iS 

(  0 

(  0 
(  0 
(  0 


5.3933 
6.4061 
7.6114 
9.0448 
1.0748 

1.2770 
1.5168 
1.8008 
2.1368 
2.5335 

3.0013 
3.5517 
4.1980 
4.9554 
5.8406 

6.8726 
8.0723 
9.4626 
1.1069 
1.2917 

1.5037 
1.7457 
2.0209 
2.3322 
2.6827 

13.0749 
i3.5113 
13.9937 
14.5230 
15.0992 


(  1)5.7210 
(  1)6.3856 
(  1)7.0882 
1)7.8218 
(  1)8.5768 

(  1)9.3410 
2  1.0099 
(  2)1.0833 
(  2)1.1520 
(  2)1.2137 

(  2)1.2657 
(  2)1.3050 
(  2)1.3286 
2)1.3334 
2)1.3167 

1.2758 
1.2086 
1.1138 
19.9105 
8.4104 


-1)5.0102 
-1)6.1154 
-1)7.4658 
-1)9.1150 
0)1.1128 

0)1.3583 
0)1.6574 
0)2.0215 
0)2.4643 
0)3.0019 

0)3.6538 
0)4.4431 
0)5.3970 
0)6.5479 
0)7.9336 

0)9.5984 
1)1.1594 
1)1.3979 
1  1.6824 
1)2.0206 


(-1)4.7348 

-1)5.9185 

-1)7.3991 

-1)9.2505 

0  1.1564 


2.4216 
2.8952 
3.4529 
4.1069 
4.8711 

5.7600 
6.7894 
7.9756 
9.3355 
1.0886 


2)1.2643 
2)1.4620 
2)1.6831 
2)1.9284 
2)2.1983 

2)2.4925 
2)2.8101 
2)3.1488 
2)3.5057 
2)3.8760 

2)4.2539 
2  4.6317 
2)4.9999 
2)5.3475 
2)5.6617 

2)5.9283 
2)6.1317 
2)6.2561 
2)6.2853 
2)6.2040 


0)1.4454 
0)1.8059 
0)2.2555 
0  2.8155 
0)3.5123 

0)4.3782 
0)5.4528 
0)6.7844 
0)8.4318 
1)1.0466 

1)1.2975 
1)1.6060 
1)1.9848 
1)2.4487 
1)3.0155 

1)3.7062 
1)4.5455 
1)5.5623 
1)6.7904 
1)8.2686 

2)1.0042 
2)1.2161 
2)1.4683 
2)1.7672 
2)2.1198 

2)2.5340 
2)3.0179 
2)3.5801 
2)4.2298 
2)4.9757 

2)5.8266 
2)6.7902 
2)7.8732 
2)9.0802 
3)1.0413 

3)1.1870 
3  1.3446 
3)1.5128 
3)1.6899 
3)1.8733 

3)2.0596 
3)2.2445 
3)2.4229 
3)2.5885 
3  2.7344 


5.0     (-2) -1.9179     (-3) -3.8449 
For  interpolation,  see  19.28. 


(_4) -1.4564     (-4)1.1577     (    0) -9.6664     (    1)6.6590     (    2)5.9987     (    3)2.8528 
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Table  19.2 

X 

W{-\Si,x) 

TF(-0.9,x) 

TF(-0.8,i) 

T^(-0.7,z) 

TF(- 0.6,1) 

R7(- 0.5,1) 

IF(-0.4,z 

0.0 

0.73148 

0.75416 

0.77982 

0.80879 

0.84130 

0.87718 

0.91553 

0.1 

0.65958 

0.68457 

0.71267 

0.74421 

0.77940 

0.81803 

0.85912 

0.2 

0.58108 

0.60881 

0.63980 

0.67441 

0.71281 

0.75477 

0.79925 

0.3 

0.49671 

0.52750 

0.56175 

0.59981 

0.64187 

0.68766 

0.73610 

0.4 

0.40726 

0.44133 

0.47908 

0.52089 

0.56693 

0.61696 

0.66984 

0.5 

0.31359 

0.35102 

0.39240 

0.43811 

0.48837 

0.54293 

0.60064 

0.6 

0.21659 

0.25734 

0.30233 

0.35200 

0.40658 

0.46584 

0.52866 

0.7 

0.11723 

0.16111 

0.20958 

0.26311 

0.32198 

0.38601 

0.45409 

0.8 

+0.01657 

+  0.06324 

0.11490 

0.17206 

0.23506 

0.30379 

0.37715 

0.9 

-0.08429 

-0.03529 

+  0.01912 

+0.07954 

0.14637 

0.21956 

0.29811 

1.0 

-0.18412 

-0.13342 

-0.07684 

-0.01369 

+  0.05650 

0.13380 

0.21727 

1.1 

-0.28164 

-0.23002 

-0.17198 

-0.10679 

-0.03384 

+  0.04704 

0.13503 

1.2 

-0.37549 

-0.32384 

-0.26523 

-0.19880 

-0.12386 

-0.04009 

+0.05185 

1.3 

-0.46422 

-0.41357 

-0.35538 

-0.28870 

-0.21269 

-0.12687 

-0.03172 

1.4 

-0.54635 

-0.49783 

-0.44119 

-0.37536 

-0.29933 

-0.21246 

-0.11502 

1.5 

-0.62034 

-0.57517 

-0.52130 

-0.45753 

-0.38270 

-0.29594 

-0.19728 

1.6 

-0.68464 

-0.64409 

-0.59431 

-0.53393 

-0.46162 

-0,37627 

-0.27764 

1.7 

-0.73771 

-0.70310 

-0.65875 

-0.60317 

-0.53480 

-0,45231 

-0.35510 

1.8 

-0.77808 

-0.75070 

-0.71317 

-0.66382 

-0,60091 

-0.52280 

-0.42857 

1.9 

-0.80439 

-0.78547 

-0.75611 

-0.71446 

-0.65854 

-0.58645 

-0.49684 

2.0 

-0.81541 

-0.80610 

-0.78618 

-0.75365 

-0.70628 

-0.64186 

-0.55864 

2.1 

-0.81014 

-0.81144 

-0.80212 

-0.78003 

-0.74273 

-0.68765 

-0.61261 

2.2 

-0.76787 

-0.80054 

-0.80282 

-0.79238 

-0.76654 

-0.72243 

-0.65738 

2.3 

-0.74822 

-0.77279 

-0.78741 

-0.78960 

-0.77649 

-0.74486 

-0.69156 

2.4 

-0.69124 

-0.72790 

-0.75531 

-0.77089 

-0.77153 

-0.75373 

-0.71385 

2.5 

-0.61743 

-0.66601 

-0.70633 

-0.73570 

-0.75086 

-0.74799 

-0.72301 

2.6 

-0.52785 

-0.58777 

-0.64071 

-0.68391 

-0.71398 

-0.72686 

-0.71801 

2.7 

-0.42412 

-0.49436 

-0.55918 

-0.61582 

-0.66079 

-0.68984 

-0.69802 

2.8 

-0.30847 

-0.38753 

-0.46303 

-0.53224 

-0.59164 

-0.63684 

-0.66256 

2.9 

-0.18374 

-0.26968 

-0.35416 

-0.43455 

-0.50739 

-0.56821 

-0.61149 

3.0 

-0.05335 

-0.14378 

-0.23506 

-0.32474 

-0.40948 

-0.48485 

-0.54517 

3.1 

+0.07873 

-0.01339 

-0.10884 

-0.20540 

-0.29995 

-0.38820 

-0.46444 

3.2 

0.20811 

+  0.11741 

+  0.02083 

-0.07973 

-0.18146 

-0.28034 

-0.37075 

3.3 

0.33006 

0.24412 

0.14977 

+0.04850 

-0.05729 

-0.16395 

-0.26614 

3.4 

0.43974 

0.36198 

0.27340 

0.17504 

+0.06875 

-0.04232 

-0.15327 

3.5 

0.53233 

0.46613 

0.38695 

0.29527 

0.19236 

+  0.08071 

-0.03541 

3.6 

0.60334 

0.55184 

0.48557 

0.40440 

0.30891 

0.20083 

+  0.08365 

3.7 

0.64885 

0.61476 

0.56460 

0.49761 

0.41360 

0.31342 

0.19963 

3.8 

0.66575 

0.65118 

0.61986 

0.57035 

0.50168 

0.41373 

0.30797 

3.9 

0.65207 

0.65834 

0.64786 

0.61858 

0.56868 

0.49706 

0.40397 

4.0 

0.60721 

0.63466 

0.64616 

0.63904 

0.61072 

0.55906 

0.48303 

4.1 

0.53214 

0.58002 

0.61356 

0.62958 

0.62476 

0.59598 

0.54088 

4.2 

0.42952 

0.49593 

0.55042 

0.58939 

0,60892 

0.60496 

0.57391 

4.3 

0.30382 

0.38565 

0.45874 

0.51923 

0.56270 

0.58437 

0,57944 

4.4 

0.16115 

0.25422 

0.34234 

0.42158 

0.48725 

0.53398 

0.55599 

4.5 

+0.00918 

+0.10831 

0.20677 

0.30072 

0.38544 

0.45522 

0.50355 

4.6 

-0.14329 

-0.04397 

+0.05918 

0.16266 

0.26194 

0.35129 

0,42375 

4.7 

-0.28674 

-0.19348 

-0.09193 

+0.01497 

+  0,12315 

0.22716 

0.31998 

4.8 

-0.41153 

-0.33057 

-0.23720 

-0.13360 

-0,02310 

+  0.08947 

0.19740 

4.9 

-0.50861 

-0.44572 

-0.36694 

-0.27352 

-0.16782 

-0.05374 

+  0.06277 

5.0 

-0.57025 

-0.53023 

-0.47182 

-0.39516 

-0.30146 

-0.19341 

-0.07580 

[(-3)41 
5 

r^-3)4"j 
5 

7-3)4" 
5 

r(-3)4"i 

5 

[(-3)4-1 
5 

r(-3)4-| 

5 

r(-3)4"i 

5 
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Table  19.2 

I 

P^(-1.0,-x) 

W(-0.9,-x) 

W{-0.8,-x) 

W(-0.7,-x) 

Wi-0.6,-x) 

W(-0.5,-x) 

Wi-OA,-x) 

0.0 

0.73148 

0.75416 

0.77982 

0.80879 

0.84130 

0.87718 

0.91553 

0.1 

0.79607 

0.81697 

0.84073 

0.86771 

0.89814 

0.93193 

0.96827 

0.2 

0.85267 

0.87241 

0.89490 

0.92053 

0.94958 

0.98201 

1.017L1 

0.3 

0.90067 

0.91990 

0.94182 

0.96682 

0.99522 

1.02707 

1.06178 

0.4 

0.93946 

0.95892 

0.98099 

1.00612 

1.03467 

1.06677 

1.10197 

0.5 

0.96849 

0.98892 

1.01192 

1.03797 

1.06749 

1.10070 

1.13729 

0.6 

0.98722 

1.00940 

1.03413 

1.06191 

1.09323 

1.12843 

1.16736 

0.7 

0.99521 

1.01990 

1.04713 

1.07745 

1.11143 

1.14951 

1.19170 

0.8 

0.99202 

1.01997 

1.05048 

1.08414 

1.12160 

1.16343 

1.20981 

0.9 

0.97734 

1.00923 

1.04374 

1.08151 

1.12325 

1.16966 

1.22114 

1.0 

0.95092 

0.98738 

1.02655 

1.06912 

1.11589 

1.16769 

1.22511 

1.1 

0.91262 

0.95418 

0.99859 

1.04657 

1.09904 

1.15695 

1.22112 

1.2 

0.86244 

0.90952 

0.95962 

1.01355 

1.07228 

1.13693 

1.20855 

1.3 

0.80055 

0.85341 

0.90954 

0.96978 

1.03523 

1.10714 

1.18680 

1.4 

0.72729 

0.78603 

0.84835 

0.91515 

0.98760 

1.06714 

1.15529 

1.5 

0.64322 

0.70774 

0.77623 

0.84963 

0.92923 

1.01659 

1.11351 

1.6 

0.54911 

0.61912 

0.69355 

0.77341 

0.86006 

0.95525 

1.06102 

1.7 

0.44603 

0.52099 

0.60091 

0.68684 

0.78025 

0.88304 

0.99750 

1.8 

0.33528 

0.41443 

0.49914 

0.59053 

0.69014 

0.80004 

0.92281 

1.9 

0.21849 

0.30081 

0.38936 

0.48532 

0.59032 

0.70659 

0.83697 

2.0 

+0.09757 

0.18179 

0.27298 

0.37236 

0.48166 

0.60326 

0.74025 

2.1 

-0.02528 

+0.05934 

0.15171 

0.25309 

0.36531 

0.49090 

0.63319 

2.2 

-0.14758 

-0.06427 

+  0.02758 

0.12930 

0.24278 

0.37070 

0.51665 

2.3 

-0.26660 

-0.18651 

-0.09709 

+  0.00305 

+  0.11588 

0.24419 

0.39182 

2.4 

-0.37941 

-0.30459 

-0.21967 

-0.12323 

-0.01322 

+0.11327 

0.26028 

2.5 

-0.48297 

-0.41552 

-0.33731 

-0.24685 

-0.14203 

-0.01983 

+0.12398 

2.6 

-0.57415 

-0.51623 

-0.44698 

-0.36487 

-0.26774 

-0.15248 

-0.01472 

2.7 

-0.64990 

-0.60356 

-0.54551 

-0.47416 

-0.38730 

-0.28178 

-0.15309 

2.8 

-0.70733 

-0.67449 

-0.62975 

-0.57149 

-0.49748 

-0.40451 

-0.28802 

2.9 

-0.74387 

-0.72615 

-0.69663 

-0.65363 

-0.59492 

-0.51729 

-0.41615 

3.0 

-0.75737 

-0.75605 

-0.74331 

-0.71748 

-0.67629 

-0.61660 

-0.53384 

3.1 

-0.74633 

-0.76219 

-0.76738 

-0.76019 

-0.73841 

-0.69897 

-0.63739 

3.2 

-0.70996 

-0.74323 

-0.76692 

-0.77937 

-0.77841 

-0.76108 

-0.72310 

3.3 

-0.64841 

-0.69863 

-0.74077 

-0.77320 

-0.79386 

-0.79994 

-0.78743 

3.4 

-0.56281 

-0.62881 

-0.68862 

-0.74065 

-0.78300 

-0.81309 

-0.82721 

3.5 

-0.45542 

-0.53525 

-0.61114 

-0.68160 

-0.74490 

-0.79874 

-0.83985 

3.6 

-0.32961 

-0.42059 

-0.51016 

-0.59701 

-0.67961 

-0.75603 

-0.82349 

3.7 

-0.18992 

-0.28860 

-0.38867 

-0.48899 

-0.58833 

-0.68515 

-0.77725 

3.8 

-0.04191 

-0.14423 

-0.25086 

-0.36092 

-0.47349 

-0.58750 

-0.70141 

3.9 

+0.10799 

+  0.00657 

-0.10208 

-0.21739 

-0.33883 

-0.46582 

-0.59756 

4.0 

0.25266 

0.15702 

+  0.05134 

-0.06416 

-0.18934 

-0.32421 

-0.46872 

4.1 

0.38471 

0.29976 

0.20225 

+0.09203 

-0.03124 

-0.16811 

-0.31938 

4.2 

0.49679 

0.42722 

0.34303 

0.24366 

+  0.12831 

-0.00420 

-0.15545 

4.3 

0.58208 

0.53205 

0.46597 

0.38285 

0.28140 

+0.15987 

+  0.01587 

4.4 

0.63477 

0.60759 

0.56372 

0.50171 

0.41981 

0.31572 

0.18634 

4.5 

0.65055 

0.64841 

0.62979 

0.59285 

0.53543 

0.45473 

0.34702 

4.6 

0.62708 

0.65075 

0.65910 

0.64997 

0.62083 

0.56851 

0.48877 

4.7 

0.56440 

0.61301 

0.64846 

0.66833 

0.66982 

0.64950 

0.60280 

4.8 

0.46513 

0.53614 

0.59705 

0.64531 

0.67800 

0.69154 

0.68125 

4.9 

0.33464 

0.42379 

0.50672 

0.58085 

0.64328 

0.69050 

0.71794 

5.0 

0.18091 

0.28240 

0.38215 

0.47771 

0.56635 

0.64481 

0.70889 

r^-3)5'l 
5 

r^-3)5"l 
5 

r(-3)5i 

5 

r(-3)5"| 
5 

r(-3)5"| 
5 

[(-3)61 
5 

r(-3)6-| 

5 
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Table  19.2 

X 

W(-O.Z,x) 

]Ff-0.2,i) 

W{-^.\,z) 

TF(0,z) 

]F(0.1,x) 

W^(0.2,x) 

PF(0.3.i) 

0.0 

0.95411 

0.98880 

1.01364 

1.02277 

1.01364 

0.98880 

0.95411 

0.1 

0.90030 

0.93725 

0.96381 

0.97388 

0.96480 

0.93920 

0.90311 

0.2 

0.84377 

0.88381 

0.91299 

0.92496 

0.91691 

0.89145 

0.85480 

0.3 

0.78461 

0.82851 

0.86116 

0.87595 

0.86984 

0.84540 

0.80896 

0.4 

0.72293 

0.77137 

0.80828 

0.82673 

0.82344 

0.80084 

0.76536 

0.5 

0.65878 

0.71237 

0.75426 

0.77719 

0.77753 

0.75757 

0.72375 

0.6 

0.59225 

0.65150 

0.69902 

0.72716 

0.73192 

0.71533 

0.68386 

0.7 

0.52341 

0.58875 

0.64245 

0.67647 

0.68637 

0.67388 

0.64540 

0.8 

0.45236 

0.52410 

0.58445 

0.62496 

0.64067 

0.63296 

0.60809 

0.9 

0.37924 

0.45756 

0.52493 

0.57244 

0.59459 

0.59228 

0.57163 

1.0 

0.30421 

0.38918 

0.46383 

0.51877 

0.54790 

0.55160 

0.53573 

1.1 

0.22751 

0.31906 

0.40111 

0.46381 

0.50038 

0.51063 

0.50010 

1.2 

0.14946 

0.24734 

0.33677 

0.40744 

0.45186 

0.46915 

0.46446 

1.3 

+0.07042 

0.17425 

0.27090 

0.34961 

0.40217 

0.42691 

0.42854 

1.4 

-0.00912 

0.10007 

0.20361 

0.29032 

0.35118 

0.38374 

0.39209 

1.5 

-0.08857 

+0.02522 

0.13514 

0.22960 

0.29883 

0.33945 

0.35491 

1.6 

-0.16725 

-0.04982 

+0.06577 

0.16760 

0.24510 

0.29393 

0.31679 

1.7 

-0.24435 

-0.12443 

-0.00407 

0.10454 

0.19006 

0.24713 

0.27761 

1.8 

-0.31894 

-0.19788 

-0.07387 

+  0.04073 

0.13384 

0.19904 

0.23725 

1.9 

-0.38999 

-0.26933 

-0.14299 

-0.02340 

0.07667 

0.14975 

0.19569 

2.0 

-0.45633 

-0.33779 

-0.21066 

-0.08731 

+  0.01891 

0.09941 

0.15296 

2.1 

-0.51674 

-0.40219 

-0.27600 

-0.15034 

-0.03902 

+0.04828 

0.10917 

2.2 

-0.56989 

-0.46135 

-0.33802 

-0.21170 

-0.09655 

-0.00327 

0.06450 

2.3 

-0.61444 

-0.51400 

-0.39560 

-0.27048 

-0.15300 

-0.05478 

+0.01926 

2.4 

-0.64903 

-0.55882 

-0.44755 

-0.32569 

-0.20756 

-0.10567 

-0.02617 

2.5 

-0.67233 

-0.59448 

-0.49261 

-0.37619 

-0.25934 

-0.15523 

-0.07129 

2.6 

-0.68311 

-0.61966 

-0.52947 

-0.42082 

-0.30731 

-0.20267 

-0.11551 

2.7 

-0.68033 

-0.63315 

-0.55686 

-0.45833 

-0.35040 

-0.24709 

-0.15811 

2.8 

-0.66313 

-0.63385 

-0.57356 

-0.48749 

-0.38745 

-0.28749 

-0.19829 

2.9 

-0.63097 

-0.62088 

-0.57846 

-0.50710 

-0.41729 

-0.32283 

-0.23518 

3.0 

-0.58369 

-0.59365 

-0.57063 

-0.51607 

-0.43878 

-0.35203 

-0.26783 

3.1 

-0.52157 

-0.55190 

-0.54943 

-0.51344 

-0.45085 

-0.37401 

-0.29526 

3.2 

-0.44541 

-0.49584 

-0.51451 

-0.49851 

-0.45256 

-0.38777 

-0.31648 

3.3 

-0.35655 

-0.42613 

-0.46594 

-0.47084 

-0.44315 

-0.39239 

-0.33055 

3.4 

-0.25697 

-0.34402 

-0.40427 

-0.43039 

-0.42215 

-0.38713 

-0.33663 

3.5 

-0.14924 

-0.25134 

-0.33055 

-0.37754 

-0.38941 

-0.37148 

-0.33401 

3.6 

-0.03654 

-0.15050 

-0.24643 

-0.31318 

-0.34517 

-0.34523 

-0.32218 

3.7 

+0.07742 

-0.04453 

-0.15413 

-0.23871 

-0.29013 

-0.30852 

-0.30091 

3.8 

0.18846 

+  0.06302 

-0.05645 

-0.15612 

-0.22549 

-0.26190 

-0.27027 

3.9 

0.29213 

0.16814 

+0.04330 

-0.06794 

-0.15299 

-0.20639 

-0.23072 

4.0 

0.38382 

0.26651 

0.14132 

+0.02278 

-0.07486 

-0.14349 

-0.18313 

4.1 

0.45904 

0.35370 

0.23354 

0.11257 

+0.00615 

-0.07518 

-0.12880 

4.2 

0.51364 

0.42535 

0.31572 

0.19762 

0.08689 

-0.00389 

-0.06948 

4.3 

0.54413 

0.47744 

0.38368 

0.27395 

0.16386 

+0.06754 

-0.00733 

4.4 

0.54793 

0.50658 

0.43357 

0.33764 

0.23342 

0.13597 

+0.05511 

4.5 

0.52370 

0.51029 

0.46212 

0.38503 

0.29194 

0.19809 

0.11504 

4.6 

0.47151 

0.48726 

0.46690 

0.41300 

0.33601 

0.25059 

0.16948 

4.7 

0.39312 

0.43762 

0.44663 

0.41921 

0.36270 

0.29037 

0.21549 

4.8 

0.29197 

0.36308 

0.40138 

0.40237 

0.36981 

0.31476 

0.25027 

4.9 

0.17327 

0.26703 

0.33274 

0.36248 

0.35608 

0.32171 

0.27144 

5.0 

0.04376 

0.15455 

0.24393 

0.30095 

0.32145 

0.31009 

0.27719 

[(-3)4-] 
5 

■(-3)3" 
5 

"(-3)3" 
5 

"(-3)3" 
_  5  _ 

7-3)3' 
5 

'(-3)2" 
5 

■(-3)2- 
5 
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Table  19.2 


X       W{-Q.^,-x)     W{-0.2,-x)     W{~0.l,-x)       W{0,-x)         W{<dl-x)        W{(i2,-x)       P^(0.3,-a;) 


0.0 

0.95411 

0.98880 

1.01364 

1.02277 

1.01364 

0.98880 

0.95411 

0.1 

1.00506 

1.03835 

1.06245 

1.07165 

1.06348 

1.04037 

1.00797 

0.2 

1.05296 

1.08581 

1.11016 

1.12050 

1.11435 

1.09399 

1.06483 

0.3 

1.09759 

1.13097 

1.15665 

1.16924 

1.16622 

1.14968 

1.12477 

0.4 

1.13868 

1.17362 

1.20172 

1.21771 

1.21899 

1.20741 

1.18782 

0.5 

1.17589 

1.21344 

1.24510 

1.26568 

1.27248 

1.26706 

1.25396 

0.6 

1.20884 

1.25007 

1.28645 

1.31285 

1.32644 

1.32845 

1.32307 

0.7 

1.23706 

1.28307 

1.32534 

1.35884 

1.38053 

1.39129 

1.39494 

0.8 

1.26006 

1.31193 

1.36129 

1.40315 

1.43429 

1.45520 

1.46928 

0.9 

1.27725 

1.33606 

1.39368 

1.44521 

1.48719 

1.51968 

1.54567 

1.0 

1.28802 

1.35480 

1.42185 

1.48433 

1.53855 

1.58412 

1.62356 

1.1 

1.29171 

1.36744 

1.44504 

i:51974 

1.58760 

1.64775 

1.70224 

1.2 

1.28761 

1.37321 

1.46241 

1.55054 

1.63341 

1.70967 

1.78087 

1.3 

1.27501 

1.37129 

1.47304 

1.57575 

1.67498 

1.76885 

1.85841 

1.4 

1.25320 

1.36083 

1.47598 

1.59429 

1.71113 

1.82408 

1.93366 

1.5 

1.22150 

1.34098 

1.47020 

1.60502 

1.74059 

1.87401 

2.00522 

1.6 

1.17926 

1.31091 

1.45469 

1.60672 

1.76201 

1.91713 

2.07150 

1.7 

1.12596 

1.26983 

1.42841 

1.59813 

1.77390 

1.95181 

2.13072 

1.8 

1.06115 

1.21705 

1.39039 

1.57800 

1.77474 

1.97628 

2.18093 

1.9 

0.98458 

1.15200 

1.33973 

1.54509 

1.76299 

1.98870 

2.22000 

2.0 

0.89620 

1.07426 

1.27565 

1.49825 

1.73709 

1.98714 

2.24569 

2.1 

0.79618 

0.98365 

1.19757 

1.43644 

1.69557 

1.96968 

2.25565 

2.2 

0.68503 

0.88026 

1.10510 

1.35882 

1.63706 

1.93446 

2.24752 

2.3 

0.56357 

0.76448 

0.99819 

1.26478 

1.56041 

1.87972 

2.21894 

2.4 

0.43300 

0.63710 

0.87711 

1.15405 

1.46471 

1.80390 

2.16770 

2.5 

0.29492 

0.49932 

0.74256 

1.02673 

1.34942 

1.70575 

2.09177 

2.6 

0.15140 

0.35277 

0.59571 

0.88342 

1.21444 

1.58440 

1.98946 

2.7 

+0.00489 

0.19959 

0.43825 

0.72523 

1.06021 

1.43949 

1.85956 

2.8 

-0.14168 

+0.04242 

0.27241 

0.55388 

0.88776 

1.27129 

1.70140 

2.9 

-0.28503 

-0.11563 

+  0.10100 

0.37173 

0.69887 

1.08078 

1.51507 

3.0 

-0.42150 

-0.27098 

-0.07258 

+0.18182 

0.49606 

0.86979 

1.30151 

3.1 

-0.54722 

-0.41967 

-0.24442 

-0.01213 

0.28264 

0.64105 

1.06267 

3.2 

-0.65815 

-0.55742 

-0.41011 

-0.20574 

+0.06279 

0.39827 

0.80159 

3.3 

-0.75027 

-0.67978 

-0.56487 

-0.39404 

-0.15855 

+  0.14618 

0.52249 

3.4 

-0.81974 

-0.78229 

-0.70368 

-0.57158 

-0.37567 

-0.10952 

+0.23083 

3.5 

-0.86311 

-0.86067 

-0.82147 

-0.73259 

-0.58228 

-0.36221 

-0.06670 

3.6 

-0.87754 

-0.91101 

-0.91331 

-0.87118 

-0.77162 

-0.60449 

-0.36232 

3.7 

-0.86098 

-0.93010 

-0.97470 

-0.98158 

-0.93674 

-0.82836 

-0.64721 

3.8 

-0.81248 

-0.91559 

-1.00185 

-1.05844 

-1.07077 

-1.02554 

-0.91187 

3.9 

-0.73233 

-0.86631 

-0.99193 

-1.09719 

-1.16728 

-1.18779 

-1.14634 

4.0 

-0.62227 

-0.78249 

-0.94343 

-1.09434 

-1.22069 

-1.30732 

-1.34070 

4.1 

-0.48559 

-0.66595 

-0.85640 

-1.04786 

-1.22662 

-1.37730 

-1.48554 

4.2 

-0.32717 

-0.52024 

-0.73270 

-0.95753 

-1.18240 

-1.39231 

-1.57256 

4.3 

-0.15346 

-0.35070 

-0.57611 

-0.82515 

-1.08743 

-1.34891 

-1.59514 

4.4 

+0.02771 

-0.16437 

-0.39249 

-0.65483 

-0.94350 

-1.24610 

-1.54901 

4.5 

0.20739 

+  0.03014 

-0.18962 

-0.45301 

-0.75508 

-1.08573 

-1.43285 

4.6 

0.37594 

0.22299 

+0.02291 

-0.22843 

-0.52942 

-0.87285 

-1.24877 

4.7 

0.52351 

0.40359 

0.23414 

+  0.00810 

-0.27649 

-0.61582 

-1.00271 

4.8 

0.64069 

0.56113 

0.43218 

0.24408 

-0.00874 

-0.32626 

-0.70462 

4.9 

0.71919 

0.68534 

0.60494 

0.46598 

+  0.25940 

-0.01876 

-0.36835 

5.0 

0.75259 

0.76721 

0.74090 

0.65996 

0.51219 

+0.28970 

-0.01132 

r(-3)6-|- 

5 

■(-3)5' 
.  5  _, 

r( -3)5-1 
5 

"'-3)5' 
5 

r(-3)6"i 

5 

r( -3)7-1 
5 

[(-3)91 
5 
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PARABOLIC    CYLIXDER    FTXCIIOXS 


W(OA,x) 


W(0.5,z) 


W(0.6,x)         W{0.7,x) 


W(0.8,x) 


W(0.9,x) 


wa.o,x) 


0.0 

0.91553 

0.87718 

0.84130 

0.80879 

0.77982 

0.75416 

0.73148 

0.1 

0.86271 

0.82232 

0.78433 

0.74973 

0.71874 

0.69116 

0.66667 

0.2 

0.81331 

0.77155 

0.73205 

0.69590 

0.66339 

0.63436 

0.60852 

0.3 

0.76709 

0.72456 

0.68408 

0.64687 

0.61328 

0.58321 

0.55639 

0.4 

0.72376 

0.68104 

0.64007 

0.60222 

0,56794 

0.53718 

0.50970 

0.5 

0.68304 

0.64064 

0.59964 

0.56155 

0.52692 

0.49578 

0.46791 

0.6 

0.64462 

0.60305 

0,56244 

0.52446 

0,48979 

0.45853 

0.43051 

0.7 

0.60820 

0.56793 

0,52810 

0,49058 

0.45614 

0.42499 

0.39703 

0.8 

0.57347 

0.53495 

0.49629 

0.45952 

0.42558 

0.39476 

0.36704 

0.9 

0.54011 

0.50380 

0.46666 

0.43095 

0.39774 

0.36745 

0.34013 

1.0 

0.50782 

0.47414 

0.43889 

0.40452 

0,37228 

0.34271 

0.31594 

1.1 

0.47630 

0.44567 

0.41266 

0.37992 

0.34888 

0.32020 

0.29412 

1.2 

0.44523 

0.41808 

0.38765 

0.35682 

0.32720 

0.29960 

0.27435 

1.3 

0.41435 

0.39108 

0.36358 

0.33494 

0.30697 

0.28063 

0.25634 

1.4 

0.38338 

0.36438 

0.34015 

0,31399 

0.28790 

0.26299 

0.23981 

1.5 

0.35206 

0.33771 

0.31709 

0,29370 

0.26973 

0.24643 

0.22451 

1.6 

0.32018 

0.31084 

0.29416 

0.27382 

0.25219 

0.23071 

0.21019 

1.7 

0.28752 

0.28354 

0.27111 

0.25410 

0.23506 

0.21559 

0.19662 

1.8 

0.25395 

0.25561 

0.24773 

0.23433 

0.21812 

0.20085 

0.18361 

1.9 

0.21934 

0,22689 

0.22384 

0.21430 

0.20115 

0.18629 

0.17094 

2.0 

0.18363 

0.19726 

0.19927 

0.19384 

0.18398 

0.17173 

0.15845 

2.1 

0.14682 

0.16665 

0.17390 

0.17280 

0.16644 

0.15700 

0.14595 

2.2 

0.10899 

0.13504 

0.14767 

0.15107 

0.14841 

0.14195 

0.13331 

2.3 

0.07029 

0.10248 

0.12054 

0.12857 

0.12976 

0.12647 

0.12038 

2.4 

+0.03094 

0.06908 

0.09255 

0.10528 

0.11045 

0.11045 

0.10707 

2.5 

-0.00872 

0.03504 

0.06378 

0,08121 

0.09043 

0.09385 

0.09330 

2.6 

-0.04827 

+  0.00063 

0.03440 

0,05645 

0,06972 

0.07662 

0.07900 

2.7 

-0.08719 

-0.03378 

+0.00466 

0.03113 

0.04840 

0.05879 

0.06416 

2.8 

-0.12486 

-0,06773 

-0.02513 

+  0.00547 

0.02659 

0.04042 

0,04879 

2.9 

-0.16058 

-0.10069 

-0.05457 

-0,02025 

+0.00447 

0.02163 

0,03296 

3.0 

-0.19356 

-0.13202 

-0.08319 

-0.04569 

-0.01769 

+0.00259 

0.01677 

3.1 

-0.22295 

-0.16105 

-0,11043 

-0.07041 

-0,03960 

-0.01649 

+  0.00038 

3.2 

-0.24788 

-0.18700 

-0,13568 

-0.09392 

-0.06087 

-0.03531 

-0.01602 

3.3 

-0.26746 

-0.20910 

-0,15826 

-0.11569 

-0.08106 

-0.05355 

-0.03216 

^.4 

-0,28083 

-0.22656 

-0,17749 

-0.13511 

-0.09969 

-0,07080 

-0.04774 

3.5 

-0.28722 

-0.23861 

-0,19265 

-0,15158 

-0.11623 

-0,08664 

-0.06242 

3.6 

-0.23598 

-0,24455 

-0,20307 

-0,16446 

-0,13014 

-0.10061 

-0.07581 

3.7 

-0.27664 

-0,24381 

-0.20814 

-0,17317 

-0,14088 

-0.11222 

-0,08750 

3.8 

-0,25895 

-0.23596 

-0.20735 

-0,17718 

-0.14793 

-0.12101 

-0.09707 

3.9 

-0.23299 

-0,22079 

-0.20033 

-0,17604 

-0,15084 

-0,12652 

-0.10411 

4.0 

-0.19913 

-0.19835 

-0.18692 

-0,16946 

-0,14922 

-0.12836 

-0.10824 

4.1 

-0.15813 

-0,16901 

-0.16717 

-0.15730 

-0,14284 

-0.12624 

-0.10912 

4.2 

-0.11115 

-0,13343 

-0.14143 

-0,13965 

-0.13162 

-0,11996 

-0.10653 

4.3 

-0,05975 

-0.09266 

-0.11032 

-0.11684 

-0.11566 

-0.10948 

-0,10030 

4.4 

-0.00585 

-0.04811 

-0.07481 

-0.08947 

-0.09531 

-0,09494 

-0.09046 

4.5 

+  0.04828 

-0.00149 

-0.03614 

-0.05843 

-0.07112 

-0.07669 

-0.07716 

4.6 

0.10016 

+0.04518 

+  0.00411 

-0.02485 

-0.04392 

-0.05525 

-0.06075 

4.7 

0.14714 

0.08968 

0.04416 

-0,00985 

-0.01477 

-0,03141 

-0.04174 

4.8 

0.18659 

0.12967 

0.08203 

0,04406 

+  0.01506 

-0.00614 

-0.02086 

4.9 

0,21607 

0.16286 

0.11567 

0.07604 

0.04414 

+  0,01943 

+0.00100 

5.0 

0.23350 

0.18712 

0.14307 

0.10399 

0.07092 

0,04399 

0.02281 

7-3)2" 
_  5  _ 

7-3)1' 
5 

7-4)8" 
5 

R-4)7-l 
4 

'(-4)T 
4 

"(-4i8' 
4 

7-4)8' 
4 
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Table  19.2 


X 

P^(0.4,-x) 

pr(o.5,  -X) 

Py(0.6,-i) 

P^(0.7,-x) 

P^(0.8,  -x) 

W(0.9,-x) 

P^(1.0,-x) 

0.0 

0.91553 

0.87718 

0.84130 

0.80879 

^.im^i 

0.75416 

0.73148 

0.1 

0.97201 

0.93642 

0.90331 

0.87352 

0.84714 

0.82396 

0.80361 

0.2 

1.03235 

1.00031 

0.97072 

0.94433 

0.92122 

0.90115 

0.88375 

0.3 

1.09671 

1.06911 

1.04386 

1.02166 

1.00258 

0.98636 

0.97265 

0.4 

1.16520 

1.14300 

1.12302 

1.10591 

1.09173 

1.08022 

1.07106 

0.5 

1.23789 

1.22215 

1.20846 

1.19746 

1.18917 

1.18338 

1.17975 

0.6 

1.31475 

1.30664 

1.30040 

1.29663 

1.29538 

1.29644 

1.29949 

0.7 

1.39567 

1.39648 

1.39896 

1.40371 

1.41079 

1.42000 

1.43106 

0.8 

1.48046 

1.49158 

1.50419 

1.51888 

1.53574 

1.55459 

1.57519 

0.9 

1.56879 

1.59174 

1.61602 

1.64225 

1.67051 

1.70068 

1.73254 

1.0 

1.6602 

1.6966 

1.7343 

1.7738 

1.8153 

1.8586 

1.9037 

1.1 

1.7541 

1.8057 

1.8586 

1.9133 

1.9700 

2.0286 

2.0891 

1.2 

1.8497 

1.9184 

1.9884 

2.0603 

2.1345 

2.2107 

2.2891 

1.3 

1.9460 

2.0337 

2.1230 

2.2144 

2.3083 

2.4048 

2.5037 

1.4 

2.0418 

2.1506 

2.2613 

2.3746 

2.4909 

2.6102 

2.7327 

1.5 

2.1358 

2.2677 

2.4020 

2.5397 

2.6811 

2.8264 

2.9756 

1.6 

2.2263 

2.3833 

2.5437 

2.7083 

2.8m 

3.0520 

3.2316 

1.7 

2.3115 

2.4956 

2.6843 

2.8785 

3.0788 

3.2856 

3.4991 

1.8 

2.3891 

2.6023 

2.8216 

3.0480 

3.2823 

3.5249 

3.7762 

1.9 

2.4570 

2.7009 

2.9529 

3.2141 

3.4854 

3.7674 

4.0605 

2.0 

2.5125 

2.7886 

3.0752 

3.3737 

3.6849 

4.0097 

4.3487 

2.1 

2.5529 

2.8623 

3.1853 

3.5231 

3.8770 

4.2479 

4.6368 

2.2 

2.5754 

2.9188 

3.2793 

3.6583 

4.0573 

4.4775 

4.9201 

2.3 

2.5770 

2.9546 

3.3532 

3.7748 

4.2209 

4.6931 

5.1930 

2.4 

2.5548 

2.9660 

3.4030 

3.8678 

4.3624 

4.8889 

5.4490 

2.5 

2.5061 

2.9496 

3.4241 

3.9321 

4.4760 

5.0582 

5.6811 

2.6 

2.4283 

2.9018 

3.4124 

3.9626 

4.5555 

5.1940 

5.8811 

2.7 

2.3192 

2.8196 

3.3634 

3.9538 

4.5944 

5.2887 

6.0405 

2.8 

2.1772 

2.7001 

3.2734 

3.9007 

4.5863 

5.3346 

6.1502 

2.9 

2.0013 

2.5413 

3.1389 

3.7984 

4.5251 

5.3240 

6.2008 

3.0 

1.7914 

2.3419 

2.9573 

3.6430 

4.4050 

5.2495 

6.1832 

3.1 

1.5484 

2.1015 

2.7270 

3.4312 

4.2211 

5.1041 

6.0883 

3.2 

1.2746 

1.8213 

2.4478 

3.1612 

3.9697 

4.8822 

5.9081 

3.3 

0.9733 

1.5038 

2.1206 

2.8324 

3.6486 

4.5794 

5.6359 

3.4 

0.6496 

1.1529 

1.7487 

2.4466 

3.2576 

4.1934 

5.2669 

3.5 

+0.3098 

0.7746 

1.3369 

2.0074 

2.7987 

3.7241 

4.7985 

3.6 

-0.0381 

+0.3767 

0.8923 

1.5210 

2.2767 

3.1746 

4.2315 

3.7 

-0.3848 

-0.0314 

+  0.4244 

0.9962 

1.6994 

2.5511 

3.5700 

3.8 

-0.7198 

-0.4385 

-0.0553 

+  0.4445 

1.0779 

1.8636 

2.8225 

3.9 

-1.0317 

-0.8319 

-0.5332 

-0.1199 

+  0.4263 

1.1259 

2.0016 

4.0 

-1.3084 

-1.1977 

-0.9940 

-0.6804 

-0.2378 

+0.3558 

1.1251 

4.1 

-1.5382 

-1.5216 

-1.4209 

-1.2184 

-0.8941 

-0.4249 

+  0.2152 

4.2 

-1.7095 

-1.7893 

-1.7966 

-1.7136 

-1.5199 

-1.1915 

-0.7013 

4,3 

-1.8124 

-1.9871 

-2.1039 

-2.1453 

-2.0907 

-1.9160 

-1.5936 

4.4 

-1.8391 

-2.1032 

-2.3268 

-2.4930 

-2.5817 

-2.5692 

-2.4280 

4.5 

-1.7844 

-2.1283 

-2.4513 

-2.7376 

-2.9685 

-3.1213 

-3.1692 

4.6 

-1.6469 

-2.0567 

-2.4668 

-2.8632 

-3.2291 

-3.5437 

-3.7818 

4.7 

-1.4292 

-1.8870 

-2.3670 

-2.8579 

-3.3452 

-3.8110 

-4.2326 

4.8 

-1.1387 

-1.6231 

-2.1513 

-2.7153 

-3.3040 

-3.9027 

-4.4924 

4.9 

-0.7876 

-1.2742 

-1.8252 

-2.4359 

-3.0995 

-3.8054 

-4.5392 

5.0 

-0.3927 

-0.8557 

-1.4010 

-2.0281 

-2.7346 

-3.5149 

-4.3599 

r(-2)n 

5 

[(-2)1] 
5 

r(-2)n 

5 

r(-2)2"| 
5 

r(-2)2"| 
5 

[(-2)21 
5 

[(-2)3-1 
5 
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Table  19.3 


PARABOLIC    CYLIXDER    FUNCTIONS 
AUXILIARY  FUNCTIONS 


The  functions  t>i,  t>2»  ^3  of  19.10  and  19.23  are  needed  in  Darwin's  expansion  and  also 
the  function  7  of  19.7  and  19.20. 


« 

•Ji 

^3 

T 

f 

*l 

*2 

T 

0.0 

0.  00000 

0.  39270 

-0.  70270 

5.0 

6.  9519 

5.5506 

4.1079 

0.1 

0.  05008 

0. 34278 

-0.  64181 

5.1 

7.2093 

5.7981 

4.2291 

0.2 

0.10066 

0. 29337 

-0.  57855 

5.2 

7.4716 

6.  0507 

4. 3511 

0.3 

0.15222 

0.  24498 

-0.51304 

5.3 

7. 7388 

6.  3084 

4.4738 

0.4 

0. 20521 

0. 19817 

-0. 44540 

5.4 

8.0109 

6.  5712 

4. 5972 

0.5 

0.  26006 

0.15355 

-0.37574 

5.5 

8.  2880 

6.  8391 

4. 7213 

0.6 

0.  31713 

0.11182 

-0.30415 

5.6 

8.5700 

7.1120 

4. 8461 

0.7 

0.  37678 

0.  07387 

-0. 23071 

5.7 

8. 8569 

7.3901 

4.9716 

0.8 

0. 43929 

0.04088 

-0.15549 

5.8 

9.1487 

7.6732 

5. 0977 

0.9 

0.  50492 

0.01468 

-0. 07857 

5.9 

9. 4454 

7.9614 

5.2246 

i 

•^l 

rf2 

7 

i 

^1 

d2 

T 

1.0 

0.  57390 

0. 00000 

0.00000 

6.0 

9. 7471 

8.2546 

5. 3521 

1.1 

0.  64640 

0.01513 

0.  08015 

6.1 

10.  0537 

8.5530 

5.  4803 

1.2 

0.  72261 

0. 04341 

0.16185 

6.2 

10.3652 

8.  8564 

5.  6092 

1.3 

0.80265 

0.08086 

0.24502 

6.3 

10.6817 

9.1649 

5.7387 

1.4 

0.  88666 

0.12617 

0.  32964 

6.4 

11.  0031 

9.  4784 

5.  8688 

1.5 

0.  97473 

0.17866 

0.41566 

6.5 

11.3295 

9.7970 

5.  9996 

1.6 

1. 06696 

0.23786 

0. 50304 

6.6 

11. 6608 

10.1207 

6.1310 

1.7 

1.16344 

0.  30347 

0.  59175 

6.7 

11.9970 

10.4494 

6.2631 

1.8 

1.26422 

0.37527 

0. 68175 

6.8 

12. 3382 

10.7832 

6.  3958 

1.9 

1.36937 

0.45309 

0.  77300 

6.9 

12.6843 

11.1220 

6. 5290 

2.0 

1.47894 

0.53679 

0. 86549 

7.0 

13.0354 

11.4659 

6. 6629 

2.1 

1.59299 

0.  62626 

0.95917 

7.1 

13.3914 

11.8148 

6.7974 

2.2 

1.71155 

0.  72142 

1.05403 

7.2 

13.7524 

12.1688 

6.  9325 

2.3 

1.83466 

0.82220 

1.15004 

7.3 

14.1183 

12.5278 

7. 0682 

2.4 

1. 96236 

0. 92853 

1.  24716 

7.4 

14.4892 

12.8919 

7.2045 

2.5 

2. 09467 

1.04036 

1.34539 

7.5 

14.8651 

13.2610 

7. 3414 

2.6 

2.23163 

1.15764 

1.  44470 

7.6 

15.2459 

13.6352 

7.  4789 

2.7 

2.37325 

1.28034 

1.54506 

7.7 

15.6316 

14. 0144 

7.6169 

2.8 

2.51956 

1. 40843 

1. 64646 

7.8 

16. 0223 

14.3987 

7.7555 

2.9 

2.  67058 

1. 54187 

1. 74888 

7.9 

16.4180 

14.7880 

7. 8947 

3.0 

2.82632 

1.68063 

1. 85229 

8.0 

16.8186 

15.1823 

8. 0344 

3.1 

2.98681 

1.82470 

1.  95669 

8.1 

17.2242 

15.5817 

8.1747 

3.2 

3.15205 

1. 97406 

2. 06206 

8.2 

17. 6348 

15.9861 

8. 3155 

3.3 

3.32207 

2.12867 

2. 16837 

8.3 

18,  0503 

16.3956 

8. 4569 

3.4 

3. 49688 

2.28853 

2.27562 

8.4 

18.4708 

16.  8101 

8. 5989 

3.5 

3.  67648 

2.45363 

2.38378 

8.5 

18.8962 

17.2296 

8.7413 

3.6 

3. 86089 

2.62394 

2.49285 

8.6 

19.3266 

17.6542 

8. 8844 

3.7 

4. 05011 

2.79946 

2. 60281 

8.7 

19.7620 

18. 0838 

9. 0279 

3.8 

4.24416 

2.98017 

2.71365 

8.8 

20.2024 

18.5184 

9.1720 

3.9 

4.44305 

3.16606 

2.82536 

8.9 

20.6477 

18.  9581 

9.3166 

4.0 

4. 64678 

3.35712 

2. 93791 

9.0 

21.0980 

19.4028 

9.4617 

4.1 

4. 85537 

3.  55335 

3. 05131 

9.1 

21.5532 

19.8525 

9. 6074 

4.2 

5. 06880 

3.75474 

3.16554 

9.2 

22. 0135 

20.3073 

9.7535 

4.3 

5.28711 

3.96127 

3. 28058 

9.3 

22.4787 

20.7671 

9.9002 

4.4 

5.51028 

4.17295 

3.  39643 

9.4 

22. 9488 

21.,2319 

10.0474 

4.5 

5.73833 

4.38976 

3.51308 

9.5 

23.4240 

21.7017 

10.1951 

4.6 

5. 97126 

4. 61169 

3. 63051 

9.6 

23.9041 

22.1766 

10.3433 

4.7 

6.20908 

4. 83875 

3. 74872 

9.7 

24. 3892 

22.6565 

10.4920 

4.8 

6.  45178 

5.07093 

3. 86770 

9.8 

24.8792 

23.1414 

10.6411 

4.9 

6.  69938 

5.30822 

3. 98743 

9.9 

25.3742 

23.6314 

10.7908 

5.0         6.95188         5.55062 


4.10792 


['11  ['-!"]  [-n 


10.0    25.8742    24.1264    10.9410 

n']  ['i'T  i'-n 


"VMien  interpolating  for  1^2  ^nd  .jj  for  f  near  unity,  it  is  better  to  interpolate  for  t  and  then 


use 


,>2==r-3'2  0r*3=5(-T)3/2. 
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20.  Mathieu  Functions 


Mathematical  Properties 

20.1.  Mathieu's  Equation 
Canonical  Form  of  the  Differential  Equation 


20.1.1 


20.1.2 


Mathieu's  Modified  Differential  Equation 

41 

du 


^,-ia-2q  cosh  2u)J=0 


(v=iu,y=f) 


Relation  Between  Mathieu's  Equation  and  the  Wave 
Equation  for  the  Elliptic  Cylinder 

The  wave  equation  in  Cartesian  coordinates  is 


a=-^  -+(F-c)2p2  cos  2v 


20.1.3 


bW 


dx^      dy^      dz^ 


A  solution  TT'  is  obtainable  b}'  separation  of  vari- 
ables in  elliptical  coordinates.     Thus,  let 

x=p  cosh  u  cos  v;  y=p  sinh  u  sin  v;  z=z; 

p  a  positive  constant;  20.1.3  becomes 


20.1.4 

dz'^ 


2 p2  (cosh  2u—  cos  2v)  \du^      dv^ 

Assuming  a  solution  of  the  form 

W=^(z)f(u)g(v) 

and  substituting  the  above  into  20.1.4  one  obtains, 
after  dividing  through  by  W, 


(fidz^ 


where 


1 


2p^  (cosh  2w  — cos  2v) 


Since  z,  u,  v  are  independent  variables,  it  follows 
that 


20.1.5 


d?-^'^=^ 


where  c  is  a  constant. 

Again,  from  the  fact  that  G=c  and  that  u,  v 
are  independent  variables,  one  sets 

20.1.6 

a=^2  4+(F-c)2p2  cosjj  2w 


where  a  is  a  constant.  The  above  are  equivalent 
to  20.1.1  and  20.1.2.  The  constants  c  and  a  are 
often  referred  to  as  separation  constants,  due  to  the 
role  they  play  in  20.1.5  and  20.1.6. 

For  some  physically  important  solutions,  the 
function  g  must  be  periodic,  of  period  t  or  2t. 
It  can  be  shown  that  there  exists  a  countably 
infinite  set  of  characteristic  values  a^iq)  which  yield 
even  periodic  solutions  of  20.1.1;  there  is  another 
countably  infinite  sequence  of  characteristic  values 
briq)  which  yield  odd  periodic  solutions  of  20.1.1. 

It  is  known  that  there  exist  periodic  solutions  of 
period  kir,  where  k  is  any  positive  integer.  In 
what  follows,  however,  the  term  characteristic 
value  will  be  reserved  for  a  value  associated  with 
solutions  of  period  tt  or  27r  only.  These  character- 
istic values  are  of  basic  importance  to  the  general 
theory  of  the  differential  equation  for  arbitrary 
parameters  a  and  q. 


An  Algebraic  Form  of  Mathieu's  Equation 


20.1.7 


H-t')  ^,-t  ^+(a+2g-4gi^)2/=0 


(cos  v=t) 

Relation  to  Spheroidal  Wave  Equation 

20.1.8     (i-t^)^,-2(b-hl)t^-h{c-4qt')y=0 


dt' 


dt 


Thus.   Mathieu's   equation  is   a   special   case   of 
20.1.8,  with  i  =  — i  c=a-\-2q. 

20.2.  Determination  of  Characteristic  Values 

A  solution  of  20.1.1  with  v  replaced  by  z,  having 
period  t  or  27r  is  of  the  form 


20.2.1 


y=^  {A„  cos  mz-\-  Bn  sin  mz) 

m=0 


where  Bq  can  be  taken  as  zero.     If  the  above  is 
substituted  into  20.1.1  one  obtains 


20.2.2 

77J=-2 


q(A,n-2+A„+2)]  COS  mz 


+  X)    [{a-m')B,„-q(B^.,+  B„+,)]  sin  mz=0 

77J=-1 

A.r„,  B_m=0  m>0 
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Equation  20.2.2  can  be  reduced  to  one  of  four 
simpler  types,  given  in  20.2.3  and  20.2.4  below 

20.2.3  2/o=X)  Am+p  cos  {2m-\-p)z,         p  =  0  or  1 

m=0 

CO 

20.2.4  ?/i=X)  ^2;n+p  sin  (2m+p)z,         p=0  or  1 

m=0 

If  p=0,  the  solution  is  of  period  tt;  if  p  =  l,  the 
solution  is  of  period  2ir. 

Recurrence  Relations  Among  the  Coefficients 

Even  solutions  of  period  tt: 

20.2.5  aAo—qA2  =  0 

20.2.6  (a-4:)A2-qi2Ao-^A,)=0 

20.2.7  (a-m')A^-g{A^.2^A,r^+2)=0         (m>3) 
Even  solutions  of  period  2t: 

20.2.8  (a-l)Ai-q(A,-^A3)=0, 
along  with  20.2.7  for  m>3. 

Odd  solutions  of  period  tt: 

20.2.9  {a-4:)B2-qB^=0 

20.2.10  {a-m-')Bm-q(Bm-2+B,r.+2)  =  0        (m>3) 
Odd  solutions  of  period  2ir: 

20.2.11  (a-\)B,  +  q{B,-B,)=0, 
along  with  20.2.10  for  m>3. 

Let 

20.2.12  Ge,n=AJAm-2,  Gor,=BJB^^2; 

Gm=Gem  or  Go^  when  the  same  operations  apply 
to  both,  and  no  ambiguity  is  likely  to  arise. 
Further  let 

20.2.13  Vr,=  (a-m')/q. 
Equations  20.2.5-20.2.7  are  equivalent  to 


20.2.14  Ge2=Vo;Gei=V2- 


2_ 

'Ge2 


20.2.15  G^=l/(V^-Gm+2)         (m>3), 

for  even  solutions  of  period  tt. 
Similarly 

20.2.16  Vi  —  \  =  Ge3;  for  even  solutions  of  period 
2t,  along  with  20.2.15 

20.2.17  Vi  +  l  =  Go3,  for  odd  solutions  of  period 
27r,  along  with  20.2.15 

•See  page  n. 


20.2.18     V2=Goi,  for  odd  solutions  of  period  tt, 
along  with  20.2.15 

These  three-term  recurrence  relations  among  the 
coefficients  indicate  that  every  G^  can  be  developed 
into  two  types  of  continued  fractions.  Thus 
20.2.15  is  equivalent  to 


20.2.19 

Gm  = 


1 


1 


1 


1 


Vm—Gm+2       F„,—   Vm  +  2—  ^m  +  4  — 

20.2.20 

Gr,+2  =  V,,-\IGm 


.  (m>3) 


=V„ 


1 


1 


f>Q 


V„-2—   ^m-4—    '    "    "   Vo+d  +  *Pl 


(m>3) 


where 


<Pl  =  d=0;   (po=2,  if  Grn+2  =  A2s/A2s-2 
<Pl=d=^<P0=0,  if  Gm+2  =  B2,/B2,-2 
^=  —  1;   (Po  =  d=l,  if  Gm+2  =  A2,+JA2,-i 
<Pl=d  =  <l>o=l,  if  Gm+2  =  B2s+i/B2,-i 

The  four  choices  of  the  parameters  <pi,  (po,  d 
correspond  to  the  four  types  of  solutions  20.2.3- 
20.2.4.  Hereafter,  it  will  be  convenient  to  sep- 
arate the  characteristic  values  a  into  two  major 
subsets: 

a=ar,  associated  with  even  periodic  solutions 

a  =  br,  associated  with  odd  periodic  solutions 

If  20.2.19  is  suitably  combined  with  20.2.13-20.2.18 
there  result  four  types  of  continued  fractions,  the 
roots  of  which  yield  the  required  characteristic 
values 

2        1         1 


20.2.21     F, 
20.2.22 

V,-l 

20.2.23     V. 
20.2.24 

Fi+1 


^"        V2- 

-V,- 

-Fe- 

1 

1 

1 

F3- 

^5- 

V,-- 

--K- 

1 

1 

1 

1 

1 

F3-  Vs-  V,- 


.  .  .  =0      Roots:  a^T 

.  =0      Roots:  ajr+i 
.  .  .  =0      Roots:  b2T 

.  =0      Roots:  62r+i 


If  a  is  a  root  of  20.2.21-20.2.24,  then  the  corre- 
sponding solution  exists  and  is  an  entire  function 
of  2,  for  general  complex  values  of  5. 

If  2  is  real,  tlien  the  Sturmian  theory  of  second 
order    linear    differential    equations    yields    the 


273-888   O  -  67  -  47 
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following: 

(a)  For  a  fixed  real  2,  characteristic  values  a^  and 
br  are  real  and  distinct,  if  25^0;  aQ<^bi<Ccii 
<b2<(h<  •  •  •,  2>0  and  ar{q),  6,(2)  ap- 
proach r^  as  2  approaches  zero. 

(b)  A  solution  of  20.1.1  associated  with  a^.  or  br 
has  r  zeros  in  the  interval  0<2<7r,  (5  real). 

(c)  The  form  of  20.2.21  and  20.2.23  shows  that  if 
a2r  is  a  root  of  20.2.21  and  q  is  different  from 
zero,  then  (hr  cannot  be  a  root  of  20.2.23; 
similarly,  no  root  of  20.2.22  can  be  a  root  of 
20.2.24  if  g^^O.  It  may  be  shown  from  other 
considerations  that  for  a  given  point  (a,  q) 
there  can  be  at  most  one  periodic  solution  of 
period  tt  or  27r  if  55^0.  This  no  longer  holds 
for  solutions  of  period  sir,  s>3;  for  these  all 
solutions  are  periodic,  if  one  is. 


-241- 


FiGURE  20.1.     Characteristic  Values  Or,  br         /  =0,1(1)5 


Power  Series  for  Characteristic  Values 


20.2.25 


ar.(o)  =     g^  I  7q'     29g^   68687  g« 
^  ^^    2  "^128  2304"'"  18874368' 


«.(-2)  =  l-2-t-+ 


llg^  ,  492* 


61(2) 


8  '  64  1536  36864^589824 
552'     832*   , 


9437184  35389440 


62(2)=4-:S4 


52* 


2892' 


12  '  13824  79626240 


21391 2* 


458647142400 


a2(2)=4-f 


52'  7632'  1002401 2^ 
12  13824"^  79626240 


16690684012* 
'458647142400" 


«3l  e;  y-h^g  64  "^20480  "'"16384 
63(g) 

1961 2'  , 


6092' 


23592960  '  104857600 


^iKqj      ^^'Toci      CA/<nnn'  0701  cnnnnn  I 


30  864000  '  2721600000 


a4(2)  =  16+^4 


4332* 


5701 2' 


30  '  864000  2721600000 


^^^":5^-^^"^48"^"  774144  ""147456 
65(2) 


372* 


891813888 


7,  /  X  ofil  g'  ,   1872*     58616332'   . 


70  '  43904000  92935987200000 


a6(2)=364 


1872* 


67436172' 


70  '  43904000  '  92935987200000 


For  r>7,  and  I2I  not  too  large,  a,,  is  approxi- 
mately equal  to  6„  and  the  foUomng  approxima- 
tion may  be  used 

20.2.26 

qA^^I        g^        I         (5/^+7)2* 
brj         "^2(r2-l)"^32(r2-l)^(r2-4) 

(9r^+58r^+29)2' 
"^64(r2-l)5(r2-4)(r'-9)'^  '  '  * 
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The  above  expansion  is  not  limited  to  integral 
values  of  r,  and  it  is  a  very  good  approximation 
for  r  of  the  form  n-\-\  where  n  is  an  integer.  In 
case  of  integral  values  of  r=n,  the  series  holds 
only  up  to  terms  not  involving  r^—n^  in  the 
denominator.  Subsequent  terms  must  be  derived 
specially  (as  shown  by  Mathieu).  MulhoUand 
and  Goldstein  [20.38]  have  computed  character- 
istic values  for  purely  imaginary  5  and  found  that 
Go  and  a^  have  a  common  real  value  for  \q\  in  the 
neighborhood  of  1.468;  Bouwkamp  [20.5]  has 
computed  this  number  as  5^0=  ±i  1.46876852  to  8 
decimals.  For  values  of  —iq'^—iqo,  ao  and  02 
are  conjugate  complex  numbers.  From  equation 
20.2.25  it  follows  that  the  radius  of  convergence 
for  the  series  defining  ao  is  no  greater  than  \qo\. 
It  is  shown  in  [20.36],  section  2.25  that  the  radius 
of  convergence  for  a2niq),  n>2  is  greater  than  3. 
Furthermore 

ar-br=0(q'/r'-^),  r^oo. 

Power  Series  in  q  for  the  Periodic  Functions  (for 
sufficiently  small  \q\) 

20.2.27 


_  , /cos  62_11  cos  22\  ~j 

~^  \1152  l28     /"*"  •  ■  J 


cei{z,  q)=cos  z—^  cos  3z 

8 


2  fcos  5z    cos  3z     cos  z~\ 
^^  L  192  64        l28~J 


_  ,  Fcos  72_cc 
^L  9216  ~1 


cos  5z    cos  3z  ,  cos  z 


152        3072  ^  512 


]... 


sei(z,  5)=sin  2— |  sin  3z 


+  2= 


D 


192 


64 


128  J 


^2  |"sin  Ss^sin  32_sin  2~j 
^  L9216  ^  1152       3072       512 


Fsin  7z     sin  5z     sin  3z     sin  z 


0 


+ 


se 


(^  r.\     o,-v,o         sin  42  ,    , /sin  62     sin22\  . 
(2,  g)=sm22-,^2-+5\^84— 288-)+ 

20.2.28 

cer{z,  q) 


scriz,  q) 


=cos  {rz—p{Trl2))  —  q 


\  cosl  (/'+2)2-p^1 


cos[(r-2)2-j?(7r/2)] 
4(r-l) 


2  /  cos[(r+4)2-;p(7r/2)]     COs[(r-4)2-j?(7r/2)] 
"^^\       32(r+l)(r+2)      "•"      32(r-.l)(r-2) 

cos  [rz—p{ 


32 


7r/2)]r2(r^+l)-]^ 


with  p  =  0  for  cer{z,  q),  p=\  for  se^z,  q),  r>3. 


^> 


-.2 


-lOl- 


10°         yZCPX     30°\      40°  50°  V     60°        ]70°        80°         ^ 

V  4  /\  / 

\   ^^  /  V 

\  ^'  X   /     ^^^ 


••z 


Figure  20.2.     Even  Periodic  Mathieu  Functions,  Orders  0-5 


/   s     n          /cos  42  1\  ,  „ /cos  62  19  cos 
ce^iz,  q)  =  cos  2z-q{-^-~)-^q^  {-^^ ^88 


22^ 


1+.. 
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se. 


1.2 


//  A.  V  \ 

!!//   A.   \    < 
Ml/  X     4  "'\       ■ 


/ 


I 

\  ! 
\l 

h 


-10 


J LI 


\  40"       > 


4 


|\  I    / I 1. 


~i^         20^         30°       UO"       >50^         60°\        70f         80"  /90" 


\ 


\ 


I 


\ 


A     / 
/\   / 


Figure  20.3.     Odd  Periodic  Mathieu  Functions,  Orders  1-5 
9=1- 


1.6  - 


1.2 


1.0 


-.6 


H.O 


80°         /90' 
.        / 


\30°     40°\      50°        ^60?        70°\  / 

\     \   l\  I  \  I 


-^2 


.  /   V     \ 


\  u,x 


\ 


Figure  20.4.     Even  Periodic  Mathieu  Functions,  Orders  0-5 
9=10. 


se 

16 


10°  20°         30' 


1 LJ U L_l — i_l J. 

^       40°      ^0°        veo°      70°\   /  80°        /9 

\     >     v     / 


\  \  A  / 


— -z 


^ 


V 


Figure  20.5.     Odd  Periodic  McUhieu  Functions,  Orders  1-5 
9=10. 

For  coefficients  associated  with  above  functions 

20.2.29 

Al{Q)=2-^;A\{Q,)=B\{0)  =  \,  r>0 

^;+2'=[(_l)V!  <fl^'{r-^s)\  s\]  C^+  .  .  . 

r.«>0,  C'r=A\  or  5; 

AT      or  7?^      (r-s-iy.q'  ^^ 

Asymptotic  Expansion  for  Characteristic  Values,  qX>l 

Let  w=2r+\,  q=w*<p,  fp  real.     Then 
20.2.30 


ar-^br+i-^  —2q-\-2w^fq 


w"-}- 


.  i^^l) 


8  2'^/^ 

di         dj ds dj 

'2^    2V^*    2V     2V^^ 


where 


,      .  ,  34  ,    9 
di=i>-\ — ^-\ — 4 

,      33  ,  410  ,  405 

"2= T-\ T 
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63     1260     2943     486 
^~w'^  w*  "*"  w«  "^  iif 

_527  15617  69001  41607 
*~  W^  V)^  w'  w^ 

20.2.31  6.+,-a,~2*^+«^^g^^+*e-*^/r!,    g^oo 

(given  in  [20.36]  without  proof.) 

20.3.  Floquet's  Theorem  and  Its  Consequences 

Since  the  coefficients  of  Mathieu's  equation 


20.3.1 


y"+{a—2q  cos  2z)y=0 


are  periodic  functions  of  z,  it  follows  from  the 
known  theory  relating  to  such  equations  that 
there  exists  a  solution  of  the  form 

20.3.2  F,{z)=e''"P{z), 

where  v  depends  on  a  and  q,  and  P{z)  is  a  periodic 
function,  of  the  same  period  as  that  of  the 
coefficients  in  20.3.1,  namely  w.  (Floquet's 
theorem;  see  [20.16]  or  [20.22]  for  its  more  general 
form.)  The  constant  v  is  called  the  characteristic 
exponent.     Similarly 

20.3.3  F,{-z)=e-''"P{-z) 

satisfies  20.3.1  whenever  20.3.2  does.  Both  Fy{z) 
and  Fyi—z)  have  the  property 

20.3.4 

y(z-{-kir)  =  C'yiz),  y=F.(z)  or  F^-z), 

C=e''"  for  F,(z),  C=e-''"  for  FJ-z) 

Solutions  having  the  property  20.3.4  will  hereafter 
be  termed  Floquet  solutions.  Whenever  Fy(z) 
and  F„{—z)  are  linearly  independent,  the  general 
solution  of  20.3.1  can  be  put  into  the  form 


20.3.5 


y=AF.{z)+BF.{-z) 


If  ABj^Q,  the  above  solution  will  not  be  a  Floquet 
solution.  It  will  be  seen  later,  from  the  method 
for  determining  v  when  a  and  q  are  given,  that 
there  is  some  ambiguity  in  the  definition  of  v; 
namely,  p  can  be  replaced  by  p+2k,  where  k  is  an 
arbitrary  integer.  This  is  as  it  should  be,  since 
the  addition  of  the  factor  exp  (2ikz)  in  20.3.2  still 
leaves  a  periodic  function  of  period  ir  for  the 
coefficient  of  exp  ivz. 

It  turns  out  that  when  a  belongs  to  the  set  of 
characteristic  values  a,  and  6,  of  20.2,  then  v  is 
zero  or  an  integer.  It  is  convenient  to  associate 
v=r  with  ttriq),  and  v=—r  with  b,(q);  see  [20.36]. 
In  the  special  case  when  v  is  an  integer,  Fy(z)  is 


proportional  to  Fy(—z);  the  second,  independent 
solution  of  20.3.1  then  has  the  form 

00 

20.3.6  y2=zcer(z,  g)+S  d2k+p  sin  {2k+p)2, 

k=Q 

associated  with  ceriz,  q) 

00 

20.3.7  y2=zser{z,  2)+S/2t+p  cos  (2k-\-p)z, 

associated  with  scriz,  q) 

The  coefficients  d2k+p  and  /2*+p  depend  on  the  cor- 
responding coefficients  Am  and  B^,  resp>ectively, 
of  20.2,  as  well  as  on  a  and  q.  See  [20. 30 J,  section 
(7.50)-(7.51)  and  [20.58],  section  V,  for  details. 
If  »/  is  not  an  integer,  then  the  Floquet  solutions 
F,(z)  and  Fy(—z)  are  linearly  independent.  It 
is  clear  that  20.3.2  can  be  written  in  the  form 


20.3.8 


Fy{z)=  2    Cue'''-''''' 
fc=-<» 


From  20.3.8  it  follows  that  if  z'  is  a  proper  fraction 
mi/mj,  then  every  solution  of  20.3.1  is  periodic, 
and  of  period  at  most  2irm2.  This  agrees  with 
results  already  noted  in  20.2;  i.e.,  both  independent 
solutions  are  periodic,  if  one  is,  provided  the  period 
is  different  from  r  and  2ir. 

Method  of  Generating  the  Characteristic  Exponent 

Define   two  linearly  independent  solutions   of 
20.3.1,  for  fijced  a,  qhj 

2/i(0)  =  l;2/((0)  =  0. 

y2(0)=0;2/^(0)  =  l. 

Then  it  can  be  shown  that 


20.3.9 


20.3.10 


cos  ']rv—yi(T)  =  0 


■4)y4h 


20.3.11       cos  TTj;— 1-2?/ 


Thus   u  may  be  obtained  from  a  knowledge  of 

?/i  (tt)  or  from  a  knowledge  of  both  2/1(0)  and  2/2(2)' 

For  numerical  purposes  20.3.11  may  be  more 
desirable  because  of  the  shorter  range  of  integra- 
tion, and  hence  the  lesser  accumulation  of  round- 
off errors.  Either  u,  —v,  or  ±v-\-2k  (k  an  arbi- 
trary integer)  can  be  taken  as  the  solution  of 
20.3.11.  Once  v  has  been  fixed,  the  coefficients 
of  20.3.8  can  be  determined,  except  for  an  arbitrary 
multiplier  which  is  independent  of  z. 

The  characteristic  exponent  can  also  be  com- 
puted from  a  continued  fraction,  in  a  manner 
analogous  to  developments  in  20.2,  if  a  sufficiently 
close  first  approximation  to  i'  is  available.     For 
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systematic  tabulation,  this  method  is  considerably 
faster  than  the  method  of  numerical  integration. 
Thus,  when  20.3.8  is  substituted  into  20.3.1, 
there  result  the  following  recurrence  relations: 

20.3.12  F2„C2„  =  C2n-2  +  C2„+2 

where 

20.3.13     V2n=[a-(2n-\-py]/q,  -oo<n<co. 

When  V  is  complex,  the  coefficients  F2„  may  also 
be  complex.  As  in  20.2,  it  is  possible  to  generate 
the  ratios 

Gm  =  CJCn-2  and  H-m  =  C-m-2/C-m 

from  the  continued  fractions 


20.3.14 


Gm=jf Tr '  W>0 

y  m V    m+2 •      •     • 


H-nr= 


1 


1 


V-m-2 —      y  -m-i 


m>0. 


From  the  form  of  20.3.13  and  the  known  properties 
of  continued  fractions  it  is  assured  that  for 
sufficientl}'  large  values  of  \m\  both  \Gm\  and 
\H^n\  converge.  Once  values  of  G^  and  H-m  are 
available  for  some  sufficiently  large  value  of  m, 
then  the  finite  number  of  ratios  G^-i,  G^-i,  .  .  .,  Go 
can  be  computed  in  turn,  if  they  exist.  Similarly 
for  H-n+2,  ■  ■  ■,  Hq.  It  is  easy  to  show  that  v  is 
the  correct  characteristic  exponent,  appropriate 
for  the  point  (a,  q),  if  and  only  if  HqGq=\.  An 
iteration  technique  can  be  used  to  improve  the 
value  of  V,  hj  the  method  suggested  in  [20.3]. 
One  coefficient  Cj  can  be  assigned  arbitrarily;  the 
rest  are  then  completely  determined.  After  all 
the  Cj  become  available,  a  multiplier  (depending 
on  q  but  not  on  z)  can  be  found  to  satisfy  a 
prescribed  normahzation. 

It  is  well  known  that  continued  fractions  ean 
be  converted  to  determinantal  form.  Equation 
20.3.14  can  in  fact  be  written  as  a  determinant 
with  an  infinite  number  of  rows — a  special  case  of 
Hill's  determinant.  See  [20.19],  [20.36],  [20.15], 
or  [20.30]  for  details.  Although  the  determinant 
has  actually  been  used  in  computations  where 
high-speed  computers  were  available,  the  direct 
use  of  the  continued  fraction  seems  much  less 
laborious. 

Special  Cases  (a,  q  Real) 

Corresponding  to  5=0, 2/1  =  cos  -^z,  y2  =  sin  sjaz; 
the  Floquet  solutions  are  exp(iaz)  and  exp(— ms). 
As  or,  q  vary  continuously  in  the  q—a  plane, 
V  describes  curves;  v  is  real  when  {q,  a),  q>Q 
lies  in  the  region  between  0,(5)   and  br+i{q)  and 


Figure  20.6.  Characteristic  Exponent- First  Two  Stable 
Regions  y  =  e''^P(x)  where  P(x)  is  a  periodic  function  of 
period  it. 

Definition  of  v; 

In  first  stable  region,  0  <  v  <  1, 
In  second  stable  region,  1  <i'<2. 

(Constructed  from  tabular  values  supplied  by  T.  Tamlr,  Brooklyn 
Polytechnic  Institute) 


Figure  20.7.  Characteristic  Exponent  in  First  Unstable 
Region.  Differential  equation:  y"  +  {a  —  2g  cos  2x)y  =  0. 
The  Floquet  solution  y=e"^P(x),  ichere  P(x)  is  a  periodic 
function  of  period  x.  In  the  first  unstable  region,  v  =  ifi: 
fji  is  given  for  a>— 5.     (Constructed  at  NBS.) 
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1.3 


1.4  1.5 


\£ 


2q 
0 


2.0 


Charts  of  the  Characteristic  Exponent. 

(From  S.  J.  Zaroodny,  An  elementary  review  of  the  Mathieu-IIill  equation  of  real  variable  based  on  numerical  solu- 
tions, Ballistic  Research  Laboratory  Memo.  Rept.  878,  Aberdeen  Proving  Ground,  Md.,  IQ.W,  with  permission.) 

s  =  e"^  — constant;  in  unstable  regions 

v  =  constant;  in  stable  regions 

-  .  -  .  -  Lines  of  constant  values  of  —q. 


Figure  20.8 


Figure  20.9 


*  -yla 
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Figure  20.10.     Chart  of  the  Characteristic  Exponent. 

(From  S.  J.  Zaroodnv,  An  elementarj  review  of  the  Maihieu-Hill  equation 

of  real  variable  based  on  numerical  solutions,  Ballistic  Research  Laboratory 

Memo.  Rept.  878,  Aberdeen  Proving  Ground,  Md.,  1955,  vnth  p)ermission) 

s  =  e"'  =  constant;  in  unstable  regions 

v  =  constant;  in  stable  regions 

-  .  -  .  -  Lines  of  constant  values  of  —q. 


all  solutions  of  20.1.1  for  real  z  are  therefore 
bounded  i^stable) ;  v  is  complex  in  regions  between 
br  and  a^;  in  these  regions  every  solution  becomes 
infinite  at  least  once;  hence  these  regions  are 
termed  "unstable  regions".  The  characteristic 
curves  a^,  6r  separate  the  regions  of  stability. 
For  negative  q,  the  stable  regions  are  between 
62r+i  and  62r+2,  (hr  aud  02,+! ;  the  unstable  regions  are 
between  a2r+i  and  62r+i,  dir  and  b2r- 

In  some  problems  solutions  are  required  for  real 
values  of  z  only.  In  such  cases  a  knowledge  of 
the  characteristic  exponent  v  and  the  periodic 
function  P{z)  is  sufficient  for  the  evaluation  of 
the  required  functions.  For  complex  values  of  z, 
however,  the  series  defining  P{2)  converges  slowly. 
Other  solutions  will  be  determined  in  the  next 
section;  they  all  have  the  remarkable  property 
that  they  depend  on  the  same  coefficients  c„ 
developed  in  connection  with  Floquet's  theorem 
(except  for  an  arbitrary  normalization  factor). 


Expansions  for  Small  q  ([20.36]  chapter  2) 

If  V,  q  are  fixed : 

20.3.15 

q'        ,         (5p'+7)q' 


^     ''+2(v2-l)"^32(v2-l)3(^2-4) 

(9v^+58»/='+29)g^ 
~^64(v2- 1)5(^2-4)  (I'^-Q)"^ 

For  the  coefficients  C2}  of  20.3.8 

20.3.16 

-q  (,2_|,4,+7)g3 

''  °     4(v+l)     \2^{v+\)\v+2){v-\y 


(''5^1,2,3), 


(»'?^1,2) 


C4/co=g'/32(v+l)(v+2)+  .  .. 

c2,/co=(-i)Yr(»'+i)/2^s!r(»'+s+i)+  . . . 

20.3.17 

f.(.)=c.[e--3{jj^-j(^^}]+  .  .  . 

iy  not  an  integer) 


For  small  values  of  a 
20.3.18 


cos  V 


24 


) 


-^[•+K-i>-] 


+< 


2o7r2 


■> 


,96     256  ' 
20.4.  Other  Solutions  of  Mathieu's  Equation 

Following  Erdelyi  [20.14],  [20.15],  define 

20.4.1  ^,Xz)  =  W'  cos  (2-6)/cos  (2+6)]** JtC/) 
where 

20.4.2  j=2[q  cos  {z-h)  cos  {z+h)]\, 

and  Jkif)  is  the  Bessel  function  of  order  k;  6  is  a 
fixed,  arbitrary  complex  number.  By  using  the 
recurrence  relations  for  Bessel  functions  the  follow- 
ing may  be  verified : 

20.4.3 

-j^— 2g(cos22)(Pt+g(<^t-2+v^+2)+^^*=0. 

It  follows  that  a  formal  solution  of  20.1.1  is  given 

by 


20.4.4 


y=     S      C2„^„  +  r 
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where  the  coefficients  C2n  are  those  associated  with 
Floquet's  solution.  In  the  above,  v  may  be 
complex.  Except  for  the  special  case  when  v  is 
an  integer,  the  following  holds : 


^2n  +  i'-2  ^-2n  +  >' 


-4^2 


(n^oo) 


V72n  +  .'  V'-2n  +  K+2        2  [COS   (S"  6)]^ 

If  V  and  n  are  integers,  J_2n+>'{f)  =  {—'^)''J2n-y{'f)- 

['P2n  +  yl<P2n  +  y-2] [cOS     (s— 6)]V4W^ 

[ip_2n+yl <P-2n+y+2]  ~  —^n^lq,  [cOS  (s— 6)]^ 

On  the  Other  hand 


C2n 


C-2n 


C2n-2       C_2n+2       4/i 


(ri-^oo) 


It  follows  that  20.4.4  converges  absolutely  and 
uniformly  in  every  closed  region  where 

|C0S  (2-6)|>(fi>l. 

There  are  two  such  disjoint  regions: 

(I)  J{z-h)><k>0;     (|cos  {z-h)[>d{>\) 

(II)  J{z-h)<-d2<0;     (|cos  {z-h)[>dC>\) 

If  y  is  an  integer  20.4.4  converges  for  all  values  of 
z.  Various  representations  are  found  by  special- 
izing 6. 

20.4.5 

If  6=0, 2/=e'"'/2    J2.  C2„(-l)V2„+,(2Vgcos2) 

n=  — 00 

(|cos  2|>1,  jarg  2  V2  cos  2|  <7r) 
20.4.6 

If  6=^,  2/=  X)    C2nJ2n+X^iVg.  sin  2) 

•^  |»=  — 00 

(|sin  2|>1,  |arg2V2sin  z\<ir) 

If  b-^^i,  y  reduces  to  a  multiple  of  the  solution 
20.3.8.  The  fact  that  20.3.8,  20.4.5,  and  20.4.6 
are  special  cases  of  20.4.4  explains  why  it  is  that 
these  apparently  dissimilar  expansions  involve 
the  same  set  of  coefficients  C2„. 

Since  20.4.4  residts  from  the  recurrence  proper- 
ties of  Bessel  functions,  «/*(/)  can  be  replaced  by 
Hi'^(f),  i=l,  2,  where  Hi^^  is  the  Hankel  function, 
at  least  formally.     Thus  let 

^i  =  W^  cos  (2-6)/cos  (2+6)]i*^^>(/) 


where  /  satisfies  20.4.2.     An  examination  of  the 
ratios  4'2n+>'/^2n+y-2  shows  that 

00 

n=  — 00 

will  be  a  solution  provided 

|cos  (2-6)|>l;  |cos  (2+6)|>l. 

The  above  two  conditions  are  necessary  even 
when  V  is  an  integer.  Once  b  is  fixed,  the  regions 
in  which  the  solutions  converge  can  be  readily 
established. 

Following  [20.36]  let 

20.4.7 

Hi''(x)  =  Z^;\x);    H'^\x)  =  Z',*\x) 

If  2  is  replaced  by  —iz  in  20.4.5  and  20.4.6 
solutions  of  20.1.2  are  obtained.     Thus 


20.4.8 


y{ 


U) 


(2)=  S    C2„(-l)"Zi4V.(2V2cosh2) 


(|cosh  2|>1) 


20.4.9 

yi'Kz)=f:^  C2„Zi4V.(2V2sinh  2) 

(|smh2|>l,i=l,  2,  3,  4) 

The  relation  between  yi^^z)  and  yi^^z)  can  be 
determined  from  the  asymptotic  properties  of  the 
Bessel  functions  for  large  values  of  argument.  It 
can  be  shown  that 

20.4.10 

y[^'{z)lyi^'{z)=[FXO)IF.(^V^^"        (^z>0). 

When  V  is  not  an  integer,  the  above  solutions 
do  not  vanish  identically.  See  20.6  for  integral 
values  of  v. 

Solutions  Involving  Products  of  Bessel  Functions 
20.4.11 

(^2s  71  =  —  00 

(i=l,2,3,4) 

satisfies  20.1.1,  where  ZJJ''  (u)  is  defined  in  20.4.7, 
the  coefficients  C2n  belong  to  the  Floquet  golution, 
and  s  is  an  arbitrary  integer,  C2,^  0.  The  solution 
converges  over  the  entire  complex  2-plane  if  g^  0. 
Written  with  2  replaced  by  —iz,  one  obtains 
solutions  of  20.1.2. 
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20.4.12 


1 


It  can  be  verified  from  20.4.8  and  20.4.12  that 


20.4.13 


Mi(2,  q) 


=FM,         (^2>0) 


provided  C2,  ^0.  If  C2s=0,  the  coefficient  of  1/C2s 
in  20.4.11  vanishes  identically.  For  details  see 
[20.43],  [20.151,  [20.36]. 

If  s  is  chosen  so  that  \c2s\  is  the  largest  coefficient 
of  the  set  \c2j\,  then  rapid  convergence  of  20.4.12 
is  obtained,  when  ,^2>0.  Even  then  one  must 
be  on  guard  against  the  possible  loss  of  significant 
figures  in  the  process  of  summing  the  series, 
especially  so  when  g  is  large,  and  \z\  small.  (If 
j  ^1,  then  the  phase  of  the  logarithmic  terms 
occurring  in  20.4.12  must  be  defined,  to  make  the 
functions  single-valued.) 

20.5.  Properties  of  Orthogonality  and 
Normalization 

If  a(v-\-2p,  q),  a(v-{-2s,  q)  are  simple  roots  of 
20.3.10  then 


.5.1     j     F,+2p{2)Fy+2s{-z)dz=0,  if  p9^s. 


20 

Define 


20.5.2         ce.iz,  q)=^  [F,(z)-\-F,(-z)]; 


se.(2,q)  =  -i^[F.(2)-F.{-z)] 

cey(z,  q),  sev(z,  q)  are  thus  even  and  odd  functions 
of  z,  respectively,  for  all  v  (when  not  identically 
zero). 

If  V  is  an  integer,  then  ce^iz,  q),  sey(z,  q)  are 
either  Floquet  solutions  or  identically  zero. 
The  solutions  cer(z,  q)  are  associated  with  a^; 
ser(z,  q)  are  associated  with  6,.;  r  an  integer. 

Normalization  for  Integral  Values  of  v  and  Real  q 

20.5.3      f  '  [cer(z,  q)]Hz=  f"  [ser(z,  q)Ydz=ir 
Jo  Jo 

For  integral  values  of  v  the  summation  in 
20.3.8  reduces  to  the  simpler  forms  20.2.3-20.2.4; 
on  account  of  20.5.3,  the  coefficients  A^  and  B^ 
(for  all  orders  r)  have  the  property 


20.5.4 

2Al+Al-\-  .  .  .  =Ai+Al-\-  .  .  . 

=  Bl-{-Bl-\-  .  .  .  =m-\-Bl-\-  ...  =1. 
20.5.5 

1  r^'  1  r^T 

^o*=2~  I     <^€2siz,q)dz;Alt=-  \      cer(z,q)  COS nzdz 

1   H' 
Bn~-  I      ser{z,q)  sin  nzdz  Ut^O 

TT  Jo 

For  integral  values  of  p,  the  functions  cer(z,  q) 
and  ssriz,  q)  form  a  complete  orthogonal  set  for 
the  interval  Q<z<2ir.  Each  of  the  four  systems 
ce2T{z),  ce2T+i(z),  se2r(2),  se2T+i{z)  is  complete  in  the 
smaller  interval  0  <2<^ir,  and  each  of  the  systems 
cer(z),  sCriz)  is  complete  in  0<2<7r. 

If  q  is  not  real,  there  exist  multiple  roots  of 
20.3.10;  for  such  special  values  of  a{q),  the  integrals 
in  20.5.3  vanish,  and  the  normalization  is  therefore 
impossible.  In  applications,  the  particular  nor- 
malization adopted  is  of  little  importance,  except 
possibly  for  obtaining  quantitative  relations  be- 
tween solutions  of  various  types.  For  this  reason 
the  normalization  of  Fy{z),  for  arbitrary  complex 
values  of  a,  q,  will  not  be  specified  here.  It  is 
worth  noting,  however,  that  solutions 

accriz,  q),         ^scriz,  q) 

defined  so  that 

aceriO,  2)  =  1;         I  ^  /3se,(2,  q)\  ^_  =1 

are  always  possible.  This  normalization  has  in 
fact  been  used  in  [20.59],  and  also  in  [20.58], 
where  the  most  extensive  tabular  material  is 
available.  The  tabulated  entries  in  [20.58]  sup- 
ply the  conversion  factors  A=\la,  B=\lfi,  along 
with  the  coefiicients.  Thus  conversion  from  one 
normalization  to  another  is  rather  easy. 

In  a  similar  vein,  no  general  normalization  will 
be  imposed  on  the  functions  defined  in  20.4.8. 

20.6.  Solutions  of  Mathieu's  Modified  Equation 
20.1.2  for  Integral  v  (Radial  Solutions) 

Solutions  of  the  first  kind 

20.6.1 

Ce2r+p{z,  q)=ce2r+p(iz,q) 

=1:  Alitliq)  cosh(2k-{-p)z 

associated  with  Oy 
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00 

20.6.2  Se2r+p{z,  q)  =  —ise2r+p{iz,  q)  =X)  ^2*1? C?)  sinh  {2k-\-v)z,  associated  with  hr 

jfc=0 

writing  AllXl{q)=A2k+p  for  brevity;  similarly  for  B2^^p;p=Q,  1, 

Ce2r(|»    g)     00  _^      /n     „^      CO 

20.6.3  Ce2r{z,  q)  = ^^  S  (-  1)*^2.J2*(2V2  cosh  z)  =''Z'r      S  ^2*J2*(2Vg  sinh  0) 


ce2r+i  (^1'  2J 


20.6.4  Ce2r+i(2,  2)  = — ;- .2r+i      Z)  (" l)*+'^2ft+i J2t+i(2Vg  cosh  2) 

=^%^W^  coth  si:  (2Ar+l)^2,+,  J2,+i(2Vg  sinh  2) 
s^or  (  ?:'  <7 )  tanh  z 


^2.  (1^  g) 


20.6.5  Se2r{z,  q)  = ^ — ^, 1]  (-l)*2Ar52*J2*(2V2  cosh  2) 

2-^2  fc  =  l 

=-^^%~  coth  2  1]  2kB2^2,{2^fq  sinh  2) 

2i>2  it=l 


se2r 


2r  +  l(2'2) 

20.6.6  Se2r+i(z,  q)=      r-^,r+/  tanh  2  X)  (-l)*(2Ar+l)52*+jJ2*+i(2Vg  cosh  2) 

yq-Di  fc=o 

=^7pr?-  S  ^2,+,  J2.-,i(2V2  sinh  2) 

See  [20.30]  for  still  other  forms. 
Solutions  of  the  second  kind,  as  well  as  solutions  of  the  third  and  fourth  kind  (analogous  to  Hankel 
functions)  are  obtainable  from  20.4.12. 

20.6.7  Mc^Hz,  q)=±  (-iy+'Aiaq)[J.-siUr)ZiUu2)-\-J,+sMZi'lsM]/esAr, 

fc=0 

where  eo=2,  es  =  l,  for  s  =  l,  2,  .  .  .;  s  arbitrary,  associated  with  a2r 

20.6.8  McU\,(z,  q)=±  (-iy-^'Allt\{q)[J,.sM  Zi^U^.M  +  J.+s+.MZi^l.MVAini 

fc=0 

associated  with  02^+1 

20.6.9  MsiHz,  q)=j:  {-ir+^Bll(q)[J,.Au^)Zi^Uu2)-J,+M)Z'AM]IBl: ,  associated  with  62. 

20.6.10  Msi{\r(z,q)=±{-lY+^BllX\(q)[J,_M)Zi^l.^i{u2)-J.+,+^^^^^ 

associated  with  62,+! 
where 

Ui=ylqe-%  U2=^e\  BllU,  Al:t^9^0,p=0,  1. 

See  20.4.7  for  definition  of  ZJJ^(x). 

Solutions  20.6.7-20.6.10  converge  for  all  values  of  2,  when  q^O.  U  j=2,  3,  4  the  logarithmic  terms 
entering  into  the  Bessel  functions  Ym(u2)  must  be  defined,  to  make  the  functions  single-valued.  This 
can  be  accomplished  as  follows: 

Define  (as  in  [20.58]) 

20.6.11  In  (VgeO  =ln  {^fq)  +  z 
See  [20.15]  and  [20.36],  section  2.75  for  derivation. 
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Other  Expressions  for  the  Radial  Functions  (Valid  Over  More  Limited  Regions) 

Mc',{\z,  g)=[c62.(0,  q)]-'  f:  (-l)*+^^|^(5)Zii>(2Vg  cosh  z) 


k=0 


M4{\,{z,  q)  =  [ce,r^,(0,  q)]''  2  {-ly^'AU^\iq)Z',{\^(2^fq  cosh  z) 


k=0 


Ms^{'(z,  q)  =  [seUO,  q)]''  tanh  z  X)  (-iy+'2kBU{q)Z',{^{2yfq  cosh  z) 


/:  =  1 


Ms^{\^iz,  q)  =  [se^,^r(0,  q)]''  tanh  z  Z)  {-iy'-'{2k+l)BUt\{q)Z^i\,{2^  cosh  z) 

k=0 

Valid  for  ^2>0,  |cosh  2|>1;  if  j=l,  vaUd  for  all  z.  They  agree  with  20.6.7-20.6.10  if  the  Bessel 
functions  1^^(22*  cosh  z)  are  made  single-valued  in  a  suitable  way.     For  example,  let 

YUu)=-  (In  u)Jm{u)  +  4>(u) 

TT 

where  0(w)  is  single-valued  for  all  finite  values  of  u.     With  u=2q^  cosh  z,  define 

20.6.14  ln(2gicosh2)=ln22*+2+lni(l+e-'0  -|  <arg  Kl+^-'O  <|- 

(If  q  is  not  positive,  the  phase  of  In  2q^  must  also  be  specified,  although  this  specification  will  not 
affect  continuity  with  respect  to  z.  If  Y„i(u)  is  defined  from  some  other  expression,  the  definition 
must  be  compatible  with  20.6.14.) 


^I^MCo  (z.q) 


\ 

\\  \ 


^=1.5 


4\    .6      "se  /    1.0/.    1.2    ••  1.4    /V\    i.av    20 


Figure  20.11.     Radial  Mathieu  Function  of  the  First  Kind. 
(From  J.  C.  Wiltse  and  M.  J.  King,  Values  of  the  Mathieu  functions,  The 

Johns  Hopkins  Univ.  Radiation  Laboratory  Tech.  Kept.  AF-53,  1958, 

with  permission) 


q=2  25 

Figure  20.12.  Derivative  of  the  Radial  Mathieu  Function 
of  the  First  Kind. 

(From  J.  C.  Wiltse  and  M.  J.  King,  Derivatives,  zeros,  and  other  data  per' 
taining  to  Mathieu  functions,  The  Johns  Hopkins  Univ.  Radiation  Lab- 
oratory Tech.  Rept.  AF-57,  1958,  with  permission) 


/fMs,     (z,q) 


Figure  20. 13.    Radial  Mathieu  Function  of  the  Second  Kind. 

(From  J.  C.  Wiltse  and  M.  J.  King,  Values  of  the  Mathieu  functions.  The 
Johns  Hopkins  Univ.  Radiation  Laboratory  Tech.  Rept.  AF-53,  1958, 
with  permission) 


0  .2  .4  .6  .8         1.0         1.2         1.4         1.6         1.6        2.0 

Figure  20. 14.     Radial  Mathieu  Function  of  the  Third  Kind. 

(From  J.  C.  Wiltse  and  M.  J.  King,  Values  of  the  Mathieu  functions.  The 
Johns  Hopkins  Univ.  Radiation  Laboratory  Tech.  Rept.  AF-53,  1958, 
with  permission) 
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If  j=l,  MciV+p  and  Ms^^p,  p=0, 1  are  solutions 
of  the  first  kind,  proportional  to  Cezr+p  and  Se2r+p. 
respectively. 

Thus 


20.6.15 


Ce2r(z,q)  = 


ce2T  (I'e)  c^2r(0,  q) 


ce 


Ce 


2r+i{Z'q)ce2r+i(0,  q) 


Mc2[''(2,q) 


2r  +  i(2,  q)= (_l)r+1^^2r+l Mc^\\,iz,  q) 


Se2T+i(z,  q)  = 


se'iT  (0,  q)se2r(^>  q) 

{-lyqBV  ' 

se2T+i{0,  q)se2r+i  (Z>  qj 


Se2r(z,  q)  = (-lynsf — ~  ^^"'^  ^^'  ^^ 


Ms^\\,iz,q) 


The  Mathieu-Hankel  functions  are 

20.6.16 

M»'(2,  g)=M^"(2,  q)-\-iM'^?\z,  q) 

M<*>(2,  q)=M'^\z,  q)-iM^^\z,  q) 

M[^'=Mc[^^  or  Ms[^K 

From  20.6.7-20.6.11  and  the  known  properties 
of  Bessel  functions  one  obtains 

20.6.17 

M^^r^piz+inir,  q) 

=  (-iynMiVU2,  q)+2niMi\\,iz,  q)] 
M^f+p(2+in7r,  q) 

=  (-irnMiV^p{z,  q)-  2nM^%,{z,  q)] 

Mi*)+j,{z-\-imr,  q) 

=  (-iynMiV^p{z,  q)+2nM^\\p{z,  q)] 

where  M=Mc  or  Ms  throughout  any  of  the  above 
equations. 

Other  l^roperties  of  Characteristic  Functions,  q  Real 
(Associated  With  a,  and  br) 

Consider 
20.6.18 

X,=Mc['^(z,  q)-^Mc['^{-z,  q); 
X2=Ms['^(z,q)-Msi'\-z,q) 

Since  Xy  is  an  even  solution  it  must  be  proportional 
to  Mci^^z,  q);  for  20.1.2  admits  of  only  one  even 
solution  (aside  from  an  arbitrary  constant  factor). 
Similarlj^  X2  is  proportional  to  Ms[^''(z,  q).  The 
proportionality  factors  can  be  found  by  considering 
values  of  the  functions  at  2=0.     Define,  therefore. 
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20.6.19 

Mc'J'^i-z,  q)  =  -Mc'?\z,  g)-2A,Mc<'>(2,  q) 

20.6.20 

Ms«>(-2,  q)=MsT{z,  q)-2J,,Ms['^(z,  a) 
where 

20.6.21 

/..,=  -Mc«>(0,g)/Mc^,»H0,2) 

.fo.r=[£Msi-(z,q)/£Ms-^(z,q)]^_^ 

See  [20.58]. 

In  particular  the  above  equations  can  be  used  to 
extend  solutions  of  20.6.12-20.6.13  when  ^2<0. 
For  although  the  latter  converge  for  ^2<0, 
provided  only  |cosh  2|>1,  they  do  not  represent 
the  same  functions  as  20.6.9-20.6.10. 

20.7.  Representations  by  Integrals  and  Some 
Integral  Equations 

Let 

20.7.1  G(u)=£ Kiu,  t)V(t)dt 

c 
be  defined  for  -u  in  a  domain  U  and  let  the  contour 
C  belong  to  the  region  T  of  the  complex  ^-plane, 
with  t=yo  as  the  starting  point  of  the  contour 
and  t=yi  as  its  end-point.  The  kernel  K{u,  t) 
and  the  function  V{t)  satisfy  20.7.3  and  the 
hypotheses  in  20.7.2. 

20.7.2  K(u,  t)  and  its  first  two  partial  derivatives 

with  respect  to  u  and  t  are  continuous  for  t  on  C 

dV 

and  uin  U:  V  and  ^-r  are  continuous  in  t. 

at 

20.7.3 


[_dt  dt  J   y. 


If  K  satisfies 


20.7.4 


du^  ^  dt' 


0;  ^-f  (a-2g  cos  20^=0. 


f  2g(cosh  2i^— cos  2t)K=0 


then    G{u)   is   a   solution   of  Mathieu's  modified 
equation  20.1.2. 
If  K(u,  t)  satisfies 


20.7.5 


-2g(cos  2u— cos  2t)K=0 


then    G(u)   is  a  solution   of  Mathieu's  equation 
20.1.1,  with  u  replacing  v. 
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Kernels  Xi(z,  t)  and  K^Cs,  t) 

20.7.6  K,{z,  t)=Zi'\u)[M(,z,  t)]-*'\  (^2>0) 
where 

20.7.7  u=  V2$(cosh  22+cos  2t) 

20.7.8  M{z,  O=cosh  (2+ii)/cosh  (2— ii) 
To  make  M~^*  single-valued,  define 

20.7.9 

cosh  (2+i7r)=e*'' cosh  z 

cosh  (2— 27r)=e~"  cosh  z 

M{z,  0)  =  1 

[M{z,  x)]->=e-*-M(2,  0) 
Let 

20.7.10    G{z,g)=-  ^  K,{u,t)F,{t)dt,        (^2>0) 

T  Jo 

where  ^^^(0  is  defined  in  20.3.8.  It  may  be  verified 
that  KiF,  satisfies  20.7.3,  K  satisfies  20.7.2  and 
20.7.4.  Hence  G  is  a  solution  of  20.1.2  (with.  2 
replacing  u) .  It  can  be  shown  that  Ki  may  be  re- 
placed by  the  more  general  function 

20.7.11 

K2iz,t)=ZH\2s(u)[M(z,t)]-'^^',  s  any  integer. 

See  20.4.7  for  definition  of  ZH\2s{u). 

From  the  known  expansions  for  Z^i\2s(u)  when 
^z  is  large  and  positive  it  may  be  verified  that 

20.7.12 

M',^\z,q)  = 


7rC2, 


/: 


70)     (u)\'S^^'^^^ 


^]-"-v. 


it)dt 


z—ii 

(^2>0,  ^(v+i)>0) 


where  Mi^'(2,  q)  is  given  by  20.4.12,  s=0,  1,  .  .  ., 
C2s?^0,  and  Fy{t)  is  the  Floquet  solution,  20.3.8. 

Kernel  Kz{z.  t,  a) 

20.7.13  Ki{z,t,a)=e^'^'^'" 
where 

20.7.14  «;=cosh  2  cos  a  cos  <+sinh  2  sin  a  sin  t 

20.7.15  G{z,g_,a)=-S  e^'^^^'F.iDdt 

TT  Jc 


where  Fy{t)  is  the  Floquet  solution  20.3.8.  The 
path  C  is  chosen  so  that  G{z,  t,  a)  exists,  and 
20.7.2,  20.7.3  are  satisfied.  Then  it  may  be 
verified  that  Kz{z,  t,  a),  considered  as  a  fimction 
of  2  and  t,  satisfies  20.7.4;  also,  considered  as  a 
function  of  a  and  t,  K3  satisfies  20.7.5.  Conse- 
quently Giz,  q,  a)  =  Y(z,  q)y(a,  q),  where  Y  and  y 
satisfy  20.1.2  and  20.1.1,  respectively. 

Choice  of  Path  C.     Three  paths  will  be  defined : 

20.7.16 

Path  C3:  from  —  c/i  +  ioo  to  d2  —  i°°,  di,  (^2  real 
— c?i<arg  [Vgicosh  (2+m)±l}]<7r— c?i 

— c?2<arg  K^{cosh  (2— m)±l  }]<7r— c?2 
20.7.17 
Path  C4:  from  c?2— i<»  to  2ir-\-io3  — c?, 

(same  di,  d^  as  in  20.7.16) 
20.7.18 

F,{a)Mi{z,  q)=- — -  £  e^*^9^F,{t)dt        j=3,  4 

where  Mi(z,  q)  is  also  given  by  20.4.12. 

20.7.19     Path  C,:  from  -c?i  +  ioo  to  2T-di  +  i<^ 

F,{a)M'i''{z,  <l)=^-2^  j>  e''^^^F,{t)dt 

See  [20.36],  section  2.68. 

If  V  is  an  integer  the  paths  can  be  simpHfied; 
for  in  that  case  F,(t)  is  periodic  and  the  integrals 
exist  when  the  path  is  taken  from  0  to  2ir.  StiU 
further  simphfications  are  possible,  if  2  is  also  real. 

The  following  are  among  the  more  important 
integral  representations  for  the  periodic  functions 
cCriz,  q),  ser{z,  q)  and  for  the  associated  radial 
solutions. 

Let  r=2s+_p,  p=0  or  1 

20.7.20 

cer(z,q)=pr  I       cos  (2\^ cos  z cos  t—p^j  cer{t,  q)dt 
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nrl2 

20.7.21  ccriz,  q)  =  (TT\       cosh  {2^|q  sin  z  sin  t)[{l  —  'p)-\-p  cos  z  cos  <]cg,(«,  q)dt 

20.7.22  scriz,  q)=Pr  I       sin  (2^/q  cos  z  cos  <+^  ^  j  sin  2  sin  t  ser{t,  q)dt 

rr/2 

20.7.23  ser(z;  q)  =  <Tr\       sinh  (2V5  sin  z  sin  0[(1— P)  cos  z  cos  ^+p]ser(<,  g)c^< 
where 

20.7.24  pr=- ce2s  y^>  qj  1^'i.q) ;  p=Op,=—  c^z.+i  Q'  qj  /y/qAf-^^(q)  if  p=l,  for  functions  cer(z,  q) 

Pr=^  seu  f  I'  qj  /^/qB^'(q) ;  Pr=-  S62,+i  f  ^'  g  j  /Bl'-^^iq),  for  functions  se,(2,  g) 

2  4 

<Tr=-  ce2s(0,  q)/Al''(q)  if  ^=0;        0-;.=-  ce2s+i(0,  g)/.4f +'(g),  if  p=l ;  associated  with  functions  cer(z,  q) 

T  IT 

4  2 

0-,=-  5^2,(0,2  )ly[([Bl'{q),  if  ^=0;       (rr=-  se2s+i(0,  q)l^!qB\'^^{q),  if  2>=1;  associated  with  ser{z,  q) 

IT  IT 

Integrals  Involving  Bessel  Function  Kernels 

Let 


20.7.25  w=  V2g(cosh  22+cos  2t),  (^cosh  22>1;  if  j=l,  valid  also  when  2=0) 

20.7.26 

T  T 

T\j  (j)f      N     (-1)'2   f'  vci)/  N       /.     Nj.    n^  u)    t      N     (-l)'8Vgcosh2   f2  Z{^>(u)  cos  «  ,^     ,,^ 

Mc2<('(2,  g)-\.^2r    J^   Zi^\u)ce2rii,  q)dt\Mc\^i^^{^z ,  q)=^ \a^'+' Jo    u ^^2^+1^^'  ^^^^ 

20.7.27  Mc^l^z,  g)^(-l)^'''8g  s^"h  ^2  r^  Zi»(u)  sin  2^^  S62r(^  g)^^ 
]«^„0)    /^  „N_(-l)'8Vgsinh2  f  2  Zp^(u)  sin  ^  ge2,+i(<,  g)<^^ 

iWS2.  +  l(2,g)-  ^5f+l  Jo  ^^ 

In  the  above  the  j-convention  of  20.4.7  applies  and  the  functions  Mc,  Ms  are  defined  in  20.5.1- 
20.5.4.  (These  solutions  are  normalized  so  that  they  approach  the  corresponding  Bessel-Hankel 
functions  as  ^2-^00.) 

Other  Integrals  for  Mcl^'iz,  q)  and  Msi'\z,  q) 

■K 

20.7.28  Mc'-^\z,  q)=  ^~//^   f'  cos  (2^fq  cosh  2  cos  t-j>^  cCrit,  q)dt 

TTC^rCU,  q)  Jo  \  ^/ 

T 

20.7.29  Afc^^n^,  q)  =  Tr  I  ^  [(1— :P)+^  cosh  2  cos  «]  cos  (2Vg  sinh  2  sin  t)ce,(^,  g)rf^ 
r=2s+p,p=0,l;r,=l  (-l)Vce2.  (|,  g),  if  p=0;  r,=^  (-l)'+i2Vg/c6;.+i  (|' g) 

20.7.30  Ms^Wiiz,  q)=^ ^~^^'         P  sin  (2Vg  sinh  2  sin  t)se2r+i{t,  q)dt 

^  se^r+i  f  I'  g  W" 

20.7.31  Ms<i>+i(2,  g)=-     ,~}^'^\    f'  sinh  2  sin  t  cos  {2^^q  cosh  2  cos  t)se2r^x{t,  q)dt 

IT  se2T+i(\J,  q)  Jo 

T 

20.7.32  Ms^'^Hs,  g)=-  Vg  ^7!r^\    f'sin  (2Vg  cosh  2  cos  0  [sinh  2  sin  «  se2r  (<,  q)]dt 

IT  Se2r{(),   q)   Jo 

X 

20.7.33  MsiV(2,  g)=-  -t^^^   f'sin  (2Vg  sinh  2  sin  Ofcosh  2  cos  <  se2.(<,  q)]dt 

IT  „    /     /tT        \  Jo 

se2,  (^2'  g; 
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Further  with  iy=cosh  z  cos  a.  cos  <+sinh  z  sin  a  sin  f 

20.7.34 


e,(a,2)Mc<"(0,  q)=S—^^^^  r'e2.V^>ce,(^,  q)dt 


20.7.35 

The  above  can  be  differentiated  with  respect  to  a,  and  we  obtain 

20.7.36  ce'Xa,  q)Mc'^\z,  g)  =lz:ll!Ml!^Jv^  f'^V^u,  ^  ^^^(^^  2)^^ 

TT  Jo  OOL 

20.7.37  se;(a,  q)Ms'^\z,  g)  =  ^~^^'"'''^'^"''"''^  fVv?-  ^  se,(^  g)cif 

IT  Jo  0« 


20.7.39 


Integrals  With  Infinite  Limits 

r=2s+p 
In  20.7.38-20.7.41  below,  z  and  5  are  positive. 

20.7.38  Mc^^''  (z,  q)  =7.  f    sin  (^2  ^fq  cosh  2  cosh  <+!>  |)  Mc<"  («,  g)(i< 

7.=2ce2, 0,  g)  /tt^*,  if  p=0        7r=2c6^,+i  (^|,  g)  /Vg  Tr^f +\  if  P  =  l 

Ms[^^  (2,  2)  =yr  I      sinh  2  sinh  t    cos  (  2V2  cosh  2  cosh  <— ^  -  j    Ms^"(i,  g)</i 

7.=  -4seL  (|»  g)  /^fqTB|',  if  JP=0        7r=  -4se2,+i  (|'  s)  /^5?*+\  if  2>  =  1 

Mc^,^^  (2,  g) =7r  I      cos  (  2Vg  cosh  2  cosh  f  — p  ^  j  Mc^"  (i,  g)(i^ 
7.=  -2ce2,(l^,  2)/ir^%  if  i'=0         7r=2ceL+i(|7r,  g)/7rVg^?'+S  if  p^l 
Msf'* (2,  g)  =7r  I     sin  (  2 Vg  cosh  2  cosh  t-\-p  ^  )  sinh  2  sinh  <  Ms^" (<,  q)dt 
7r=— 4se^,(^ir,  g)/Vg  ir^a^*,  if  p=0         7r=4se2,+i(iir,  q)/TrBi^'+\  if  p  =  l 


20.7.40 


20.7.41 


Additional  forms  in  [20.30],  [20.36],  [20.15]. 

20.8.  Other  Properties 
Relations  Between  Solutions  for  Parameters  q  and  —q 

Replacing  2  by  ^tt— 2  in  20.1.1  one  obtains 

20.8.1  y"-\-(a-\-2q  cos  2z)y=0 

Hence  if  u{z)  is  a  solution  of  20.1.1  then  w(^7r— 2) 
satisfies  20.8.1.     It  can  be  shown  that 


20.8.2 

<^(—v,  ?)=«(",  —9)=ci'(v,  q),  V  not  an  integer 

C2m(  — g)  =  p(  — l)'"c2m(g),  V  HOt  an  integer 

(c2m  defined  in  20.3.8)   and  p  depending  on   the 
normahzation ; 

F,{z,  -q)  =  pe-'^^"F,  (^2+^,  ^=pe''^''F.(z-\,  g) 
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20.8.3 

«2r(  — g)=a2r(2);  b2r{  — q)  =b2r(q) ,  foF  integral  v 

a2r+\{  —  q)=  62r+l  (?)  ,   62r+l  (  —  $)  =  a2r+l  C?) 

20.8.4 

Ce2r(2,    —  5)  =  (— l)'Cg2r(|x— 2,   ?) 

ce2r+\{z,  —q)  =  {  —  \yse2r+i{h'>r—z,  q) 

se2r+i(z,  —q)  =  (  —  iyce2r+iihir—z,  q) 

sCiriz,  —q)  =  {  —  \y'he2r{\ir—z,  q) 

For  the  coefficients  associated  with  the  above 
solutions  for  integral  v: 

20.8.5 

AlU-q)  =  (-l)"'-'AlUq); 

^.^\\{-q)  =  {-\r-'Bi'm\\iq)\ 

mi\\{-q)={-\r-'A?,i\\{q). 

For  the  corresponding  modified  equation 
20.8.6  y"-{a-^2q  cosh  22)y=0 

20.8.7 

MiHz,  -q)=M'J'(z^i'^,qj, 

Ml^^z,  q)  defined  in  20.4.12. 
For  integral  values  of  v  let 
20.8.8 

leUz,  g)=S  (-l)*+*^2*[/*-,(«i)/*+,(w2) 

-\-  Ik+s{Ui)Ik-siU2)]/A2s€, 


K02r  +  l(z,   5')  =  X)  A2k+l[lK-,(Ui)Kk+,  +  l(U2) 


k=0 


k=0 


l02r{z,  q)=T;  (-iy-^'B2k[h-sMh+,(U2) 
ft  =  l 

—  Ik^,(Ui)Ik-s(U2)]/B2s 

Ie2r+,{z,  q)=f:  (-ir+'B2k+l[h-sMh+s^,iU2) 

-\-  Ik+s+l{Ui)Ik-s(U2)]/B2s+l 

k=0 

—  Ik+s+l(Ui)Ik-s{U2)yA2s+l 

20.8.9 

00 

Ke2riz,  g)=Z)  A2k[Ik-s(ui)Kk+s(u2) 

fc=0 

+  Ik+s(Ul)Kk-,M]/A2ses 

OD 

*2iCo2r(2,  g)=Z)  B2k[Ik-sMKk+s{u2) 

*  -/,^.(U,)/^*-.(W2)]/52, 

00 

Ke2r+i(z,  g)=S  ■B2t+i[/*_,(wi)/^*+,+i(w2) 

—  7*+,+i(wi)lirife_,(w2)]/B2,+i 


*  =  0 


+  Ik+s+l(Ui)Kk-,(U2)]/A2,+i 


where  Im(x),  Km(x)  are  the  modified  Bessel  func- 
tions, Ui,  U2  are  defined  below  20.6.10.      Super- 
scripts are  omitted,  e,  =  2,  if  s  =  0,  e,  =  l  if  s?^0. 
Then  for  functions  of  first  kind : 

20.8.10 

MsiV{z,  -q)  =  {-\yio2r{z,q) 
Mc^V+i{z,  -q)  =  {-\yile2r+i(z,  q) 
Ms^Wiiz,  -q)  =  (-iyil02r+i{z,  q) 
For  the  Mathieu-Hankel  function  of  first  kind: 
20.8.11 

M4V{z,  -q)  =  {-iy+H-Ke2r{z,  q) 

Ms^V(2,  -q)  =  {-iyH-K02riz,  q) 

IT 

MciV^A^,  -q)  =  (-iy+'-Ke2r^.{z,  q) 

IT 

Ms^V^,(z,  -q)  =  (-iy+'-K02r+r(z,  q) 

IT 

For  M[^^(z,  —q),  i  =  2,  4,  one  may  use  the  defini- 
tions 

M'r''  =  -i{M'^'-M'r'');  Mr=Mcr  or  Ms, 

also 

M[*\z,  -q)=2M'^\z,  -q)-M?\z,  -q) 
M=Mc  or  Ms;  for  real  z,  q,  M^^^z,  —q) 

are  in  general  complex  if  j=2, 4. 

Zeros  of  the  Functions  Xor  Real  Values  of  q. 

See    [20.36],    section    2.8    for    further    results. 

Zeros  of  cer(a,  q)  and  ser{z,  q),  Mci"(z,  q),  Ms\^\z,  q). 

In  0<z<7T,cer{z,  q)  and  se^z,  q)  have  r  real  * 

zeros. 

There  are  complex  zeros  if  g>0. 

If  Zo=Xo-{-iyo  is  any  zero  of  ceriz,  q),  ser{z,  q)  in 


TT  TV 

— 2<^^o<2'  t-hen  kTr±Zo,  kir±Zo 


are  also  zeros,  k  an  integer. 


•See  page  II. 
273-888  0-67— 48 
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In  the  strip  — ^<a;o<2'  the  imagmary  zeros  of 

cer{z,  q),  scriz,  q)  are  the  real  zeros  of  Cer(z,  q), 
Scriz,  q),  hence  also  the  real  zeros  of  Mc[^\z,  q) 
and  Ms';}''(z,  q),  respectively. 

For  small  q,  the  large  zeros  of  Cer(z,  q),  Ser{z,  q) 
approach  the  zeros  of  Jr(2\q  cosh  z). 

Tabulation  of  Zeros 

Ince    [20.56]    tabulates    the   first  "non-trivial" 

zero  (i.e.  different  from  0,  ^>  tt j  for  ceriz),  ser(z), 

r=2(l)5  and  for  se^iz)  to  within  °10"*,  for  g=0(l) 
10(2)40.  He  also  gives  the  "turning"  points 
(zeros  of  the  derivative)  and  also  expansions  for 
them  for  small  q.  Wiltse  and  Kjmg  [20.61,2]  tabulate 
the  first  two  (non-trivial)  zeros  of  Mcl^'^iz,  q)  and 
Ms^^\z,  q)  and  of  their  derivatives  r=0,  1,  2  for 
6  or  7  values  of  q  between  .25  and  10.  The  graphs 
reproduced  here  indicate  their  location. 

Between  two  real  zeros  of  Mcl^''(z,  q),  Ms'i^''{z,  q) 
there  is  a  zero  of  AIcf''(z,  q),  Ms'^\z,  q),  respec- 
tively.    No  tabulation  of  such  zeros  exists  yet. 

Available  tables  are  described  in  the  References. 

The  most  comprehensive  tabulation  of  the  char- 
acteristic values  ar,  br  (in  a  somewhat  diflFerent 
notation)  and  of  the  coefficients  proportional  to 
Am  and  Bm  as  defined  in  20.5.4  and  20.5.5  can  be 
found  in  [20.58].  In  addition,  the  table  contains 
certain  important  "joining  factors",  with  the  aid 
of  which  it  is  possible  to  obtain  values  of 
Mc[^''{z,  q)  and  Ms'-Z^iz,  g).as  weU  as  theu-  deriva- 
tives, at  x—0.  Values  of  the  functions  cer(x,  q) 
and  ser{x,  q)  for  orders  up  to  five  or  six  can  be 
foimd  in  [20.56].  Tabulations  of  less  extensive 
character,  but  important  in  some  aspects,  are  out- 
lined in  the  other  references  cited.  In  this 
chapter  only  representative  values  of  the  various 
functions  are  given,   along  ^vith  several  graphs. 


20.8.12 


Special  Values  for  Arguments  0  and  ^ 


ce2r0'  e)=(-i)'y..2r(g)^r(g)-y| 

ce',r^i  (l>  q)={-iy^'9e.2r^iiq)Ar^\q)yllq 
se'ir  (^'  qJ={-l)'9o.2r{q)Bl'{q)  ■  q  J^ 


.12 


Mc«>(0,g)  =  -y^A,(g)/^,,(g) 

j-^[Mc^;'(z,q)Uo=^ge.r(q) 

|[M.n.,,)]..=V^^) 

^  [au^Hz,  e)]^_  =^Ar(g)/^o..(g) 

Msi'\z,q)^-g„,M)^ 


dz 


The  functions /o.r,  go.r,Je,r,  9e.r  are  tabulated  in 
[20.58]  for  2<25. 

20.9.    Asymptotic  Representations 

The  representations  given  below  are  apphcable 
to  the  characteristic  solutions,  for  real  values  of  q, 
unless  otherwise  noted.  The  Floquet  exponent  v 
is  defined  below,  as  in  [20.36]  to  be  as  follows: 

In  solutions  associated  with  a,:  v=r 
In  solutions  associated  with  br'.  v=—r. 

For  the  functions  defined  in  20.6.7-20.6.10: 

20.9.1 

Mc«>(3,g) 
(-iyMsl'^iz,q) 


-   1  1/4/  ^  u  vi  m=o  [— 4W2(cosh  z—(T)r 

7r'g''*(cosh  z  —  a)' 

where  Z^_i=Z)_2=0;  D(<  =  1,  and  the  coefficients 
Dm  are  obtainable  from  the  folloAving  recurrence 
formula : 

20.9.2 

(m  +  l)L>;„+i+[(^m+^y-(m+^)  8iVq  <r 

+2g-a1z),+(^w-0  [Wq(l-<T')-8iyni  am]Dm-i 

+42(2m-3)  (2m- 1).(1  -<^') ^m-2=0 
20.9.3 

Mc[*\z,q) 
{-iyMs^V(z,q) 

—  i\2-jQ  cosh  Z--yT--T\  , 

o        V    ^  2  4    J      »>  // 


7r^5*''^(cosh  z  —  ff)^    ^0  [4'i-v^(cosh  z  —  a)Y 
(i_i  =  rf_2  =  0;  do—l,  and 


20.9.4 
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-h2q-a^d,,■i■{m-^^[16q{l-a')-^8i^fq(rm]d„ 


-{-4q(2m-3)(2m-l)(l-a^)dm-2=0. 


In  the  above 


— 27r<arg  V?  cosh  2<ir 

Icosh  z-a\y\<x±l\,  ^2>0, 

but  (T  is  otherwise  arbitrary.     If  (r^=l,  20.9.2  and 
20.9.4  become  three-term  recurrence  relations. 

Formulas  20.9.1  and  20.9.3  are  valid  for  arbi- 
trary a,  q,  provided  v  is  also  known;  they  give 
multiples  of  20.4.12,  normalized  so  as  to  approach 
the  corresponding  Hankel  functions  Hl^'' (-Jqe^) , 
H'^'U^e'),  as  2^00.  See  [20.36],  section  2.63. 
The  formula  is  especially  useful  if  |cosh  2|is  large 
and  q  is  not  too  large;  thus  if  a=  —  l,  the  absolute 
ratio  of  two  successive  terms  in  the  expansion  is 
essentially 


il-i 


m 


,    f2  )/(cosh  2+1) 

4Vg     / 


If  a,  q,  z,  V  are  real,  the  real  and  imaginary 
components  of  Mc^^\Zj  q)  are  Mcr^''(z,  q)  and 
Mc'r^''(z,  q),  respectively;  similarly  for  the  com- 
ponents of  Ms'^^iz,  q).  If  the  parameters  are 
complex 

20.9.5     Mc';Hz,  g)  =  i  [Mc^^'(z,  q)+Mc[''(z,  q)] 


20.9.6     Mc'^^'iz,  q)  =  -^  [Mc'^'{z,  q)-Mc[*'(z,  q)] 

Replacing  c  by  s  in  the  above  wiU  yield  corre- 
sponding relations  among  Ms^^^iz,  q). 

Formulas  in  which  the  parameter  a  does  not 
enter  explicitly: 

Goldstein's  Expansions 

20.9.7 

Mc'^\z,  q)^iMsflXz,q) 

« [Fo(2)-i/^i(2)]6'*/-n-'gHcosh  2)* 

where 
20.9.8 

<t>=2^[q  sinh  2— x  (2r+l)  arctan  sinh  2, 

^2>0,  g»l,  w=2r+l 


^0(2) -1  + 


w 


8V2  cosh^  2 
48g  L       cosh*  2  cosh^  2      J 


2048g  L       cosh*  2  cosh^  2 


■      1       f: 


cosh^  2 
(2w^-\-l2^w^-\-n22w)  ,  3^^+290^3  +  1 627 w' 


cosh*  2 


cosh®  2 


] 


+  . 


20.9.10 


j^  ,  .      sinh  2  rw2+3        1      /   ,  I  ^        4w;M-44w\ 


i4?^  {^^' 


+34^2+9 


^  16384g^^ 

(w®-47w*+667w^+2835) 
12  cosh^  2 

(w«+505w*+12139w2_^10395)\  1 


12  cosh*  2 


/J 


+  . 


See  [20.18]  for  details  and  an  added  term  in 
(f^'"^;  a  correction  to  the  latter  is  noted  in  [20.58]. 

The  expansions  20.9.7  are  especially  useful  when 
q  is  large  and  2  is  bounded  away  from  zero.  The 
order  of  magnitude  of  McriO,  g)  cannot  be  obtained 
from  the  expansion.  The  expansion  can  also  be 
used,  with  some  success,  for  z=ix,  when  q  is  large, 

if  |cos  x|»0 ;  they  fail  at  x=^  ir.    Thus,  if  q,  x  are 

real,  one  obtains 

20.9.11 

C6.(0,2)2^-i 


cer{x,q)- 


Fo(0) 


{W^[Po{x)-P,{x)] 


+W,[Po(x)+P,(x)]] 


20.9.12 

se,+i(x,g)~se;+i(0,g)T,+iW[Po(x)-Pi(z)] 

-I^2[Po(x)+P,(x)]} 

In  the  above,  Po(x)  and  Pi{x)  are  obtainable 
from  Fo(z),  F,{x)  in  20.9.9-20.9.10  by  replacing 
cosh  2  with  cos  x  and  sinh  2  with  sin  x.     Thus 

P,{x)  =F,{ix) ;  Pi(x)  =  -iF,{ix) : 


20.9.13 


W,  =  e 


2V?£ 


[cos  ax+i7r)]='^+V(cos  x) 


r+1 


^^_^-2Vf slnx  jgjj^  (i3._^i^)p+Y  (cos  X)'+' 
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20.9.20 


r.+,-2'-i/[2Vg-i 


w- 


(2w2_^3)     (7^+47^) 


....] 


64V2  1024g 

See  20.9.23-20.9.24  for  expressions  relating  to 
ccr(0,  q)  and  s«;(0,  q).  When  |cos  x\y^j^r+2|q^, 
20.9.11-20.9.12  are  useful.  The  approximations 
become  poorer  as  r  increases. 

Expansions  in  Terms  of  Parabolic  Cylinder    Functions 

(Good  for  angles  close  to  \'ir,  for  large  values  of 
q,  especially  when  |cos  zK2Vg*)  Due  to  Sips 
[20.44-20.46]. 

20.9.15  ccrix,  5)~a[Zo(a)+Zi(a)] 

20.9.16 

ser+\{^,  $)~'S'r[Zo(Q:)  — Zi(a)]  sin  x,         a=2g*  cos  x. 

LetZ),=A(a)  =  (-l)*€l'''^  e-*-^ 
20.9.17 

20.9.18 


+ 


+ 


16gL  64 


6  ,  (r2-25r-36) 


Z>,. 


r(r-l)(-r2-27r+10) 


64  -'^' 

45  /r' 


64 


z>,.-fQz,,..+  ...] 


20.9.19 


^ 


2r+l 


8?^ 
r'+2r3+263r2+262r+108 


/. 


2048g  ^163842^^  '  ' 

/,=6r*+15r^+ 1280^3+ 19Q5r2+1778r+572 

•See  page  n. 


T^ 


S.'-(0''g>^V(r!)^[l- 


2r+l 


8g>^ 
r^+2r3-121r2-122r-84 


/2 


2048?  '  16384?^^  '  ' 

/2=2r*+5r«-416r3-629r2-1162r-476 


r 


It  should  be  noted  that  20.9.15  is  also  valid  as  an 
approximation  for  se^+iCx,  q),  but  20.9.16  may  give 
sHghtly  better  results.     See  [20.4.] 

Explicit  Expansions  for  Orders  0,  1,  to  Terms  in  q~'" 
(q  Large) 

20.9.21     For  r=0: 


°     64^^"^16q  V      8  "^512/ 


W"\ 


99Z>4  ,  Wi       A2 


'  64g3/2  V      256    '  256     245 
'     16vg^l6gV      16^64/ 


767 


+ 


^64  g3 
20.9.22     Forr=l 


^'A' 


61 A  .  25^8     5 A 


32 


256      10240 


>■■ 


^"^^'"eivl+Ie^  V~T6'+5T2; 

^^3/2  1^       256  "^64     24576/"'"  *  *  " 


6423/2  V       256 
15Z>3  .  A' 


''"l6Vg"^16gV       16  "'"64/ 


[(f'\' 


153A  ,  35A      Ai 
64g3'2  V        32    "*"  256      2048 


+ 


Formulas  Involving  c^rCO,  q)  and  se,(fi<,  q) 

20.9.23 

C6o(^7r,5)     ^"^'  V^16^g^2565^-      ) 

-^^iM^^-325./2.-Vi(i__L+  29  X 
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cei{hTv,q)  \   ^  I6V2     2562 

cg3(0,g)  .  64      /o^-2V?/  3  47 


eg 
20.9.24 

se;(0,  5) 


iC^TT,  g)       ^*  V       I6V2     2562 


•) 


2(i7r,  2)  ^  *  V       I6V2     2562 


_se2(0,  2) 
se2 


•■) 

■■) 

■■) 


S«4(^7r,  2)        3 


q-s[2e-^^'( 


31 


15 


I6V2     1282 


■) 


For  higher  orders,  these  ratios  are  increasingly 
more  difficult  to  obtain.  One  method  of  estimat- 
ing values  at  the  origin  is  to  evaluate  both  20.9.11 
and  20.9.15  for  some  x  where  both  expansions  are 
satisfactory,  and  so  to  use  20.9.11  as  a  means  to 
solve  for  cer(0,  2)  5  similarly  for  se'r{0,  q). 

Other  asymptotic  expansions,  vaUd  over  various 
regions  of  the  complex  2-plane,  for  real  values  of 
a,  2,  have  been  given  by  Langer  [20.25].  It  is  not 
always  easy,  however,  to  determine  the  linear 
combinations  of  Langer's  solutions  which  coincide 
with  those  defined  here. 
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N.Y.,  1941).  Theory  and  tables  for  60,  61,  62, 
63,  64,  61,  62,  b'z,  b'4,  and  coefficients  for  Scris,  x) 
and  Soris,  x)  for  c  =  0(.2)4.4  and  .5(1)4.5;  mostly 
5S;  c  =  2qi,  br=ar+2q,  6;  =  6r+2g. 

[20.60]  T.   Tamir,    Characteristic   exponents   of   Mathieu  * 
equations,    Math.    Comp.    16,    77    (1962).     The 
Floquet  exponent   Vr  of  the   first   three   stable 
regions;   namely   r—0,    1,   2;   g=.l(.l)2.5;  a  =  r 
(.l)r  +  l,     5D. 

[20.61]  J.  C.  Wiltse  and  M.  J.  King,  Values  of  the  Mathieu 
functions.  The  Johns  Hopkins  Univ.  Radiation 
Laboratory  Technical  Report  AF-53,  Baltimore, 
Md.  (1958).  (Notation  of  [20.58]  used: 
ceniv,  q)/A,  scniv,  q)/B  for  12  values  of  q  between 
.25  and  10  aiid_from  8  to  14  values  of  v;  VW2 
Mciiu,  q),  VW2  Ms'^iu,  q),  i=l,  2  for  6  to  8 
values  of  q  between  .25  and_10  and  about  20 
values  of  u,  r=0,  1,  2;  ^Jw/2  Mc?'(-\u\,  q), 
VW2  Ms<''(-|u|,  q),  r=0,  1,  2  for  about  9  values 
of  u  and  5,  2  to  4  D  in  all. 

[20.62]  J.  C.  Wiltse  and  M.  J.  King,  Derivatives,  zeros, 
and  other  data  pertaining  to  Mathieu  functions. 
The  Johns  Hopkins  Univ.  Radiation  Laboratory 
Technical  Rejwrt  AF-57,  Baltimore,  Md. 
(1958). 

[20.63]  S.  J.  Zaroodny,  An  elementary  review  of  the 
Mathieu-Hill  equation  of  real  variable  based  on 
numerical  solutions,  BaUJstic  Research  Labora- 
tory Memorandum  Report  878,  Aberdeen 
Proving  Ground,  Md.  (1955).  Chart  of  the 
characteristic  exponent. 

See  also  [20.18].  It  contains,  among  other 
tabulations,  values  of  Or,  br  and  coefficients  for 
cerix,  q),  serix,  q),  (7  =  40(20)100(50)200;  5D, 
r<2. 


•See  page  11. 
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MATHIEU    FUNCTIONS 


Table  20.1 

CHARACT 

EF 

lISTIC  VAl 

.1  ES.  JOINING  FACTORS 

,  SOME  CRITICAL  VALUES 

EVEN  SOLUTIONS 

r 

9 

"r 

f^r(0,  q) 

ce^(|ir, 

q) 

m'''-9e,riq) 

m%.r{q) 

0 

0 

0.00000 

000 

( 

-1)7.07106 

781 

(-1) 

7.07106 

78 

(-1)7.97884  56 

00 

5 

-     5.80004 

602 

( 

-2)4.48001 

817 

1.33484 

87 

1.97009 

00 

(■ 

-  3)1.86132 

97 

10 

-   13.93697 

996 

( 

-3)7.62651 

757 

1,46866 

05 

2.40237 

95 

(■ 

-  5)5.54257  96 

15 

-  22.51303 

lib 

( 

-3)1.93250 

832 

1.55010 

82 

2.68433 

53 

(■ 

-  6  3.59660 

89 

20 

-  31.31339 

007 

( 

-4)6.03743 

829 

1.60989 

09 

2.90011 

25 

( 

-  7)3.53093 

01 

25 

-  40.25677 

955 

( 

-4)2.15863 

018 

1.65751 

03 

3.07743 

91 

( 

-  8)4.53098 

68 

2 

0 

4.00000 

000 

1.00000 

000 

-1.00000 

00 

(    1)1.27661 

53 

( 

1)8.14873  31 

5 

7.44910 

974 

{ 

-1)7.35294 

308 

(-1) 

-7.24488 

15 

(    1)2.63509 

89 

( 

2)1.68665 

79 

10 

7.71736 

985 

( 

-1)2.45888 

349 

(-1) 

-9.26759 

26 

(    1)7.22275 

58 

( 

1)6.89192 

56 

15 

5.07798 

320 

( 

-2)7.87928 

278 

-1.01996 

62 

(    2)1.32067 

71 

( 

1)1.73770  48 

20 

+     1.15428 

288 

( 

-2)2.86489  431 

-1.07529 

32 

(    2)1.98201 

14 

4.29953 

32 

25 

-     3.52216 

473 

( 

-2)1.15128 

663 

-1.11627 

90 

(    2)2.69191 

26 

1.11858 

69 

10 

0 

100.00000 

000 

1.00000 

000 

-1.00000 

00 

(12)1.51800 

43 

( 

23)2.30433 

72 

5 

100.12636 

922 

1.02599 

503 

( -1) 

-9.75347 

49 

(12)1.48332 

54 

( 

23)2.31909 

77 

10 

100.50677 

002 

1.05381 

599 

( -1) 

-9.51645 

32 

(12)1.45530 

39 

( 

23)2.36418  54 

15 

101.14520 

345 

1.08410 

631 

( -1) 

-9.28548 

06 

(12)1.43299 

34 

( 

23)2.44213 

04 

20 

102.04891 

602 

1.11778 

863 

( -1) 

-9.05710 

78 

(12)1.41537 

24 

( 

23)2.55760 

55 

25 

103.23020 

480 

1.15623 

992 

(-1) 

-8.82691 

92 

(12)1.40118 

52 

( 

23)2.71854  15 

r 

? 

«r 

^^,(0,  q) 

ce'^{\Tr. 

q) 

i^q)"%,r(q) 

m%.r(q) 

1 

0 

1.00000 

000 

1.00000 

000 

-1.00000 

00 

1.59576 

91 

2.54647 

91 

5 

+     1.85818 

754 

-1)2.56542 

879 

-3.46904 

21 

7.26039 

84 

1.02263 

46 

10 

-     2.39914 

240 

-2)5.35987 

478 

-4.85043 

83 

(    1)1.35943 

49 

( 

-  2)9.72660  12 

15 

-     8.10110 

513 

-2)1.50400 

665 

-5.76420 

64 

(    1)1.91348 

51 

(■ 

-  2)1.19739  95 

20 

-  14.49130 

142 

-3)5.05181 

376 

-6.49056 

58 

(    1)2.42144 

01 

(- 

-  3)1.84066 

20 

25 

-  21.31489 

969 

-3)1.91105 

151 

-7.10674 

15 

(    1)2.89856 

94 

(■ 

-  4)3.33747 

55 

5 

0 

25.00000 

000 

1.00000 

000 

-5.00000 

00 

(    4)4.90220 

27 

( 

8)4.80631 

83 

5 

25.54997 

175 

1.12480 

725 

-5.39248 

61 

(    4)4.43075 

22 

8)5.11270  71 

10 

27.70376 

873 

1.2580] 

994 

-5.32127 

65 

(    4)4.19827 

66 

( 

8)6.83327 

77 

15 

31.95782 

125 

1.19343 

223 

-5.11914 

99 

(    4)5.25017 

04 

( 

9)1.18373 

72 

20 

36.64498 

973 

(■ 

-1)9.36575 

531 

-5J18bl 

52 

(    4)8.96243 

97 

( 

9)1.85341 

57 

25 

40.05019 

099 

(■ 

-1)6.10694 

310 

-7.05988 

45 

(    5)1.71582 

55 

( 

9)2.09679 

12 

15 

0 

225.00000 

000 

1.00000 

000 

1.50000 

00 

(20)5.60156 

72 

( 

40)2.09183 

70 

5 

225.05581 

248 

1.01129 

373 

1.51636 

57 

(20)5.54349 

84 

( 

40)2.09575 

00 

10 

225.22335 

698 

1.02287 

823 

1.53198 

84 

(20)5.49405 

67 

( 

40)2.10754 

45 

15 

225.50295 

624 

1.03479 

365 

1.54687 

43 

(20)5.45287 

72 

( 

40)2.12738 

84 

20 

225.89515 

341 

1.04708 

434 

1.56102 

79 

(20)5.41964 

26 

( 

40)2.15556 

69 

25 

226.40072 

004 

1.05980 

044 

1.57444 

72 

(20)5.39407 

68 

( 

40)2.19249 

18 

Compiled  from  National  Bureau  of  Standards,  Tables  relating  to  Mathieu  functions, 

Columbia  Univ. 

Press, 

New  York. 

N.Y.,  1951  (with  permission). 

<ir+2q-{^r+2)^ 

9~ 

'  r 

0 

1 

2 

5 

10 

15                <q> 

0.16 

-0.25532  994       -: 

L.30027 

212       -3.45639  483 

-17.84809  551 

-76.04295   314 

-  80.93 

485   048 

39 

0.12 

-0.25 

393   098       -] 

L.28658 

972       -3.39777  782 

-16.92019   225 

-76.84607  855 

-141 

64507  841 

69 

0.08 

-0.25257  851       -! 

L.27371 

191       -3.34441   938 

-16.25305  645 

-63.58155  264 

-162 

30500   052        ] 

L56 

0.04 

-0.25126  918       -] 

L.26154 

161       -3.29538   745 

-15.70968  373 

-58.63500  546 

-132.08298  271        ( 

d25 

0.00 

-0.25000  000      -: 

L.25000 

000       -3.25000   000 

-15.25000  000 

-55.25000  000 

-120.25000   000 

00 

For 

g,  ,  and  /;  , 

see  20.8.12. 

<q>=  nearest  integer  to  q. 

Compiled  from  G.  Blanch  and  I.  Rhodes,  Table  of  characteristic  values  of  Mathieu's  equation  for  large 
values  of  the  pai-ameter,  Jour.  Wash.  Acad.  Sci.,  45,  6,  1955  (with  permission). 
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CHARACTERISTIC  VALUES,  JOINING  FACTORS,  SOME  CRITICAL  VALUES 

ODD  SOLUTIONS 


q 

K 

5<(0,  q) 

0 

4,00000 

000 

2.00000  00 

5 

+  2.09946 

045 

(-1)7.33166  22 

10 

-  2.38215 

824 

(-1)2.48822  84 

15 

-  8.09934 

680 

(-2)9.18197  14 

20 

-  14.49106 

325 

(-2)3.70277  78 

25 

-  21.31486 

062 

(-2)1.60562  17 

0 

100.00000 

000 

(  1)1.00000  00 

5 

100.12636 

922 

9.73417  32 

10 

100.50676 

946 

9.44040  54 

15 

101.14517 

229 

9.11575  13 

20 

102.04839 

286 

8.75554  51 

25 

103.22568 

004 

8.35267  84 

se'i\Tr,q) 


(49)'X.('7) 


Table  20.1 


{^qYfcM 


-2.00000 

00 

6.38307 

65    ( 

1)8.14873  31 

-3.64051 

79 

(  1)1.24474 

88 

1)2.24948  08 

-4.86342 

21 

(  1)1,86133 

36 

3.91049  85 

-b.lbbbl 

38 

(  1)2.42888 

57    ( 

-  1)7.18762  28 

-6.49075 

22 

(  1)2.95502 

89    ( 

-  1)1.47260  95 

-7.10677 

19 

(  1)3.44997 

83    ( 

-  2)3.33750  27 

-1.00000 

00 

(11)1.51800 

43    ( 

23)2.30433  72 

-1.02396 

46 

(11)1.56344 

50    ( 

23)2,31909  77 

-1.04539 

48 

(11)1.62453 

03    ( 

23)2.36418  52 

-1.06429 

00 

(11)1.70421 

18    ( 

23)2.44211  78 

-1.08057 

24 

(11)1.80695 

19    ( 

23)2.55740  30 

-1.09413 

54 

(11)1.93959 

86    ( 

23)2.71681  11 

15 


se;(0,  q) 


S^rih-^,  q) 


{^q)^'9o,  riq) 


m%,r(q) 


0 

+  1.00000 

000 

1.00000 

00 

1.00000 

00 

1.59576 

91 

2.54647  91 

5 

-  5.79008 

060 

-1)1.74675 

40 

1.33743 

39 

2.27041 

76    ( 

-  2)3.74062  82 

10 

-  13.93655 

248 

-2)4.40225 

66 

1.46875 

57 

2.63262 

99    ( 

-  3)2.21737  88 

15 

-  22.51300 

350 

-2)1.39251 

35 

1.55011 

51 

2.88561 

87    ( 

-  4)2.15798  83 

20 

-  31.31338 

617 

-3)5.07788 

49 

1,60989 

16 

3.08411 

21    ( 

-  4)2.82474  71 

25 

-  40.25677 

898 

-3)2.04435 

94 

1,65751 

04 

3.24945 

50 

-  6)4.53098  74 

0 

25,00000 

000 

5.00000 

00 

1,00000 

00 

(  3)9.80440 

55    ( 

8)4.80631  83 

5 

25,51081 

605 

4.33957 

00 

( 

-1) 

9,06077 

93 

(  4)1.14793 

21 

8)5.05257  20 

10 

26.76642 

636 

3.40722 

68 

( 

-1) 

8,46038 

43 

(  4)1.52179 

77     ( 

8)5.46799  57 

15 

27.96788 

060 

2.41166 

65 

( 

-1) 

8,37949 

34 

(  4)2.20680 

20 

8)5.27524  17 

20 

28.46822 

133 

1.56889 

69 

( 

-1) 

8,63543 

12 

4)3.27551 

12 

8)4.26215  66 

25 

28.06276 

590 

( 

-1)9.64071 

62 

( 

-1) 

8.99268 

33 

(  4)4.76476 

62 

8)2.94147  89 

0 

225.00000 

000 

1)1.50000 

00 

-1,00000 

00 

(19)3.73437 

81 

40)2.09183  70 

5 

225.05581 

248 

1)1.48287 

89 

( 

-1) 

-9.88960 

70 

(19)3.78055 

49    ( 

40)2.09575  00 

10 

225.22335 

698 

1)1.46498 

60 

( 

-1) 

-9.78142 

35 

(19  3.83604 

43    ( 

40)2.10754  45 

15 

225.50295 

624 

1)1.44630 

01 

( 

-1) 

-9.67513 

70 

(19)3.90140 

52    ( 

40)2.12738  84 

20 

225.89515 

341 

1)1.42679 

46 

( 

-1) 

-9.57045 

25 

(19)3.97732 

29 

40)2.15556  69 

25 

226.40072 

004 

1)1.40643 

73 

( 

-1) 

-9.46708 

70 

(19)4.06462 

83    ( 

40)2.19249  18 

7-5\r 

0.16 
0.12 
0,08 
0.04 
0.00 


1 

-0.25532 
-0.25393 
-0.25257 
-0.25126 
-0.25000 


994 
098 
851 
918 
000 


-1.30027  164 
-1.28658  971 
-1.27371  191 
-1.26154  161 
-1.25000  000 


For  7^  ^  and  /„_ ,  see  20.8.12, 


b,+2q-(Ar-2)^ 


-11.53046 
-11.12574 
-10.78895 
-10.50135 
-10.25000 


855 
983 
146 
748 
000 


10 

-51.32546 
-56.10964 
-51.15347 
-47.72149 
-45.25000 


875 
961 
975 
533 
000 


15 

-  55.93485 
-108.31442 
-132,59692 
-114,76358 
-105.25000 


112 
060 
424 
461 
000 


<q> 

39 

69 

156 

625 


<q>  =  nearest  integer  to  q. 
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Table  20.2 


COEFFICIENTS   A„  AND  B., 


7  =  5 


Vl' 

;•      0 

2 

10 

m\ 

r                1 

5 

15 

0 

+0.54061 

2446 

+0.43873 

7166 

+0.00000  1679 

1 

+0.76246 

3686 

+0.07768 

5798 

0.00000  0000 

2 

-0.62711 

5414 

+0.65364 

0260 

+0.00003  3619 

3 

-0.63159 

6319 

+0.30375 

1030 

+0.00000  0002 

4 

+0.14792 

7090 

-0.42657 

8935 

+0.00064  2987 

5 

+0.13968 

4806 

+0.92772 

8396 

+0.00000  0106 

6 

-0.01784 

8061 

+0.07588 

5673 

+0.01078  4807 

7 

-0.01491 

5596 

-0.20170 

6148 

+0.00000  4227 

8 

+0.00128 

2863 

-0.00674 

1769 

+0.13767  5121 

9 

+0.00094 

4842 

+0.01827 

4579 

+0.00014  8749 

10 

-0.00006 

0723 

+0.00036 

4942 

+0.98395  5640 

11 

-0.00003 

9702 

-0.00095 

9038 

+0.00428  1393 

12 

+0.00000 

2028 

-0.00001 

3376 

-0.11280  6780 

13 

+0.00000 

1189 

+0.00003 

3457 

+0.08895  2014 

14 

-0.00000 

0050 

+0.00000 

0355 

+0.00589  2962 

15 

-0.00000 

0027 

-0.00000 

0839 

+0.99297  4092 

16 

+0.00000 

0001 

-0.00000 

0007 

-0.00018  9166 

17 

+  0.00000 

0001 

+0.00000 

0016 

-0.07786  7946 

18 

+0.00000  4226 

19 

+0.00286  6409 

20 

-0.00000  0071 

21 

-0.00006  6394 

22 

+0.00000  0001 

23 
25 

+0.00000  1092 
-0.00000  0014 

9  =  25 


10 


15 


0 

+0,42974 

1038  H 

-0.33086 

5777 

+0.00502 

6361 

1 

+0,39125 

2265 

+0.65659 

0398 

+0.00000 

4658 

2 

-0.69199 

9610  - 

-0.04661 

4551 

+0.02075 

4891 

3 

-0.74048 

2467 

+0.36900 

8820 

+0.00003 

7337 

4 

+0.36554 

4890  - 

-0.64770 

5862 

+0.07232 

7761 

5 

+0.50665 

3803 

-0.19827 

8625 

+0.00032 

0026 

6 

-0.13057 

5523  +0.55239 

9372 

+0.23161 

1726 

7 

-0.19814 

2336 

-0.48837 

4067 

+0.00254 

0806 

8 

+0.03274 

5863  - 

-0.22557 

4897 

+  0.55052 

4391 

9 

+0.05064 

0536 

+0.37311 

2810 

+0.01770 

9603 

10 

-0.00598 

3606  +0.05685 

2843 

+0.63227 

5658 

11 

-0.00910 

8920 

-0.12278 

1866 

+0.10045 

8755 

12 

+0.00082 

3792  - 

-0.00984 

6277 

-0.46882 

9197 

13 

+0.00121 

2864 

+0.02445 

3933 

+0.40582 

7402 

14 

-0.00008 

7961  +0.00124 

8919 

+0.13228 

7155 

15 

-0.00012 

4121 

-0.00335 

1335 

+0.83133 

2650 

16 

+0.00000 

7466  - 

-0.00012 

1205 

-0.02206 

0893 

17 

+0.00001 

0053 

+0.00033 

9214 

-0,35924 

8831 

18 

-0.00000 

0514  -, 

-0.00000 

9296 

+0.00252 

2374 

19 

-0.00000 

0660 

-0.00002 

6552 

+0.06821 

6074 

20 

+0.00000 

0029  - 

-0.00000 

0578 

-0.00021 

3672 

21 

+0.00000 

0036 

+0.00000 

1661 

-0.00802 

4550 

22 

-0.00000 

0001  +0.00000 

0030 

+0.00001 

4078 

23 

-0.00000 

0002 

-0.00000 

0085 

+0.00066 

6432 

24 

-0.00000 

0001 

-0.00000 

0746 

25 

+0.00000 

0004 

-0.00004 

1930 

26 

+0.00000 

0032 

27 

+0.00000 

2090 

28 

-0.00000 

0001 

29 

-0.00000 

0085 

31 

+0.00000 

0003 

m^ 

r 

2 

10 

9  = 

m\r 

5 

1 

5 

15 

2 

+  0.93342 

9442 

+0.00003 

3444 

1 

+0.94001 

9024 

H 

-0.05038  2462 

0,00000 

0000 

4 

-0.35480 

3915 

+0.00064 

2976 

3 

-0.33654 

1963 

-1 

■0.29736  5513 

+0.00000 

0002 

6 

+0.05296 

3730 

+0.01078 

4807 

5 

+0.05547 

7529 

H 

-0.93156  6997 

+0.00000 

0106 

8 

-0.00429 

5885 

+0.13767 

5120 

7 

-0.00508 

9553 

-0.20219  3638 

+0.00000 

4227 

10 

+0.00021 

9797 

+0.98395 

5640 

9 

+0.00029 

3879 

-( 

-0.01830  5721 

+0,00014 

8749 

12 

-0.00000 

7752 

-0.11280 

6780 

11 

-0.00001 

1602 

- 

-0,00096  0277 

+0.00428 

1392 

14 

+"0.00000 

0200 

+0,00589 

2962 

13 

+0.00000 

0332 

■1 

■0.00003  3493 

+0.08895 

2014 

16 

-0.00000 

0004 

-0.00018 

9166 

15 

-0.00000 

0007 

-0.00000  0842 

+0.99297 

4092 

18 

+0.00000 

4227 

17 

H 

-0.00000  0017 

-0.07786 

7946 

20 

-0.00000 

0070 

19 

+0.00286 

6409 

22 

+0.00000 

0001 

21 

-0.00006 

6394 

23 

+0.00000 

1093 

25 

-0.00000 

0013 

=  25 


10 


m\r 


15 


2 

+0.65743  9912 

+0.01800  3596 

1 

+0.81398 

3846 

+0.30117 

4196 

+0.00000  3717 

4 

-0.66571  9990 

+0.07145  6762 

3 

-0.52931 

0219 

+0.62719 

8468 

+0.00003  7227 

6 

+0.33621  0033 

+0.23131  0990 

5 

+0.22890 

0813 

+0.17707 

1306 

+0.00032  0013 

8 

-0.10507  3258 

+0.55054  4783 

7 

-0.06818 

2972 

-0.60550 

5349 

+0.00254  0804 

10 

+0.02236  2380 

+0.63250  8750 

9 

+0.01453 

0886 

+0.33003 

2984 

+0.01770  9603 

12 

-0.00344  2304 

-0.46893  3949 

11 

-0.00229 

5765 

-0.09333 

5984 

+0.10045  8755 

14 

+0.00040  0182 

+0.13230  9765 

13 

+0.00027 

7422 

+0.01694 

2545 

+0.40582  7403 

16 

-0.00003  6315 

-0.02206  3990 

15 

-0.00002 

6336 

-0.00217 

7430 

+0.83133  2650 

18 

+0.00000  2640 

+0.00252  2676 

17 

+0.00000 

2009 

+  0.00021 

0135 

-0.35924  8830 

20 

-0.00000  0157 

-0.00021  3694 

19 

-0.00000 

0126 

-O.OOOOl 

5851 

+0.06821  6074 

22 

+0.00000  0008 

+0.00001  4079 

21 

+0.00000 

0007 

+0.00000 

0962 

-0.00802  4551 

24 

-0,00000  0746 

23 

-0.00000 

0048 

+0.00066  6432 

26 

+0.00000  0033 

25 
27 

+0.00000 

0002 

-0.00004  1930 
+0.00000  2090 

For 

.^„  and  /?„  see 

20.2.3-20.2.11 

29 
31 

-0.00000  0086 
+0.00000  0003 

Compiled  from  National  Bureau  of  Standards,  Tables  relating  to  Mathieu  functions,  Columbia  Univ. 
Press,  New  York,  N.Y.,  1951  (with  permission). 
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21.  Spheroidal  Wave  Functions 

Mathematical  Properties 


21.1.1 


21.1.  Definition  of  Elliptical  Coordinates 

Tx—r^ 


t        ^1  +  ^2- 


2/ 


Ti  and  r2  are  the  distances  to  the  foci  of  a  family 
of  confocal  eUipses  and  hyperbolas;  2/  is  the  dis- 
tance between  foci. 


21.1.2  a=f^,  h=fy^e^, 

a = semi-major    axis;    6= semi-minor  axis;  e= ec- 
centricity. 

Equation  of  Family  of  Confocal  Ellipses 


21.1.3 


r 


-=f 


Equation  of  Family  of  Confocal  Hyperbolas 


(KK-) 


21.1.4 


t 


^=f 


(-1<77<1) 


Relations  Between  Cartesian  and  Elliptical  Coordinates 

21.1.5 


x=Jh;  y=Jy'{^'-i)ii-v') 


21.2.  Definition  of  Prolate  Spheroidal 
Coordinates 

If  the  system  of  confocal  eUipses  and  hyberbolas 
referred  to  in  21.1.3  and  21.1.4  revolves  around 
the  major  axis,  then 


21.2.1 


|2.^2_l 


=f 


1 


-f 


y  =  r  COS  <l);   2=rsin</);   O<0<27r 
where  ^,  77  and  ^  are  prolate  spheroidal  coordinates. 

Relations  Between  Cartesian   and   Prolate    Spheroidal 
Coordinates 

21.2.2 


x=Av;  y=J^{e-'^){i-v')  cps<t>; 


z=f^(e-l)a-v')  sin  0 

21.3.  Definition  of  Oblate  Spheroidal 
Coordinates 

If  the  system  of  confocal  eUipses  and  hyperbolas 
referred  to  in  21.1.3  and  21.1.4  revolves  around 
the  minor  axis,  then 

752 


21.3.1        -,-f- 


r 


-f, 


r 


^=f 


z=r  cos  0;  x=r  sin  <^;  O<0<2t 
where  ^,  -n  and  <i>  are  oblate  spheroidal  coordinates. 

Relations   Between  Cartesian    and    Oblate    Spheroidal 

Coordinates 
21.3.2 


x=f^ri  sin  <t>;  y=j  ^l{^'^—l)0—■t)'^)•,  z=Mv  cos  9 
21.4.  Laplacian  in  Spheroidal  Coordinates 
21.4.1 


V2  = 


hih 


1 


Metric  Coefficients  for  Prolate  Spheroidal  Coordinates 
21.4.2 


^^=/ Vf=?'  ^"^-^  V  w  '  h,=f^{e-i)(i-v'- 


Metric  Coefficients  for  Oblate  Spheroidal  Coordinates 
21.4.3 


21.5.  Wave  Equation  in  Prolate  and  Oblate 
Spheroidal  Coordinates 

Wave  Equation  in  Prolate  Spheroidal  Coordinates 


{e-l){l—n')^'' 


fc2(^2_^2)^_0 


*See  page  ii. 


{c=\fl) 


■ft 


SPHEROIDAL   WAVE    FUNCTIONS 
Wave  Equation  in  Oblate  Spheroidal  Coordinates 

21.5.2 
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v..+.^=|  [(,.+,)  |]+|  [a-,,  ^] 

.  ^^  +  7?^ 


\-c\e-{-v')^==0 


('=y') 


21.5.2    may    be    obtained    from    21.5.1    by    the 
transformations 

21.6.  Differential  Equations  for  Radial  and 
Angular  Prolate  Spheroidal  Wave  Functions 


If  in  21.5.1  we  put 


cos 


then  the  "radial  solution"  Rmn(c,  ^)  and  the 
"angular  solution"  Smnic,  rj)  satisfy  the  differential 
equations 

21.6.1 

|[a-l)|i?Uo,^)] 

21.6.2 

where  the  separation  constants  (or  eigenvalues) 
X„„  are  to  be  determined  so  that  Rmn(c,  ^)  and 
Smn(c,  77)  are  finite  at  |=  ±  1  and  tj=  ±  1 
respectively. 

(21.6.1  and  21.6.2  are  identical.  Radial  and 
angular  prolate  spheroidal  functions  satisfy  the 
same  differential  equation  over  different  ranges  of 
the  variable.) 

Differential  Equations  for  Radial  and  Angular  Oblate 
Spheroidal  Functions 

21.6.3 

|[a^+l)|i?..(c,^)] 

21.6.4 

^[(l-.^)|^.„(c,.)] 


(21.6.3   may  be  obtained  from  21.6.1   by   the 

transformations  ^— >±i|,  c-^Tic;  21.6.4  may  be 
obtained  from 21.6.2  by  the  transformation  c^ Tic.) 


21.7.  Prolate  Angular  Functions 


21.7.1 


si;ii{c,v)=j:'  dr(c)n+r{v) 

r=0,  1 

= Prolate  angular  function  of  the  first  kind 
21.7.2 

Sialic, v)=T>'  d7^(c)Q^^M 

r  =  — OS 

= Prolate  angular  function  of  the  second  kind 

(P^iv)  and  Q^iv)  are  associated  Legendre 
functions  of  the  first  and  second  kinds  respectively. 
However,  for  -1<2<1,  F:{z)  =  (l-z^)'^'H"'P„{z)l 
dz"*  (see  8.6.6).  The  summation  is  extended  over 
even  values  or  odd  values  of  r.) 

Recurrence  Relations  Between  the  Coefficients 

21.7.3 

CCkdk+2-\-Wk  —  '><mn)dk-\-yi4k-2  =  0 

^  (2m+Ar+2)  (2m+^+l)c'' 
'^*~  (2  m+2Ar+3)  (2  m+2A;+5) 

,  2(m+^)(w4-^4-l)-2m2-l    ^ 


(2m+2Jt-l)(2m+2A:+3) 


7t 


k(k-l)c' 


(2m+2/:-3)(2m+2^-l) 

Transcendental  Equation  for  >>.„„ 

21.7.4 

U{Kn)=U,{Kn)+U2{Xmn)=^0 

&7  ^-2 


C/i(X«„)=77-X 

U2{Kn)  = 


""»       ^m     \       -.m     \       

It -2       i^mn  it-*       '»jnn 

p7+2  Pr+4 


_,m      \        ~.m      \       

Tr+2       <^mn         Tr  +  4       '^mn 

k{k-l)(2m-^k){2m-^k-l)c* 
^    (2m+2/t-l)2(2m+2Ar+l)(2m+2^-3) 


'yj'=(m+A:)(m+^+l) 


4m^-\ 


(2m+2it-l)(2m4-2Ar+3) 
(The  choice  of  r  in  21.7.4  is  arbitrary.) 


(^>2) 
](Ar>0) 


db 
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21.7.5 


SPHEROIDAL    WAVE    FUNCTIONS 
Power  Series  Expansion  for  X^, 


i 


*=0 


,r       (2m-l)(2m  +  l)1 
^~^L         (2n-l)(2n+3)  J 


.  _—(n—m-{-l)(n—m+2)(n-\-m-\-l){n-{-m-\-2)     (n— m  — l)(n— m)(n+m  — l)(n+m) 
*~  2(2n+l)  (2/1+3)^(271+5)  "*  2(2n-3)(2n-l)3(2ri+l) 

,  _,.    2_i>>  r(n—m-{-l)(n—Tn-\-2)(n-\-m+l)(n-{-m-'r2)       (n— m— l)(n— m)(7i,+m— l)(n+m)  "I 
•~^  ^L     (271-1)  (2/1+1)  (2n+3)'(2«,+5)(2n+7)         (27i-5)(2ri-3)(27i-l)^(27j,+l)(27i+3)J 

^8=2(4771^-1)2^+^^  5+i  C+^  Z> 


^= 


5= 


(n—  771— 1)  (n—  m)  (71+ 771— 1)  (71+  771)        (71— 7M+l)(n— 771 +2)  (71+771 +l)(n+ 771+2) 
(271-5)2(271-3)  (271- l)^(27i+l)  (271+3)2        (2/2,-1)2(271+1)  (27i+3)'(27i+5)  (2/1+7)2 

(/i- /n- 3)  (n— 771  — 2)  (/I— 771  — 1)  (/2.— 771)  (/i+/n  — 3)  (/1+/71  — 2)  (/l+77i  — 1)  (/l+ 77l) 

''  (27i-7)(2/i-5)2(2/i-3)3(2/i-l)*(2/i+l) 

(yt—77l  +  l)(/t— 771+2)  (71— 771  +  3)  (7t—/7l+4)(/t+ 771+1)  (/1  +  771+2)  (71+771  +  3)  (/t+7n+4) 

(2/1+1)  (2/1+3)^271+5)3(271+7)2(2/1+9) 

^^  (/l-77l  +  l)2(7^-7n  +  2)2(7l+7n  +  l)2(7l+77l+2)2  _  (/I- 77l-l)2(/l- 77l)2(7l+ 771- l)2(7t+77l)2 

"^  ,  -s„,.  ,  „.,,.  ,  .,2  (2/1-3)2(2/1-1)^(271+1)2 


D= 


(271+1)2(2/^+3)^(271+5)^ 

(/I— 771  —  1)  (/I— /7l)  (/I— /7i  + 1)  (/I— 771 +2)  (/l+ 771  —  1)  (n+ TTl)  (r?  +  771  +  1)  (/l  + 771 +2) 

(2/1-3)  (2/1- l)X2/i+ 1)2(2/1+3)  *(2n+5) 


Asymptotic  Expansion  for  Xm« 

21.7.6 

X.„(c)=C2+77i2-i  (g2+5)_-|-  (^+11-32^2) 


1 


1024c2 


[5  ((Z*+26g2+21) -384/712  (224- 1)] 


~?  [lis^  (335^+159423+56212) 

-^(37g3  +  i672)+|^2] 
-\  [9^2  (63g«+4940g'+4332722+22470) 

-^  (1152^+131022+735)+^*  (2^+1)] 


Ll024= 


(5272^+615292^+10439612' 


+22415992)- 


m^ 


32  • 1024 


(57392^+1275502^ 


-2989512)+^  (3552^+15052)-^]+O(c-«) 

2=2(n— 7m)+1 


Refinement  of  Approximate  Values  of  X«n 

If  y^l  is  an  approxiination  to  X^,  obtained  either 
from  21.7.5  or  21.7.6  then 

21.7.7 


8\mn ■ 


A,  =  l 


A1+A2 


^^-2^- 


A.2  = 


(N^^^y  ,  (N7^2N7^,y  ,  (iVrWVTWV^eT 


N?= 


/57+2         '  137+2/37+4  ' 

(277i+r)(277i+r-l)c2 


dr 


07= 


(277i+2r-l)(277i+2r+l)  4-2 
r(r— l)(277i+r)(27n+r— l)c* 


+ 
(r>2) 


(277i+2r-l)2(277J.+2r+l)(277i+2r-3) 


(r>2) 
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Evaluation  of  Coefficients 

Step  1.     Calculate  A^^'s  from 
21.7.8 

AC,2=77-Xmn-^         (r>2) 

y'P=(m+r){m-{-r-^l) 


4m2-l 


(2m+2r-l)(2w+2r+3) 


]  ir>0) 


Step  2.     Calculate  ratios  -r^  and  ——  from 

<^2r  <J2p  +  l 


21.7.9 
21.7.10 


5  ==f4o\  f^\  (d2T-2\ 

'r       \dj\dj--\d,r    ) 


C?2 


di       td\\(dz\         Mp-i\ 

C^p  +  l       \C?3/   \<^5/   '   *   '   \<4p  +  l/ 


and  the  formula  for  A^7  in  21.7.7. 

The  coefficients  (f7"  8,re  determined  to  within 
the  arbitrary  factor  d^  for  r  even  and  d^  lor  r  odd. 
The  choice  of  these  factors  depends  on  the  normal- 
ization scheme  adopted. 

Normalization  of  Angular  Functions 
Meixner-Schafke  Scheme 


21.7.11  £[S„.(c,,)N,=2^|±-"" 

Stratton-Morse-Chu-Little-Corbato  Scheme 


m)! 


21.7.12 


r"^,  1        H  '■     (n— m)! 


(This  normahzation  has  the  effect  that  Snnic,  -q)- 
P^(ri)  as  77^1.) 


21.7.13 

S„„(c,0)  =  P^(0) 


Flammer  Scheme  [21.4] 


^'C-^ym^y 


21.7.14 

s;„(c,o)=F?'(o)= 


(n—m)  even 


(-1)"  2*    (n+m+l)! 


dT 


2„  /7^-m-l\  ,  /7i+m  +  l\  , 

[n—m)  odd 
The  above  lead  to  the  following  conditions  for 

273-888  0-67— 49 


21.7.15 

^,    (-l)^/2(r+2m)!    ^^„_       (-l)^(n+m)! 


.0    2^(0!(^-i|Z^)!     '       2»-«f-^)l(^4!")l 

(n— Tn)  even 


21.7.16 


S' 


= 1    2 


(-l)-i-(r+2m  +  l)! 


dT 


n  —  m—l 

(-l)^i— (n+m  +  l)! 


,„_^  /n-m-l\  ,  /7i+m+l\  , 


(7i— m)  odd 


(The  normahzation  scheme  21.7.13  and  21.7.14  is 
also  used  in  [21.10].) 

Asymptotic  Expansions  for  (S„„(c,  rf) 
21.7.17 

U„,n(x)=  ±,   KD,+r{x)         l=n-m 

r=— 00 

where  the  DJxYs  are  the  parabohc  cylinder  func- 
tions (see  chapter  19). 

A(x)  =  (-l)V^^*  ^  e-^''^^2-^'^e-'''^Hr  (^ 

and  the  H;.(a;)  are  the  Hermite  polynomials  (see 
chapter  22).    (For  tables  of  /iLrAo  see  [21.4].) 


Expansion  of  S»»(c,  jj)  in  Powers  of  17 


21.7.18 


r=0,  1 

(r+l)(r+2)p7+2(c)-K^+2m+l)+m(m+l) 

-  X„»(c)]l>7"(c)  -c2p7-2(c)  =0 

(The  derivation  of  the  transcendental  equation 
for  X„„  is  similar  to  the  derivation  of  21.7.4  from 
21.7.3.) 

Expansion  of  Smn(c,  »?)  in  Powers  of  {l  —  rj^) 

21.7.19 

'S'^„(c,r/)  =  (l-77=')'"^'Z)c?*"(l-'7')*        (^-w^)  even 


H«l 
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21.7.20 

S„.ic,v)=v(i-vT"f:<iT'(l-v')'        (n-m)  odd 


k=0 


1  f.(2m+2r)!  (^^^  ■  ..i^- 

'^*-2"^!(m+it)!^t      (2r)!      ^     ^)*;^^  +  '-+2;/^' 

(n— m)  even 


2'"yt!(m 


1  -  (2m+2r+l)!        .  /^^n,,  ,  3\  ^.. 

(n— m)  odd 


SPHEROIDAL    WAVE    FUXCTIONS 

lS5-=-2-«g[335*+114g'+37-2m*(232«+25) 

+  13m*] 

/3r"=-2-'«'[63g«+340g*+23V+i4 

-10m2(105*+23g2+3)+w*(3V-i8)-2m«] 
/3«»=^(;,+7nK>  +  (^+l)(^+m+l)ai-» 

g=n+l  for  (n  —  m)  even;  5=?^  for  (n  —  m)  odd 
(For  the  definition  of  af  see  21.8.3.) 


(«)»=«(«+ l)(a+2)  .  .  .  (a+t+1) 
(The  c?7'"s  are  the  coefficients  in  21.7.1.) 

Prolate  Angular  Functions^Second  Kind 

Expansion  21.7.2  ultimately  leads  to 
21.7.21 

Sialic, v)=     S'      rfr^.r(^) 

T  =  —2m,  -2m+l 

+    z;'     c",P7-m-i(^) 

r=2m+2,  2m+l 

(The  coefficients  rf^"  are  the  same  as  in  21.7.1; 
the  coefficients  d'^^  are  tabulated  in  [21.4].) 

21.8.  Oblate  Angvilar  Functions 
Power  Series  Expansion  for  Eigenvalues 


21.8.1 


x.,=2](-i)%tc" 

t=0 


where  the  U's  are  the  same  as  in  21.7.5. 

Asymptotic  Ejcpansion  for  Eigenvalues  [21.4] 

21.8.2 

X^,=  -c2^2c(2v-fm^l)-2v(v  +  m  +  l) 

-(m+l)+A„, 

v=^(n—Tn)  for  (n—m)  even; 

v=^(n—Tn—l)  for  (n—m)  odd 

t=i 

^"=_2-6[55*+l022+i-2m='(322+l)  +  m*] 


Asymptotic  Expansion  for  Oblate  Angular  Functions 

21.8.3 

Smn(-ic,v)^(l-r,')''"  12  Ar  {€-'''-'>' V,l\[2c(l-r,)] 
«=— r 

4.(_l)n-,»g-c(l+„^(«,  [2c(l+,,)]) 

where  the  Zi'"'(z)  are  Laguerre  polynomials  (see 
chapter  22)  and 

^=g  ar(m,n)c-' 

(Expressions  of  0*=*='"  are  given  in  [21.4].) 

21.9.  Radial  Spheroidal  Wave  Fvinetions 


r=0,  1 


2i'>(2)  =  V^«/»+jU)  (P=l) 


=Vi^-i(^)    (^= 


2) 


(J„+j(2)  and  F,+j(2)  are  Bessel  functions,  order 
n  +  l,  of  the  first  and  second  kind  respectively 
(see  chapter  10).) 

21.9.2  Rl^Kc  ^)=Rlil(c,  ^)+iRlil(c,  ^) 

21.9.3  i?i?>(c,|)=i?iJ>(c,|)-i/?i?i(c,^) 

Asymptotic  Behavior  of  Rniic,  {)  and  i?mi(c,  {) 


21.9.4       RliKc,^)- 


«(-»<» 


c^ 


cos  [cf-i(n+l)x] 


21.9.5       i?;^i(c,l) ►;^sin[c^-§(n+l);r] 


•See  pa^e  ii. 
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21.10.  Joining  Factors  for  Prolate  Spheroidal  Wave  Functions 
21.10.1 

si;il(c,^)=Ki;il{c)Ri^l{c,^) 

(2m  +  l)(w+m)!  ^'  o?r(2m+r)!/r!  (2m+3)(ri+m  +  l)!  X)'  df"(2m-\-ry./r\ 

(n—m)  even  (n—m)  odd 

21.10.2 

2       (2m).  (^       2       ;A       2       y-^-'""^^^'-'^.  (2m+r)!  ,     ,.  .  ^     ^, 

= 77^ ^vTTo 7\ — r? — i II,,  m-2 2-1  i d^  [c)  In—m)  odd 

(2m— 3)(2m— l)m!(7i+m  +  l)!c'"  ^  ^         r!  "^  ^  ^  ^  y     vxv* 

(The  expression  for  joining  factors  appropriate  to 
the  oblate  case  may  be  obtained  from  the  above 
formulas  by  the  transformation  c-^—ic.) 
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Table   21.1 

EIGENVALUES— PROLATE  AND  OBLATE 

PROLATE 

Xmn(c)-m(w  +  l) 

* 

XOn(c) 

c2\n 

0 

1 

2 

3 

4 

0 

0.000000 

2.000000 

6.000000 

12.000000 

20.000000 

1 

0.319000 

2.593084 

6.533471 

12.514462 

20.508274 

2 

0.611314 

3.172127 

7.084258 

13.035830 

21.020137 

3 

0.879933 

3.736869 

7.649317 

13.564354 

21.535636 

4 

1.127734 

4.287128 

8.225713 

14.100203 

22.054829 

5 

1.357356 

4.822809 

8.810735 

14.643458 

22.577779 

6 

1.571155 

5.343903 

9.401958 

15.194110 

23.104553 

7 

1.771183 

5.850492 

9.997251 

15.752059 

23.635223 

8 

1.959206 

6.342739 

10.594773 

16.317122 

24.169860 

9 

2.136732 

6.820888 

11.192938 

16.889030 

24.708534 

10 

2.305040 

7.285254 

11.790394 

17.467444 

25.251312 

11 

2.465217 

7.736212 

12.385986 

18.051962 

25.798254 

12 

2.618185 

8.174189 

12.978730 

18.642128 

26.349411 

13 

2.764731 

8.599648 

13.567791 

19.237446 

26.904827 

14 

2.905523 

9.013085 

14.152458 

19.837389 

27.464530 

15 

3.041137 

9.415010 

14.732130 

20.441413 

28.028539 

16 

3.172067 

9.805943 

15.306299 

21.048960 

28.596854 

r(-3)3i 

6 

r(-3)2- 
5 

-(-3)2-| 
6 

C-MXOn(c)] 

[(-4)91 
5 

r(-4)5-| 

5 

c-\n 

0 

1 

2 

3 

4 

0.25 

0.793016 

2.451485 

3.826574 

5.26224 

7.14921 

0.24 

0.802442 

2.477117 

3.858771 

5.25133 

7.05054 

0.23 

0.811763 

2.503218 

3.895890 

5.25040 

6.96237 

0.22 

0.820971 

2.529593 

3.937869 

5.26046 

6.88638 

0.21 

0.830059 

2.556036 

3.984499 

5.28251 

6.82460 

0.20 

0.839025 

2.582340 

4.035382 

5.31747 

6.77941 

0.19 

0.847869 

2.608310 

4.089903 

5.36610 

6.75360 

0.18 

0.856592 

2.633778 

4.147207 

5.42883 

6.75030 

0.17 

0.865200 

2.658616 

4.206229 

5.50551 

6.77286 

0.16 

0.873698 

2.682743 

4.265772 

5.59516 

6.82451 

0.15 

0.882095 

2.706127 

4.324653 

5.69566 

6.90779 

0.14 

0.890399 

2.728784 

4.381878 

5.80359 

7.02356 

0.13 

0.898617 

2.750762 

4.436798 

5.91452 

7.16962 

0.12 

0.906758 

2.772133 

4.489168 

6.02383 

7.33916 

0.11 

0.914827 

2.792971 

4.539096 

6.12806 

7.52035 

0.10 

0.922830 

2.813346 

4.586895 

6.22577 

7.69932 

0.09 

0.930772 

2.833316 

4.632927 

6.31730 

7.86638 

0.08 

0.938657 

2.852927 

4.677506 

6.40385 

8.01951 

0.07 

0.946487 

2.872213 

4.720863 

6.48655 

8.16148 

0.06 

0.954267 

2.891203 

4.763160 

6.56618 

8.29538 

0.05 

0.961998 

2.909920 

4.804519 

6.64326 

8.42315 

0.04 

0.969683 

2.928382 

4.845033 

6.71812 

8.54594 

0.03 

0.977324 

2.946608 

4.884779 

6.79104 

8.66452 

0.02 

0.984923 

2.964611 

4.923820 

6.86221 

8.77945 

0.01 

0.992481 

2.982404 

4.962212 

6.93182 

8.89116 

0.00 

1.000000 

3.000000 

5.000000 

7.00000 

9.00000 

"(-5)2- 
4 

R- 5)9-1 
5 

■(-4)6-| 
6 

[(-3)21 
6 

r(-3)4i 

9 

•Sep  page  ii 
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EIGENVALUES— PROLATE  AND  OBLATE 
OBLATE 


Table  2L1 


\mni  —  ic)  —  m{m+l) 

* 

Xon(-tc) 

c2\n 

0 

1 

2 

3 

4 

0 

0.000000 

2.000000 

6.000000 

12.000000 

20.000000 

1  ' 

-0.348602 

1.393206 

5.486800 

11.492120 

19.495276 

2 

-0.729391 

0.773097 

4.996484 

10.990438 

18.994079 

3 

-1.144328 

+0.140119 

4.531027 

10.494512 

18.496395 

4 

-1.594493 

-0.505243 

4.091509 

10.003863 

18.002228 

5 

-2.079934 

-1.162477 

3.677958 

9.517982 

17.511597 

6 

-2.599668 

-1.831050 

3.289357 

9.036338 

17.024540 

7 

-3.151841 

-2.510421 

2.923796 

8.558395 

16.541110 

8 

-3.733981 

-3.200049 

2.578730 

8.083615 

16.061382 

9 

-4.343292 

-3.899400 

2.251269 

7.611465 

15.585448 

10 

-4.976895 

-4.607952 

1.938419 

7.141427 

15.113424 

11 

-5.632021 

-5.325200 

1.637277 

6.673001 

14.645441 

12 

-6.306116 

-6.050659 

1.345136 

6.205705 

14.181652 

13 

-6.996903 

-6.783867 

1.059541 

5.739084 

13.722230 

14 

-7.702385 

-7.524384 

0.778305 

5.272706 

13.267364 

15 

-8.420841 

-8.271795 

0.499495 

4.806165 

12.817261 

16 

-9.150793 

-9.025710 

0.221407 

4.339082 

12.372144 

r(-3)4- 

7 

-(-3)2] 
5 

"(-3)3' 
7 

C-^\0n(-ic)] 

-(-4)8- 
5 

[(-4)61 
5 

c-'^\n 

0 

1 

2 

3 

4 

0.25 

-0.571924 

-0.564106 

+0.013837 

0.271192 

0.77325 

0.24 

-0.585248 

-0.579552 

-0.009136 

0.213225 

0.67822 

0.23 

-0.599067 

-0.595037 

-0.031481 

0.157464 

0.58772 

0.22 

-0.613349 

-0.610591 

-0.053477 

0.103825 

0.50191 

0.21 

-0.628058 

-0.626242 

-0.075480 

0.052196 

0.42099 

0.20 

-0.643161 

-0.642016 

-0.097943 

+0.002437 

0.34521 

0.19 

-0.658625 

-0.657938 

-0.121428 

-0.045635 

0.27490 

0.18 

-0.674418 

-0.674031 

-0.146603 

-0.092251 

0.21043 

0.17 

-0.690515 

-0.690310 

-0.174201 

-0.137692 

0.15215 

0.16 

-0.706891 

-0.706792 

-0.204894 

-0.182301 

0.10020 

0.15 

-0.723530 

-0.723486 

-0.239109 

-0.226469 

0.05428 

0.14 

-0.740416 

-0.740399 

-0.276886 

-0.270627 

+0.01332 

0.13 

-0.757541 

-0.757535 

-0.317881 

-0.315206 

-0.02476 

0.12 

-0.774896 

-0.774894 

-0.361548 

-0.360594 

-0.06337 

0.11 

-0.792476 

-0.792476 

-0.407352 

-0.407081 

-0.10723 

0,10 

-0.810279 

-0.810279 

-0.454896 

-0.454839 

-0.16065 

0.09 

-0.828301 

-0.828301 

-0.503937 

-0.503928 

-0.22419 

0.08 

-0.846539 

-0.846539 

-0.554337 

-0.554337 

-0.29513 

0.07 

-0.864992 

-0.864992 

-0.606021 

-0.606021 

-0.37117 

0.06 

-0.883657 

-0.883657 

-0.658931 

-0.658931 

-0.45125 

0.05 

-0.902532 

-0.902532 

-0.713025 

-0.713025 

-0.53495 

0.04 

-0.921616 

-0.921616 

-0.768262 

-0.768262 

-0.62200 

0.03 

-0.940906 

-0.940906 

-0.824608 

-0.824608 

-0.71218 

0.02 

-0.960402 

-0.960402 

-0.882031 

-0.882031 

-0.80533 

0.01 

-0.980100 

-0.980100 

-0.940503 

-0.940503 

-0.90131 

0.00 

-1.000000 

-1.000000 

-1.000000 

-1.000000 

-1.00000 

■(-5)6-1 
4 

[(-5)3-1 
4 

r(-4)4i 

7 

[(-4)31 
6 

8 

•Spp  page 
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Table  21.1 


EIGENVALUES— PROLATE  AND  OBLATE 


PROLATE 

X«»(c)  — m(m+l) 

* 

X,„(c)-2 

* 

c2\n 

1 

2 

3 

4 

5 

0 

0.000000 

4.000000 

10.000000 

18.000000 

28.000000 

1 

0.195548 

4.424699 

10.467915 

18.481696 

28.488065 

2 

0.382655 

4.841718 

10.937881 

18.965685 

28.977891 

3 

0.561975 

5.251162 

11.409266 

19,451871 

29.469456 

4 

0.734111 

5.653149 

11.881493 

19.940143 

29.962738 

5 

0.899615 

6.047807 

12.354034 

20.430382 

30.457716 

6 

1.058995 

6.435272 

12.826413 

20.922458 

30.954363 

7 

1.212711 

6.815691 

13.298196 

21.416235 

31.452653 

8 

1.361183 

7.189213 

13.768997 

21.911569 

31.952557 

9 

1.504795 

7.555998 

14.238466 

22.408312 

32.454044 

10 

1.643895 

7.916206 

14.706292 

22.906311 

32.957080 

11 

1.778798 

8.270004 

15.172199 

23.405410 

33.461629 

12 

1.909792 

8.617558 

15.635940 

23.905451 

33.967652 

13 

2.037141 

8.959038 

16.097297 

24.406277 

34.475109 

14 

2.161081 

9.294612 

16.556078 

24.907729 

34.983956 

15 

2.281832 

9.624450 

17.012115 

25.409649 

35.494147 

16 

2.399593 

9.948719 

17.465260 

25.911881 

36.005634 

r(-3)r 

5 

r(-3)r 

5 

(-(-4)4- 
5 

c-HXi«(c)-2] 

r(-4)3i 

4 

* 

[(-4)21 
4 

c-i\n 

1 

2 

3 

4 

5 

0.25 

0.599898 

2.487179 

4.366315 

6.47797 

9.00140 

0.24 

0.613295 

2.491544 

4.338520 

6.38296 

8.80891 

0.23 

0.627023 

2.497852 

4.315609 

6.29522 

8.62445 

0.22 

0.641073 

2.506130 

4.297923 

6.21556 

8.44916 

0.21 

0.655431 

2.516383 

4.285792 

6.14494 

8.28436 

0.20 

0.670084 

2.528591 

4.279522 

6.08438 

8.13163 

0.19 

0.685014 

2.542705 

4.279366 

6.03498 

7.99282 

0.18 

0.700204 

2.558644 

4.285495 

5.99788 

7.87010 

0.17 

0.715632 

2.576296 

4.297965 

5.97420 

7.76598 

0.16 

0.731281 

2.595516 

4.316672 

5.96496 

7.68328 

0.15 

0.747129 

2.616135 

4.341320 

5.97090 

7.62508 

0.14 

0.763159 

2.637968 

4.371397 

5.99230 

7.59446 

0.13 

0.779353 

2.660829 

4.406191 

6.02874 

7.59407 

0.12 

0.795696 

2.684536 

4.444844 

6.07889 

7.62539 

0.11 

0.812174 

2.708934 

4.486445 

6.14051 

7.68773 

0.10 

0.828776 

2.733891 

4.530151 

6.21063 

7.77728 

0.09 

0.845493 

2.759305 

4.575277 

6.28624 

7.88714 

0.08 

0.862316 

2.785099 

4.621329 

6.36482 

8.00897 

0.07 

0.879237 

2.811212 

4.667984 

6.44473 

8.13579 

0.06 

0.896251 

2.837600 

4.715031 

6.52505 

8.26355 

0.05 

0.913352 

2.864224 

4.762333 

6.60532 

8.39048 

0.04 

0.930535 

2.891056 

4.809790 

6.68528 

8.51592 

0.03 

0.947796 

2.918069 

4.857332 

6.76480 

8.63963 

0.02 

0.965129 

2.945243 

4.904906 

6.84378 

8.76153 

0.01 

0.982531 

2.972558 

4.952472 

6.92219 

8.88164 

0.00 

1.000000 

3.000000 

5.000000 

7.00000 

9.00000 

r(-5)4"i 

4 

7-4)2" 
5 

-(-4)8- 
6 

[(-3)21 
6 

r(-3)41 

7 
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EIGENVALUES— PROLATE  AND  OBLATE 
OBLATE 


Table  21.1 


x„ 

,ni  —  ic)  —  m{m+l) 
Xi„(-ic)-2 

+ 

c2\n 

1 

2 

3 

4 

5 

0 

0.000000 

4.000000 

10.000000 

18.000000 

28.000000 

1 

-0.204695 

3.567527 

9.534818 

17.520683 

27.513713 

2 

-0.419293 

3.127202 

9.073104 

17.043817 

27.029223 

3 

-0.644596 

2.678958 

8.615640 

16.569461 

26.546548 

4 

-0.881446 

2.222747 

8.163245 

16.097655 

26.065706 

5 

-1.130712 

1.758534 

7.716768 

15.628426 

25.586715 

6 

-1.393280 

1.286300 

7.277072 

15.161786 

25.109592 

7 

-1.670028 

0.806045 

6.845015 

14.697727 

24.634357 

8 

-1.961809 

+0.317782 

6.421425 

14.236229 

24.161031 

9 

-2.269420 

-0.178458 

6.007074 

13.777252 

23.689634 

10 

-2.593577 

-0.682630 

5.602649 

13.320743 

23.220190 

11 

-2.934882 

-1.194673 

5.208724 

12.866634 

22.752726 

12 

-3.293803 

-1.714511 

4.825732 

12.414840 

22.287271 

13 

-3.670646 

-2.242055 

4.453947 

11.965266 

21.823856 

14 

-4.065548 

-2.777205 

4.093464 

11.517803 

21.362516 

15 

-4.478470 

-3.319848 

3.744202 

11.072331 

20.903290 

16 

-4.909200 

-3.869861 

3.405903 

10.628718 

20.446222 

[(-3)21 
5 

[(-3)11 
5 

'(-3)1" 
5 

c-2[X,„(-ic)-2] 

[(-4)31 
5 

* 

[(-4)31 
4 

c-^\n 

1 

2 

3 

4 

5 

0.25 

-0.306825 

-0.241866 

0.21286 

0.66429 

1.2778 

0.24 

-0.318148 

-0.266693 

0.17062 

0.57759 

1.1420 

0.23 

-0.330984 

-0.291340 

0.13125 

0.49460 

1.0120 

0.22 

-0.345469 

-0.315894 

0.09476 

0.41533 

0.8879 

0.21 

-0.361702 

-0.340450 

0.06107 

0.33974 

0.7697 

0.20 

-0.379735 

-0.365113 

0.03001 

0.26779 

0.6575 

0.19 

-0.399564 

-0.389998 

+0.00127 

0.19942 

0.5515 

0.18 

-0.421125 

-0.415222 

-0.02563 

0.13449 

0.4520 

0.17 

-0.444308 

-0.440907 

-0.05142 

0.07282 

0.3591 

0.16 

-0.468974 

-0.467166 

-0.07710 

+0.01411 

0.2735 

0.15 

-0.494976 

-0.494104 

-0.10406 

-0.04205 

0.1958 

0.14 

-0.522180 

-0.521805 

-0.13412 

-0.09625 

0.1271 

0.13 

-0.550474 

-0.550335 

-0.16924 

-0.14929 

0.0680 

0.12 

-0.579775 

-0.579732 

-0.21076 

-0.20210 

+0.0183 

0.11 

-0.610027 

-0.610016 

-0.25868 

-0.25572 

-0.0250 

0.10 

-0.641193 

-0.641191 

-0.31185 

-0.31111 

-0.0685 

0.09 

-0.673251 

-0.673251 

-0.36901 

-0.36888 

-0.1219 

0.08 

-0.706186 

-0.706186 

-0.42934 

-0.42932 

-0.1907 

0.07 

-0.739985 

-0.739985 

-0.49242 

-0.49242 

-0.2714 

0.06 

-0.774638 

-0.774638 

-0.55807 

-0.55807 

-0.3598 

0.05 

-0.810135 

-0.810135 

-0.62616 

-0.62616 

-0.4542 

0.04 

-0.846468 

-0.846468 

-0.69657 

-0.69657 

-0.5540 

0.03 

-0.883628 

-0.883628 

-0.76923 

-0.76923 

-0.6588 

0.02 

-0.921608 

-0.921608 

-0.84406 

-0.84406 

-0.7682 

0.01 

-0.960401 

-0.960401 

-0.92100 

-0.92100 

-0.8820 

0.00 

-1.000000 

-1.000000 

-1.00000 

-1.00000 

-1.0000 

■(-4)2' 
5 

-(-4)11 
5 

[(-4)81 
6 

[(-4)51 
5 

[(-3)21 

7 
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Table  21.1 


EIGENVALUES— PROLATE  AND  OBLATE 


PROL.\TE 

K,, 

,(c)-m(m+l) 

X2n(c)-6 

* 
* 

, 

c2\n 

2 

3 

4 

5 

6 

0 

0.000000 

6.000000 

14.000000 

24.000000 

36.000000 

1 

0.140948 

6.331101 

14.402353 

24.436145 

36.454889            ; 

2 

0.278219 

6.657791 

14.804100 

24.872744 

36.910449 

3 

0.412006 

6.980147 

15.205077 

25.309731 

37.366657 

4 

0.542495 

7.298250 

15.605133 

25.747043 

37.823486 

5 

0.669857 

7.612179 

16.004126 

26.184612 

38.280913 

6 

0.794252 

7.922016 

16.401931 

26.622373 

38.738910 

7 

0.915832 

8.227840 

16.798429 

27.060261 

39.197451 

8 

1.034738 

8.529734 

17.193516 

27.498208 

39.656510 

9 

1.151100 

8.827778 

17.587093 

27.936151 

40.116059 

10 

1.265042 

9.122052 

17.979073 

28.374023 

40.576070 

11 

1.376681 

9.412636 

18.369377 

28.811761 

41.036514 

12 

1.486122 

9.699610 

18.757932 

29.249302 

41.497364 

13 

1.593469 

9.983052 

19.144675 

29.686584 

41.958589 

14 

1.698816 

10.263039 

19.529549 

30.123544 

42.420160 

15 

1.802252 

10.539650 

19.912501 

30.560125 

42.882048 

16 

1.903860 

10.812958 

20.293486 

30.996267 

43.344222 

r(-4)5-| 

4 

"(-4)6-1 
4 

r(-4)2-| 

4 
c-»[X2»(c)-6l 

r(-5)6"i 

4 

» 

4  J 

c--^\n 

2 

3 

4 

5 

6 

0.25 

0.475965 

2.703239 

5.073371 

7.74906 

10.8360 

0.24 

0.489447 

2.683149 

4.994116 

7.58138 

10.5536 

0.23 

0.503526 

2.665356 

4.919290 

7.41971 

10.2781 

0.22 

0.518220 

2.650003 

4.849313 

7.26479 

10.0103 

0.21 

0.533551 

2.637236 

4.784640 

7.11743 

9.7512 

0.20 

0.549534 

2.627196 

4.725757 

6.97858 

9.5023 

0.19 

0.566185 

2.620017 

4.673177 

6.84931 

9.2649 

0.18 

0.583513 

2.615819 

4.627427 

6.73081 

9.0409 

0.17 

0.601526 

2.614701 

4.589031 

6.62442 

8.8323 

0.16 

0.620224 

2.616735 

4.558480 

6.53155 

8.6417 

0.15 

0.639604 

2.621954 

4.536196 

6.45371 

8.4718 

0.14 

0.659659 

2.630349 

4.522485 

6.39236 

8.3260 

0.13 

0.680376 

2.641862 

4.517479 

6.34878 

8.2078 

0.12 

0.701737 

2.656384 

4.521086 

6.32389 

8.1208 

0.11 

0.723722 

2.673764 

4.532956 

6.31794 

8.0678 

0.10 

0.746308 

2.693817 

4.552484 

6.33030 

8.0507 

0.09 

0.769471 

2.716339 

4.578871 

6.35935 

8.0688 

0.08 

0.793186 

2.741120 

4.611219 

6.40263 

8.1184 

0.07 

0.817429 

2.767960 

4.648642 

6.45738 

8.1932 

0.06 

0.842175 

2.796673 

4.690346 

6.52096 

8.2864 

0.05 

0.867402 

2.827089 

4.735658 

6.59127 

8.3919 

0.04 

0.893087 

2.859059 

4.784022 

6.66670 

8.5057 

0.03 

0.919209 

2.892449 

4.834980 

6.74607 

8.6249 

0.02 

0.945747 

2.927138 

4.888160 

6.82849 

8.7477 

0.01 

0.972684 

2.963019 

4.943252 

6.91330 

8.8730 

0.00 

1.000000 

3.000000 

5.000000 

7.00000 

9.0000 

r(-5)9"l 
4 

7-4)4" 
5 

"(-3)r 

6 

r(-3)2] 
6 

r(-3)4"l 
5  J 
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OBLATE 

Xm«(- 

-ic)—m{m  +  l) 

X2n(-2C)-6 

* 

* 

c2\n 

2 

3 

4 

5 

6 

0 

0.000000 

6.000000 

14.000000 

24.000000 

36.000000 

1 

-0.144837 

5.664409 

13.597220 

23.564371 

35.545806 

2 

-0.293786 

5.324253 

13.194206 

23.129322 

35.092330 

3 

-0.447086 

4.979458 

12.791168 

22.694912 

34.639597 

4 

-0.604989 

4.629951 

12.388328 

22.261201 

34.187627 

5 

-0.767764 

4.275662 

11.985928 

21.828245 

33.736444 

6 

-0.935698 

3.916525 

11.584224 

21.396098 

33.286069 

7 

-1.109090 

3.552475 

11.183489 

20.964812 

32.836522 

8 

-1.288259 

3.183450 

10.784014 

20.534436 

32.387826 

9 

-1.473539 

2.809393 

10.386106 

20.105013 

31.940000 

10 

-1.665278 

2.430250 

9.990084 

19.676587 

31.493066 

11 

-1.863838 

2.045970 

9.596286 

19.249195 

31.047043 

12 

-2.069595 

1.656508 

9.205059 

18.822869 

30.601952 

13 

-2.282933 

1.261822 

8.816762 

18.397640 

30.157814 

14 

-2.504245 

0.861875 

8.431761 

17.973532 

29.714648 

15 

-2.733927 

0.456635 

8.050424 

17.550565 

29.272476 

16 

-2.972375 

0.046076 

7.673121 

17.128753 

28.831317 

r(-3)i"i 

4 

r(-4)7- 

4 

"(-4)5" 
4 

"f-4)l" 
4 

[(-4)11 

4 

C" 

-2[X2„(-ic)-6] 

♦ 

c-i\n 

2 

3 

4 

5 

6 

0.25 

-C.185773 

+0.002879 

0.47957 

1.07054 

1.8019 

0.24 

-0.190754 

-0.030028 

0.41280 

0.95365 

1.6261 

0.23 

-0.196680 

-0.062228 

0.34933 

0.84167 

1.4577 

0.22 

-0.203790 

-0.093813 

0.28933 

0.73461 

1.2965 

0.21 

-0.212386 

-0.124893 

0.23297 

0.63251 

1.1428 

0.20 

-0.222841 

-0.155607 

0.18049 

0.53537 

0.9964 

0.19 

-0.235596 

-0.186120 

0.13215 

0.44322 

0.8574 

0.18 

-0.251126 

-0.216631 

0.08816 

0.35607 

0.7260 

0.17 

-0.269873 

-0.247375 

0.04864 

0.27389 

0.6022 

0.16 

-0.292149 

-0.278624 

+0.01342 

0.19662 

0.4863 

0.15 

-0.318047 

-0.310677 

-0.01813 

0.12409 

0.3785 

0.14 

-0.347414 

-0,343847 

-0.04727 

+0.05600 

0.2795 

0.13 

-0.379928 

-0.378432 

-0.07609 

-0.00822 

0.1901 

0.12 

-0.415213 

-0.414688 

-0.10778 

-0.06954 

0.1120 

0.11 

-0.452947 

-0.452800 

-0.14643 

-0.12937 

+0.0470 

0.10 

-0.492902 

-0.492871 

-0.19508 

-0.18959 

-0.0051 

0.09 

-0.534942 

-0.534937 

-0.25333 

-0.25217 

-0.0517 

0.08 

-0.578991 

-0.578991 

-0.31876 

-0.31861 

-0.1076 

0.07 

-0.625006 

-0.625006 

-0.38955 

-0.38955 

-0.1844 

0.06 

-0.672956 

-0.672956 

-0.46494 

-0.46494 

-0.2768 

0.05 

-0.722813 

-0.722813 

-0.54456 

-0.54456 

-0.3791 

0.04 

-0.774556 

-0.774556 

-0.62821 

-0.62821 

-0.4895 

0.03 

-0.828164 

-0.828164 

-0.71571 

-0.71571 

-0.6073 

0.02 

-0.883618 

-0.883618 

-0.80691 

-0.80691 

-0.7319 

0.01 

-0.940902 

-0.940902 

-0.90171 

-0.90171 

-0.8629 

0.00 

-1.000000 

-1.000000 

-1.00000 

-1.00000 

-1.0000 

r(-4)5"l 
6 

"(-4)2" 
5 

r(-3)r 

8 
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Table  21.2 


ANGULAR  FUiNCTIONS— PROLATE  AND  OBLATE 

PROL.\TE 


S 

mn{c,  COS  e) 

c\e 

0° 

10° 

20° 

30° 

40° 

50° 

60° 

70° 

80° 

90° 

1 

0.8481 

0.8525 

0.8651 

0.8847 

0.9091 

0.9354 

0.9606 

0.9815 

0.9952 

1.000 

2 

0.5315 

0.5431 

0.5772 

0.6320 

0.7032 

0.7842 

0.8654 

0.9355 

0.9831 

1.000 

3 

0.2675 

0.2815 

0.3242 

0.3967 

0.4980 

0.6226 

0.7571 

0.8805 

0.9682 

1.000 

4 

0.1194 

0.1312 

0.1689 

0.2379 

0.3442 

0.4885 

0.6589 

0.8271 

0.9530 

1.000 

5 

0.0502 

0.0585 

0.0861 

0.1419 

0.2380 

0.3839 

0.5742 

0.7776 

0.9383 

1.000 

1 

0.9046 

0.8936 

0.8602 

0.8035 

0.7225 

0.6169 

0.4878 

0.3381 

0.1731 

0 

2 

0.6681 

0.6665 

0.6598 

0.6429 

0.6081 

0.5472 

0.4540 

0.3270 

0.1717 

0 

3 

0.4034 

0.4099 

0.4273 

0.4489 

0.4630 

0.4543 

0.4068 

0.3110 

0.1695 

0 

4 

0.2042 

0.2138 

0.2415 

0.2833 

0.3294 

0.3618 

0.3566 

0.2929 

0.1669 

0 

5 

0.0916 

0.1001 

0.1262 

0.1703 

0.2279 

0.2840 

0.3104 

0.2752 

0.1643 

0 

1 

1.022 

0.9795 

0.8553 

0.6621 

0.4198 

0.1556 

-0.0988 

-0.3105 

-0.4509 

-0.5000 

2 

1.064 

1.030 

0.9271 

0.7579 

0.5296 

0.2602 

-0.0192 

-0.2668 

-0.4385 

-0.5000 

3 

1.041 

1.023 

0.9640 

0.8497 

0.6660 

0.4104 

+  0.1061 

-0.1938 

-0.4171 

-0.5000 

4 

0.8730 

0.8768 

0.8787 

0.8513 

0.7549 

0.5553 

0.2512 

-0.0998 

-0.3879 

-0.5000 

5 

0.6018 

0.6233 

0.6792 

0.7407 

0.7537 

0.6494 

0.3844 

+  0.0008 

-0.3542 

-0.5000 

1 

0.9892 

0.9042 

0.6692 

0.3400 

-0.0045 

-0.2816 

-0.4259 

-0.4085 

-0.2467 

0 

2 

0.9590 

0.8864 

0.6816 

0.3840 

+  0.0560 

-0.2261 

-0.3907 

-0.3949 

-0.2447 

0 

3 

0.9090 

0.8546 

0.6957 

0.4485 

0.1501 

-0.1364 

-0.3319 

-0.3714 

-0.2412 

0 

4 

0.8197 

0.7877 

0.6868 

0.5087 

0.2591 

-0.0215 

-0.2514 

-0.3376 

-0.2361 

0 

5 

0.6650 

0.6560 

0.6183 

0.5245 

0.3482 

+  0.0971 

-0.1575 

-0.2952 

-0.2293 

0 

1 

0 

0.1578 

0.3134 

0.4643 

0.6067 

0.7355 

0.8450 

0.9290 

0.9819 

1.000 

2 

0 

0.1194 

0.2437 

0.3757 

0.5149 

0.6562 

0.7892 

0.9000 

0.9740 

1.000 

3 

0 

0.0776 

0.1654 

0.2724 

0.4030 

0.5546 

0.7144 

0.8597 

0.9627 

1.000 

4 

0 

0.0449 

0.1018 

0.1832 

0.2994 

0.4537 

0.6353 

0.8150 

0.9497 

1.000 

5 

0 

0.0239 

0.0588 

0.1179 

0.2162 

0.3650 

0.5602 

0.7698 

0.9361 

1.000 

1 

0 

0.4788 

0.9054 

1.232 

1.417 

1.435 

1.276 

0.9562 

0.5119 

0 

2 

0 

0.3896 

0.7509 

1.052 

1.253 

1.316 

1.212 

0.9335 

0.5088 

0 

3 

0 

0.2780 

0.5538 

0.8148 

1.030 

1.149 

1.118 

0.8992 

0.5039 

0 

4 

0 

0.1762 

0.3683 

0.5813 

0.7968 

0.9643 

1.008 

0.8575 

0.4979 

0 

5 

0 

0.1011 

0.2254 

0.3896 

0.5906 

0.7879 

0.8957 

0.8127 

0.4911 

0 

1 

0 

0.9928 

1.745 

2.075 

1.903 

1.280 

0.3775 

-0.5521 

-1.244 

-1.500 

2 

0 

0.9559 

1.710 

2.092 

1.998 

1.432 

0.5298 

-0.4541 

-1.214 

-1.500 

3 

0 

0.8745 

1.611 

2.063 

2.097 

1.640 

0.7606 

-0.2972 

-1.174 

-1.500 

4 

0 

0.7393 

1.418 

1.934 

2.128 

1.841 

1.032 

-0.0951 

-1.097 

-1.500 

5 

0 

0.5662 

1.146 

1.691 

2.047 

1.975 

1.299 

+  0.1319 

-1.017 

-1.500 

1 

0 

0.0844 

0.3295 

0.7111 

1.189 

1.710 

2.211 

2.627 

2.903 

3.000 

2 

0 

0.0690 

0.2744 

0.6092 

1.054 

1.572 

2.101 

2.566 

2.886 

3.000 

3 

0 

0.0500 

0.2051 

0.4773 

0.8738 

1.380 

1.944 

2.475 

2.859 

3.000 

4 

0 

0.0328 

0.1405 

0.3487 

0.6876 

1.171 

1.764 

2.367 

2.827 

3.000 

5 

0 

0.0198 

0.0898 

0.2414 

0.5212 

0.9701 

1.580 

2.251 

2.791 

3.000 

1 

0 

0.4222 

1.570 

3.116 

4.596 

5.530 

5.548 

4.501 

2.522 

0 

2 

0 

0.3597 

1.358 

2.755 

4.175 

5.170 

5.327 

4.417 

2.510 

0 

3 

0 

0.2765 

1.070 

2.255 

3.576 

4.641 

4.994 

4.286 

2.491 

0 

4 

0 

0.1934 

0.7758 

1.723 

2.909 

4.025 

4.588 

4.122 

2.466 

0 

5 

0 

0.1244 

0.5226 

1.243 

2.269 

3.395 

4.150 

3.936 

2.437 

0 

From  C.  Flammer,  Spheroidal  wave  functions.  Stanford  Univ 
permission). 
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ANGULAR  FUNCTIONS— PROLATE  AND  OBLATE  Table    21.2 

OBLATE 

Smn{-ic,  l) 


<'\n 

0 

0.1 

0.2 

0.3 

0.4 

0.5 

0.6 

0.7 

0.8 

0.9 

1.0 

1 

1.000 

1.002 

1.007 

1.016 

1.028 

1.044 

1.064 

1.088 

1.115 

1.147 

1.183 

2 

1.000 

1.008 

1.032 

1.073 

1.132 

1.210 

1.310 

1.434 

1.585 

1.767 

1.986 

3 

1.000 

1.022 

1.089 

1.205 

1.377 

1.617 

1.940 

2.366 

2.923 

3.648 

4.589 

4 

1.000 

1.047 

1.191 

1.449 

1.854 

2.452 

3.319 

4.557 

6.323 

8.837 

12.42 

5 

1.000 

1.083 

1.341 

1.835 

2.648 

3.952 

6.000 

9.211 

14.23 

22.11 

34.48 

1 

0 

0.1001 

0.2009 

0.3027 

0.4065 

0.5128 

0.6222 

0.7353 

0.8530 

0.9760 

1.105 

2 

0 

0.1004 

0.2034 

0.3114 

0.4274 

0.5542 

0.6952 

0.8539 

1.035 

1.243 

1.484 

3 

0 

0.1011 

0.2079 

0.3273 

0.4664 

0.6338 

0.8398 

1.098 

1.425 

1.842 

2.378 

4 

0 

0.1016 

0.2150 

0.3526 

0.5298 

0.7681 

1.096 

1.552 

2.195 

3.105 

4.396 

5 

0 

0.1032 

0.2252 

0.3884 

0.6252 

0.9804 

1.525 

2.369 

3.684 

5.741 

8.970 

1 

-0.5000 

-0.4863 

-0.4450 

-0.3757 

-0.2779 

-0.1507 

+0.0070 

C.1965 

0.4197 

0.6784 

0.9749 

2 

-0.5000 

-0.4897 

-0.4585 

-0.4052 

-0.3277 

-0.2231 

-0.0872 

+0.0849 

0.2999 

0.5660 

0.8930 

3 

-0.5000 

-0.4943 

-0.  4766 

-0.4448 

-0.3952 

-0.3223 

-0.2183 

-0.0721 

+0.1311 

0.3845 

0.7958 

4 

-0.5000 

-0.4994 

-0. 4966 

-0.4891 

-0.4716 

-0.4356 

-0.3681 

-0.2485 

-0.0458 

0.2868 

0.8201 

5 

-0.5000 

-0.5061 

-0. 5234 

-0.5495 

-0.5780 

-0.5977 

-0.5869 

-0.5067 

-0.2880 

0.1892 

1.132 

1 

0 

-0.1477 

-0.2810 

-0.3855 

-0.4466 

-0.4491 

-0.3768 

-0.2130 

+  0.0600 

0.4613 

1.011 

2 

0 

-0.1480 

-0.2839 

-0.3947 

-0.4668 

-0.4839 

-0.4275 

-0.2757 

-0.0015 

0.4274 

1.051 

3 

0 

-0.1486 

-0.2885 

-0.4097 

-0.4998 

-0.5421 

-0.5140 

-0.3841 

-0.1091 

0.3711 

1.138 

4 

0 

-0.1495 

-0.2949 

-0.4306 

-0.5415 

-0.6270 

-0.6432 

-0.5540 

-0.2765 

0.2912 

1.327 

5 

0 

-0.1504 

-0.3033 

-0.4589 

-0.6123 

-0.7489 

-0.8356 

-0.8080 

-0.5447 

0.1715 

1.723 

1 

1.000 

0.9961 

0.9838 

0.9628 

0.9316 

0.8884 

0.8299 

0.7506 

0.6402 

0.4731 

0 

2 

1.000 

0.9994 

0.9973 

0.9923 

0.9827 

0.9652 

0.9340 

0.8802 

0.7864 

0.6118 

0 

3 

1.000 

1.006 

1.025 

1.055 

1.093 

1.135 

1.172 

1.188 

1.149 

0.9724 

0 

4 

1.000 

1.020 

1.079 

1.178 

1.319 

1.498 

1.708 

1.920 

2.067 

1.950 

0 

5 

1.000 

1.041 

1.174 

1.406 

1.776 

2.242 

2.878 

3.642 

4.400 

4.651 

0 

1 

0 

0.2987 

0.5897 

0.8643 

1.113 

1.322 

1.478 

1.554 

1.508 

1.247 

0 

2 

0 

0.2985 

0.5950 

0.8815 

1.153 

1.398 

1.600 

1.730 

1.734 

1.487 

0 

3 

0 

0.3005 

0.6043 

0.9140 

1.228 

1.541 

1.837 

2.082 

2.200 

2.000 

0 

4 

0 

0.3022 

0.6213 

0.9640 

1.349 

1.780 

2.250 

2.723 

3.092 

3.033 

0 

5 

0 

0.2990 

0.6400 

1.040 

1.537 

2.165 

2.947 

3.868 

4.786 

5.138 

0 

1 

-1.500 

-1.421 

-1.189 

-0.8136 

-0.3165 

0.2710 

0.9015 

1.501 

1.946 

1.988 

0 

2 

-1.500 

-1.431 

-1.228 

-0.8941 

-0.4427 

+0.1060 

0.7174 

1.329 

1.826 

1.951 

0 

3 

-1.500 

-1.447 

-1.289 

-1.024 

-0.6502 

-0.1738 

+0.3916 

1.006 

1.572 

1.834 

0 

4 

-1.500 

-1.467 

-1.364 

-1.184 

-0.9148 

-0.5415 

-0.0538 

0.5403 

1.177 

1.619 

0 

5 

-1.500 

-1.486 

-1.442 

-1.353 

-1.198 

-0.9435 

-0.5506 

0.0161 

0.7471 

1.439 

0 

1 

3.000 

2.972 

2.889 

2.748 

2.549 

2.291 

1.970 

1.585 

1.131 

0.6041 

0 

2 

3.000 

2.979 

2.915 

2.805 

2.644 

2.425 

2.138 

1.770 

1.305 

0.7234 

0 

3 

3.000 

2.992 

2.965 

2.915 

2.830 

2.693 

2.481 

2.161 

1.687 

0.9944 

0 

4 

3.000 

3.013 

3.052 

3.111 

3.170 

3.200 

3.157 

2.966 

2.512 

1.615 

0 

5 

3.000 

3.052 

3.211 

3.469 

3.813 

4.202 

4.564 

4.746 

4.460 

3.188 

0 

1 

0 

1.486 

2.886 

4.115 

5.086 

5.704 

5.877 

5.503 

4.477 

2.683 

0 

2 

0 

1.488 

2.906 

4.180 

5.226 

5.954 

6.251 

5.982 

4.990 

3.077 

0 

3 

0 

1.494 

2.943 

4.295 

5.482 

6.413 

6.951 

6.904 

6.008 

3.879 

0 

4 

0 

1.498 

2.996 

4.475 

5.891 

7.166 

8.132 

8.515 

7.857 

5.408 

0 

5 

0 

1.509 

3.073 

4.738 

6,515 

8.347 

10.07 

11.28 

11.21 

8.354 

0 
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Table  21.3 


PROLATE  RADIAL  FUNCTIONS— FIRST  AND  SECOND  KINDS 


m 

0 


^2i(c.  0 


c\i       1.005 

9.468 
8.257 
7.026 
6.054 
5.313 


-1 

-1 

-1 

'-l' 

'-1 


1.020 

L)  9.419 
L)  8.077 
L)  6.662 
L   5.471 


-1)4.488 


1.044 

-1)9.339 
-1)7.789 
-1)6.091 
-1)4.585 
-1)3.287 


-2)4.470 
-1  1.696 
-1)3.295 
-1  4.507 
-1)4.952 

-3)3.912 
-2)3.085 
-2)9.956 
.07 
.298 


-1)2.1( 
! -1)3.2' 


(-2)4.655 
(-1)1.749 
(-1)3.346 
(-1)4.477 
(-1)4.763 

-3)4.249 
-2)3.317 
-1)1.054 
-1)2.183 
-1)3.329 


(-2)4.954 
(-1)1.833 
(-1)3.421 
(-1)4.413 
(-1)4.444 

4.814 
3.700 
11.147 
2.298 
3.360 


6.503 
2.378 
4.658 
6.975 
9.035 


-4)7.586 
-3)5.725 
-2)1.737 
-2)3.516 
-2)5.604 


-3)1.577 
-2)1.183 
-2)3.553 
089 
08 


-2)7.0! 
(-1)1.1( 


-4)6.612 
'-3  2.566 

-3)5.520 
.302 
.372 


(-3  9!: 
(-2)1.3 


2.659 
1.025 
2.181 
3.616 
5.223 


(-5)9.415 
(-4)7.128 
(-3)2.208 
(-3)4.683 
(-3)8.060 


-4)3.845 
-3)2.896 
-3)8.889 
'-2)1.862 
'-2)3.150 


(-3)5.898 
(-2)2.249 
(-2)4.698 
-2)7.587 
(-1)1.058 

(-4)8.736 
(-3)6.525 
(-2)1.974 
(-2)4.048 
(-2)6.657 


1.077 

1)9.228 
1)7.392 
1)5.330 
1)3.463 
1)1.869 


(-1)3.153 

(-1)3.190     ( 

-1)3.249 

'-1) 

(-1)5.289 

1-1)5.298     ( 

-1  5.308     1 

-1) 

(-1  6.064 

1-1)5.960     ( 

-1)5.786     ( 

-1 

(-1)5.892 

(-1)5.612     ( 

-1)5.162     ( 

-1 

(-1)5.381 

(-1)4.888     ( 

-1)4.125     ( 

-1 

1)3.328 
5.311 
5.529 
4.542 
3.137 


-2)5.373 
-1)1.947 
-1)3.509 
-1)4.293 
-1)3.976 

-3)5.638 
-2)4.249 
1.275 
2.443 
3.362 


(-2)3.270     ( 

-2)6.544 

[-2)9.716     ( 

_1) 

(-2)6.187     ( 

-1  1.227 

-1  1.793     ( 

-1) 

(-2  8.596     ( 

-1)1.677 

-1  2.386     ( 

_l) 

(-1)1.053     ( 

-1  2.007     ( 
-1)2.235 

-1  2.744     ( 

-l) 

(-1)1.211     < 

'-1)2.894     ( 

-1) 

(-2)1.322     ( 

-2)2.012     ( 

-2) 

(-2)4.802     ( 

-2)7.227     1 

-2'i 

(-2)9.296     ( 

-1  1.372     ( 

-I'l 

(-1  1.367     ( 

-1)1.960     ( 

-li 

(-1)1.739     ( 

-1)2.376     ( 

-1) 

(-3)2.483     ( 

-3) 

(-2)1.845     i 

-21 

-2)5.453     ( 

-2'i 

(-1)1.063     ( 
(-1)1.608     ( 

-ll' 

-1 

1.287 
2.323 
2.973 
3.221 
3.118 

2.754 
9.738 
1.798 
2.460 
2.803 

3.556 
2.607 
7.529 
1.418 
2.048 


(-2)1.044 
(-2)3.920 
(-2)7.974 
(-1  1.239 
(-1)1.639 

-3)1.596 
-2)1.178 
-2)3.492 
-2)6.946 
-1)1.096 


^2i(c.  «) 


1.005 

1.020 

1.044 

(    0) -2.838     ( 

[    0) -2.096     ( 

0)  -1.666 

'    0) 

1     01-1.244     1 

'-11-8.020     ( 

-1-5.341 

'-1) 

i-l'l -7.104     1 

-11-3.422 

-1) -1.281     1 

-2) 

I'-l'i -4.508     1 

-11-1.287     1 

-2)    6.61 

'-1) 

(-1) -3.052     ( 

-2) -1.02       ( 

-1)    1.537 

'-1) 

0) -6.912 
0) -2.189 
0) -1.133 
-1) -6.741 
-1) -4.293 

(  1) -3.593 
(  0) -5.241 
(  0) -2.031 
(  0) -1.095 
(  -1) -7.388 

( -2) -3.288 
( -1) -2.194 
(  0) -5.020 
(  0) -2.043 
(    0) -1.149 


-1.506 
-4.079 
-2.019 
-1.273 
-9.101 


1)  -7.295 
1) -1.014 
0) -3.552 
0)  -1.842 
0) -1.778 

2) -6.014 
1) -4.027 
0) -9.025 
0)  -3.449 
0) -1.692 

2) -3.750 
1) -4.852 
1) -1.515 
0) -6.821 
0) -3.755 


3) -2.609 
2) -1.728 
1) -3.745 
1)  -1.334 
0) -6.274 


0) -4.801 
0)  -1.540 
-1) -7.365 
-1) -3.528 
-1) -1.390 

1) -2.185 

0) -3.358 

0) -1.364 

-1) -7.053 

-1) -4.417 

2)  -1.659 
1) -1.223 
0)  -2.966 
1-1.293 
.422 


-1-7.^ 


-7.294 
-2.077 
-1.075 
-6.911 
-4.885 


1) -3.269 

0) -4.717 

0) -1.751 

-1) -9.597 

-1) -6.362 


2) 
1) 
0) 
0) 
-1) 


-2.491 
-1.707 
-3.994 
-1.629 
-8.600 


1) -9.112 
1) -1.203 
0)  -3.889 
1-1.843 
.081 


(    0)-l.t 
(    0)-l.( 


2) -6.096 
1) -4.095 
0) -9.098 
0) -3.370 
0) -1.671 


(    0) -3.669 

0) -1.177 

-1-4.987 

-1) -1.534 

(-2)    3.87 

(  1) -1.484 
(  0) -2.403 
(  0) -1.007 
(-1) -4.783 
(  -1) -2.630 

(  2) -1.082 
(  0) -7.705 
(  0) -1.985 
(-1) -9.141 
(-1) -5.182 

0) -4.734 

0) -1.417 

-1) -7.453 

'  -1) -4.585 

-1) -2.874 

(  1) -1.939 
(  0) -2.932 
(  0) -1.156 
(-1) -6.533 
(-1) -4.170 

2) -1.354 

0) -9.553 

0) -2.354 

-1.032 

.214 


(-l)-5.: 


1) -3.973 

0) -5.417 

0) -1.852 

-1) -9.431 

;-l) -5.907 

2) -2.517 
1) -1.727 
0) -3.994 
1-1.573 
.409 


(    0)-l.f 
{-l)-8.^ 


1.077 

-1.356 

-3.333 

3.51 

1.952 

2.291 


(    0) -2.920 
(-1) -9.216 
(-1-3.207 
(-3) -4.9 
(-1)    1.594 

1) -1.056 

0) -1.807 

-1) -7.694 

-1) -3.115 

-1) -1.340 

(  1) -6.916 
(  0) -5.123 
(  0) -1.408 
(-1) -6.749 
(-1) -3.612 

1-3.432 
-1.071 

1-5.480 
-2.924 

1-1.248 


1-8.127 
1-5.934 
-1.552 
1-7.288 
1-3.006 


(  2) -1.279 
(  0) -9.031 
(  0) -2.208 
(-1) -9.397 
(-1) -5.379 


From  C.  Flammer,  Spheroidal  wave  functions.  Stanford  Univ.  Press,  Stanford,  Calif.,  1957  (with  permission). 
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OBLATE  RADIAL  FUNCTIONS— FIRST  AND  SECOND  KINDS 


Table  21.4 


R'£.(-ic,  ii) 


>(2) 


KU-i^'  ii) 


c\i 

0.2 
0.5 
0.8 
1.0 
1.5 
2.0 
2.5 

0.2 
0.5 
0.8 
1.0 
1.5 
2.0 
2.5 

0.2 
0.5 
0.8 
1.0 
1.5 
2.0 
2.5 

0.2 
0.5 
0.8 
1.0 
1.5 
2.0 
2.5 


0 

9.9557 
9. 7265 

-1)9.3168 
1)8.9565 
7.8320 
6.5571 

-1)5.3430 

0 
0 
0 
0 
0 
0 
0 


-4] 

-3 
-2 
-2 
-2 


(-2)9. 
(-1)1. 


8.  8992 
5. 5964 
1.4489 
2.2868 
5.3150 
7914 
5649 


-2)6.6454 
'-1)1.6336 

-1)2.5333 
* -1)3.  0762 

-1)4.1708 
'-1)4.8229 
'-1)5.0170 


0.75 

-1)9.9183 
-1)9.4976 
.)8.  7520 
-1)8.1032 
-1)6.1209 
-1)3.9526 
-1)1.9680 


-2)4.9808 
-1)1.2202 
-1)1.8802 
-1)2,2696 
-1)3.0132 
-1)3.3765 
-1)3.3530 


i: 


2.3840 
1.4744 
3.  6993 
-2)5.6728 
-1)1.1932 
-1)1.9147 
-1)2.5730 


-2)8.2880 
-1)2.0133 
-1)3.0524 
-1)3.6283 
-1)4.5492 
-1)4.6553 
-1)4.0221 


0 


0) -7.  7864 
0) -2. 9707 
-1.7002 
-1.2524 
-6.2189 
-3,  0356 
-1.3758 


-7.5120 
-1.2120 
-4. 8077 
0) -3. 1202 
0) -1.4537 
-8. 7035 
-6.  0006 


-2.2106 
-1.4205 
-3. 5130 
-1. 8068 
-5. 5629 
0) -2. 5149 
0) -1.4263 


-1 


-5. 9560 
-1. 0060 
-4.  2765 
-2.9165 
0) -1.4980 
1) -9. 1106 
-5. 7028 


0.75 

0) -4.  5290 
0) -1.5906 
-1) -7. 5527 
-1) -4.  4277 
-2)+l.  2204 
-1)  2.2634 
'-1)  3.0225 


1) -2. 3239 
0) -4. 0338 
0) -1.7744 
0) -1.2314 
-1) -6. 3156 
-l) -3. 4641 
-1) -1.5694 


-3.4260 
-2. 2700 
-5.9376 
-3.  2496 
-1. 2084 
-6. 5653 
-3. 9702 

-2. 1507 
-3. 8583 
-1. 7483 
-1.2196 
-5.  8081 
-2.3210 
+3.  168 


0.2 
0.5 
0.8 
1.0 
1.5 
2.0 
2.5 

0.2 
0.5 
0.8 
1.0 
1.5 
2.0 
2.5 

0.2 
0.5 
0.8 
1.0 
1.5 
2.0 
2.5 


0 
0 
0 
0 
0 
0 
0 

-5)1.5236 
'-4)2.3850 
-4)9.7909 
-3)1.9166 
-3)6.5244 
-2)1.5669 
-2)3.1147 

-3)2.6602 

[-2)1.6413 

-2)4.1024 

-2)6.2694 

'-1)1.3055 

'-12.  0801 


-3)2.4923 
-2)1.5314 
'-2)3.7974 
-2)5.7617 
-1)1.1699 
-1)1.7976 
-1)2.3200 

-5)7.2462 
-3)1.1206 
-3  4.  4965 
-3)8.6200 
'-2)2.7259 
-2)5.8920 
-1)1.0193 

-3)4.1496 
-2)2.5393 
-2)6.2453 

'-2)9.4031 
-1)1.8562 

'-1)2.7317 


-1.8781 
-1.2123 
-3. 0070 
-1. 5622 
-4. 8667 
0) -2. 1999 
0) -1.2282 


-9.6745 
1-2.4841 
-3.8151 
-1.  5721 
-3. 1742 
1-1.0386 


0) -4. 4705 

3) -1.1093 
1) -7. 2682 
1) -1.8724 
0) -9.  9297 
0) -3.  4267 
0) -1.7581 


2) -3. 2287 
1) -2. 1474 
0) -5. 6543 
0) -3. 1109 
0) -1.1709 
-1) -6.  4134 
-1) -3.  9677 


3) -8. 1316 
2) -2. 1259 
1) -3.  3786 
1) -1.4390 
0) -3.  2838 
0) -1.2924 
-1) -6.  9734 

1-2.6888 

1-1.8121 

1-4.9121 

-2.7508 

-1.0939 

'-l)-6.  0206 


-1)2.8190    (-1)3.3111 


(  0) -1.0954    (-1) -3.  3594 


PROLATE  JOINING   FACTORS— FIRST  KIND  .^Vc) 


"00 
-1)8.943 
-1)6.391 
-13.  742 
-11.  909 


(-2)8.97 


"01 

-1)9.422 
0)1.586 
0)1.829 
0  1.795 
0)1.665 


"02 

1)4.637 

'1)1.268 

'0)6.352 

0)3.867 

0)2.401 


"ii 

0)2,770 

0   1.095 

-1)5.011 

-1)2.294 


"l2 

1)4.319 
0)9.527 
0)3,417 
0)1,413 


-1)1,023       (-1)6.067      (0)5.725       (-1)4.455 


Table  21.5 

.(') 

"22 

1)4.234 

0  8.  838 

0  2.  935 

0  1.118 


From  C.  Flammer,    Spheroidal  wave  functions.    Stanford  Univ.  Press,  Stanford,  Calif., 
1957  (with  permission). 
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22.  Orthogonal  Polynomials 

Mathematical  Properties 


22.1.     Definition  of  Orthogonal  Polynomials 

A  system  of  polynomials /„(a:),  degree  f/„(a;)]  =  n, 
is  called  orthogonal  on  the  interval  a<x<b, 
with  respect  to  the  weight  function  w{x),  if 


22.1.1 

•6 


r 


W{x)j,,{x)jm{x)dx=0 


(ji7^m;n,  m=0, 1,2, . . .) 


The  weight  function  w{x)[w{x)>G\  determines 
the  system  /„(x)  up  to  a  constant  factor  in  each 
polynomial.  The  specification  of  these  factors  is 
referred  to  as  standardization.  For  suitably 
standardized  orthogonal  polynomials  we  set 


22.1.2 


j: 


w{x)n{x)dx=K,j^{x)=Kx-^-Kx--'+  .  .  . 

(n=0,l,2,  ...) 


These  polynomials  satisfy  a  number  of  relation- 
ships of  the  same  general  form.  The  most 
important  ones  are: 


22.1.3 


Differential  Equation 

^2(x)/;'+^i(a;)/;+an/n=0 


where  Qiix),  gi{x)  are  independent  of  n  and  a„  a 
constant  depending  only  on  n. 


22.1.4 
where 
22.1.5 


Recurrence  Relation 

/„+!=  (a„+a;6„)/«— c„/n_i 


K„ 


XK-n  +  l       f^n/ 


'       Cn- 


Rodrigues'  Formula 


22.1.6 


/n  = 


d" 


enW(x)  dXn 


where  g(x)  is  a  polynomial  in  x  independent  of  n. 
The  system  •<  -^  y  consists  again  of  orthogonal 
polynomials. 

(I.5.-.5) 


P„{X 

» 

. 

■ 

3 

- 

p  (l.5,-.5)/ 
/ 

- 

/     p  (1.5,-5) 
/       * 

/         /(l-5,-.5) 

2 

- 

wv 

1 

/      \      A 

; 

/p(l.5,-.5) 
/        / 

\  7  '/ 

p  (15,-5) 

1        ^    . 

-l/y   \       Ay 

^          \  /          0 

V 

-1 

m/ 

Figure  22.1.     Jacobi  Polynomials  P^"  "'  (x) , 
a=l.5,  /3=-.5,  n=l(l)5. 
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Explicit  Expressions  Involving  Trigonometric  Functions 


/,(co8fl)=2j  Om  COS  (n — 2Tn)e 
m=0 


-1.5 


Figure  22.2.     Jacobi  Polynomials  PI,"- "' (x) , 
a=l(.2)2,  ^=-.5,  n=5. 


/»(cos  e) 

am 

Remarks 

22.3.12 
22.3.13 

P„(cos  e) 

T{a+m)r{a+n  —  m) 
m!(n-m)![r(a)p 

1   /2m\  /2n-2m\ 
4"\m/\  n  —  m  ) 

a5^0 

22.3.14 
22.3.15 
22.3.16 


Figure  22 .3 .     Jacohi  Polynomwls  Pi"-  "^  (a;) , 
a=1.5,  /3=-.8(.2)0, 7i=5. 


C«"(cos0)=-cos7i5 


r„(cose)=coswe 

sin  (n+l)0 


C7n(cos&)  =  - 


sin  0 


Figure  22.4.     Gegenbauer  (Ultrasphericar)  Polyno- 
mials C^-^ix),  a=. 5,  n=20)  5. 
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22.4.1 

22.4.2 

22.4.3 

22.4.4 
22.4.5 

22.4.6 

22.4.7 

22.4.8 


/«(x) 


P^'-'Hx) 


C>W 


a?^0 


Tnix) 

Unix) 

Pnix) 

L':Hx) 

Hnix) 


fni-x) 


(_l)npW.")(a;) 

(-lX°Hx) 

(-iX-^Cz) 
(-i)»r,(x) 

(-1)"C/,(X) 
(-1)"P„(X) 


(-1)-H,(x) 


/n(l) 


2 
n 


1 
n+1 

1 


/n(0) 


fO,  n  =  2m4-l 

Ll)n/.r(a+»/2),  ^^2m 
[^      ^       r(a)(n/2)!'"     "^"^ 

N^ -,n  =  2m^0 

I      rn 

[o,  n  =  2m+l 

((-l)",  n=2m 
[0,  n  =  2m+l 

\  (-1)",  n  =  2m 
[0,  n  =  2m+l 


I     4m 

[o,  n=2m+l 


e:>"= 


27n 


cr) 


'  m! 

[o,  n=2m+l 


(x) 


/i(x) 


[a-/3+(a  +  /3+2)x] 


2ai 


2x 


2x 


-x+a+1 


2x 


Figure  22.5.     Gegenbauer  (Ultraspherical)  Polyno- 
mials Cl,''^ix),  a  =  .2(.2)l,  n  =  5. 


22.5.  Interrelations 

Interrelations  Between  Orthogonal  Polynomials  of  the 
Same  Family 


Jacob!  Polynomials 


22.5.1 


22.5.2 


^"^^'^'^^      r(2n+p)      "  ^         ^ 


(see  [22.21]). 
22.5.3 


r(2) 


/^n(p,2,x)  =  (-l)«n!  ^.^^^  Pr--'^(2x-l) 
(see  [22.13]). 


22.5.4 

22.5.5 
22.5.6 


Ultraspherical  Polynomials 

Cr(a;)  =  lim-e<->(x) 

Chebyshev  Polynomials 

T„ix)  =  hCni2x)  =  TtQ^) 

TM=Un{x)-xUn-l{x) 


•See  pai;e  11. 
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22.5.7  T„{x)=xUn-M-Un-2{x) 

22.5.8  TM=h  [Unix)-Un-2{x)] 

22.5.9  UM=Sn{2x)=Ul  (^) 

22.5.10  L^„-i(x)=j4^  [xT„{x)-T,^,{x)] 

22.5.11     c„(x) = 2r„  (0=2  r::  (^) 

22.5.12  Cn{x)=SM-Sn-2{x) 

22.5.13  -S„(x)=C7„(|)=t7*(^) 

22.5.14  r:(z)=r„(2x-l)  =  |  C„(4x-2) 
(see  [22.22]). 

22.5.15  C7*(z)=<Sn(4x-2)=C7„(2x-l) 
(see  [22.22]). 

Generalized  Laguerre  Polynomials 

22.5.16  U^\x)=Ln{x) 

22.5.17  U:^Hx)  =  {-\r  ^  [i.+.(x)] 

Hermite  Polynomials 

22.5.18  Hen(x)=2-'''^Hn  {~\ 
(see  [22.20]). 

22.5.19  HM^2-'men(x^f2) 
(see  [22.13],  [22.20]). 


Interrelations  Between  Orthogonal  Polynomials  of 
DiflFerent  Families 


POLYNOMIALS 


Jacobi  Polynomials 


22.5.20 


p(a-ia-i).^wi:12a)I>+_7lj4) 

^  ^     r(2a+n)r(a+i)      "    ^^^ 


22.5.21 


n"''Hx)=— 


(2)71+1 


V 


x+l 


22.5.22     P^°--^)(a:)  = 


(I). 


^sKV't^) 


(m 


22.5.23  p(-i.-i)(^)=^(^^^j^(^) 


22.5.24 


22.5.25 


P^°>(a:)=P„(x) 

Ultraspherical  Polynomials 


^^"^"^^ T{a){2n)l    ^»         *M2a: -1) 


22.5.26 


(aj^O) 


^(„,    .         r(a+n+l)7i!2'"+^        „_,., 


22.5.27 


(a^O) 


(0(a>(^)_r(a+^)r(2a+n)     ,„.,  „., 
^"    ^""^     r(2a)r(a+n+^)^»  ^"^^ 


22.5.28 

e'(.)=|r„(.)=2i^v^pi-^'-^>(x) 

Chebyshev  Polynomials 

22.5.29  T,„+,(x)=-^|^xP^*-i>  (2x^-1) 

r(n+i) 

22.5.30  C/,„(x)  =  -^|^P<*--i)(2x^-l) 

r(n+^) 

22.5.31  r„(.)  =  j|^pc-.-^>(,) 

22.5.32  UM  =  ^0^  Pl^-Hx) 


(«5^0) 


Figure  22.6.     Chebyshev  Polynommls  T„(x), 
n=l(l)5. 


♦See  page  ii. 
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22.5.35 
22.5.36 
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Figure  22.7.     Chebyshev  Polynomials  Unix), 
r»=l(l)5. 


22.5.33 
22.5.34 


n 


U„(x)=Ci'Kx) 


Legendre  Polynomials 

P„(x)=P^°>(z) 

Pn(x)=Ci'''^{x) 


22.5.37 

^  [P„(x)]=1.3  .  .  .  (2m-l)Cir-l^Kx)  (m<n) 

Generalized  Laguerre  Polynomials 

22.5.38  Zi-'^> (x)  =^j^"  H,n{yfx) 

22.5.39  Li^'^'i^)-:^,^^  ^2„+i(VS) 

Hermite  Polynomials 

22.5.40  H2m{x)  =  (-l)^2^m\Lir;-'"'{x') 

22.5.41  H2,n+iix)  =  (-l)"'2'^+'m\xLli"^(x^) 


Orthogonal  Polynomials  as  Hypergeometric  Functions  (see  chapter  15) 

Mx)=dF(a,  b;  c;  g{x)) 
For  each  of  the  listed  polynomials  there  are  numerous  other  representations  in  terms  of  hyper- 
geometric functions. 


/n(x) 


gix) 


22.5.42 


p':-'Hx) 


22.5.43 

P^^'W 

22.5.44 

p':-'\x) 

22.5.45 

p':-'Hx) 

22.5.46 

c':Hx) 

22.5.47 

Tnix) 

(":")(^0" 


22.5.48 

22.5.49 

22.5.50 

22.5.51 
22.5.52 

22.5.53 


Unix) 

Pn(x) 

Pnix) 

Pnix) 
P2n{x) 
P2n+x{x) 


r(n  +  2a) 
n!r(2a) 


n+1 


n   (2n)! 


(-1)' 


22"(n!)2 


(2rH^! 
^      ^'    2*"(n!)2 


n+a+0+1 

—  n  —  a 

—  n  —  0 

—  n  —  a 
n  +  2a 
n 

n  +  2         * 
n+1 

—  n 

1-n 
2 

n  +  i 
n  +  i 


a+1 

-2n-a-/3 

a+1 

/34-1 

a  +  i 


2n 


i-n 


l-x 
2 

2 
l-x 

x-1 

x+l 

x±l 

I-l 

l-x 

2 

l-x 
2 

1-j 
2 

l-x 
2 

2 
l-x 

1 


•See  page  ii. 
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Orthogonal  Polynomials  as  Confluent  Hypergeometric 
Functions  (see  chapter  13) 

22.5.54  LJr'(x)=(''^")A/(-7i,a+l,x) 

Orthogonal  Polynomials  as  Parabolic  Cylinder 
Functions  (see  chapter  19) 

22.5.55  Hn  (x)=2"U  Q-^  n,  |  x'^ 
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22.5.58 


22.5.56    H2m{x)  =  (-\y 


(2m)! 


M 


(-m,i,x^) 


22.5.57 

*     H2„.+r{x)  =  {-ir 


(2m+l)! 


m! 


2xM 


(-m,|x^) 


PnU) 


Figure  22.8.     Legendre  Polynomials  Pnix), 
n  =  2(l)5. 


22.5.59    He„(x)^.e^''*D„{x)  =  e^''U  (-n-^,  x) 


Orthogonal  Polynomials  as  Legendre  Functions 

(see  chapter  8) 

22.5.60 


Cr(x)  = 


r(a+i)r(2a+n)ri 


n!r(2a)  [W-^)]~' P^A(-) 

(a?^0) 


Ln(x) 


-2"- 


FiGURE  22.9.     Ldguerre  Polynomials  L„(x), 
n=2(l)5. 


HpU) 


Figure  22.10.     Hermite  Polynomials  — ^-j—' 
n=2(l)5. 


*See  page  n. 
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22.6.  Differential  Equations 

92{x)y"  +  giix)y'  +  go(,x)y=^0 


781 


y 

9>(x) 

ffi(x) 

3o(x) 

22.6.1 

Pi-'Hx) 

l-x« 

0-a-{a  +  0  +  2)x 

nin  +  a  +  p+l) 

22.6.2 

{i-xn\+xyp':-»\x) 

l-x» 

a-i3+(a  +  ^-2)x 

(n+l)(n  +  a+0) 

22.6.3 

a+l                     fi+l 

(i-x)  2  {i+x) '  p^:'\x) 

1 

0 

1     1-a*       1     1-/3* 
4  (l-x)»  '  4  (l+x)» 

2n(n  +  a  +  ^+l)  +  (a+l)(^+l) 

'                         2(1 -x») 

22.6.4 

(sin|y^^(cos|y^*P<:^'(cosx) 

1 

0 

l-4a»         1-4/3* 
16  sin2 1     16  cos2  ^ 

22.6.5 

c^:Hx) 

l-x« 

-(2a+l)x 

n(n  +  2a) 

22.6.6 

(i-x^f~^c':Hx) 

l-x2 

(2a-3)x 

(n+l)(n  +  2a-l) 

22.6.7 

(i-x^)^^^  c':\x) 

1 

0 

(n  +  a)»     2  +  4a-4a*+x« 
l-x2     '        4(1 -X*)* 

22.6.8 

(sin  x)»C|,°ncos  x) 

1 

0 

<"+")'+=i?f-' 

22.6.9 

Tn(T) 

1-x* 

—  X 

n» 

22.6.10 

TnicOS  X) 

1 

0 

n» 

22.6.11 

^       T  (x)  •  U .  ^(x)                        * 

1-X2 

-3x 

n^-l 

Vl-x» 

22.6.12 

Unix) 

1-x* 

-3x 

n(n  +  2) 

22.6.13 

P«(x) 

l-l' 

-2a, 

n(n+l) 

1 

0 

n(n+l)          1 

__         ^        t      A 

Vl-x»P„(x) 

22.6.14 

l-i»     '  (l-x»)» 

22.6.15 

L':Hx) 

X 

a+l-x 

n 

22.6.16 

e-'x-'^2L<;'(x) 

X 

x+l 

1  «  1  1      <** 
"+2+l-4i 

22.6.17 

g-i/2j(<i+i)/2^(«)(a-) 

0 

2n  +  a+l      l-«*     1 
2x         *     4x»        4 

22.6.18 

e-x^/2x-+lL';'  (x«) 

0 

1  — 4a2 

4n  +  2a  +  2-x»4-^^ 

22.6.19 

Hn(x) 

-2x 

2n 

22.6.20 

e'^H„(x) 

0 

2n+l-x* 

22.6.21 

He„(x) 

—  X 

n 

•See  page  ii. 
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22.7.  Recurrence  Relations 
Recurrence  Relations  With  Respect  to  the  Degree  n 

ain/»+i  (x)  =  (o2n+ a3„x)/„(x)  -  a4„/„-l(l) 


fn 

ain 

a2n 

03  n 

atn 

22.7.1 

Pn'-^^ix) 

2(n+l)(n  +  a  +  ^+l) 
(2n  +  a  +  /3) 

{2n  +  a  +  P+l){a^-0') 

(2n  +  a  +  ^)3 

2(n4-a)(n  +  ^) 

[2n  +  a  +  $  +  2) 

22.7.2 

Gnivi  q,x) 

(2n+p-2)4(2n  +  p-l) 

-[2nin  +  p)  +  q{p-l)] 

(2n+ 7,-2)3 

(2n+p-2)4 
(2n  +  p-l) 

n{n  +  q-l)in  +  p-l) 
(n+p-g)(2n  +  p+l) 

22.7.3 

C'Cx) 

n+l 

0 

2(n  +  a) 

n+2«-l 

22.7.4 

Tn(x) 

0 

2 

22.7.5 

Unix) 

0 

2 

22.7.6 

S„{x) 

0 

1 

22.7.7 

C„ix) 

0 

1 

22.7.8 

T'M 

-2 

4 

22.7.9 

U'M 

-2 

4 

22.7.10 

Pnix) 

n  +  1 

0 

2n+l 

n 

22.7.11 

P'Ax) 

n+l 

-2n-l 

4n4-2 

n 

22.7.12 

Ll''\x) 

n+l 

2n  +  a  +  l 

-1 

n  +  a 

22.7.13 

H„ix) 

1 

0 

2 

2n 

22.7.14 

He„ix) 

1 

0 

1 

n 

Miscellaneous  Recurrence  Relations 
Jacobi  Polynomials 

22.7.15 

(n+^+^+l)(l-x)Pi"+'-^'(a;) 

22.7.16 

22.7.17 

22.7.18 

-(7i+i8)Pl-f>(x) 

22.7.19 

(2n+a+/3)P^^-l'(x)  =  (n+a+^)P^^'(x) 

+  (7i+a)P<''_fHx) 

22.7.20    P^"- ^- 1)  (x) -p(- 1. ^)  (x)  =  p(«./')  (x) 


Ultraspherical  Polynomials 

22.7.21 

2a{\-J?)Ci^A'\x)  =  (,2a+n-\)C\t2,{x)-nxW{x) 

22.7.22 

=  (n+2a)xC<-^(x) 

-^(n+DdtUix) 
22.7.23     (n  +  a)C^+-i"(x)=(a-l)[C^,^i(x)-C:«_\(x)] 
Chebyshev  Polynomials 

22.7.24 

2T.(x)r„(x)  =  T„+.(x)  +  rn_«(x)         {n>m) 

22.7.25 

2(x2-l)t/„_i(x)t7„_j(x)=r„+„(x)-T„_.(x) 

{n>m) 
22.7.26 

2r,(x)?7„-,(x)=?7„+.-i(x)+?7„_,-,(x)         (7i>m) 

22.7.27 

2T„(x)C/._x(x)=t/„+;„-i(x)-C/„_„-i(x)         (n>m) 

22.7.28  2T„(x)C/„_,(x;=L^2n-i(x) 


*See  page  ii. 
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Generalized  Laguerre  Polynomials 


22.7.29 


Zi-  +  »(x)=i[(x-n)Li->(x)  +  (a+7i)L<-\(x)] 


22.7.30         Ur''  (x)=Lir'  (x)  -LltMx) 


22.7.31 

Llr^^\x)==^[{n+a-\-l)Ur(x)-(n-hl)LlrMx)] 


22.7.32 


n-]-a 


[(n+l)Li-,\(x)-(n+l-x)/4->(x)] 


22.8.  Differential  Relations 

?i(x)^/»(x)  =g,(i)/n(x)  +  (7o(i)/«-i(j) 


/- 

9^ 

9' 

ffo 

22.8.1 

P'n'-^ix) 

(2n  +  a  +  ,8)(l-i*) 

n[a-8- 

-(2n  +  a  +  ^)x] 

2(n  +  a)(n  +  ^) 

22.8.2 

Ci'Hx) 

l-x» 

—  nx 

n+2a-l 

22.8.3 

Tnix) 

1-x* 

—  nx 

n 

22.8.4 

f/«(x) 

1-I» 

—  nx 

fl  +  1 

22.8.5 

Pn(x) 

l-x» 

—  nx 

n 

22.8.6 

Li->(z) 

X 

n 

-(n  +  a) 

22.8.7 

H.{x) 

1 

0 

2n 

22.8.8 

He.ix) 

1 

0 

n 

22.9.  Generating  Functions 


f7(x,z)  =  X)  o,/,(x)z' 

n-0 


/2=Vl-2xz+z2 


fn(x) 

On 

gix,z) 

Remarks 

22.9.1 

Pi'-'Hx) 

2-a-fl 

i?-i(i  -  2+ ft)-''(i  +  z+Ry^ 

|z|<l 

22.9.2 

cl'Hx) 

2*-«r(a+i+n)r(2a) 

r(a  +  i)r(2a  +  n) 

R-^{l-xz  +  R)^~" 

|2|<l,a?^0 

22.9.3 

ci:\x) 

1 

R-^ 

|2i<l,a5^0 

22.9.4 

cr(x) 

1 

-In  ft* 

|2|<1 

22.9.5 

crw 

r(2a) 

e'""  '  (^1  sin  »  j      /a_j(2sinfl) 

T  —  c*r\<z  fl 

r(a+i)r(2a  +  n) 

22.9.6 

Tnix) 

2 

(^-) 

|2|<1 

22.9.7 

Tn{x) 

V2/2n\ 
4"  Vn/ 

/i:-Hi-x2+ft)'« 

-l<x<l 

\z\<l 

22.9.8 

Tnix) 

1 
n 

1  -  i  In  ft' 

ao=  1 
-lO<i 

|2|<1 

22.9.9 

Tn(x) 

1 

1-xz 
ft» 

-1<X<1 

|2|<1 

22.9.10 

Vn{x) 

1 

ft-» 

-l<a;<l 

kl<i 

22.9.11 

Unix) 

V2    /2n  +  2\ 
4"+'  \n+l  J 

-^  (1-xz  +  ft)-"^ 

-1<X<1 

12|<1 

*See  page  n. 
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22.9.  Generating  Functions — Continued 

OD 

g(x,z)=^(uUix)z'*  R=y/l-2xz  +  z^ 


I 


fn(x) 

On 

gix,  z) 

Remarks 

22.9.12 

P«(X) 

1 

i2-> 

-l<x<l 

|2|<1 

22.9.13 

Pnix) 

1 

e'  ""  *Jo{z  sin  0) 

x  =  cos  6 

22.9.14 

S,(x) 

1 

(l-i2+z»)-» 

-2<i<2 

|2|<1 

22.9.15 

Li:\x)  ' 

1 

(1-z)— >exp(^) 

kl<l 

22.9.16 

U'\x) 

1 

(x2)-i«e'J„[2(xz)i/2] 

r(rj  +  a+l) 

22.9.17 

H.ix) 

1 

n! 

gi..-.« 

22.9.18 

HiJx) 

(-1)" 
(2n)! 

e*  cos  (2a: Vz)       * 

22.9.19 

H2n^l(x) 

(-1)" 
(2n+l)! 

z-"2e^  sin  (2xVz)      * 

< 


22.10.  Integral  Representations 
Contour  Integral  Representations 

/n(x)  =  -^ — r    I    [^1(2,  x)]"^2(2)  x)dz  whcFe  C  is  a  closed  contour  taken  around  z  =  a  in  the  positive  sense 
z-m  Jc 


I 


/»(x) 


goCx) 


9i(2,a:) 


<?2(Z,Z) 


Remarks 


22.10.1 
22.10.2 

22.10.3 
22.10.4 
22.10.5 
22.10.6 
22.10.7 
22.10.8 
22.10.9 


Ci»'(x) 

Tnkx) 
Unix) 
Pnix) 
Pn(x) 

Ll'^x) 
Li-'Cx) 

ffn(x) 


1 


(l-x)»(l+x)« 

1 

1/2 
1 

1 

J_ 

2- 

e*x-" 


2^-1 

2(2-x) 
1/z 

1/z 
1/z 
1/z 

2«-l 
2  — X 

2 
Z  — X 


1+? 
2 


(l-2)"(l  +  g)'' 

Z  —  X 

(l-2x?+2*)-''2-» 

1-2* 

2(1-2X2+2*) 

1 

2(1 -2X2+ 2«) 

1 

2 

1 
2  — X 

2" 


(l-2x2+2»)-'/2 


2  — I 


(>+ir''' 


l/z 


±  1  outside  C 

Both  zeros  of 

1  —  2x2+2*  outside  C, 

a>0 

Both  zeros  of 

1  —  2xz  +  2*  outside  C 

Both  zeros  of 

1  —  2x2  +  2*  outside  C 

Both  zeros  of 

1  —  2x2  +  2*  outside  C 


Zero  outside  C 
2=  —X  outside  C 


2(i-2a)r(n+2a) 


Miscellaneous  Integral  Representations 


22.10.10  Cir^(x)=^    ^u^y.W^^^'   piz+Vx'-l  cos0]«(sin0)2<'-W0        (a>0) 


n![r(a)P 


22.10.11   Cr  (cos  g)=^'"J;[r^^|p"^  (sin  e)'"^"  £ 


*       cos  (ri+a)0 


(cos  0— cos  6) 


Y-  d<l>         (a>0) 


*See  page  n. 
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I    — —     /*  ® 

22.10.14    Li^'{x)=-^   \      e-'r+l  Ja(2^'ti)dt 
n-     Jo 

0.15 


22.10.15 


22.10.12    P,(cos  e)=-  ]     (cos  d^i  sin  d  cos  <^)»(/0 
"f  Jo 

22.10.13  p.(cos  <»=>-?  r;'"<;+'^^t. 

TT  J  $  (cos  ^— cos</>)* 

22.11.  Rodrigues'  Formula 

The  polynomials  given  in  the  following  table  are  the  only  orthogonal  polynomials  which  satisfy 
this  formula. 


/-(x) 


P(x) 


gix) 


22.11.1 
22.11.2 

22.11.3 

22.11.4 

22.11.3 

22.11.6 
22.11.7 
22.11.8 


P<^-  <»)  (x) 
C<,«)(x) 

r.cx) 

Unix) 

P.(x) 
Ll'Hx) 

H.(x) 
^«.(x) 


-l)«2»n! 
— 1)«2" 


_l)>2-+« 

-l)-2"7i! 
n! 

-D- 


r(n  +  |) 
(n+l)vx 


(1-x)-(1+t)<» 

(l-x»)-i 

(l-x»)* 

1 
«-*x* 

«'! 


1-I» 

X 
1 
1 


22.12.   Siun  Formulas 
Christoffel-Darboux  Formula 

22.12.1 

g^^/.(x)/.(i/)-^^-^^  ^^::^ 

Miscellaneous  Sum  Formulas  (Only  a  Limited  Selection 
Is  Given  Here.) 


22.12.2 
22.12.3 
22.12.4 
22.12.5 


S  r^(x)=Mi+^^2,(x)] 


m=0 


22.12.6    Z;  Z:r'(x)Lil>,(y)=Li-+''+''(x+y) 


m=0 


22.12.7  f:  ('';[;")M"-"(i-Ax)'"i::.%(x)=i:!i-^(/u:) 

ni=o  \   fn   / 


22.12.8 


^(^+y)=2^2i:Q^^*^2z)//„_,(>2y) 


22.13.  Integrals  Involving  Orthogonal  Poly- 
nomials 

22.13.1 

2nj\\-yni+yyP':'"^iy)dy 

_p(a4.1.tf  +  l)(0)_(l_^)a+l(l^3.^/.+  ip(a|l.fl  +  l)(3.) 

22.13.2 

"^^^  j\l-y^'-^C<-(y)dy 

=c;^r>(0)-(i-x2)''+»Ci-t''(x) 

22.13.3        -f'  _I:^M^=^r„_.(x) 

-^-»(2/-j)\i-y^ 


22.13.4    X'vrEZf^-(^=_.r,w    • 

J-i  (i/-.r) 


22.13.5  j\\-x)-'''PMdx=^^        * 

22.13.6  />.-(cos(^)^.=^(2-y 

22.13.7  J>,,^,(cos^)  ^oser/^^(2^^)(2"_+f) 


*S««  page  II. 
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/: 


x^P„ix)dx- 


(X>-1) 


22.13.9 

J'  l»P2,+,(i)ria- 


(-i)T(.-^)r(i+^) 
2r(-|)r(.+|+|) 

(-l)T(n+i-|)r(l+|) 

2r(«+2+|)r(i-|) 

(X>-2) 


22.13.10 


C'  P„(t)dt_  1  ^ 


22.13.11 


(0(^<. 


[r„(x)-r„+i(x)] 


22 


rPn( 

.13.12    J^"  e-'Zi''>(<)rf<=e-Mi:i''Hx)-X^''-\(x)] 

22.13.13 

r(a+/3+7i+l)  r  (x-ty-H''U^^(t)dt 

(^a>-l,  ^/3>0) 
22.13.14 

£  LMLnix-t)dt 

Jo 

22.13.15  r  e-'^Hn(t)dt=Hn-i(0)-e-'^Hn-i(x) 

22.13.16  JJ  ^"(^)^^=2(;^  [i?„+,(x)-i?„+i(0)] 


22.13.17 
22.13.18 


e-''H2„(tx)dt=yT  ^^  (x'-iy 


J  CO 
-  < 


.-/2 


€-'UH.2m  +  l(tx)dt  =  ^T 


_  (2m  +  l)! 


m! 


a;(x2-l)' 


22.13.19 
22.13.20 


/: 


-li 


e-''t''H„(xt)dt=ylm\P„(x) 


j\-''[H,{t)Y  cos  (xt)dt=^w2''-b,\e-i''Lr,  (0 


22.14.  Inequalities 


22.14.1 

|P^''^(z)|^  i  (a>-l,/3>-l) 

/3 — a 


z'  maximum  point  nearest  to 


a+/3+l 


22.14.2 


\a'Hx)\<i 


JC7<r>(x')l  (-|<a<0) 


2'=0  if  n=2m;  x'=maximum  point  nearest  zero 
if  7i=2w+l 


22.14.3 

\Clr\cos  e)\<2' 


4 


(sin  0)^(0) 
22.14.4  |r„(x)|<l         (-l<x<l) 

dTM 


(0<a<l,0<K7r) 


22.14.5 


(fx 


<n^         (-l<x<l) 


22.14.6       \Unix)\<n-\-l         (-l<x<l) 


22.14.7  |P„(x)|<l         (-l<x<l) 


22.14.8 


^^r^\<ln{n^l)         (-l<x<l) 
dx         I 


22.14.9      |P„(x)|<Jl-7=i=.^         (-l<x<l) 

22.14.10 

n(2:)-P.-i(x)P„+.(x)<3^|±^^  (-l<x<l) 

22.14.11 

P„^(x)-P„_.(x)P„,.(x)>(2i£^^) 

(-1<Z<1) 

22.14.12  |i„(x)|<e^'2         (2.>o) 

22.14.13  |Lr(x)|<^^^^7^x^^^'^      (a>0,x>0) 
'  n!r(a+l) 


22.14.14 


i^"°'WI<2-^^?^]^"    (-i<a<o.^> 


0) 
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22.14.15  \H,M\<e''"2^m\  ^-^  (^j)] 

22.14.16  \H,r^^,{x)\<xe^'''^^^^      (x>0) 


22.14.17     \H„{x)\<e''''^k2^'^yf^.         /:« 1.086435 
22.15.   Limit  Relations 


22.15.1 


lim 


=11- ;!^^"-^' 0-2^0=©" '^"^ 


x) 


COS  X 


smx 


22.15.3  limli^'^H^J^Xl^l. 

22.15.4  lim[^-=:J^H.„,J^\]^^ 

22.15.5  lim  P^--")  (i-'^)=Llr^(x) 

22.15.6  l™  jL  Ci"' (^)=>.(x) 


For    asymptotic    expansions,    see    [22.5]    and 
[22.17]. 


22.16.  Zeros 

For  tables  of  the  zeros  and  associated  weight  factors  necessary  for  the  Gaussian-type  quadrature 
formulas  see  chapter  25.  All  the  zeros  of  the  orthogonal  polynomials  are  real,  simple  and  located 
in  the  interior  of  the  interval  of  orthogonality. 


Explicit  and  Asymptotic  Formulas  and  Inequalities 

Notations: 

x^">mthzero  of/„(x)(a;{''Ka;i"K  •  •  •  <xi"^) 

0<r^  =  arccos  x^'L>„.+,(0<el"><e<«><  .  .  .  <dl,"'<w) 


ja,m,  inth  positive  zero  of  the  Bessel  function  Ja{x) 

0<ja.l<ja.2<     ■     .     . 


fnix) 


Relation 


22.16.1 

P^^'(cose) 

22.16.2 

c':Hx) 

22.16.3 

ci'Hcose) 

22.16.4 

Tn{x) 

22.16.5 

U„ix) 

lim  n»^"'  -j„.„  ia>  -  1,  /3>  -  1) 

n->oo 

(m+a—  l)ir 


•<eL"'<-^ 

n-ta  n-\-a 

2OT-1 


(0<a<l) 


x;;'=cos     ^^      „ 


22.16.6 


22.16.7 


Pn(C0S  e) 


Pnix) 


2n+l     - 

4772—  1 


•2n+l 


ei,"'  = 


1  47n— 1         ^.     ,. 

7r  +  3— ;  cot  -; r-^    7r  +  0(n    ') 


4n  +  2       '  8n2         4n4-2 


-l."'=l-ii[l-^  +  0(n-)] 


j.(n,=  l. 


4^- 


2n  + 


l  +  l'„""  4n  +  2L        12(2n+l)2j^      Vn^y 


22.16.8 


Z'';'  (X) 


"*^4A:„ 


"•       4A;„  ^ 


1  + 


2(a'-l)+j;' 
48A;^„ 


')  +  0i 


n-5) 


For  error  estimates  see  [22.6]. 

273-888  0-67— 51 
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22.17.  Orthogonal   Polynomials   of  a   Discrete 
Variable 

In  this  section  some  polynomials /„(x)  are  listed 
which  are  orthogonal  with  respect  to  the  scalar 
product 

22.17.1         (fnjm)=12  w*(x,)Mxi)MXi). 
i 

The  Xi  are  the  integers  in  the  interval  a<Xi<h 
and    w*{Xi)    is    a    positive    function    such    that 


'^'w*{Xi)  is  finite.     The  constant  factor  which  is 

i 

still  free  in  each  polynomial  when  only  the  orthogo- 
nality condition  is  given  is  defined  here  by  the 
explicit  representation  (which  corresponds  to  the 
Rodrigues'  formula) 


22.17.2      fM- 


1 


rnW*{x) 


A''[w*(x)^(x,  n)] 


where    g{x,n)=g{x)g{x—\)  .  .  .  g{x—n-\-\)    and 
^(x)  is  a  polynomial  in  x  independent  of  n. 


Name 

a 

h 

w*{x) 

r. 

9(.x,  n) 

Remarks 

Chebyshev 

Krawtchouk 

Charlier 

Meixner 

Hahn 

0 
0 
0 
0 
0 

N-\ 

N 

00 
00 
00 

1 

x! 

c'r(6+x) 
r(6)x! 

r(6)r(c+x)r((i+x) 
x!r(6+x)r(c)r(rf) 

1/n! 

(-l)"n! 

(— l)'»-\/a"n! 

c» 

n! 

g"x! 
(x-n)! 

x! 

p,  ?>0; 

P  +  (Z=1 

a>0 

fe>0,  0<c<l 

(x-n)! 
x! 

(x-n)! 

x!r(6  +  x) 

(x-n)!r(6+x-n) 

For  a  more  complete  list  of  the  properties  of  these  polynomials  see  [22.5]  and  [22.17]. 


Numerical  Methods 

22.18.  Use  and  Extension  of  the  Tables 

Evaluation  oj  an  orthogonal  polynomial  jor  which  the  coefficients  are  given  numerically. 
Example  1.     Evaluate  LeCl.S)   and  its  first  and  second  derivative  using  Table  22.10  and   the 
Horner  scheme. 


— ■ 

1 

-36 

450 

-2400 

5400 

-4320 

720 

r=1.5 

1.5 

-51.75 

597.  375 

-2703.9375 

4044.  09375 

-413.859375 

1 

-34.5 

398.  25 

-1802.625 

2696.  0625 

-275.90625 

306.  140625 

1.5 

1.5 

-49.5 

523.  125 

-1919.25 

1165.21875 

306.  140625 
^'            720 
=  .42519  53 

1 

-33.0 

348.  75 

-1279.500 

776.  8125 

889.  3125 

1.5 

1.  5 

-  47.  25 

452.  250 

-1240.875 

^.     889.3125 
^6          720 
=  1.23515  625 

1 

-31.  5 

301.  50 

-827.250 

-464.0625 

,--     ^[-464.0625] 
^6  -^          720 

=  -].  28906  25 

lu. 
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Evaluation  of  an  orthogonal  'polynomial  using  the  explicit  representation  when  the  coefficients  are  not 
given  numerically. 

If  an  isolated  value  of  the  orthogonal  polynomial  /„(x)  is  to  be  computed,  use  the  proper  expUcit 
expression  rewritten  in  the  form 

Jn(x)=dn{x)aoix) 
and  generate  ao(x)  recursively,  where 

am-i{x)^l — -f(x)am{x)         (m=n,n—l,  .  .  .,  2,  1,  a„(a;)  =  l). 

Cm 

The  d„(x),  bm,  Cm,j{x)  for  the  polynomials  of  this  chapter  are  listed  in  the  following  table: 


/n(x) 

d„{x) 

6m 

Cm 

m 

p(«,« 
■'    n 

Ci") 

in  —  m+l)ia  +  l3  +  n  +  m) 

2m{a-\-m) 

l-x 

^2n 

(-1)"^ 

2(n-m+l)ia  +  n  +  m-l) 

m{2m—\) 

X* 

^2n  +  \ 

(-l)"(Hlp2x 

2(n-m+\)ia  +  n  +  m) 

m{2m+\) 

X2 

T2n 

(-1)" 

2(n-m+l)(n  +  TO-l) 

m(2m-l) 

X* 

T2n+l 

(-l)"(2n+l)x 

2(n-m+l)(n  +  m) 

m(2m4-l) 

X» 

U2n 

(-1)" 

2in-m+\)(n+m) 

m(2m-l) 

X« 

l'2n+l 

(-l)"2(n+l)x 

2{n-m+l)in  +  m+l) 

m(2ni+l) 

X2 

P2n 

(-l)»/2n\ 
4"      \n  J 

in-m+l){2n  +  2m-l) 

7n(2m-l) 

X2 

An+1 

^"r:')<"+"^ 

(n-m+l)(2n  +  2m+l) 

m(2m+l) 

x2 

^W 

cr) 

n  —  m-\- 1 

m{a  +  m) 

X 

H2n 

(-„.<-)^ 

2(n-m+l) 

m{2m—l) 

I2 

H2n+l 

n! 

2(n-TO+l) 

m{2m+l) 

x» 

Example    2.      Compute    P^'^2.3/2)(2).      Here   (/8=('^g^')=3.33847, /(2)= -1. 


m 

8 

7 

6 

5 

4 

3 

2 

1 

0 

a„ 

6m 

Cm 

1 

18 

136 

1.  132353 

34 

105 

1.  366667 
48 
78 

1.  841026 
60 
55 

3.  008392 
70 
36 

6.  849651 
78 
21 

26.  44156 
84 
10 

223.  1091 

88 

3 

6545.  533 

90 

0 

pa/2.3/2)(2)  =  (fgaQ(2)  =  (3.33847)(6545.533)  =  21852.07 

Evaluation  of  orthogonxd  polynomials  by  means  of  their  recurrence  relations 

Examples.     Compute (71*^(2.5) for  n  =  2, 3,4, 5, 6. 

From  Table  22.2  C'^^^  =  \,  (?[*)  =  1.25  and  from  22.7   the  recurrence  relation  is 


C<i),(2.5)  =  [5(n 

+  i)(7iiH2.5) 

-{n-\)C^:il 

,(2.5)1^^^. 

n 

2 

3 

4 

5 

6 

C^^H2.5) 

3.  65625 

13.  08594 

50.  87648 

207.  0649 

867.  7516 

Check:    Compute   Ci'^\2.b)   by   the  method   of  Example  2. 
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Change  of  Interval  of  Orthogonality 

In  some  applications  it  is  more  convenient  to  use  polynomials  orthogonal  on  the  interval  [0,  1]. 
One  can  obtain  the  new  polynomials  from  the  ones  given  in  this  chapter  by  the  substitution  x  =  25— 1. 
The  coefficients  of  the  new  poh'nomial  can  be  computed  from  the^old  by  the  following  recursive  scheme, 
provided  the  standardization  is  not  changed.     If 

ni=0  7n=0 

then  the  aX  are  given  recursiveh-  by  the  am  through  the  relations 

ai»=2ai>->'-a4^li;  m  =  n-l,  n-2,  .  .  .,  j;  j=0,  I,  2,  .  .  .,  n 

ai,-''=aJ2,  m=0,  1,2,  .  .  .,  n 

ai/^=2'a„,j=0,  1,2,  .  .  .,n  and  a'J'=al;  m  =  0,  1,  2,  .  .  .,  n. 

Example  4.     Given  T5ix)  =  ox-20x^-^Wx',  find  TUx). 


\      m 

\ 

5 

4 

3 

2 

1 

0 

;  \ 

-1 

8  =  ar" 

0 

- 10  =  ar" 

0 

2.5  =  ar' 

0 

0 

16 

-16 

-4 

4 

1 

-i=o; 

1 

32 

-64 

56 

-48 

50= a: 

2 

64 

-192 

304 

-400  =  0^ 

3 

128 

-512 

1120=a; 

4 

256 

-1280  =  a: 

5 

512  =  05 

Hence,  Tt{x)  =  b\2x^-\2^Qx*-{-n20^-AQQ7^-{-bQx-\. 
22.19.   Least  Square  Approximations 


Problem:  Given  a  function /(x)  (analytically  or 
in  form  of  a  table)  in  a  domain  D  (which  may  be 
a  continuous  interval  or  a  set  of  discrete  points).^ 
Approximate  j{x)  by  a  polynomial  Fn{x)  of  given 
degree  n  such  that  a  weighted  sum  of  the  squares 
of  the  errors  in  D  \s,  least. 

Solution:  Let  w{x)>0  be  the  weight  function 
chosen  according  to  the  relative  importance  of 
the  errors  in  diflFerent  parts  of  D.  Let  jm{x)  be 
orthogonal  poh*nomials  in  D  relative  to  w{x),  i.e. 
(fm,fn)  =  0  for  m9^n,  where 


1    w{x)j{x)g{x)dx 


Then 
where 


if  Z)  is  a  continuous  interval 


X)  w{x„)j{x„)g{x„) 

m  =  \ 

if  Z?  is  a  set  of  A^  discrete  points  z  „. 

Fn{x)=iZaJ„ix) 


(lm=  (/,  Jm)/(Jm,  Jm)  ■ 


*  fix)  has  to  be  square  integrable,  see  e.g.  [22.17]. 


D  a  Continuous  Interval 


Example  5.     Find  a  least  square  polynomial  of 

degree  5  for  f(x)  —  —-—>  in  the  interval  2<z<5, 

l-{-x  ~   ~ 

using  the  weight  function 


w(x)  ■■ 


V(x-2)(5-x) 


which  stresses  the  importance  of  the  errors  at  the 
ends  of  the  interval. 


Reduction  to  interval  [  —  1, 1],     t  = 


w(x{t))=l      ^ 


2x-l 


From  22.2, /„(0  =  r^(0  and 
_2^   r   _j di^ 


(m?^0) 


•See  page  ii. 
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+  .0004087,  ("^^V.OOOOyOTs  (^^) 


D  a  Set  of  Discrete  Points 


If  Xm='rn(m=0,    1,   2,  .  .  .,   N)   and  w(x)  —  l,    use  the  Chebyshev  polynomials  in  the  discrete 
range  22.17.     It  is  convenient  to  introduce  here  a  slightly  diflFerent  standardization  such  that 

n\  /n-\-m\  x\(N—m)\ 


(N-\-n+l)\(N-n)\ 


m)\Nl 


Unjn) 


Recurrence  relation:  Jq{x)  =  \,Ji{^)  =  \  — 


(271+1)  (Ar!)2 
2x 


N 


(n-\-l)(N-n)Jn+,ix)  =  (2n+l)(N-2x)Ux)-n(N+n-\-l)f„-i(x) 

Example  6.     Approximate  in  the  least  square  sense  the  function  f(x)  given  in  the  following  table 
by  a  third  degree  polynomial. 


X 

fix) 

_  x-lO 
^-  2 

/o(5) 

fi(x) 

'  Mx) 

/3(X) 

10 

.3162 

0 

1 

1 

1 

12 

.2887 

1 

1/2 

-1/2 

-2 

14 

.2673 

2 

0 

-1 

0 

16 

.  2500 

3 

-1/2 

-1/2 

2 

18 

.  2357 

4 

-1 

1 

-1 

(fnjn)=i:fn(x) 


Ux) 
5 


/i(x) 
2.5 


Ux) 
3.5 


10 


1=0 


(/,/n)=l]/„(a:)/(2x+10) 

i=0 


UnJn) 


1.3579     .09985    .01525     .  Q031 
.271580   .039940   .0043571    .000310 


/(x) '-'.27158  +  .03994(3. 5-. 253:) +  .0043571(23.5-3. 5a;  +  . 125^2)  ^00031(266-59.8333x 

+4.375x2-.  10417x3) 
/(x)  ~  .59447-  .043658X+  .0019009x2-  .0000322922:^ 

22.20.  Economization  of  Series 


Problem:  Given   fix)  =  y^,  a„x^  in  the  interval 

771=0 

-l<x<l  and  7?>0.     Find /(x) =2]  M^with  N 


m=0 


as  small  as  possible,  such  that  |/(x)— y(x)|<.ff. 

Solution:  Express  jix)  in  terms  of   Chebyshev 
polynomials  using  Table  22.3, 


Jix)==i:  bmTM) 

wi-O 


Then,  since  |7;,(x)|<l(-l  <x<l) 


N 


./(x)=z;6mr.(x) 

within  the  desired  accuracy  if 

±   \bm\<R 

7(x)  is  evaluated  most  conveniently  by  using  the 
recurrence  relation  (see  22.7). 
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Example     7.       Economize     /(x)  =  l+a;/2+r'/3 

From  Table  22.3 

J(x)=^[U9To{x)+32T2(x)-^3T,(x)] 

-{-~^[76T,(x)+nT,(x)  +  Ts(x)] 


so 


f{x)=:^[U9To{x)+S2T,{x)]-\-~^[76T,(x)-hnT,{x)] 


120' 


since 


l7(x)-/(x)|<^+^<.05 
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Table  22.3 


Coefficients  for  the  Chebyshev  Polynomials  T„(a;)  and  for  x"  in  terms  of  jr„(a;) 


m=0 


m=Q 


xo 

xi 

x^ 

x' 

3* 

X* 

X* 

x' 

X8 

X» 

x" 

x" 

xi« 

bn 

1 

2 

4 

8 

16 

32 

64 

128 

256 

512 

1024 

2048 

To 

1   1 

1 

3 

10 

35 

126 

462 

To 

T, 

1  1 

3 

10 

35 

126 

462 

Ti 

T2 

-1 

2  1 

4 

15 

56 

210 

792 

T, 

Tz 

-3 

4  1 

5 

21 

84 

330 

T3 

Ti 

-8 

8  1 

6 

28 

120 

495 

T4 

Ti 

5 

-20 

16  1 

7 

36 

165 

Ts 

n 

-1 

18 

-48 

32  1 

8 

45 

220 

Tb 

T-, 

-7 

56 

-112 

64  1 

9 

55 

T; 

n 

-32 

160 

-256 

128  1 

10 

66 

Tg 

T, 

9 

-120 

432 

-576 

256  1 

11 

T, 

Tio 

-1 

50 

-400 

1120 

-1280 

512  1 

12 

T,o 

Tu 

-11 

220 

-1232 

2816 

-2816 

1024  1 

Tn 

Tn 

-72 

840 

-3584 

6912 

-6144 

2048  1 

T.j 

lO 

ii 

x« 

3? 

X* 

X5 

x« 

x' 

X8 

x» 

xio 

X" 

x'* 

TgCx)  =  32x«  -  48x^  +  18x2-1 


x«  =  g2UOTo+15T2  +  6T4+T6] 


Chebyshev  Polynomials  Tn{x) 

Table  22.4 

i\x 

0.2 

0.4 

0.6 

0.8 

1.0 

0 
1 
2 
3 
4 
5 

+  1.00000  00000 
+0.20000  00000 
-0.92000  00000 
-0.56800  00000 
+0.69280  00000 
+  0.84512  00000 

+  1.00000  00000 
+  0.40000  00000 
-0.68000  00000 
-0.94400  00000 
-0.07520  00000 
+  0.88384  00000 

+  1.00000  00000 
+  0.60000  00000 
-0.28000  00000 
-0.93600  00000 
-0.84320  00000 
-0.07584  00000 

+  1.00000  00000 
+  0.80000  00000 
+  0.28000  00000 
-0.35200  00000 
-0.84320  00000 
-0.99712  00000 

6 
7 
8 
9 
10 
11 

-0.35475  20000 
-0.98702  08000 
-0.04005  63200 
+  0.97099  82720 
+0.42845  56288 
-0.79961  60205 

+  0.78227  20000 
-0.25802  24000 
-0.98868  99200 
-0.53292  95360 
+  0.56234  62912 
+  0.98280  65690 

+  0.75219  20000 
+  0.97847  04000 
+  0.42197  24800 
-0.47210  34240 
-0.98849  65888 
-0.71409  24826 

-0.75219  20000 
-0.20638  72000 
+  0.42197  24800 
+  0.88154  31680 
+  0.98849  65888 
+  0.70005  13741 

12 

-0.74830  20370 

+  0.22389  89640 

+  0.13158  56097 

+  0.13158  56097 

1 
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Table  22.5 


Coefficients  for. the  Chebyshev  Polynomials  C/,(a;)  and  for  x*  in  terms  of  U„(x) 

»i»=0  m=0 


jf> 

X' 

X* 

x> 

7* 

X* 

x« 

x' 

x» 

x» 

x" 

X" 

x« 

bn 

2 

4 

8 

16 

32 

64 

128 

256 

512 

1024 

2048 

4096 

Uo 

1   1 

1 

2 

5 

14 

42 

132 

Uo 

u, 

2  1 

2 

5 

14 

42 

132 

f/i 

U2 

-1 

4  1 

3 

9 

28 

90 

297 

C/2 

Uz 

-4 

8  1 

4 

14 

48 

165 

Ui 

u. 

-12 

16  1 

5 

20 

75 

275 

u, 

Ui 

6 

-32 

32  1 

6 

27 

110 

Us 

Ut 

-1 

24 

-80 

64  1 

7 

35 

154 

u. 

U: 

-8 

80 

-192 

128  1 

8 

44 

U7 

f/8 

-40 

240 

-448 

256  1 

9 

54 

Us 

u. 

10 

-160 

672 

-1024 

512  1 

10 

u. 

C/io 

-1 

60 

-560 

1792 

-2304 

1024  1 

11 

C/.0 

Un 

-12 

280 

-1792 

4608 

-5120 

2048  1 

c/„ 

Ux2 

-84 

1120 

-5376 

11520 

-11264 

4096  1 

Un 

xo 

xi 

X* 

x» 

X* 

X* 

x« 

xi 

X8 

x» 

xio 

XH 

x» 

C/jCx)  =  64x«-80x*  +  24x»- 1 


x«=^  [5f/o  +  9t/2+5f74+ f/.] 


Table  22.6 


Chebyshev  Polynomials  C/„(x) 


n\x 

0 
1 
2 
3 
4 
5 

6 

7 

8 

9 
10 
11 

12 


0.2 

+  1.00000  00000 
+  0.40000  00000 
-0.84000  00000 
-0.73600  00000 
+0.54560  00000 
+  0.95424  00000 

-0.16390  40000 

-1.01980  16000 

-0.24401  66400 

+  0.92219  49440 

+  0.61289  46176 

-0.67703  70970 

-0.88370  94564 


0.4 


0.6 


0.8 


+  1.00000  00000 

+  1.00000  00000 

+  1.00000  00000 

+  0.80000  00000 

+  1.20000  00000 

+  1.60000  00000 

-0.36000  00000 

+  0.44000  00000 

+  1.56000  00000 

-1.08800  00000 

-0.67200  00000 

+  0.89600  00000 

-0.51040  00000 

-1.24640  00000 

-0.12640  00000 

+0.67968  00000 

-0.82368  00000 

-1.09824  00000 

+  1.05414  40000 

+  0.25798  40000 

-1.63078  40000 

+  0.16363  52000 

+  1.13326  08000 

-1.51101  44000 

-0.92323  58400 

+  1.10192  89600 

-0.78683  90400 

-0.90222  38720 

+  0.18905  39520 

+  0.25207  19360 

+  0.20145  67424 

-0.87506  42176 

+  1.19015  41376 

+  1.06338  92659 

-1.23913  10131 

+  1.65217  46842 

+0.64925  46703 

-0.61189  29981 

+  1.45332  53571 

1.0 

1 

2 
3 
4 
5 
6 

7 

8 

9 

10 

11 

12 

13 
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Table  22.7 


Coefficients  for  the  Chebyshev  Polynomials  C„(z)  and  for  x"  in  terms  of  Cm(x) 

Cn(x)=X;CmX'»  X-=b7'^d„C„(x) 

m=0  m=0 


'See  page  ii. 


Ctix)=xfi-6x*  + 9x^-2  x«-10Co+15C2  +  6C4  +  C8 


Table  22.8 


Coefficients  for  the  Chebyshev  Polynomials  S„(x)  and  for  x"  in  terms  of  Sm(x) 

Sn(x)  =  S  CmX-  X"=  X)  d„S„ix) 

m=0  771=0 


xo 

x' 

x« 

x3 

X* 

X5 

X8 

x^ 

X8 

X9 

a-io 

x» 

x« 

So 

1    1 

1 

2 

5 

14 

42 

132 

So 

Si 

1    1 

2 

5 

14 

42 

132 

Si 

S2 

-1 

1    1 

3 

9 

28 

90 

297 

Sj 

S3 

-2 

1     1 

4 

14 

48 

165 

S3 

s, 

1 

-3 

1     1 

5 

20 

75 

275 

s, 

s, 

3 

-4 

1      1 

6 

27 

110 

s. 

Si 

-1 

6 

-5 

1     1 

7 

35 

154 

s, 

Si 

-4 

10 

-6 

1      1 

8 

44 

1       57 

1 

s. 

1 

-10 

15 

-7 

1      1 

9 

54 

Sg 

5, 

5 

-20 

21 

-8 

1      1 

10 

5, 

<Sio 

-1 

15 

-35 

28 

-9 

1     1 

11 

Sio 

Sn 

-6 

35 

-56 

36 

-10 

1     1 

Sn 

5,2 

1 

-21 

70 

-84 

45 

-11 

1     1 

S,2 

x" 

x' 

x* 

x' 

X* 

x' 

x« 

x" 

X*       !        x» 

x'" 

X" 

i'» 

III 


S,(i)=x«-5x«  + 6x2-1  x«  =  5So  +  9S2  +  554  +  S. 


•See  page  II. 
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Table  22.1] 

L 

Trfj  guerre 

Polynomials  Ln(x) 

n\x 

0.5 

1.0 

3.0 

5.0 

10.0 

0 

1 
2 
3 

4 
5 

+  1.00000  00000 
+  0.50000  00000 
+  0.12500  00000 
-0.14583  33333 
-0.33072  91667 
-0.44557  29167 

+  1.00000.00000 
0.00000  00000 
-0.50000  00000 
-0.66666  66667 
-0.62500  00000 
-0.46666  66667 

^1.00000  00000 
-2.00000  00000 
-0.50000  00000 
+  1.00000  00000 
+  1.37500  00000 
+  0.85000  00000 

+  1.00000  00000 
-4.00000  00000 
+  3.50000  00000 
+  2.66666  66667 
-1.29166  66667 
-3.16666  66667 

+  1.00000  00000 
-9.00000  00000 
+  31.00000  00000 
-45.66666  66667 
+  11.00000  00000 
+  34.33333  33333 

6 
7 
8 
9 
10 
11 

-0.50414  49653 
-0.51833  92237 
-0.49836  29984 
-0.45291  95204 
-0.3S937  44141 
-0.31390  72988 

-0.25694  44444 
-0.04047  61905 
-0.15399  30556 
-0.30974  42681 
+  0.41894  59325 
+  0.48013  41791 

-0.01250  00000 
-0.74642  85714 
-1.10870  53571 
-1.06116  07143 
-0.70002  23214 
-0.18079  95130 

-2.09027  77778 
+  0.32539  68254 
+  2.23573  90873 
+  2.69174  38272 
+  1.75627  61795 
+  0.10754  36909 

-3.44444  44444 
-30.90476  19048 
-16.30158  73016 
+  14.79188  71252 
+  27.98412  69841 
+  14.53695  68703 

12 

-0.23164  96389 

+  0.49621  22235 

+  0.34035  46063 

-1.44860  42948 

-9.90374  64593 
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Table  22.13 

Hermit 

e  Polynomials  Hn 

(x) 

n\x 

0.5 

1.0 

3.0 

5.0 

10.0 

0 

1 
2 
3 
4 
5 

+  1.00000 
+  1.00000 
-1.00000 
-5.00000 
+  1.00000 
(1) +4.10000 

+  1.00000 
+  2.00000 
+  2.00000 
-4.00000 
(1) -2.00000 
(0) -8.00000 

+  1.00000  00 
+  6.00000  00 
(1) +3.40000  00 
(2) +  1.80000  00 
(2) +8.76000  00 
(3) +3.81600  00 

1.00000  OOOOO 

(1)1.00000  ooooo 

(1)9.80000  OOOOO 
(2)9.40000  OOOOO 
(3)8.81200  OOOOO 
(4)8.06000  OOOOO 

1.00000  OOOOO 
(1)2.00000  OOOOO 
(2)3.98000  OOOOO 
(3)7.88000  OOOOO 
(5)1.55212  OOOOO 
(6)3.04120  OOOOO 

6 
7 
8 
9 
10 
11 

(1) +  3.10000 
(2) -4.61000 
(2) -8.95000 
(3) +6.48100 
(4) +  2.25910 
(5) -1.07029 

(2) +  1.84000 
(2) +4.64000 
(3) -1.64800 
(4) -1.07200 
(3) +8.22400 
(5) +2.30848 

(4) +  1.41360  00 
(4) +  3.90240  00 
(4) +3.62400  00 
(5) -4.06944  00 
(6) -3.09398  40 
(7) -1.04250  24 

(5)7.17880  OOOOO 
(6)6.21160  OOOOO 
(7)5.20656  80000 
(8)4.21271  20000 
(9)3.27552  97600 
(10)2.43298  73600 

(7)5.92718  80000 
(9)1.14894  32000 
(10)2.21490  57680 
(11)4.24598  06240 
(12)8.09327  82098 
(14)1.53373  60295 

12 

(5) 

-6.04031 

(5) +2.80768 

(6) +  5.51750  40 

(11)1.71237  08128 

(15)2.88941  99383 
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23.  Bernoulli  and  Euler  Polynomials — Riemann  Zeta 

Function 

Mathematical  Properties 
23.1.  Bernoulli  and  Enler  Polynomials  and  the  Euler-Maclaurin  Formula 

Generating  Functions 

\t\<2r 


o^xr  CD  fn 


\t\<T 


23.1.2       Bn  =  Bn(0) 


Bernoulli  and  Euler  Numbers 

71=0,  1,  .  .  . 


23.1.3     5o=l,  5i  =— 2»  52=g»  ^4=  — oQ 


En=2*En  Q^=  integer 
£"0=15  ^2^  —  1,  Ei=5 


n=0, 1, 


(For  occurrence  of  Bn  and  £",  in  series  expansions  of  circular  functions,  see  chapter  4.) 

Sums  of  Powers 


23.1.4     ±  ^■.^fi...('"  +  l)-g.-.. 


23.1.5  5;(x)=n5„_i(x) 

23.1.6  5,(x+l)-5,(2)=7u;"-i 

23.1.7 

BJx-^h)=±(^^  B,{x)h'-' 


g    (        l).->/,._g»(^  +  l)  +  (-l)'"£n(0) 


k=l 


wi,  n=l,  2,  .  .  . 

Derivatives  and  Differences 


n=l,2,  ... 

71=0,1,... 


E'M  =  nEn-i(x) 
En{x-^1)+E„ix)=2x^ 


Expansions 


71=0,  1,  .  .  .       E,(x+h)=±  Q  E,(x)h--' 

...)=aC)i(^-0""' 


23.1.8  BM-x)  =  {-irBM  71=0,1,. 

23.1.9  (-l)"5,(-j-)=5,(j)+7u:"->         71=0,1, 


Symmetry 

£„(l-x)  =  (-l)-£',(x) 
(-l)»+^£„(-x)=^„(x)-2x'- 


m,7j.=  l,  2,  .  .  . 

71=1,2,... 
71=0,1,... 

71=0,  1,  .  .  . 
71=0,  1,  .  .  . 

71=0,  1,  .  .  . 
71=0,  1,  .  .  . 


Multiplication  Theorem 


23.1.10 


B„{m^)=jn--'J^Bjx-\--) 


n  =  0,l, 
m  =  l,  2, 


£'„(7nx)  =  m»i:  (-l)»£'„(x+^)  7i=0,  1,... 

7n  =  l,  3, . . . 

£,(7nx)  =  --^  rri"  g  (-l)*5„+i  (x+^) 
71+1         i=o  \       Jn/ 

71  =  0,1,... 

m  =  2,  4,  .  .  . 
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Integrals 

Bn+i{x)-Bn+x{a) 


805 


23.1.11  r  Bn{t)dt 

23.1.12  J^  BM)BMdt={-ir-'  -^^^^  B^+„ 


{m-\-n)\ 
m,n=l,  2,  .  .  . 


Ja  n-j-l 

r  E,(t)EMdt 

m,ri=0,  1, 


mm 


(The  polynomials  are  orthogonal  for  m-\-n  odd.) 


Inequalities 

23.1.13  |52„|>|52„(x)|   n=l,  2,  .  .  .,   l>a:>0 
23.1.14 


71=1,2,...,  ^>x>0 
23.1.15 


2(2^  /'^— 'l>(-l)«+^5,  >2M! 
(27r)2»Vl-2'-='V^^  ^    '"^(27r)2« 


n=l,2, 


4-1£:2n|>(-l)"^2n(a;)>0    71=1,2,...,  h>x>0 

4(2n-l)! 


^n     (l+22;^)>(-l)"S2„-l(x)>0 

n=l,2,  ...,  |>x>0 


4''+K2n)! 


!!M.kr_n«7r  ^4»+H2n)!/   1    \ 

n=0,l,  . 


Fourier  Expansions 


23.1.16 

n  ,  .         n     n\     ^  cos  (2Trkx—h'irn) 
B„{x)  =  -2  -^-— ,  X)  ^ — - 


A:" 


7i>l,l>a;>0 
n=l,l>x>0 


23.1.17 

P        /  ._(-l)"2(2n-l)!    «   sin2A:7ra; 

-D2n-lW— /o_\2n-l 2_/ 


(27r)2»-»         ^1     F"-^ 


23.1.18 


n>l,  l>a->0 
7^=l,l>x>0 


p    ,  .  _(-l)"-^2(27i)!    -  cos  2A:7rx 

^2n{X)—  /o_N2n  ^  ^2^^ 


71  =  1,2,...,     l>x>0 


w  r  \—A    ^'    ^  sin  ((2^+l)7rz— ^7r7i) 


7r»+^^o  (2A:+1)"+' 


n>0,l>x>0 

7i=0,l>X>0 


(-l)»4(27i-l)!  ^  cos  (2^+l)7rx 
iS2«-iW-  ^2«  ^^      (2Ar+l)2" 

71=1,2,...,     l>x>0 


TT   (  N_(:il)!i(M:  -^  sin  (2^+l)7rx 

^2n\X) —  _2n+l  ^ 


7r2«+i         1^0    (2^+1)'"+' 


Special  Values 


23.1.19  B2„+,=0 

23.1.20  5„(0)  =  (-l)«5„(l) 

=  5„ 


7i=l,2, 
71  =  0,1, 


n>0,l>x>0 

7i=0,  1>X>0 

n=0, 1,  .  .  . 


■E'2r!  +  l  =  0 

£;„(o)=-£„(i) 

=  -2(7i+l)-'(2"+'-l)5„+i  n=l,2,  .  .  . 


23.1.21     Bn{\)  =  -{\-2'--)B,  71=0,1,...        E,{h)=2-E„ 


71=0,1,  .  .  . 
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23.1.22  5,(i)  =  (-l)-5„(f) 

=  -2-»(l-2^-")B,-7i4-»£:,„: 

n=l,2,  . 

23.1.23  5,,(i)=5,„(f) 

23.1.24  5„(i)  =  52,(|) 

=2-ni-2'-2-)(l-3^-2-)52, 

71=0,1,  . 


^2„-,(|)  =  -^2,-,(f) 

=  -(2n)-Hl-3'-'»)(22"-l)52„ 


n=l,2,  .. 


Syrnbolic  Operations 


23.1.25  p(B(x)-^\)-p(B{x))=p'ix) 

23.1.26  5,(z^A)  =  (B(x)  +  A)»        n=0,  1,  .  .  . 


p(E(x)  +  l)+p(^(x))=2p(x) 

£'„(x+A)  =  (£(x)  +  A)"        n=0,  1,  .  .  . 


Here  p(x)  denotes  a  polynomial  in  x  and  after  expanding  we  set  {jB(x)  }"=5„(x)  and  {£'(x)  }"=£■, (x). 


Relations  Between  the  Polvnomials 


23.1.27 


^-.(^)4{-.e-i^)--.(i)} 


23.1.28 


£'._,(x)=2  Q)"'  g  Q)  (2-*-l)5,_,5,(x) 

n=2,3,  .  .  . 
23.1.29 

BM  =  2- ±(^^  Bn-,E,(2x)        71=0,1,... 

Euler-Maclaiuin  Formulas 

Let  F{x)  have  its  first  27i  derivatives  continuous 
on  an  interval  (a,  b).  Divide  the  interval  into 
m  equal  parts  and  let  h  =  {b—a)/m..  Then  for 
some  d,  1>0>O,  depending  on  7^'^"'(x)  on  (a,  6), 
we  have 

23.1.30 

±  F(a  +  kh)=l  r  F(t)dt+l-{F{b)^F{a)] 

t=0  fija  ^ 


Equivalent  to  this  is 
23.1.31 

I  £^''Fit)dt=l  {F(x+A)+F(x) 


-g^i  Bu{F^^-'\x-hh)-F^^-'^(x)} 


BinF'^^'ix-^eh)        b-h>x>a 


(271): 


Let  ^„(x)=5„(x— [x]).     The  Euler  Summation 
Formula  is 


23.1.32 


m-l  1      fi 

J2  Fia+kh-\-u,h)^j       F{t)dt 

t=0  II-  J  a 


^-iZ^B,{u,){F''-'\b)-F^'-'\a)] 


-^J  B,{^-t)'yE,^F'''\o,+kh+th)Vdt 

p<2n,l>u>0 


BERNOULLI  AND  EULER  POLYNOMIALS,  RIEMANN  ZETA  FUNCTION 

23.2.13  r(0)  =  -^ln2T 

23.2.14  f(-27i)=0 
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23.2.  Riemann  Zeta  Function  and  Other  Sums 
of  Reciprocal  Powers 


23.2.1     f(s)=Z;^~* 
ifc=l 


23.2.2 


=n  (i-p-')-^ 


(product  over  all  primes  p) . 

23  2  3  =  J-4-i+f]  ^  (s^-2k-2\ 

Z6,Z.6  -^_j-h2+,4f  2k  \   2k-l    J 

_/s^2n\   r-  B,„+,(x-[x])  . 
\2n-\-lJjy         x'+"^+' 

sj^l,n=l,2,  .  .  .,     0t8>-2n 

r(i-.)  n-zy-'_ 

~        2iri     Jc  e'-l 

n=l,2,  .  .  .,S9^l,^s>0 

1 


23.2.4 


23.2.5 

where 


i:^-:T^yn(s-iy 


s—1     ^0     nl 


,.      f^  (In  kr    (1 


23.2.6 
23.2.7 

23.2.8 

23.2.9 

23.2.10 


^s>0 

=  2'7r^-^sin  (^7rs)r(l— s)f(l-s) 
1      C  x'~^ 

(i-2»-')r(s)Jo   6^+1  "^"^ 

k  =  \  Jn       X 

n=l,2,  .  .  .,m>0 


exp  (In  2Tr—l  —  ^)s 
2(s-l)r(is4-l)       p 


product  over  all  zeros  p  of  f  (s)  with  ^p>0. 

The  contour  C  in  the  fourth  formula  starts  at 
infinity  on  the  positive  real  axis,  circles  the  origin 
once  in  the  positive  direction  excluding  the  points 
±2niir  for  n=l,  2,  .  .  .,  and  returns  to  the 
starting  point.  Therefore  f(s)  is  regular  for  all 
values  of  s  except  for  a  simple  pole  at  s=l  with 
residue  1. 


23.2.11 
23.2.12 


Special  Values 

f(0) 

f(l)=' 


1 

2 


23.2.15     f(l-2n)  =  - 


^2n 

271 


23.2.16     r(2.)=||g|5.| 


n=l,2,  . 
n=l,2, 

n=l,2, 


23.2.17 


r(2n+l)  = 


(_l)«+i(27r)2n+i   ri 


2(2n+l)! 


I     B2n+i(x)  cot  ('irx)dx 

71=1,2,.., 


Sums  of  Reciprocal  Powers 

The  sums  referred  to  are 


23.2.18        f(7t)=l]i5:-« 

23.2.19 

v(n)=±{-ir-'k-=(l-2'-'^)an) 

23.2.20 


X(7i)=Z;(2A:+l)-"=(l-2-«)f(7i) 
23.2.21 


/3(n)=Z:(-l)*(2^+l) 


71=2,3,... 


71=1,2,... 


71=2,3, 


7i=l,2,... 


These  sums  can  be  calculated  from  the  Bernoulli 
and  Euler  polynomials  by  means  of  the  last  two 
formulas  for  special  values  of  the  zeta  function 
(note  that  7j(l)=ln  2),  and 


23.2.22     p(2n-\-l)  =  ^J Z!  ..     \E, 


2(2ny. 


71  =  0,  1,   .   . 


23.2.23 


P(^'^)-^2n_iy.  Jo  ^'"-'^^'^  sec(7r2)(/a 


71  =  1,2,.. 


/3(2)    is   known    as   Catalan's   constant.     Some 
other  special  values  are 

23.2.24  f(2)  =  l+^,+^3+  •  •  •  =^' 


23.2.25  f(4)  =  l-h^,+^,+  •  •  •  =^ 


808 
23.2.26 

23.2.27 

23.2.28 


BERNOULLI  AND  EULER  POLYNOMIALS,  RIEMANN  ZETA  FUNCTION 


'7(2)  — 1     2^  "^32 
,,(4)  =  1— — +-— 


X(2)  =  l+^+^4- 


Texts 


720 

X2 


23.2.30 

23.2.31 
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COEFFICIENTS  6*  OF  THE  BERNOULLI  POLYNOMIALS  B„  (x)=  z;  hx^  Table  23.1 

14        15 


n\k 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

0 

1 

1 

1 

1 

. 

2 

J. 

6 

-  1 

1 

3 

0 

1 
T 

3 

1 

4 

_  -1. 
30 

0 

1 

-2 

1 

5 

0 

1 

6 

0 

5 

5 

1 

6 

1 

0 

2 

0 

-1 
2 

-  3 

1 

7 

0 

1 
T 

0 

7 
6 

0 

7 

T 

7 
2 

1 

8 

1 

30 

0 

3 

0 

7 
3 

0 

3 

-  4 

1 

9 

0 

3 
"To" 

0 

2 

0 

21 

5 

0 

6 

9 
2 

1 

10 

5 
66 

0 

3 
2 

0 

5 

0 

-7 

0 

13. 
2 

-  5 

1 

11 

0 

5 
6 

0 

11 

0 

11 

0 

-  11 

0 

6 

11 
2 

1 

12 

691 
2730 

0 

5 

0 

33 
2 

0 

22 

0 

_  .21 
2 

0 

11 

-6 

1 

13 

0 

691 
210 

0 

3 

0 

429 
10 

0 

286 

7 

0 

143 
6 

0 

13  . 

-  11 
2 

1 

14 

7 
6 

0 

691 
30 

0 

455 
6 

0 

1001 
10 

0 

143 
2 

0 

1001 
30 

0 

91 
6 

-  7 

1 

15 

0 

J3^ 
2 

0 

691 
6 

0 

455. 
2 

0   . 

429 
2 

0 

715 
6 

0 

_  91 
2 

0 

IS    . 
2 

15 
2 

COEFFICIENTS  e^  OF  THE  EULER  POLYNOMIALS  £„  (a:)=  z;  ekxk 

k  =  0 


n\k 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

0 

1 

1 

1 
2 

1 

2 

0 

-1 

1 

3 

A. 
4 

0 

-  + 

1 

4 

0 

1 

0 

-  2 

1 

5 

_  X 
2 

0 

-5. 
2 

0 

5 
2 

1 

6 

0 

-3 

0 

5 

0 

-3 

1 

7 

17 

8 

0 

21 
2 

0 

4 

0 

_  2. 
2 

1 

8 

0 

17 

0 

-28 

0 

14 

0 

-  4 

1 

9 

-^ 

0 

153 
2 

0 

-63 

0 

21 

0 

9 
2 

1 

10 

0 

-155 

0 

255 

0 

-126 

0 

30 

0 

-5 

1 

11 

691 

0 

1705 

0 

2805 
4 

0 

-  231 

0 

165 
4 

0 

_  -li 
2 

1 

12 

0 

2073 

0 

-3410 

0 

1683 

1 

-  396 

0 

55 

0 

-  6 

1 

13 

5461 
2 

0 

26949 
2 

0 

22165 
2 

0 

7293 
2 

0 

1287 
2 

0 

2 

0 

_  -11 
2 

1 

14 

0 

-  38227 

0 

62881 

0 

-31031 

0 

7293 

0 

-1001 

0 

91 

0 

-  7 

1 

15 

929569 
16 

0 

573405 

2 

0 

943215 
4 

0 

155155 

2 

0 

109395 
8 

0  _ 

3003 

0 

455 
4 

0_ 

IL 
2 

15 


810 


BERNOULLI    AND    EULER    POLYNOMIALS.    RIEMANN    ZETA   FUNCTION 


Table  23.2 

n 

0 

1 
2 

4 
6 
8 

10 
12 
14 
16 
18 

20 
22 
24 
26 
28 

30 
32 
34 
36 
38 

40 
42 
44 
46 
48 

50 
52 

54 
56 

58 


BERINOl  LLI  AND  EILER  NUMBERS 

N  D 

1  1 

-1  2 

1  6 

-1  30 

1  42 

-1  30 

5  66 

-691  2730 

7  6 

-3617  510 

43867  798 

-1  74611  330 

8  54513  138 

-2363  64091  2730 

85  53103  6 

-2  37494  61029  870 

861  58412  76005  14322 

-770  93210  41217  510 

257  76878  58367  6 

-26315  27155  30534  77373     19  19190 

2  92999  39138  41559  6 

-2  61082  71849  64491  22051  13530 

15  20097  64391  80708  02691  1806 

-278  33269  57930  10242  35023  690 

5964  51111  59391  21632  77961  282 

-560  94033  68997  81768  62491  27547  46410 

49  50572  05241  07964  82124  77525  66 

-80116  57181  35489  95734  79249  91853  1590 

29  14996  36348  84862  42141  81238  12691  798 

-2479  39292  93132  26753  68541  57396  63229  870 

84483  61334  88800  41862  04677  59940  36021  354 


Bn 

(   0)  1. 0000  00000 


-A] 

-  2). 

-  2) 

-J! 

(  0 
(  1 

I  l\ 
i  t]- 

(   7). 


•5.0000  00000 

1.6666  66667 

3,3333  33333 

2.3809  52381 

3.3333  33333 


7.5757 
-2.5311 

1.1666 
-7.0921 

5.  4971 

-5.2912 
6.1921 

-8.  6580 
1.4255 

-2.7298 


57576 
35531 
66667 
56863 
17794 

42424 
23188 
25311 
17167 
23107 


16 
17 
19 
21 
23 

(  24) 

(  26)- 

(  28) 

(  30)- 

(  32) 


-1.9296 
8.4169 

-4,0338 
2.1150 

-1.2086 


5008 
0387 
6528 
8498 
3865 


57934 
30476 
07185 
74864 
62652 

66746 
78101 
77648 
76930 
42750 


60   -121  52331  40483  75557  20403  04994  07982  02460  41491    567  86730    (  34) -2. 1399  94926 


n  E„ 

0  1 

2  -1 

4  5 

6  -61 

8  1385 

10  -  50521 

12  27  02765 

14  -  1993  60981 

16  1  93915  12145 

18  -240  48796  75441 

20  37037  11882  37525 

22  -69  34887  43931  37901 

24  15514  53416  35570  86905 

26  -40  87072  50929  31238  92361 

28  12522  59641  40362  98654  68285 

30  -44  15438  93249  02310  45536  82821 

32  17751  93915  79539  28943  66647  89665 

34  —80  72329  92358  87898  06216  82474  53281 

36  41222  06033  95177  02122  34707  96712  59045 

38  -234  89580  52704  31082  52017  82857  61989  47741 

40  1  48511  50718  11498  00178  77156  78140  58266  84425 

42  -1036  46227  33519  61211  93979  57304  74518  59763  10201 

44  7  94757  94225  97592  70360  80405  10088  07061  95192  73805 

46  -6667  53751  66855  44977  43502  84747  73748  19752  41076  84661 

48  60  96278  64556  85421  58691  68574  28768  43153  97653  90444  35185 

50  -60532  85248  18862  18963  14383  78511  16490  88103  49822  51468  15121 

52  650  61624  86684  60884  77158  70634  08082  29834  83644  23676  53855  76565 

54  -7  54665  99390  08739  09806  14325  65889  73674  42122  40024  71169  98586  45581 

56  9420  32189  64202  41204  20228  62376  90583  22720  93888  52599  64600  93949  05945 
58       -126  22019  25180  62187  19903  40923  72874  89255  48234  10611  91825  59406  99649  20041 

60      181089  11496  57923  04965  45807  74165  21586  88733  48734  92363  14106  00809  54542  31325 
From  H.  T.  Davis,  Tables  of  the  higher  mathematical  functions,  vol.  II.  Principia  Press,  Bloomington, 
Ind.,  1935  (with  permission). 
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SUMS  OF  RECIPROCAL  POWERS  Table  23.3 


811 


n 

k 

2  A;-" 
=  1 

^  — 1 

-l)fc-iA 

'  —  n 

1 

00 

0.69314 

71805 

59945 

30942 

2 

64493 

40668 

48226 

43647 

0.82246 

70334 

24113 

21824 

3 

20205 

69031 

59594 

28540 

0.90154 

26773 

69695 

71405 

4 

08232 

32337 

11138 

19152 

0.94703 

28294 

97245 

91758 

5 

03692 

77551 

43369 

92633 

0.97211 

97704 

46909 

30594 

6 

01734 

30619 

84449 

13971 

0.98555 

10912 

97435 

10410 

7 

00834 

92773 

81922 

82684 

0.99259 

38199 

22830 

28267 

8 

00407 

73561 

97944 

33938 

0.99623 

30018 

52647 

89923 

9 

00200 

83928 

26082 

21442 

0.99809 

42975 

41605 

33077 

10 

00099 

45751 

27818 

08534 

0.99903 

95075 

98271 

56564 

11 

00049 

41886 

04119 

46456 

0.99951 

71434 

98060 

75414 

12 

00024 

60865 

53308 

04830 

0.99975 

76851 

43858 

19085 

13 

00012 

27133 

47578 

48915 

0.  99987 

85427 

63265 

11549 

14 

00006 

12481 

35058 

70483 

0.99993 

91703 

45979 

71817 

15 

00003 

05882 

36307 

02049 

0.99996 

95512 

13099 

23808 

16 

00001 

52822 

59408 

65187 

0.99998 

47642 

14906 

10644 

17 

00000 

76371 

97637 

89976 

0.99999 

23782 

92041 

01198 

18 

00000 

38172 

93264 

99984 

0. 99999 

61878 

69610 

11348 

19 

00000 

19082 

12716 

55394 

0.99999 

80935 

08171 

67511 

20 

00000 

09539 

62033 

87280 

0.99999 

90466 

11581 

52212 

21 

00000 

04769 

32986 

78781 

0.99999 

95232 

58215 

54282 

22 

00000 

02384 

50502 

72773 

0.99999 

97616 

13230 

82255 

23 

00000 

01192 

19925 

96531 

0.99999 

98808 

01318 

43950 

24 

00000 

00596 

08189 

05126 

0.99999 

99403 

98892 

39463 

25 

00000 

00298 

03503 

51465 

0.99999 

99701 

98856 

96283 

26 

00000 

00149 

01554 

82837 

0.99999 

99850 

99231 

99657 

27 

00000 

00074 

50711 

78984 

0.99999 

99925 

49550 

48496 

28 

00000 

00037 

25334 

02479 

0.99999 

99962 

74753 

40011 

29 

00000 

00018 

62659 

72351 

0.99999 

99981 

37369 

41811 

30 

00000 

00009 

31327 

43242 

0.99999 

99990 

68682 

28145 

31 

00000 

00004 

65662 

90650 

0. 99999 

99995 

34340 

33145 

32 

00000 

00002 

32831 

18337 

0.99999 

99997 

67169 

89595 

33 

00000 

00001 

16415 

50173 

0.99999 

99998 

83584 

85805 

34 

00000 

00000 

58207 

72088 

0.99999 

99999 

41792 

39905 

35 

00000 

00000 

29103 

85044 

0.99999 

99999 

70896 

18953 

36 

00000 

00000 

14551 

92189 

0.99999 

99999 

85448 

09143 

37 

00000 

00000 

07275 

95984 

0.99999 

99999 

92724 

04461 

38 

00000 

00000 

03637 

97955 

0.99999 

99999 

96362 

02193 

39 

00000 

00000 

01818 

98965 

0.99999 

99999 

98181 

01084 

40 

00000 

00000 

00909 

49478 

0.99999 

99999 

99090 

50538 

41 

00000 

00000 

00454 

74738 

0.99999 

99999 

99545 

25268 

42 

00000 

00000 

00227 

37368 

0.99999 

99999 

99772 

62633 

For  w>42,  r(n  +  l)  =  |[l+f(w)]  v(n-{-l)  =  l[l-^v(n)] 

From  H.  T.  Davis,    Tables  of  the  higher  mathematical  functions,  vol.  II. 

Principia  Press,  Bloomington,  Ind.,  1935  (with  permission). 
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Table  23.3  SUMS  OF  RECIPROCAL  POWERS 


n 

k=0 

-71 

fc=0 

—  n 

1 

00 

0.  78539 

81633 

97448 

310 

2 

1.23370 

05501 

36169 

82735 

0.91596 

55941 

77219 

015 

3 

1.05179 

97902 

64644 

99972 

0.96894 

61462 

59369 

380 

4 

1.01467 

80316 

04192 

05455 

0.98894 

45517 

41105 

336 

5 

1.00452 

37627 

95139 

61613 

0.99615 

78280 

77088 

064 

6 

1. 00144 

70766 

40942 

12191 

0.99868 

52222 

18438 

135 

7 

1.00047 

15486 

52376 

55476 

0.99955 

45078 

90539 

909 

8 

1.00015 

51790 

25296 

11930 

0.99984 

99902 

46829 

657 

9 

1.00005 

13451 

83843 

77259 

0.99994 

96841 

87220 

090 

10 

1.00001 

70413 

63044 

82549 

0.  99998 

31640 

26196 

877 

11 

1.00000 

56660 

51090 

10935 

0.  99999 

43749 

73823 

699 

12 

1.00000 

18858 

48583 

11958 

0.99999 

81223 

50587 

882 

13 

1.00000 

06280 

55421 

80232 

0.  99999 

93735 

83771 

841 

14 

1.00000 

02092 

40519 

21150 

0.99999 

97910 

87248 

735 

15 

1.00000 

00697 

24703 

12929 

0.  99999 

99303 

40842 

624 

16 

1.00000 

00232 

37157 

37916 

0.99999 

99767 

75950 

903 

17 

1.00000 

00077 

44839 

45587 

0.99999 

99922 

57782 

104 

18 

1.00000 

00025 

81437 

55666 

0.99999 

99974 

19086 

745 

19 

1.00000 

00008 

60444 

11452 

0.  99999 

99991 

39660 

745 

20 

1.00000 

00002 

86807 

69746 

0.99999 

99997 

13213 

274 

21 

1.00000 

00000 

95601 

16531 

0.99999 

99999 

04403 

029 

22 

1.00000 

00000 

31866 

77514 

0.99999 

99999 

68134 

064 

23 

1.00000 

00000 

10622 

20241 

0.  99999 

99999 

89377 

965 

24 

1.00000 

00000 

03540 

72294 

0.  99999 

99999 

96459 

311 

25 

1.00000 

00000 

01180 

23874 

0.99999 

99999 

98819 

768 

26 

1.00000 

00000 

00393 

41247 

0. 99999 

99999 

99606 

589 

27 

1.00000 

OQOOO 

00131 

13740 

0.  99999 

99999 

99868 

863 

28 

1.00000 

00000 

00043 

71245 

0.99999 

99999 

99956 

288 

29 

1.00000 

00000 

00014 

57081 

0.99999 

99999 

99985 

429 

30 

1.00000 

00000 

00004 

85694 

0.99999 

99999 

99995 

143 

31 

1.00000 

00000 

00001 

61898 

0.99999 

99999 

99998 

381 

32 

1.00000 

00000 

00000 

53966 

0.99999 

99999 

99999 

460 

33 

1.00000 

00000 

00000 

17989 

0.99999 

99999 

99999 

820 

34 

1.00000 

00000 

00000 

05996 

0.99999 

99999 

99999 

940 

35 

1.00000 

00000 

00000 

01999 

0.99999 

99999 

99999 

980 

36 

1.00000 

00000 

00000 

00666 

0.99999 

99999 

99999 

993 

37 

1.00000 

00000 

00000 

00222 

0.99999 

99999 

99999 

998 

38 

1.00000 

00000 

00000 

00074 

0.99999 

99999 

99999 

999 

39 

1.00000 

00000 

00000 

00025 

40 

1.00000 

00000 

00000 

00008 

41 

1.00000 

00000 

00000 

00003 

42 

1.00000 

00000 

00000 

00001 
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SUMS  OF  POSITIVE  POWERS   f)  ik"  Table  23.4 

k  =  l 


m\n 

1 

2 

3 

4 

5 

6 

1 

1 

1 

1 

1 

1 

1 

2 

3 

5 

9 

17 

33 

65 

3 

6 

14 

36 

98 

276 

794 

4 

10 

30 

100 

354 

1300 

4890 

5 

15 

55 

225 

979 

4425 

20515 

6 

21 

91 

441 

2275 

12201 

67171 

7 

28 

140 

784 

4676 

29008 

1 

84820 

8 

36 

204 

1296 

8772 

61776 

4 

46964 

9 

45 

285 

2025 

15333 

1 

20825 

9 

78405 

10 

55 

385 

3025 

25333 

2 

20825 

19 

78405 

11 

66 

506 

4356 

39974 

3 

81876 

37 

49966 

12 

78 

650 

6084 

60710 

6 

30708 

67 

35950 

13 

91 

819 

8281 

89271 

10 

02001 

115 

62759 

14 

105 

1015 

11025 

1 

27687 

15 

39825 

190 

92295 

15 

120 

1240 

14400 

1 

78312 

22 

99200 

304 

82920 

16 

136 

1496 

18496 

2 

43848 

33 

47776 

472 

60136 

17 

153 

1785 

23409 

3 

27369 

47 

67633 

713 

97705 

18 

171 

2109 

29241 

4 

32345 

66 

57201 

1054 

09929 

19 

190 

2470 

36100 

5 

62666 

91 

33300 

1524 

55810 

20 

210 

2870 

44100 

7 

22666 

123 

33300 

2164 

55810 

21 

231 

3311 

53361 

9 

17147 

164 

17401 

3022 

21931 

22 

253 

3795 

64009 

11 

51403 

215 

71033 

4156 

01835 

23 

276 

4324 

76176 

14 

31244 

280 

07376 

5636 

37724 

24 

300 

4900 

90000 

17 

63020 

359 

70000 

7547 

40700 

25 

325 

5525 

1 

05625 

21 

53645 

457 

35625 

9988 

81325 

26 

351 

6201 

1 

23201 

26 

10621 

576 

17001 

13077 

97101 

27 

378 

6930 

1 

42884 

31 

42062 

719 

65908 

16952 

17590 

28 

406 

7714 

1 

64836 

37 

56718 

891 

76276 

21771 

07894 

29 

435 

8555 

1 

89225 

44 

63999 

1096 

87425 

27719 

31215 

30 

465 

9455 

2 

16225 

52 

73999 

1339 

87425 

35009 

31215 

31 

496 

10416 

2 

46016 

61 

97520 

1626 

16576 

43884 

34896 

32 

528 

11440 

2 

78784 

72 

46096 

1961 

71008 

54621 

76720 

33 

561 

12529 

3 

14721 

84 

32017 

2353 

06401 

67536 

44689 

34 

595 

13685 

3 

54025 

97 

68353 

2807 

41825 

82984 

49105 

35 

630 

14910 

3 

96900 

112 

68978 

3332 

63700 

1 

01367 

14730 

36 

666 

16206 

4 

43556 

129 

48594 

3937 

29876 

1 

23134 

97066 

37 

703 

17575 

4 

94209 

148 

22755 

4630 

73833 

1 

48792 

23475 

38 

741 

19019 

5 

49081 

169 

07891 

5423 

09001 

1 

78901 

59859 

39 

780 

20540 

6 

08400 

192 

21332 

6325 

33200 

2 

14089 

03620 

40 

820 

22140 

6 

72400 

217 

81332 

7349 

33200 

2 

55049 

03620 

41 

861 

23821 

7 

41321 

246 

07093 

8507 

89401 

3 

02550 

07861 

42 

903 

25585 

8 

15409 

277 

18789 

9814 

80633 

3 

57440 

39605 

43 

946 

27434 

8 

94916 

311 

37590 

11284 

89076 

4 

20654 

02654 

44 

990 

29370 

9 

80100 

348 

85686 

12934 

05300 

4 

93217 

16510 

45 

1035 

31395 

10 

71225 

389 

86311 

14779 

33425 

5 

76254 

82135 

46 

1081 

33511 

11 

68561 

434 

63767 

16838 

96401 

6 

70997 

79031 

47 

1128 

35720 

12 

72384 

483 

43448 

19132 

41408 

7 

78789 

94360 

48 

1176 

38024 

13 

82976 

536 

51864 

21680 

45376 

9 

01095 

84824 

49 

1225 

40425 

15 

00625 

594 

16665 

24505 

20625 

10 

39508 

72025 

50 

1275 

42925 

16 

25625 

656 

66665 

27630 

20625 

11 

95758 

72025 

From  H.  T.  Davis,  Tables  of  the  higher  mathematical  functions,  vol.  II.  Principia  Press,  Bloomington, 
Ind.,  1935  (with  permission). 
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BERNOULLI    AND    EULER    POLl-XOMIALS.    RIEMAXX    ZETA   FUNCTION 


Table  23.4 

SUMS  OF 

POSITIVE  POWERS 

1 

c  =  l 

m\n 

1 

2 

3 

4 

5 

6 

51 

1326 

45526 

17 

58276 

724 

31866 

31080 

45876 

13 

71721 

59826 

52 

1378 

48230 

18 

98884 

797 

43482 

34882 

49908 

15 

69427 

69490 

53 

1431 

51039 

20 

47761 

876 

33963 

39064 

45401 

17 

91071 

30619 

54 

1485 

53955 

22 

05225 

961 

37019 

43656 

10425 

20 

39020 

41915 

55 

1540 

56980 

23 

71600 

1052 

87644 

48688 

94800 

23 

15826 

82540 

56 

1596 

60116 

25 

47216 

1151 

22140 

54196 

26576 

26 

24236 

61996 

57 

1653 

63365 

27 

32409 

1256 

78141 

60213 

18633 

29 

67201 

09245 

58 

1711 

66729 

29 

27521 

1369 

94637 

bbllb 

75401 

33 

47888 

01789 

59 

1770 

70210 

31 

32900 

1491 

11998 

73925 

99700 

37 

69693 

35430 

60 

1830 

73810 

33 

48900 

1620 

71998 

81701 

99700 

42 

36253 

35430 

61 

1891 

77531 

35 

75881 

1759 

17839 

90147 

96001 

47 

51457 

09791 

62 

1953 

81375 

38 

14209 

1906 

94175 

99309 

28833 

53 

19459 

45375 

63 

2016 

85344 

40 

64256 

2064 

47136 

1 

09233 

65376 

59 

44694 

47584 

64 

2080 

89440 

43 

26400 

2232 

24352 

1 

19971 

07200 

66 

31889 

24320 

65 

2145 

93665 

46 

01025 

2410 

74977 

1 

31573 

97825 

73 

86078 

14945 

66 

2211 

98021 

48 

88521 

2600 

49713 

1 

44097 

30401 

82 

12617 

64961 

67 

2278 

02510 

51 

89284 

2802 

00834 

1 

57598 

55508 

91 

17201 

47130 

68 

2346 

07134 

55 

03716 

3015 

82210 

1 

72137 

89076 

101 

05876 

29754 

69 

2415 

11895 

58 

32225 

3242 

49331 

1 

87778 

20425 

111 

85057 

92835 

70 

2485 

16795 

61 

75225 

3482 

59331 

2 

04585 

20425 

123 

61547 

92835 

71 

2556 

21836 

65 

33136 

3736 

71012 

2 

22627 

49776 

136 

42550 

76756 

72 

2628 

27020 

69 

06384 

4005 

44868 

2 

41976 

67408 

150 

35691 

46260 

73 

2701 

32349 

72 

95401 

4289 

43109 

2 

62707 

39001 

165 

49033 

72549 

74 

2775 

37825 

77 

00625 

4589 

29685 

2 

84897 

45625 

181 

91098 

62725 

75 

2850 

43450 

81 

22500 

4905 

70310 

3 

08627 

92500 

199 

70883 

78350 

76 

2926 

49226 

85 

61476 

5239 

32486 

3 

33983 

17876 

218 

97883 

06926 

77 

3003 

55155 

90 

18009 

5590 

85527 

3 

61051 

02033 

239 

82106 

87015 

78 

3081 

61239 

94 

92561 

5961 

00583 

3 

89922 

76401 

262 

34102 

87719 

79 

3160 

67480 

99 

85600 

6350 

50664 

4 

20693 

32800 

286 

64977 

43240 

80 

3240 

73880 

104 

97600 

6760 

10664 

4 

53461 

32800 

312 

86417 

43240 

81 

3321 

80441 

110 

29041 

7190 

57385 

4 

88329 

17201 

341 

10712 

79721 

82 

3403 

87165 

115 

80409 

7642 

69561 

5 

25403 

15633 

371 

50779 

51145 

83 

3486 

94054 

121 

52196 

8117 

27882 

5 

64793 

56276 

404 

20183 

24514 

84 

3570 

2 

OHIO 

127 

44900 

8615 

15018 

6 

06614 

75700 

439 

33163 

56130 

85 

3655 

2 

08335 

133 

59025 

9137 

15643 

6 

50985 

28825 

477 

04658 

71755 

86 

3741 

2 

15731 

139 

95081 

9684 

16459 

6 

98027 

99001 

517 

50331 

06891 

87 

3828 

2 

23300 

146 

53584 

10257 

06220 

7 

47870 

08208 

560 

86593 

07900 

88 

3916 

2 

31044 

153 

35056 

10856 

75756 

8 

00643 

27376 

607 

30633 

94684 

89 

4005 

2 

38965 

160 

40025 

11484 

17997 

8 

56483 

86825 

657 

00446 

85645 

90 

4095 

2 

47065 

167 

69025 

12140 

27997 

9 

15532 

86825 

710 

14856 

85645 

91 

4186 

2 

55346 

175 

22596 

12826 

02958 

9 

77936 

08276 

766 

93549 

37686 

92 

4278 

2 

63810 

183 

01284 

13542 

42254 

10 

43844 

23508 

827 

57099 

39030 

93 

4371 

2 

72459 

191 

05641 

14290 

47455 

11 

13413 

07201 

892 

27001 

22479 

94 

4465 

2 

81295 

199 

36225 

15071 

22351 

11 

86803 

47425 

961 

25699 

03535 

95 

4560 

2 

90320 

207 

93600 

15885 

72976 

12 

64181 

56800 

1034 

76617 

94160 

96 

4656 

2 

99536 

216 

78336 

16735 

07632 

13 

45718 

83776 

1113 

04195 

83856 

97 

4753 

3 

08945 

225 

91009 

17620 

36913 

14 

31592 

24033 

1196 

33915 

88785 

98 

4851 

3 

18549 

235 

32201 

18542 

73729 

15 

21984 

32001 

1284 

92339 

69649 

99 

4950 

3 

28350 

245 

02500 

19503 

33330 

16 

17083 

32500 

1379 

07141 

19050 

100 

5050 

3 

38350 

255 

02500 

20503 

33330 

17 

17083 

32500 

1479 

07141 

19050 
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SUMS  OF  POSITIVE  POWERS   2^" 


Table  23.4 


m\n 

7 

1 

1 

2 

129 

3 

2316 

4 

18700 

5 

96825 

6 

3 

76761 

7 

12 

00304 

8 

32 

97456 

9 

80 

80425 

10 

180 

80425 

11 

375 

67596 

12 

733 

99404 

13 

1361 

47921 

14 

2415 

61425 

15 

4124 

20800 

16 

6808 

56256 

17 

10911 

94929 

18 

17034 

14961 

19 

25972 

86700 

20 

38772 

86700 

21 

56783 

75241 

22 

81727 

33129 

23 

1 

15775 

58576 

24 

1 

61640 

30000 

25 

2 

22675 

45625 

26 

3 

02993 

55801 

27 

4 

07597 

09004 

28 

5 

42526 

37516 

29 

7 

15025 

13825 

30 

9 

33725 

13825 

31 

12 

08851 

27936 

32 

15 

52448 

66304 

33 

19 

78633 

09281 

34 

25 

03866 

59425 

35 

31 

47259 

56300 

36 

39 

30901 

20396 

37 

48 

80219 

97529 

38 

60 

24375 

80121 

39 

73 

96685 

86800 

40 

90 

35085 

86800 

41 

109 

82628 

60681 

42 

132 

88021 

93929 

43 

160 

06208 

05036 

44 

191 

98986 

14700 

45 

229 

35680 

67825 

46 

272 

93857 

25041 

47 

323 

60088 

45504 

48 

382 

30771 

87776 

49 

450 

13002 

60625 

50 

528 

25502 

60625 

1 

257 

6818 

72354 

4 

62979 

21 

42595 

79 

07396 

246 

84612 

677 

31333 

1677 

31333 

3820 

90214 

8120 

71910 

16278 

02631 

31035 

91687 

56664 

82312 

99614 

49608 

1 

69372 

07049 

2 

79571 

67625 

4 

49407 

30666 

7 

05407 

30666 

10 

83635 

90027 

16 

32394 

63563 

24 

15504 

48844 

35 

16257 

63020 

50 

42136 

53645 

71  30407  18221 

99  54702  54702 

137  32722  53038 

187  35186  65999 

252  96186  65999 

338  25097  03440 

448  20213  31216 

588  84299  49457 

767  42238  54353 

992  60992  44978 

1274  72091  52434 

1625  96886  06355 

2060  74807  44851 

2595  94900  05332 

3251  30900  05332 

4049  80152  34453 

5018  06672  30869 

6186  88675  08470 

7591  70911  33686 

9273  22165  24311 

11277  98287  56247 

13659  11154  18008 

16477  03958  47064 

19800  33264  16665 

23706  58264  16665 


1 

513 

20196 

2 

82340 

22 

35465 

123 

13161 

526 

66768 

1868 

84496 

5743 

04985 

15743 

04985 

39322 

52676 

90920 

33028 

1 

96965 

32401 

4 

03575 

79185 

7 

88009 

38560 

14  75204  15296 

26  61082  91793 

46  44675  82161 

78  71552  79940 

129  91552  79940 

209  34353  26521 

330  07045  44313 

510  18572  05776 

774  36647  46000 

1155  83620  11625 

1698  78656  90601 

2461  34631  75588 

3519  19191  28996 

4969  90651  04865 

6938  20651  04865 

9582  16872  65536 

13100  60593  54368 

17741  75437  56321 

23813  45365  22785 

31695  01751  94660 

41851  01318  63076 

54847  18716  58153 

71368  79729  21001 

92241  63340  79760 

1  18456  03340  79760 

1  51194  22684  73721 

1  91861  36523  23193 

2  42120  62642  60036 

3  03932  81037  69540 

3  79600  87463  47665 

4  71819  89090  16721 

5  83732  93821  19488 

7  18993  48427  14176 

8  81834  84406  24625 
10  77147  34406  24625 
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BERNOULLI    .\XD    EfLER    POLYXOMIALS,    RIE^L^'X    ZETA    FUXCTION 


Table  23.4 

SLiMS 

OF  POSITIVE  POWERS 

m\n 

7 

8 

51 

617 

99609 

38476 

28283 

37709 

87066 

52 

720 

80326 

41004 

33629 

34995 

18522 

53 

838 

27437 

80841 

39855 

31899 

29883 

54 

972 

16689 

90825 

47085 

51512 

69019 

55 

1124 

41042 

25200 

55458 

90891 

59644 

56 

1297 

11990 

74736 

65130 

64007 

33660 

57 

1492 

60965 

67929 

76273 

55578 

45661 

58 

1713 

40807 

35481 

89079 

86395 

63677 

59 

1962 

27322 

20300 

1 

03762 

90771 

67998 

60 

2242 

20922 

20300 

1 

20559 

06771 

67998 

61 

2556 

48350 

56321 

1 

39729 

79901 

65279 

62 

2908 

64496 

62529 

1 

61563 

80957 

50175 

63 

3302 

54303 

01696 

1 

86379 

38760 

17696 

64 

3742 

34768 

12800 

2 

14526 

88527 

28352 

65 

4232 

57047 

03425 

2 

46391 

36656 

18977 

66 

4778 

08654 

04481 

2 

82395 

42718 

88673 

67 

5384 

15770 

09804 

3 

23002 

19494 

45314 

68 

6056 

45658 

28236 

3 

68718 

51890 

98690 

69 

6801 

09190 

80825 

4 

20098 

35635 

27331 

70 

7624 

63490 

80825 

4 

77746 

36635 

27331 

71 

8534 

14692 

39216 

5 

42321 

71947 

73092 

72 

9537 

20822 

43504 

6 

14542 

13310 

81828 

73 

10641 

94807 

62601 

6 

95188 

14229 

75909 

74 

11857 

07610 

35625 

7 

85107 

61631 

79685 

75 

13191 

91497 

07500 

8 

85220 

53135 

70310 

76 

14656 

43442 

79276 

9 

96524 

01010 

25286 

77 

16261 

28675 

46129 

11 

20097 

63925 

72967 

78 

18017 

84364 

01041 

12 

57109 

07632 

56103 

79 

19938 

23453 

87200 

14 

08819 

95731 

62664 

80 

22035 

38653 

87200 

15 

76592 

11731 

62664 

81 

24323 

06578 

42161 

17 

61894 

13620 

14505 

82 

26815 

92048 

98929 

19 

66308 

22206 

69481 

83 

29529 

52558 

88556 

21 

91537 

44528 

08522 

84 

32480 

42905 

44300 

24 

39413 

33638 

91018 

85 

35686 

19993 

72425 

27 

11903 

86142 

81643 

86 

39165 

47815 

94121 

30 

11121 

78853 

47499 

87 

42938 

02610 

81904 

33 

39333 

46007 

84620 

88 

47024 

78207 

18896 

36 

98967 

98488 

39916 

89 

51447 

91556 

14425 

40 

92626 

86545 

41997 

90 

56230 

88456 

14425 

45 

23094 

07545 

41997 

91 

61398 

49475 

50156 

49 

93346 

60306 

93518 

92 

66976 

96076 

73804 

55 

06565 

47620 

69134 

93 

72993 

96947 

34561 

60 

66147 

28587 

19535 

94 

79478 

74541 

53825 

66 

75716 

22441 

30351 

95 

86462 

11837 

63200 

73 

39136 

65570 

20976 

96 

93976 

59315 

74016 

80 

60526 

23468 

59312 

97 

1  02056 

42160 

52129 

88 

44269 

59412 

36273 

98 

1  10737 

67693 

76801 

96 

95032 

61670 

54129 

99 

1  20058 

33041 

67500 

106 

17777 

31113 

33330 

100 

1  30058 

33041 

67500 

116 

17777 

31113 

33330 

13  10563  86137  15076 

15  88554  44973  50788 

19  18530  80891  52921 

23  08961  40014  66265 

27  69498  05854  50640 

33  11115  00335  95536 

39  46261  19889  79593 

46  89027  07286  24521 

55  55326  65472  79460 

65  63096  25472  79460 

77  32510  86401  13601 

90  86219  51863  77153 

106  49600  93432  30976 

124  51040  78527  12960 

145  22232  06906  03585 

168  98500  07044  03521 
196  19153  51006  98468 
227  27863  53971  28036 
262  73072  32327  04265 
303  08433  02327  04265 

348  93283  09511  53296 
400  93152  87653  82288 
459  80311  54736  50201 
526  34352  62487  29625 
601  42821  25280  26500 

686  01885  63746  04676 

781  17055  08237  76113 

888  03947  17370  60721 

1007  89106  77196  79040 

1142  10879  57196  79040 

1292  20343  10166  78161 

1459  82298  14263  86193 

1646  76323  66939  26596 

1854  97898  52248  56260 

2086  59593  15080  59385 

2343  92334  88197  23001 
2629  46750  30627  52528 
2945  94588  48916  18576 
3296  30228  85991  03785 
3683  72277  75991  03785 

4111  65257  77288  92196 
4583  81394  10154  48868 
5104  22502  40039  36161 
5677  21982  62325  52865 
6307  46923  59571  62240 

7000  00323  17816  42496 

7760  23429  04362  07713 

8593  98205  25663  57601 

9507  49930  00499  98500 

10507  49930  00499  98500 
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SUMS  OF  POSITIVE  POWERS   2^ 

i  =  l 


Table  23.4 


1 
2 
3 

4 
5 


6 
7 
8 
9 
10 

11 
12 
13 
14 
15 

16 
17 
18 
19 
20 

21 
22 
23 
24 
25 

26 
27 
28 
29 
30 

31 
32 
33 
34 
35 

36 
37 
38 
39 
40 

41 
42 
43 
44 
45 

46 
47 
48 
49 
50 


10 


1 

1025 

60074 

11 

08650 

108 

74275 

713 

40451 

3538 

15700 

14275 

57524 

49143 

41925 

1 

49143 

41925 

4 

08517 

66526 

10 

27691 

30750 

24 

06276 

22599 

52 

98822 

77575 

110 

65326 

68200 

220  60442  95976 

422  20381  96425 

779  25054  23049 

1392  35716  80850 

2416  35716  80850 

4084  34526  59051 

6740  33754  50475 

10882  98866  64124 

17223  32676  29500 

26760  06992  70125 

40876  77949  23501 
61465  89270  18150 
91085  56937  13574 
33156  29270  13775 
92205  29270  13775 


2  74168  12139  94576 

3  86758  11208  37200 
5  39916  01061  01649 
7  46353  78601  61425 

10  22208  52136  77050 

13  87824  36537  40026 
18  68682  80261  57875 
24  96503  98741  46099 
33  10544  59593  37700 
43  59120  59593  37700 

57  01386  52694  90101 

74  09406  33911  67925 

95  70554  57044  52174 

122  90290  66428  70350 

156  95353  55588  85975 

199  37428  30416  62551 
251  97341  52774  92600 
316  89847  73860  37624 
396  69074  36836  49625 
494  34699  36836  49625 


m\n 

51 
52 
53 
54 
55 

56 
57 
58 
59 
60 

61 
62 
63 
64 
65 

66 

67 
68 
69 
70 

71 
72 
73 
74 
75 

76 
77 
78 
79 
80 

81 
82 
83 
84 
85 

86 
87 
88 
89 

90 

91 
92 
93 
94 
95 

96 
97 

98 

99 
100 


10 

613  38941  75112  62626 

757  94452  34603  19650 

932  83199  38258  32699 

1143  66451  30907  53275 

1396  95967  52098  93900 

1700  26516  43060  08076 

2062  29849  57628  99325 

2493  10270  26623  05149 

3004  21945  59629  46550 

3608  88121  59629  46550 

4322  22412  76258  29151 
5161  52349  34941  69375 
6146  45378  53759  60224 
7299  37528  99828  07200 
8645  64962  44456  97825 

10213  98650  53564  93601 
12036  82430  99082  55050 
14150  74713  00654  65674 
16596  94119  07202  25475 
19421  69368  07202  25475 

22676  93723  17301  06676 
26420  84347  43545  94100 
30718  46930  40581  51749 
35642  45970  14140  29125 
41273  81117  23612  94750 


47702  70010 
55029  38057 
63365  15640 
72833  43249 
83570  85073 


47012  36126 
72874  36775 
85236  36199 
11504  83400 
11504  83400 


95728  51619  02074  12201 

1  09473  31932  38034  70825 

1  24989  36051  10093  24274 

1  42479  48338  76074  16050 

1  62166  92382  16796  81675 

1  84297  08171  04827  52651 

2  09139  42312  96263  21500 
2  36989  52073  05665  33724 

2  68171  24066  05327  17325 

3  03039  08467  05327  17325 

3  41980  69648  23434  62726 

3  85419  54190  47066  76550 

4  33817  77262  26359  94799 

4  87679  28403  21259  64975 

5  47552  97795  59638  55600 

6  14036  24155  51139  60176 

6  87778  65424  46067  86225 

7  69485  93493  33614  75249 

8  59924  14243  42419  24250 

9  59924  14243  42419  24250 
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Table  23.5 


x"/n! 


n  X 

1 
2 

3 

4 

5 


6  (- 

7  (- 

8  (- 

9  (- 

10  (- 

11  (- 

12  (- 

13  (- 

14  (- 

15  (- 

16  (- 

17  ( 

18  (. 

19  (. 

20  ( 

21  ( 

22  ( 

23  ( 

24  (. 

25  (. 

26  (■ 

27  (■ 

28  (• 

29  (■ 

30  (. 

31  (■ 

32  (■ 

33  (• 

34  (■ 

35  (- 

36  ( 

37  ( 

38  ( 

39  ( 

40  (. 

41  ( 

42  ( 

43  ( 

44  (. 

45  ( 


46 
47 
48 
49 

50 


(- 
(- 

\- 

(- 


0)2.0000  00000 
0)2.0000  00000 
0)1.3333  33333 
1)6.6666  66667 
1)2.6666  66667 

2)8.8888  88889 
2)2.5396  82540 
3)6.3492  06349 
3)1.4109  34744 
4)2.8218  69489 

5)5.1306  71797 
6)8.5511  19662 
6)1.3155  56871 
7)1.8793  66959 
8)2.5058  22612 

-  9)3.1322  78264 
-10)3.6850  33252 
-11)4.0944  81391 
-12)4.3099  80412 
-13)4.3099  8C413 

-14)4.1047  43250 
-15)3.7315  84772 
-16)3.2448  56324 
-17)2.7040  46937 
-18)2.1632  37550 

■19)1.6640  28884 
■20)1.2326  13988 
■22)8.8043  85630 
-23)6.0719  90089 
-24)4.0479   93393 

-25)2.6116  08641 
■26)1.6322  55401 
■28)9.8924  56972 
■29)5.8190  92337 
30)3.3251   95620 

-31)1.8473  30900 
-33)9.9855  72436 
-34)5.2555  64439 
-35)2.6951  61251 
-36)1.3475  80626 

-38)6.5735  64028 
-39  3. 13C2  68584 
-40)1.4559  38876 
-42)6.6179  03985 
-43)2.9412  90659 

44)1.2788  22026 
46)5.4417  95855 
47)2.2674  14940 
49)9.2547  54855 
50)3.7019  01942 


(   0)3.0000  00000 

(   0)4.5000  00000 

(   0)4.5000  00000 

(   0)3.3750  00000 

(   0)2.0250  00000 

(   0)1.0125  00000 

(-  1)4.  3392  85714 

(-  1)1.6272  32143 

(-  2)5.4241  07143 

(-  2)1.6272  32144 

(-  3)4.4379  05844 

(-  3)1.1094  76461 

(-  4  2. 5603  30295 

(-  5)5.4864  22060 

(-  5)1.  0972  84412 

(-  6)2.0574  08272 

(-  7)3.6307  20481 

(-  8)6.0512  00801 

(-  9)9.5545  27582 

(-  9)1.4331  79137 

(-10)2.0473  98768 

(-11)2.7919  07410 

(-12)3.6416  18361 

(-13)4.5520  22952 

(-14)5.4624  27543 

(-15)6.3028  01010 

(-16  7. 0031  12233 

(-17)7.5033  34535 

(-18)7.7620  70209 

(-19)7.7620  70209 

(-20)7.5116  80847 

(-21)7.0422  00795 

(-22)6.4020  00722 

(-23)5.6488  24167 

(-24)4.8418  49284 

(-25)4.  0348  74405 

(-26)3.2715  19788 

(-27)2.5827  78779 

(-28)1.9867  52908 

(-29)1.4900  64681 

(-30)1.0902  91230 

(-32)7.7877  94496 

(-33)5.4333  44999 

(-34)3.7045  53408 

(-35)2.4697  02271 

(-36)1.6106  75395 

(-37)1.0280  90677 

(-39)6.4255  66736 

(-40)3.9340  20450 

(-41)2.3604  12270 


0)4.0000  00000 

0)8.0000  00000 

1)1.0666  66667 

1)1.0666  66667 

0)8.5333  33333 

0)5.6888  88889 

0)3.2507  93651 

0)1.6253  96825 

1)7.2239  85891 

1)2.8895  94356 


(-  1)1.0507 
(-  2)3.5025 
-  2)1.0777 
(-  3)3.0791 
(-  4)8.2110 

(-  4)2.0527 
(-  5)4.8300 
(-  5)1.0733 
(-  6  2.  2596 
(-  7)4.5193 

(-  8)8.6082 
(-  8)1.5651 
(-  9)2.7219 
(-10)4.5366 
(-11)7.2586 

(-11)1.1167 
(-12  1.6543 
(-13)2.3634 
(-14)3.2598 
(-15)4.3464 

(-16)5.6083 
(-17)7.0104 
(-18)8.4975 
-19)9.9971 
(-19)1.1425 


61584 
38614 
04189 
54825 
79534 

69883 
46785 
43730 
71011 
42021 

70516 

40093 
82772 
37953 
20726 

10881 
86490 
09271 
74857 
99810 

86851 
83564 
55834 
24513 
28515 


(-20)1.2694  76128 

(-21)1.3724  06625 

(-22  1.4446  38552 

(-23)1.4816  80567 

(-24)1.4816  80567 

(-25)1.4455  42017 
(-26)1.3767  06682 
(-27)1.2806  57379 
(-28)1.1642  33981 
(-29)1.0348  74650 

(-31)8.9989  09998 
(-32)7.6586  46807 
(-33)6.3822  05674 
(-34)5.2099  63815 
(-35)4.1679  71052 


(   0)5.0000  00000 

(   1)1.2500  00000 

(   1)2.0833  33333 

(   1)2.6041  66667 

(   1)2.6041  66667 

(   1)2.1701  38889 

(   1)1.5500  99206 

(   0)9.6881  20040 

(   0)5.3822  88911 

(   0)2.6911  44455 

(   0)1.2232  47480 

(-  1)5.0968  64499 

(-  1)1.9603  32500 

(-  2)7.0011  87499 

(-  2)2.3337  29166 

(-  3)7.2929  03644 

(-  3)2.1449  71660 

(-  4)5.9582  54611 

(-  4)1.5679  61740 

(-  5)3.9199  04350 

(-  6)9.3331  05595 

(-  6)2.1211  60362 

(-  7  4.  6112  18179 

-  8)9.6067  04540 

-  8)1.9213  40908 

(-  9)3.6948  86362 

(-10)6.8423  82151 

(-10)1.2218  53956 

(-11)2.1066  44751 

(-12)3.5110  74585 


(-13)5. 
-14)8. 
(-14)1. 
(-15)1. 
(-16)2. 

(-17)3. 
(-18)5. 
(-19)6. 
(-20)8. 
(-20)1. 

(-21)1. 
(-22)1. 
(-23)1. 
(-24)2. 
(-25)2. 

(-26)2. 
(-27)2. 

(-28)2. 
(-29)2. 
(-30)2. 


6630  23524 
8484  74257 
3406  77918 
9715  85173 
8165  50246 

9118  75343 
2863  18032 
9556  81619 
9175  40539 
1146  92567 

3593  81180 
6183  10928 
8817  56893 
1383  60106 
3759  55673 

5825  60514 
7474  04803 
8618  80003 
9202  85717 
9202  85717 


For  jr  =  1,  see  Table  6.3. 
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x»/w! 


fl\3r 

1  ( 

2  ( 

3  ( 

4  ( 

5  ( 

6  ( 

7  ( 

8  ( 

9  ( 

10  ( 

11  ( 

12  ( 

13  ( 

14  (- 

15  (- 


16  ( 

17  ( 
18 
19 

20  ( 

21  (. 

22  ( 

23  ( 

24  ( 

25  (. 


0)6.0000  00000 
1)1.8000  00000 
1)3.6000  00000 
1)5.4000  00000 
1)6.4800  00000 

1)6.4800  00000 

1)5.5542  85714 
1)4.1657  14286 
1)2.7771  42857 
1)1.6662  85714 

0)9.0888  31169 
0)4.5444  15584 
0  2. 0974  22577 
1)8.9889  53903 
1)3.5955  81561 

1)1.3483  43085 

2)4.7588  57949 

2)1.5862  85983 

3)5.  0093  24157 

3)1.5027  97247 

4)4.2937  06421 

4)1.1710  10841 

5)3.0548  10892 

6)7.6370  27230 

6)1.8328  86535 


26  ( 

27  ( 
28 
29 

30 

31 
32 
33 

3s 
35 


(- 
(- 
(- 

(- 

i: 

(- 
(- 


36  ( 

37  ( 

38  ( 

39  ( 

40  ( 

41  ( 

42  ( 

43 
44 

45  (- 


!: 


46  ( 

47 

48 

49  ( 

50  ( 


[-- 


7)4. 
8)9. 
8)2. 
9)4. 
10)8. 

10)1. 
11)3. 
12)5. 
13)9. 
13)1. 

-14)2. 
-15)4. 
-16)7. 

-16)1. 
-17)1. 

-18)2. 
19)3. 
20)4. 
21)6. 
22)8. 

22)1. 
23)1. 
24)1. 
25)2. 
26)2. 


2297 

3994 
0141 
1672 
3344 

6131 
0246 
4992 
7046 
6636 

7727 
4963 
0994 
0922 
6383 

3975 
4251 
7792 
5171 
6894 

1334 
4469 
8086 
2146 
6575 


38158 
18129 
61028 
29712 
59424 

21179 
02211 
76746 
06024 
46746 

44578 
42559 
88250 
28962 
43443 

75770 
08241 
20803 
19276 
92366 

12048 
08998 
36247 
56629 
87955 


0)7.  0000  00000 
1)2.4500  00000 
1)5.  7166  66667 
2)1.  0004  16667 
2)1.4005  83333 

2)1.6340  13889 

2)1.6340  13889 

2)1.4297  62153 

2)1.1120  37230 

1)7.7842  60610 

1)4.9536  20388 

1)2.8896  11893 

1  1.5559  44865 

0)7.7797  24327 

0)3.6305  38019 

0)1.5883  60383 

-  1)6.5403  07461 

-  1)2.5434  52902 

-  2)9.3706  15954 

-  2)3.2797  15584 

-  2)1.  0932  38528 

-  3)3.4784  86224 

-  3)1.0586  69721 

-  4)3.  0877  86685 

-  5)8.6458  02721 


-  5)2.3277 

-  6)6,  0348 

-  6)1.5087 

-  7)3.6417 

-  8)8.4973 

(-  8)1.9187 
(-  9)4.1972 
(-10)8.9032 
(-10)1.8330 
(-11)3.6660 

(-12)7.  1284 
(-12)1.3486 
(-13)2.4843 
(-14)4.4590 
(-15)7.8032 

(-15)1.3322 
(-16)2.2204 
(-17)3.  6146 
(-18  5.  7506 
(-19)8.9454 

(-19)1.3612 
(-20)2.  0274 
(-21)2.9566 
-22)4.2237 
(-23)5.9132 


16117 
19562 
04890 
01460 
03406 

45930 
56723 
71836 
26555 
53108 

36600 
23141 
05785 
10384 
68172 

65298 
42162 
73288 
16594 
03590 

57068 
04144 
31045 
58634 
62088 


8 

0)8.0000  00000 

1)3.2000  00000 

1)8.5333  33333 

2)1.7066  66667 

2)2.7306  66667 

2)3.6408  88889 

2  4. 1610  15873 

2)4.1610  15873 

2)3.6986  80776 

2  2.9589  44621 


2)2.1519 
2  1.4346 
1)8.8285 
0448 
6906 


1)5. 
1)2. 


(   1)1.3453 

0)6.3308 

0)2.8137 

(   0  1.1847 

(-  1)4.7388 

(-  1)1.8052 
(-  2)6.5646 
(-  2)2.2833 
(-  3  7.  6112 
(-  3)2.4355 

(_  4)7.4941 
(-  4)2.2204 
(-  5)6.3442 
(-  5)1.7501 
(-  6)4.6670 

(-  6)1.2043 
(-  7  3.  0109 
(-  8  7.  2993 
(-  8  1.7174 
(-  9)3.9256 

(-10)8.7237 
(-10)1.8862 
-11)3.9709 
(-12)8.1456 
(-12)1.6291 

(-13)3.1787 
(-14  6.  0548 
(-14)1.1264 
(-15  2.  0481 
(-16)3.6411 

(-17)6.3324 
(-17  1.0778 
(-18  1.7964 
(-19)2.9329 
(-20)4.6927 


59724 
39816 
52715 
87266 
06542 

03271 
38921 
06187 
18395 
73579 

85173 
73354 
64645 
15485 
88956 

19863 
79959 
28454 
31987 
18634 

91905 
79764 
44881 
92913 
98086 

73527 
21303 
92217 
25061 
25012 

80512 
20021 
78144 
42079 
41473 

19955 
58716 
31193 
48887 
18219 


Table  23.5 


0)9.0000  00000 

1)4.0500  00000 

2)1.2150  00000 

2)2.7337  50000 

2)4.9207  50000 


i   III 


2)7.3811  25000 
2)9.4900  17857 
3)1.  0676  27009 
3  1.0676  27009 
2  9. 6086  43080 


2)7.8616  17066 

2)5.8962  12799 

2)4. 0819  93476 

2)2.6241  38663 

2)1.5744  83198 

1)8.8564  67988 

1  4. 6887  18347 

1)2.3443  59173 

1)1.1104  85924 

0)4.9971  86660 

0)2.  1416  51426 

-  1)8.7613  01284 

-  1)3.4283  35286 

-  1)1.2856  25732 

-  2)4.6282  52637 

(-  2)1.6020  87451 

(-  3)5.3402  91503 

-  3  1.7165  22269 
(-  4)5.3271  38075 

-  4)1.5981  41423 


(-  5)4. 
(-  5  1. 
-  6  3. 
(-  7)9. 
(-  7)2. 

(-  8)6. 
(-  8)1. 
(-  9  3. 
(-10)8. 
(-10)1. 

-11)3. 
-12)8. 
-12)1. 
-13)3. 
-14)7. 

(-14)1. 
(-15  2. 
(-16)5. 
(-17)9. 
(-17)1. 


6397  65421 
3049  34025 
5589  10976 
4206  46703 
4224  52008 

0561  30022 
4731  12708 
4889  51151 
0514  25733 
8115  70790 

9766  18807 
5213  26014 
7835  33352 
6481  36401 
2962  72802 

4275  31635 
7335  71217 
1254  46033 
4140  84548 
6945  35219 
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Table  24.7.  Factorizations 844 

n<  10000 

Table  24.8.  Primitive  Roots,  Factorization  of  p—1 864 

n<10000 

Table  24.9.  Primes 870 


'■  2  National  Bureau  of  Standards. 

'  National  Bureau  of  Standards.     (Presently,  Auburn  University.) 
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24.  Combinatorial  Analysis 

Mathematical  Properties 


In  each  sub-section  of  this  cliapter  we  use 
a  fixed  format  which  enipiiasizes  the  use  and 
methods  of  e.xtendinp;  tlie  accompanying  tal)les. 
The  format  follows  this  form: 

I.  Definitions 

A.  Combinatorial 

B.  Generating:  functions 

C.  Closed  form 

II.  Relations 

A.  Recurrences 

B.  Checks  in  computing 

C.  Basic  use  in  numerical  analysis 

III.  Asymptotic  and  Special  Values 

In  general  the  notations  used  are  standard. 
This  includes  the  difference  operator  A  defined  on 
functions  of  x  by  A/(a-)=/(j+l)-/(.r),  A^+'/U) 
=  A(Ay(r)),  the  Kronecker  delta  5,;,  the  Riemann 
zeta  function  ^(s)  and  the  greatest  common 
divisor  symbol  (m,n).  The  range  of  the  summands 
for  a  summation  sign  without  limits  is  explained 
to   the  right   of   the  formula. 

The  notations  which  are  not  standard  are  those 
for  the  multinomials  which  are  arbitrary  short- 
hand for  use  in  this  chapter,  and  those  for  the 
Stirling  numbers  which  have  never  been  stand- 
ardized. A  short  table  of  various  notations  for 
these  numbers  follows: 

Notations  for  the  Stirling  Numbers 

Reference  First  Kind     Second  Kind 


This  chapter 

[24.2]  Fort 
[24.71  Jordan 
[24.10]  Moser  and  Wj-man 


Si" 
Si- 

s: 

ST 


[24.9]   Milne-Thomson               {"^^_^^B„1„  f^^B„zZ' 

sin,  m)  S{n,  m) 

(_l)n-m^s'i(n  — 1,  n  — m)  S2{m,n  —  m) 

S{n-m  +  \,n)  „S„ 


[24.15]  Riordan 
[24.1]  Carlitz 
[24.3]  Gould 
Miksa 
(Unpublished 

tables) 
[24.17]  Gupta 


u(n,  m) 


We  feel  that  a  capital  iS  is  natural  for  Stirling 
numbers  of  the  first  kind;  it  is  infrequently  used 
for  other  notation  in  this  context.  But  once  it 
is  used  we  have  difficulty  finding  a  suitable 
symbol  for  Stirling  numbers  of  the  second  kind. 
The  numbers  are  sufficiently  important  to  warrant 


a  special  and  easily  recognizable  symbol,  and 
yet  that  synd)ol  must  be  easy  to  write.  We  have 
settled  on  a  script  capital  3  without  any  certainty 
that  we  have  settled  this  question  permanenth". 
We  feel  that  the  subscript-superscript  notation 
emphasizes  the  generating  functions  (which  are 
powers  of  mutually  inverse  functions)  from  which 
most  of  the  important  relations  flow. 

24.1.  Basic  Numbers 

24.1.1  Binomial  Coefficients 

I.  Definitions 

A.  (       )  is  the  number  of  wavs  of  choosing  m 
\m/ 

objects   from   a   collection    of   n    distinct    objects 

without    regard    to    order. 

B.  Generating  functions 


I 


7n=0  \W/ 

(1 -x) -'"-'= z;  ("""ix"-" 

C.  Closed  form 

\m/     tn\{n  —  m)\     \n—m/ 

n(n  —  \)  .  .  .  in  —  m-\-l) 


n=0,l,  .  .  . 

ixi<l 


n>  m 


m: 


II.  Relations 


A.  Recurrences 

V    m    )\m)'^\m-\) 

B.  Checks 


n>m>l 


+  .  .  .+ 


("7") 


n>  fti 


s.<->"-(-:K:') 


r+s>  n 
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where 

Jt=0  *=o 

C.  Numerical  analysis 


=§<-i)-'C;!i>'/(x-.) 

III.  Special  Values 

(o)K:)- 

/2n\_2"(2n-l) (271-3)  ...  3-1 


S<71 


24.1.2  Multinomial  Coefficients 

I.  Definitions 

A.  (n;  fix,  712,  •  •  •,  ^m)  is  the  number  of  ways  of  putting  71=72,, +7^2+  .  .  .  +71^  different  objects 
into  m  different  boxes  with  71*  in  the  k-th  box,  ^=1,  2,  .  .  .,   m. 

(n;  ffli,  a2,  .  .  .,  a„)*  is  the  number  of  permutations  of  n=ai+2a2+  •  •  .  +na„  symbols  composed 
of  a*  cycles  of  length  k  for  Z:=l,  2,  .  .  .,  7i. 

(«;  ai,  02,  .  .  .,  a„)'  is  the  number  of  ways  of  partitioning  a  set  of  7i=ai+2a2+  •  •  .  -\-nan  dif- 
ferent objects  into  a^  subsets  containing  k  objects  for  ^=1,  2,  .  .  .,  n. 


B.  Generating  functions 

(a:i+a:2+  •  •  ■  +a:J"  =  2(7i;  n,,  712,  .   .   .,  njxl'x^^  ■   ■  .  xj;,'- 


(g  li  t'y=m\  i:  ^  2(71;  ai,a2,  .  .  .,  a„)'a:?>x^2  .  .  .  xj- 


n  =  m  f^- 


summed  over  7ii+7J2+  .  .  .  +7i„=7i 

summed  over  ai+ 2(12+  •  •  •  -\-nan=n 
and  ai-\-a2+  .  .  .  +o„=7n. 


C.  Closed  forms 

(n;  Til,  712,  .  .  .,  7iJ=7i!/7ii!7i2!  .  .  .  n J 
(n;ai,a2,  .  .  .,  a„)*=7i!/l''»ai!2'^a2!  .  .  .  Ti^-aJ 
(7i;a„a2,  .  .  .,  a„)'=7i!/(l!)<'ia,!(2!)''2a2!  .  .  .  (7i!)<'"a„! 

II.  Relations 

A.  Recurrence 


ni+7i2  +  .  .  .-\-n„=n 

ai+2o2+   .  •  .-\-nan=n 

ai  +  2a2+  .  .  .  -\-na„=n 


(7l  +  7n;7ii  +  l,7i2+l,    •    •    •,'^m+l)=2   (n+7n  — l;7l,  +  l,   .    .    .,7l*_i  +  l,  7lt,7^t+i  +  l,   .    .    .    ,71^4-1) 

B.  Checks 

im"  alln,^l] 

*    2{n;ni,7h,  .  .  . ,  Tim)  =  \  \  summed  over7ii-!-n2+  •  •  •  -}-n„=n 


summed  overai+2a2+  .  .  .  +7ia„  =  7i  and(Zi+a2+  •  .  •  -\-an=Tn 


2(71; a,, a2,  .  .  .,a„)*=i-iy-'^Slr'' 

C.  Numerical  analysis  (Fa^  di  Bruno's  formula) 
^nJ(9(x))  =  ±f'"'(9(x))i:in;aua2,  .  .  .,  a„)' {g'{x)}''^{g"{x)}''^ .  .  .  {(/"\x)}' 
summed  over  ai+2a2+  .  .  .  -{-na„=n  and  ai+a2+  •  •  •  +a„=m. 


*See  page  II. 
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0 


0 

71-1 

P, 


:2(-l)"-^i(7i;  a„  a,,...,  a^TPl^Pp  .  .  .  P»« 


summed  over  ai+2o2+  .  .  .  -\-nan=n;  e.g.  if  Pt=2J_ja:*  for  k=\,  2,  .  .  .,  n  then  the  determinant  and 
sum  equal  n^lxix^  ■  .  ■  x„,  the  latter  sum  denoting  the  n-thelementan^  symmetric  function  of  Xi,  X2,  •  •  •,  Xr. 


24.1.3     Stirling  Numbers  of  the  First  Kind 
I.  Definitions 

A.  (—l)"~'"Sn"'^  is  the  number  of  permutations 
of  n  symbols  which  have  exactly  m  cycles. 

B.  Generating  functions 

x{x-l)  .  .  .  (z-n+l)  =  X)  S'„'"^x'" 

{In  (l+a:)}'"=m!  S  SlT'  ^        |x|<l 

C.  Closed  form  (see  closed  form  for    ^^'"') 

k^  \n — m-\-k/\n — m — k/ 

II.  Relations 


A.  Recurrences 

B.  Checks 


n>m>l 
n>m>r 


771=1 


SC-l)"-"- 5^  =  71! 

77»=0 


k  =  m 


C.  Numerical  analvsis 


ffm  CD       C(ni) 


71=771      ^• 


if  convergent. 


III.  Asynaptotics  and  Special  Values 

|S'^^|~(7i-l)!(7+ln7i)'"-V(m-l)! 

for  m=o(In  n) 

S'iT^n,       (-1)" 


lim 


m' 


2"n! 


lim  -%^\  =  -l 
<S^»>  =  (-1)'-H7i-1)! 

24.1.4     Stirling  Numbers  of  the  Second  Kind 

I.  Definitions 

A.  ^T^\s,  the  number  of  ways  of  partitioning  a 
set  of  n  elements  into  m  non-empty  subsets. 

B.  Generating  functions 

a;"=2     3L"'^x(a:-l)  .  .  .  (x-m  +  1) 

77J=0 

CD 

(l-x)-Hl-2x)-^  .  .  .  (l-mx)-'=I2    ^^x"-"" 

7;=7n 

lx|<m-^ 

C.  Closed  form 


II.  Relations 

A.  Recurrences 
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n>m>l 
n>  m>r 


B.  Checks 


^^        ^0^      ^   \n-m^k)\n-m-k)  ^''-"'^' 


C.  Numerical  analysis 


3 


(m) 


A'"/(z)  =  m!  X)  — r-/"'(aj)        if  convergent 


Si"x«=SSi'v|3{4^'). 


fc=o  j=Q  ax' 

III.  Asymptotics  and  Special  Values 


lim  m~'*3n"'^  =  w! 


CC(m) 


(m) 


m' 


2'*n\ 


for  w=o(m*) 


«(m) 
iPn  +  1 

i{m) 


=m 


lim       ( 

^<'>=^^»>  =  1 

24.2.  Partitions 

24.2.1     Unrestricted  Partitions 
I.   Definitions 

A.  p{n)  is  the  number  of  decompositions  of  n 
into  integer  summands  without  regard  to  order. 

E.g.,  5=1+4-2  +  3  =  1  +  1+3  =  1+2+2  =  1  +  1  + 
1+2=1  +  1  +  1  +  1  +  1  so  thatp(5)  =  7. 


n=0 


Z)p(^)a:''=n(l-z")-»=-{    Z:  (-l)"a;    '     \ 

n=»l  ^n  =  -oo  J 

|a:|<l 
O.  Closed  form 


7rV2  *=i  «w 


where 


2ir»ftw 

A(w)=    Z)   e'"<*-*^e      * 

0<ft<fc 
(A,  *)-! 

^(M)=|i(Ci)) 

((2))=x— [a:]  —  ^  if  X  is  not  an  integer 
=0  if  X  is  an  integer 


II.  Relations 


A.  Recurrence 


P(n)=      2      (-l)*-^p(n-^^)        p(0)  =  l 


l<-2-<n 


nk=i 
B.  Check 


,  .3fc»±Jlc   . 
l<-^-<n 


P(n)+     X.      (-l)*^-^p(n-^^)=cr.(n) 


III.  Asymptotics 

p(n) 


e 


4nV3 
24.2.2    Partitions  Into  Distinct  Parts 

I.  Definitions 

A.  q{n)  is  the  number  of  decompositions  of  n 
into  distinct  integer  summands  without  regard  to 
order.     E.g.,  5  =  1+4=2  +  3  so  that  g(5)=3. 

B.  Generating  function 

J2ii'n)x''=U  (l+x'')=n  (l-x^"-')-'         |x|<l 

rj=0  n  =  l  n  =  l 

C.  Closed  form 

where  Jo(x)  is  the  Bessel  function  of  order  0  and 
Aik-iin)  was  defined  in  part  I.C.  of  the  previous 
subsection. 
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II.  Relations 


A.  Recurrences 


g(0)=l 


=0  otherwise 


B.  Check 


-k) 


0<3khtk<n  ^ 


=0  otherwise. 


III.  Asymptotics 


g(n)- 


1 


g'Vi^Vn 


24.3.  Number  Theoretic  Functions 

24.3.1     The  Mobius  Function 

I.   Definitions 

A.  n(n)  =  l  if  71=1 

=  (—1)*    if /lis  the  product  of  ^-  distinct 

primes 
=  0  if  71  is  divisible  by  a  square  >1. 

B.  Generating  functions 


n=l 

^S>1 

^,   1-x-      "^ 

|x|<l 

II.   Relations 

A.  Recurrence 

n(mn)—n(m)n(n)  if  (m,n)  =  l 

i                                             =0               if(m,7i)>l 

B.  Check 

din 

C.  Xumerical  analysis 
^(^)=S/(<^  for  all  77  if  and  only  if 

d'.n 

J(n)-=^  ti{d)g(n/d)  for  all  n 

d\n 

g{n)='n.  J(d)  for  all  n  if  and  only  if 


dn 


f(n)=U  ginjdy^^  for  all  n 


dn 


W 


gi.^)=^J{xln)  for  all  j>0  if  and  only  if 


n=l 


/(^)=Z:  M(r?)^(a-M)  for  all  z>0 

n=l 


i^(2;)=S/(^  for  aU  z>0  if  and  only  if 


n=l 


/(a5)=S  i^(n)g{nx)  for  all  x>0 


n=l 


00  OD 


and  if  X)  S  l/(w^7lx)|=X)  o'o(w)l/M|  converges. 

m=l  n  =  l  n=l 

The    cyclotomic    polynomial    of    order    n    is 
n(a^-l)^(»/'*> 

din 

III.  Asymptotics 

t=i    n 

n<x 

24.3.2     The  Euler  Totient  Function 
I.  Definitions 

A.  <p(n)  is  the  number  of  integers  not  exceeding 
and  relatively  prime  to  n. 

B.  Generating  functions 

f(s-l) 


°    y?(7t)z"^        X 

^y  i-x"    {i-xy 

C.  Closed  form 

<p(n)=nJI  ( 1 — ) 

Pin  \         P/ 

over  distinct  primes  p  dividing  n. 

II.  Relations 

A.  Recurrence 

(p(Tnn)  =(p{m)(p(n) 

B.  Checks 

d\n 

a*'<"'  =  l(mod  n) 
III.  Asymptotics 


\x\<l 


(m,n)  =  l 


{a,n)  =  l 
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24.3.3     Divisor  Functions 
I.  Definitions 

A.  (Xk{n)  is  the  sum  of  the  ^-th  powers  of  the 
divisors  of  n.  Often  <To{n)  is  denoted  by  d{n),  and 
<ri(7i)  by  (r(n). 

B.  Generating  functions 

n  =  l 


n=l  n=\  i       •«' 


N<i 


C.  Closed  form 

cr*(n)  =S  c?*=  n  ^\,     .  n=K^P2"^  .  .  .  V> 

d\n  i=l        Pi       -l 

II.  Relations 

A.  Recurrences 

(TK{ffin)  —  <Tk{fn)<Tk{n)         {m,n)  =  \ 

<rk(np)  =  (Tk(n)(Tk(p)—p''<rk{n/p)         p  prime 

III.  Asymptotics 

-Z)  (ro(m)  =  lnn+27-l  +  0(n-») 
n  m=l 

(7=Euler's  constant) 


^&'W=I5+« 


(^) 


24.3.4     Primitive  Roots 

I.  Definitions 

The  integers  not  exceeding  and  relatively  prime 
to  a  fixed  integer  n  form  a  group;  the  group  is 
cyclic  if  and  only  if  n =2,  4  or  n  is  of  the  form  ^*  or 
2p*  where  p  is  an  odd  prime.  Then  ^  is  a  primitive 
rootof  n  if  it  generates  that  group;  i.e.,  if  ^,  y^,  .  .  ., 
(Z*"^"^  are  distinct  modulo  n.  There  are  (p{(p{n)) 
primitive  roots  of  n. 

II.  Relations 

A.  Recurrences.  If  ^  is  a  primitive  root  of  a 
prime  p  and  g^~^  ^  1  (mod  p'^)  then  g  is  a.  primitive 
root  of  p^  for  all  k.  If  g^~^  =  1  (mod  p^)  then  g-\-p 
is  a  primitive  root  of  p"  for  aU  k. 

If  ^  is  a  primitive  root  of  p"  then  either  g  or 
g-\-p'^,  whichever  is  odd,  is  a  primitive  root  of  2p*. 

B.  Checks.  If  ^  is  a  primitive  root  of  n  then  ^* 
is  a  primitive  root  of  n  if  and  only  if  {k,  <p(n))  =  1, 
and  each  primitive  root  of  n  is  of  this  form. 
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462 

330 

165 

12   ] 

L   12 

66 

220 

495 

792 

924 

792 

495 

13   ] 

L   13 

78 

286 

715 

1287 

1716 

1716 

1287 

14   ] 

L   14 

91 

364 

1001 

2002 

3003 

3432 

3003 

15   ] 

L   15 

105 

455 

1365 

3003 

5005 

6435 

6435 

16   ] 

L   16 

120 

560 

1820 

4368 

8008 

11440 

12870 

17   ] 

L   17 

136 

680 

2380 

6188 

12376 

19448 

24310 

18   ] 

L   18 

153 

816 

3060 

8568 

18564 

31824 

43758 

19   ] 

L   19 

171 

969 

3876 

11628 

27132 

50388 

75582 

20   ] 

L   20 

190 

1140 

4845 

15504 

38760 

77520 

1 

25970 

21   ] 

L   21 

210 

1330 

5985 

20349 

54264 

1 

16280 

2 

03490 

22   1 

L   22 

231 

1540 

7315 

26334 

74613 

1 

70544 

3 

19770 

23   ] 

L   23 

253 

1771 

8855 

33649 

1 

00947 

2 

45157 

4 

90314 

24   ] 

L   24 

276 

2024 

10626 

42504 

1 

34596 

3 

46104 

7 

35471 

25   ] 

L   25 

300 

2300 

12650 

53130 

1 

77100 

4 

80700 

10 

81575 

26   ] 

.   26 

325 

2600 

14950 

65780 

2 

30230 

6 

57800 

15 

62275 

27   ] 

.   27 

351 

2925 

17550 

80730 

2 

96010 

8 

88030 

22 

20075 

28   ] 

L   28 

378 

3276 

20475 

98280 

3 

76740 

11 

84040 

31 

08105 

29   ] 

L   29 

406 

3654 

23751 

1 

18755 

4 

75020 

15 

60780 

42 

92145 

30   ] 

.   30 

435 

4060 

27405 

1 

42506 

5 

93775 

20 

35800 

58 

52925 

31   ] 

L   31 

465 

4495 

31465 

1 

69911 

7 

36281 

26 

29575 

78 

88725 

32   ] 

32 

496 

4960 

35960 

2 

01376 

9 

06192 

33 

65856 

105 

18300 

33   ] 

.   33 

528 

5456 

40920 

2 

37336 

11 

07568 

42 

72048 

138 

84156 

34   ] 

.   34 

561 

5984 

46376 

2 

78256 

13 

44904 

53 

79616 

181 

56204 

35   ] 

.   35 

595 

6545 

52360 

3 

24632 

16 

23160 

67 

24520 

235 

35820 

36   ] 

.   36 

630 

7140 

58905 

3 

76992 

19 

47792 

83 

47680 

302 

60340 

37   ] 

L   37 

666 

7770 

66045 

4 

35897 

23 

24784 

102 

95472 

386 

08020 

38   ] 

38 

703 

8436 

73815 

5 

01942 

27 

60681 

126 

20256 

489 

03492 

39   ] 

L   39 

741 

9139 

82251 

5 

75757 

32 

62623 

153 

80937 

615 

23748 

40   ] 

L   40 

780 

9880 

91390 

6 

58008 

38 

38380 

186 

43560 

769 

04685 

41   ] 

41 

820 

10660 

101270 

7 

49398 

44 

96388 

224 

81940 

955 

48245 

42   ] 

42 

861 

11480 

111930 

8 

50668 

52 

45786 

269 

78328 

1180 

30185 

43   ] 

43 

903 

12341 

123410 

9 

62598 

60 

96454 

322 

24114 

1450 

08513 

44   ] 

44 

946 

13244 

135751 

10 

86008 

70 

59052 

383 

20568 

1772 

32627 

45   ] 

L   45 

990 

14190 

148995 

12 

21759 

81 

45060 

453 

79620 

2155 

53195 

46   ] 

.   46 

1035 

15180 

163185 

13 

70754 

93 

66819 

535 

24680 

2609 

32815 

47   1 

47 

1081 

16215 

178365 

15 

33939 

107 

37573 

628 

91499 

3144 

57495 

48   ] 

.   48 

1128 

17296 

194580 

17 

12304 

122 

71512 

736 

29072 

3773 

48994 

49   ] 

49 

1176 

18424 

211876 

19 

06884 

139 

83816 

859 

00584 

4509 

78066 

50   ] 

50 

1225 

19600 

230300 

21 

18760 

158 

90700 

998 

84400 

5368 

78650 

From  Royal  Society  Mathematical  Tables,  vol.  3,  Table  of  binomial  coefficients.     Cambridge  Univ. 
Press,  Cambridge,  England,  1954  ("with  permission). 
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BINOMIAL  COEFFICIENTS  (^^) 


Table  24.1 


n\m 


10 


11 


12 


13 


9 
10 

1 

10 

1 

11 

55 

11 

1 

12 

220 

66 

12 

1 

13 

715 

286 

78 

13 

1 

14 

2002 

1001 

364 

91 

14 

15 

5005 

3003 

1365 

455 

105 

16 

11440 

8008 

4368 

1820 

560 

17 

24310 

19448 

12376 

6188 

2380 

18 

48620 

43758 

31824 

18564 

8568 

19 

92378 

92378 

75582 

50388 

27132 

20 

1 

67960 

1 

84756 

1 

67960 

1 

25970 

77520 

21 

2 

93930 

3 

52716 

3 

52716 

2 

93930 

2 

03490 

22 

4 

97420 

6 

46646 

7 

05432 

6 

46646 

4 

97420 

23 

8 

17190 

11 

44066 

13 

52078 

13 

52078 

11 

44066 

24 

13 

07504 

19 

61256 

24 

96144 

27 

04156 

24 

96144 

25 

20 

42975 

32 

68760 

44 

57400 

52 

00300 

52 

00300 

26 

31 

24550 

53 

11735 

77 

26160 

96 

57700 

104 

00600 

27 

46 

86825 

84 

36285 

130 

37895 

173 

83860 

200 

58300 

28 

69 

06900 

131 

23110 

214 

74180 

304 

21755 

374 

42160 

29 

100 

15005 

200 

30010 

345 

97290 

518 

95935 

678 

63915 

30 

143 

07150 

300 

45015 

546 

27300 

864 

93225 

1197 

59850 

31 

201 

60075 

443 

52165 

846 

72315 

1411 

20525 

2062 

53075 

32 

280 

48800 

645 

12240 

1290 

24480 

2257 

92840 

3473 

73600 

33 

385 

67100 

925 

61040 

1935 

36720 

3548 

17320 

5731 

66440 

34 

524 

51256 

1311 

28140 

2860 

97760 

5483 

54040 

9279 

83760 

35 

706 

07460 

1835 

79396 

4172 

25900 

8344 

51800 

14763 

37800 

36 

941 

43280 

2541 

86856 

6008 

05296 

12516 

77700 

23107 

89600 

37 

1244 

03620 

3483 

30136 

8549 

92152 

18524 

82996 

35624 

67300 

38 

1630 

11640 

4727 

33756 

12033 

22288 

27074 

75148 

54149 

50296 

39 

2119 

15132 

6357 

45396 

16760 

56044 

39107 

97436 

81224 

25444 

40 

2734 

38880 

8476 

60528 

23118 

01440 

55868 

53480 

1 

20332 

22880 

41 

3503 

43565 

11210 

99408 

31594 

61968 

78986 

54920 

1 

76200 

76360 

42 

4458 

91810 

14714 

42973 

42805 

61376 

1 

10581 

16888 

2 

55187 

31280 

43 

5639 

21995 

19173 

34783 

57520 

04349 

1 

53386 

78264 

3 

65768 

48168 

44 

7089 

30508 

24812 

56778 

76693 

39132 

2 

10906 

82613 

5 

19155 

26432 

45 

8861 

63135 

31901 

87286 

1  01505 

95910 

2 

87600 

21745 

7 

30062 

09045 

46 

11017 

16330 

40763 

50421 

1  33407 

83196 

3 

89106 

17655 

10 

17662 

30790 

47 

13626 

49145 

51780 

66751 

1  74171 

33617 

5 

22514 

00851 

14 

06768 

48445 

48 

16771 

06640 

65407 

15896 

2  25952 

00368 

6 

96685 

34468 

19 

29282 

49296 

49 

20544 

55634 

82178 

22536 

2  91359 

16264 

9 

22637 

34836 

26 

25967 

83764 

50 

25054 

33700 

1  02722 

78170 

3  73537 

38800 

12 

13996 

51100 

35 

48605 

18600 

830 

COMBINATORIAL 

ANALYSIS 

Tab 

le  24.1 

BINOMIAL  COEFFICIENTS  (^) 

n  m 

14 

15 

16 

17 

18 

19 

14 
15 

1 

15 

1 

16 

120 

16 

1 

17 

680 

136 

17 

1 

18 

3060 

816 

153 

18 

1 

19 

11628 

3876 

969 

171 

19 

1 

20 

38760 

15504 

4845 

1140 

190 

20 

21 

1 

16280 

54264 

20349 

5985 

1330 

210 

22 

3 

19770 

1 

70544 

74613 

26334 

7315 

1540 

23 

8 

17190 

4 

90314 

2 

45157 

1 

00947 

33649 

8855 

24 

19 

61256 

13 

07504 

7 

35471 

3 

46104 

1 

34596 

42504 

25 

44 

57400 

32 

68760 

20 

42975 

10 

81575 

4 

80700 

1 

77100 

26 

96 

57700 

77 

26160 

53 

11735 

31 

24550 

15 

62275 

6 

57800 

27 

200 

58300 

173 

83860 

130 

37895 

84 

36285 

46 

86825 

22 

20075 

28 

401 

16600 

374 

42160 

304 

21755 

214 

74180 

131 

23110 

69 

06900 

29 

775 

58760 

775 

58760 

678 

63915 

518 

95935 

345 

97290 

200 

30010 

30 

1454 

22675 

1551 

17520 

1454 

22675 

1197 

59850 

864 

93225 

546 

27300 

31 

2651 

82525 

3005 

40195 

3005 

40195 

2651 

82525 

2062 

53075 

1411 

20525 

32 

4714 

35600 

5657 

22720 

6010 

80390 

5657 

22720 

4714 

35600 

3473 

73600 

33 

8188 

09200 

10371 

58320 

11668 

03110 

11668 

03110 

10371 

58320 

8188 

09200 

34 

13919 

75640 

18559 

67520 

22039 

61430 

23336 

06220 

22039 

61430 

18559 

67520 

35 

23199 

59400 

32479 

43160 

40599 

28950 

45375 

67650 

45375 

67650 

40599 

28950 

36 

37962 

97200 

55679 

02560 

73078 

72110 

85974 

96600 

90751 

35300 

85974 

96600 

37 

61070 

86800 

93641 

99760 

1 

28757 

74670 

1 

59053 

68710 

1 

76726 

31900 

1 

76726 

31900 

38 

96695 

54100 

1 

54712 

86560 

2 

22399 

74430 

2 

87811 

43380 

3 

35780 

00610 

3 

53452 

63800 

39 

1 

50845 

04396 

2 

51408 

40660 

3 

77112 

60990 

5 

10211 

17810 

6 

23591 

43990 

6 

89232 

64410 

40 

2 

32069 

29840 

4 

02253 

45056 

6 

28521 

01650 

8 

87323 

78800 

11 

33802 

61800 

13 

12824 

08400 

41 

3 

52401 

52720 

6 

34322 

74896 

10 

30774 

46706 

15 

15844 

80450 

20 

21126 

40600 

24 

46626 

70200 

42 

5 

28602 

29080 

9 

86724 

27616 

16 

65097 

21602 

25 

46619 

27156 

35 

36971 

21050 

44 

67753 

10800 

43 

7 

83789 

60360 

15 

15326 

56696 

26 

51821 

49218 

42 

11716 

48758 

60 

83590 

48206 

80 

04724 

31850 

44 

11 

49558 

08528 

22 

99116 

17056 

41 

67148 

05914 

68 

63537 

97976 

102 

95306 

96964 

140 

88314 

80056 

45 

16 

68713 

34960 

34 

48674 

25584 

64 

66264 

22970 

110 

30686 

03890 

171 

58844 

94940 

243 

83621 

77020 

46 

23 

98775 

44005 

51 

17387 

60544 

99 

14938 

48554 

174 

96950 

26860 

281 

89530 

98830 

415 

42466 

71960 

47 

34 

16437 

74795 

75 

16163 

04549 

150 

32326 

09098 

274 

11888 

75414 

456 

86481 

25690 

697 

31997 

70790 

48 

48 

23206 

23240 

109 

32600 

79344 

225 

48489 

13647 

424 

44214 

84512 

730 

98370 

01104 

1154 

18478 

96480 

49 

67 

52488 

72536 

157 

55807 

02584 

334 

81089 

92991 

649 

92703 

98159 

1155 

42584 

85616 

1885 

16848 

97584 

50 

93 

78456 

56300 

225 

08295 

75120 

492 

36896 

95575 

984 

73793 

91150 

1805 

35288 

83775 

3040 

59433 

83200 

20 

20 

1 

21 

22 

23 

24 

25 

21 

21 

1 

22 

231 

22 

1 

23 

1771 

253 

23 

1 

24 

10626 

2024 

276 

24 

1 

25 

53130 

12650 

2300 

300 

25 

1 

26 

2 

30230 

65780 

14950 

2600 

325 

26 

27 

8 

88030 

2 

96010 

80730 

17550 

2925 

351 

28 

31 

08105 

11 

84040 

3 

76740 

98280 

20475 

3276 

29 

100 

15005 

42 

92145 

15 

60780 

4 

75020 

1 

18755 

23751 

30 

300 

45015 

143 

07150 

58 

52925 

20 

35800 

5 

93775 

1 

42506 

31 

846 

72315 

443 

52165 

201 

60075 

78 

88725 

26 

29575 

7 

36281 

32 

2257 

92840 

1290 

24480 

645 

12240 

280 

48800 

105 

18300 

33 

65856 

33 

5731 

66440 

3548 

17320 

1935 

36720 

925 

61040 

385 

67100 

138 

84156 

34 

13919 

75640 

9279 

83760 

5483 

54040 

2860 

97760 

1311 

28140 

524 

51256 

35 

32479 

43160 

23199 

59400 

14763 

37800 

8344 

51800 

4172 

25900 

1835 

79396 

36 

73078 

72110 

55679 

02560 

37962 

97200 

23107 

89600 

12516 

77700 

6008 

05296 

37 

1 

59053 

68710 

1 

28757 

74670 

93641 

99760 

61070 

86800 

35624 

67300 

18524 

82996 

38 

3 

35780 

00610 

2 

87811 

43380 

2 

22399 

74430 

1 

54712 

86560 

96695 

54100 

54149 

50296 

39 

6 

89232 

64410 

6 

23591 

43990 

5 

10211 

17810 

3 

77112 

60990 

2 

51408 

40660 

1 

50845 

04396 

40 

13 

78465 

28820 

13 

12824 

08400 

11 

33802 

61800 

8 

87323 

78800 

6 

28521 

01650 

4 

02253 

45056 

41 

26 

91289 

37220 

26 

91289 

37220 

24 

46626 

70200 

20 

21126 

40600 

15 

15844 

80450 

10 

30774 

46706 

42 

51 

37916 

07420 

53 

82578 

74440 

51 

37916 

07420 

44 

67753 

10800 

35 

36971 

21050 

25 

46619 

27156 

43 

96 

05669 

18220 

105 

20494 

81860 

105 

20494 

81860 

96 

05669 

18220 

80 

04724 

31850 

60 

83590 

48206 

44 

176 

10393 

50070 

201 

26164 

00080 

210 

40989 

63720 

201 

26164 

00080 

176 

10393 

50070 

140 

88314 

80056 

45 

316 

98708 

30126 

377 

36557 

50150 

411 

67153 

63800 

411 

67153 

63800 

377 

36557 

50150 

316 

98708 

30126 

46 

560 

82330 

07146 

694 

35265 

80276 

789 

03711 

13950 

823 

34307 

27600 

789 

03711 

13950 

694 

35265 

80276 

47 

976 

24796 

79106 

1255 

17595 

87422 

1483 

38976 

94226 

1612 

38018 

41550 

1612 

38018 

41550 

1483 

38976 

94226 

48 

1673 

56794 

49896 

2231 

42392 

66528 

2738 

56572 

81648 

3095 

76995 

35776 

3224 

76036 

83100 

3095 

76995 

35776 

49 

2827 

75273 

46376 

3904 

99187 

16424 

4969 

98965 

48176 

5834 

33568 

17424 

6320 

53032 

18876 

6320 

53032 

18876 

'50 

4712 

92122 

43960 

6732 

74460 

62800 

8874 

98152 

64600 

10804 

32533 

66600 

12154 

86600 

36300 

12641 

06064 

37752 

COMBINATORIAL    ANALYSIS 


831 


Multinomials  and  Partitions 

7r=l''i,  2''2,  .  .  .,  n"",  71=^1+202+   .  .  .  +na„,  m=ai+a2+   .  .  .  +a„ 


Table  24.2 


m 
1 

1 
2 


1  3 

2  1,2 

3  P 


Mi={n;  Til,  n2, 
M2=(n;  fli,  02, 
M3=(n;ai,  o^, 

TT  Ml 


1 
2 

1 
3 
6 

1 

4 

6 

12 

24 

1 
5 
10 
20 
30 
60 
120 

1 

6 

15 

20 

30 

60 

90 

120 

180 

360 

720 

1 

7 

21 

35 

42 

105 

140 

210 

210 

420 

630 

840 

1260 

2520 

5040 


4 

1,3 

22 

1^,2 
1* 

5 

1,4 

2,3 

1^,3 

1,22 

1^,2 


6 

1,5 

2,4 

32 

P,4 

1,2,3 

23 

13,3 

12,22 

1*,  2 

1« 

7 

1,6 
2,5 
3,4 

l^5 

1,2,4 
1,32 
22,3 
13,4 
12,  2,  3 
1,23 
1*,  3 
13,22 
1«,  2 


.,  7iJ=n!/(l!)°i(2!)«2  .  .  .   (n!)«n 
.,  a„)*=n!/Piai!2'^a2!  .  .  .  n''na„\ 


.,  a„)'=7i!/(l!)«ia,!(2!)'^a2! 


M, 


M, 


n      m 


24 
30 
20 
20 
15 
10 
1 

120 

144 

90 

40 

90 

120 

15 

40 

45 

15 

1 

720 

840 
504 
420 

504 
630 
280 
210 
210 
420 
105 

70 
105 

21 
1 


6  1 

8  4 

3  3 

6  6 

1  1 


1 
5 
10 
10 
15 
10 
1 

1 
6 
15 
10 
15 
60 
15 
20 
45 
15 
1 

1 

7 
21 
35 

21 
105 

70 
105 

35 
210 
105 

35 
105 

21 
1 


(n!)''na„! 


Af, 


M2 


M, 


1 

8 

1 

5040 

1 

2 

1,7 

8 

5760 

8 

2,6 

28 

3360 

28 

3,5 

56 

2688 

56 

42 

70 

1260 

35 

3 

l^6 

56 

3360 

28 

1,2,5 

168 

4032 

168 

1,3,4 

280 

3360 

280 

22,4 

420 

1260 

210 

2,32 

560 

1120 

280 

4 

13,5 

336 

1344 

56 

12,  2,  4 

840 

2520 

420 

12,32 

1120 

1120 

280 

1,  22,  3 

1680 

1680 

840 

2* 

2520 

105 

105 

5 

1*,4 

1680 

420 

70 

13,  2,  3 

3360 

1120 

560 

12,23 

5040 

420 

420 

6 

l^3 

6720 

112 

56 

l^22 

10080 

210 

210 

7 

i«,  2 

20160 

28 

28 

8 

i« 

40320 

1 

1 

1 

9 

1 

40320 

1 

2 

1,8 

9 

45360 

9 

2,7 

36 

25920 

36 

3,6 

84 

20160 

84 

4,5 

126 

18144 

126 

3 

12,7 

72 

25920 

36 

1,2,6 

252 

30240 

252 

1,3,5 

504 

24192 

504 

1,42 

630 

11340 

315 

22,5 

756 

9072 

378 

2,3,4 

1260 

15120 

1260 

33 

1680 

2240 

280 

4 

l^6 

504 

10080 

84 

12, 2, 5 

1512 

18144 

756 

12, 3, 4 

2520 

15120 

1260 

1, 22, 4 

3780 

11340 

1890 

1,2,32 

5040 

10080 

2520 

23,3 

7560 

2520 

1260 

5 

IS  5 

3024 

3024 

126 

13,  2,  4 

7560 

7560 

1260 

13,32 

10080 

3360 

840 

12,  22,  3 

15120 

7560 

3780 

1,2^ 

22680 

945 

945 

6 

IS  4 

15120 

756 

126 

1*,  2,  3 

30240 

2520 

1260 

13,23 

45360 

1260 

1260 

7 

1«,3 

60480 

168 

84 

p  22 

90720 

378 

378 

8 

IS  2 

181440 

36 

36 

9 

1" 

362880 

1 

1 

I 
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Table  24.2 

Mul 

tinomia 

lis  and  ] 

n    m 

T 

Mr 

M2 

Ms 

n 

10    1 

10 

1 

362880 

1 

10 

2 

1,9 

10 

403200 

10 

2,8 

45 

226800 

45 

3,7 

120 

172800 

120 

4,6 

210 

151200 

210 

o' 

252 

72576 

126 

3 

V,S 

90 

226800 

45 

1,2,7 

360 

259200 

360 

1,3,6 

840 

201600 

840 

1,4,5 

1260 

181440 

1260 

2^,6 

1260 

75600 

630 

2,3,5 

2520 

*  120960 

2520 

2,4^ 

3150 

56700 

1575 

3^4 

4200 

50400 

2100 

4 

l^7 

720 

86400 

120 

1^,2,6 

2520 

151200 

1260 

V,  3,  5 

5040 

120960 

2520 

1^,42 

6300 

56700 

1575 

1,2^,5 

7560 

90720 

3780 

1,2,3,4 

12600 

151200 

12600 

1,3^ 

16800 

22400 

2800 

•See  page  ii. 

M, 


M2 


M, 


23 

4 

18900 

18900 

3150 

22,32 

25200 

25200 

6300 

5 

l^6 

5040 

25200 

210 

l',2,  5 

15120 

60480 

2520 

l^  3, 4 

25200 

50400 

4200 

12,  22,  4 

*37800 

*56700 

9450 

12, 2, 32 

50400 

50400 

12600 

l,2^3 

75600 

25200 

12600 

2' 

113400 

945 

945 

6 

1^5 

30240 

6048 

252 

1* 

2,4 

75600 

18900 

3150 

1* 

32 

100800 

8400 

2100 

P 

22,3 

151200 

25200 

12600 

12 

2* 

226800 

4725 

4725 

7 

1« 

4 

151200 

1260 

210 

1« 

2,3 

302400 

5040 

2520 

1* 

23 

453600 

3150 

3150 

8 

V 

3 

604800 

240 

120 

1' 

22 

907200 

630 

630 

9 

1' 

2 

1814400 

45 

45 

0 

V 

) 

3628800 

1 

1 
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Table  24.3 


ii\m 

1 
2 
3 

4 
5 

6 

7 

8 

9 

10 

11 
12 
13 
14 
15 


16 
17 
18 
19 
20 

21 
22 
23 
24 
25 


1 

-1 

2 

-6 

24 

-120 

720 

-5040 

40320 

-3 

62880 

36 

28800 

-399 

16800 

4790 

01600 

- 

62270 

20800 

8 

71782 

91200 

-130 

76743 

68000 

2092 

27898 

88000 

-  35568 

74280 

96000 

6  40237 

37057 

28000 

-121  64510 

04088 

32000 

2432  90200  81766  40000 

-  51090  94217  17094  40000 

11  24000  72777  76076  80000 

-258  52016  73888  49766  40000 

6204  48401  73323  94393  60000 


1 

-3 

11 

-50 

274 

-1764 

13068 

-1 

09584 

10 

26576 

-106 

28640 

1205 

43840 

- 

14864 

42880 

1 

98027 

59040 

-28 

34656 

47360 

433  91630  01600 

-7073  42823  93600 

1  22340  55905  79200 

-22  37698  80585  21600 

431  56514  68176  38400 

-8752  94803  67616  00000 

1  86244  81078  01702  40000 

-41  48476  77933  54547  20000 

965  38966  65249  30662  40000 

-23427  87216  39871  85664  00000 


1 

-6 

35 

-225 

1624 

— 

13132 

1 

18124 

-11 

72700 

127 

53576 

-1509 

17976 

19315 

59552 

-2 

65967 

17056 

39 

21567 

97824 

-616  58176  14720 

10299  22448  37120 

-1  82160  24446  24640 

34  01224  95938  22720 

-668  60973  03411  53280 

13803  75975  36407  04000 

-2  98631  90286  32163  84000 

67  56146  67377  09306  88000 

-1595  39850  27606  68605  44000 

39254  95373  27809  77192  96000 


4 
5 

6 

7 
8 

9 
10 

11 

12 
13 
14 
15 

16 

17 
18 
19 
20 

21 
22 
23 
24 
25 


1 

-10 

85 

-735 

6769 

- 

67284 

7 

23680 

-84 

09500 

1052 

58076 

- 

14140 

14888 

2 

03137 

53096 

-31 

09892 

60400 

505  69957  03824 

-8707  77488  75904 

1  58331  39757  27488 

-30  32125  40077  19424 

610  11607  57404  91776 

-  12870  93124  51509  88800 

2  84093  31590  18114  68800 

-65  48684  85270  30686  97600 

1573  75898  28594  15107  32800 

-39365  61409  13866  31181  31200 


-15 

175 

-1960 

22449 

-2 

69325 

34 

16930 

^59 

95730 

6572 

06836 

— 

99577 

03756 

15 

97216 

05680 

-270 

68133 

45600 

4836 

60092 

33424 

— 

90929 

99058 

44112 

17 

95071 

22809 

21504 

-371 

38478 

73452 

28000 

8037  81182  26450  51776 

-1  81664  97952  06970  76096 

42  80722  86535  71471  42912 

-1050  05310  75591  74529  84576 

26775  03356  42796  03823  62624 


1 

-21 

322 

-4536 

63273 

-9 

02055 

133 

39535 

-2060 

70150 

33361 

18786 

-5 

66633 

66760 

100 

96721 

07080 

-1886 

15670 

58880 

36901 

26492 

34384 

-7  55152 

75920 

63024 

61  42973 

65301 

18960 

-3599  97951  79476  07200 

83637  38169  95448  02976 

-20  21687  37691  06827  41568 

507  79532  53430  28501  98976 

-13237  14091  57918  58577  60000 
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Table  21.3 


STIRLI.\(;   MMBERS  OF  THE  FIRST  KIND  ^"^^ 


n  n\ 

1 

8 

9 

10 

11 
12 
13 
14 
15 

16 
17 
18 
19 
20 

21 
22 
23 
24 
25 


1 

-28 

546 

-9450 

1 

57773 

-26 

37558 

449 

90231 

-7909 

43153 

1 

44093 

22928 

-27 

28032 

10680 

537 

45234 

77960 

— 

11022 

84661 

84200 

2 

35312 

50405 

49984 

-52 

26090 

33625 

12720 

1206  64780  37803  73360 

-  28939  58339  73354  47760 

7  20308  21644  09246  53696 

-185  88776  35505  19497  76576 

4969  10165  05554  96448  36800 


1 

-36 

870 

_ 

18150 

3 

57423 

-69 

26634 

1350 

36473 

26814 

53775 

5  46311  29553 

-114  69012  83528 

2487  18452  97936 

-  55792  16815  47048 

12  95363  69899  43896 

-311  33364  31613  90640 

7744  65431  01695  76800 

-1  99321  97822  10661  37360 

53  04713  71552  54458  12976 

-1459  01905  52766  26492  88000 


1 
-45 

1320 

-  32670 

7  49463 

-166  69653 

3684  11615 

18 

-^30 

10241 

-2  50385 

82076  28000 
59531  77553 
81053  01929 
77407  32658 
87554  67550 

63  03081  20992  94896 

-1634  98069  72465  83456 

43714  22964  95944  12832 

-12  04749  26016  17376  32496 

342  18695  95940  71489  92880 


n  m 
10 

11 
12 
13 
14 
15 

16 
17 
18 
19 

20 

21 
22 
23 
24 
25 


](> 

1 

-55 

1925 

— 

55770 

14 

74473 

-373 

12275 

9280 

95740 

-2 

30571 

59840 

57 

79248 

94833 

-1471 

07534 

08923 

38192 

20555 

02195 

11 


12 


-10  14229  98655  11450 

276  01910  92750  35346 

-7707  40110  12973  61068 

2  20984  45497  94337  17396 

-65  08376  17966  81468  50000 


1 

-66 

2717 

- 

91091 

27 

49747 

-785 

58480 

21850 

31420 

-6 

02026 

93980 

166 

15733 

86473 

^628 

06477 

51910 

1  30753  50105  40395 

-37  60053  50868  59745 

1103  23088  11859  49736 

-  33081  71136  85742  04996 

10  14945  52782  52146  37300 


1 

-78 

3731 

-1 

43325 

48 

99622 

-1569 

52432 

48532 

22764 

-14 

75607 

03732 

446 

52267 

57381 

-  13558  51828  99530 

4  15482  38514  30525 

-129  00665  98183  31295 

4070  38405  70075  69521 

-1  30770  92873  67558  73500 


13 


II 


15 


13 
14 
15 

16 
17 
18 
19 
20 

21 

22 

23 

24 
25 


1 

-91 

5005 

-2 

18400 

83 

94022 

-2996 

50806 

1  02469 

37272 

-34  22525 

11900 

1131  02769  95381 

-  37310  09998  02531 

12  36304  58470  86207 

-413  35671  43013  14056 

13990  94520  02391  06865 


1 

-105 

1 

6580 

-120 

-3  23680 

8500 

138  96582 

-4  68180 

-5497  89282 

223  23822 

2  06929  33630 

-9739  41900 

-75  61111  84500 

2718  86118  69881 

-  97125  04609  39913 

34  70180  64487  04206 

-1246  20006  90702  15000 


4  01717  71630 

-159  97183  88730 

6238  24164  21941 

-2  40604  60386  44556 

92  44691  13761  73550 


16 


1 

-136 

10812 

-6  62796 

349  16946 

-  16722  80820 

7  52896  68850 

-325  60911  03430 

13727  25118  00831 

-5  70058  63218  64500 


n  m                              17 

17  1 

18  -153 

19  13566 

20  -9  20550 

21  533  27946 

22  -  27921  67686 

23  13  67173  57942 

24  -640  05903  36096 

25  29088  66798  67135 


18 

1 

-171 
16815 

-12  56850 

797  21796 

-  45460  47198 

24  12764  43496 

-1219  12249  80000 


19 


1 
-190 

20615 

-16  89765 

1168  96626 

-  72346  69596 

41  49085  13800 


20 


-210 

25025 

-22  40315 

1684  23871 

12768  42500 


21 


1 

-231 

30107 

-29  32776 

2388  10495 


22 


23   21 


1 

-253  1 

35926  -276 

-37  95000  42550 


1 
-300 
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Table  21.1 


#1^  III  1 


:i 


1 

2 
3   ] 

1 
3 

1 

4   1 

7 

6 

1 

5 

15 

25 

10 

1 

6   ] 

31 

90 

65 

15 

1 

7   ] 

63 

301 

350 

140 

21 

8 

127 

966 

1701 

1050 

266 

9   ] 

255 

3025 

7770 

6951 

2646 

10   ] 

511 

9330 

34105 

42525 

22827 

11   ] 

1023 

28501 

1  45750 

2  46730 

1 

79487 

12   ] 

2047 

86526 

6  11501 

13  79400 

13 

23652 

13   ] 

4095 

2 

61625 

25  32530 

75  08501 

93 

21312 

14   ] 

8191 

7 

88970 

103  91745 

400  75035 

634 

36373 

15  : 

16383 

23 

75101 

423  55950 

2107  66920 

4206 

93273 

16   ] 

32767 

71 

41686 

1717  98901 

10961  90550 

27349 

26558 

17   ] 

65535 

214 

57825 

6943  37290 

56527  51651 

1 

75057 

49898 

18   ] 

1 

31071 

644 

39010 

27988  06985 

2  89580  95545 

11 

06872 

51039 

19   ] 

2 

62143 

1934 

48101 

1  12596  66950 

14  75892  84710 

69 

30816 

01779 

20   ] 

5 

24287 

5806 

06446 

4  52321  15901 

74  92060  90500 

430 

60788 

95384 

21   1 

10 

48575 

17423 

43625 

18  15090  70050 

379  12625  68401 

2658 

56794 

62804 

22   ] 

20 

97151 

52280 

79450 

72  77786  23825 

1913  78219  12055 

16330 

53393 

45225 

23   ] 

41 

94303 

1  56863 

35501 

291  63425  74750 

9641  68881  84100 

99896 

98579 

83405 

24   1 

83 

88607 

4  70632 

00806 

1168  10566  34501 

48500  07834  95250    6 

09023 

60360 

84530 

25   ] 

167 

77215 

14  11979 

91025 

1677  12897  38810 

2  43668  49741  10751   37 

02641 

70000 

02430 

11"  m 

7 

8 

9 

10 

7 
8 

1 

28 

1 

9 

462 

36 

1 

10 

5880 

750 

45 

1 

11 

63987 

11880 

1155 

55 

12 

6 

27396 

1  59027 

22275 

1705 

13 

57 

15424 

18  99612 

3 

59502 

39325 

14 

493 

29280 

209  12320 

51 

35130 

7 

52752 

15 

4087 

41333 

2166  27840 

671 

28490 

126 

62650 

16 

32818 

82604 

21417  64053 

8207 

84250 

1937 

54990 

17 

2  57081 

04786 

2 

04159  95028 

95288 

22303 

27583 

34150 

18 

19  74624 

83400 

18 

9036C  65010 

10 

61753 

95755 

3 

71121 

63803 

19 

149  29246 

34839 

170 

97510  03480 

114 

46146 

26805 

47 

72970 

33785 

20 

1114  35540 

45652 

1517 

09326  62679 

1201 

12826 

44725 

591 

75849 

64655 

21 

8231  09572 

14948 

13251 

10153  47084 

12327 

24764 

65204 

7118 

71322 

91275 

22 

60276  23799 

67440 

1  14239 

90799  91620     1 

24196 

33035 

33920 

83514 

37993 

77954 

23 

4  38264  19991 

17305 

9  74195 

50199  00400    12 

32006 

88117 

96900     9 

59340 

12973 

13460 

24 

51  67746  38518 

04540 

82  31828 

21583  20505   120 

62257 

43260 

72500   108 

25408 

17849 

31500 

25   2 

n   83248  29987 

16310  690  22372 

11183  68580  1167 

92145 

10929 

73005  1203 

16339 

21753 

87500 

11 


12 


l.i 


I  I 


11  1 

12  66 

13  2431 

14  66066 

15  14  79478 

1 

1 

78 

3367 

06470 

1 

91 

4550 

1 
105 

16  289  36908 

17  5120  60978 

18  83910  04908 

19  12  94132  17791 

20  190  08424  29486 

2 

41 

27 

620 

12563 

34669 

10166 

57118 
22324 
28866 
51300 
33391 

6 

1 

49 

1258 

28924 

10686 

65620 
10178 
54638 
39160 
60380 

2 

84 

2435 

63025 

6020 
49900 
08778 
77530 
24580 

21  2682  68516  89001 

22  36628  25008  70286 

23  4  86425  13089  51100 

24  63  10016  56957  75560 

25  802  35590  44384  62660 

1 

24 

362 

683 
10882 
67216 
93020 
26262 

30420 
33560 
27734 
45907 
07848 

30178 
51137 
83930 
58260 
74680 

6 
114 

120 

2249 

40128 

88883 

48507 

49092 
68618 
25603 
60579 
33437 

18331 
68481 
41390 
22000 
44260 

14 
3?9 

6862 

1  36209 

25  95811 

93040 
51652 
91758 
10216 
03608 

04500 
81331 
07115 
41000 
96000 

n  m                           15 

If) 

17 

l« 

V) 

15                  1 

16  120 

17  7820 

18  3  67200 

19  139  16778 

20  4523  29200 

5 
223 

1 

136 

9996 

27136 

50954 

7 

1 

153 
12597 
41285 

1 

171 
15675 

1 

190 

21  1  30874  62580 

22  34  56159  43200 

23  847  94044  29331 

24  19582  02422  47080 

25  4  29939  46553  47200 

2 

76 
2067 
52665 

8099 
60465 
23611 
71824 
51616 

44464 
74004 
27264 
65555 
95960 

4 

161 

4806 

349 
14041 
99169 
09499 
33313 

52799 
42047 
88803 
36915 
93110 

9 
327 

10 

533 

23648 

24849 

56785 

23435 
74629 
85369 
25445 
94925 

16 

13 

797 

38807 

62189 

19285 
89850 
81779 
39170 
69675 

ii'  HI         20 

21 

22 

2.i 

21 

2."> 

20                1 

21  210 

22  23485 

23  18  59550 

24  1169  72779 

25  62201  94750 

24 
1685 

1 

231 
28336 

54606 
19505 

1 

253 

33902 

32  00450 

1 

276 
40250 

1 

300 

1 

From  unpublished  tabl 
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Tahl.-  21.5 


MMBER  OF  PARTITIONS  AM)  PARTITIONS  INTO  DISTINCT  PARTS 


;/ 

li") 

7(") 

II 

li") 

'/(") 

// 

/< 

") 

'/(") 

// 

/'(' 

) 

'/(") 

0 

1 

50 

2 

04226 

3658 

100 

1905 

69292 

4 

44793 

150 

4 

08532 

35313 

194 

06016 

1 

1 

1 

51 

2 

39943 

4097 

101 

2144 

81126 

4 

83330 

151 

4 

50606 

24532 

207 

92120 

2 

2 

1 

52 

2 

81589 

4582 

102 

2412 

65379 

5 

25016 

152 

4 

96862 

88421 

222 

72512 

3 

3 

2 

53 

3 

29931 

5120 

103 

2712 

48950 

5 

70078 

153 

5 

47703 

36324 

238 

53318 

4 

5 

2 

54 

3 

86155 

5718 

104 

3048 

01365 

6 

18784 

154 

6 

03566 

73280 

255 

40982 

5 

7 

3 

55 

4 

51276 

6378 

105 

3423 

25709 

6 

71418 

155 

6 

64931 

82097 

273 

42421 

6 

11 

4 

56 

5 

26823 

7108 

106 

3842 

76336 

7 

28260 

156 

7 

32322 

43759 

292 

64960 

7 

15 

5 

57 

6 

14154 

7917 

107 

4311 

49389 

7 

89640 

157 

8 

06309 

64769 

313 

16314 

8 

22 

6 

58 

7 

15220 

8808 

108 

4835 

02844 

8 

55906 

158 

8 

87517 

78802 

335 

04746 

9 

30 

8 

59 

8 

31820 

9792 

109 

5419 

46240 

9 

27406 

159 

9 

76627 

28555 

358 

39008 

10 

42 

10 

60 

9 

66467 

10880 

110 

6071 

63746 

10 

04544 

160 

10 

74381 

59466 

383 

28320 

11 

56 

12 

61 

11 

21505 

12076 

111 

6799 

03203 

10 

87744 

161 

11 

81590 

68427 

409 

82540 

12 

77 

15 

62 

13 

00156 

13394 

112 

7610 

02156 

11 

77438 

162 

12 

99139 

04637 

438 

12110 

13 

101 

18 

63 

15 

05499 

14848 

113 

8513 

76628 

12 

74118 

163 

14 

27989 

95930 

468 

28032 

14 

135 

22 

64 

17 

41630 

16444 

114 

9520 

50665 

13 

78304 

164 

15 

69194 

75295 

500 

42056 

15 

176 

27 

65 

20 

12558 

18200 

115 

10641 

44451 

14 

90528 

165 

17 

23898 

00255 

534 

66624 

16 

231 

32 

66 

23 

23520 

20132 

116 

11889 

08248 

16 

11388 

166 

18 

93348 

22579 

571 

14844 

17 

297 

38 

67 

26 

79689 

22250 

117 

13277 

10076 

17 

41521 

167 

20 

78904 

20102 

610 

00704 

18 

385 

46 

68 

30 

87735 

24576 

118 

14820 

74143 

18 

81578 

168 

22 

82047 

32751 

651 

39008 

19 

490 

54 

69 

35 

54345 

27130 

119 

16536 

68665 

20 

32290 

169 

25 

04389 

25115 

695 

45358 

20 

627 

64 

70 

40 

87968 

29927 

120 

18443 

49560 

21 

94432 

170 

27 

47686 

17130 

742 

36384 

21 

792 

76 

71 

46 

97205 

32992 

121 

20561 

48051 

23 

68800 

171 

30 

13848 

02048 

792 

29676 

22 

1002 

89 

72 

53 

92783 

36352 

122 

22913 

20912 

25 

56284 

172 

33 

04954 

99613 

845 

43782 

23 

1255 

104 

73 

61 

85689 

40026 

123 

25523 

38241 

27 

57826 

173 

36 

23268 

59895 

901 

98446 

24 

1575 

122 

74 

70 

89500 

44046 

124 

28419 

40500 

29 

74400 

174 

39 

71250 

74750 

962 

14550 

25 

1958 

142 

75 

81 

18264 

48446 

125 

31631 

27352 

32 

07086 

175 

43 

51576 

97830 

1026 

14114 

26 

2436 

165 

76 

92 

89091 

53250 

126 

35192 

22692 

34 

57027 

176 

47 

67158 

57290 

1094 

20549 

27 

3010 

192 

77 

106 

19863 

58499 

127 

39138 

64295 

37 

25410 

177 

52 

21158 

31195 

1166 

58616 

28 

3718 

222 

78 

121 

32164 

64234 

128 

43510 

78600 

40 

13544 

178 

57 

17016 

05655 

1243 

54422 

29 

4565 

256 

79 

138 

48650 

70488 

129 

48352 

71870 

43 

22816 

179 

62 

58467 

53120 

1325 

35702 

30 

5604 

296 

80 

157 

96476 

77312 

130 

53713 

15400 

46 

54670 

180 

68 

49573 

90936 

1412 

31780 

31 

6842 

340 

81 

180 

04327 

84756 

131 

59645 

39504 

50 

10688 

181 

74 

94744 

11781 

1504 

73568 

32 

8349 

390 

82 

205 

06255 

92864 

132 

66208 

30889 

53 

92550 

182 

81 

98769 

08323 

1602 

93888 

33 

10143 

448 

83 

233 

38469 

101698 

133 

73466 

29512 

58 

02008 

183 

89 

66848 

17527 

1707 

27424 

34 

12310 

512 

84 

265 

43660 

111322 

134 

81490 

40695 

62 

40974 

184 

98 

04628 

80430 

1818 

10744 

35 

14883 

585 

85 

301 

67357 

121792 

135 

90358 

36076 

67 

11480 

185 

107 

18237 

74337 

1935 

82642 

36 

17977 

668 

86 

342 

62962 

133184 

136 

1  00155 

81680 

72 

15644 

186 

117 

14326 

92373 

2060 

84096 

37 

21637 

760 

87 

388 

87673 

145578 

137 

1  10976 

45016 

77 

55776 

187 

128 

00110 

42268 

2193 

58315 

38 

26015 

864 

88 

441 

08109 

159046 

138 

1  22923 

41831 

83 

34326 

188 

139 

83417 

45571 

2334 

51098 

39 

31185 

982 

89 

499 

95925 

173682 

139 

1  36109 

49895 

89 

53856 

189 

152 

72735 

99625 

2484 

10816 

40 

37338 

1113 

90 

566 

34173 

189586 

140 

1  50658 

78135 

96 

17150 

190 

166 

77274 

04093 

2642 

88462 

41 

44583 

1260 

91 

641 

12359 

206848 

141 

1  66706 

89208 

103 

27156 

191 

182 

07011 

00652 

2811 

38048 

42 

53174 

1426 

92 

725 

33807 

225585 

142 

1  84402 

93320 

110 

86968 

192 

198 

72768 

56363 

2990 

16608 

43 

63261 

1610 

93 

820 

10177 

245920 

143 

2  03909 

82757 

118 

99934 

193 

216 

86271 

05469 

3179 

84256 

44 

75175 

1816 

94 

926 

69720 

267968 

144 

2  25406 

54445 

127 

69602 

194 

236 

60227 

41845 

3381 

04630 

45 

89134 

2048 

95 

1046 

51419 

291874 

145 

2  49088 

58009 

136 

99699 

195 

258 

08402 

12973 

3594 

44904 

46 

105558 

2304 

96 

1181 

14304 

317788 

146 

2  75170 

52599 

146 

94244 

196 

281 

45709 

87591 

3820 

75868 

47 

124754 

2590 

97 

1332 

30930 

345856 

147 

3  03886 

71978 

157 

57502 

197 

306 

88298 

78530 

4060 

72422 

48 

147273 

2910 

98 

1501 

98136 

376256 

148 

3  35494 

19497 

168 

93952 

198 

334 

53659 

83698 

4315 

13602 

49 

173525 

3264 

99 

1692 

29875 

409174 

149 

3  70273 

55200 

181 

08418 

199 

364 

60724 

32125 

4584 

82688 

50     204226     3658  100     1905  69292     444793  150     4   08532  35313     194   06016  200     397  29990  29388     4870  67746 

Values  of  /-(/-)  from  H.  Gupta,  A  table  of  partitions,  Proc.  London  Math.  Soc.  39,  142-149,  1935  and  II.  42,  546-549,  1937 
(with  permission). 
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NUMBER  ( 

)F  PARI 

riTIONS 

A\D  PAP 

tTITIO\ 

S  INTO  DISTINCT  PARTS 

Table  24.5 

n 

P(") 

q( 

n) 

n 

P(") 

q( 

n) 

200 

397 

29990 

29388 

4870 

67746 

250 

23079 

35543 

64681 

85192 

80128 

201 

432 

83636 

58647 

5173 

61670 

251 

24929 

14511 

68559 

89949 

26602 

202 

471 

45668 

86083 

5494 

62336 

252 

26923 

27012 

52579 

94961 

58208 

203 

513 

42052 

87973 

5834 

73184 

253 

29072 

69579 

16112 

00243 

00890 

204 

559 

00883 

17495 

6195 

03296 

254 

31389 

19913 

06665 

05807 

47264 

205 

608 

52538 

59260 

6576 

67584 

255 

33885 

42642 

48680 

11669 

59338 

206 

662 

29877 

08040 

6980 

87424 

256 

36574 

95668 

70782 

17844 

71548 

207 

720 

68417 

06490 

7408 

90786 

257 

39472 

36766 

55357 

24348 

95064 

208 

784 

06562 

26137 

7862 

12446 

258 

42593 

30844 

09356 

31199 

20928 

209 

852 

85813 

02375 

8341 

94700 

259 

45954 

57504 

48675 

38413 

23582 

210 

927 

51025 

75355 

8849 

87529 

260 

49574 

19347 

60846 

46009 

65705 

211 

1008 

50658 

85767 

9387 

48852 

261 

53471 

50629 

08609 

54008 

01856 

212 

1096 

37072 

05259 

9956 

45336 

262 

57667 

26749 

47168 

62428 

82560 

213 

1191 

66812 

36278 

10558 

52590 

263 

62183 

74165 

09615 

71293 

59744 

214 

1295 

00959 

25895 

11195 

55488 

264 

67044 

81230 

60170 

80624 

90974 

215 

1407 

05456 

99287 

11869 

49056 

265 

72276 

09536 

90372 

1 

90446 

44146 

216 

1528 

51512 

48481 

12582 

38720 

266 

77905 

06295 

62167 

2 

00783 

03620 

217 

1660 

15981 

07914 

13336 

40710 

267 

83961 

17303 

66814 

2 

11660 

75136 

218 

1802 

81825 

16671 

14133 

83026 

268 

90476 

01083 

16360 

2 

23106 

91192 

219 

1957 

38561 

61145 

14977 

05768 

269 

97483 

43699 

44625 

2 

35150 

17984 

220 

2124 

82790 

09367 

15868 

61606 

270 

05019 

74899 

31117 

2 

47820 

61070 

221 

2306 

18711 

73849 

16811 

16852 

271 

13123 

85039 

38606 

2 

61149 

71540 

222 

2502 

58737 

60111 

17807 

51883 

272 

21837 

43498 

44333 

2 

75170 

53882 

223 

2715 

24089 

25615 

18860 

61684 

273 

31205 

18008 

16215 

2 

89917 

72486 

224 

2945 

45499 

41750 

19973 

57056 

274 

41274 

95651 

73450 

3 

05427 

58738 

225 

3194 

63906 

96157 

21149 

65120 

275 

52098 

04928 

51175 

3 

21738 

19904 

226 

3464 

31263 

22519 

22392 

29960 

276 

63729 

39693 

37171 

3 

38889 

46600 

227 

3756 

11335 

82570 

23705 

13986 

277 

76227 

84330 

57269 

3 

56923 

20960 

228 

4071 

80636 

27362 

25091 

98528 

278 

89656 

41035 

91584 

3 

75883 

26642 

229 

4413 

29348 

84255 

26556 

84608 

279 

2 

04082 

58525 

75075 

3 

95815 

57440 

230 

4782 

62397 

45920 

28103 

94454 

280 

2 

19578 

63116 

82516 

4 

16768 

26624 

231 

5182 

00518 

38712 

29737 

72212 

281 

2 

36221 

91453 

37711 

4 

38791 

78240 

232 

5613 

81486 

70947 

31462 

84870 

282 

2 

54095 

25900 

45698 

4 

61938 

97032 

233 

6080 

61354 

38329 

33284 

23936 

283 

2 

73287 

31835 

47535 

4 

86265 

19094 

234 

6585 

15859 

70275 

35207 

06304 

284 

2 

93892 

97939 

29555 

5 

11828 

44672 

235 

7130 

41855 

14919 

37236 

75326 

285 

3 

16013 

78671 

48997 

5 

38689 

49522 

236 

7719 

58926 

63512 

39379 

02688 

286 

3 

39758 

40119 

86773 

5 

66911 

97084 

237 

8356 

11039 

25871 

41639 

89458 

287 

3 

65243 

08360 

71053 

5 

96562 

52987 

238 

9043 

68396 

68817 

44025 

67324 

288 

3 

92592 

21614 

89422 

6 

27710 

98024 

239 

9786 

29337 

03585 

46543 

00706 

289 

4 

21938 

85285 

87095 

6 

60430 

42088 

240 

10588 

22467 

22733 

49198 

87992 

290 

4 

53425 

31269 

00886 

6 

94797 

40554 

241 

11454 

08845 

53038 

52000 

62976 

291 

4 

87203 

80564 

72084 

7 

30892 

09120 

242 

12388 

84430 

77259 

54955 

97248 

292 

5 

23437 

10697 

53672 

7 

68798 

39744 

243 

13397 

82593 

44888 

58073 

01632 

293 

5 

62299 

26919 

50605 

8 

08604 

19136 

244 

14486 

76924 

96445 

61360 

27874 

294 

6 

03976 

38820 

95515 

8 

50401 

45750 

245 

15661 

84125 

27946 

64826 

71322 

295 

6 

48667 

41270 

79088 

8 

94286 

47940 

246 

16929 

67223 

91554 

68481 

72604 

296 

6 

96585 

01441 

95831 

9 

40360 

04868 

247 

18297 

38898 

54026 

72335 

19619 

297 

7 

47956 

50785 

10584 

9 

88727 

65938 

248 

19772 

65166 

81672 

76397 

50522 

298 

8 

03024 

83849 

43040 

10 

39499 

71456 

249 

21363 

69198 

20625 

80679 

55712 

299 

8 

62049 

62754 

65025 

10 

92791 

76298 

250 

23079 

35543 

64681 

85192 

80128 

300 

9 

25308 

29367 

23602 

11 

48724 

72064 
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Table  24.5         NUMBER  OF  PARTITIONS  AND  PARTITIONS  INTO  DISTINCT  PARTS 


V 

Pi") 

9i") 

ti 

Pi") 

7(«) 

300 

9 

25308 

29367 

23602 

11 

48724 

72064 

350 

279 

36332 

84837 

02152 

126 

91829 

24648 

301 

9 

93097 

23924 

03501 

12 

07425 

10607 

351 

298 

33006 

30627 

58076 

132 

93477 

19190 

302 

10 

65733 

12325 

48839 

12 

69025 

30816 

352 

318 

55597 

37883 

29084 

139 

22769 

71520 

303 

11 

43554 

20778 

22104 

13 

33663 

83848 

353 

340 

12281 

00485 

77428 

145 

80938 

18816 

304 

12 

26921 

80192 

29465 

14 

01485 

59930 

354 

363 

11751 

20481 

10005 

152 

69267 

15868 

305 

13 

16221 

78950 

57704 

14 

72642 

18618 

355 

387 

63253 

29190 

29223 

159 

89096 

56578 

306 

14 

11866 

26652 

80005 

15 

47292 

17536 

356 

413 

76618 

09333 

42362 

167 

41824 

09148 

307 

15 

14295 

27388 

57194 

16 

25601 

42890 

357 

441 

62298 

19293 

58437 

175 

28907 

55072 

308 

16 

23978 

65358 

29663 

17 

07743 

43642 

358 

471 

31406 

42683 

98780 

183 

51867 

38752 

309 

17 

41418 

01331 

47295 

17 

93899 

64242 

359 

502 

95756 

65060 

00020 

192 

12289 

32216 

310 

18 

67148 

82996 

00364 

18 

84259 

79304 

360 

536 

67907 

03106 

91121 

201 

11827 

04478 

311 

20 

01742 

67625 

76945 

19 

79022 

32212 

361 

572 

61205 

88980 

37559 

210 

52205 

02772 

312 

21 

45809 

60373 

52891 

20 

78394 

72390 

362 

610 

89840 

37518 

84101 

220 

35221 

50410 

313 

23 

00000 

66554 

87337 

21 

82593 

94656 

363 

651 

68887 

99972 

06959 

230 

62751 

50210 

314 

24 

65010 

61508 

30490 

22 

91846 

82870 

364 

695 

14371 

34589 

46040 

241 

36750 

01278 

315 

26 

41580 

76335 

66326 

24 

06390 

52286 

365 

741 

43315 

98840 

81684 

252 

59255 

33946 

316 

28 

30502 

03409 

96003 

25 

26472 

94208 

366 

790 

73811 

96494 

11319 

264 

32392 

51488 

317 

30 

32618 

19898 

42964 

26 

52353 

25352 

367 

843 

25078 

85625 

28427 

276 

58376 

86784 

318 

32 

48829 

33514 

66654 

27 

84302 

35904 

368 

899 

17534 

83960 

88349 

289 

39517 

78822 

319 

34 

80095 

48694 

40830 

29 

22603 

40224 

369 

958 

72869 

79123 

38045 

302 

78222 

57408 

320 

37 

27440 

57767 

48077 

30 

67552 

32574 

370 

1022 

14122 

83673 

45362 

316 

77000 

44480 

321 

39 

91956 

55269 

99991 

32 

19458 

41664 

371 

1089 

65764 

44243 

99782 

331 

38466 

77248 

322 

42 

74807 

80359 

54696 

33 

78644 

88192 

372 

1161 

53783 

48499 

62850 

346 

65347 

41118 

323 

45 

77235 

85435 

78028 

35 

45449 

47722 

373 

1238 

05779 

41191 

25085 

362 

60483 

21048 

324 

49 

00564 

36352 

37875 

37 

20225 

12608 

374 

1319 

51059 

97274 

73500 

379 

26834 

76992 

325 

52 

46204 

42288 

28641 

39 

03340 

57172 

375 

1406 

20744 

65614 

84054 

396 

67487 

30794 

326 

56 

15660 

21128 

74289 

40 

95181 

08690 

376 

1498 

47874 

35905 

81081 

414 

85655 

73659 

327 

60 

10534 

98396 

66544 

42 

96149 

17632 

377 

1596 

67527 

44907 

56791 

433 

84690 

00206 

328 

64 

32537 

46091 

14550 

45 

06665 

31450 

378 

1701 

16942 

79758 

13525 

453 

68080 

55808 

329 

68 

83488 

59460 

73850 

47 

27168 

74732 

379 

1812 

35649 

97394 

72950 

474 

39464 

06976 

330 

73 

65328 

78618 

50339 

49 

58118 

28759 

380 

1930 

65607 

23504 

65812 

496 

02629 

40968 

331 

78 

80125 

53026 

66615 

51 

99993 

15040 

381 

2056 

51347 

53366 

33805 

518 

61523 

80864 

332 

84 

30081 

56362 

25119 

54 

53293 

85792 

382 

2190 

40133 

24237 

65131 

542 

20259 

26436 

333 

90 

17543 

49805 

49623 

57 

18543 

13990 

383 

2332 

82119 

85438 

92336 

566 

83119 

27092 

334 

96 

45011 

01922 

02760 

59 

96286 

87918 

384 

2484 

30529 

42654 

18180 

592 

54565 

72864 

335 

103 

15146 

63217 

35325 

62 

87095 

13216 

385 

2645 

41834 

06887 

63701 

619 

39246 

14094 

336 

110 

30786 

04252 

92772 

65 

91563 

14788 

386 

2816 

75950 

32179 

42792 

647 

42001 

16480 

337 

117 

94949 

15461 

13972 

69 

10312 

43770 

387 

2998 

96444 

77364 

52194 

676 

67872 

37064 

338 

126 

10851 

78337 

96355 

72 

43991 

92576 

388 

3192 

70751 

84335 

32826 

707 

22110 

32064 

339 

134 

81918 

06233 

01520 

75 

93279 

10200 

389 

3398 

70404 

13581 

60275 

739 

10183 

03854 

340 

144 

11793 

65278 

73832 

79 

58881 

23110 

390 

3617 

71276 

38676 

04423 

772 

37784 

71936 

341 

154 

04359 

73795 

76030 

83 

41536 

64940 

391 

3850 

53843 

46674 

29186 

807 

10844 

79444 

342 

164 

63747 

91657 

61044 

87 

42016 

06890 

392 

4098 

03453 

56265 

94791 

843 

35537 

42947 

343 

175 

94355 

98104 

22753 

91 

61123 

94270 

393 

4361 

10617 

07622 

84114 

881 

18291 

29614 

344 

188 

00864 

70522 

92980 

95 

99699 

92704 

394 

4640 

71312 

46996 

23515 

920 

65799 

74150 

345 

200 

88255 

62876 

83159 

100 

58620 

35461 

395 

4937 

87309 

67881 

91655 

961 

85031 

43424 

346 

214 

61829 

97432 

86299 

105 

38799 

77632 

396 

5253 

66512 

44169 

75163 

1004 

83241 

32444 

347 

229 

27228 

68712 

17150 

110 

41192 

60918 

397 

5589 

23320 

25954 

04488 

1049 

67982 

04736 

348 

244 

90453 

74553 

82406 

115 

66794 

79970 

398 

5945 

79011 

47078 

74597 

1096 

47115 

85280 

349 

261 

57890 

73511 

44125 

121 

16645 

56454 

399 

6324 

62148 

25042 

94325 

1145 

28826 

89344 

350 

279 

36332 

84837 

02152 

126 

91829 

24648 

400 

6727 

09005 

17410 

41926 

1196 

21634 

00706 
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NUMBER  OF  PARTITIONS  AND  PARTITIONS  INTO  DISTINCT  PARTS 

Table  24.5 

n 

/'(") 

7(") 

// 

Pi") 

'/(") 

400 

6727 

09005 

17410 

41926 

1196 

21634 

00706 

450 

34508 

18800 

15729 

23840 

9893 

14440 

61528 

401 

7154 

64022 

26539 

42321 

1249 

34404 

08000 

451 

42573 

13615 

53474 

04229 

10307 

93957 

13070 

402 

7608 

80284 

33398 

79269 

1304 

76365 

81998 

452 

51112 

26207 

19173 

13678 

10739 

65687 

10144 

403 

8091 

20027 

64844 

65581 

1362 

57124 

07808 

453 

60152 

90524 

45537 

15585 

11188 

96810 

43072 

404 

8603 

55175 

93486 

55060 

1422 

86674 

81438 

454 

69723 

95104 

64580 

40965 

11656 

57102 

54336 

405 

9147 

67906 

88591 

17602 

1485 

75420 

52794 

455 

79855 

91645 

39582 

67598 

12143 

19032 

12544 

406 

9725 

51251 

37420 

21729 

1551 

34186 

29884 

456 

90581 

04044 

26519 

31034 

12649 

57862 

22432 

407 

10339 

09726 

71239 

47241 

1619 

74236 

54282 

457 

2 

01933 

37928 

51146 

88629 

13176 

51755 

08648 

408 

10990 

60006 

37759 

26994 

1691 

07292 

29128 

458 

2 

13948 

90703 

27330 

69132 

13724 

81881 

00782 

409 

11682 

31627 

71923 

17780 

1765 

45549 

15430 

459 

2 

26665 

62143 

58313 

45565 

14295 

32530 

93376 

410 

12416 

67740 

31511 

90382 

1843 

01696 

07104 

460 

2 

40123 

65561 

39251 

92081 

14888 

91233 

20640 

411 

13196 

25896 

69254 

35702 

1923 

88934 

65516 

461 

2 

54365 

39575 

85741 

99975 

15506 

48874 

75476 

412 

14023 

78888 

35188 

47344 

2008 

20999 

30208 

462 

2 

69435 

60521 

29549 

94471 

16148 

99826 

46592 

413 

14902 

15629 

03099 

48968 

2096 

12178 

16576 

463 

2 

85381 

55524 

19619 

86287 

16817 

42073 

15550 

414 

15834 

42088 

44881 

87770 

2187 

77334 

80960 

464 

3 

02253 

16287 

25766 

36605 

17512 

77348 

45952 

415 

16823 

82278 

71392 

35544 

2283 

31930 

70488 

465 

3 

20103 

13615 

29932 

90544 

18236 

11274 

38194 

416 

17873 

79296 

96898 

76004 

2382 

92048 

69148 

466 

3 

38987 

12724 

95254 

32549 

18988 

53505 

94524 

417 

18987 

96426 

73316 

64557 

2486 

74417 

20078 

467 

3 

58963 

89376 

81628 

76613 

19771 

17881 

29024 

418 

20170 

18301 

88059 

33659 

2594 

96435 

42056 

468 

3 

80095 

46876 

31205 

98477 

20585 

22576 

95744 

419 

21424 

52136 

02556 

36320 

2707 

76199 

52640 

469 

4 

02447 

33986 

17114 

75160 

21431 

90268 

83034 

420 

22755 

29021 

65800 

25259 

2825 

32529 

77152 

470 

4 

26088 

63801 

56524 

13417 

22312 

48299 

10884 

421 

24167 

05302 

14413 

63961 

2947 

84998 

62528 

471 

4 

51092 

33635 

50960 

99864 

23228 

28849 

04960 

422 

25664 

64021 

38377 

14846 

3075 

53960 

09352 

472 

4 

77535 

45970 

81641 

15593 

24180 

69117 

98586 

423 

27253 

16454 

62304 

21739 

3208 

60580 

00384 

473 

5 

05499 

30531 

42046 

29558 

25171 

11509 

01902 

424 

28938 

03725 

70847 

98150 

3347 

26867 

45954 

474 

5 

35069 

67535 

16072 

62125 

26201 

03821 

12696 

425 

30724 

98514 

70950 

51099 

3491 

75707 

60097 

475 

5 

66337 

12186 

58055 

99675 

27271 

99448 

23232 

426 

32620 

06861 

74102 

32189 

3642 

30895 

45254 

476 

5 

99397 

20478 

23018 

52926 

28385 

57585 

65430 

427 

34629 

70071 

39035 

75934 

3799 

17171 

07136 

477 

6 

34350 

76365 

37870 

28583 

29543 

43443 

69603 

428 

36760 

66724 

18315 

27309 

3962 

60256 

14146 

478 

6 

71304 

20389 

67318 

07232 

30747 

28468 

94368 

429 

39020 

14800 

02372 

59665 

4132 

86891 

79000 

479 

7 

10369 

79823 

66282 

38005 

31998 

90573 

73738 

430 

41415 

73920 

71023 

58378 

4310 

24877 

85006 

480 

7 

51666 

00419 

49931 

25591 

33300 

14373 

57056 

431 

43955 

47717 

05181 

16534 

4495 

03113 

72460 

481 

7 

95317 

79841 

47582 

32180 

34652 

91433 

03468 

432 

46647 

86328 

42292 

67991 

4687 

51640 

62334 

482 

8 

41457 

02874 

28236 

49455 

36059 

20520 

80640 

433 

49501 

89040 

94051 

50715 

4888 

01685 

40672 

483 

8 

90222 

78495 

19280 

88294 

37521 

07873 

43946 

434 

52527 

07072 

91082 

40605 

5096 

85706 

20480 

484 

9 

41761 

78911 

49976 

98055 

39040 

67468 

62530 

435 

55733 

46514 

46362 

86656 

5314 

37439 

57460 

485 

9 

96228 

80660 

85734 

11012 

40620 

21308 

45496 

436 

59131 

71430 

91696 

18645 

5540 

91949 

44512 

486 

10 

53787 

07886 

24553 

46513 

42261 

99712 

45764 

437 

62733 

07137 

60430 

79215 

5776 

85678 

02880 

487 

11 

14608 

77893 

64264 

84248 

43968 

41621 

12802 

438 

66549 

43656 

69662 

97367 

6022 

56498 

45546 

488 

11 

78875 

49115 

57358 

02646 

45741 

94910 

51264 

439 

70593 

39364 

65621 

35510 

6278 

43769 

39520 

489 

12 

46778 

71600 

12729 

19665 

47585 

16717 

64998 

440 

74878 

24841 

94708 

86233 

6544 

88391 

85792 

490 

13 

18520 

40161 

22702 

33223 

49500 

73777 

62304 

441 

79418 

06934 

64434 

02240 

6822 

32867 

92200 

491 

13 

94313 

50322 

44478 

16939 

51491 

42772 

84172 

442 

84227 

73040 

77294 

99781 

7111 

21361 

67457 

492 

14 

74382 

57204 

03639 

53132 

53560 

10694 

36938 

443 

89322 

95632 

13536 

45667 

7411 

99762 

56080 

493 

15 

58964 

37499 

49778 

06173 

55709 

75216 

10170 

444 

94720 

37025 

78934 

71820 

7725 

15750 

89318 

494 

16 

48308 

54706 

61724 

38760 

57943 

45082 

47040 

445 

1  00437 

54417 

17528 

47604 

8051 

18865 

81728 

495 

17 

42678 

27774 

77609 

81187 

60264 

40509 

50309 

446 

1  06493 

05190 

52391 

18581 

8390 

60575 

94564 

496 

18 

42351 

03350 

31598 

91466 

62675 

93600 

10788 

447 

1  12906 

52519 

91961 

03354 

8743 

94352 

40798 

497 

19 

47619 

31798 

76580 

64007 

65181 

48774 

31176 

448 

1  19698 

71278 

27202 

05954 

9111 

75744 

62854 

498 

20 

58791 

47204 

28849 

01563 

67784 

63214 

30326 

449 

1  26891 

54269 

09814 

18000 

9494 

62459 

05984 

499 

21 

76192 

51543 

92874 

61625 

70489 

07325 

21792 

450 

1  34508 

18800 

15729 

23840 

9893 

14440 

61528 

500 

23 

00165 

03257 

43239 

95027 

73298 

65212 

45024 

840 
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Table  24.6 

ARII 

PHME 

TIC 

FUNC 

TION« 

» 

n 

K") 

•fO 

"1 

n 

K") 

"0 

"1 

n 

K") 

"0 

<'\ 

n 

K") 

"0 

"1 

n 

H") 

''O 

"1 

1 

1 

1 

1 

51 

32 

4 

72 

101 

100 

2 

102 

151 

150 

2 

152 

201 

132 

4 

272 

2 

1 

2 

3 

52 

24 

6 

98 

102 

32 

8 

216 

152 

72 

8 

300 

202 

100 

4 

306 

3 

2 

2 

4 

53 

52 

2 

54 

103 

102 

2 

104 

153 

96 

6 

234 

203 

168 

4 

240 

4 

2 

3 

7 

54 

18 

8 

120 

104 

48 

8 

210 

154 

60 

8 

288 

204 

64 

12 

504 

5 

4 

2 

6 

55 

40 

4 

72 

105 

48 

8 

192 

155 

120 

4 

192 

205 

160 

4 

252 

6 

2 

4 

12 

56 

24 

8 

120 

106 

52 

4 

162 

156 

48 

12 

392 

206 

102 

4 

312 

7 

6 

2 

8 

57 

36 

4 

80 

107 

106 

2 

108 

157 

156 

2 

158 

207 

132 

6 

312 

8 

4 

4 

15 

58 

28 

4 

90 

108 

36 

12 

280 

158 

78 

4 

240 

208 

96 

10 

434 

9 

6 

3 

13 

59 

58 

2 

60 

109 

108 

2 

110 

159 

104 

4 

216 

209 

180 

4 

240 

10 

4 

4 

18 

60 

16 

12 

168 

110 

40 

8 

216 

160 

64 

12 

378 

210 

48 

16 

576 

11 

10 

2 

12 

61 

60 

2 

62 

111 

72 

4 

152 

161 

132 

4 

192 

211 

210 

2 

212 

12 

4 

6 

28 

62 

30 

4 

96 

112 

48 

10 

248 

162 

54 

10 

363 

212 

104 

6 

378 

13 

12 

2 

14 

63 

36 

6 

104 

113 

112 

2 

114 

163 

162 

2 

164 

213 

140 

4 

288 

14 

6 

4 

24 

64 

32 

7 

127 

114 

36 

8 

240 

164 

80 

6 

294 

214 

106 

4 

324 

15 

8 

4 

24 

65 

48 

4 

84 

115 

88 

4 

144 

165 

80 

8 

288 

215 

168 

4 

264 

16 

8 

5 

31 

66 

20 

8 

144 

116 

56 

6 

210 

166 

82 

4 

252 

216 

72 

16 

600 

17 

16 

2 

18 

67 

66 

2 

68 

117 

72 

6 

182 

167 

166 

2 

168 

217 

180 

4 

256 

18 

6 

6 

39 

68 

32 

6 

126 

118 

58 

4 

180 

168 

48 

16 

480 

218 

108 

4 

330 

19 

18 

2 

20 

69 

44 

4 

96 

119 

96 

4 

144 

169 

156 

3 

183 

219 

144 

4 

296 

20 

8 

6 

42 

70 

24 

8 

144 

120 

32 

16 

360 

170 

64 

8 

324 

220 

80 

12 

504 

21 

12 

4 

32 

71 

70 

2 

72 

121 

110 

3 

133 

171 

108 

6 

260 

221 

192 

4 

252 

22 

10 

4 

36 

72 

24 

12 

195 

122 

60 

4 

186 

172 

84 

6 

308 

222 

72 

8 

456 

23 

22 

2 

24 

73 

72 

2 

74 

123 

80 

4 

168 

173 

172 

2 

174 

223 

222 

2 

224 

24 

8 

8 

60 

74 

36 

4 

114 

124 

60 

6 

224 

174 

56 

8 

360 

224 

96 

12 

504 

25 

20 

3 

31 

75 

40 

6 

124 

125 

100 

4 

156 

175 

120 

6 

248 

225 

120 

9 

403 

26 

12 

4 

42 

76 

36 

6 

140 

126 

36 

12 

312 

176 

80 

10 

372 

226 

112 

4 

342 

27 

18 

4 

40 

77 

60 

4 

96 

127 

126 

2 

128 

177 

116 

4 

240 

227 

226 

2 

228 

28 

12 

6 

56 

78 

24 

8 

168 

128 

64 

8 

255 

.  178 

88 

4 

270 

228 

72 

12 

560 

29 

28 

2 

30 

79 

78 

2 

80 

129 

84 

4 

176 

179 

178 

2 

180 

229 

228 

2 

230 

30 

8 

8 

72 

80 

32 

10 

186 

130 

48 

8 

252 

180 

48 

18 

546 

230 

88 

8 

432 

31 

30 

2 

32 

81 

54 

5 

121 

131 

130 

2 

132 

181 

180 

2 

182 

231 

120 

8 

384 

32 

16 

6 

63 

82 

40 

4 

126 

132 

40 

12 

336 

182 

72 

8 

336 

232 

112 

8 

450 

33 

20 

4 

48 

83 

82 

2 

84 

133 

108 

4 

160 

183 

120 

4 

248 

233 

232 

2 

234 

34 

16 

4 

54 

84 

24 

12 

224 

134 

66 

4 

204 

184 

88 

8 

360 

234 

72 

12 

546 

35 

24 

4 

48 

85 

64 

4 

108 

135 

72 

8 

240 

185 

144 

4 

228 

235 

184 

4 

288 

36  12  9  91 

37  36  2  38 

38  18  4  60 

39  24  4  56 

40  16  8  90 

41  40  2  42 

42  12  8  96 

43  42  2  44 

44  20  6  84 

45  24  6  78 

46  22  4  72 

47  46  2  48 

48  16  10  124 

49  42  3  57 

50  20  6  93 


86  42  4  132 

87  56  4  120 

88  40  8  180 

89  88  2  90 

90  24  12  234 

91  72  4  112 

92  44  6  168 

93  60  4  128 

94  46  4  144 

95  72  4  120 


136  64  8  270 

137  136  2  138 

138  44  8  288 

139  138  2  140 

140  48  12  336 

141  92  4  192 

142  70  4  216 

143  120  4  168 

144  48  15  403 

145  112  4  180 


96 

32 

12 

252 

146 

72 

4 

222 

97 

96 

2 

98 

147 

84 

6 

228 

98 

42 

6 

171 

148 

72 

6 

266 

99 

60 

6 

156 

149 

148 

2 

150 

100 

40 

9 

217 

150 

40 

12 

372 

186  60  8  384 

187  160  4  216 

188  92  6  336 

189  108  8  320 

190  72  8  360 

191  190  2  192 

192  64  14  508 

193  192  2  194 

194  96  4  294 

195  96  8  336 

196  84  9  399 

197  196  2  198 

198  60  12  468 

199  198  2  200 

200  80  12  465 


236  116  6  420 

237  156  4  320 

238  96  8  432 

239  238  2  240 

240  64  20  744 


241 

240 

2 

242 

242 

110 

6 

399 

243 

162 

6 

364 

244 

120 

6 

434 

245 

168 

6 

342 

246 

80 

8 

504 

247 

216 

4 

280 

248 

120 

8 

480 

249 

164 

4 

336 

250 

100 

8 

468 

From  British  Association  for  the  Advancement  of  Science,  Mathematical  Tables,  vol.  VIII,  Number-divisor 
tables.    Cambridge  Univ.  Press,  Cambridge,  England,  1940  (with  permission). 
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251  250  2  252 

252  72  18  728 

253  220  4  288 

254  126  4  384 

255  128  8  432 

256  128  9  511 

257  256  2  258 

258  84  8  528 

259  216  4  304 

260  96  12  588 

261  168  6  390 

262  130  4  396 

263  262  2  264 

264  80  16  720 

265  208  4  324 

266  108  8  480 

267  176  4  360 

268  132  6  476 

269  268  2  270 

270  72  16  720 

271  270  2  272 

272  128  10  558 

273  144  8  448 

274  136  4  414 

275  200  6  372 

276  88  12  672 

277  276  2  278 

278  138  4  420 

279  180  6  416 

280  96  16  720 

281  280  2  282 

282  92  8  576 

283  282  2  284 

284  140  6  504 

285  144  8  480 

286  120  8  504 

287  240  4  336 

288  96  18  819 

289  272  3  307 

290  112  8  540 

291  192  4  392 

292  144  6  578 

293  292  2  294 

294  84  12  684 

295  232  4  360 

296  144  8  570 

297  180  8  480 

298  148  4  450 

299  264  4  336 

300  80  18  868 


301  252  4  352 

302  150  4  456 

303  200  4  408 

304  144  10  620 

305  240  4  372 

306  96  12  702 

307  306  2  308 

308  120  12  672 

309  204  4  416 

310  120  8  576 

311  310  2  312 

312  96  16  840 

313  312  2  314 

314  156  4  474 

315  144  12  624 

316  156  6  560 

317  316  2  318 

318  104  8  648 

319  280  4  360 

320  128  14  762 

321  212  4  432 

322  132  8  576 

323  288  4  360 

324  108  15  847 

325  240  6  434 

326  162  4  492 

327  216  4  440 

328  160  8  630 

329  276  4  384 

330  80  16  864 

331  330  2  332 

332  164  6  588 

333  216  6  494 

334  166  4  504 

335  264  4  408 

336  96  20  992 

337  336  2  338 

338  156  6  549 

339  224  4  456 

340  128  12  756 

341  300  4  384 

342  108  12  780 

343  294  4  400 

344  168  8  660 

345  176  8  576 

346  172  4  522 

347  346  2  348 

348  112  12  840 

349  348  2  350 

350  120  12  744 


n  *>(")   ^o  "1 

351  216   8  560 

352  160  12  756 

353  352   2  354 

354  116   8  720 

355  280   4  432 

356  176   6  630 

357  192   8  576 

358  178   4  540 

359  358   2  360 

360  96  24  1170 

361  342   3  381 

362  180   4  546 

363  220   6  532 

364  144  12  784 

365  288   4  444 

366  120   8  744 

367  366   2  368 

368  176  10  744 

369  240   6  546 

370  144   8  684 

371  312   4  432 

372  120  12  896 

373  372   2  374 

374  160   8  648 

375  200   8  624 

376  184   8  720 

377  336   4  420 

378  108  16  960 

379  378   2  380 

380  144  12  840 

381  252   4  512 

382  190   4  576 

383  382   2  384 

384  128  16  1020 

385  240   8  576 

386  192   4  582 

387  252   6  572 

388  192   6  686 

389  388   2  390 

390  96  16  '1008 

391  352   4  432 

392  168  12  855 

393  260   4  528 

394  196   4  594 

395  312   4  480 

396  120  18  1092 

397  396   2  398 

398  198   4  600 

399  216   8  640 

400  160  15  961 


401  400  2  402 

402  132  8  816 

403  360  4  448 

404  200  6  714 

405  216  10  726 

406  168  8  720 

407  360  4  456 

408  128  16  1080 

409  408  2  410 

410  160  8  756 

411  272  4  552 

412  204  6  728 

413  348  4  480 

414  132  12  936 

415  328  4  504 

416  192  12  882 

417  276  4  560 

418  180  8  720 

419  418  2  420 

420  96  24  1344 

421  420  2  422 

422  210  4  636 

423  276  6  624 

424  208  8  810 

425  320  6  558 

426  140  8  864 

427  360  4  496 

428  212  6  756 

429  240  8  672 

430  168  8  792 

431  430  2  432 

432  144  20  1240 

433  432  2  434 

434  180  8  768 

435  224  8  720 

436  216  6  770 

437  396  4  480 

438  144  8  888 

439  438  2  440 

440  160  16  1080 

441  252  9  741 

442  192  8  756 

443  442  2  444 

444  144  12  1064 

445  352  4  540 

446  222  4  672 

447  296  4  600 

448  192  14  1016 

449  448  2  450 

450  120  18  1209 


n  *»(n)   "0  "1 

451  400   4  504 

452  224   6  798 

453  300   4  608 

454  226   4  684 

455  288   8  672 

456  144  16  1200 

457  456   2  458 

458  228   4  690 

459  288   8  720 

460  176  12  1008 

461  460   2  462 

462  120  16  1152 

463  462   2  464 

464  224  10  930 

465  240   8  768 

466  232   4  702 

467  466   2  468 

468  144  18  1274 

469  396   4  544 

470  184   8  864 

471  312   4  632 

472  232   8  900 

473  420   4  528 

474  156   8  960 

475  360   6  620 

476  192  12  1008 

477  312   6  702 

478  238   4  720 

479  478   2  480 

480  128  24  1512 

481  432   4  532 

482  240   4  726 

483  264   8  768 

484  220   9  931 

485  384   4  588 

486  162  12  1092 

487  486   2  488 

488  240   8  930 

489  324   4  656 

490  168  12  1026 

491  490   2  492 

492  160  12  1176 

493  448   4  540 

494  216   8  840 

495  240  12  936 

496  240  10  992 

497  420   4  576 

498  164   8  1008 

499  498   2  500 

500  200  12  1092 
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n  »p{n)  CT„  ffi  n  (f>[n)  a„  tr,      n  *»(")  o^d   a|      n  <p(n)  ff„   aj  n  *'(")  *r,\  ffi 

751  750  2  752  801  528   6  1170  851  792  4   912  901  832  4   972  951  632  4  1272 

752  368  10  1488  802  400   4  1206  852  280  12  2016  902  400  8  1512  952  384  16  2160 

753  500  4  1008  803  720   4  888  853  852  2   854  903  504  8  1408  953  952  2  954 

754  336  8  1260  804  264  12  1904  854  360  8  1488  904  448  8  1710  954  312  12  2106 

755  600  4  912  805  528   8  1152  855  432  12  1560  905  720  4  1092  955  760  4  1152 

756  216  24  2240  806  360   8  1344  856  424  8  1620  906  300  8  1824  956  476  6  1680 

757  756  2  758  807  536   4  1080  857  856  2   858  907  906  2   908  957  560  8  1440 

758  378  4  1140  808  400   8  1530  858  240  16  2016  908  452  6  1596  958  478  4  1440 

759  440  8  1152  809  808   2  810  859  858  2   860  909  600  6  1326  959  816  4  1104 

760  288  16  1800  810  216  20  2178  860  336  12  1848  910  288  16  2016  960  256  28  3048 

761  760  2  762  811  810   2  812  861  480  8  1344  911  910  2   912  961  930  3  993 

762  252  8  1536  812  336  12  1680  862  430  4  1296  912  288  20  2480  962  432  8  1596 

763  648  4  880  813  540   4  1088  863  862  2   864  913  820  4  1008  963  636  6  1404 

764  380  6  1344  814  360   8  1368  864  288  24  2520  914  456  4  1374  964  480  6  1694 

765  384  12  1404  815  648   4  984  865  688  4  1044  915  480  8  1488  965  768  4  1164 

766  382  4  1152  816  256  20  2232  866  432  4  1302  916  456  6  1610  966  264  16  2304 

767  696  4  840  817  756   4  880  867  544  6  1228  917  780  4  1056  967  966  2  968 

768  256  18  2044  818  408   4  1230  868  360  12  1792  918  288  16  2160  968  440  12  1995 

769  768  2  770  819  432  12  1456  869  780  4   960  919  918  2   920  969  576  8  1440 

770  240  16  1728  820  320  12  1764  870  224  16  2160  920  352  16  2160  970  384  8  1764 

771  512  4  1032  821  820   2  822  871  792  4   952  921  612  4  1232  971  970  2  972 

772  384  6  1358  822  272   8  1656  872  432  8  1650  922  460  4  1386  972  324  18  2548 

773  772  2  774  823  822   2  824  873  576  6  1274  923  840  4  1008  973  828  4  1120 

774  252  12  1716  824  408   8  1560  874  396  8  1440  924  240  24  2688  974  486  4  1464 

775  600  6  992  825  400  12  1488  875  600  8  1248  925  720  6  1178  975  480  12  1736 

776  384  8  1470  826  348   8  1440  876  288  12  2072  926  462  4  1392  976  480  10  1922 

777  432  8  1216  827  826   2  828  877  876  2   878  927  612  6  1352  977  976  2  978 

778  388  4  1170  828  264  18  2184  878  438  4  1320  928  448  12  1890  978  324  8  1968 

779  720  4  840  829  828   2  830  879  584  4  1176  929  928  2   930  979  880  4  1080 

780  192  24  2352  830  328   8  1512  880  320  20  2232  930  240  16  2304  980  336  18  2394 

781  700  4  864  831  552   4  1112  881  880  2   882  931  756  6  1140  981  648  6  1430 

782  352  8  1296  832  384  14  1778  882  252  18  2223  932  464  6  1638  982  490  4  1476 

783  504  8  1200  833  672   6  1026  883  882  2   884  933  620  4  1248  983  982  2  984 

784  336  15  1767  834  276   8  1680  884  384  12  1764  934  466  4  1404  984  320  16  2520 

785  624  4  948  835  664   4  1008  885  464  8  1440  935  640  8  1296  985  784  4  1188 

786  260  8  1584  836  360  12  1680  886  442  4  1332  936  288  24  2730  986  448  8  1620 

787  786  2  788  837  540   8  1280  887  886  2   888  937  936  2   938  987  552  8  1536 

788  392  6  1386  838  418   4  1260  888  288  16  2280  938  396  8  1632  988  432  12  1960 

789  524  4  1056  839  838   2  840  889  756  4  1024  939  624  4  1256  989  924  4  1056 

790  312  8  1440  840  192  32  2880  890  352  8  1620  940  368  12  2016  990  240  24  2808 

791  672  4  912  841  812   3  871  891  540  10  1452  941  940  2   942  991  990  2  992 

792  240  24  2340  842  420   4  1266  892  444  6  1568  942  312  8  1896  992  480  12  2016 

793  720  4  868  843  560   4  1128  893  828  4   960  943  880  4  1008  993  660  4  1328 

794  396  4  1194  844  420   6  1484  894  296  8  1800  944  464  10  1860  994  420  8  1728 

795  416  8  1296  845  624   6  1098  895  712  4  1080  945  432  16  1920  995  792  4  1200 

796  396  6  1400  846  276  12  1872  896  384  16  2040  946  420  8  1584  996  328  12  2352 

797  796  2  798  847  660   6  1064  897  528  8  1344  947  946  2   948  997  996  2  998 

798  216  16  1920  848  416  10  1674  898  448  4  1350  948  312  12  2240  998  498  4  1500 

799  736  4  864  849  564   4  1136  899  840  4   960  949  864  4  1036  999  648  8  1520 

800  320  18  1953  850  320  12  1674  900  240  27  2821  950  360  12  1860  1000  400  16  2340 
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CO 


(N 


t^  Cl  fO      32 


n 


(N  M 


a      Sjr-    at^'-t-:^    ?522t:-    St-22.»    -S-S^M    Cicct-t-2    ^2^" 

^'r^n    tZna6^7    -^^^w    'ToM'v'*'    ^^^2!^    t-c^^^cRd    -^   -Oi- 

!N      ^-,01    !Nc>^=^<N^    <^^iN^(N=^    ^,c^(N<^c:i    54c^'^^<^^5i,    <N<Ncic^c^    5,^ 


°  '^  ^  (N  „•  M  ;3  c» 


05  -^  Oi  , 


(N 


jCiei 


S-?:55;f^  55sS-r§;  ^^^5^-  5«?:5-'  SJ:2«^  ^S^-rS;  «2S^::  wo^Ssf: 

^P^^^n    «-^--M    J^t^Nc<b2    '^w'^t^M    ««^««    ^«2P:«    :Zn^^n    ^^M^t4 


-,2«g5  ^^2«c?  sSg^?2  ls§-^-  S«2g^  «-i5?5  "SS!^[2  s3-§5  ^2f^§?^ 
j^(N':"„-^  SiW~-Si    •«•"«••  "-vMc-  -'»-'e.-«  <Nt-M-:„-  fON-'i;-'  cM«--M  t-^-Mro; 


^e^^'^     (N*^'=^^^     "^^ci^fNg^     Cq<^(N?J<N     ^ 


(N; 


■c^ 


-S-'^"^-^--" 


ec 


« 


fC  ^ 


^2,  •  -^  •  ■  "p^ss^;^  '?"^&'?"b  ^^t?^^  ic"?:7"i"?  ^'917^"^  '^^St^^  s,°?7"b'^  t^^:r?o 

"""    iflici'^icio    fc"'      "lo    io^'"io^    lOicroioi^    ^o&^io    i«2.[nic^    'dc'^.^io    ^lO&^io    .A^&irs^- 


■  cc 


CO 


lO 


CC 


5,coro«* 


"'      '?    «'      AST    S-. 


<N=^^?'^ 


•       .    (M  CO  « 
Ol^        (N 


r-.  t-co    g2- 


-r  <^  -r  «•  ^  V  -r  «,  -r  «• 

C^*,C^<NC<1     C<l  c<l '^  IM  (M 


•^     ^^  f^  -» 


«it  <n  "^  .»     —  t^  ««  «<»  ^     «  «  "^  5i  2     t!  e<5  « -^  c<S     ^ -^  «  « 

-0  t^    ^^cot^^    c*5^^co-*    t^co*^«^ 


--.-^j;,"       co^t-f?   ^^vco^co 


CO 


-    "=^f2'^S2  of2^Jo«    f2'^S?S"  "S-^SSS  '^S'*'^'^ 

"     —N^MC^     'i«l^^'^     «rA«'«Ii     "t^^A"*"*     «;"*'^^  — 


eo^      t^    co^«^co    ^f .Z^^    35,  co2eo    ;:;"^35«v    *^r:i^^ 

^S^?^«  r=??^?  covoco^r  r^^^r^?  2^^?::  «2-^ 


«  -2g5«2  -s^Sk.  oS-?,-  2-c5-^ 


T  V  w, 


,■   -^  *?  -I  „•      CO  r*  !M  V  ^     "T     .   „•  <N 


IN 


le^""    (N(Nfq(N(N    g,C^C^eiC^     =^?,N=^c^    =^inS,in< 


(Nc^iN":^;^   =^S^^J 


,—  t^_,_      •^__,         "      ^MF^M^Nt^      ■■rO-'^^      t^w^_^^      w^  Xi^M  r^t^      CO^— ,^f-      _5S.^(N(N      i-"-»^-««P.      t+^iOC^^ 

-Z^lTrtS  -rSSco-r  ©^-«'t'  w=^-roo«  9-3^-^  w^t-009  f-2«-   -roi"?^^  ©-^mco^  3«>-^o 

-co«'*    „»*'^t^    ^j,--N„    «j^j^^«    coe^Sj^*^    «^fb*^«^«.   t>.«j^M-    M'"t-eol^    ^c^^'^co    ;::^c^2'' 


lOiCViO 


c^^"?..:  A-c^-r^  ^"?-:'s.'r  f^'c^^^  SsT^u^^  5^"?^7  cis^^-r^  £b '*■'«'*'-  :?=^?c^' 


"?  f?  iC  V  CO 

^   (N        •    (N       • 


"0  -.-  lO 
'  eg  (N  C<J  J^     ^  "  ci  ?1  C^ 


.iCup'^     ^loSoJ^iC     '^»C2,'^"^     SjCO^^irisJi?     ViCcouO^     M"?"^^.'"? 

"^^^c^J^        ci«'^^=^    i^fN      Sci    ^?^^?^2    *^<^?q'^?<    ciS,!N^^^ 


o -H  M  CO -"I"    lo  CO  !>.  00  Si    o-<c<ieo-^    »ocot>.oo3i    o  —  c<i  CO  •<*'    »fl;ot>-ooci    o-HiNco-*    iotor-0005   o-hssico-<*<   lO  o  i>.  00  3; 

— < -^ -H  — < --     ^  ^  «  rt -H     N  ei  C^  C<l  (N     C<J  in  IN  IN  (N     COCOCOCOCO     COCOCOCOCO     ■«J< -^J*  Tf  Tti  rf     -^  ■*■*■*  TT 

From  G.  Kavan,  Factor  tables.     Macmillan  and  Co.,  Ltd.,  London,  England,  1937  (with  permission). 

•Sep  page  ii. 


COMBINATORIAL    ANALYSIS  845 

Factorizations  Table  24.7 

500  999 

O -^  <N  CO  ■*         iC  CD  t^  CO  05         O -^  (N  CO  •*         iC  O  t^  00  05     O  "-h  IN  CO  •*        lO  «0  t^  00  05  O  ^  M  CO  ■*  »0  CO  r»  00  05        O -H  <N  ec  •*        i^Ot^OOO 

OiOmiCiO          iCiCiOiOO         OOCOOCO         (;0!0vDOO     t~-t>-r-t-^t--        t--t>.t^t--t--  0000000000  0000000000        0105050203        0503050505 

-K"       -^-^        '^-K^^'-'-.        S-.^--h03        ^co^coco__^       _,t^      Cl^'^COt^  ^E2__co  _o>cot^^       ^           COCC      t^2o>COr^ 

"'^^P.eo         !2'«r;^2'«         -I'^i^ico—         '*'«i,t^l2lZ'>^t^r^        -t'^^-S^'^  (X>l^CCaO-  «-<2:^C~^        c^-O»9»-C0        "T'^-CO"! 


^^-g?;  ^-P-^"  22^"?,  ^^S^^  Sg^^^  ^„gS:2  sg??2s?  "^^-5  ^-S?S^  -:i<22g 

Ttr^^-r  ?3:,--r«2  ^i^'^::"  ^-r^^v^  =^«r-?!;::  ^^^w-r^  'r°^rr'^  ^^t^^cbi:  f^?3?t^c^  ^'^'^^5 

C^^^f^^?'  <N^^S>ci  ^i^=^C^^  C^.C^^'^'^     Cl^O^cij^  ^        ^C!j^  ?a<N«,<N^  CO?!^?:,^  ?4ci=^C^?i,  '=^^^^^ 

e.t--^C5^  ^►^.^^'^  ^^-^00^  co'^^oi— H^oi^t^eo  ^o>J^^^  C3co^,-ic<  ^"^       e3  -^£2  S          t: 

MT}.cot^t-  f::^E*E:;^-  fct  --^^^  t>:(Nt»(N-*  ocofctooo  r::'^'?':;^  ^^ttco*-*  t-t^t-t^'v  t^coot-t*  .i»t*-^t* 

^••-h'^  W»t»00rt  ©-M^.Tl<  --t-iM^-      'H(Mesi-"y  »/5-f^O0O»  C^^S^--^  «5^t»O0CO  O^-^CO'^t  ^Ot»KlO> 

co::^^b«  «cow«j^  «>«>-<P.«  M^^^-co^  t^co^;:^  '^2^^^-  co2«wt^  ««««-  «r4?4»«»  -^^^^^ 

00                                                                        ^"^  CO  ^  eo          " 

§"S?s^  «S?bg5  2=?2S2  ^5^^    S  co-H:-?^  "SS:Si  ^^S"^  ^??^5r^  5Ss?"  ^gs's 

it?^!^  SsSss  =?^:^?^  ^^2^?:^5:^g2  221^2  2?^-?o  ,-^:?:i:?,  ;-g:t5-  g;^?-^- 


'^     -r^^^-r     2^^^"^     vj^-^i^co  ?.^-;^^S    ^^^'2^    "^^tiz^    =^c^5^    ;:rc^^?^-,    c.^t^«? 
^     ?.c^^ci5^     S?^^?^;^     ^^.^^?^  ^?,c>i^^     c.c^^S?,     ;^?.^5<,S    ?^c:"5^ci^     S?'^?.;-     ?^^^ 


C^(N 


-^eo 


t-t:S 


.-r-.^-  ^Mfc^!:;  ~ :::    ^-S  -'2'<'^=^  ^So^p.^^  -•^-^t-w  ?3co;:;t-^  "^n^^oi  --^t^^r-    -co2t-s» 

00*^00  ^-'cq^T'  -'^,iM'*  co-T'^coco't-Si-^  lO'T'co":'"?  <ri>cor*cDCO  ':*^^^r»9t^  oo=?^5-jA      oci'T'oiOi 

T'Tin— '":'  '^Tc'"?!^  'T'lCS'^io  T^t^^'T'^'^i^N"?':*  ':*"?c^"':''o  t^'?5?5'^'T'  "?-:'23»o-^  '^"^c'l^ 

"SiOj^ici-o  co'^'^^io  ^co      "^co  lOio^'O"^    co^^^'wic  ic^icioj^  icic^ioi^  j^i^      cAio  iii<v;":i. 


gfsS?^  ^^^K-  3^"^^  2S^?^  ::S«^^  is"-^  ^^-§S  ^-i^^  --^-S  ^S^^^ 

'?<N'rco«  <Ncot^„-^  'Teococot-  (^„-cof^co„-^'T'coco  w-^hcj^^co  ^lH'T-i^?  t-«22c^  "T^^^v  f^'^^coi^ 

?,o,?,c^^^  ?^g,c^^^  ?^^?,^?i,  c>i^^^^    ^^?^^?,  c^?'ci'^=^  S^c^c^c^?'  ^^c:.?^c^  ojc^g^^'  ci?^^?i^ 

-^05»*^^^^  ^^      ^^co  t>.      ,-^  ^^  ^H          ^t>»^^^^  »-^05      oi'"^  cOi-H      r^*^  t>"      t^  co^,_,^H^H  ^Oi      *-h 

S2-^S?'*oo  ^'''^OiicW  toWo:,^^}  e<5    ,(,5015— <    o^cotj^wm  ico'^rvjco  t--t--M'oo  eoeo--sCOTt  '*'oot^-HT}<  eoOjrjeOc^j 

M      —CO  f^      eo-H  co*'i>eo  fA          cb    ^'^^'^  coi>      co  ^  — eo      «r^eo  ^  ^  co '~  ^  „^^eo(N  cb^^      w 


:S=^-r?:  ^S::??;  ^:7-?^2  2^^"^  ^S^"?^  ^-2^.7  5^22;^  "^^S^S  '^'^Sg^  -r^l^^.^ 

f?^?bt?^  ^^-cov  t-?b«^tA  '^'w?-'^  M^^-^Mt^  v^-^^jb  ^t^fA^-r  ^^:7!b^  ;:«?'*^cb  ^Ssi^? 

<N     c^g,c^  ?,^^ci^  ^?^^^c^  ci^^e^c^    ci^^?,<N  ^^'^c^?:,  <^c^c^^^  ?,<N^ci?^  eiJi^^^ci  ?i  ci      ^  ^ 

f^  ^        ^  S  — '        CO  t^  t^CO  ZJ        ^1^                C2COCO_                  t^-HCO  OS             t^  t^Iii^        ^  0^       f^Oi  f*             S 

CO  t^  —  in  —  c<J    •  ^  00  Ci  ^Tfr^^'"'  CO  «  o  ^  ,^    ^  j^  Q  ^    .  r^'^mt^r^  oo^^t^s;^  cot«o^—  i«^0— ."*  — '  !1 "" '-^  ^ 

•  t^iocoio  2'^>or^^  to'^^teto  -toi^Iitf"   t'cbf^.'^^  t't'^I^^i  s^woolic^  ?3  •  200C0  — *»rAP.«*  r,i,'^**si.* 

eO  rr<              ^  I— ICO  j^_cj»5                 c^)tv.„H-                     COt— it>.^^CO  C^cO'"'"^'^  00              eo 


S5^7"?i     -^::^"?    5«?=?"?"?    -r.A^'r!^  c,:t^^.^c?    "P-r^^^tr    Jcvtoo.o    -tt^T*    ^:^=?^t    :rS?^^ 


v?^^??  Sii^S"?"^  '^^^rsi.^  ^.''Z^^i  ^^^^^  ^"?[xS^  ^^"?"icb  sb"?:?"?"?  ^!;^"?2"?  -o?"?;^:? 

;^?4^»?l  <N^^?4=^1         (N<N?i^'  (N^^?l^?lC^flCN5^        ^^cigl^        '^Sj^^^^        C^OJ^'?!^        OJ^^?!^?!        oi^^lM^ 


O -- C^  CO  ■*         »«  CO  t^  00  Oi         O  —  C^  eo -*         i/SCOh-OOOl     O  — C^ieOTf        "5cOt>-00O5       O  —  C^  CO  Tj<        1/3  CO  t^  00  O:       O -<  C^  CO  •^        m  CO  r^  00  OS 

lOirsifliaus       icirjinioia      ^ococooco      cococococo   r»t»r^i^t--     t^t^t~-t^r^     oooooooooo     ooooxxoo     a-. a^ a-- t. a--     oiOiCsosos 


846 

Table  24.7 

1000 


COMBINATORIAL    ANALYSIS 
Factorizations 


1499 

o— 'C<iM-^    i-iccoacci    o— ir^rOTj"    iccct^xc;    o-nc^rc-*    u-icct^oori    o>-io<«-<**    ioot^ooos    o«c<JccTti    lOcct^oocs 
OOOOO    033C0 —  —  —    ?^c^rqc^qc^    ^^^^^^^^^^    ^:^^^^^c^r    rcrcxrcrc    ■<r-<j'-<3"'<i--<r    ■v-r-^-.r-* 


— .    .;»  ^ ' 


s»  ■■  t^ 


N    c^ 


c^ 


CQ 


'c^ 


(N  M 


(M(N 


«  «  r:  -  r: 

»0  ""  t>  ;r  'T 


Lt  —  L~xa»   T  —  ^qi>"    3cx;:^x   •    t^  —  Om  - 


—  :r  t^  ~r  t« 


t.  --  b.  — 

o  ^:  c^  ~  -^    1-"  ce 

^5 '^  rt  — -^    ^  rt  »  -i 


L.~  CO  —  t^   -^ 


i:    -r^e^t- 


t-    !^=-f 


—  "^  ^  ^  ^ 

CC  ;»;  t>.  ^  eC 


7=^'^  -Ii=2-:2  ^■^•■^^-  ^^^=^^  =^-4-=^  12?^-^?:  ^j'^^rii  -^Tr^:^  :^-S:-i5^  -h^^^ 


« 


r^  ic  c<i  c>a 

«IC»^?;^     «0~;"5iOM        -US^XOIO 


'TlN^-iCKN     (M5,c;2iO     C<1  —  gjC^t^     iOC^„»r;C^l     iN'7»^C<lu3     CsllNgjt^—     io^l„'»0« 

"rioOc^io    "'"'"'^fc    "'u3cc"'»o    Ss'O'^M'O    '^^2  ?i    "^'Oj^io'O    «»o"'^^ 


re  ^  . 


^^  --^^^  ^'J^^v  I  ^^^^2  TS-i:=  -=:-2^  =>:5?^5^"^  f:^!"^  7S^n^-  ^--r^-'^r- 

ciS^    ^5>S^^    ?.^?^^2,    ^?i^^S    ?^^S^^"?i>    :^^ris^^    ?^^?^S^    ^2iS^^    c^^^ri^    ^?^^?i.C 


te  C^  r  -  1^  --     -^  ."^  1^  —  "*     ^j  - •    .  -_ ;  — 


rt     -.        t- 


•   CI  '^  t~»     -:.  "  "        .^1 

t>.cc>a    =^2.^i-e-     ~  —  —  ^' 
.    .     _  . .  »-    .  re    —  .5     .  _■ 


(nS,<n    ?j^^m 


cq  ce  ;^  r^ 


?:xr=£:^  S^:"^-?^  if??'-?^;^  ;^^S!/=?  izS^P.^^  oij'^t^E  -'^^c^ji 

^ci^!^?.  ^~:~?,S  ?i>^^^>S  r^^^i^;:^  ^2^^?^  ^?^^^^  s^;^^^?^ 


Sqc^c^cq 


»o  —  iC — 


«.S^§«  ^g^"?5  -^-^2  «g^g^  Ce-St:::  ,5^.."  2«-2^  3:^?:gS        .._         ,„.     .. 

?)  i^  ^  !N  g,    cs  r<i  ^  ?)  ji    ^^  r^  ?i  ^  ?3        s,  rq      r^    ?^  ^i  S^  c^  ^^    ^J  ^  v,  =,-  -,    ^^  .•.  v.  ^-  ^    ^  ^  ^^  ^  ^; 


N  2j  N  ^'    M  ?^  jQ  ■ 


,ra    ^M?ii 


I  e^  ".-  :^ 


M  N  :>q  M  Cq 


o  —  c^re-^    \^-~c  t^x  c^.    o  —  J^re'^-    vie;£t^xc.    c  —  ?^re-«r    ueirt^xc;    o  —  !Nr:->3-    uetct^xs:    o  —  Mre-^    istsr^ooss 
OOSOO    O  —  coo    —  _ _^—    __  —  __    ^q^qc<^^^^q    ^Q^^^^r<^^^    rerererere    rererertre    ■^•^•^■^■^    ■<r'^'?'T'^ 


COMBINATORIAL    ANALYSIS  847 

Factorizations  Table  24.7 

1500  1999 

O  ^  C^  C<3  ■*  lOtDt^OOOl  O -H  (N  CO  •<*<  lO  COt^  00  05  O -H  IN  CC  ■*  IC  CO  t>  00  Oi  O --KN  CO  ■*  lO  CO  t— 00  05  O  ^  (N  CC  ■*  U3  CO  l-»  00  05 

iCiC"5>OiC  lOiCiOiOlO  cococOCOcD  cO  CO  CD  CO  CO  t^  >•  t^  t^  t^  t^  t^  t^  t^  I^  00  00  00  00  00  00  00  00  00  00  0505050503  0JO505O50i 

M-H^osft  ^fc^t^^  o»o»SS5fe  ?!«»f2f;'«»  OjSjSb-S  m-:;fSo4t-  t^fe^M^  cJsSosoiZj  wS'^'^m  <«So»^o> 

Occ^-HTf  »«'%^t*J^~;  o-Nir^c»  '.cc^^^o  o2^^_i  uj'cciooio  coii"'-"^  ^°??.oo;^  ooS^^t^S  "'-iK^^a? 

"?^^vS  S"?5^2  ^(0-^2^^  t^ceob^««  t-:r-t^:^  t^d."?^'^  «^^^^  ^t-«oo'^  M^«?^«  ^'^wss 

Mt^^Jw*^  ^co-^t-^  -^•^eo;i;-'  eo^c^W'^  '^^t^'^co  '*<^<«'^'>  eojl^eoec  ^ch'^'^n  c^^cct^^  cr,^'^^  ^ 

i!s§^  ^p.iS;^  5o§§^S  -S-^l  Sgj,^g  S^SS^  -ogsS  -JSggf^  SS:?^^  ^55^5;; 

03^'-:<?:a,  os^f^eot-  Mooz^'^'r  oo^So'^>2  t-oo"'-^2  !i2^rA«^  'Tc-'foi'^  o?Tf««?"?eo  sv-riNir^Tt.  ^nc^t^-i. 

ggs-g  S'-S-S  S~S§"  -g-^S  s.-"SS  SgSgS  -S^cig  c^s.^^^-  gg^gii  Sj,Ss.S 

S^oS^  S^SgS;  S?^5;S  BsJsI^S;  isSgS;  S§^S5|  §SgSj;  |S?:g-  S^^S"  §SSS5§; 

^r:."?d5j2  ^^a^^w  «9P.«w„-  «»J2<^«»  ^i^^lT*^  '^St't*"?  ^co^_i«  «?««^<N  w^-^I^Z^  ;;^<^>«?«« 

^;eocc(N^  J?3-H^cc^  ^^^^cc  --H^t--H  co^Z;f?5-H  f^^^-H„  J2(N-,;:;-  ec---  -t-  -"^^^eA  2'>M--' 


SSS;S2    J^sgggJ    ""Sgco    co::s^q^    Ss^^5    "^?-J^    sS-^-    S??^2^S    Ss'^S 
Ssg^c^    aSs,-g    s^Sfi-   gSsS-  -^^^^S   s,ci5,ss   S^SgS  "S?.Ss.  -^§-5  g-^S?^ 


"■r  CO   .  cft  r* 


TrHcoO— I       -^^Nrt.       ^.i4;z;'^     cc"$ocCr-i       •P.'^'rtfTtH       .lOt^-io     os^fCcoT      "Pt-ublit^     i-Ioo.Too       •i^ri.o^i 
fr^jjl^ui     Mw^co-     ^^„;^^t7     ^u?  -cc^     I^^SjWf?     "P^c.;,^^     .A'^f?^'?"?    tr^cc-^     ui^^"?^     -"^To"^ 

^Ch^'^ci  "^"^n^^  Mub^M^        '^w'^'^C.b        ub        m"''^        ^^'^^^        "'cb'^"'??5        ^O"^^        C^'^Sslo"'        »C « ^  "=  ^ 


fQ  '•■•'  ■- -■  -  lO  n        "•>  '-'•'  >tj  n  jrj 


i:^i>(N{o«S  co(Ni>rHi^  ^coS't'M  t^coJn;^^  ?Zi>r:^i>S  t^i>t^J2  •  ^t^Secn^  oJS^^"''^  V^veot^«,  t^;;?'*-Ht^ 

^"'^^S  rCi-L'^cV'^  SS-^--^  (NS'^Sa-^  •"'SB-^S  t-c^-ooc^cc  •o'TSS  -i?3co-HTf^  .^^coeo  t-2t,:w05 

2^«2:r  ^-"^^^  ^^'^Sco  "^f^^^t^  ^^-^^wT  °?^=92''^  -"^^^t^^  i4?^w=?  ^r-^-^^  '^^^^^ 

^cJ.c^^  S?^^?^^  ^c^S^cil^  ^^ci^'^c^  ?,^<Nc^?,  ^?,<N?4C?  cj^o^?,^^.  ^2^^§;^  ?^^c5,^  O^^^^^J 

Ss«^«  s^"ss  S2^^s  |s«5s  S513??"  s"SsS  o^rsS^  §?5f2|"  Ss???^  gSjsss? 

:7t^St-S  S"?-S„-  <^?»"?M^  2<e<Nz;S  -"pt-t^t-  S^-rSl^  «?c.-ao2d  ^vS'^'9  -w^posdi  »7^»9« 

w-'^ec'^  --co^-HM  i>^eo(Nco  -"^t^c^-^  ^M'^'^eo  '^■^co^JI^  f^'^'^^;^  Ji^W'^ixw  ^^^ec^c^  s^'^'^n'^ 


«  CO  -c-j        ^        --  j^ 


s^3|§  ^^SSs  ?§::-j^  "^:::a^  «5g|^  ^s|=?^^  "S;:§o  s-f^^  gg^^^  ^s^^s^ 

^?^2^S    ?::cc^:7  ??=2=9«><»  ^^^!???  ?57^S^2  ^°9^«^  ^«^?^  ^P-^co-  ^?r^^^  ^s^^S? 

«?,^55,^      "^c^SJ,^?'  c^j^^c^^  ?5.S?,^^  cs^S^ci  ?^<^^c^  <Nf^^<^^ci  ^d,?.^5^  c:.'^'^?^^  '^S?^,^^ 

o 

■  <Njt-^Tt<  o!^?3"'*'  i2-;'«rLoc  ^»oj;3r-S  Soo-S2  o^Om«c>  ^(et»-"»  o-^M^  »o"?^°S-< 

;:f?w^t^  5-rS^"?  -^-^"p^o  ??5dit^"?^  ^"?;:^:r  «(»«?«c<.  cogss-^  »?.•««?  «t^^^^ 

^■t^»-<^cc  -Hj^^t^co  2z;co     i::^  ^c^-co-^  ^co^JSm  -n^co-t-  cc-'^j^m  -^e^!::^"  -co"t-;^ 


05  »fl  N    >0  CO 


w-^Ol*^!^         -n'^t^osW               CC.-CO^  -^rot^t^c  t^'^coCoS  ,-h05/3i05  'i^?5'^CO  t-^r^t^r^f^  5"^./-<«^I^  Mi^^OS 

Sc^S'T'T     m't'S^'^     c.co'^^^  -SoS^m  ^'rSSf^:*^?  t?:::"?gS  ^oo-r^Pc^  «=?  -^^  -ro^PoS  -rt-o^oi 

M7;ui'9tr    •i^P'Tirb"^    ^t-w-Tirb  fo.ii'r"?':;  a"?ub-r"p  Sjio'^irb'r  ?;5':*tT"?ic  s,"p--ub«  £?j'x^:X"'  ^^"p.ac;";;:; 

"^^^SSJ.      ^^^^S      ^^o*^  ^^c^^o.c^  ?^S^<^?>  ^S^S^c^  ^^c^^^^S?'  ^S,^^^  ^ci^c^^^  S^^?.^ 

o-<iMeO'^  mcot— 00O5  0'-<c<ic0'^  mcot^oooi  o-^c<ieo'^  »ccot^ooos  o—^c^ico^  uscot^xo 

cococococo  cccocococo  t^t-r-i^t~-  t^-t^r^r^t--  ooocxococ  ooxocxoo  ososoioioi  ciciocio 


i 


848 

Table  24.7 

2000 


COMBINATORIAL    ANALYSIS 
Factorizations 


00 


ooooo 

M  (N  (N  MiN 


2499 

oot^xcs    o-hmmtj"   incct^oocs   o^c^ec*   loot^ooos   o^c<iecrti   locot^ooos   o^c<ieo'*   »c;ot>-ooo5 
oocoo    -< ,— ^  ^  ^    ^^^^^    c^  cs  c<>  c<>  c<i    c<  c^  ea  c^  c^    comcocom    eoeoeceooo    ■>*■>* -"ji -"iti  ■*    -^  tJ"  rti  ■<*<  •<* 

C<1<NC<1C^(N     C^(NCOC^(N     (N  (N  C^  C<1  N     (N  M  (N  IN  N     M  C^  C^  C^  CS     C^  (N  IN  (N  (N     (N  (N  M  IN  C^     CS  <N  (N  C<l  (N     C^  (N  C<l  IN  C^ 


-hW***>H5   ~a>-.»«>   fo-39»eo5r   (n^9»o;S2 
■*?::NrtX  fTea-«9»  ^^iic^^o  t-^t'Xi-^ 

OMfi^Nw    ?ie^«^c^M    'rcce^<??(4    ^m'N;:^!?? 


5'?'^?'rA     ^J'Mt^-     «*T.^«rl 


t^«^«  fjj^"^::  Necj^NM  t^w^ 


^Soasaj    t^O^t^r'CJ    asPOt^r!'^ 


w 


e«3  "—I  CO 


-§«<» 


ir30t:;-^_     t^'fccfN-*    e?iOr^ot:    ^t^  — 
c^®-i,®?s    co'^®S^'^    t^'?!-:.®-     eciNc,' 


o>ci  «^s,(^t>.  ecost^M^  ost^fcSJS  t-r:t^t::t- 

-:« fo  .^  „•  CO  «•  t^  "  -r  ~  ec  „■    r*  c-  —  T* «  «•  -H  ;• :'  t^  e,- 

•Mgi)     IN'^IN^^IN     iN(N<Noi<N     (NINj^J^ci     "MiNlNcq"' 


(N 


1-H 


g?^s. 


.05 


C<1  ^  -.-  ^  -T 
l>M<N 

(N<N^<NlN 


,t»     ^S 


t^-H 


g^t^t-Sg  -"?5fe«  2S2?s^  2<^-- 

(NT'^i-^r    -.-r^^'ap'Ni    -'I'^-s^Wrt    r'^^^ 


=5  «,^  K_  f-5      --^  I 


r^ji:rct»o   n;t*<=?b:t^   J^z^t^-^t-   t-St'""*'   St^St't'   r-t-t^Sc^ 
t^-<-    ^•'?«^    e^'^Ki«^tC    t^e^i^Nesi    tr«?-2«    «-MntI    oi^^^^'W    t^^^oov 


^NiNj^ci    ::;Teo«N??5    t-Scce^2    "H!^  «^«^«^„ 


eo<N 


«^e^    eot-2-*^    MSje^T.    c^«^cof^N    s.mNco'^ 

CO  t^  CO  M  ''^ 


St^Mosco    t^eo"®'-'  «^=«  wosjx  rJSsK^Mr;  eotvSs^co  t^Sosferi  "S"«^<=^  eocoI^Wcs  S'-^^'S"   t-SS-,2«> 

"5--^o_i    laMlI'^ro  — 'fotooow  '^Siliosts  ot^^rTc^  -^Eoi:"*  ^Z^'^^^L  -^^dO)  2>o^-<m    o  —  "*  —  --^ 

i^^=>S:r    r5or-r-  vc^o-^o  fi^^^sis  -cot-co-  j^Tio'Tti  -''^^'-^i:^  CR'Tcj^-io  ^^(Nt^iN    oo'T-j'Tj^ 

-o-r«^  „--coi>,-  «=j,-r?S  ^f??)-?^  -Tc^-co-rr  v::-cb^  '^=?'^di^  -r'7'?'r«-  cov-reo-  .c-jb'^n? 

eolNCSI<Nf?     lNCS12,-i<N  <N<=^(N?^ei  ??alNINS,  (NC^J^;^=j,c<1  Cl'TC^^^g^  (N-,  (n'=^'=?  S,<NSi(N<^  eQ<N(N„iN     'N^^Sj'rgq 


eolNCS|<Nf?     IN(M 


g,C:,<^     IN'-^(N(N<N     ?,IN 


■^     ^^^C^^     "^^^^"^ 


C<I^«N 


(M  <N  C<1  c'  IN     IN  ; 
(N 


Scog^cog.  2§S?«2  S^^S^  «??^^i  "r^^Z^  tiS-rS-r  SS«5S^  S^S'-?^  S^o^S  S^^-rJ^g 

'^^■•Ji'-''     CO"''^^'*     ^'^"^^^     ^"^M^--^     ?0^"'j^'0     U5coS5"=«     '«'Oco"''«     CO  « ^  « ">     ^  ^ '^  "=  CO     "=!«?%'«"' 


■C5-^-t^     COcOt^*^-      f^.2»' 
M    -•   o-      .  S-.     -•  2-.  _•_  p^  _•      esi    •   ~ 


^c^^fi^    (N?^(n'=^in    ^inc^iin'^    <N 


?:;    S'*'=c'Ta.    '^-t^^^    (NSot;:t^M    co^^^SS© 
e,    eOc-r'co'T'    '^'^vr'^    tr«co«eo    ^j'"*.,-'^" 

^^     ,^<N~-(M     ei'«MCq(N.      (N<Mm<N|<i  /^(N,-iC^ 


.  CO   .       .  " ."  "     .  CO 


I— I  M        -»■ 


--2oc5^    o*^E'-^^    C^COINtJ. 


-^'•com    T^c^Tvs,   w—MT^   co';,-^'^(N 

(N'-^IN  (N<N<N=^     INg^"^*^^     =^(N!'-     ■        "         -—      " 


o^T^^  .    ©©«==©-2 
CO      -^"  "■'      t» 


o22^-5 

CO  s^""  M«^ 


CO        ^  CO  0>  C5 

«^-^M-     e^N-^c^    coM^co*^    t^ 

CO  CO  CO*^ 


T:i^n^n   t>-^oMt^    ooco'-eo« 


.„        „„„,^«,    cc^j^r?^^    c^St»-^e<i 
•  ^eo;^    r^KLr^w"    c-^'>t°9'^    _:°?'*^- 

c?5?5'^;;i  2J:^«^«^  MS«^«^-  ;:««^2w 


z:  S  ^ ;::  _ 


S^CC^":^  ^^^OcC  0^:2«"5  SrA^==2  "5P-^"?t-  t-00So<N  e«5t-0>-? 

Opiocot-  c^coTO--;  ^r4-sj,C5  iS^^T'T'I  ---„--h-.  co-'iof?eo  iNcV-r-r;:^ 

T^-r-fj,  «Sco'-'v  eo^::=?S  c-'^Sjt-f?  r^.M-r-r  v-Tc-co-r  'T'^t-R,;^ 

^?^^?i,S  ^fic^N^  (N?*;^?,C^  ^^"c:.?,  IN^^J^C.  ^^^C^g,  «?.(N^^ 


„    "7  CO  ^M     . 
'^^'^'^IN?* 


?:::=; S-  -SJScoS  ^^--cor-fc  eouo:3;2S?  -^^"r^  „cot^2<^-  w-ofo^  t-o^-'^  c-^^- 

•Z^     -IT:  .^^     ir:in^-  ^'^     CO  .A  "?  --  i«  O  •   •  ifl  •   iC  r"  ~;.  .A  ^-   CO  in  ,A  ^  ,A  lO  »C  »9  ,i 


-H<» 


M  CO  "r  lo  CO  .  .  „  c:  j^ 


I'N'^IN?)  "^"^(NglCq  ^rbPJ<^ 


•>^co»o=,  '^'9icco'« 


■  iotr<^  ^c^rj4^  j^"?2.^"? 


'•^   IN       cq      IN 


^-  c,i  lO  19  «•  10 


,  <N 


(N 


<n; 


(N(N    "^ 


CO 

'  "■  "•■'  C^  ri 
(NIN    '^ 


o  —  c^co-^    Loor^xci    o^iNfc-*    iocct-»xc;    o^inco-*    icot^xo    o^inco-<j<    mcct^xo    o— 'C^ieo-*    locot^xoi 

ooooo     ooooo     — -<  — -H  ^     r- ^  _  ^  ^     (N  C<1  IN  IN  (N     C^  (N  IN  IN  IN     CO  CO  CO  CO  CO     CO  CO  CO  CO  CO     ■>*  Tt<  •<*<  ■■3< -*     •*  ■*  t}<  tJ<  Tf 

c<>  IN  c<i  CO  (N  IN  c^  N  IN  c^  CO  CO  c^  c^  N  CO  CO  CO  c>^  CO  pQ  CO  CO  CO  CO  CO  CO  CO  CO  CO  CO  CO  CO  CO  CO  CO  CO  CO  CO  CO  cococococo  cococoeoco 


COMBINATORIAL    ANALYSIS 


849 


Factorizations  Table  24.7 

2999 


2500 

iSl^SS      SJ5S^S     SS^SS     SS^?iS     SSSc^c^     Sc^c^c^c^      ?5c5c5?5fi     ?5Sc5c5c5      5.^^,^?^ 


o-?2«.t   i2Sf;;s§g  gssss  gS5S§  g?:^^^  sg^s?:  ssssss  ssssss  §g|ss  iisil 

upiOiOkCkfJ        iSrtSSS        S;5i;5SJii^        kiMkifMr^        oirorar^rM        (MCSKMCVJJM        (M(M(N(NC<J        (N(N(N(N(N        (M(NlNC^<N 


eot-ojM^      ot-M^^^     o>\^^9i9>     5o>o>QO«.     a>t^t;:a>:^      „  o^Jom     S'^S!©?^      2E2o2So     IS^SS 

WM  Bm  ^m  ^^^  &^^  w^-  ""^m  ^^^  ^m  ^^ 


ii^?=  g|isi  sliii  iiss  sfifel  ssfi  ?i!=!  ilil  Biill  iflll 

-^S-S?  S?Ss.S  ?.^gS5.  Sis^S  -Ssi^g  S-Ss,-  s.-s,g-  -s,--S  ---^ii  S-'^-- 


ec 


sgagK  52S2S  "SFrSs;  uSrsS  sSsgs  gssSs  sSEgS  5sBs|  ^ggSg  gElfs 
Si  ■=?  "SS^g  S§sgS  S;.SS|  S^g=5  SSSSS  S^=S2  Ss;.SS  -S?S-2  Sgsga 


!>.  "^  CO  n    ^ 


j|s»?  io§|t  s^l?s  2g|p  lis§|  ?=2|i  ^isls  |5!||  glsll 

g^SSl  S?2SS  ^i?sS  pS?S  iS^S?  S^S^S  p^;^^  S"5?.S  ^c^sSg 


05 


SjSoSSS     ?22§tt-    ;^?S^«??%    ^-i^gb-^    :*2<=>^'?    '^t-e?K'=r    -<co-;^S    r-2c5t-2  °?^c-<»cf,  -Sr^-^i 

-rgS-rg    [1^°'^'^    SSS5t^?5    ^co-;rcj_    S-^-rSup    2t^35"?2    '^"^iTv"?    "?"br;,"?'c  'r::"?'22  "i^^"^"? 

;?Sa;?^  5?=s>:-^  ^^co;^^  cj^i^s,;?:;^  -^s.-??,  :;;-c^-S  ;?-s>--  -c^'^-c^  -^?b-^  c^-s^^- 

22j^Ss  ^^^^^  gfe^is  §^2^1  ssg|«.  ^ggsS  g§|§5  §S^§2  "-5!S-  Si«gl 

5^^^^  ^:?r--  ^^ll'S  ^^z^^  2^^"^  ^1^?::  S^^"?  ;:S^^;:  ?^-???^  ^-;^^^ 

SS&S5   sS«^s  SSsss  ss=sg  ssisS  sgs??  i|gi|  5i?^i  isg^i  sssg^ 

SSS^S    S2;j?s   o>mst   SSs,g§   2^SS2   SaSSg   "§SSS   ii^2»::  -=iS,4&  ^.^.c425 

«ss5^  ;^2§??s  ^S"^^ 

«^j-S  ^^^^^:^  ^-^;^- 

Si,<N'^^5^  (NCMc^i^M  ^^'^^c:!?^ 


SS5S=  SSKSS  f;RSf:S  sSp||  Rs|s5  SsSSg  sgsSS  SSS^S  S^SgS  SSsSg 

slaas  SiSss  SSs:?S  SssS?  ssSss  ^i,^-„ti   s»;:2»  ssg^p.  ^5g3«-  --—- 


Sa'':" 


.§?§§  ^"^§!g  ?g2i=  s?»5i  is^^B  5SSSS  gssis  i^?^  mS  IM 
^i??i  i"s?i  §§^s?  S^s^s  gs^p  sgsgg  .sgs^  sgs^s  s^s^s^  ..s^. 

Bsil   iiisi  iiiii  iilil  sssSS  ssSSs  iSlli  ii§ii  iiiii  ^BB 


850 

Table  24.7 

3000 

^         oo 

eccc 


COMBESTATORIAL    ANALYSIS 
Factorizations 


3499 


IMM-*     lOcOt^OOCS     O^C^n-^     WSOl^OOOS     0-h(McO-<*     iCOt^OOO!     0-<C>5MTt<     iO;Oh-00O5     O  — (NW*     »O«Ct^00O5 
OOO     OOOOO     — I  ^ -^  — (  — <     rt^^^rt     (N  (N  C<>  C^  C^     (N  C^  N  C^  C^     CC  CO  «  CO  CO     CO  CO  CO  CO  CO     t}< -.^  1*1 -^  Tfi     t}<  tJ<  tji  Tf  t}< 

cococo    cococococo    eococococo    cococococo    cococococo    cococococo   cococococo   cocococoeo    eoeocococo   eoeoeococo 


oj  _  coec  _ 

IC  9t  00  -H  0> 

CO      ^^ 


^  Zt          CO  ^«/<»^            Nco^ 

c^rogj^j^  Oift-^J?^  coojr^Jo^ 

-;.^c»«o  o^'^tr^  -H;e-'5io 

^-hOO,-h  -^-^fCcOt^  •o'-*^-H. 

^^coco^  nm^rr^  ««^^t- 


CO  1^  -J  r^ 

■*  ^  t-  ^      • 

St  CO  c-.'    t^  f^ 


•  CO  V  ^  "0 


IN     (N  (N 


(N  !^^  C^ 


J^svCOoOt^ 
CO  '^  (VI  i.T  t^ 

CO  "T  "^  CO  N 


iC«   c^ 


(N 


<MC^g,(N(N 


(N    ■  -r  'i,    . 

no  I-—  "<  :0  ™ 

-H   CO 


,?5Z;   f2-HS^2?   r^2t-S-^ 


(NCaiNIN  <^  <N 


coc^  ^ 


--     «; 


i— i  Oi     l~~  O  in  2  CO 
C^"CO'.      .      V-'^CO" 


-H  ?:.  N;  05  in 
^  S,  ^,  iM  =? 


C2          -H         COOiC:—          05-^         -0         0505         _-5-^  evCOCOt^  t^05 

— .t^CO"    to     COCOSt--*     -^t-iob-co     ot^^^Ci  f^_t^>0  t"00 

0«*  —  'T'-^     (N0"?«0     ^«©-y<00-<     C*  ii  '^=^  — '  »«  —  -,_—  o^^ 

'-"^►^ti.^    ~:s-<co'-'—    "ll^-N-.-^-    ^e<Jtii^-  e^~-^^ivL  w   -^ 

co"^^2    2coS«co    ^«co«^    -^«t4-rf-  «?,S=:^  «-^ 


^_"t~-    -^     ^  CC  XA  ^ 

CO  CO  '^  --  (N  --H 


coco 


-«^  t>- 1>.  O;  ^  O  ^ 'O                '^  t»  35 

t^cooiMp::  t:;'^'«<::^c»  t»t*«o^<© 

•i2_l  —  CO  "^LI^^-     '*'*^-^ 

«;3:-co^  «;i?5f-«  "";;;:2 


^■^00^?^     Sf?§^^     S'tC^lc.-:'     JgoO^ot*     (No"o'*     f?t-r;.^ 


CO    .  '^  eo    •      ■*    CO  ^ 
(N  (N  C^  «,  ^  (M        "^ 


in  ^5 10 1^ 
„•       •  r"  c?  c^q 


~,  CTJcoeo 


"^^o^'^mSS  o5'^'-i"qo  co-:;r;oieo      icit^ooiN 

-     '^^?i„-  t^    c^e^coog"?    ^j^t^^r:    2*^'^'=^    SoII^^o'^'    ^t^"^^^    ^t--t-05 
Z^    co-:<„-co-H    t^^-'Tc^-co    -r<N?oco^-      .^-'T^t-    c-c-V'T^?    2«-e^=^''^    ?j':*Teo'r 


,^^  s^^^' 


'(N     (N^ 


-i^:l^-^    ^co^t-Si    "o      -r^    -liUt^Sr::    -iw^t-g    coco-;Kc5    -Ttt^Jiivj    5«»i>ir    cq 
oio  .0.    f^ofi,tco   ini>in— 't^   o-T'K.^   otofio-^   '^toT'inco   co-nt^co.    -^co„-cot^     ^co 
"'?o"'"=^   in"'co"="'   M'^     "?in   "'co^^^Jo   "5"=ci^       lo----.-    


Mco-«c.   -'-r^ggj   5oo»t^g;   ^cot;:SS   -^S^« 


lO-H 


?u,&5J,ic    ^"PSbinco    .n"^'^"''^    ch'^^c^Ji 


eo 


•  in  «•  r-  m 


^4 


(N  (M     (M        <M  (N 


Ci  CO 


t>-  ^  _J  i^" 

— J  -^  in  - 

•^  ^  "^  «    CO 


CO    t^ 


t>.  <v^      •<*  .-^  CO  35 


.      ■  !N 


^co35^   t^co';?ro2  -<r!??-i-i  ^'M-^^^(y^  fccorr^t^t-  ^^     ;-;g5 

gc^fNt^  i:;v^«2^r'  ©"^^Sc^  J^-o'*'S  2^12-'"'  ^^^'^'^ 

■    '  -^^     -~"      coco  -'-"?^«-r  ^t-«cow  i:^Zl'^«  «ri^-'S. 

^^C4C^?i  ^?,C^^^  S^C^l^C^^  C^J^C^?'^  ^        ?»^" 


(N  ^  (M 


CO 

•  «  (N  CO   . 

*^  ^  M  ~  =^ 

(N 


ci^  « ■*  ^ 

<M    CO     •      .      .' 
=^<N<N(NJ!^ 


^^injo^    ^^cot^oo   '^•-o^o^    eoo'^'^^    ssS-^H 
oor;'?o  "-©t^^-    'ti:^---..-    ^^t^-^  ^J^e^' 

coeo.r^eo    coeOjo.-^    t^-n-^P^    £?^-.co«      .-reos 


I    .  t-leo 


CO  CO  -vj     •   "^ 

co-^ 


CO       ^ 


S^'MCO 


_H  *o  S^  t^ 


CO  t^  CO  t^     t^  CO 

■— uu  ^  31  Oi  ^  •<»i -H  ^<  in    ^  •-<  ^  (N  "* 

^    N^pq-^  eol^Veo-     _co«Op.W 

CO   -Pst^;^  eo":^rocO" -" 

CO      -H  CO        1^  -^ 


.  CO  CO 


eo 


t^i>  ^  J,:  'v 

— '  CO  f^     •   ^     !>'-.._.- 


o      35 

.  «0^3;  0» 


CO 


m  'f  ^'5  S  — I 
in 

CO 


c^ 


in 


CM  CM 


in  lO 

CM 


CM 


"?  ?o  ^?  ^  ^ 


co-^r'-Hio 
,;  CO  in  CO  -f 
"?i6  CO  lO"? 

?1CM  J^jCM?^ 


•  in   •    •  -H 

S^     •   in  CO     ■ 


t^  eo^ 

O  CM  '^  iC 
c»    ^-     .      . 
iC     •    t^  t^  JL 

h.'  ''i  ,A  -^  ^ 

CM  »A  "^  .A  ~ 

CO  ^-  in  jvj 

C^  CM  ci 


Sji/^"?"? 

CMS-,     •   CM 


•^  ^^  ^M     '^^^C^CO^ 


Sjco   •  in-r 
CO  "^  „•  »>  "? 

c^'   CM  CM 
CM 


'cm  CM 


t^*?t;eo-' 

Oin^-'T 
incOi^ic"? 

•     «5"  •     N      CO 


1^  CO  "-^  «>    CO 

'T^li^t-Tf 

■^CMCM 


CO^f.    3i  ^ 

CM  f::  ^  (N  :5; 

N^  -^  CO  19  CO 
_j[  in  in  CO  in 

CM  CM  CM  ?,  P-3 


O  — I  CM  CO  ■* 
OOOOO 

CO  CO  CO  CO  CO 


ioot^oo3:    0-HCMCO-*    myst^ooo 

OOOOO         — (^— l-H-H         -H_-,_-H-H 

COCOCOCOCO    cococococo    cococococo 


O-H  CM  C0-<*< 
CM  CM  CM  CM  CM 

CO  COCO  COCO 


mo  t^ 00  35 

CM  CM  CM  CM  CM 

CO  CO  CO  CO  CO 


O  -<  CM  CO  ■*! 

CO  CO  CO  CO  CO 
CO  CO  CO  CO  CO 


in  CO  t-- 00  3i  o -^  CM  CO -"S"  in  CO  t-- 00  3; 

cococococo        Tfrf^TfT}"        T}<Tt<TtlTj<Tjl 

CO  cc  CO  CO  CO    cococococo    cococococo 


COMBINATORIAL   ANALYSIS  851 

Factorizations  Table  24.7 

3500  3999 

O'-<C^00Tt<         lOCOt^OOOS        O  ^  (M  CO  ■*        iOCOt^00O5        0'-^(NCCt}<        irjCOt^OOCft        O  ^  <N  CC -^  iOCOt^00O5        O -H  (N  CC  •<*<        lO  O  t^  00  05 

»o  »o  o  »o  in      lo  in  lo  lo  >c     oco^ocoo     ?doo?do     t^  t^  t-»  t>.  t>.     t>- 1>.  t^  t>.  t>.     cooooooooo  oooooooooo     oiojoooi     a^^ac-'yi 

cccocococo       cococococo      ccooccccw      coecooccco      eocoeoecco      cococccoeo      cocceccoco  cococoeoM      oooocoeoeo      eocoeoccco 


o 
j^  t'j  >•■■'  '^  r^  "  ^■-'  w ..  ^  (^  -  -  ^ 


^<^-'S      Sc^oo^co      SS-iS^      '"5S^c^<^      o^'^Cj'^'oo      c^KcoSJ^      o<9>S-^S      o?  t-^'* 

2,;H«u,t^   ^^^^a  --zx^^  ^^2^"^  *^-";:  ;t^^^:^  ^2^"?-  f^^-^^s  «sgc^^  :r^'^«j;; 
-^««^    eo^^^g  co;:2c^'*  «co2;:?=  ««^«co  ^Tcccjjjg  ':z;;^Zc^  ^Ss5«t^  c^'''';:^:  ^"?5"S 


t^inP.«?co       SSoOf^JS      Too-i-'      "?"n;tD?c  ^-'co°9ec  ErlSoOri*?^  '-<<»-;-h'?  ;tcDf::S5'<»'  t^jScJsV^^  t-^e^oios 

oot-c.-d>oo      "?csitr-i2<^     '^"Oi^/fA      -^'^^pTji^  c;^(Nt-a5  QO'TooS^  r^wi^^co  '©os'^^oi  'o^o^.t^  aicr,'^a><^ 

<^N^C^^         C^^<n!?c^        ?,^^;i?»        ci?,C^^^  ?,C:.<^S^  ^?1<^^^C^  ^C^?;^?,  (N<^C^        ^  ^<N^Sgi,  ^^^^^ 

ingt-St-  colnt-o^  t^jtSjn^tr  ji'j'gtit:  "^ootc^co  fc^^c^t-  -^JsS;^?! 

n'-'tZ'^^  "tC^'-"^  ':'J?'^S2?  I^'^-'^'S.  diC^fciw^  2SZ^^2  '^5£^^Jn 

ivi-<ert«o  •f^t^^-rt  ^t»_H"?t"  V    •co-hoo  iii^oosjv-  o>o>'-'-o»  ^ss^."? 

'^cieo-so  ~^e^cot~^'  ^^cO'kIoo  co'~'i*-co  •eo'^2.  eoeOKl'^eo  •eo.^'i.KL 

rt'^      CO  r^eo      coco  -"ro'^  ".-<'*<w'^  ^Leo^'-^eo  ""t-j,"^  eo^'^'co^- 

CO 

?§i552    SsSSs    S2fe2§    s^SS^  2SS5Sg  SiaSg  S?2Si  5e^ss  2?S;g  3SR:iS 


_.          "^^ 

-H  ^N  e^  "T  •^ 

t-  Tf  co^5 

t-i^cot- r| 

355 

3-29- 

72.7 

17-2 
311] 

0  — co«'%3 

;o  «o  ^  «c  '^ 

eo  CO  ^-  CO  jsL 

CO 

"inS^-2      ^oo^^f?     o^^w^oJ     'inJ,^^^     ^c^o5St^     ^S=5JS   •      --^  --^23;     ^«t4«?o6     ^'^::irt.K     TjOr^oi 
r^!^-^":?      r^f-^^c^     '?-'-c;qo     i^^cji^f?     f^Sv^oo     ^(NoaSco       -S^osr^y?     (N=ft^cf>-J<     ^Zlc^ch^"     ?2^t^^; 

ci^cig^^J      ^S^c^c^     j^^^^^i     ?^<N      c^c5>     c^<N^?^ci     ^^"c^^      <N?ic^^^     ?^c^<^'^?^ 


.  -  r  ■*■   .  CO 


(M> 


-^co5o2  Sco'^eoo^  o^osi^.r,  ^^co^oOi  ir?2^QoO  '::i^7^'^-  "TlO-^inOJ  icCO^CO^  t^C<)JSfc«5  -H<o5;t;.-<}< 

tZOi^^.t^  inco::^'Vi^  .'O'Vt^o  t^t^c.-Ht^  r-Ht^-rm-  t^^r't-^  t--Jc^f^  Z'^^-"^  —mT't^Z  ►/'^fnt^t: 

iQ.-.in  Ss-~    -in  •    -inin  •»n--in  >n  m  los,-  m-Jo'*''''  '0-«iin  ^"s"".-  i.S^'n"^-  AArys"'^ 

locoin  couaSiCO  mco  ineo»n  '^coio  eo           •          meo»n  co          eo''^  mco"-'      cc  mmco      »n 

CO  CO 

co^^'^n  t-z:^    s  S«S2!-H  Soo^t-  co22^2  J^--^^;:  ^fe^r-  ^"5-S  ^oo-sS  S-feSfe 

cA<^«2^  t-i.o^"?  t-Z^'^coS  frc^I^=?oo  ^«?c;ooc;  oo5^-'<^'  !?C5?^«co  ^t:--ojn  '^^f.^'^t-  '^o^SroS 

"t^w^^  -'=?'-'?ico  'r2«?=^~  ?^v:::«?'r  -co'T't'^  r'c^'^'rt-  co-«vcoc^  ^co^^-'i^  s,2c?t-'r  '^^^''^^'^ 

?>(N^^^  ^g^cci     ci  S,^?,c.<^  S^ciS^^  ^c^?^^?^  ^^^?ici  5,^^^ca^  ci?,c^^^  diSj^"?!  e^^c^o^^ 

2j:;j:!coSo  -r^^eoco  s««t^«  5o^«c^M  co't^^so^  wr::^°^«s  s^sssS  «mSSS  o5coc?«  j^^^gz, 

-rS^S::  J:§«SS  25S-:S  ^7:^^-^^  ^^^"-^  ^^:r«?^  Sj^SSt^  SS2=?f^  22«2S  S^^s- 

;3;^2«;^  -|;t^«««  ;i'^";;«  2j^«Sco  '-^;-«2  ?=St^;r«  «;?cocoj^  ««c^;:!::  coiT^f^*"-  'OcoSf-'^ 

§^S5S^  ^S^-5  s"-^fe  ^^^^^  ^-Sg^  5!^5^  SS?^S  §J:?^SS  sSSSft'  2|§«g 

^?^?^  ?^2gf  g::^«^;i  z:2^^2  ;ig2^-  ^5??j;co  2f^ri:  ?^2-^;:  2;?-??^  2^;|--r 

;:^<^<N^^  ?^^^c^^  <N«,c^^c^  ^^?ic^?^  e:,^(Ng,(N  ^c?5^c^ci  f^<^c^^c^  ?,<^^c^?i  ^?qe^<^<N  ?^ri?,c^<^ 

g-s2-  's*---  J:?;;^^-;;  -?5-§-  s«.^"  ;;s2§^?5  2^-^^  s^?!s^  S-^^S  «|2^o 

?i2"?-i2  co-.i2i2^  ^^-55^  -r^Jg^Jg  £;-«=2S  :^*s„-d>t^  »-r^?§-«  SS-rp.S-  Cj^s-rS?^  it^-'r« 


?4J§;:-«  s-j?i?-^  2?^-«-  ;^^^«?^«  «;^";rs  ::"?^2c:  ^^^:,n  «i-";i  -«;:^"- 

CO 


-r-sS   ;^g^^g  3.g.sE:2  -s-co^  -sjo-5  3,-1:;;^  2S2S-  ^g^s^s  ^g?-2g  ^^g§^ 

:?|?Sco       -^'!?^^^     ?^"?Sin      focoinl??^      ^^^coin^      ^^i^J^n     '^'^^^^^      J^^'P.g"?     co^g;^^      ^Jo^)?;? 


o  — <Ncorj<  in«Dt^0035  o -<  <N  CO  •*  in  «o  r*  QO  C5  ©-"(Ncotj*  in«ot^ooo5  o--<c2co;3^  S5Sfc;92S  2:;JSS23^  iS^'^rSSS 
SinSSS  ininmin^  o-,oaDO-.o  a2-^oc!<D  t^r-t-t^r-  t^t^r^r-t^  oooooooooo  oooooooooo  oi^Oi^oi  22222 
^MMM-o       ~3roMMM      ^nnnco      nnnnn     mcocococo     cococococo      ^ocoeococo     cocococoeo     eoeocoeoeo      cococoeoco 


273-888  0-67— 55 


852 

Table  24.7 

4000 


OOOOO     OOOOw 


COMBINATORIAL   ANALYSIS 
Factorizations 


4499 

Oi     O -H  C<J  C<5  ■>*     iCOt-CXJOi     O  "^  IM  CO  •>*     lOcOt^OOOi     O  ^  P*  CO  •*     »C  «0  t>- 00  Oi     Oi-HC^eCTt*     lOOl^OOOS 
O     F^ -H  ^  rt  — <     ^  rt  ^  ^  ,-1     C^  <N  <N  C<>  (N     (N  IM  (N  (N  (M     CO  CC  fO  CC  M     CO  CO  CO  CO  CO     t}<  •>*  Tf  ■*  Tfi     ■"^  Tt  Tfi  tJ<  tJ< 

^*        *^*   ^^   ^^   ^^   ^<        ^^   ^^   ^*   Tr   ^^        ^^   ^^   ^^   ^^   ^^        ^^   ^^   ^^   ^*   ^H        *<^   ^^   ^^  ^*  ''^        ^^   ^(J^   ^^   ^^   ^*        ^*   ^^   ^^   ''^  ^^        ^^  ^^   ^^  ^!^   ^^ 


^      CO 


:ico    i^ 

1— I    CO   t~    '-^    ^ 

-Tco^S® 
co"^      CO 


^  CO                _H  05  ^  ^  2 

»coe^eo^  wJo-^'^t^ 

.'-<'-'-■   •  '-'   •  ^;.  oi -^ 

«>co'*"*co  "*;:^^"5eo 


,-H  CO  CO  CO 
«»  35  O  <35  00 

O  ^  -H  »-(  Tfl 

5si,coco'T' 
CO  -^(Nco 


„  O5C0         05 

CO  o  05  ~   o 

^  rt  -^  t^T^H 
■*CO         i-H 


,<NS3C^ 


g4<NC^c^     g,^.^^?,     ^i,^^?,^     ^C-iS^'C^^     ^?^S        ^     ?^c^'^(N?^     ^C^;^^^     ?,'"?^C^^     Ci?^^; 


.rt<  evi  M    .     1/5  CO  ■^ -^  *> 


<co 


Oi  K.  _,  05 
t*00coliO5 


S^eo-     iftco-^rHW      -JoC^it-.^    '«'i<e,-S"* 
CO  e«5     ^  ^  CO 't'  •         ^  fo  CO '-' •• 


CO 


S  "^ -^  ^  »H     ^  ^  r-^  (M  oj 


""JL"^^::!  S'^S'^'2  ;=Im«'SS  =^=^S«S  "^So^eo  ^St-^ir, 

iCt^OT^i  COoO'M^'*  O'^rt'fJX:  rtt^cOrJ"^  iO°V-Hr^ir5  ^lOL,     •'" 

0-,^0-«5  Ooc.-S2=>  t^t^-i^?^  kL"®-''^*  -ic^-g^-  IJ^^S-'^ 

OJ"-(M-(t^  ':<(MCO':''^  j;^_C^fO-^  .CO-^IMCO  C<l-('?-^  ^J^.-'T't^ 


"^  -^  (M  ^     .         ..    ^  i«o  -M     • 


C^  <M  (N  " 


C^IN     <N' 


ic^^c^  pi^c^s^;-  ?ici?^c^g:,  ^5i,!|^N 


^<^2?l    ^^^ 


c^cod-Tc-     «-coc^. 


CO  »o  •Ceo  ' 


•••(NO   — *oiS-;;t^ 
lO  ^  r^   •  00    00  J:  -r  3i   • 

,"5     "5^10..,.. 


CO' 


'lO 


CO 


CO 


^f^„-<Neo    (N^-^-Tc^    ?-'^^v     coiT'^"-  ^ 
^^ci^"^?,   ^^ei?^c^   ^(N?^^^   ci?,^^, 


C>J<N 


<N(NC^     C<1(N 


_  t^  Oi  o>  O    ^ '-' t>- ^  o 
coin'^co^I    t-CO(N^*r 

"        ■-      •        '"'  ■»     /-o  esi'    CO 


S?,<M(Nc^ 


?1    cs' 


(N 


<N 


'(N     IN<N' 


(N 


(N 


CO  .^  05  CO ''*     CO  _^  o>  _« 


^1  "5 


CO<Mt> 

«■  e^  N  CO  (M 


ii-^-Hco-H    «Ocooo-<tv'    S^oXii-i 


-HCOca 

^  N    -^  (N  CO 


t^-   ^^  CO 


ci'^:X' 


C^^IMIN     J5jP.(NCOCO 


t-COeO  rH 

t^  C<1  05  -^  CD 
>— <  t^  O  CO  N 
«,co':'lr^^ 

Cn      •    «        •    « 

(N(N<N(N 


'^  2  -;  t-  <^^ 

"  17  ^  -■  *^ 


St::2coM 

r  ci  ^  oo  "N 
'^  c^  CO  »•  :^ 

rv?  r<i  ■— 1  CO    . 


CO  (N  -^  CO  ' 


(N 


-H  1^       X-.  r^  •»+l  i/»  , 


Ci        •>■  l^  CO  i        ""^  t»  CO        OS 

OiO'ifcO'^  roO'^'^»^  '^005C'*C35 

C^  09  ^  CO  «  ^  f  C^  <N -^J"  U5-<lHC^aO^ 

d5p.coco2  "i-H2t>-2  St  ''* 


CO  ^        ^■'  '^      CO 


CO  <— I      CO 


.s5J?s  s,s??^§  -gss??  «2§::2  ^s:^::^^  -^ssi: 


•'^    "^  ic   •  CO  lO 

•    "J  _•       »o     •    Ifi     •      ■ 
'C0C<1^  CO(N<M 


to"?  10 

c^"  CO  „• 


—  ^  _ 


c^Bi 


CO  ^ 

■<*'  CO 


-  '='^^^0  -?--^p;  <^?3^t^2 

'J'    •      00  i^  -H  "^  "^ 


iO„'iOiO     -^'"•COiC 


^c^    ?^<M?^(^<^'    <^5^cq?a^   <m  ^ 


co„-  10 


(NlM 


IC<) 


o-^c<i?ort<  iccot^ooci  o— KNco-t  lo CO (^ 00 ci  o -h c^ CO ^  lo CO t^ 00 05  2 r? ^ £2 2  l52t:22S  2n^£2E22^  I22il222 
OOOOO  OOOOO  — 1^^— 1^  ^^^^^  pic^c^iracM  c^c^c^(Nc<i  CO  CO  CO  CO  CO  cococococo  2^2^2^2^2^  2^2^22^2^ 
igi:^^^;^  ^^i^i^^  ^^^^^  ^^^^^  ^^^^^  ^^^^^  ^^^^^  ^^^^^  ^^^^^  ^^^^^ 


COMBINATORIAL    ANALYSIS  853 

Factorizations  Table  24.7 

4500  4999 

o^M'^Tt*       locoi^ooas      o-^(NeO'i'      iflot^ooc;      o-^imco-*      loot^ooci  o-hc>^co-<*<  iccot^ooos  o-<CJeCT)<  ^i2i^9£2: 

ininiraioin       icioioico      cocooo^o      0^:000      t^t^t^t^t^     t^t^t^t^t^  oocogocooo  oooooooocx3  c;c;c;cnc5  ^^^^^S 

^^^^^       ^  ^  ^  ^ -^      ^^^^^      ^^^^^      ^^^^^      ^^^^^  ^^^^^  ^^^^^  ^^^^^  ^^^^^ 

^c^t-^a^    t-^^^^    2?5««    SS«::^?^    ^ro^t^g    «:j;c.««  Sc.g2K  ^^^^^  g«S$s  ^sSeSg 

-SSt^S     S§^^^    ^rSsS    :2-:^?bS-    ^.':^?:25:2    t2^:?S?J  !!^^2^  -r^^^-^,  oSpi-rS  sS22« 

?:^^^-"  -;^22?!,  z;;:^.^^  T^r^^^^  ^-^^^^^  ^2----  ^s-;^-  ^^^-'^  -^S^^-  ?,""-^ 

?siis  !i!?  ^am  ^^m  ^m^  Um  ^^  m"^^  nm  nM 

p-?;?c^=^    5:?^=^z:   ^^-rc^^   i^^^v??   ::t^«g^^   i^-^s,^  J^X-^^^  t^:;«rco  ^<^!;m:7  c??2^ca 

?^S^^?^      ^^^2=^=^         ^S,c:.?'     ci?4^^^     gi,^?^^?^     S^^k^  ^S^^?'  o.?,ci?,^,  ?,^^ca<N  ^^,;,?,c:, 


M    _        ^  ^  ^ , 


t-t-g^t-    -t-glt-   J^^-s^^'   t-SSgS   j^^gSfcs   jtgs^^   2':§:=?5    -^s:«S   S-S?;^ 
SsS^S     ;.-"S^^S    ^^oS:2    S^:2-'-    S^-rie-^    ^^^*^    SSSS-    S-SS-r?    °-2«^!:    «-'«'T<^:^' 

^^?:2-    l^^i^i^  l:;--^-   -2;X5;::  jcS^;^^  ^^i^"?^   ::"=^^-  c^J5-«s  '^;i""^   --jo^;:^ 


S§^-§   gg!|i  ^gg^s  ^g§5g  SS§^:S  ||§|§  pS|g  isli?  ilggS  ?2^^i 

^--^gj   ^^::c^rc   r^"?jj.-:^   ^o^r^-rl?   w?3,t^.-tT   Sc5:^c5-  ^■'^Z:^^'      ^^.^t^"^      "T  c^.^  o^      c^^V^c" 
'c^^'^^^       ?^ci^^S4   c^^c^ci,^   ^'^c^^^   S^;^^;:^   ?i.^?.^5^   ^^'.Ng^^   ^ri?,c^S.   ^?,c^^^   ?,c^^ci?^ 


3"-t-S  -23::::::=.  fefTt^So  2^-t^2  -H^^t-?3  ^c^x^^.  ^^^^^  ^^2f:S  §s^t:^5  -ggt:?^ 

St^2|-    =;!-::^s  °^^7;£?  :r^-§cc  ^^as^Sc^  ^§2^-7  ;?;-:^§^^  S;;ts,s^-  S^^';;?^  s^S^^-'^ 

SS^-g  -SS:^S  ;9^o.g^  :.;^-^;9  ^-^^-  ;9^^^|.  ^go..^  ^I^;?^-  g^D.;|S  -s--^ 

^§^2g  SI^S?  SliSS  SSsil  Sl2iS  o|g5S  !.§§§  |^g|§  s^i^s 


SS^^t-  Zl-ri^-^S  ^^-^«  -r_;ci-H-;i,  -^^^CN-  ^=?-co^  '^ai.-rT  op-r;*-^;?;  «5'T^;^v 
"?J::'rc^,=-  ^i^?i-bc^  -cAVr^^  rc^-:<-.J^  ^tN-rS.!?  (Ncc-T-^-T  -Ji^c^t^  «S,=?e«b*^?  "•S«'r<^>^? 
"       ^-^       "•-    -.c^^^      ?^c^^c^c^      ^^^^S^^^      =^^a^^^      "^?^^?^S      ^^^^?^      <^      ^?^^      ^ci^^?.      ^?,c^<^c:, 


'C^ 


^SS^"^-  -r^gs  osc^^s  =:S5!^::  S2S?2^  ^--tt^s?:  ss^--:  ^^s:^^^  i-:?il  ^^l-l 

;^"";i-  s-'--;^  "-S5-  £"":^2  -^--c^  -::^--  c^-;:?.^-  Sc^;:^;:  -   «--  ;^--;^- 

-t^2§r-  c.-S^^-  Sc^-?::  S^^-^  -Ti^^^^Z  ^^^^^  ,S--§  ^H^^?^  "s2§S  2^^S2 

-^tr^-ts  i*^^-^  :^:2j;;2ci.  2t^f3-5^  j?cf.Sr^  s^^^^s  '-:-i2?  ^-^i^  2^::^^  S«„r^^ 

?i^-r-^  ^c^M^'^  -r-ciM-  -rgj^s^c^;^  f^-rc^^^  =?^'r«„-  ^f?^«,?c  I?'^'?'^^  «?^c^"'^  2^=?-T^-- 

c^?>'^r^  ^c:-?^?^  ^^^c:-^;^  c^S^c^?  ^?,oic^^  ?,^?,ci^  S^^=^ci  5^'r?,'^'?^  S^ci?.^  ^^Ig,^^ 


mm  iifi  mn  n^  ^W  MB  ml  iMm  tm 

;_r^t-sj;^    5!?^:::tr    ^'-'5?:;;^    ^^t-^^:^    ^fo"t-M    ^^n^^    j^^^m^-    -^t^  -w-t^ 


j^  b»  fij  b-  S> 

2  ec  "^  ^  r5 


—  f^  -> 


ib^^^Hj^  22t;rS^  ?^S^S=^-  ^?5-^5  ^Ss^^  2^^??ic  [c^^§-  'd;"?fe32  ~tS^P^  7^^"^^ 

:?---?!  t^^t?^^  ^^';r'^^  r^^^'?!^  Z^^::"^  7^^^t  c^t-^^j,^  t^^t^  ^^T-^r'  ^^'r"?^ 

^-Tu-^'?.^  --i)^"^"  "'^'^ui"?  S^'^./i^JjiA  "?'?"?rco  iO.os^'Ou:,  «■•"?"?"?  "P..-":)^-  „-.9M.^^  ^^.  ^nxn 

-S?'S?'  SS-?^S  ^-g--  S--P  -S-"?.  ^^^--  "S-?^-  ""-"S  "--Sc^  ^"-?^- 


iC  CD  t^OOO 


S^oS?       SSioSS      §3{s-^S      S-SSSo      F::t-f-t-t-      t-r-r-t-i-      oooooc»oo      occcoowoo      22552      22522 
ii^tf^t?;?     ^^i?^^     ^:5^^;5i;5;     ;;;5rf;;5;^     ^^^^^     ^^^^^     ^^^^^     ^^^^^     ^^^^^     ^^^^^ 


854 

Table  24.7 

5000 


COMBINATORIAL   ANALYSIS 
Factorizations 


o— '(Meo-*     loot^xoi    Ot-i!Nec-*    icoi>ooo5    o-^ca  n-^    locot-oooi    o^^c^tn-^    tcot^GOO    o  —  (Nwf    lOcot^ooo 

OOOOO      OOOOO     -H -H -H  ,^ -^     ^<  ^«  ^  ^H -H     C^  CO  C<1  IM  (N     C<1  CO  C^  CO  <M     CO  CO  CO  fC  CO     CO  CO  CO  CO  CO     tJ< -^f  •<*i -^  Tf     Tf -"ti  ■n' '*  •* 
lO^CtOiOtQ      U3iCiCi-OiO     iCiCiCiOlO     lOiOUJiCO     irjkCiCiOO     iO»CiC»0  0     iO»OOiC»C     lOi^iOiOiO     lOUiiCiOiO     U310U31010 


CO  o  **  "T 
CO  Iz  CO  _ 

co^      n 


Osry^C^^wa     »-,w^COr-^t^  ^COwwcO     wo 

"S^crr'O*       ■'^COIo^  -It^t^OOr^     ©C^^ 

o   -i^t""©    CO-"-.'         ^-«i-«i.    e»j.t~--- 

COCO  •         CO  c^  ,-1  (,.  CO  CO 

CO 


ocoO>«co    SoXfcQC'    ict^«»"*f;: 
-^^2?^    g«t^c?-7    t^TlS-|2 


iej  t^  «•  CO  CI   T  -. 

'^CO  ^  CO     CO  -^ 


_,t^        —CO  COOjSt^-  -^^sr^"^^     f^M_C5 

■M  — :-    ®-Hcocot-  iNco_i«^2  ozl^c.-^^    -^x,t-Tt« 

.'-"Ifl^'^f'       »0«  05     .  CO'"  —  t~-i«  c^>/«     -'      «« 

--        CO^  '^        -'M  "^t^j^- 


tlT^i 


X^  -^CO 


■-x-§  ?o"S2^ 

2  —  OT;0  -H^rcOt^- 

.— COcOCO  ^-"COCOCO 

CO  „•  ^,  ^-  ^-^  CO  =? 


CO 


COS,  CO 


?1^^C0 


coc^^?i 


CO  -T*   .  r ,  CO 

■      •  ,.^  CO     • 
cog]  ^       CO 
'^co 


oseot^  Woo 

CD  — 'S'lj^^ 
-r  OS  ^  CO  «• 
ecco  —  eo^ 


c;  CO  Ci        CO  c>  t-- 

coic  .^  —  ■»• 


05 


t-t^. 


ti  CO        h^eo—        CO      co*^        ^c^ 


CO 

CO  ^  t>.t»"? 
•  eo  eo  — 

^  ^  U5  l«     • 

^eo  Ji 


f/  CO     .  t^U5 

t^coco  — 


CO  CO 


"?« 


St-fo' 


t^  05CO        t^ 

X  X  X  tr  ''^ 

■*!>  CO  OOCO 

—  CO—      eo 


©  i-<  CO  eo  rfi      •  ^  t*  _:,  CO 

»«>oco>fli2   ""^"*  -G 
'^    ^i>      coCO 


g^SSg   c.?^52  §?!g§g  S^^^i  2S§55  ?2??2S^-  ^SS^-  § 

S^MCoco     t--r„-^,;     Wco^O"-.:    coi>3ife'r    ;X-!3-co    ri.CO«»'-M    c?^oco.,-    ^ 
"^i^t^Tcc     s;r-rpcotr    ^'T-rOco    T'^e^coeo    £.-T-^    '^c^Tcov    t-wc^ic-ico    „ 


-'  CO  ^  "^  ^ 
•^  „•  C^  ?J  CO 
CO 


=^      •   CO  CO     ^ 
^CO(^?,C^    ^S^^cJ) 


eoS-H    ocOj^coT 
oco         • -  - 


^^o  rrco-^c^  ^'i:S^=  :=x^g- 

!3  —  CO  SL^O^^CO  f?.oco.--  -L^COCCCI 

~f^^  '^c^Tcov  t^Mc^ic^ico  2co„-co  — 

^ci^c^  Sic^coc^^  c^|J,c^Si,c^  g,^^=^a 


t:;  o  t-  «-•  f? 
.  ^  CO  CO  r^ 

coco  ■ 

CO 


•  ,— ^  "^  CO  ro 


"^co  c^  ?q  CO 


^H  c;  t^  CO  ci 
•  "t  o  "?  c 

^  t-^  =j^  C-.  2 

■^TiOCOiO'^ 


t-coc^,!3o 


'  — I  f- p.  CO  CO  CO  to  CO  '^  ^ 


co_.yj~"Z<    co"'— 't^i>.    cococotoco    "*"*'7''*Tr    ic-h_^'Oio    oor-c^o 

^O^TC     0-?c0o     '='<=' tit^°     f?-r'-=?0     O^^CO-^     OOcj^-O 

c-^oSdj^o    uo^?   "i^^    icicJ?5u;i-o    c«oi6Sbeo"5    "iJb^iico    '-'^"^co.o'^ 


Ci  2  "^  C5    — <  CO  ^H  "^  w    >— ico-Ht>-c5    ,-( t*      C5  eo    t-«  _t>.Jli    — icocot~-t^ 

'^T'*^    uo  —  —  »«>^    oooOo    ^cocoicx    '^cr^cox—    c:c?t--cr. "^ 

—  —  COo     O.ACO'T"^     00«_:.0     '^'~i^^r^     coTl-O.;,     CJC-O-T 


-2   ^i^cr/T^co    co-Tj^o^    SSfiS" 
"pcojjjic—    co'-o^—^r    TT'-?"!^ 

C^IO        eO>0     iOCoS2"5cO     iO«CcO»Ou5 


r-io! 


eo 


eo   .  _«  -^ 


cos 


CO 


CO ' 


COC^'^<NCO 


Ci  — '  ^  'T  X 
-^  CO    •"    ■  CO 

•  CO        • 
t--  rp^co  jjj 

<^?)C^c5icq 


St^coicco   2z;c5     00   ^i--rot^^   rt^^z^t^   '^'^ 

!-|2f,-r3  SS-r??:?  °=:S32  ^^^??S  ^S 

—  coco^^Z^    eo'^'^SiP-    "^^-co^    co^^'^co     -co 


0>£S  en  —  >^  05—     -<5        —2 

t-cot^^    —t^SS  —  t^    T^t-^cot^    t--*i>cof*5    Sr^iS^,';; 
^iTco":'    m'^^'^co     -co^-tr^    coj^jco^co    r-coco-r* 

S^-g  c^?.Sa^-  g-^S-  -CO--S  ^^^r^ 


CO 


^-  jt  i~,  ■^  . 

«•  === — ^ — 
« "■  ^  '^  ^ 

•  CO  >>•  «  -•, 
CO      ^coco 


©  ''r  o  t^  T 
ws^Wt^-co 


Ssfgi  -22!§  Sg^?2g 


S;    '"evbt-t-eo 


CO     '^     '"'      ;^    t— 


?-S2x?; 


eo 


CO  t; ' 


t-i«^ 


"'-eocoT'    —  —  2=^« 

^"  «s  o*  ro  •      -  t^  fO 


®— eoco.    —  —  X'^o*    X 

-2«foS  wr^iow-  Sj;;sjt^«  n 

eo  eo  f^ 


CO                     ^        ^rt  —        —        — 

t^Scsco   o«'^  — «  ^ocoWco 

—  X'Spo?    X— <t^x'^  ^S"**^ 

^  ^-  ^H  ^  ^            •    ^  »— t 

—  CO  t^f^  —      eo 


—  O'-H*^  — 
<©^c<^'?co 

Tj<  t^CO  — CO 


CO  CO 


CORjC^ 


'— '  ^        «  t~»     _  — <  f^  r.~  rv. 


-oE:-"^  5t-2xi;?  cox«S?  iiot^o;^  St^g^tr 


X 


iocot^ci    "Cji    -cox   ^oTic—    Teoco-To    „ 
COCOl-i-    cococo  —  ^    t^J^JcOCO—    J^  —  t^COCO    '^ 


,coCo 


CO  CO 


'^   .  CO 
cooipicoco    coco ; 


\'^Si     C0C0C0?4C^     ^co- 


-  -  ^  ^  02  C>5 

-  f?  ff,  -  «• 


^S??^"^    coS'^c^w   rT--oO    ^co-^t- 

.XQC  —  -,    ^COt^Sco    t^  —  t^r;.?    <^'>3,I>S2 

;i;^,co=?co    Wt^—  ^.  ^•'    J^^c^i^eo    coc^coc^  — 


'CO 


CO     •    n 


c^i      c^S^co    Sicog^s?^    cic;<>*<Ncq    J^CO^COCO 


CO 


CO 


CO  — —  Tc- 
—  ©  ©  — 1> 

CO 


>  ?5  S  ^  ^      T  ?;"  t>.  "T  „      ^  —  -,-<  .-. 

<  05    r>.  S3k  eo  u} 
,C0     "^CCco 


^5-^t:;  -,§2?:t-  2^-!2?^ 

*;^;:«;;i  ^aSe^t^S  ^^S^g 

"  "^  eo  CO 


i;  ,^1  ^N  ^      <^^^  in  wm  -  .-      -  - 

eOri     X;©COOOCO     c. 


lO  05    CO  eo  t^  _ 
•  —    Z;  -^  CO  <o  r^ 


eo 


-«  w«wt::g  -^j;„ci  s«§-« 

ooco    c-.-mE^S    'oS-wg    ^^TcoTj. 
^^    "■  "*  CO 


eo      ;^   eo^     '^ 


t^co  -<  coi, 
CO  -r  ^  t^  =-• 

<^  CO  S  ~  E: 

f<5  '^      CO 


j^  CO  CO  CO 


-jg^Pjt^^      ^CO         05f, 
^.  „  lA  "T  L-p     lO  I~-  -,■  *-.'  V 

2jirico|?^?    coi-ococo 


c^sicoco:^    -co      cico    ^3  ?a  ^  co  , 


-^eot^t^eo    _,      S~v—  ^co"^-^ 

OT.-.-''        — CO^CO"  -CO". -.CO 

'?»C^iC'^  co'^'^coo 

r     •".-._■  ■  «•  in  .  •    •, 


ftco 


CO 


j;,C^?J    c^.^^Sa^ 


—.  05  05  —  C5 

gio-'foc 
ci  lO  r^  CO  ui 

rsj     •   CO      .■'  CN* 

!N  C^  C^i  =^ 


T  ^  "  CO  £•' 


■  »n 
'co^co 


•^c^^:f^ 


re    ic  CO     .      . 


CO  eg-  CO  CO  CO 
CO 


O  —  COCO'S"       ^OcOt^XC:     O  —  coco-*     "OOt^XCi     O  —  COCO'S-     iCCOt^Xr:     O  —  coco-*     i5^t^3CC5     C  —  COMI-     i.0;0t^X02 
OOOOO       OCOOO     -H  —  — H-^-H     ■— 1^^,^-H-^     COCOCOCOCO     COCOCOCOCO     COCOCOCOCO     COCOCOcOCO     T-<r'*'*T     ■<?"■*'*■■*'*' 

lOiooicm     lOiciomi-o    loinioioic    io»o»oicio    icmicmio    looioicio    ic»cinio»o    lO'CiciC'C    iOio»n»oo    mmioiO'C 


COMBINATORIAL    ANALYSIS  855 

Factorizations  Table  24.7 

5500  5999 

o -H  M  (W*       irjot^oocjs     o -^  c<)  ec  •*      locoooco     o-H(Nco-<ti      »o  o  t^  00  03  o  ^  iM  00  Tt<  in<£>t-coai  o— <imco-*  ic^ot^ooos 

Siomioic       icifjicioio      ococo<©co      ocDcococD      t^f-r-t^t^      t>.t^t>.r^t--.  oooocxjoooo  oooooooooo  c.oioioio;  ciooicio 

lO  lO  lO  lO  »0          U3  lO  lO  »0  "5        iOiC»OiO»0        lO  "3  lO  >0  lO        lO  lO  »0  lO  lO        lO  lO  O  iC  ^O  »0  lO  »f5  lO  O  »0  »0  »0  lO  »C  lO  lO  lO  »0  iC  lO  lO  lO  »«  »« 

gSIsS  2«SSg  Ss?gg  S|i|2  rlSsS  SsSgi  2S|gS  SisiS  SS=|g  2:2g=5 

Ess§5  r^"-  ^^~"i  °°^"^  S^-S"  -^"^^  "=S'"  ^""^-  -^'^"^  ^^^^^ 

?!i5s  Um^  =s§Ss  |i2?|  SisSS  g§=|i  =1:11  sfisi  Sills  sgfli 

gS^iS  5lS=§  ^S-g  ll^g^  gs^2g  SgsSs  gsg^g  i^r^s  S=gss  s-sp 


«5      eo  ~  00  00-^00      O!  t^  •-I  o> 

t^!;^^:^;^       t^  55  ^  lO  C5      oocccor-.b. 


P.         «,«5      t-t- 


t-S-^-  ^t>St.-  2s§5^  J^S^-^^  ^'i^Ss^s;  ^S^^^-  ^-r^S-i 
©Sm;:^^;^  wc^.-h-.  ^-(ccbo^  '«<»SSJc^  "^^^co^S  ^"^-Sr-  S^S^o  ^"goo^S  --S^^  ««-«<» 
SiSfiS     g2  =  s§    £5;:SS    S;rS--.    2U|Bg    SRg.r    S^Ss"    SSs,.4S    =3S;r2    cj-^s- 


^S^few 


^S:i2^  coect-05^  zJm-^m  t^o^os^*^  '=''"«S?5  Mt^-'osoi  -.ostS^^r  ec<N«)co^  SJc"J?S 

ifl^-wf^io      2"^'*^=^  o-'«^0'*  Oco^^os  r^c^o"-'  f^:::^3iSKl  oi^^^-"3^-  «oz3-'2^  »nt^a3io2;  ?£--°°'^2 

S-r^^t^     'fii.t^p.^  §„-^rPo>  -So;:ooQ9  ^2:^^?4  ^f?^<^tr  s?:=r-^t^  ^^^^^  ^^c^^c^.  ^^^^;* 

^5^?^^c^      ?^cic:,S?^  ^?,c^?^^  ci^?^^  c^^'c^c.c^  ^=^^^?,  <>'<^<N?^<N  ^ci5i,c:,?.  ^^^^c:.  ?^^?.c^?^ 


isSp  nB^  !§=??§  i%Ss  sBi^i  SSSfi  pgis  ^l^ll  »S|S2  lli^i 

KO'-'""?-  '^.A?'^'^  2-H?i,?.-H  -r-^'^io!:;  i^io^^;;^^  ^-hc^-^S  ly-rc-^ni^  -r.^Sj^;'?  'r'?"?'roi  .o-rc.-^:: 

j^iOj^^Jirb  [^^'^'OCC  ^»o"o"b  ^i^Sjc^^  U5f^'«iO«  «"5;?ui^  CO"5"^CCub  ^'^        ^^  ^lOCO^C^  „iO^^^ 

os^t^-H  t^oo^cit^  r::;^J::;'^J2  |;;s5t^o>t2  rjt^w-^oj  Mfct>-ii^  ::i.'^<^t^^  t^eooor^—  ^';:;^"^co  S't-oCZJ:r 

M^OoSt^  t>I^<N5c5  S'=>'^Zi'^  M'««=^rA  '^>C'««5S  -^-HOO^O  ^t--'-^2  SJCC,:^:^  J^ScO'*'  C^hL-^'? 

"S-^g  ^2^?^  S^2g-  "=??5fi"  S5?5?,^?  ^::SS?5  ^-^r^l  ^'^2^^  &^"^^  2^^r?? 

^c^c^c^^  c^gc:,^^  ?^c^?^S?^  ;^^^^S  ?^^?^^^  SS^^?^^  -S?'^?^  ^^-^S^c^  o.o,?,^o.  ^W^o,^ 

«5S§5  ^««5^  ;;ft«;;2  «gS«2  3o^;^2  §Ss«;;  S«^§2  ?5??"S3  Sf^g^Sl  S«2gS 

o^^^c.  cogsj^r.  ^^S::::  SS;rSS  2::^?:^  "^^^!^^2  ^S;o=^s  22S-2  s£§S^  S?^-!^ 


§ipi  i^m  ^n  -^^--  ^^^^  ^^""^  -^^^^  ^5-^-  "^^"^-^  ^^5^^ 

^ps§  g§sgi  iis-§  s^iS§  iHssi  sifs  P5^!  l5s|§  i§Sis  ^ii§ 

irS-cot-  ?5-t:.c5co  ^c^ni^^    P^si^ch-T  c^mc?-^  "^cvbt^o  cc^T^^jW  i^«v^^  S^^s^^r^'  »::7c?'T 

S^;^?^S  ^S^^?.  -5^-";^      c^;^"--  -c^--S  "-g-"  ---      S  g^-'c^?^  c^'c^--  -c^--?, 

^5^^^  Smo*--  55St2f:-   -«^^-  ^^^^^  -=2§^-  -§-t^S  -.-.o-^  «f;;s§s;  ^«Ss^ 

o-r?3«S  ^<»3«S  S2^S55    wt^Sdc?  o-§S;^  ^^^-^n  S^S2'^"  S^d^S-^  ^^-r^?^  "?2«§2 

S^SS;^  ^1S?41SS  -;^^-S    S-g^;T  UK^::?;  -.Sg^S;  S2Sn--  SS2S5  -g.-^^  -^^S;r 

-S?5=^E:  ^^\;i^^  t^^SSS^    2S-j:§  2jh2S;?  co"?{:?-2  SSg^"f3  ^Sl^^^g  ^2?;Si  "^l!?: 

r^ub^c^  cvSS'?^  s,-??S^    -r^^p^S  £b5^:::;tT  ^^^'^2  ?'-"?-5  [o^.'"?"?2  e^o^'??  ^-.c-"? 

^-r^^^  ^^^^h-^  ^^^-^c^     S5"??:v"^  «"iubS'^  S5?'^"?S  :?^^.^v  ^"?"?^ub  ^^^?"??^  o^cc'o"? 

-^c^s?^  s?i.^^s  ^^c^c:,",  s?^^.--  5^-^^?,  ci<^--s  --?^;;^^  ?^-^'-s  ^s^^^  c^?.ci?,^ 

§:j;ss:s  S§i;52§g  gssss  Si5§§  ^i:?:^?^;^  tsjei:??!^  Sssss  SS^2?S  §ssg|  §|§si 

SloSoS  oSSSS  SiSoSS      SSSSS  SSKlcio  10101010.0  o«:>ioioo  ioioioioto  .0.000.0  00000 


856 

Table  24.7 

6000 


OOOOO 

CO  CO  CO  CO  CO 


COMBINATORIAL    ANALYSIS 
Factoriza  tions 


lO  CO  t^  M  C2     O -^  (N  eCf     iCCOl>00O2     O '-^  IN  CO  ■*     iCCOt^COOS     O  rH  (N  e«5  ■*     iCCOl^OOOJ     O  ^  (N  CO  •>* 
OOOOO     «  — <  ^  — < -<     ^  ^  ^  ^  ^     (N  (N  C^  IN  C^     (N  IN  IN  IN  IN     CO  «  CC  CO  CO     CO  CO  CO  CO  CO     •*  t}<  tJ<  tJ*  Tt 

COOCOCOCO     CDCOtOcOcO     COCOCOCOCO     COCOcOcCcO     COCOCOOOCO     COCOCOCOCO     COCOCOCOCO     COCOcOCOcO 


6499 


iCcOl>C0CT) 
CO  CO  CO  CO  CO 


CO-i         S^IN 


05 

c<j-Hcot^  _. 

■  />r>  T*  fTN  OS 
•^  ^  >-<  -^  ■^ 
'^     •  iN  ^'  '^ 

cot^fCTt  ^ 


z;  CD  ci  -'  C5 
<^» ;?;  T  t^  !>• 

^  «9  ^  w  CO 


o 
CO 


C^«?c^(N 


"'J'--'2  6^^-S  ?icS^eo  ^^g^-=^-t^  ^ 

(^^"^"^^  Scioo-'^  StinScoo  fco^-H'.  ^ 

f^co--co  coT--(N  cococo^--  <ocococo-^  • 

.oj-riNoj  «'^C^CO<^«  (M"(N..  ^^(N<M'fM=»  50 

(N<Nc^        ^  C^j^        ^C^  "^<N<^g^c^           ^5!,^(N  5^ 


»— <   r^       CO  -u*  CO   — s   « 

.;^co;^    -Hcot^coco 


•^  t^  CO  "  r^ 

^cct^  ^  CO 

r*  •»♦«  CO  ^ 


-r  2  2  S  ^ 

(N^C^ININ 


IN  «•   l^  ^  in 
IN  t^  -H  00  „• 

'?  CO  ■*  "  to 


t  ■*  Tf  t>  t> 

o  lo  ■  CO  '^ 
o  ■  f:j.o© 
CO  — I    .  «c  o 

^  CO 


fO.^COC5^     l^O^t^SJ-CO     ^^_^'^-^     '-".^ 
^'•^^--'^     —  —  ._^^^y     —  ^t^cOt*     cot* 


fO^   C003'::;    r^o>r»cj^AO    ^_^05^  Oi 

t^jTO(N=^   oscoic^oo   co;^t^cot  «5 

t>-      c^  CO  CO      'CO 

TjI'^j^Ol  CO 


■      ioeot4    oocot-^^w 


(N<N 


^IN^lc^fj     <^5^Cq?^<^     01<M^^C^     ^?«ci^lN     ?5cq?^C^'^ 


^-H?::  t^n:, 


2^2:7 -r  ^2p;'^2 

•  — '  CO  CO  c;    t^    .    .  -<    . 


-'  ^ 
I  c^  "^  ?J 


.■  -    „•  to; 


,  coco 


t^  ^  CO 


(N'-^C^ 


""I  ""^  -^ 

oo^t>. 


^  ^-To  —  "'  'C^K-S^  ro^Tco"?  t^^oc^Tj-  E2^icz:^  c^c^'^cc^  T}«cc^j^t^  '^ooS-:.*  cir^cocr-t^ 

2  '-^  0^^  Oic^  ^C^'^'S'Ca  (N     .COlNI>  t^     •c'd:'^'  •^(N'*tN  CO^^^^u^,  ,^6»<^"^  1>IN(N^<N  C^^f/C^^ 

.A  ^fwTfN  •tSs'^T  '?"?'r'rio  ^^'9'^'T  "?t-cs,-iO'r  '^"i'Tt-^-  CO  —  "''T'T  icTc'iA'T  'T'o'-'-io 

*?  ic»o      lOio  '^'^      CO"'  '«eoSi"=co  "bu^Wtc"'  ?^io"'eo'«  icco&oeo  loicco^oto  j^io"',,-"?  iCc^ic^Oc^ 

O  CO  5*5 


—  S -<»  "^  "^    r- CO  "^ /-^  o  as '^  ^ -^ -^ 

M^s^cico    COio-^St^  coooMcoto 

»2.J::Tf-i    CO-— zjco  (NC^t-^'^ 

S^Sc^^  6-<^;::t^  ^vcoS^M 


t^ 

.^ 

^.^ 

— N 

CO 

f—J 

C^ 

lo 

0 

^H 

»-H 

^ 

0 

• 

0 

CO 

"-" 

CO 

-^*> 

•-H 

"^ 

C<1 

0^ 

IN 

?Q 

CO 

S  CO  c^  _H  CO 
.  CO  ^  Tj-  c^ 

t>    "*    ^H    O  "^ 

-t^co^:^ 

?<  !N  n    '^ 


'?) 


S^ 


t?  coco 

(N  N      ■ 


?l<^' 


.---co  ^--^co  co::;-,?^^  w 


,  1>     ^Ci(T. 

.10      •        ~-  ^  —     ^  f^       "-^  -^  CJ 

^CV3„    (^      c-    t?<^=? 


C^(N 


^^     COJeO;^:^"'     t^"'^^'^-^     Ci^j  —  i^"-" 
<N^     S?iSsi|g     ^C^C^C^'?:,     ^J^^^'C^ 


CO  ,2  m  M  :2 

_^  iC  gs  rn  T}< 

CO  »:  t^  =? 


'^?l'^?«     ^?1IN^<^     ?'in'^C^?1 


is  ^  ^  -^  o 


t^  c^  t^  !>•  t~-         2; 

O^rfOS     O     -SMCO^ 
.      -CO     .;©     tD^fDte^ 


:!-o' 


—  tr^—  f^        f;:  trt^     — -^         coi^co 

in_c^.^_H  rA^'^rtC:  ---ot^io^i  ^'^n'^co    !^'*in?C-h 

to— '— <i^-^        COCO".  ..«0'~'2»  «eco-w>" 

CO  ^        T^  N                ~;  t^  CO        —CO                 CO  —  —     -<o 


'CO 


^  (N  M  r4 


r>.  CO  <-<  O  -- 

—1  -:  e^  -i:  ^ 

•  C<)  '^  _i  -^ 
t^     .  ;0  ~  — 

CO  CO      »c   • 


U5-A  ;r  00  crs 

CO   .  ^  CO  CO 


_cot^  ^ 

S5o't'«?>0 

co^^"? 

V   iC  "-O  ^  "? 


^-^h^oss  -S-o?«      cor.-!:;; 


lo   i^  — o2^  co^^  — o  ^-rti:  — x:  co*^- «—  „— ^^o^ 

-     'Tw^co^^r   c-roic^co    -t--^-o   „->c^?t4"o   55to--t- 


^;:;-^^  ^S2Sjt 


.    -^      .    ®     ..^      c^     IC  •  ■      .       • 

IN  c^"   (N  ^  - .-     M     •   "■   M  ?J] 
!N  (N  C<1  IN        -^ 


IN     ^c^C^INci  '^— " 


—  OCOikq 
Tf  —  t  " 


.-'^  '?9^o9'^  Eo-=??;z: 


uo  tc  P:    IN  "?  CO  '^ 

C>1  N    IN 

(N 


IN    (Nj;,  <^      M 


D  —  MCO-*  iCcOt^OOC;  O  —  C^ICO-*  lOcOt^OOcr.  O  —  INCO-^  mcOt^OOC:  O  —  C^JCOrf  iCCCt-OCCS  O  —  C<l 
30000  OOOOO  -H  —  —  —  —  __c_H-H-H  INC^CSINC^l  INC^C^INN  COCOCOCOCO  COCOCOCOCO  '^'^'^ 
OCOCOcO;0       COCOCOCOO     ^;0;0C0^     OwCOcOcO     ;OOCOCOCO     ^Oi^wCOcO     cOcOtOcOCO     cOCOCOCOCO     COcDcO 


iC  CO  h- OC  CS  C  —  Ca  CO  ■*  lO  CO  t^  00  C5 
CO  CO   CC  CO  CO  CO  CO 
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Factorizations  Table  24.7 


6500  6999 

O  ^  Cl  CO  ■^  iCOt^OOOJ  O -^  C^  CO  •^  lOOt^OOOS  O  ^  C<1  CO  Tj<  O  CO  l^  00  Oi  O  ^  C><  eC  ■^  lO  «D  t^  00  0>  O -^  C^  CO  Tfi  lO  CO  t^  00  Ci 

»OiOiO»0»0  iCiOiCiOiC  OCOOOO  cocOCOiOCO  t^t^t^t^-t^  t^l^t^t^t^  OOOOMOOOO  0000000000  C".  C.  ClOCl  OIOIOIOICI 

OvOCOOJO  050;0!0;0  coOtOcOO  ^  ^  zS  to  ZS  000<OCO  ;OCOCO!00  tOcOCOcOCO  ?OCOCOOO  OwCOOO  COOCOCOCO 


CO  M      CO  iS^  ►^      E2  C5  CO      ,^  CO  05  55          c^  CO  CO  t>-  ,-1^      fee  05  CO      ,.   _<  00  t»  ^ -d  1^  S-    i-H  eo 

x^o»o^  ^<r>^cr.9i  owtr^o  w-wo-  wos^SS  ^JS^f^c^  -^-«fro  „«S„«  ^'^^[^«3>  o>2^^m 

^^W-E;  --kfl-H-W  (M«>?!M-  «i_«>«C-r  t^t^iM^KL  ^-   "'^mr^  -C^OO?-'.  XiOOc^ioOO  p.-.^^OJ  a>CO?ll(N 

<^^co-'co  ^J^—  «'"'"co«5  ^^^wt^.  '*'*'eoc^^  ^rt^'*'j^_  ^fc'^t-co  '"^o      "»  j^^^co**  ^'^^(Nec 


CO  -H  CO 


e<3  M  *'' 


|g-g§  1-^32  g§§2g  S§g2g  |gs,.g^  §^-|2  ^^^5||g  -SS^5  gScogg  ;::^S-g 
coc^-'to  2oo-'""(N  r^Z^'^co^  ro=Ct-_;^  Scocq::^^  ^c,-co^—  ^^"9^°  ':^^^^'^•?  ■  Z^^-^^  ~  nZ^^^^ 
'-'cov't^—         -^^coco      'T.^coco      co-TN-Hf^      ^co„-.t^      -Hcoeo-^-'      Mt^coM-       :^'^=^-eo»=      '^^•coSJ^      P.;^^  —  co 


^csoi^t*      GSt^^Tco  EroP-tc^  ^J'-'O^QO  loco^t^t^  cooio-nr;  oot-^Jto  t'5'^t'T'  t't*o;rt*  t-t*t>.2'* 

^-1^-,-^       °9^t*2;t>:  ^loIjM^  t^-HO,^—  coiM^^eo'T  (N-Hc^ogr  cs^M-a-h  wtin^n  ©  — cox"*  {^tOb-To» 

„-«--(MlO         C5-<W^.-'-  <5^-«*P.  t^r^_l-s:  ^(M-t^CO  r^K:„--?  <Nk1<»S_L  <»t^fr)-H^  Cr>  Oi  C^  ^- O  '.0>0>t-0» 

CO'    coco  i^'7'*'i^cc  '*' ^'■■''■*^ ^  ^lO^coco  -hco  .  <NcofO-H'^  M^'*'^-^  «-^'^^  'w>»j^r>.'»  c^ww-^w 

CO  CO  '^  CO  CO  CO 


«So3«S     ?5?;g^    o'::;2^?S    -o^Ssj:^    S?3S^co    S§s:,^§    S;:^§S    t^coSS-    S^s?.^    ^s^?^ 

S:r^|2    :^:?'rSt^  ^g;;t^??  2^§^?  ^co^^^  "?;:'^2|  !-^^°;:  S^r^^  z:^^'^-  Itrs?:: 

--•--•^       -•c^.^c^a^      S-c^5^c^      ^^?,c^?,     cig^^-c:.     g^;^?.^?.      c^?.c^?,^     -c^w^-     Sgc^?,^     ?^ci-c^g 


IM  -  „ 


^-  '-^  —  t^  ^ 

^  d  CO  ^  S; 

cot;.i9. 


-HCoSt^.^  c^^c^'^Oi  '-i£'„t^«^  „"cr.-:'Q  ^o^ciC""^  ^5-H<^r^  -<t-2t^  t^cc      t^i^  -i  —  t^coco 

oot^o_:  -^2S=^-|  c^t^^cM^  ^^00=^2  5^r-S'*t^  '^^Zt^'^lS  o'^^toR.  ^ot^-H'^o  ooOt^i^o 

"i:&^-  r^^c^-fM  coui,"?co-r  ^^^•-.  -Tt^S^cfj  -rz^Mc^T^  «6^c^«  t-w-r^-  "fc^dt  ^..-^    -- 

-r-r^P-H-  ,a2~'^'^  'T^'Sj-T'o  ^co"?t-2  "P'-^c-ioX  t-'i^c-c^"?  tcsj^'T^a  "5'rs5~?f-  'roc.--"5  2t-"?--r 

^"OSi^l^  ^ic"'""'  loco^'ioe^          10^5,0^  J^.o'^c^io  "b^'^ic?^  '^^^"'^  co'^^coub  "'co'^ioc^  lo'^f^o"^ 

s§r=i  =ssgs  |ip§|  i^gss  ^n~-M  ifisi  giiii  sisgi  |§sig  m^i 

?,-?^S^  ^'^^"^^  -c^^^^U  ?^--^^  "S"^^  ^c^S"^  --"S?^  Sg-^S  --?.--  ^^7,^^ 

^tocoo5t^  Wt^t>  -^osoij^co  _^      co^*  fN.          CO  -^      --^-H              t>.          ^  S      05      00  SeoiM-H-^  Ci!l!t^      t>- 

X:ZhC:5-<^^i  mm  —  c^t}.  t^oor-'^t^  m^jMo^  Mi^coM—  iomc^^-m  Micmmoo  ooeot^M— .  '-?(>«■*— 'co  c^com?^ 

SJ.ini^i^  wcecoiMr,^  _:<co-h— .,vi  wc^t^— c^  o;j;GCeo;2)  oitoinr^ai  ©t-«^Mc^j  _:,«o-^oo— .  coim-Aco-h  T^-rcow^/ 

t^'-'  — ^^  «*'»-S2  -^^^-^  ^r^f^ZZ-  '£>i^nto^  ^«c^t>Lw  Orcte'c^  "tev"tfi—  ^•;r-.'^?S  — -^£'<*2, 


-^^^t^-<_,  2^fO^^„  ^(m2__  jo_»f^Oi  *^  ^  _ -^  _  ?!?co_co  <'*Zjo_'-^  •--/^^J^co  S      —'^S?  o>      SS  —  W 

S^^i*^^  ,^S"?§§  SSlS^  i^S^S  -^5-f^  -?^Sg  ::t:j^S;:::  [^^^S!!?^  2^,5^?  ^S.^^^ 

£J-h2co<n  17^-2-  co;i.;^5ov  2£2^2^  -.Soco-hco  (nP.^co<>>  ^^^t^'-'  '^t-Loo:?;'^  i^^S-S  ^^^^<^ 

(N'<^«-'<1  ^-rw"?!  Ci'^t-?^ri  2,r^V-r=.-  ^?^c:.COc>i  ^l^-,^"  •^''^^^^'T  c^Io^WS?,  ^-^(N?^^  «•'^^;•-r^V 


(N 


t-  _.  t^        1^ 

^?oM^-i       w^t^oo-      r;.§S^?i      "coS-o      ©^5^S;- 
'^►J^'fti-l'        lO^inw^      ^'M-i^      „-'C"'.'r^'c      t^c^T^t^ 


coMCO^-S  -^«f;c;  ::_-H^^  2^?if-S5  ^-3t-^:)^-  «-,t-2t^  t-!:^^co2  t-„S5<^S  c^-^^f-  SSj^--" 

rr^Sig-  2?:;;;!s  3:/s2-«  ^J:l^':^^  ?-^5??  :?-5z-r-  r*??-*^  2;;r?^t^;A  s^S-'-^S  2^"^^^ 

:?:?:?'-?2  c^??,"?"?  ,0^'-^^^:?  l^?^S'?2  :?s?^'^  :^:?"?S^  :?2S'oc4  L4g;2:?-  co^?;^:?'?  ro^?-'?::? 

^'?^^^'?,  ^^c^?.^'  ?r'?^^^  ^^^r^^^  ?';-^^?,  ^'?>^'5^^  ^^?:,^?i  ^^?^^';^  ?^^^^^  ^^t'^^ 

o— 'C^co-f  i-ocot^oocn  o  —  ■Mco-r  ^  -^t^oo  c-.  c:  —  c^cz  f  »«;ot^oor;  o  —  'Mco'*<  »ccor^ooo  o  —  mco'^  iccoi^oocs 

»o  uo  uo  ic  lO  i-o  lO  ic  ic  lO  --0  -.0  -o  -^  -.o  '-0  -^  to  ->o  -.0  r^  t^  t-  t^  t-  r^  t^  t^  t^  t-  oc  oo  oo  oo  oo  oo  «  oo  oo  oo  c.  c.  r:  c;  ci  c  c  :r:  ■^.  :^. 

COcOcOcOw  cOwCOCOCO  OCOCOcOcO  cOOwCOcO  COcOcOcOCO  cocococoto  CCCOCOCOCO  tocOCOCOcO  OCOcOCOCO  COCOCOCOCO 


858 

Table  24.7 

7000 


COMBINATORIAL    ANALYSIS 
Factorizations 


7499 


t^  t^  t^i 


SCCO    —  — '^    ^— .^^^ 


PJ  !N  C>J  C^  CS 


c*^  c^  c^  c^  c*^    c^  re  r^  c^  "^ 


cc  c^  re  cc  cc 


—  —  —  «^        .5©t»     -cvj 

^      s>.      t^    ^  «i  '^ 


ce      ^  ^ 


t^  ^    ^ 


5: ^w^ir-OC     w*0~'^—     ~CSOl„if;     ^C^iCCi—     Co'^t>-®* 

.'-^       IS  r^  ^  '^       X""t^      .^2  •— I— ^_-^  ^1 


,^„^;^    -^-i---    VN^^C-.^    t^^^T^    ^'^r?'? 


(N  S  "^  C^  iC     CCt^ 


3»      —CO 


rCt^iN 


■—    t^wSecco    ^;^5^^ 


05  CC  jvq  M  c; 

ec    — «-~    .       .jvq^.ce 
-S"  cc  t>    CC  POt^  ■<»■    • 

--I        CO 


.'^t-, 


CO 


t~-  i:  OS  C-.  r;  OS  04 


«  -> 


-  -- 1^  f-  - 

.  -^  r»  ^j  ~. 

-  H  2  ri  ?J 


« 


t~  c;  ^  r^  li^        -^  •■  -    .  -.'4 


—  —  i^   n::::_nm 


s—      3,t-    - 


t- 1^ 


CO      ^  CO  ^~'  ,^  CO 


-t-t- 


--:    f^-      ^,^,    -c-.-   .^,    ^r?^^-.    ;i:-Sco2   '^'vi^ij;;^    '^Ci^'S'P- 


.  CO   - 
r>.»oco 


c<«  CO 

X 


CO 


t-ro-i 


t«  ^  t«  t«' 

CO 


--^  ^^  — ^      ,^  •"  CO  '^  . 


cot:     t! 


Mm 


M  M  -^  M    M 


M     M  M 


Mm        (N 


CO  i-O     -  jc  ■--     uO  rt     -  lA  ^     1-.  ■-.  r;  '^.  •^.  :-.  ■-.  l.  ~:  i^.  ^^  ^        ^^  p.  •-.  ^,  zr:  lO  '-^  CO  ^        CO  lO       ■*  «        '-'^  ^  "^  iij  -^  ^.  i«     CO     •  iC  ^     ' 

--^iH^  :^^-z5  2S-^d-.  !;--'::I  xSt^sx  :2^]S22?  !-roS-7  '^^h^.^  --r^^t^'x  t^!^-SS2 

^^^^coco    c^JS;   •«    ^co^^^  ?-co^v-  T^pt^-r  „o-=?=?t^  -r^-T~=?    =?*T"'f=?  v~i^^j^'T    ^=?^'r^ 

g!,r^        ^(N     =^        '=^5,                       MM=^  '^MM        =?  M  M  ~^  M  j^,  ^-     M  j^  js,  M  j^  CSI  p^  <N     <^  M  (T,  (N  <^  Mm        M  <^     '^  <N  M  =^  M 

SS^^t^    «t^  —  —  X  — ^t:Lo^s  ^rt^~c-5  rt2~;«:c  db'tw^'    "TSo2«  t^"^t^ 

7Z  ^  z^  tZ  —    ®c0'?'O^  co^r^^^os  ^^'■M'^■'^  ii^;;;;~x—  —  —  —  co^    —  —  —    -Os  ;scOir; 

Zir^"--  t>:it^,:i  Er--;-s--t-  ••t--:;^''  t^2-^^t'-  f^^r-^t^Ki  c.c:^!^'^-  -^rco 

coi>-  —  •-'S-        CO  —  r^  CO  M  CO..-,                 coco  --r^      ^:ct>-co      t--^cot>-  —co^' 

"^  CO 


coco        f-^^—    •     ^^'i—  —  ^ 


•^      CO—  coi>-  —  •-'S-        CO  —  r^  CO    M  CO..-,  coco             --r^      ^:ct>-co      t--^cot>-         —co^'      coM-^fijr- 

"^  CO 

xLoi:£-o  tt-^-  S^^x^  :ixi:-^  ^s^:2^  ^^^?^  ^^^-i^^  ^2~-^-  S^s^g-:^  mT^t 

^.-cocor^  T--=?^  uot-.j.-^  ^:r-zi.^}  ii^^^2  "^r-^tz-r  ^:t^Zr-  :'?o-=?:^  ^-^:-;:-  '^;::v2 

mm-'mM  ?.c9S,ms,    m?,;-mM    ?,Mg^;-?,  mm;-,^^    i^^S.^?^    ^^^g;^  ^' m  m  ^  ^    ^5^^^"  ^^^^ 

•.•r-yr-.  •^  — t^t^f^ro    cot^^t^co    _co  —  t^ilr  ~'-  ^y  ■2'^    t^i^  —  — t^    ^-'^_«,'^  _coco-_c;    Ji^  —  t^^  -.^-  —  „m 

^^. t^^c^  i^r5~-E  SI^mS^z:  w  —  E~t^  !o  —  -^Sli-5  ^  —  -3  5^  ^n?i«II  I~S3"[=r2  rZ^^S  I»5^^x^? 

o  Z.  LT  — .  ~i  •  ^  -^1  ~-  —    '•       —  ^i    •     —  —    ■    ■  —  -f^x^^   •     ■^1    .  -r  =v   •     T  -<,  CO  so  ^3  co    •  t^  «    •    ^i  •«?    ■  ^—  •^    •    •  ■^  — 

S^t^co  —  Mrt^t^    co  —  *^    r^~:    "^    r^t^  —  cj^    _'    ^^ colo  —  r^M    t^co           co  -co  —  —    co      -^cot^  J^co 


-"--    cico^-i:: 


^SZ   ■'  ~  '---  r  '^  £  t- '^  X  ^  .^  ■  t^^,^t-  ^--~T,x  xj  -  i:^ -  ^o  tC T  ^  ^  --r  ^  -[j  -r  -T  x;  lo  :o  'v  ;::  =?  ^  t^ 

T'- 1-  "-^  - -i  2-  ^  K^  '-'^  '^  =-■'-"  i;  V  •  z  -7  ■;!  ^  t-  ij.  ^ ""  '^  r  ;■  Lo  t- 1-  =•  „•  t-  Lo  I- :?  c-  ";^  - "-?  t-  „•  - 1- 1-  >-o  -7  V 

!;■'  1.0  S.  ~  'v  ^  uo  f?  r^  ^A  -v  cj.  S-  ^.'  •-?  „•  1.0  S-  ^o  ub  vP  fr  ^?  ■-?  i-o  o  ^  ic  lo  =?  'v  T  co  o  ^-^  ^  ^-  T  sj.  ,A  ■-?  "5  irb  i^i  co  &  i--: 

^'^'?-S?'  ^?^S^^  ^^^Sg  S^'S?^^  ^S^S^  =^^^?i.^  ?.^g,M?^  M?^;|^M  Mr?ej,M?i  eiS, 


coicuo 

M5,M 


S  —  Mco-ir    uo:r;t^xr-.    o  —  mcO"* 
t^t^t^F^t^    t^i^t^i^f^    i^t^t^i^r^ 


1.0  -^  t^  X  :r.    o  —  M  CO  •* 

— —     MMMMM 

t^  1^  t-  t^  t^     t^  t^  t^  t^  t^ 


i-otct^xr".    3  —  Mco-* 

MMMMM     COCO*0COC0 


i-o;sr-xr~.  o  —  McoT  lo^st^xc; 
CO  CO  CO  CO  CO  ^*  ^'  ^"  ^t"  ^^  ^"  ^^  ^^  ^"  ^* 
t>- 1-- 1-- r>. t^    t^t^t^t^i-^    t^t^t^t^t^ 


COMBINATORIAL    ANALYSIS  859 

Factorizations  Table  24.7 

7500  7999 

O  — I  C<)  CO  Tf<  IC  CO  l^  CO  O  O -H  C^  CYJ  T}H  »0  ?D  t^  00  O  O  "-I  (M  ec  •*  «0  O  t>- 00  05  O -- C^  e«3  M<  »0  CD  N.  X  05  O '— C^  M  Tf  IC  CO  t- 00  Ol 

»0»CIC»010  lCiC»n»C>n  cOcOcOCOCO  COCOCOCOCO  t>-t>-t»l>.t^  t^t>-t^t>-t>.  OOOOOOOOOO  0000000000  0203  0".  CiOJ  0502C:C5C5 

t>- 1^  t>- 1^  t>»  t>- 1>- t»  t- t-  1-- t>- b- b»  l>-  t>- t^  t>- t>.  t>.  t>- t>- t»  t^  t>.  t>- !>•  t>.  t^.  t>-  !>•  t>- b»  !>.  t>-  t- l>- 1>- 1>»  t>.  t~»  t^  t>- t>- 1>.  l>- t>- t^  t>- l>- 

ooa;"5«  S'^!2S—  ooor}<2os  «>ojoii^o»  ojoomo^  «ioo50»o  S'-^'^co  t-ooseow  iLo»^So»  t-"oSc^ 

(N^»flr4»«  »«„'->rtt^  — i-cv]<e«>  c^«-H^«©  ^M^'^  t^,^c^)t*-  05  —  00  —  ^-  !i^S2oo„''N  •  o--  at  ►J.--c^- 

fOt^      CO                    —      j^  t^  — CO  j^      i>^  ^j^ici^co  — eo'    ^  CO          ^  ^  eo          <^  '-"      f^  —  "^  e,,  —  t^  co  — 

Siill  g3iS|  siili  s^isi  !S!sl  ^sils  =1!=^  iisi  i§i?l  S|||| 

si^sg  s^ssi  -3?^  sg=^s  IsP?  s^sga  "^s|s|  s?p=  a^ss  pssi 

t**  —  s:t  c^'fS'ooo  t-cocoo>^  SJ'cfc*^  iS**t:t^<M  tico2o5^  -Ht»oo»«  irt^t'S^"^  f*p;>t-t*Go  o^oiooM 

SSc^SS  ^S^K;^-  §i522S  S^^'S^t;  ^^^Ji^-r  t»l^"?;^  ^S^-^S  ?SS5!-'r  §-S5S?«  T^.'>52t^ 

^^^^''^  ;^2^^^  '-coSt^w  co-;«'-^  ^^^co3  ^?5=-r2^  5;;^^^;:  ^^^"'rS  ^tT^^«  n^'cl^:: 

CO  CO'  rt  r-H  '■■'  t>-         CO                                                                      CO  (M 


.«.«     2^SS?   S;:j;;^S   =SS^^^   ^^§i§   ?^^«^S   gS«S§   -2-s;^   S§^2«-    25|::g 

^c^?,-  -s--?^  --???^-  g-gs?^  -?^--s  5^;^";^?^  s-s?.-  -§S^g  ^^S"S  g^--?' 


CO 


^§5S§  ::So:;:j;  «g5-S§  ;;??sS2  ^^S^5  ^S-"g  ?5;^«!s?5  f:2trS?!  ^S^«?^  5g?5S; 

a^At^-;"?  -t^ITt^r  i^*^"^"?-  "'t-Ma>i/b  co'^:72'«  ::"5co'r"5  (^•"Peo'o"?  ^^Sicfjio  !::"5co^=^  ^.i^b-"'-- 

-"?«^::;"3  -r-rb"^  ^'^&,'«-  -r^i^^v  '^'TSjIi'T  .a"^""?-?  t-'owT'o  r::^---r  .a ':'«■'-''»-  "^^Ta 

"'cb"='irb"  "="bt^io"3  co"=      co^  ^j^"5irbco  »^»o^J^io  ^"2"'j^>0  U5co"=''«co  "i^Mirbio  ^iCOcoui  irbwjjjto"? 


*  _  ^    en  _ /v^  ^    /i^        _  ^ 


5^^^^   i?S^^  i-sg.-^  s-SS^  §|g|:.  f:g?^§g  gsg-s  ::gS?2-  -ss^sg  s;2|§g 

S2w5??5    -«S^??    2^0.:?-    ST^^^    ^^^2^    -^S^2    2^;i^5;;   ;^?s-^    2^2^S    ^-0" 

c.^?-?,       S?.^--      ---Sg     --Sg-      ^S?^S-      -^S?.S      --a^-?.      «-S?^-      ^S^-?,      SgS-^ 


«9oo«— 05       QO!^^^^eoeo      eocoZ^rtico      »cfc«2w      eofeeo'^oo      «oooo«      t^oeot^'?      coc^jcoco^I      c^io^w^      f^«"=ofceo 

^COe^MeO         rAiCt^OOiO        ©CO-tT-^        lO"-"!^.^        OooC^Olrfi        >rt-Hir3^0»        ^COMCOcO        WcOt^OOoo        — —     ■  n-  -WrCoC** 

^::t'Co2     j^co^^co    ^c^si,-^    co^'-tK.    ^«^-^    ^t^co^*-    "2^-;^-;    t-co^^w    t^^-rt-^    -Tt--?bt- 


^»gs^  sSsis  !!§?§  esssi  s^iis  |g|g|  ?si!i  fi^gg  ipis  ^iiis 

;:^cocot^«  5.-o>coi>-—  f^I^t^coco  -^.t^coeo  m1-„-^?-  ^"(N--  ^Sa<^—   •  Ei'^-t^'"  ?L(Nt^co—  *?.— coco 

c:.^-?^"  '';:^^;^^  "^"^^  ^S^^?^  c:.^'^?.^:.  gc^?,S^  c^^^^S  J^^^'c^?^  S^S?^^  ^^S?';^^ 

J^trOf2^  OS^POgj  -hW        t^„  WCO^  lo— iCOcn  t^§05— 'CO  OSt^S— ■  t^COCOr*!^  _CO        of*  Cit^t^  — 

i>eo^2^—  «r;-'2z;  c^^Prjoooo  2=^Sr:::  ^ooic-:  coii,o»cic  coo^oi^  — <Mco^ro  z;o5«  i:'*  rr  — »o'#eo 

S^c^^S  ?J,t2t:;!lS  —'t'S^'Ss  ^^^coStS  --^",t^  coSos-H»r  oscoT-J^  ^Tt-^co  ^.s,'*-^  ?;  c;  ^  co - 

*CO  CO  CO  ^^  r^ 


-f    —  t»  10  <M 

"?J«^c^eo 
09    .  10  »o  — 

<^  CSI  (N  ^  «• 


-trt-gj^    =«-^§;;:    -S^S^o.    -fewco^    -t-«S^    -^"sj«     fe^^feS    oi--Sfe    SSi-'T^ 

-"?t25^-   wS"-t2   s,??c^^g   t^^'2{::^   ^=?t4«^   s,-^S^   -;:^S2^.'   ^T^bc^^   S^?^'^'- 

s^^?^co  j,^?:?^  :i^T'^^  Z%^<^^  ^^'^^'z  Ss^s^  s^^-^c^r?  ?.^g^?(.  "?.c^:?i? 


O  —  C^  CO  •^         10  CO  t^  00  05        O  —  Ol  CO  Tf        10  O  t>»  00  01        O -^  C^  CO  •^        »0  CO  t>- 00  C5        O  —  C^  CO  Tf        iCcOt^OOCi        O  —  04  CO  ^        «n  CO  r^  00  05 
»C«0«3iOiO         I0i0i0»0»0        COCOCOCOCO        COCOCOCOCO        t-»t>-t>.t^t^        t>.t^t^t^t^        OOXXOOQO        a«000000        OJCCCiClC:        OC  01005 

t^t^t^t^t^       t^t>t^t^t^      t-- 1^  t~  r^  t~-.      r^t>t^t^t>.      t^t-t^t^t^      t^t^t^t^t^      t^t^t^t^t^      t^t^r^t^t^      t^t^t^r^t^      t^  i^  t»  t-- 1^ 


860 
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8000 
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Factorizations 


I 


8499 


o— "MM-*    o-,rit^aoo    o  —  MPS'*    "C^t^GOCs    o  —  ■Meo"<ti    »o;ct^ccc:    o  —  mm-*    lo^ct^cccs    o  —  ■Mecr    >c-^t^ccci 

OOOOO     OOOSO     —.  —  —  —.—     ™  —  _««     rJC<«C<IC>^C^J     MMriMM     COOOCOfCM     CCCCMWCC     •>a«T}«-.r'<»'-^     ■Q-'T-^'r'^ 

xxococx   xxxxx    xxxxx    xxxxx    xxxxx    xxxxx   xxxxx   xxxxx   xxxxx    xxxxx 


^  -^  re  ^  X 
e  —  _;  « -^ 


00  ?3  ^ 


CO 


«  a»  S  a>x 
la  «  ri:  X  ^ 
©  ©  ;;^  © -3 


—  —  ^J  53  00    t^t^t^^ 


C3      t>.  "f 


-^'^'53  t^sri^s  's- 


S-^^^  Sgl^g  7g~?;g  fjfc^ 

^I7~^«>    ^T^'^^    =?t^^!I'T    "^^^ 
2,  M  ri  r*  «•     !-q  2,  «?  «■  -Ni    r,  -,-,  «"    .  5.    ri    .  oq 


ri-^rc?tr:    "Tie.;. 


M 


-^^I? 


C^ 


CI    —  Si  ^»  ^  Oi 


?iXi?i-^    c^^.S,c^?i 


n  cc. 


^  w      —  wi  r>-  ,^  WJ      !>■  ,^  -  -I  ^  .^ 


.    -         '  X  — '   Ci  X 


^'  3S  ~  ^'  - 

C-3        ^  JC  t>- 


Tf.     •    "T  t^  jj, 

•  CO    •  «3   cc 


C^     <N 


X.fCt''^     iOX*f*t* 

53     •   53  X     •      "     •   •  -  X  X 
C^l  Sj  —        M     ~1  t^  « 


IC     ^^^^—   t^  53  _-    —n     §       C3 

*Tt»»o£c3    «  X  t- t  —    0'<fJJ.    -t* 
_  rt    •    •    •      •  ^)  rt  M    ."    —    •  ^  —  ■^    71 


X  "      .53 


o^^bo  »  —  —    ■  Z.  7)-vrcV,3C  j^t ^rc_  ^  ^ -^  -^  T-  —li^t--;^  —li^-^-i  'Ccct^j't^  "     •fc^r-.i  x^  —  3^^ 

^"'IT-^-^  ^a'-^^^-^  ■^'-'?~-^Z^  ^cc7'-^_.  "-^-t^uAt-  ^rH~t-  _-.^2,-.c.i  '?^r-^:zr^  ^-i^.V'^  ^.i-i-.^ 

Tt^Ss'T-r  '9"r-riQ'T  "•oj^-r'?  t^MS5'T_  »om_-„—  :^-='~«c  —"t^":":  '^t^o^.A^  io»a»«t^"2  — tSj-tt 

«o  .A    •  lo  lO  «  Id  <»"     •  »a  la  ^      lo  «  .A  .A   •  ira    •  -i  .A  m  S^  .A  •  *—  ic  ic  .i  •  la  v.  ic  lo  _;  .a  ^"9  .A  ^^   •  «0 .;;,  «i  .a  lo   -  ic  lo 


»OiO^"3>0 


CO  s    ■     ■  ZZ 

7lOt^CO^ 
•    TT  —  «  .;< 

04     '  a:, 


CO  "^  lOco 


o    iO«      iO«|    ioioco"3^    eo«o'««ic    ui!:^'^'^"    ^'Oco'cia    ^^ 


tan  >c"5( 


iT     ■   CO     •   --^      — 

22,    ■ 


53  53 

_    ► —    'M 


■  c^    ■  ^    -^=ib^O    t_  —  -9  —  ^^    ^^iAir;  —  7)    ^* 
CO  —  TT-r    — Trcoi>v     coS-w-A*^    t>. 


t^"5".  O-A     Llt^-"";-?:     t>-^53__~     Ci 

-T-4  r^rti^--/  ^g--r-  -IfEo-^-  -^!a!2^  ~- 
^r^^^    ?.^'^';i?.    ^^?^?^?.~,    ?,^'?^.i?,    ^'j^^'^'^    ?»^ 


...   CO 


COt^. 

2,^1- 


w3      CO  .-^  r^ 

O  »«    C^  ^  CO 
rr  CO  7,    .  — 


^    ri 


?  ?i  -r  =?  =? 


—  — "COt^^  COi?!^  CO—        _23COK.COrs.—  —  —  —  ^  L^  -^-—  ~"  —  -v"^..        —  —  S~"53        r>.  t^C053535- 

i/5t>»  —  t^x  eo-o^cort  t>--^«o_r^    -^^-^--co  co53t-««o    ■■  n  n  ~a  n  '~.'i  ~  -^  -^  '-^  *^*0  5-.  o_    ^t>.fOi^fO    o_in5:_. 

CO.—  53^-  QO—     ■53a0  "x-t^     —2.'-?      •  COCO'-XX           XX  —  X  —  —  -'^n  XX"—        •t^XH.X     ^-f^Lt^t^- 

ir:coi>M^  «=„PjO«  c^t^'^w-    coco-t>„  -.rco**    ?Of^  "^t^--  ^=c^    co^*:c*    i>tTco-^ 

s|25-,  i25|^  1^:2^22:?  i-^tjs;  ss=?-z:  ^^tes  ig!:^^  ?5=;^-i  3===?;:  -=15^2 

TT^it^'-Ti'  .C3  —  «t^  ^jc  —  53^^    —  —  ^^;c,  .cstj-'-'co    riSj-  —  CO  ►;.  —  "^'u  ^t^      — —    ttco^- «     ^'ttcot-  — 

^?^S^^  p^S?^  ^^?^gS  ^^?^^'  ?^?^^^;^  ?>^?,S?.  c^^^?^^.  ?«"gg?'  ^?.^?,s  ?^^?.^s 


C3_-  COt^ 

^  30otr'-9 

irj  »o  '*  —  O 


"^55553    --SJt^co    g^5§- 

t^^^Sg     "?St.^^-     -U053^^ 


,10     '-'2  ■ 


^^  ?i  Ai  ^  ^ 


O  —  C^CO-*     iO-^t^X53     O  —  ^acC**     »0«t>-X53 

00000     00000     —  —  —  —  —     —  —  —  — — 

XXXXX  xxxxx  xxxxx  xxxxx 


■*  M  —  ^5  ^ 

—  53        CO 

_  S  i>  ri  53 

«•   X  .  A  X  T 

O5  tr  3C  '^  X 

!? '-?  c^  "^ "? 

^  ic  ic  3;  »a 

ri  ?i  ^^  2,  ^' 

0  —  M  CO  ■* 

c^  ^5  M  ^^  r^ 
xxxxx 

>c  0  t>-x  53 

M  M  C^  M  T-i 
■XXXXX. 

O  —  M  CO  ■* 
XXXXX 


>C-.5t^X53     O  —  MCO^r 

cortcococo    TTTT'^-^Tr 
xxxxx    xxxxx 


»c  -^  t^  X  53 

T  ■^  T  -^  T- 

xxxxx 
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8500  8999 

O^C^eOTfi         kC:Ot^00O>        O -- (M  CC  ■*        lOOt^OOOl        O  — <  C^  CO  •*        "5;Ot^COC5        O  ^  (M  CO  Tt<  »00r^0005        O  ^  C^  CO  TJ4        iCi<©t^O0CS 

IClO'CHO'Ci         U3iC»OU3iO        cOOCOCOCD        cOOOO^O        t^t»t^t^t^        t^t^r^t^t^        OOCOCOOOOO  OOOOQOOOGO        Oi  (J)  Oi  Oi  Oi        O50505  0;0 

C30OO0OOOO0         XOOOOOOOO        OOCOOOOOOO        00  OO  00  00  00        0000000000        0000000000        OOOOOOOOOO  OOOOOOOOOO        OOOOOOOOOO        0000000000 


00 

CD  t^  CO        00 


t^^eooi  ^J^^M«       *^^^^^      23-kS2-^w      — 'P^^<^      M_a>_  eo^eocooj      —  —  _t^Jo      —      ??  —  ^ 

^    ■  t^  o  o»      oj  T' o>  o  — '      CO  a>  sS  5»  OS      ocs-^k,!^      coi>o>T'-<      ooo>o**o>      iCooootoo      kOajSit^z:      coO^'^o** 

«-?5j^«    «;r«Sco    t;.oo-.=ooo    co«^«2    2^«-^    ?5««««    M?-2co;:    g?o«t^r    -«^S« 


£^t^         .  iCvn         hN_  ^-«         '— '  .^  prt^^rrs^^(-v^        --^  /-^  ry^— K         ?^ 


iilis  i^ili  i=?£!  ilisi  5iil»  5g=g|  iiiig  iissi  If^is  l|.=i 

co-^J*--^^  -Hc.^as'T  ^•-'cot^c^  ^■n-'tcc'*  ^--^os,  ''^^•t^^S  oo'*<^>s«'^  eoeoMI"^  t^P-f^^"^  r'X.'r-.— 

^-?^"?^'>  ^g-ss  -s?^-?^  s?^^?^^  ^?^-^  S"r^  ^"^^"^  ^^-ss  s-^s?^  S"-"gs 

oo:rt»t*-  osiciot^t'  tl;eot^t^t»  ooo^*^^  t^t^ot^t^  ITO^coSo  tt^'^^t'oo  c^Jt-;^!^"*  o^  —  cooo  icoo-o 

^^e^iM—'  r--oa?c^o*  .(MC^joo"^  t^^c^^^.  ocoofo-^  Tt^^.-rt<  ©OryiMoi  »c«e-.  oo^  0305  —  coco  ^-e."— 'Cio 

•t^iflw^  ,N^^  !!••»«  a5^«e(M«£>  --ot^co  t-^cst^t>  i^'kLO^-  ooc-i^oo^v  ^;<»  —  00^  <n^--i-^  eot^Kl'-'M 

ii  —  aOOOt^  22<^S5r:<»  ^kL<»^<»  I^M«^"  ^^SrA**  c^-I^J^'M'^  *^^<»?n  ^00  —  W'?  rAj^S^SiSS  —  ^^^IrA 

Tf.               'r  r}<.— iC^CO  -t"        CO  I— Ht^j        j^.               CnCO  IJ,'— 'O-^h  COi-,.        CO  1—1           .         »,,^  COCOt^CQc^  •^COTfi"— 'CO 

eo          CO  "^  *^  w          CO  "^  CO      "^                                             ^ 

SSisS  ii5?i  Si§S!  ii^sg  iSi^g  SSisg  gls^S  risii  ssiSg  i»=|| 


•*^-— ^   li'^f-'cbt^   cocooi^-^   vt^co^'T'   -;.^?'*co'*   II!?i,'r<^co   "^^ ^.n''*   =?_:.i>._-   ow-*"""   ^'*^'*' 

^C^"!i<^    ?C^^c:.?{,   '^i.^^ch        O^ri,^-^^        !??4<N-C^   -  2  ?1  ^  SU   ^  X, '^  ^  (N   ^  ^  ^'^ '^        Ol  ?(,  C^l  ?)  "?   05  ^  V  ^  « 


t^««§§  gf:p,oS  ;^-?5g2  ^??-g^  ^S^^^S?  ggssg  g^gis  !2rE:i  SS^SSS  §2gi§ 

io-r^»cti  ^ict^T-r  t-t-Si^co  ict^M-rt^  t-i-wt-::  ^Tt-^fNt-  "P^coSds  :::'rtrt^"?  -t^trt-t-  ^-co"?^.' 

^2-^3-7  SicSjE:;"^  'r'r^:::'^  ^r^-  ^^n  '^^c-  r2  ^-r^Pt-r  'otj^^-^S  kl"?;?^'^"^  '^r'th'Tr'  ^^Z'i'^t- 

"SS5«"'  "^^      .c«  '^'^^^  c^^^'^co^i  '^c^""^;:-  ub'^S,^^  cb^'^;?o  %^^^c^  ^^^^^  «^"'«'« 

ilssf  lilsg  |i=i|  s^gp  ,§gii  i=o5|  ^Sigs  |g|p  ^iiii  ipsi 

-r;r(Nt^M  -rc^^^  JoS^r;^^  ^«?'*2s,  s,^"::^  cvb^^:'?"?'  w-r'^t-oi  2««^"^  w-r^pv-r  -'^r-Tj^ 

^S^^^  ^-S^^  ^^-S-  ^'-^?^S  ^?^;^-  S?^^?^-  -??^^g  ^^S^^  ^-?^S?.  c:,?.c:.?.S 

?2«^S«  s««33  S^«^5  ScogfSco  »s«??:^  wSScoj:  «gSf2^  B«^^s  ^SsssS  Sss^?^ 

»rs??5S  S«g5S'-?  2-S|«  ;!Sfi.lS  ^^2-2  ^c^^g^  S^r^iS  coS^trS  2?^§^S-  ^i?^2 

-««2«  ;b<»«^2  t^s^*^^  ^«^2«  ^«-^t4  «=??5«?o  -^t^T-^  ::x«25b«  ^co««:r  t^««2- 

'  CO'-''                                       I— i^^eo                          coco  eo 

-2S?^^  §§^2g  ^S|S?  §^-5S?  |E:SS5  -:ggsS  SSSg^^J  ^^S^Z  Sj;;§!i  gs|is 

-t,^^^  2^^;?;^  2^lt^2  ;rsg^^  S?b?cj:;^  :?:i^^;:  £?^"=?^  i^^r::^:^  ^:?^;rS  cc^m^ 

^(NCM(^^  CMj^CMCMc^  j^'^<N<Ncq  «j<^^        c<|C^  CMCM^^CM,^  CM^j^^  CMINj^':^  "^^CM*^        «,  '^Cm'^                          "^ 


-*  c«  «  ■^  ^ 


t^     a>. 


-t-S     »::     2-5  t-     a^t^a^     t-S    .     ;^     t-^t-t-co     S!i-S^     -o. 


oS?3i;;^  §?^gS^  ^2?5-^  ;3gBcoS|  -r^^g^  SS^^;^  ^-SS^  2SS2S  c^lSi^i  S5§^^ 

^^Sgd^-r  tc-^g-  ^d.t4^^  -^!a«^  ^-tSBSS  I^SSkL^^o.  co^rggt^  «S^cot^  ;.'t-2S  SgiS-?, 

°^eo*'-j^  -t-cc*-  coOMj^*'  Tj^eoco*'"  t^^iM  '^      »^coio  -^^          co  «5      cooo-  cot-'-'cb              eo      ^ 

-^-SS  -&[;;?§  5^;5S'^  n^h^?^  ^iog^l  r^^f:^!  =«SS^  S^Ss???]  g^^Jt^!  ----2 

JS=?"?"?  g?"?;?"?  5:1:?"??  ^:?:i:js  ^S:??^s  s^:^:^^  -^^^^  :^^^^|r  -^^^i^;;  g.;^^;;^ 

o  —  (Mco-*  »ocot-»o5  o  —  cmcotjh  loot^ooci  o  —  Mcotj'  »o<x>i^ooo5  9:^:23^"*  !532J:;9£S  2:::£JS22!  J55S^SS 

io»o»oio>o  loiomioic  o^ocDO  ocooo-o  t^t^t^t^t^  t^t^i^t^r^  OOOOOOOOOO  9S9SX9S9S  SSSSS  SSSSS 

00X000000  aOCCoOXlCC  XXXXX  XXXXX  XXXXX  XXXXX  CCCOCCODOD  XXXXX  «MX««  XXXMX 


862 
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9000 


O  —  MW*     lOOt^OOO 

ooooo   ooooo 

C^C^O^C^CP    Oi  Oi  Oi  Oi  o^ 
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Factorizations 


0-h01COtJ<     »OCDt-Q0OS     O-^fNW*     lO  CO  t^  00  C5 
^  ^  „  ^  „     ^  _- rt  ^  ^     (M  M  C^  f^  C^     CN  (N 'M  ^M  C<1 

Oi  O  O  C^  C^     C^  O  Od  O  O    O^  O^  O  C^  O     O^  G^  O)  o^  o 


CO  cc  e<3  CO  ec 
O)  O)  c^  o^  o^ 


9499 

»O«t*00O5     O^C^eC*     »OcDt^00O5 

eococoeceo    rfi  ■<*<  rf -"^i  tjh    t*  ^ti  •<*<  ^ti -"ti 

OiOO^O^O)     0)00020)     0)0)0)0)0) 


t>.o;oj  c^  OS 


>2ora-^fo 

S  ^  T*  —  «■ 

eot^o« 


_0)?^Mi>    r'eoivr?-^    -,2'^-k'*5    i^ecr:!'>i^ 

«>(Nt-^0    *?t-f0^g     SS'^SS*     OiJ,^^^ 


©X   •  O)  CO    CO  — —  "^^^    ©•*oo«<=>    — S;?'^=^ 
^eo2^   cc^'^oo 


CO   (M    Tf 

T-  OcoiC 


j^^'^co  Ti^coj^t;.^ 


■^^    .i*S    ^    ^•*-'    ^^K 
,—1^0)'^^* 


^H  t^  CO  O)  ■^ 
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9500  9999 

O -^  (N   «  ■^  lO  to  t^  00  Ol  O -^  C<l  M  Tf  lO  CO  t^  OC  Oi  O -^  C<1  CO 'f  lO  tO  t^  00  OS  O  — *  H  CO  ■^  »C  «D  t^  00  OS  O -^  C<)  M  t»<  lO  O  t^  00  OS 

lo  lO »« »o  lO  ic  ic  »o  »cio  o  CO  CO  to  to  to  CO  to  to  CO  r^  t^  r^  r- r^  t^t^r^t^r^  ocxooocoo  ooooocococ  osososcscs  ososcsosos 

OS  OS  Ci  OS  OS  OS  OS  OS  OS  OS  OS  OS  OS  OS  OS  OS  OS  OS  O  OS  OS  OS  OS  OS  OS  OS  OS  OS  OS  OS  OS  OS  OS  OS  OS  OS  OS  OS  OS  OS  OS  OS  OS  OS  OS  OS  OS  OS  OS  OS 


t^coW-,-;?      os^^o<^— '     22«»«^'^rt^     ^2"-,-.^:;     f^a,^^^     ^a»csiocs     r^z;__i^     ^<^^n'-<     t^o^^^     eoeci^t^o 
t^i,Mo»„-       -'.co^'^     li^a>«>vo>     co^osos"?     "t  <n~j  9io>     ^o»-<-h-<     t-„-aso».      o>--m-os     "--o»-os     fo~r^T-H 


sli^l  s||g|  i|le  i5iSg  iSsS?  ^iiSg  ei^iS  P^P  sifi  i?iSi 

C^^eOOS^  JjS^-r^  'r'><N3cC  -^"Tt-CC  CCMg;-L,<N  'T'TrtCNfN  J^„^^  CO  (N -h  jvi  cj_  (N  r"  t:  ^  eO  CO  f^  T -- § 

?.-?,;^g  -?,-?-  -??5^--  ^?^^?.^  ?^S"S?.  ^g--s  "^g^-  S-^^^  ^g?^^?'  S-SS- 

^  CO 

ost^^p.  cofji^^r;::  oscoosost^  m-^.^"^^  ^^Er^^O"  tr^-"^^-^  f^i^^^So^  ^^'^^^  ^  -^2?^^  os^  r^osos 

COOCO  — t*  0=£i0tr"2  fOCOO— it^  "^Xt-IMt  t^l^COiiOS  OCjjiO^O  2*^--2<N  r^f^^^J^OS  t*_HOrs,OS  i_(t*o?ito 

—  Mco   •:2'  loo^ao-^  t^-H(NTf<oo  oscoJ^fNOJ  "^-H— I    -^  '^J*<n£?'-'  ^Sc^®^  !2— 'r^S(N  Oim-'ioc^  co^oscor^ 

=?--r-ol  ^--^t^  cods^co-;  ^-T^!?g  ^^r:"?^  -«2§^^  ^«;:i;^^  «-rS^  gt-^cs^  ^g-^c-i 

cocot^j^  — eo^      CO  -HiccoiN^  j;,!^      CO  — „t>    .CO  ^      CO      OS  CO      co^TT  — t^      CO          -^eo-^  w      ^co^ 

CO 

fe^^os"  g«2„g  S-.«^"  -°!g55  ::^;j^^  SS^S^  gg-S^  -?2"s?:;  SsgS^jj  ^2g«^ 

?2'T::t;5  |s^^§  2§s:::2  ^-^-^2^  ^c?2?^^  ?S^S-^  §^^g"?  ;:g«S?5  cot^^g^  2--^^^ 

t^.—  ^.  to  iM^e,^iM  •'TTj-.'r  ^Si^^c^  JS'^^T^'^  eo<3s^t-:co  '^M-^^S;  ^■^co'*-'  ^cor^fo^  a  ^f^^. 

^P="S  ^^g^^  S^<^g5  ^Sc^S^  SS^S?^^  S^c^^S?^  ^^="?^S  f'c^?^^?,  coj^c^?,ci  ?,=??^<^g 


-f^J^t^e^  Scom-S  2--^:'^  -cow^t- 
o^TocA  S.os2a.a^  ^'=^iC  —  ^  osbsc-Tc^ 
-^S,-??     ^-72^^    ^"P^^"?     ^-T^^t^ 


COts.^-^         CO^  ^^       CO ,        I —  «/^ 

.=52S3     52?J2    e:St5S     ..  .„ 

"'i6co'^'«      n'^'^'^in     ioco"^ioco     '-oWeo»^"i     coio 


"-I  — <  '— '  C^  CO 

i— I  r>»  X  ^  OS 

CO    ;q( 


W      .  .^  ^_  ^^^^  ___  M  S 


^g  x^t-os^  ,*^S^::  o-hS§«  2-;^^^  !^^«c5S  ^S^-^o  S«t-SS^  ost-S^r--  SSt-«S 

--!!2  ^^s§2  ?-2?s^  22§^^  ?^2"^r^  s^^^gj^  2^^-.;^  ^rs^^  So^^-^  '^^o;:?^ 

.-^^':'  C:"^v:r  5^-*^^^  ;^:rt^cofs  '^^-;;?«  ^^??:-§  ^t^^-rc^  '^^^^2  ?^«^::  sl^t^^s 

---s-  ;^?^--§  "=^-^  s--5^s  -s-Sc^  -----  g-"S?.  ;^^-5^s  "-?^-^  ?^---;^ 

5St^^-^  CO-<^^-^  a;«.-,2««  t^-HOS-H05  COCOj2«««»  --^-^t^J^OS  ^-^^„S  t^2&;«,'-^  -^-^-^-^M  05_^0S-H 

•  ^oJ2«  cofoo;p.x  -fSSS^S  osc^coc^io  -'oo«£2!2  "siocooccs  ^^^^SS-^  "^©SS^  oco«_:co  co  —  Wtco 

'^""fS-^  !M-H  — 5^-,  -H-^«2";*  Sc^OTt-co  coxT"^  c^t-coOco  S£JE;S,^  ^^SS^^  co^SJ::—  c^itt-^co 

•■^O-.OS-  -HCO.r^CO  ^OSOS  —  OS  ^-t-W"  '-^'-^troW  -COOS-      .  0>l£-«-i  OS.„-0>M  ^COOSr^.--  t^W«»t^ 

Mg^xco  Tj-t^coio  Pjj^  t-co-<c^M  co^eo  co-HC^JJjt-  co;;^      ^  "^t-co      -^  "^^        •«*  coto 


to  CO 


,co 


t^ 


r;  Tf  00  ij^  to 


•*  c^ 


g«co^§     -gS^cog     ^-cogco     -f.---     SS^5?2^     S-wS5«     ?^-r-7:f2     -S^SJ^     -S^«S 
2§^ft-r    S?^^§    Tg'coS-    figgSSg:    ^2^^^    ?^2?^=^    ^§S?^    gt^^'^2    ;?^^«^ 

co^c^;::;-  *^!:^:^  25;::;!>:-  ^?^co^  "^t^5^  S-^r-r  co^^m^  ^co::^;:^  ?!:SD^r 


-?.ci?^;^  ?.c^?^S^  -5^^-S  g^^gS?^  ^--c^-  ?iSc^^?^  c^a^ci?^^  5i,c^-c^?.  -?^^5^S  -;^?.S?^ 

^^-jco^  s^S^§  s-i;;-  -so§s  §^-^2  g^i^ss  -=^=5  ^S-^s  s§°;s5  2?SSo§ 

l?o»as3.^.'  os^t^-'N  ^^'-'''^z;  Ia«»^^'^  S  «•«£:-  P.^rA*»«*  ?5«>^c^^^:'  «-o»-^-  o>_:^o>a>  co-2^5:: 

55^:81  sslgS  ^^SS^  825  =  ^  S-^§i  =SS2?  E^li???  S2^2|  =-    g^  gSg-gs 

t^os'^  -HC^-HtT  ^co^-!N  -H^csT^  ^-oss.-"*  f^iOs.A—  ^,^'*c3»n  r<_'^S22  ^^cs.j^i^t^  --loost'^ 


..^it^os'^  -hC^^'T.  ~ifo-_--!:N  -H.cs.^  t^-osa,-^  loAO^ift  '3«iri^C3"'  .l--tZ£?  "^Cs-^t^  -7iOOST"5 

5:|.iu:,j^  j^^"?-:;^  g"?sS"?  ^"-t"'-?  i^^Z^"^  ^^^^22  "g:?'^=?  aS;?:;;^  ^"?2S"?  aco^-?^ 

-?^?,-?,  c^?.^^S  ^^?,S-  ^j^^^S  ^^^^  -^^?.S  ^S-^-  -?.?^?.^  ?,^^S5^  <^i?.-S'^i 

o-^c^eo**  locot-xos  o  —  oieO'^  lOcsr^xos  0'-<(mco'^  »ocot^xos  o-^fNco-^  iocot-»xos  o  —  c^co'^  lOcot^xos 

»CiO»0»-OiC  lOiCiOuOiO  tOCOtOtOtO  to  CO  to  CD  o  t^i^r-t--t^  r^t^t>-t^t^  xxxxx  xxxxx  OSOSCSOSOS  CSOSO.  cso 

OS  OS  OS  OS  OS  OS  OS  OS  OS  OS  OS  O:  OS  OS  OS  OS  OS  OS  OS  OS  OS  OS  OS  OS  OS  OS  OS  OS  OS  OS  OS  OS  OS  OS  OS  OSOSCSOSOS  CSOSOS05C5  OS  OS  OS  OS  OS 
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Primitive  Roots,  Factorization  of  p — 1 


g,  G  denote  the  least  positive  and  least  negative  (respectively)  primitive  roots  of  p.  e  denotes 
whether  10,  — 10  both  or  neither  are  primitive  roots. 


p 

p-1 

9 

-G 

€ 

p 

p-1 

9 

-G 

e 

p 

P-1 

9 

-G 

e 

3 

2 

2 

1 

-10 

359 

2  179 

7 

2 

-10 

821 

22.541 

2 

2 

±10 

5 

2« 

2 

2 

367 

2361 

6 

2 

10 

823 

23137 

3 

2 

10 

7 

2-3 

3 

2 

16 

373 

22-331 

2 

2 

827 

2759 

2 

3 

-10 

11 

2-5 

2 

3 

379 

2-3'7 

2 

4 

10 

829 

22.32.23 

2 

2 

13 

22-3 

2 

2 

383 

2191 

5 

2 

10 

839 

2419 

11 

2 

-10 

17 

2* 

3 

3 

±10 

389 

22.97 

2 

2 

±10 

853 

22.371 

2 

2 

19 

2-32 

2 

4 

10 

397 

22.3211 

5 

5 

857 

23.107 

3 

b 

±10 

23 

211 

5 

2 

10 

401 

2^.52 

3 

3 

859 

2311. 13 

2 

4 

29 

22-7 

2 

2 

±10 

409 

23.317 

21 

21 
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2431 

5 

2 

10 

31 

2-3-5 

3 

7 

-10 

419 

211. 19 

2 

3 

10 

877 

22.3.73 

2 

2 

37 

22.32 

2 

2 

421 

22.3.5.7 

2 

2 

881 

2*5.11 

3 

3 

41 

23-5 

6 

6 

431 

2543 

7 

5 
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883 

2.32.72 

2 

4 
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43 

2-3-7 

3 

9 
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433 

2*33 

5 

5 
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887 

2443 

5 

2 

10 

47 

2-23 

5 

2 

10 

439 

2-3-73 

15 

5 
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907 

23151 

2 

4 

53 

22.13 

2 

2 

443 

21317 

2 

3 

-10 

911 

25.713 

17 

3 
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59 

2-29 

2 

3 

10 

449 

2«.7 

3 

3 

919 

233.17 

7 

5 
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61 

22.3-5 

2 

2 
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457 

23-3-19 

13 

13 

929 

25.29 

3 

3 

67 

2-311 

2 

4 

-10 

461 

22-5-23 

2 

2 
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937 

23-32-13 

5 

5 

+  10 

71 

2-5-7 

7 

2 

-10 

463 

2.3.711 

3 

2 

941 

22-5-47 

2 

2 

+  10 

73 

23.32 

5 

5 

467 

2233 

2 

3 

-io 

947 

211.43 

2 

3 

-10 

79 

2-3-13 

3 

2 

479 

2-239 

13 

2 

-10 

953 

23.717 

3 

3 

+  10 

83 

2-41 

2 

3 

-io 

487 

235 

3 

2 

10 

967 

23723 

5 

2 

89 

23-11 

3 

3 

491 

25.72 

2 

4 

10 

971 

2-5-97 

6 

3 

10 

97 

23-3 

6 

5 

±16 

499 

2383 

7 

5 

10 

977 

2*-61 

3 

3 

+  10 

101 

22.52 

2 

2 

503 

2251 

5 

2 

10 

983 

2-491 

5 

2 

10 

103 

2-3-17 

5 

2 

509 

22.127 

2 

2 

±10 

991 

2.32-5-11 

6 

2 

-10 

107 

2-53 

2 

3 

-10 

521 

23.513 

3 

3 

997 

22-3-83 

7 

7 

109 

22.33 

6 

6 

±10 

523 

232.29 

2 

4 

-10 

1009 

2«-32-7 

11 

11 

113 

2^-7 

3 

3 

±10 

541 

22.33.5 

2 

2 

±10 

1013 

22-11-23 

3 

3 

127 

2-327 

3 

9 

547 

23.713 

2 

4 

1019 

2-509 

2 

3 

10 

131 

2-513 

2 

3 

10 

557 

22.139 

2 

2 

1021 

22-3-517 

10 

10 

±10 

137 

23-17 

3 

3 

563 

2281 

2 

3 

-io 

1031 

2-5-103 

14 

2 

139 

2-3-23 

2 

4 

569 

23.71 

3 

3 

1033 

23-343 

5 

5 

±10 

149 

22-3? 

2 

2 

±16 

571 

2-3-5-19 

3 

5 

10 

1039 

2-3-173 

3 

2 

-10 

151 

2-3-52 

6 

5 

-10 

577 

2*32 

5 

5 

±10 

1049 

23-131 

3 

3 

157 

22-3-13 

5 

5 

587 

2293 

2 

3 

-10 

1051 

2-3-52-7 

7 

5 

io 

163 

2-3* 

2 

4 

-10 

593 

2^.37 

3 

3 

±10 

1061 

22.5-53 

2 

2 

167 

2-83 

5 

2 

10 

599 

213-23 

7 

2 

-10 

1063 

2-32-59 

3 

2 

io 

173 

22.43 

2 

2 

601 

23-3-52 

7 

7 

1069 

22-3-89 

6 

6 

±10 

179 

2-89 

2 

3 

10 

607 

2-3101 

3 

2 

1087 

2-3-181 

3 

2 

10 

181 

22.32.5 

2 

2 

±10 

613 

22.32-17 

2 

2 

1091 

2-5-109 

2 

4 

10 

191 

2-519 

19 

2 

-10 

617 

2»-711 

3 

3 

1093 

22-3-713 

5 

5 

193 

26-3 

5 

5 

±10 

619 

23103 

2 

4 

10 

1097 

23-137 

3 

3 

±io 

197 

22-72 

2 

2 

631 

232.5.7 

3 

9 

-10 

1103 

2-19-29 

5 

3 

10 

199 

2-32-11 

3 

2 

-io 

641 

2^5 

3 

3 

1109 

22-277 

2 

2 

±10 

211 

2-3-5-7 

2 

4 

643 

23107 

11 

7 

1117 

22.32.31 

2 

2 

223 

2-3-37 

3 

9 

10 

647 

21719 

5 

2 

io 

1123 

2-3-1117 

2 

4 

-io 

227 

2-113 

2 

3 

-10 

653 

22.163 

2 

2 

1129 

23  •3- 47 

11 

11 

229 

22-3-19 

6 

6 

±10 

659 

2747 

2 

3 

10 

1151 

252.23 

17 

2 

-io 

233 

23-29 

3 

3 

±10 

661 

22.3.511 

2 

2 

1153 

2"-32 

5 

5 

±10 

239 

2-7-17 

7 

2 

673 

25.37 

5 

5 

1163 

2-7-83 

5 

3 

-10 

241 

2<-3-5 

7 

7 

677 

22.13* 

2 

2 

1171 

2325-13 

2 

4 

10 

251 

2-53 

6 

3 

683 

211.31 

5 

10 

-10 

1181 

22-5-59 

7 

7 

±10 

257 

28 

3 

3 

±10 

691 

23523 

3 

6 

1187 

2-593 

2 

3 

-10 

263 

2-131 

5 

2 

10 

701 

22.52.7 

2 

2 

±i6 

1193 

23-149 

3 

3 

±10 

269 

22-67 

2 

2 

±10 

709 

22.3.59 

2 

2 

±10 

1201 

2*352 

11 

11 

271 

2-335 

6 

2 

719 

2-359 

11 

2 

-10 

1213 

22-3-101 

2 

2 

277 

22-3-23 

5 

5 

727 

2-3-lP 

5 

7 

10 

1217 

2«.19 

3 

3 

"±i6 

281 

23-5-7 

3 

3 

733 

22.361 

6 

6 

1223 

213-47 

5 

2 

10 

283 

2-3-47 

3 

6 

-10 

739 

232.41 

3 

6 

1229 

22-307 

2 

2 

±10 

293 

22.73 

2 

2 

743 

2753 

5 

2 

10 

1231 

2-3-5-41 

3 

2 

307 

2-32-17 

5 

7 

-10 

751 

23.53 

3 

2 

1237 

22-3-103 

2 

2 

311 

2-5-31 

17 

2 

-10 

757 

22.33.7 

2 

2 

1249 

25-313 

7 

7 

313 

23-3-13 

10 

10 

±10 

761 

23.519 

6 

6 

1259 

2-17-37 

2 

3 

io 

317 

22-79 

2 

2 

769 

29.3 

11 

11 

1277 

22-11-29 

2 

2 

331 

2.3.5.11 

3 

5 

773 

22.193 

2 

2 

1279 

2-32-71 

3 

2 

-io 

337 

2*3.7 

10 

10 

±10 

787 

2.3131 

2 

4 

-10 

1283 

2-641 

2 

3 

-10 

347 

2173 

2 

3 

-10 

797 

22.199 

2 

2 

1289 

23-723 

6 

6 

349 

22-3-29 

2 

2 

809 

23.101 

3 

3 

1291 

2-35-43 

2 

4 

16 

353 

25.11 

3 

3 

811 

2-3*-5 

3 

5 

io 

1297 

2*3* 

10 

10 

±10 
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Primitive  Roots,  Factorization  of  p — 1  Table  24.8 

g,  G  denote  the  least  positive  and  least  negative  (respectively)  primitive  roots  of  p.  e  denotes 
whether  10,  —10  both  or  neither  are  primitive  roots. 


22-5213 
2-3-7-31 

2-653 

2-659 

23-3-511 

2-313-17 

2*-517 

2-683 

22.73 
22-3-5-23 
2-3233 

2'- 11 

2-32-79 

2-23-31 

22-3-717 

23-179 

2-719 
2-3-241 
2-52-29 
22-3-112 

2-3'^ 

2-35-72 

23-5-37 

2-3-1319 

2-743 
2^-3-31 

22.373 
2-7-107 
2-5-151 

2-761 
2-32-5-17 
2-3-257 
22-32-43 

2^-97 
2-19-41 
2-33-29 
2-5-157 
2-3-263 
27-113 
22-3-7-19 

29.52 
2-11-73 

23-3-67 
22-13-31 

2-809 

22-3^-5 
2-3-271 

22-409 
23.32-23 
2-3-277 

2-72-17 
22-3-139 
22-3247 

25-53 
2-3-283 

22-7-61 

23-5-43 
2-3-7-41 

22-433 
22-3-5-29 

2-32-97 
23-3-73 

23293 

2*-3-37 

2-3^-11 

2-19-47 
22.3149 

2332-52 

2-5-181 
2-911 


2 
6 
2 

13 

13 
3 
3 
5 
2 
2 

13 
3 
3 
2 
6 
3 
7 
3 
2 
2 
3 
6 
3 
2 
5 

14 
2 
2 

11 
2 
2 
5 
2 
3 

19 
3 
2 
3 
5 

11 
3 
5 
7 
3 
2 
2 
3 
2 

11 
3 
2 
2 
2 
3 
3 
3 
3 
3 
2 
2 
2 
7 
6 
5 

10 
2 
6 

11 
6 
5 


-G 


2 
2 
3 
2 

13 
9 
3 
2 
2 
2 
5 
3 
9 
3 
6 
3 
2 
2 
3 
2 
6 
5 
3 
4 
2 

14 
2 
3 
2 
3 
4 
2 
2 
3 
2 
2 
3 
5 
2 

11 
3 
2 
7 
3 
3 
2 
6 
2 

11 
2 
3 
2 
2 
3 
6 
3 
3 
6 
2 
2 
4 
7 
2 
5 
2 
3 
6 

11 
3 
2 


±10 

10 

-10 

-10 


10 
16 


±10 
-10 


-10 
±10 
±10 
-10 
10 


-10 

"io 


-10 

-10 

10 

10 

±10 

±10 

-10 

10 

10 

10 

10 


10 


10 
±10 


10 
-10 


±10 

±16 


±10 


-10 
±10 
10 
-10 
±10 


10 
10 


1831 

1847 

1861 

1867 

1871 

1873 

1877 

1879 

1889 

1901 

1907 

1913 

1931 

1933 

1949 

1951 

1973 

1979 

1987 

1993 

1997 

1999 

2003 

2011 

2017 

2027 

2029 

2039 

2053 

2063 

2069 

2081 

2083 

2087 

2089 

2099 

2111 

2113 

2129 

2131 

2137 

2141 

2143 

2153 

2161 

2179 

2203 

2207 

2213 

2221 

2237 

2239 

2243 

2251 

2267 

2269 

2273 

2281 

2287 

2293 

2297 

2309 

2311 

2333 

2339 

2341 

2347 

2.351 

23r.7 

2371 


p-1 


2-3-5-61 
2-13-71 
22-3-5-31 
2-3-311 
2-5-11-17 
2<-32-13 
22-7-67 
2-3-313 

25-59 
22-52.19 

2-953 

23-239 

2-5-193 

22-3-7-23 

22-487 

2-3-52.13 

22-17-29 

2-23-43 

2-3-331 

23-3-83 

22-499 

233-37 

2-711-13 

2-3-5-67 

25.32.7 

2-1013 

22-3-132 

2-1019 

22.33-19 

2-1031 

22-11-4? 

25-5-13 

2-3-347 

2-7-149 

23-32-29 

2-1049 

2-5-211 

2«-3-ll 

2^-7-19 

2-3-5-71 

23-3-89 

22-5-107 

2-32.7-17 

23.269 

2^-33-5 

2-32-112 

2-3-367 

2-U03 

22-7-79 

22-3-5-37 

22-13-43 

2-3-373 

2-19-59 

2-32-53 
211-103 

22.3^-7 

25-71 

23-3-519 

2-32-127 

22-3191 

23-7-41 

22-577 

2-3-5-7-11 

22-11-53 

2-7-167 

22.32-513 

2-3  17-23 

2-5247 

22-19-31 

23579 


3 
5 
2 
2 

14 

10 
2 
6 
3 
2 
2 
3 
2 
5 
2 
3 
2 
2 
2 
5 
2 
3 
5 
3 
5 
2 
2 
7 
2 
5 
2 
3 
2 
5 
7 
2 
7 
5 
3 
2 

10 
2 
3 
3 

23 
7 
5 
5 
2 
2 
2 
3 
2 
7 
2 
2 
3 
7 

19 
2 
5 
2 
3 
2 
2 
7 
3 

13 
2 
2 


-G 


9 
2 
2 
4 
2 

10 
2 
2 
3 
2 
3 
3 
3 
5 
2 
2 
2 
3 
4 
5 
2 
5 
3 
5 
5 
3 
2 
2 
2 
2 
2 
3 
4 
2 
7 
3 
2 
5 
3 
4 

10 
2 
9 
3 

23 
5 
7 
2 
2 
2 
2 
2 
3 
5 
3 
2 
3 
7 
7 
2 
5 
2 
2 
2 
3 
7 
6 
3 
2 
4 


10 
±10 
-10 
-10 
±10 


-10 
±10 


±10 

""16 


-10 
-10 


±10 
-10 
±10 
-10 


""io 
±10 

'-10 

""'10 
-10 
±10 

±10 

±10 

10 

±10 


10 

-10 

10 


±10 


-10 
-10 
10 
-10 
±10 
±10 


±10 
±10 


10 
±10 
-10 
-10 


10 


2377 
2381 
2383 
2389 
2393 
2399 
2411 
2417 
2423 
2437 
2441 
2447 
2459 
2467 
2473 
2477 
2503 
2521 
2531 
2539 
2543 
2549 
2551 
2557 
2579 
2591 
2593 
2609 
2617 
2621 
2633 
2647 
2657 
2659 
2663 
2671 
2677 
2683 
2687 
2689 
2693 
2699 
2707 
2711 
2713 
2719 
2729 
2731 
2741 
2749 
2753 
2767 
2777 
2789 
2791 
2797 
2801 
2803 
2819 
2833 
2837 
2843 
2851 
2857 
2861 
2879 
2887 
2897 
2903 
2909 


p-1 


23.33-11 

22-5-7-17 

2-3-397 

22-3-199 

23-13-23 

2- 11- 109 

2-5-241 

2«-151 

2-7173 

22.3-7-29 

23-5-61 

21223 

2-1229 

2-32-137 

23-3-103 

22-619 

2-32-139 

23-32-5-7 

2-511-23 

2-33-47 

2-31-41 

22-72-13 

2-3-52-17 

22-3271 

2-1289 

2-5-7-37 

25- 3« 

2^163 

23-3-109 

22-5-131 

23-7-47 

2-33-72 

25-83 

23443 

2-113 
2-3-5-89 
22-3-223 
2-32-149 
2-17-79 
2'-3-7 
22-673 
2-19-71 
2-311-41 
2-5-271 
23-3-113 
2-32-151 
23-11-31 
2-3-57-13 
22-5137 
22-3-229 

26-43 

2-3-461 

23-347 

22-17-41 

2-325-31 

223233 

2*52-7 

2-3-467 

2- 1409 

2*-3-59 

22-709 

2-72-29 

2-3-52-19 

23-3-7-17 

22.5  11-13 

2  1439 
23  1337 
2«181 
21451 
22-727 


g 

-G 

5 

5 

3 

3 

5 

13 

2 

2 

3 

3 

11 

2 

6 

3 

3 

3 

5 

2 

2 

2 

6 

6 

5 

2 

2 

3 

2 

4 

5 

5 

2 

2 

3 

2 

17 

17 

2 

3 

2 

4 

5 

2 

2 

2 

6 

2 

2 

2 

2 

3 

7 

2 

7 

7 

3 

3 

5 

5 

2 

2 

3 

3 

3 

2 

3 

3 

2 

4 

5 

2 

7 

5 

2 

2 

2 

4 

5 

3 

19 

19 

2 

2 

2 

3 

2 

4 

7 

2 

5 

5 

3 

2 

3 

3 

3 

5 

2 

2 

6 

6 

3 

3 

3 

9 

3 

3 

2 

2 

6 

7 

2 

2 

3 

3 

2 

4 

2 

3 

5 

5 

2 

2 

2 

4 

2 

4 

11 

11 

2 

2 

7 

2 

5 

2 

3 

3 

5 

2 

2 

2 

10 
±10 

-16 

10 

±10 

10 


10 
10 

±16 


10 

10 

±10 


10 
±10 

±16 

±10 
±10 

±16 
"io 

-10 

"16 


10 
-10 
-10 
±10 
-10 

"io 
±10 

±16 

10 

±10 

±10 


-10 

10 

±10 

-io 
10 

±16 
-10 

10 
±10 

10 
±10 


866 
Table  24.8 


COMBINATORIAL    ANALYSIS 
Primitive  Roots,  Factorization  of  p — 1 


g,  G  denote  the  least  positive  and  least  negative  (respectively)  primitive  roots  of  p.  e  denotes 
whether  10,  —10  both  or  neither  are  primitive  roots. 


2917 
2927 
2939 
2953 
2957 
2963 
2969 
2971 
2999 
3001 
3011 
3019 
3023 
3037 
3041 
3049 
3061 
3067 
3079 
3083 
3089 
3109 
3119 
3121 
3137 
3163 
3167 
3169 
3181 
3187 
3191 
3203 
3209 
3217 
3221 
3229 
3251 
3253 
3257 
3259 
3271 
3299 
3301 
3307 
3313 
3319 
3323 
3329 
3331 
3343 
3347 
3359 
3361 
3371 
3373 
3389 
3391 
3407 
3413 
3433 
3449 
3457 
3461 
3463 
3467 
3469 
3491 
3499 
3511 
3517 


p-1 


22. 3« 

2-71M9 

213113 

23-32-41 

22-739 

2- 1481 

23-7-53 

2-3'-511 

21499 

23- 3- 53 

2-5-7-43 

2-3-503 

21511 

22-311-23 

25-519 

23-3127 

22-32-5-17 

2-3-7-73 

2-3«19 

2-23-67 

2*193 

22-3-7-37 

21559 

2^-3-513 

26.72 

2-317-31 

2- 1583 

25.32.11 

22.3.5-53 

2-33.59 

2-5-11-29 

21601 

23-401 

2*3-67 

22.5-7-23 

22-3-269 

2-53-13 

22-3-271 

23-11-37 

2-32-181 

2-3-5-109 

2-17-97 

22-3-52-11 

2-3-19-29 

2*32-23 

2-3-7-79 

2-11-151 

2S-13 

2-32-5-37 

2-3557 

2-7-239 

2-23-73 

25-3-5-7 

2-5-337 

22.3-281 

22-7  112 

2-3-5-113 

2-13131 

22-853 

23.3-11-13 

23-431 

27.33 

22-5-173 

2-3-577 

2-1733 

22.3.172 

25349 

2.311. 53 

2.33.513 

22.3-293 


5 
5 
2 

13 
2 
2 
3 

10 

17 

14 
2 
2 
5 
2 
3 

11 
6 
2 
6 
2 
3 
6 
7 
7 
3 
3 
5 
7 
7 
2 

11 
2 
3 
5 

10 
6 
6 
2 
3 
3 
3 
2 
6 
2 

10 
6 
2 
3 
3 
5 
2 

11 

22 
2 
5 
3 
3 
5 
2 
5 
3 
7 
2 
3 
2 
2 
2 
2 
7 
2 


-G 


5 
2 
3 

13 
2 
3 
3 
5 
2 

14 
3 
4 
2 
2 
3 

11 
6 
4 
2 
3 
3 
6 
2 
7 
3 
6 
2 
7 
7 
4 
5 
3 
3 
5 

10 
6 
3 
2 
3 
5 
5 
3 
6 
4 

10 
2 
3 
3 
5 

11 
3 
2 

22 
3 
5 
3 
5 
2 
2 
5 
3 
7 
2 
9 
3 
2 
3 
4 
2 
2 


10 
10 


-10 


10 
10 


10 
10 
10 


-10 
-10 
-10 


-10 


±10 

-10 

10 


-10 


±10 

"io 


±10 
10 
-10 
10 
±10 
-10 
±10 


-10 


10 

10 

-10 

-10 


10 


±10 

-10 

10 


±10 


±10 

10 

-10 

±10 


-10 


3527 
3529 
3533 
3539 
3541 
3547 
3557 
3559 
3571 
3581 
3583 
3593 
3607 
3613 
3617 
3623 
3631 
3637 
3643 
3659 
3671 
3673 
3677 
3691 
3697 
3701 
3709 
3719 
3727 
3733 
3739 
3761 
3767 
3769 
3779 
3793 
3797 
3803 
3821 
3823 
3833 
3847 
3851 
3853 
3863 
3877 
3881 
3889 
3907 
3911 
3917 
3919 
3923 
3929 
3931 
3943 
3947 
3967 
3989 
4001 
4003 
4007 
4013 
4019 
4021 
4027 
4049 
4051 
4057 
4073 


p-1 


2-41-43 
23.32.72 

22.883 
2-29-61 

22-3-5-59 
2-32-197 
22.7-127 
2-3-593 

2-3-5-7-17 

22-5-179 

2-32-199 

23-449 

2-3-601 

22-3-7-43 
25-113 
21811 

2-3-5-112 

22.32.101 
2-3-607 
2-31-59 
2-5-367 
23.33.17 
22.919 

232-5-41 

2-432 
22-52-37 

22-32-103 

2-11132 

2-3*23 

22-3-311 

2-3-7-89 

2*-5-47 

2-7-269 

23-3-157 

2-1889 

2*-3-79 

22-13-73 

2-1901 

22.5-191 

2-3-72-13 
23-479 
2-3-641 

2-52-7-11 

22-32-107 
2-1931 

22-3-17-19 

23-597 

2*  35 

2-32-7-31 

2-517-23 

22-1189 

2-3-653 

2-37-53 

23-491 

2-3-5-131 
2-33-73 
2-1973 
2-3-661 
22-997 
25.53 

2-3-23-29 
2-2003 
22-17-59 
2-72.41 

22.3-5-67 

2-3-11-61 

2*11-23 

2-3*52 

23.3-132 

23-509 


5 
17 
2 
2 
7 
2 
2 
3 
2 
2 
3 
3 
5 
2 
3 
5 
15 
2 
2 
2 

13 
5 
2 
2 
5 
2 
2 
7 
3 
2 
7 
3 
5 
7 
2 
5 
2 
2 
3 
3 
3 
5 
2 
2 
5 
2 

13 

11 
2 

13 
2 
3 
2 
3 
2 
3 
2 
6 
2 
3 
2 
5 
2 
2 
2 
3 
3 

10 
5 
3 


-G 


2 
17 
2 
3 
7 
4 
2 
2 
4 
2 
2 
3 
11 
2 
3 
2 

10 
2 
4 
3 
2 
5 
2 
4 
5 
2 
2 
2 
2 
2 
5 
3 
2 
7 
3 
5 
2 
3 
3 
9 
3 
2 
4 
2 
2 
2 
13 
11 
4 
2 
2 
2 
3 
3 
4 
9 
3 
2 
2 
3 
4 
2 
2 
4 
2 
6 
3 
5 
5 
3 


10 


10 

-io 


-10 

10 

±10 


±10 
10 


±10 

10 

-10 


10 
10 


±10 


±10 

±10 

-10 

10 


10 
10 


-10 
±10 


±10 
10 


10 


-10 
-10 


10 


10 
-10 

10 
±10 


10 

16 


-10 


10 
±10 
±10 


4079 
4091 
4093 
4099 
4111 
4127 
4129 
4133 
4139 
4153 
4157 
4159 
4177 
4201 
4211 
4217 
4219 
4229 
4231 
4241 
4243 
4253 
4259 
4261 
4271 
4273 
4283 
4289 
4297 
4327 
4337 
4339 
4349 
4357 
4363 
4373 
4391 
4397 
4409 
4421 
4423 
4441 
4447 
4451 
4457 
4463 
4481 
4483 
4493 
4507 
4513 
4517 
4519 
4523 
4547 
4549 
4561 
4567 
4583 
4591 
4597 
4603 
4621 
4637 
4639 
4643 
4649 
4651 
4657 
4663 


p-1 


2-2039 

2-5-409 

22-311. 31 

2-3.683 

2-3-5-137 

2-2063 

25-3-43 

22-1033 

2-2069 

23.3173 

22.1039 

2.33.7.11 

2*32.29 

23.3-52-7 

2-5-421 

23-17-31 

2-3-19-37 

22-7-151 

2-32.5-47 

2*5-53 

23-7-101 

22-1063 

2-2129 

22-3-5-71 

2-5-7-61 

2*-3-89 

2-2141 

28-67 

23-3-179 

2-3-7103 

2*-271 

2-32-241 

22-1087 

22-32-112 

2-3-727 

22-1093 

2-5-439 

22-7-157 

23-19-29 

22-5-13-17 

2-3-11-67 

23-3-537 

2-32-13-19 

2-52-89 

23-557 

2-23-97 

2^-5-7 

2-33-83 

22-1123 

2-3-751 

25-3-47 

22-1129 

2-32-251 

2-717-19 

2-2273 

22-3-379 

2*3-5-19 

2-3-761 

2-29-79 

2-33-5-17 

22-3-383 

2-313-59 

22-3-5-7-11 

22-19-61 

2-3773 

2-11-211 

23-7-83 

2-3-52-31 

2*-3-97 

2-32-7-37 


g 

-G 

11 

2 

2 

3 

2 

2 

2 

4 

12 

2 

5 

2 

13 

13 

2 

2 

2 

3 

5 

5 

2 

2 

3 

2 

5 

5 

11 

11 

6 

3 

3 

3 

2 

4 

2 

2 

3 

2 

3 

3 

2 

4 

2 

2 

2 

3 

2 

2 

7 

3 

5 

5 

2 

3 

3 

3 

5 

5 

3 

2 

3 

3 

10 

5 

2 

2 

2 

2 

2 

4 

2 

2 

14 

2 

2 

2 

3 

3 

3 

3 

3 

7 

21 

21 

3 

2 

2 

3 

3 

3 

5 

2 

3 

3 

2 

4 

2 

2 

2 

4 

7 

7 

2 

2 

3 

9 

5 

3 

2 

3 

6 

6 

11 

11 

3 

7 

5 

2 

11 

2 

5 

5 

2 

4 

2 

2 

2 

2 

3 

2 

5 

3 

3 

3 

3 

5 

15 

15 

3 

9 
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Primitive  Roots,  Factorization  of  p — 1  Table  24.8 

g,  G  denote  the  least  positive  and  least  negative  (respectively)  primitive  roots  of  p.  e  denotes 
whether  10,  —10  both  or  neither  are  primitive  roots. 


4673 

4679 

4691 

4703 

4721 

4723 

4729 

4733 

4751 

4759 

4783 

4787 

4789 

4793 

4799 

4801 

4813 

4817 

4831 

4861 

4871 

4877 

4889 

4903 

4909 

4919 

4931 

4933 

4937 

4943 

4951 

4957 

4967 

4969 

4973 

4987 

4993 

4999 

5003 

5009 

5011 

5021 

5023 

5039 

5051 

5059 

5077 

5081 

5087 

5099 

5101 

5107 

5113 

5119 

5147 

5153 

5167 

5171 

5179 

5189 

5197 

5209 

5227 

5231 

5233 

5237 

5261 

5273 

5279 

5281 


p-1 


2«-73 
2-2339 
2-5-7-67 
2-2351 
2*5-59 
2-3-787 
23-3197 
22-7-132 
2-53-19 
2-3-13-61 
2-3-797 
2-2393 
22-32-7-19 
23-599 
2-2399 
2«-3-52 
22-3-401 
2<-7-43 
2-3-5-7-23 
22-35-5 
2-5-487 
22-23-53 
23-13-47 
2-3-1943 
22-3-409 
2-2459 
2-5-17-29 
22-32-137 
23-617 
2-7-353 
2-32-52-11 
22-3-7-59 
2-13-191 
23-33-23 
22-11-113 
2-32-277 
2^-3- 13 
2-3-72-17 
2-41-61 
2*-313 
2-3-5-167 
22-5-251 
2-3*-31 
2-11-229 
2-52-101 
2-32-28I 
22-33-47 
23-5-127 
2-2543 
2-2549 
22-3-52-17 
2-3-23-37 
23.32.71 
23-853 
2-31-83 
25-7-23 
2-32-741 
2-5-11-47 
2-3-863 
22-1297 
22-3-433 
23-3-7-31 
2-3-13-67 
2-5523 
2*-3-109 
22-7-11-17 
22-5-263 
23-659 
2-7-13-29 
25-3-5-11 


3 

11 
2 
5 
6 
2 

17 
5 

19 
3 
6 
2 
2 
3 
7 
7 
2 
3 
3 

11 

11 
2 
3 
3 
6 

13 
6 
2 
3 
7 
6 
2 
5 

11 
2 
2 
5 
3 
2 
3 
2 
3 
3 

11 
2 
2 
2 
3 
5 
2 
6 
2 

19 
3 
2 
5 
6 
2 
2 
2 
7 
17 
2 
7 
10 
3 
2 
3 
7 
7 


-G 


3 
2 
3 
2 
6 
4 

17 
5 
3 
5 
2 
3 
2 
3 
2 
7 
2 
3 
2 

11 
3 
2 
3 
2 
6 
2 
3 
2 
3 
2 
2 
2 
2 

11 
2 
4 
5 
9 
3 
3 
4 
3 
2 
2 
3 
4 
2 
3 
2 
3 
6 
4 

19 
2 
3 
5 

U 
4 
4 
2 
7 
17 
4 
2 

10 
3 
2 
3 
3 
7 


±10 

-10 

10 

10 


-10 


-10 

-10 

10 

-10 


"±io 
-10 

"±io 

"-io 

-16 
10 

"±16 

10 

-10 

""10 

'-16 

'-16 

'±16 

'-16 

"lb 

""lb 
10 

'-16 

-16 

±10 

10 

"16 
±10 

'-16 
-10 
±10 

"±16 
-10 

5297 

5303 

5309 

5323 

5333 

5347 

5351 

5381 

5387 

5393 

5399 

5407 

5413 

5417 

5419 

5431 

5437 

5441 

5443 

5449 

5471 

5477 

5479 

5483 

5501 

5503 

5507 

5519 

5521 

5527 

5531 

5557 

5563 

5569 

5573 

5581 

5591 

5623 

5639 

5641 

5647 

5651 

5653 

5657 

5659 

5669 

5683 

5689 

5693 

5701 

5711 

5717 

5737 

5741 

5743 

5749 

5779 

5783 

5791 

5801 

5807 

5813 

5821 

5827 

5839 

5843 

5849 

5851 

5857 

5861 


p-1 


2^-331 

2-11-241 

22-1327 

2-3-887 

22.3143 

2-35-11 

2-52.107 

22-5-269 

2-2693 

2^-337 

2-2699 

2-3-1753 

22-3  11-41 

23-677 

2-32-7-43 

2-3-5-181 

22-32-151 

26-517 

2-3-907 

23-3-227 

2-5-547 

22-372 

2-3-11-83 

2-2741 

22.53-11 

2-3-7131 

2-2753 

2-31-89 

2^-3-5-23 

2-32-307 

2-5-7-79 

22-3-463 

2-33-103 

2«-3-29 

22-7-199 

22-32.5-31 

2-5-13-43 

2-3-937 

2-2819 

23-3-5-47 

2-3-941 

2-52-113 

22-32-157 

23-7-101 

2-3-23-41 

22-13-109 

2-3-947 

23-32-79 

22-1423 

22.3-52-19 

2-5-571 

22-1429 

23-3-239 

22-5-7-41 

2-32-11-29 

22-3-479 

2-33-107 

2-7259 

2-3-5  193 

23-52-29 

22903 

22-1453 

22-3-5-97 

2-3-971 

2-3-7139 

2-23127 

23-17-43 

2-32-52-13 

25-3-61 

22-5293 


3 
5 
2 
5 
2 
3 

11 
3 
2 
3 
7 
3 
5 
3 
3 
3 
5 
3 
2 
7 
7 
2 
3 
2 
2 
3 
2 

13 

11 
5 

10 
2 
2 

13 
2 
6 

11 
5 
7 

14 
3 
2 
5 
3 
2 
3 
2 

11 
2 
2 

19 
2 
5 
2 

10 
2 
2 
7 
6 
3 
5 
2 
6 
2 
6 
2 
3 
2 
7 
3 


3 
2 
2 
10 
2 
6 
2 
3 
3 
3 
2 
2 
5 
3 
5 
2 
5 
3 
4 
7 
3 
2 
2 
3 
2 
9 
3 
2 
11 
2 
5 
2 
4 
13 
2 
6 
2 
2 
2 
14 
2 
3 
5 
3 
4 
3 
4 
11 
2 
2 
3 
2 
5 
2 
2 
2 
4 
2 
2 
3 
2 
2 
6 
4 
2 
4 
3 
4 
7 
3 


±10 

10 

±10 

-10 


-10 
-10 
±10 
-10 
±10 
-10 


±10 

10 

-10 


-10 
-10 
±10 
10 
-10 
-10 


10 
10 


-10 


±10 

-10 

10 

-10 


"10 

'±10 

10 

±10 

-10 

'±16 

±16 

±10 
10 

±10 
10 
10 

""'16 

'±16 

-10 
-10 
-10 

"±16 

±10 

5867 

5869 

5879 

5881 

5897 

5903 

5923 

5927 

5939 

5953 

5981 

5987 

6007 

6011 

6029 

6037 

6043 

6047 

6053 

6067 

6073 

6079 

6089 

6091 

6101 

6113 

6121 

6131 

6133 

6143 

6151 

6163 

6173 

6197 

6199 

6203 

6211 

6217 

6221 

6229 

6247 

6257 

6263 

6269 

6271 

6277 

6287 

6299 

6301 

6311 

6317 

6323 

6329 

6337 

6343 

6353 

6359 

6361 

6367 

6373 

6379 

6389 

6397 

6421 

6427 

6449 

6451 

6469 

6473 

6481 


-G 


2-7-419 

22-32-163 

2-2939 

23.3572 

23-11. 67 

23227 

232.7.47 

2-2963 

2-2969 

20-3.31 

22.5-13-23 

2-41-73 

2-3-71113 

2.5-601 

22-11-137 

22-3-503 

2-3-19-53 

23023 

22.17-89 

232337 

23.3-11-23 

2.31013 

23.761 

2.35.7.29 

22.52-6I 

25-191 

23-32-5-17 

2-5-613 

22-3-7-73 

2-3783 

2-3-52-41 

2-3-13-79 

22-1543 

22-1549 

2-3-1033 

2-7-443 

2-33-5-23 

23-3-7-37 

22-5-311 

22-32- 173 

2-32347 

2'-17.23 

231101 

22-1567 

2-3-5-11-19 

22-3-523 

2-7-449 

2-47-67 

22-32-52-7 

2-5-631 

22.1579 

2-29-109 

23-7-113 

2«-32-ll 

2-3-7-151 

2^-397 

21II72 

23.3-5-53 

23-1061 

22.33-59 

2-3-1063 

22-1597 

22-31341 

22-3-5-107 

233-7-17 

2<-1331 

2-3-52-43 

22.3-72-11 

23-809 

2<3«-5 


5 
2 
11 
31 
3 
5 
2 
5 
2 
7 
3 
2 
3 
2 
2 
5 
5 
5 
2 
2 
10 
17 
3 
7 
2 
3 
7 
2 
5 
5 
3 
3 
2 
2 
3 
2 
2 
5 
3 
2 
5 
3 
5 
2 
11 
2 
7 
2 
10 
7 
2 
2 
3 
10 
3 
3 
13 
19 
3 
2 
2 
2 
2 
6 
3 
3 
3 
2 
3 
7 


3 
2 
2 

31 
3 
2 
4 
2 
3 
7 
3 
3 
9 
4 
2 
5 
6 
2 
2 
4 

10 
7 
3 

11 
2 
3 
7 
3 
5 
2 
7 
6 
2 
2 
2 
3 
4 
5 
3 
2 
2 
3 
2 
2 

17 
2 
2 
3 

10 
2 
2 
3 
3 

10 
2 
3 
2 

19 
2 
2 
4 
2 
2 
6 
6 
3 
6 
2 
3 
7 


-10 
±10 
-10 

±16 
10 

-10 
10 
10 

±16 

-10 

'io 
±10 

-16 
10 

-lb 
±10 


±10 
'"16 
"16 

-io 

'"io 
±10 
±10 

""io 

±10 

10 

±10 

"io 

±16 
-10 

-16 

±16 

10 

±10 

-10 

"io 
±"i6 


±10 


273-888  0-67— 56 
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Table  24.8  Primitive  Roots,  Factorization  of  p — 1 

g,  G  denote  the  least  positive  and  least  negative  (respectively)  primitive  roots  of  p.  e  denotes 
whether  10,  — 10  both  or  neither  are  primitive  roots. 


p 

p-1 

9 

-G 

c 

p 

p-1 

9 

-G 

t 

p 

P-1 

9 

-G 

e 

6491 

2.511-59 

2 

3 

7121 

2<-5-89 

3 

3 

7741 

2«.3*.5.43 

7 

7 

6521 

2»-5163 

6 

6 

7127 

2-7509 

5 

2 

7753 

23.3.17.19 

10 

10 

±10 

6529 

2'.317 

7 

7 

7129 

23.3<.ll 

7 

7 

7757 

2*.7.277 

9 

2 

6547 

2-31091 

2 

4 

7151 

2-5»-ll-13 

7 

3 

7759 

23*431 

3 

2 

-10 

6551 

2-5*131 

17 

2 

-10 

7159 

2-3-1193 

3 

2 

-10 

7789 

2*311. 59 

2 

9 

6553 

2»-3»-713 

10 

10 

±10 

7177 

2»-3-13-23 

10 

10 

±10 

7793 

2^.487 

3 

3 

±10 

6563 

217193 

5 

10 

-10 

7187 

2-3593 

2 

3 

-10 

7817 

2'.977 

3 

3 

±10 

6569 

2»-821 

3 

3 

719S 

2»-29-31 

3 

3 

±10 

7823 

23911 

5 

2 

10 

6571 

2-3'-5-73 

3 

7 

10 

7207 

2-3-1201 

3 

2 

10 

7829 

2*.19.103 

2 

2 

±10 

6577 

2*.3137 

5 

5 

7211 

2-5-7-103 

2 

3 

7841 

25.57* 

12 

12 

6581 

2».5.7-47 

14 

14 

7213 

2«-3-601 

5 

5 

7853 

2*13.151 

2 

2 

6599 

2-3299 

13 

2 

-16 

7219 

2-3»-401 

2 

4 

io 

7867 

2.3».19.23 

3 

6 

-10 

6607 

2-3»-367 

3 

2 

7229 

2*-13-139 

2 

2 

±10 

7873 

2».3.41 

5 

5 

±10 

6619 

2.31103 

2 

4 

i5 

7237 

2»-3'-67 

2 

2 

7877 

2*.11.179 

2 

2 

6637 

2»-3-7-79 

2 

2 

7243 

2-3-17-71 

2 

4 

-io 

7879 

23.13101 

3 

2 

-10 

6653 

2*1663 

2 

2 

7247 

2-3623 

5 

2 

10 

7883 

2-7-563 

2 

3 

-10 

6659 

2-3329 

2 

3 

io 

7253 

2»-7'-37 

2 

2 

7901 

2*-5*-79 

2 

9 

±10 

6661 

2'-3=-5-37 

6 

6 

±10 

7283 

2-11-331 

2 

3 

-io 

7907 

2-59-67 

2 

3 

-10 

6673 

2«-3-139 

5 

o 

±10 

7297 

2'-3-19 

5 

5 

7919 

237107 

7 

2 

-10 

6679 

2.3»-7-53 

/ 

5 

-10 

7307 

2-13-281 

2 

3 

-io 

7927 

231321 

3 

7 

10 

6689 

2511.19 

3 

3 

7309 

2»-3»-7-29 

6 

6 

±10 

7933 

2*3-661 

2 

9 

6691 

2.35-223 

2 

4 

io 

7321 

2'-3-5-61 

7 

7 

7937 

29-31 

3 

3 

+  10 

6701 

2*.5»-67 

2 

2 

±10 

7331 

2-5-733 

2 

4 

7949 

2*1987 

2 

2 

+  10 

6703 

2-31117 

5 

2 

10 

7333 

22-3-13-47 

6 

6 

7951 

23.5*53 

6 

2 

-10 

6709 

2^3-l3•43 

2 

2 

±10 

7349 

2*11-167 

2 

2 

±io 

7963 

231327 

5 

10 

-10 

6719 

2-3359 

11 

2 

-10 

7351 

2-3-5*-7* 

6 

5 

7993 

2».3'.37 

5 

5 

6733 

2'.3M1-17 

2 

2 

7369 

25-3-307 

7 

7 

8009 

23.7.1113 

3 

3 

6737 

2*-421 

3 

3 

±10 

7393 

25-3-7-11 

5 

5 

±i6 

8011 

2.3*589 

14 

7 

6761 

2'-5.13* 

3 

3 

7411 

2-3-513-19 

2 

4 

10 

8017 

2*.3.167 

5 

5 

+  10 

6763 

2-3.7»-23 

2 

4 

7417 

2'-3*103 

5 

5 

8039 

2.4019 

11 

2 

-10 

6779 

2-3389 

2 

3 

16 

7433 

2'-929 

3 

3 

±io 

8053 

2*.311.61 

2 

2 

6781 

2».3-5113 

2 

2 

7451 

2-5*149 

2 

4 

10 

8059 

2.317.79 

3 

5 

10 

6791 

25.7.97 

7 

3 

7457 

25-233 

3 

3 

±10 

8069 

2*2017 

2 

2 

+  10 

6793 

2'.3-283 

10 

10 

±10 

7459 

2-3-11-113 

2 

4 

10 

8081 

2*-5101 

3 

3 

6803 

2-19-179 

2 

3 

-10 

7477 

2*-3-7-89 

2 

2 

8087 

2-13311 

5 

2 

10 

6823 

2.3'-379 

3 

2 

10 

7481 

2'-511-17 

6 

6 

8089 

23-3-337 

17 

17 

6827 

2-3413 

2 

3 

-10 

7487 

2-19-197 

5 

3 

io 

8093 

2*-7-17* 

2 

2 

6829 

2»-3-569 

2 

2^ 

±10 

7489 

2''.3*.13 

1 

7 

8101 

2*- 3* -5* 

6 

6 

6833 

2^-7-61 

3 

3 

±10 

7499 

2-23-163 

2 

3 

i5 

8111 

2-5-Sll 

11 

2 

6841 

2».3i.5.19 

22 

22 

7507 

2.3'.139 

2 

4 

-10 

8117 

2*-2029 

2 

2 

6857 

2'.857 

3 

3 

±10 

7517 

2*1879 

2 

2 

8123 

2-31-131 

2 

3 

-10 

6863 

2.47.73 

5 

2 

10 

7523 

2-3761 

2 

3 

-io 

8147 

2-4073 

2 

3 

-10 

6869 

2»17.101 

2 

2 

±10 

7529 

23-941 

3 

3 

8161 

25.3.517 

7 

i 

6871 

2.3.5-229 

3 

9 

-10 

7537 

2*3157 

7 

7 

8167 

231361 

3 

9 

6883 

2.3-31-37 

2 

4 

-10 

7541 

2*5-13-29 

2 

2 

±io 

8171 

2.5- 19-43 

2 

3 

10 

6899 

2-3449 

2 

3 

10 

7547 

2-7^-11 

2 

3 

-10 

8179 

2.3.29.47 

2 

4 

10 

6907 

2-3-1151 

2 

4 

7549 

2*3-17-37 

2 

2 

8191 

2-3*-5-713 

17 

11 

6911 

2-5-691 

7 

2 

-16 

7559 

2-3779 

13 

2 

-io 

8209 

2^-33-19 

7 

7 

6917 

2«-7.13.19 

2 

2 

7561 

25-3'-5-7 

13 

13 

8219 

2.7-587 

2 

3 

io 

6947 

2.23151 

2 

3 

-10 

7573 

2*3631 

2 

2 

8221 

2*.3.5.137 

2 

2 

6949 

2».3».193 

2 

2 

±10 

7577 

23-947 

3 

3 

±io 

8231 

25823 

11 

2 

-io 

6959 

2.7*.71 

7 

3 

-10 

7583 

2-17-223 

5 

2 

10 

8233 

23.373 

10 

10 

±10 

6961 

2^-3-5-29 

13 

13 

7589 

2*-7-271 

2 

2 

8237 

2*29.71 

2 

2 

6967 

2-3«-43 

5 

13 

10 

7591 

2-3-5-11-23 

6 

2 

-io 

8243 

213-317 

2 

3 

-io 

6971 

2-5-17-41 

2 

4 

10 

7603 

2-3-7-181 

2 

4 

8263 

2-35-17 

3 

2 

10 

6977 

26.109 

3 

3 

±10 

7607 

2-3803 

5 

2 

i5 

8269 

2».3. 13-53 

2 

2 

±10 

6983 

2-3491 

5 

2 

10 

7621 

2*-3.5127 

2 

2 

8273 

2*11-47 

3 

3 

±10 

6991 

2-3-5-233 

6 

2 

-10 

7639 

23.19.67 

7 

5 

-io 

8287 

2-31381 

3 

7 

10 

6997 

2'-3-ll-53 

5 

5 

7643 

23821 

2 

3 

-10 

8291 

2-5-829 

2 

3 

10 

7001 

25-5'.7 

3 

3 

7649 

25-239 

3 

3 

8293 

23-1049 

2 

2 

7013 

22.1753 

2 

2 

7669 

2*33-71 

2 

2 

8297 

2*-2099 

3 

3 

±10 

7019 

2.11».29 

9 

3 

10 

7673 

2'-7-137 

3 

3 

±io 

8311 

2-35-277 

3 

9 

-10 

7027 

23-1171 

2 

4 

7681 

2«-3-5 

17 

17 

8317 

2*-33.7-ll 

6 

6 

7039 

2-3217-23 

3 

9 

7687 

2-3*7-61 

6 

2 

io 

8329 

23-3-347 

7 

7 

7043 

2-7-503 

2 

4 

7691 

2-5-769 

2 

3 

10 

8353 

25-3*- 29 

5 

5 

±io 

7057 

2<-3'-7« 

5 

0 

±10 

7699 

23-1283 

3 

5 

10 

8363 

2-37-113 

2 

3 

-10 

7069 

2»-3-19-31 

2 

2 

±10 

7703 

2-3851 

5 

2 

10 

8369 

2* -523 

3 

3 

7079 

2-3539 

7 

2 

-10 

7717 

2*-3-643 

2 

2 

8377 

2'-3-349 

5 

5 

±i6 

7103 

253-67 

5 

9 

10 

7723 

2-3'-ll-13 

3 

6 

8387 

2-7-599 

2 

3 

7109 

2^-1777 

2 

2 

±10 

7727 

2-3863 

5 

2 

io 

8389 

2*-3*-233 

6 

6 

±i6 
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Primitive  Roots,  Factorization  of  p — 1 

g,  G  denote  the  least  positive  and  least  negative  (respectively)  primitive  roots  of  p. 
whether  10,  —10  both  or  neither  are  primitive  roots. 
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Table  24.8 

c  denotes 


p 

p-1 

9 

-G 

€ 

p 

p-1 

Q 

-G 

e 

p 

p-1 

9 

-G 

c 

8419 

2.3-23-61 

3 

6 

8941 

22.3.5149 

6 

6 

9463 

2-31983 

3 

9 

8423 

2-4211 

5 

2 

10 

8951 

252.179 

13 

2 

-io 

9467 

2-4733 

2 

3 

-10 

8429 

22-72-43 

2 

2 

±10 

8963 

24481 

2 

3 

-10 

9473 

28-37 

3 

3 

±10 

8431 

2.3-5-281 

3 

2 

-10 

8969 

23-19-59 

3 

3 

9479 

2-7-677 

7 

2 

-10 

8443 

2-3*-7-67 

2 

4 

-10 

8971 

23.5-13-23 

2 

4 

10 

9491 

2-5-13-73 

2 

3 

10 

8447 

2-41 -103 

5 

2 

10 

8999 

2-11-409 

7 

2 

-10 

9497 

23-1187 

3 

3 

±10 

8461 

22-32-5-47 

6 

6 

9001 

2»-32-5' 

7 

7 

9511 

2-3-5-317 

3 

9 

8467 

2.3- 17-83 

2 

4 

-16 

9007 

2-3-19-79 

3 

2 

9521 

2^5-7-17 

3 

3 

8501 

2«-5'17 

7 

7 

±10 

9011 

2-5-17-53 

2 

4 

10 

9533 

22-2383 

2 

2 

8513 

26-7-19 

5 

5 

±10 

9013 

22.3-751 

5 

5 

9539 

2-19-251 

2 

3 

10 

8521 

2^-3-5-71 

13 

13 

9029 

22-37-61 

2 

2 

±10 

9547 

23-37-43 

2 

4 

-10 

8527 

2-3-72-29 

5 

2 

9041 

2^-5-113 

3 

3 

9551 

2-52-191 

11 

2 

8537 

2*11-97 

3 

3 

±16 

9043 

2-3-11137 

3 

6 

-io 

9587 

2-4793 

2 

3 

-10 

8539 

2-3-1423 

2 

4 

9049 

2'-3- 13-29 

7 

7 

9601 

2^3-52 

13 

13 

8543 

2-4271 

5 

2 

16 

9059 

2-7-647 

2 

4 

10 

9613 

22-33-89 

2 

2 

8563 

2-3-1427 

2 

4 

-10 

9067 

2-3-1511 

3 

6 

-10 

9619 

2-3-7-229 

2 

4 

8573 

22-2143 

2 

2 

9091 

2-32-5101 

3 

5 

9623 

2-17-283 

5 

3 

10 

8581 

22-3-5-1M3 

6 

6 

9103 

2-3-37-41 

6 

2 

10 

9629 

22-29-83 

2 

2 

±10 

8597 

2^-7-307 

2 

2 



9109 

22-32-11-23 

10 

10 

±10 

9631 

2-32-5-107 

3 

9 

-10 

8599 

2-3-1433 

3 

2 

9127 

23'.  132 

3 

2 

9643 

2-3-1607 

2 

4 

-10 

8609 

25-269 

3 

3 

9133 

22.3-761 

6 

6 

9649 

2<-32-67 

7 

7 

8623 

2-32-479 

3 

2 

io 

9137 

2<-571 

3 

3 

±io 

9661 

22-3-5-7-23 

2 

2 

8627 

2-19-227 

2 

3 

-10 

9151 

2-3-52-6I 

3 

2 

9677 

22-41-59 

2 

2 

8629 

22-3-719 

6 

6 

9157 

22-3-7-109 

6 

6 

9679 

2-3-1613 

3 

2 

8641 

26-3'-5 

17 

17 

9161 

23-5-229 

3 

3 

9689 

23-7-173 

3 

3 

8647 

2-3-11-131 

3 

2 

io 

9173 

22-2293 

2 

2 

9697 

25-3-101 

10 

10 

±10 

8663 

2-61-71 

5 

2 

10 

9181 

22.33-5-17 

2 

2 

9719 

2-43-113 

17 

3 

-10 

8669 

22-11-197 

2 

2 

±10 

9187 

231531 

3 

6 

-io 

9721 

23-35-5 

7 

7 

8677 

22.32-241 

2 

2 

9199 

232.7.73 

3 

2 

-10 

9733 

22-3-811 

2 

2 

8681 

23-5-7-31 

15 

15 

9203 

243107 

2 

3 

-10 

9739 

2-32-541 

3 

5 

10 

8689 

2^-3-181 

13 

13 

9209 

23.1151 

3 

3 

9743 

2-4871 

5 

2 

10 

8693 

22-41-53 

2 

2 

9221 

22-5-461 

2 

2 

±io 

9749 

22-2437 

2 

2 

±10 

8699 

2-4349 

2 

3 

io 

9227 

2-7-659 

2 

3 

-10 

9767 

2-19-257 

5 

2 

10 

8707 

2-3-1451 

5 

7 

-10 

9239 

2-31-149 

19 

2 

-10 

9769 

23-3-11-37 

13 

13 

8713 

23.32.112 

5 

5 

±10 

9241 

23-3-5-7-11 

13 

13 

9781 

22-3-5-163 

6 

6 

±10 

8719 

2-3-1453 

3 

5 

-10 

9257 

23-13-89 

3 

3 

±10 

9787 

2-3-7-233 

3 

6 

-10 

8731 

2-32-5-97 

2 

4 

10 

9277 

22-3-773 

5 

5 

9791 

2-5-11-89 

11 

2 

-10 

8737 

25-3-7-13 

5 

5 

9281 

28-5-29 

3 

3 

9803 

2-132-29 

2 

3 

-10 

8741 

22-5-19-23 

2 

2 

±io 

9283 

2-3-7-13-17 

2 

4 

9811 

2-32-5-109 

3 

5 

10 

8747 

2-4373 

2 

3 

-10 

9293 

22-23-101 

2 

2 

9817 

23-3-409 

5 

5 

+  10 

8753 

2<-547 

3 

3 

±10 

9311 

2-5-72-19 

7 

2 

-io 

9829 

22.33-7-13 

10 

10 

+  10 

8761 

2'-3-5-73 

23 

23 

9319 

2-31553 

3 

2 

-10 

9833 

23-1229 

3 

3 

+  10 

8779 

2-3-7-11-19 

11 

22 

9323 

2-59-79 

2 

3 

-10 

9839 

?-4919 

7 

2 

-10 

8783 

2-4391 

5 

2 

io 

9337 

23-3-389 

5 

5 

9851 

2-52-197 

2 

4 

10 

8803 

2-3»-163 

2 

4 

9341 

22-5-467 

2 

2 

±io 

9857 

2'-7-ll 

5 

5 

+  10 

8807 

2-7-17-37 

5 

2 

io 

9343 

2-33-173 

5 

2 

10 

9859 

23-31-53 

2 

4 

8819 

2-4409 

2 

3 

10 

9349 

22-319-41 

2 

2 

9871 

2-3-5-7-47 

3 

2 

-10 

8821 

22-32-5-72 

2 

2 

±10 

9371 

2-5-937 

2 

3 

io 

9883 

2-3*-61 

2 

4 

-10 

8831 

2-5-883 

7 

5 

-10 

9377 

25-293 

3 

3 

±10 

9887 

2-4943 

5 

2 

10 

8837 

22-472 

2 

2 

9391 

2-3-5-313 

3 

2 

-10 

9901 

22-32-52-11 

2 

2 

8839 

2-32-491 

3 

2 

-io 

9397 

22-3^-29 

2 

2 

9907 

2-3-13-127 

2 

4 

-10 

8849 

2«-7-79 

3 

3 

9403 

2-3-1567 

3 

6 

9923 

2-112-41 

2 

3 

-10 

8861 

22-5-443 

2 

2 

±10 

9413 

22-13-181 

3 

3 

9929 

23-17-73 

3 

3 

8863 

2-3-7-211 

3 

9 

10 

9419 

2-17-277 

2 

3 

9931 

2-3-5-331 

10 

5 

10 

8867 

2-1M3-31 

2 

3 

-10 

9421 

22-3-5-157 

2 

2 

±i6 

9941 

22-5-7-71 

2 

2 

8887 

2-3-1481 

3 

2 

10 

9431 

2-5-23-41 

7 

3 

-10 

9949 

22-3-829 

2 

2 

±10 

8893 

22-32-13-19 

5 

5 

9433 

23-32-131 

5 

5 

9967 

2-311-151 

3 

2 

10 

8923 

2-3-1487 

2 

4 

9437 

22-7-337 

2 

2 

9973 

22-32-277 

11 

11 

8929 

25-32.31 

11 

11 

9439 

2-3-112-13 

22 

7 

8933 

22-711. 29 

2 

2 

9461 

22-5-11-43 

3 

3 

±io 

870 
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Ta 

)l.-  2 

l/> 

PRIMES 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

1 

2 

547 

1229 

1993 

2749 

3581 

4421 

5281 

6143 

7001 

7927 

8837 

9739 

10663 

11677 

12569 

13513 

14533 

15413 

16411 

17393 

18329 

19427 

20359 

21391 

2 

3 

557 

1231 

1997 

2753 

3583 

4423 

5297 

6151 

7013 

7933 

8839 

9743 

10667 

11681 

12577 

13523 

14537 

15427 

16417 

17401 

18341 

19429 

20369 

21397 

3 

5 

563 

1237 

1999 

2767 

3593 

4441 

5303 

6163 

7019 

7937 

8849 

9749 

10687 

11689 

12583 

13537 

14543 

15439 

16421 

17417 

18353 

19433 

20389 

21401 

4 

7 

569 

1249 

2003 

2777 

3607 

4447 

5309 

6173 

7027 

7949 

8861 

9767 

10691 

11699 

12589 

13553 

14549 

15443 

16427 

17419 

18367 

19441 

20393 

21407 

5 

11 

571 

1259 

2011 

2789 

3613 

4451 

5323 

6197 

7039 

7951 

8863 

9769 

10709 

11701 

12601 

13567 

14551 

15451 

16433 

17431 

18371 

19447 

20399 

21419 

6 

13 

577 

1277 

2017 

2791 

3617 

4457 

5333 

6199 

7043 

7963 

8867 

9781 

10711 

11717 

12611 

13577 

14557 

15461 

16447 

17443 

18379 

19457 

20407 

21433 

7 

17 

587 

1279 

2027 

2797 

3623 

4463 

5347 

6203 

7057 

7993 

8887 

9787 

10723 

11719 

12613 

13591 

14561 

15467 

16451 

17449 

18397 

19463 

20411 

21467 

8 

19 

593 

1283 

2029 

2801 

3631 

4481 

5351 

6211 

7069 

8009 

8893 

9791 

10729 

11731 

12619 

13597 

14563 

15473 

16453 

17467 

18401 

19469 

20431 

21481 

9 

23 

599 

1289 

2039 

2803 

3637 

4483 

5381 

6217 

7079 

8011 

8923 

9803 

10733 

11743 

12637 

13613 

14591 

15493 

16477 

17471 

18413 

19471 

20441 

21487 

10 

29 

601 

1291 

2053 

2819 

3643 

4493 

5387 

6221 

7103 

8017 

8929 

9811 

10739 

11777 

12641 

13619 

14593 

15497 

16481 

17477 

18427 

19477 

20443 

21491 

11 

31 

607 

1297 

2063 

2833 

3i659 

4507 

5393 

6229 

7109 

8039 

8933 

9817 

10753 

11779 

12647 

13627 

14621 

15511 

16487 

17483 

18433 

19483 

20477 

21493 

12 

37 

613 

1301 

2069 

2837 

3671 

4513 

5399 

6247 

7121 

8053 

8941 

9829 

10771 

11783 

12653 

13633 

14627 

15527 

16493 

17489 

18439 

19489 

20479 

21499 

13 

41 

617 

1303 

2081 

2843 

3673 

4517 

5407 

6257 

7127 

8059 

8951 

9833 

10781 

11789 

12659 

13649 

14629 

15541 

16519 

17491 

18443 

19501 

20483 

21503 

14 

43 

619 

1307 

2083 

2851 

3677 

4519 

5413 

6263 

7129 

8069 

8963 

9839 

10789 

11801 

12671 

13669 

14633 

15551 

16529 

17497 

18451 

19507 

20507 

21517 

15 

47 

631 

1319 

2087 

2857 

3691 

4523 

5417 

6269 

7151 

8081 

8969 

9851 

10799 

11807 

12689 

13679 

14639 

15559 

16547 

17509 

18457 

19531 

20509 

21521 

16 

53 

641 

1321 

2089 

2861 

3697 

4547 

5419 

6271 

7159 

8087 

8971 

9857 

10831 

11813 

12697 

13681 

14653 

15569 

16553 

17519 

18461 

19541 

20521 

21523 

17 

59 

643 

1327 

2099 

2879 

3701 

4549 

5431 

6277 

7177 

8089 

8999 

9859 

10837 

11821 

12703 

13687 

14657 

15581 

16561 

17539 

18481 

19543 

20533 

21529 

18 

61 

647 

1361 

2111 

2887 

3709 

4561 

5437 

6287 

7187 

8093 

9001 

9871 

10847 

11827 

12713 

13691 

14669 

15583 

16567 

17551 

18493 

19553 

20543 

21557 

19 

67 

653 

1367 

2113 

2897 

3719 

4567 

5441 

6299 

7193 

8101 

9007 

9883 

10853 

11831 

12721 

13693 

14683 

15601 

16573 

17569 

18503 

19559 

20549 

21559 

20 

71 

659 

1373 

2129 

2903 

3727 

4583 

5443 

6301 

7207 

8111 

9011 

9887 

10859 

11833 

12739 

13697 

14699 

15607 

16603 

17573 

18517 

19571 

20551 

21563 

21 

73 

661 

1381 

2131 

2909 

3733 

4591 

5449 

6311 

7211 

8117 

9013 

9901 

10861 

11839 

12743 

13709 

14713 

15619 

16607 

17579 

18521 

19577 

20563 

21569 

22 

79 

673 

1399 

2137 

2917 

3739 

4597 

5471 

6317 

7213 

8123 

9029 

9907 

10867 

11863 

12757 

13711 

14717 

15629 

16619 

17581 

18523 

19583 

20593 

21577 

23 

83 

677 

1409 

2141 

2927 

3761 

4603 

5477 

6323 

7219 

8147 

9041 

9923 

10883 

11867 

12763 

13721 

14723 

15641 

16631 

17597 

18539 

19597 

20599 

21587 

24 

89 

683 

1423 

2143 

2939 

3767 

4621 

5479 

6329 

7229 

8161 

9043 

9929 

10889 

11887 

12781 

13723 

14731 
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.iU 

:!1 

:!2 

:W 

M 

:i5 

:iii 

37 

:» 

:» 

40 

41 

42 

A.i 

44 

45 

46 

47 

4« 

49 

1 

22343 

23327 

24317 

25409 

26407 

27457 

28513 

29453 

30577 

31607 

32611 

33617 

34651 

35771 

36787 

37831 

38923 

39979 

41113 

42083 

43063 

44203 

45317 

46451 

47533 

2 

22349 

23333 

24329 

25411 

26417 

27479 

28517 

29473 

30593 

31627 

32621 

33619 

34667 

35797 

36791 

37847 

38933 

39983 

41117 

42089 

43067 

44207 

45319 

46457 

47543 

3 

22367 

23339 

24337 

25423 

26423 

27481 

28537 

29483 

30631 

31643 

32633 

33623 

34673 

35801 

36793 

37853 

38953 

39989 

41131 

42101 

43093 

44221 

45329 

46471 

47563 

4 

22369 

23357 

24359 

25439 

26431 

27487 

28541 

29501 

30637 

31649 

32647 

33629 

34679 

35803 

36809 

37861 

38959 

40009 

41141 

42131 

43103 

44249 

45337 

46477 

47569 

5 

22381 

23369 

24371 

25447 

26437 

27509 

28547 

29527 

30643 

31657 

32653 

33637 

34687 

35809 

36821 

37871 

38971 

40013 

41143 

42139 

43117 

44257 

45341 

46489 

47581 

6 

22391 

23371 

24373 

25453 

26449 

27527 

28549 

29531 

30649 

31663 

32687 

33641 

34693 

35831 

36833 

37879 

38977 

40031 

41149 

42157 

43133 

44263 

45343 

46499 

47591 

7 

22397 

23399 

24379 

25457 

26459 

27529 

28559 

29537 

30661 

31667 

32693 

33647 

34703 

35837 

36847 

37889 

38993 

40037 

41161 

42169 

43151 

44267 

45361 

46507 

47599 

8 

22409 

23417 

24391 

25463 

26479 

27539 

28571 

29567 

30671 

31687 

32707 

33679 

34721 

35839 

36857 

37897 

39019 

40039 

41177 

42179 

43159 

44269 

45377 

46511 

47609 

9 

22433 

23431 

24407 

25469 

26489 

27541 

28573 

29569 

30677 

31699 

32713 

33703 

34729 

35851 

36871 

37907 

39023 

40063 

41179 

42181 

43177 

44273 

45389 

46523 

47623 

10 

22441 

23447 

24413 

25471 

26497 

27551 

28579 

29573 

30689 

31721 

32717 

33713 

34739 

35863 

36877 

37951 

39041 

40087 

41183 

42187 

43189 

44279 

45403 

46549 

47629 

11 

22447 

23459 

24419 

25523 

26501 

27581 

28591 

29581 

30697 

31723 

32719 

33721 

34747 

35869 

36887 

37957 

39043 

40093 

41189 

42193 

43201 

44281 

45413 

46559 

47639 

12 

22453 

23473 

24421 

25537 

26513 

27583 

28597 

29587 

30703 

31727 

32749 

33739 

34757 

35879 

36899 

37963 

39047 

40099 

41201 

42197 

43207 

44293 

45427 

46567 

47653 

13 

22469 

23497 

24439 

25541 

26539 

27611 

28603 

29599 

30707 

31729 

32771 

33749 

34759 

35897 

36901 

37967 

39079 

40111 

41203 

42209 

43223 

44351 

45433 

46573 

47657 

14 

22481 

23509 

24443 

25561 

26557 

27617 

28607 

29611 

30713 

31741 

32779 

33751 

34763 

35899 

36913 

37987 

39089 

40123 

41213 

42221 

43237 

44357 

45439 

46589 

47659 

15 

22483 

23531 

24469 

25577 

26561 

27631 

28619 

29629 

30727 

31751 

32733 

33757 

34781 

35911 

36919 

37991 

39097 

40127 

41221 

42223 

43261 

44371 

45481 

46591 

47681 

16 

22501 

23537 

24473 

25579 

26573 

27647 

28621 

29633 

30757 

31769 

32789 

33767 

34807 

35923 

36923 

37993 

39103 

40129 

41227 

42227 

43271 

44381 

45491 

46601 

47699 

17 

22511 

23539 

24481 

25583 

26591 

27653 

28627 

29641 

30763 

31771 

32797 

33769 

34819 

35933 

36929 

37997 

39107 

40151 

41231 

42239 

43263 

44383 

45497 

46619 

47701 

16 

22531 

23549 

24499 

25589 

26597 

27673 

28631 

29663 

30773 

31793 

32801 

•33773 

34841 

35951 

36931 

38011 

39113 

40153 

41233 

42257 

43291 

44389 

45503 

46633 

47711 

19 

22541 

23557 

24509 

25601 

26627 

27689 

28643 

29669 

30731 

31799 

32803 

33791 

34843 

35963 

36943 

38039 

39119 

40163 

41243 

42281 

43313 

44417 

45523 

46639 

47713 

20 

22543 

23561 

24517 

25603 

26633 

27691 

28649 

29671 

30803 

31817 

32831 

33797 

34847 

35969 

36947 

38047 

39133 

40169 

41257 

42263 

43319 

44449 

45533 

46643 

47717 

21 

22549 

23563 

24527 

25609 

26641 

27697 

28657 

29683 

30809 

31847 

32333 

33809 

34849 

35977 

36973 

38053 

39139 

40177 

41263 

42293 

43321 

44453 

45541 

46649 

47737 

22 

22567 

23567 

24533 

25621 

26647 

27701 

28661 

29717 

30817 

31849 

32839 

33811 

34371 

35933 

36979 

38069 

39157 

40189 

41269 

42299 

43331 

44483 

45553 

46663 

47741 

23 

22571 

23581 

24547 

25633 

26669 

27733 

28663 

29723 

30829 

31859 

32843 

33327 

34877 

35993 

36997 

38083 

39161 

40193 

41281 

42307 

43391 

44491 

45557 

46679 

47743 

24 

22573 

23593 

24551 

25639 

26681 

27737 

28669 

29741 

30839 

31873 

32869 

33829 

34883 

35999 

37003 

38113 

39163 

40213 

41299 

42323 

43397 

44497 

45569 

46661 

47777 

25 

22613 

23599 

24571 

25643 

26683 

27739 

28687 

29753 

30841 

31883 

32887 

33851 

34897 

36007 

37013 

38119 

39181 

40231 

41333 

42331 

43399 

44501 

45587 

46687 

47779 

26 

22619 

23603 

24593 

25657 

26687 

27743 

28697 

29759 

30851 

31891 

32909 

33857 

34913 

36011 

37019 

38149 

39191 

40237 

41341 

42337 

43403 

44507 

45589 

46691 

47791 

27 

22621 

23609 

24611 

25667 

26693 

27749 

28703 

29761 

30853 

31907 

32911 

33863 

34919 

36013 

37021 

38153 

39199 

40241 

41351 

42349 

43411 

44519 

45599 

46703 

47797 

28 

22637 

23623 

24623 

25673 

26699 

27751 

28711 

29789 

30359 

31957 

32917 

33871 

34939 

36017 

37039 

38167 

39209 

40253 

41357 

42359 

43427 

44531 

45613 

46723 

47807 

29 

22639 

23627 

24631 

25679 

26701 

27763 

28723 

29803 

30869 

31963 

32933 

33889 

34949 

36037 

37049 

38177 

39217 

40277 

41381 

42373 

43441 

44533 

45631 

46727 

47809 

30 

22643 

23629 

24659 

25693 

26711 

27767 

28729 

29619 

30871 

31973 

32939 

33893 

34961 

36061 

37057 

38183 

39227 

40283 

41387 

42379 

43451 

44537 

45641 

46747 

47819 

31 

22651 

23633 

24671 

25703 

26713 

27773 

28751 

29833 

30881 

31931 

32941 

33911 

34963 

36067 

37061 

33189 

39229 

40289 

41389 

42391 

43457 

44543 

45659 

46751 

47637 

32 

22669 

23663 

24677 

25717 

26717 

27779 

28753 

29837 

30893 

31991 

32957 

33923 

34981 

36073 

37087 

38197 

39233 

40343 

41399 

42397 

43481 

44549 

45667 

46757 

47643 

33 

22679 

23669 

24683 

25733 

26723 

27791 

28759 

29851 

30911 

32003 

32969 

33931 

35023 

36083 

37097 

38201 

39239 

40351 

41411 

42403 

43467 

44563 

45673 

46769 

47857 

34 

22691 

23671 

24691 

25741 

26729 

27793 

28771 

29863 

30931 

32009 

32971 

33937 

35027 

36097 

37117 

38219 

39241 

40357 

41413 

42407 

43499 

44579 

45677 

46771 

47869 

35 

22697 

23677 

24697 

25747 

26731 

27799 

28789 

29867 

30937 

32027 

32983 

33941 

35051 

36107 

37123 

38231 

39251 

40361 

41443 

42409 

43517 

44587 

45691 

46807 

47881 

36 

22699 

23687 

24709 

25759 

26737 

27803 

28793 

29873 

30941 

32029 

32987 

33961 

35053 

36109 

37139 

33237 

39293 

40387 

41453 

42433 

43541 

44617 

45697 

46611 

47903 

37 

22709 

23639 

24733 

25763 

26759 

27809 

28807 

29879 

30949 

32051 

32993 

33967 

35059 

36131 

37159 

33239 

39301 

40423 

41467 

42437 

43543 

44621 

45707 

46617 

47911 

38 

22717 

23719 

24749 

25771 

26777 

27817 

28813 

29881 

30971 

32057 

32999 

33997 

35069 

36137 

37171 

38261 

39313 

40427 

41479 

42443 

43573 

44623 

45737 

46819 

47917 

39 

22721 

23741 

24763 

25793 

26783 

27823 

28817 

29917 

30977 

32059 

33013 

34019 

35081 

36151 

37131 

38273 

39317 

40429 

41491 

42451 

43577 

44633 

45751 

46629 

47933 

40 

22727 

23743 

24767 

25799 

26801 

27827 

28837 

29921 

30983 

32063 

33023 

34031 

35083 

36161 

37189 

38281 

39323 

40433 

41507 

42457 

43579 

44641 

45757 

46831 

47939 

41 

22739 

23747 

24781 

25301 

26813 

27847 

28343 

29927 

31013 

32069 

33029 

34033 

35089 

36187 

37199 

38287 

39341 

40459 

41513 

42461 

43591 

44647 

45763 

46853 

47947 

42 

22741 

23753 

24793 

25819 

26821 

27851 

28859 

29947 

31019 

32077 

33037 

34039 

35099 

36191 

37201 

38299 

39343 

40471 

41519 

42463 

43597 

44651 

45767 

46861 

47951 

43 

22751 

23761 

24799 

25341 

26833 

27833 

23867 

29959 

31033 

32083 

33049 

34057 

35107 

36209 

37217 

38303 

39359 

40483 

41521 

42467 

43607 

44657 

45779 

46667 

47963 

44 

22769 

23767 

24809 

25847 

26839 

27893 

28871 

29983 

31039 

32039 

33053 

34061 

35111 

36217 

37223 

33317 

39367 

40487 

41539 

42473 

43609 

44683 

45817 

46877 

47969 

45 

22777 

23773 

24321 

25349 

26349 

27901 

28379 

29989 

31051 

32099 

33071 

34123 

35117 

36229 

37243 

38321 

39371 

40493 

41543 

42487 

43613 

44687 

45821 

46889 

47977 

46 

22783 

23739 

24341 

25867 

26861 

27917 

23901 

30011 

31063 

32117 

33073 

34127 

35129 

36241 

37253 

38327 

39373 

40499 

41549 

42491 

43627 

44699 

45823 

46901 

47981 

47 

22787 

23801 

24847 

25873 

26863 

27919 

28909 

30013 

31069 

32119 

33033 

34129 

35141 

36251 

37273 

38329 

39383 

40507 

41579 

42499 

43633 

44701 

45827 

46919 

46017 

48 

22807 

23813 

24851 

25889 

26879 

27941 

28921 

30029 

31079 

32141 

33091 

34141 

35149 

36263 

37277 

38333 

39397 

40519 

41593 

42509 

43649 

44711 

45833 

46933 

48023 

49 

22811 

23819 

24859 

25903 

26881 

27943 

28927 

30047 

31081 

32143 

33107 

34147 

35153 

36269 

37307 

38351 

39409 

40529 

41597 

42533 

43651 

44729 

45841 

46957 

48029 

50 

22317 

23827 

24877 

25913 

26891 

27947 

28933 

30059 

31091 

32159 

33113 

34157 

35159 

36277 

37309 

38371 

39419 

40531 

41603 

42557 

43661 

44741 

45853 

46993 

46049 

51 

22853 

23831 

24889 

25919 

26893 

27953 

28949 

30071 

31121 

32173 

33119 

34159 

35171 

36293 

37313 

33377 

39439 

40543 

41609 

42569 

43669 

44753 

45663 

46997 

48073 

52 

22859 

23833 

24907 

25931 

26903 

27961 

28961 

30089 

31123 

32183 

33149 

34171 

35201 

36299 

37321 

38393 

39443 

40559 

41611 

42571 

43691 

44771 

45669 

47017 

46079 

53 

22861 

23857 

24917 

25933 

26921 

27967 

23979 

30091 

31139 

32189 

33151 

34133 

35221 

36307 

37337 

38431 

39451 

40577 

41617 

42577 

43711 

44773 

45887 

47041 

46091 

54 

22871 

23869 

24919 

25939 

26927 

27983 

29009 

30097 

31147 

32191 

33161 

34211 

35227 

36313 

37339 

38447 

39461 

40583 

41621 

42589 

43717 

44777 

45893 

47051 

46109 

55 

22877 

23873 

24923 

25943 

26947 

27997 

29017 

30103 

31151 

32203 

33179 

34213 

35251 

36319 

37357 

38449 

39499 

40591 

41627 

42611 

43721 

44789 

45943 

47057 

48119 

56 

22901 

23879 

24943 

25951 

26951 

28001 

29021 

30109 

31153 

32213 

33181 

34217 

35257 

36341 

37361 

38453 

39503 

40597 

41641 

42641 

43753 

44797 

45949 

47059 

48121 

57 

22907 

23887 

24953 

25969 

26953 

28019 

29023 

30113 

31159 

32233 

33191 

34231 

35267 

36343 

37363 

38459 

39509 

40609 

41647 

42643 

43759 

44809 

45953 

47087 

46131 

53 

22921 

23893 

24967 

25981 

26959 

28027 

29027 

30119 

31177 

32237 

33199 

34253 

35279 

36353 

37369 

38461 

39511 

40627 

41651 

42649 

43777 

44819 

45959 

47093 

48157 

59 

22937 

23899 

24971 

25997 

26981 

28031 

29033 

30133 

31181 

32251 

33203 

34259 

35281 

36373 

37379 

38501 

39521 

40637 

41659 

42667 

43781 

44639 

45971 

47111 

48163 

60 

22943 

23909 

24977 

25999 

26987 

28051 

29059 

30137 

31183 

32257 

33211 

34261 

35291 

36383 

37397 

38543 

39541 

40639 

41669 

42677 

43783 

44843 

45979 

47119 

48179 

61 

22961 

23911 

24979 

26003 

26993 

28057 

29063 

30139 

31189 

32261 

33223 

34267 

35311 

36389 

37409 

38557 

39551 

40693 

41681 

42683 

43787 

44851 

45989 

47123 

48187 

62 

22963 

23917 

24989 

26017 

27011 

28069 

29077 

30161 

31193 

32297 

33247 

34273 

35317 

36433 

37423 

38561 

39563 

40697 

41687 

42689 

43789 

44867 

46021 

47129 

48193 

63 

22973 

23929 

25013 

26021 

27017 

28031 

29101 

30169 

31219 

32299 

33287 

34283 

35323 

36451 

37441 

38567 

39569 

40699 

41719 

42697 

43793 

44879 

46027 

47137 

46197 

64 

22993 

23957 

25031 

26029 

27031 

28087 

29123 

30181 

31223 

32303 

33289 

34297 

35327 

36457 

37447 

38569 

39581 

40709 

41729 

42701 

43801 

44687 

46049 

47143 

48221 

65 

23003 

23971 

25033 

26041 

27043 

28097 

29129 

30187 

31231 

32309 

33301 

34301 

35339 

36467 

37463 

33593 

39607 

40739 

41737 

42703 

43853 

44693 

46051 

47147 

48239 

66 

23011 

23977 

25037 

26053 

27059 

28099 

29131 

30197 

31237 

32321 

33311 

34303 

35353 

36469 

37433 

38603 

39619 

40751 

41759 

42709 

43867 

44909 

46061 

47149 

48247 

67 

23017 

23981 

25057 

26083 

27061 

28109 

29137 

30203 

31247 

32323 

33317 

34313 

35363 

36473 

37489 

38609 

39623 

40759 

41761 

42719 

43889 

44917 

46073 

47161 

48259 

68 

23021 

23993 

25073 

26099 

27067 

28111 

29147 

30211 

31249 

32327 

33329 

34319 

35331 

36479 

37493 

38611 

39631 

40763 

41771 

42727 

43691 

44927 

46091 

47169 

48271 

69 

23027 

24001 

25087 

26107 

27073 

23123 

29153 

30223 

31253 

32341 

33331 

34327 

35393 

36493 

37501 

38629 

39659 

40771 

41777 

42737 

43913 

44939 

46093 

47207 

48281 

70 

23029 

24007 

25097 

26111 

27077 

28151 

29167 

30241 

31259 

32353 

33343 

34337 

35401 

36497 

37507 

38639 

39657 

4C787 

41801 

42743 

43933 

44953 

46099 

47221 

46299 

71 

23039 

24019 

25111 

26113 

27091 

23163 

29173 

30253 

31267 

32359 

33347 

34351 

35407 

36523 

37511 

38651 

39671 

40801 

41809 

42751 

43943 

44959 

46103 

47237 

48311 

72 

23041 

24023 

25117 

26119 

27103 

28161 

29179 

30259 

31271 

32363 

33349 

34361 

35419 

36527 

37517 

38653 

39679 

40813 

41813 

42767 

43951 

44963 

46133 

47251 

48313 

73 

23053 

24029 

25121 

26141 

27107 

28183 

29191 

30269 

31277 

32369 

33353 

34367 

35423 

36529 

37529 

38669 

39703 

40819 

41843 

42773 

43961 

44971 

46141 

47269 

48337 

74 

23057 

24043 

25127 

26153 

27109 

28201 

29201 

30271 

31307 

32371 

33359 

34369 

35437 

36541 

37537 

38671 

39709 

40823 

41849 

42787 

43963 

44983 

46147 

47279 

48341 

75 

23059 

24049 

25147 

26161 

27127 

23211 

29207 

30293 

31319 

32377 

33377 

34381 

35447 

36551 

37547 

38677 

39719 

40829 

41851 

42793 

43969 

44987 

46153 

47267 

48353 

76 

23063 

24061 

25153 

26171 

27143 

28219 

29209 

30307 

31321 

32331 

33391 

34403 

35449 

36559 

37549 

38693 

39727 

40841 

41863 

42797 

43973 

45007 

46171 

47293 

48371 

77 

23071 

24071 

25163 

26177 

27179 

28229 

29221 

30313 

31327 

32401 

33403 

3442! 

35461 

36563 

37561 

38699 

39733 

40847 

41879 

42821 

43987 

45013 

46181 

47297 

48383 

78 

23081 

24077 

25169 

26133 

27191 

28277 

29231 

30319 

31333 

32411 

33409 

34429 

35491 

36571 

37567 

38707 

39749 

40849 

41887 

42829 

43991 

45053 

46183 

47303 

48397 

79 

23087 

24083 

25171 

26189 

27197 

28279 

29243 

30323 

31337 

32413 

33413 

34439 

35507 

365S3 

37571 

38711 

39761 

40853 

41893 

42839 

43997 

45061 

46167 

47309 

48407 

30 

23099 

24091 

25133 

26203 

27211 

28283 

29251 

30341 

31357 

32423 

33427 

34457 

35509 

36537 

37573 

38713 

39769 

40867 

41897 

42841 

44017 

45077 

46199 

47317 

48409 

81 

23117 

24097 

25189 

26209 

27239 

28289 

29269 

30347 

31379 

32429 

33457 

34469 

35521 

36599 

37579 

38723 

39779 

40879 

41903 

42853 

44021 

45083 

46219 

47339 

48413 

32 

23131 

24103 

25219 

26227 

27241 

28297 

29237 

30367 

31387 

32441 

33461 

34471 

35527 

36607 

37589 

38729 

39791 

40883 

41911 

42859 

44027 

45119 

46229 

47551 

48437 

83 

23143 

24107 

25229 

26237 

27253 

28307 

29297 

30389 

31391 

32443 

33469 

34483 

35531 

36629 

37591 

38737 

39799 

40897 

41927 

42863 

44029 

45121 

46237 

47353 

48449 

84 

23159 

24109 

25237 

26249 

27259 

28309 

29303 

30391 

31393 

32467 

33479 

34487 

35533 

36637 

37607 

38747 

39821 

40903 

41941 

42899 

44041 

45127 

46261 

47363 

48463 

85 

23167 

24113 

25243 

26251 

27271 

28319 

29311 

30403 

31397 

32479 

33487 

34499 

35537 

36643 

37619 

38749 

39827 

40927 

41947 

42901 

44053 

45131 

46271 

47381 

484;} 

36 

23173 

24121 

25247 

26261 

27277 

28349 

29327 

30427 

31409 

32491 

33493 

34501 

35543 

36653 

37633 

38767 

39829 

40933 

41953 

42923 

44059 

45137 

46273 

47387 

48479 

87 

231^9 

24133 

25253 

26263 

272B1 

28351 

29333 

30431 

31477 

32497 

33503 

34511 

35569 

36671 

37643 

38783 

3983? 

40939 

41957 

42929 

44071 

45139 

46279 

47389 

48481 

88 

23197 

24137 

25261 

26267 

27233 

28387 

29339 

30449 

314S1 

32503 

33521 

34513 

35573 

36677 

37649 

38791 

39841 

40949 

41959 

42937 

44087 

45161 

46301 

47407 

48487 

39 

23201 

24151 

25301 

26293 

27299 

23393 

29347 

30467 

31489 

32507 

33529 

34519 

35591 

36683 

37657 

383C3 

39B47 

40961 

41969 

42943 

44089 

45179 

46307 

47417 

48491 

90 

23203 

24169 

25303 

26297 

27329 

28403 

29363 

30469 

31511 

32531 

33533 

34537 

35593 

36691 

37b63 

33821 

39857 

409  73 

41981 

42953 

44101 

45181 

46309 

47419 

48497 

91 

23209 

24179 

25307 

26309 

27337 

28409 

29383 

30491 

31513 

32533 

33547 

34543 

35597 

36697 

37691 

38833 

39863 

40993 

41963 

42961 

44111 

45191 

46327 

47431 

48523 

92 

23227 

24181 

25309 

26317 

27361 

23411 

29387 

30493 

31517 

32537 

33563 

34549 

35603 

36709 

37693 

38839 

39869 

41011 

41999 

42967 

44119 

45197 

46337 

47441 

48527 

93 

23251 

24197 

25321 

26321 

27367 

28429 

29389 

30497 

31531 

32561 

33569 

34583 

35617 

36713 

37699 

38851 

39877 

41017 

42013 

42979 

44123 

45233 

46349 

47459 

4853J 

94 

23269 

24203 

25339 

20339 

27397 

28433 

29399 

30509 

31541 

32563 

33577 

34569 

35671 

36721 

37717 

33861 

39883 

41023 

42017 

42989 

44129 

45247 

46351 

47491 

48539 

95 

23279 

24223 

25343 

26347 

27407 

284.;9 

29401 

30517 

31543 

32569 

33581 

34591 

35677 

36739 

37747 

33867 

39887 

41039 

42019 

43003 

44131 

45259 

46381 

47497 

48541 

96 

23291 

24229 

25349 

26357 

27409 

28447 

29411 

70529 

31547 

32573 

33587 

34603 

35729 

36749 

37781 

38873 

39901 

41047 

42023 

43013 

44159 

45263 

46399 

47501 

48563 

97 

232'?3 

24239 

25357 

26371 

27427 

28463 

29423 

30539 

31567 

32579 

33589 

34607 

35731 

36761 

37783 

38891 

39929 

41051 

42043 

43019 

44171 

45281 

464U 

47507 

48571 

98 

23297 

24247 

25367 

263S7 

27431 

28477 

29429 

30553 

31573 

32587 

33599 

34613 

35747 

36767 

37799 

38903 

39937 

41057 

42061 

43037 

44179 

45289 

46439 

47513 

48589 

99 

23311 

24251 

25373 

26393 

27437 

28493 

29437 

30557 

31583 

32603 

33601 

34631 

35753 

36779 

37811 

38917 

39953 

41077 

42071 

43049 

44189 

45293 

46441 

'7521 

4859) 

100 

23321 

24281 

25391 

26399 

27449 

28499 

29443 

30559 

31601 

32609 

33613 

34649 

35759 

36781 

37813 

38921 

39971 

41081 

42073 

43051 

44201 

45307 

46447 

<.7527 

48611 

872 


COMBINATORIAL    ANALYSIS 


Tal.U-  2l.y 

I 

»RIM 

ES 

50 

51 

52 

5:! 

M 

55 

56 

57 

58 

59 

60 

HI 

62 

63 

64 

65 

66 

67 

68 

69 

70 

71 

72 

73 

74 

1 

48619 

49667 

50767 

51817 

52937 

54001 

55109 

56197 

57193 

58243 

59369 

60509 

61637 

62791 

63823 

65071 

66107 

67247 

68339 

69497 

70563 

71719 

72859 

73999 

75083 

2 

48623 

49669 

50773 

51827 

52951 

54011 

55117 

56207 

57203 

58271 

59377 

60521 

61643 

62801 

63839 

65039 

66109 

67261 

63399 

69499 

70667 

71741 

72869 

74017 

75109 

3 

48647 

49681 

50777 

51329 

52957 

54013 

55127 

56209 

57221 

58309 

59387 

60527 

61651 

62819 

63841 

65099 

66137 

67271 

68437 

69539 

70687 

71761 

72871 

74021 

75133 

4 

48649 

49697 

50789 

51839 

52963 

54037 

55147 

56237 

57223 

53313 

59393 

60539 

61657 

62827 

63853 

65101 

66161 

67273 

68443 

69557 

70709 

71777 

72883 

74027 

75149 

5 

48661 

49711 

50821 

51853 

52967 

54049 

55163 

56239 

57241 

58321 

59399 

60589 

61667 

62851 

63857 

65111 

66169 

67289 

58447 

69593 

70717 

71789 

72889 

74047 

75161 

6 

48673 

49727 

50833 

51859 

52973 

54059 

55171 

56249 

57251 

58337 

59407 

60601 

61673 

62861 

63363 

65119 

66173 

67307 

68449 

69623 

70729 

71807 

72893 

74051 

75167 

7 

48677 

49739 

50839 

51869 

52981 

54083 

55201 

56263 

57259 

58363 

59417 

60607 

61681 

62369 

63901 

65123 

56179 

67339 

63473 

69653 

70753 

71309 

72901 

74071 

75169 

8 

48o79 

49741 

50849 

51871 

52999 

54091 

55207 

56267 

57269 

58367 

59419 

60611 

61687 

62873 

63907 

65129 

66191 

67343 

68477 

69661 

70769 

71821 

72907 

74077 

75181 

9 

48731 

49747 

50857 

51893 

53003 

54101 

55213 

56269 

57271 

58369 

59441 

60617 

61703 

62897 

63913 

65141 

66221 

67349 

68483 

69677 

70783 

71837 

72911 

74093 

75193 

10 

48733 

49757 

50867 

51899 

53017 

54121 

55217 

56299 

57283 

58379 

59443 

60623 

61717 

62903 

63929 

65147 

66239 

67369 

68489 

69691 

70793 

71843 

72923 

74099 

75209 

11 

48751 

49783 

50873 

51907 

53047 

54133 

55219 

56311 

57287 

58391 

59447 

60631 

61723 

62921 

63949 

65167 

56271 

67391 

68491 

69697 

70823 

71849 

72931 

74101 

75211 

12 

48757 

49787 

50891 

51913 

53051 

54139 

55229 

56333 

57301 

53393 

59453 

60637 

61729 

62927 

63977 

65171 

66293 

67399 

63501 

69709 

70841 

71851 

72937 

74131 

75217 

13 

48761 

49789 

50893 

51929 

53069 

54151 

55243 

56359 

57329 

58403 

59467 

60647 

61751 

62929 

63997 

65173 

66301 

67409 

68507 

69737 

70843 

71367 

72949 

74143 

75223 

14 

48767 

49801 

50909 

51941 

53077 

54163 

55249 

56369 

57331 

58411 

59471 

60649 

61757 

62939 

64007 

65179 

66337 

67411 

68521 

69739 

70849 

71879 

72953 

74149 

75227 

15 

48779 

49807 

50923 

51949 

53087 

54167 

55259 

56377 

57347 

58417 

59473 

60659 

61781 

62969 

64013 

65133 

66343 

67421 

63531 

69761 

70353 

71881 

72959 

74159 

75239 

16 

48781 

49811 

50929 

51971 

53089 

54181 

55291 

56383 

57349 

58427 

59497 

60661 

61813 

62971 

64019 

65203 

66347 

67427 

68539 

69763 

70867 

71887 

72973 

74161 

75253 

17 

48787 

49823 

50951 

51973 

53093 

54193 

55313 

56393 

57367 

58439 

59509 

60679 

61819 

62981 

64033 

65213 

66359 

67429 

68543 

69757 

70877 

71899 

72977 

74167 

75269 

18 

48799 

49831 

50957 

51977 

53101 

54217 

55331 

56401 

57373 

53441 

59513 

60689 

61837 

62983 

64037 

65239 

66361 

67433 

68567 

69779 

70879 

71909 

72997 

74177 

75277 

19 

48809 

49843 

50969 

51991 

53113 

54251 

55333 

56417 

57383 

58451 

59539 

60703 

61843 

62987 

64063 

65257 

66373 

67447 

68581 

69809 

70891 

71917 

73009 

74139 

75289 

20 

48817 

49853 

50971 

52009 

53117 

54269 

55337 

56431 

57339 

58453 

59557 

60719 

61861 

62989 

64067 

65267 

66377 

67453 

68597 

69821 

70901 

71933 

73013 

74197 

75307 

21 

48821 

49871 

50989 

52021 

53129 

54277 

55339 

56437 

57397 

53477 

59561 

60727 

61871 

63029 

64081 

65269 

66383 

67477 

68611 

69827 

70913 

71941 

73019 

74201 

75323 

22 

48823 

49877 

50993 

52027 

53147 

54287 

55343 

56443 

57413 

58481 

59567 

60733 

61879 

63031 

64091 

65287 

66403 

67481 

53633 

69829 

70919 

71947 

73037 

74203 

75329 

23 

48847 

49891 

51001 

52051 

53149 

54293 

55351 

56453 

57427 

58511 

59531 

60737 

61909 

63059 

64109 

65293 

66413 

67439 

68639 

69833 

70921 

71963 

73039 

74209 

75337 

24 

48857 

49919 

51031 

52057 

53161 

54311 

55373 

56467 

57457 

53537 

59611 

60757 

61927 

63067 

64123 

65309 

66431 

67493 

68659 

69347 

70937 

71971 

73043 

74219 

75347 

25 

48859 

49921 

51043 

52067 

53171 

54319 

55381 

56473 

57467 

58543 

59617 

60761 

61933 

63073 

64151 

65323 

66449 

67499 

68669 

69857 

70949 

71983 

73061 

74231 

75353 

26 

48869 

49927 

51047 

52069 

53173 

54323 

55399 

56477 

57487 

58549 

59621 

60763 

61949 

63079 

64153 

65327 

66457 

67511 

68683 

69859 

70951 

71937 

73063 

74257 

75367 

27 

48871 

49937 

51059 

52081 

53189 

54331 

55411 

56479 

57493 

58567 

59627 

60773 

61961 

63097 

64157 

65353 

66463 

67523 

68687 

59877 

70957 

71993 

73079 

74279 

75377 

28 

48883 

49939 

51061 

52103 

53197 

54347 

55439 

56489 

57503 

58573 

59629 

60779 

61967 

63103 

64171 

65357 

66467 

67531 

68699 

69899 

70969 

71999 

73091 

74287 

75339 

29 

48889 

49943 

51071 

52121 

53201 

54361 

55441 

56501 

57527 

53579 

59651 

60793 

61979 

63113 

64187 

65371 

65491 

67537 

63711 

69911 

70979 

72019 

73121 

74293 

75391 

30 

48907 

49957 

51109 

52127 

53231 

54367 

55457 

56503 

57529 

53601 

59659 

60811 

61981 

63127 

64189 

65381 

66499 

67547 

68713 

69929 

70981 

72031 

73127 

74297 

75401 

31 

48947 

49991 

51131 

52147 

53233 

54371 

55469 

56509 

57557 

58603 

59663 

60821 

61987 

63131 

64217 

65393 

66509 

67559 

68729 

69931 

70991 

72043 

73133 

74311 

75403 

32 

48953 

49993 

51133 

52153 

53239 

54377 

55487 

56519 

57559 

58613 

59669 

60859 

61991 

63149 

64223 

65407 

56523 

67567 

68737 

69941 

70997 

72047 

73141 

74317 

75407 

33 

48973 

49999 

51137 

52163 

53267 

54401 

55501 

56527 

57571 

58631 

59671 

60869 

62003 

63179 

64231 

65413 

66529 

67577 

68743 

69959 

70999 

72053 

73181 

74323 

75431 

34 

48989 

50021 

51151 

52177 

53269 

54403 

55511 

56531 

57587 

58657 

59693 

60887 

62011 

63197 

64237 

65419 

66533 

67579 

63749 

69991 

71011 

72073 

73189 

74353 

75437 

35 

48991 

50023 

51157 

52181 

53279 

54409 

55529 

56533 

57593 

58661 

59699 

60839 

62017 

63199 

64271 

65423 

65541 

67589 

68767 

69997 

71023 

72077 

73237 

74357 

75479 

36 

49003 

50033 

51169 

52183 

53281 

54413 

55541 

56543 

57601 

58679 

59707 

60399 

62039 

63211 

64279 

65437 

66553 

67601 

68771 

70001 

71039 

72039 

73243 

74363 

75503 

37 

49009 

50047 

51193 

52189 

53299 

54419 

55547 

56569 

57637 

53637 

59723 

60901 

62047 

63241 

64233 

65447 

66569 

57607 

68777 

70003 

71059 

72091 

73259 

74377 

75511 

38 

49019 

50051 

51197 

52201 

53309 

54421 

55579 

56591 

57641 

58693 

59729 

60913 

62053 

63247 

64301 

65449 

66571 

67619 

68791 

70009 

71069 

72101 

73277 

74381 

75521 

39 

49031 

50053 

51199 

52223 

53323 

54437 

55589 

56597 

57649 

58699 

59743 

60917 

62057 

63277 

64303 

65479 

66587 

67531 

58813 

70019 

71081 

72103 

73291 

74383 

75527 

40 

49033 

50069 

51203 

52237 

53327 

54443 

55603 

56599 

57653 

58711 

59747 

60919 

62071 

63281 

64319 

65497 

66593 

67651 

63819 

70039 

71089 

72109 

73303 

74411 

75533 

41 

49037 

50077 

51217 

52249 

53353 

54449 

55609 

56611 

57667 

58727 

59753 

60923 

62081 

63299 

64327 

65519 

66601 

67679 

68821 

70051 

71119 

72139 

73309 

74413 

75539 

42 

49043 

50087 

51229 

52253 

53359 

54469 

55619 

56629 

57679 

58733 

59771 

60937 

62099 

63311 

64333 

65521 

66617 

67699 

68863 

70061 

71129 

72161 

73327 

74419 

75541 

43 

49057 

50393 

51239 

52259 

53377 

54493 

55621 

56633 

57689 

58741 

59779 

60943 

62119 

63313 

64373 

65537 

66629 

67709 

68879 

70067 

71143 

72167 

73331 

74441 

75553 

44 

49069 

50101 

51241 

52267 

53381 

54497 

55631 

56659 

57697 

58757 

59791 

60953 

62129 

63317 

64331 

65539 

66643 

67723 

68881 

70079 

71147 

72169 

73351 

74449 

75557 

45 

49081 

50111 

51257 

52289 

53401 

54499 

55633 

56663 

57709 

58763 

59797 

60961 

62131 

63331 

64399 

65543 

66653 

67733 

68891 

70099 

71153 

72173 

73361 

74453 

75571 

46 

49103 

50119 

51263 

52291 

53407 

54503 

55639 

56671 

57713 

58771 

59809 

61001 

62137 

63337 

64403 

65551 

66683 

67741 

68897 

70111 

71161 

72211 

73363 

74471 

75577 

47 

49109 

50123 

51283 

52301 

53411 

54517 

55661 

56631 

57719 

58787 

59833 

61007 

62141 

63347 

64433 

65557 

56697 

57751 

68899 

70117 

71167 

72221 

73369 

74489 

75583 

48 

49117 

50129 

51287 

52313 

53419 

54521 

55663 

56687 

57727 

53789 

59863 

61027 

52143 

63353 

64439 

65563 

66701 

67757 

63903 

70121 

71171 

72223 

73379 

74507 

75611 

49 

49121 

50131 

51307 

52321 

53437 

54539 

55667 

56701 

57731 

58831 

59879 

61031 

62171 

63361 

64451 

65579 

66713 

67759 

68909 

70123 

71191 

72227 

73387 

74509 

75617 

50 

49123 

50147 

51329 

52361 

53441 

54541 

55673 

56711 

57737 

58339 

59887 

61043 

62189 

63367 

64453 

65531 

66721 

67763 

68917 

70139 

71209 

72229 

73417 

74521 

75619 

51 

49139 

50153 

51341 

52363 

53453 

54547 

55681 

56713 

57751 

58397 

59921 

61051 

62191 

63377 

64483 

65587 

66733 

67777 

68927 

70141 

71233 

72251 

73421 

74527 

75629 

52 

49157 

50159 

51343 

52369 

53479 

54559 

55691 

56731 

57773 

58901 

59929 

61057 

62201 

63389 

64489 

65599 

66739 

67733 

63947 

70157 

71237 

72253 

73433 

74531 

75641 

53 

49169 

50177 

51347 

52379 

53503 

54563 

55697 

56737 

57781 

58907 

59951 

61091 

62207 

63391 

64499 

65609 

66749 

67789 

63963 

70153 

71249 

72269 

73453 

74551 

75653 

54 

49171 

50207 

51349 

52387 

53507 

54577 

55711 

56747 

57787 

58909 

59957 

61099 

62213 

63397 

64513 

65617 

66751 

67801 

68993 

70177 

71257 

72271 

73459 

74561 

75659 

55 

49177 

50221 

51361 

52391 

53527 

54581 

55717 

56767 

57791 

58913 

59971 

61121 

62219 

63409 

64553 

65629 

66763 

67807 

69001 

70131 

71251 

72277 

73471 

74567 

75579 

56 

49193 

50227 

51383 

52433 

53549 

54583 

55721 

56773 

57793 

58921 

59981 

61129 

62233 

63419 

64567 

65633 

66791 

67319 

69011 

70183 

71253 

72287 

73477 

74573 

75633 

57 

49199 

50231 

51407 

52453 

53551 

54601 

55733 

56779 

57303 

53937 

59999 

61141 

62273 

63421 

64577 

65647 

66797 

67829 

69019 

70199 

71287 

72307 

73483 

74587 

75689 

58 

49201 

50261 

51413 

52457 

53569 

54617 

55763 

56783 

57809 

58943 

60013 

61151 

62297 

63439 

64579 

65651 

66809 

67843 

69029 

70201 

71293 

72313 

73517 

74597 

75703 

59 

49207 

50263 

51419 

52489 

53591 

54623 

55787 

56807 

57329 

58963 

60017 

61153 

62299 

63443 

64591 

65657 

66821 

67853 

69031 

70207 

71317 

72337 

73523 

74609 

75707 

60 

49211 

50273 

51421 

52501 

53593 

54629 

55793 

56809 

57839 

58967 

60029 

61169 

62303 

63463 

64601 

65677 

66341 

67867 

69061 

70223 

71327 

72341 

73529 

74611 

75709 

61 

49223 

50287 

51427 

52511 

53597 

54631 

55799 

56813 

57347 

58979 

60037 

61211 

62311 

63467 

64609 

65687 

66351 

67883 

69067 

70229 

71329 

72353 

73547 

74623 

75721 

62 

49253 

50291 

51431 

52517 

53609 

54647 

55807 

56821 

57853 

58991 

60041 

61223 

62323 

63473 

64613 

65699 

66853 

67391 

69073 

70237 

71333 

72367 

73553 

74653 

75731 

63 

49261 

50311 

51437 

52529 

53611 

54667 

55813 

56827 

57359 

58997 

60077 

61231 

52327 

63487 

64621 

65701 

66863 

67901 

69109 

70241 

71339 

72379 

73561 

74687 

75743 

64 

49277 

50321 

51439 

52541 

53617 

54673 

55817 

56343 

57881 

59009 

60033 

61253 

62347 

63493 

64627 

65707 

66877 

67927 

69119 

70249 

71341 

72383 

73571 

74699 

75767 

65 

49279 

50329 

51449 

52543 

53623 

54679 

55819 

56357 

57899 

59011 

60089 

61261 

62351 

63499 

64633 

65713 

66883 

67931 

69127 

70271 

71347 

72421 

73583 

74707 

75773 

66 

49297 

50333 

51461 

52553 

53629 

54709 

55823 

56873 

57901 

59021 

60091 

61283 

62383 

63521 

54661 

65717 

66839 

67933 

69143 

70289 

71353 

72431 

73589 

74713 

75781 

67 

49307 

50341 

51473 

52561 

53633 

54713 

55829 

56891 

57917 

59023 

60101 

61291 

62401 

63527 

54663 

65719 

65919 

67939 

69149 

70297 

71359 

72461 

73597 

74717 

75787 

68 

49331 

50359 

51479 

52567 

53639 

54721 

55837 

56893 

57923 

59029 

60103 

61297 

62417 

63533 

64667 

65729 

66923 

67943 

69151 

70309 

71363 

72467 

73607 

74719 

75793 

69 

49333 

50363 

51481 

52571 

53653 

54727 

55843 

56897 

57943 

59051 

60107 

61331 

62423 

63541 

64679 

65731 

66931 

67957 

59163 

70313 

71387 

72469 

73609 

74729 

75797 

70 

49339 

50377 

51487 

52579 

53657 

54751 

55849 

56909 

57947 

59053 

60127 

61333 

62459 

63559 

64693 

65761 

56943 

67961 

69191 

70321 

71339 

72481 

73513 

74731 

75821 

71 

49363 

50383 

51503 

52583 

53681 

54767 

55871 

56911 

57973 

59063 

60133 

61339 

62467 

63577 

64709 

65777 

66947 

67957 

59193 

70327 

71399 

72493 

73637 

74747 

75833 

72 

49367 

50387 

51511 

52609 

53693 

54773 

55889 

56921 

57977 

59069 

60139 

61343 

62473 

63587 

64717 

65739 

66949 

67979 

69197 

70351 

71411 

72497 

73643 

74759 

75853 

73 

49369 

50411 

51517 

52627 

53699 

54779 

55397 

56923 

57991 

59077 

60149 

61357 

62477 

63589 

64747 

65809 

66959 

67987 

69203 

70373 

71413 

72503 

73651 

74761 

75869 

74 

49391 

50417 

51521 

52631 

53717 

54787 

55901 

56929 

58013 

59083 

60161 

61363 

62483 

63599 

64763 

65827 

66973 

67993 

69221 

70379 

71419 

72533 

73673 

74771 

75883 

75 

49393 

50423 

51539 

52639 

53719 

54799 

55903 

56941 

58027 

59093 

60167 

61379 

62497 

63601 

64781 

65831 

66977 

68023 

69233 

70381 

71429 

72547 

73679 

74779 

75913 

76 

49409 

50441 

51551 

52667 

53731 

54829 

55921 

56951 

58031 

59107 

60169 

61381 

62501 

63607 

64783 

65837 

67003 

68041 

69239 

70393 

71437 

72551 

73681 

74797 

75931 

77 

49411 

50459 

51563 

52673 

53759 

54833 

55927 

56957 

53043 

59113 

60209 

61403 

62507 

63611 

64793 

65839 

67021 

68053 

69247 

70423 

71443 

72559 

73693 

74821 

75937 

78 

49417 

50461 

51577 

52691 

53773 

54851 

55931 

56963 

58049 

59119 

60217 

61409 

62533 

63617 

64811 

55843 

67033 

6S059 

69257 

70429 

71453 

72577 

73699 

74827 

75941 

79 

49429 

50497 

51581 

52697 

53777 

54869 

55933 

56983 

58057 

59123 

60223 

61417 

62539 

63629 

64817 

55851 

67043 

68071 

69259 

70439 

71471 

72613 

73709 

74831 

75967 

80 

49433 

50503 

51593 

52709 

53783 

54877 

55949 

56989 

58061 

59141 

60251 

61441 

62549 

63647 

64349 

65867 

67049 

68087 

59263 

70451 

71473 

72617 

73721 

74843 

75979 

81 

49451 

50513 

51599 

52711 

53791 

54881 

55967 

56993 

58067 

59149 

60257 

61463 

62563 

63649 

64853 

65881 

57057 

68099 

69313 

70457 

71479 

72623 

73727 

74857 

75983 

82 

49459 

50527 

51607 

52721 

53813 

54907 

55987 

56999 

58073 

59159 

60259 

61469 

62581 

63659 

64871 

65399 

67061 

68111 

69317 

70459 

71483 

72643 

73751 

74861 

75989 

83 

49463 

50539 

51613 

52727 

53819 

54917 

55997 

57037 

58099 

59167 

60271 

61471 

62591 

63667 

64877 

65921 

67073 

68113 

69337 

70481 

71503 

72647 

73757 

74869 

75991 

84 

49477 

50543 

51631 

52733 

53331 

54919 

56003 

57041 

58109 

59133 

60289 

61483 

62597 

63671 

64879 

65927 

67079 

68141 

59341 

70487 

71527 

72649 

73771 

74873 

75997 

85 

49481 

50549 

51637 

52747 

53849 

54941 

56009 

57047 

58111 

59197 

60293 

61487 

62603 

63689 

64391 

65929 

67103 

68147 

59371 

70489 

71537 

72651 

73783 

74887 

76001 

86 

49499 

50551 

51647 

52757 

53857 

54949 

56039 

57059 

58129 

59207 

60317 

61493 

62617 

63691 

64901 

65951 

67121 

68151 

59379 

70501 

71549 

72671 

73319 

74891 

76003 

37 

49523 

50581 

51659 

52769 

53861 

54959 

56041 

57073 

53147 

59209 

60331 

61507 

62627 

63697 

64919 

65957 

67129 

68171 

69383 

70507 

71551 

72673 

73323 

74897 

76031 

88 

49529 

50587 

51673 

52783 

53881 

54973 

56053 

57077 

58151 

59219 

60337 

61511 

62633 

63703 

64921 

65963 

67139 

68207 

69389 

70529 

71563 

72679 

73847 

74903 

76039 

89 

49531 

50591 

51679 

52807 

53887 

54979 

56081 

57089 

58153 

59221 

60343 

61519 

62639 

63709 

64927 

65981 

67141 

68209 

69401 

70537 

71569 

72539 

73849 

74923 

76079 

90 

49537 

50593 

51683 

52813 

53891 

54983 

56087 

57097 

53169 

59233 

60353 

61543 

62653 

63719 

64937 

65983 

67153 

58213 

69403 

70549 

71593 

72701 

73859 

74929 

75081 

91 

49547 

50599 

51691 

52817 

53897 

55001 

56093 

57107 

53171 

59239 

60373 

61547 

62659 

63727 

64951 

65993 

67157 

68219 

69427 

70571 

71597 

72707 

73867 

74933 

76091 

92 

49549 

50627 

51713 

52837 

53899 

55009 

56099 

57119 

58189 

59243 

60383 

61553 

62683 

63737 

64969 

66029 

67169 

63227 

69431 

70573 

71633 

72719 

73877 

74941 

76099 

93 

49559 

50647 

51719 

52859 

53917 

55021 

56101 

57131 

58193 

59263 

60397 

61559 

62637 

63743 

64997 

66037 

67181 

68239 

69439 

70583 

71547 

72727 

73883 

74959 

76103 

94 

49597 

50651 

51721 

52861 

53923 

55049 

56113 

57139 

53199 

59273 

60413 

61561 

62701 

63761 

65003 

66041 

67187 

68261 

69457 

70589 

71663 

72733 

73897 

75011 

76123 

95 

49603 

50671 

51749 

52879 

53927 

55051 

56123 

57143 

58207 

59281 

60427 

61583 

62723 

63773 

65011 

66047 

67139 

68279 

69463 

70607 

71671 

72739 

73907 

75013 

76129 

96 

49613 

50683 

51767 

52883 

53939 

55057 

56131 

57149 

58211 

59333 

60443 

61603 

62731 

63781 

65027 

66067 

67211 

68231 

69467 

70619 

71593 

72763 

73939 

75017 

76147 

97 

49627 

50707 

51769 

52889 

53951 

55061 

56149 

57163 

58217 

59341 

60449 

61609 

62743 

63793 

65029 

56071 

67213 

68311 

69473 

70521 

71599 

72757 

73943 

75029 

76157 

98 

49633 

50723 

51787 

52901 

53959 

55073 

56167 

57173 

58229 

59351 

60457 

61613 

62753 

63799 

65033 

66083 

67217 

68329 

59431 

70527 

71707 

72797 

73951 

75037 

75159 

99 

49639 

50741 

51797 

52903 

53987 

55079 

56171 

57179 

53231 

59357 

60493 

61627 

62761 

63803 

65053 

66089 

67219 

68351 

69491 

70639 

71711 

72817 

73961 

75041 

76163 

100 

49663 

50753 

51803 

52919 

53993 

55103 

56179 

57191 

58237 

59359 

60497 

61631 

62773 

63809 

65063 

66103 

67231 

68371 

69493 

70657 

71713 

72823 

73973 

75079 

76207 
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PRIMES 


Tal.h-   21.0 


75 

76 

77 

78 

79 

80 

81 

82 

83 

84 

85 

86 

S7 

88 

89 

9(J 

91 

92 

9:! 

94 

9S 

1 

76213 

77359 

78487 

79627 

80737 

81817 

82903 

84131 

85243 

86381 

87557 

88807 

89867 

90989 

92177 

93187 

94351 

95443 

96587 

97829 

98953 

2 

76231 

77369 

78497 

79631 

80747 

81839 

82913 

84137 

85247 

86389 

87559 

88811 

89891 

90997 

92179 

93199 

94379 

95461 

96589 

97841 

98963 

3 

76243 

77377 

78509 

79633 

80749 

81847 

82939 

84143 

85259 

86399 

87583 

88813 

89897 

91009 

92139 

93229 

94397 

95467 

96601 

97843 

98981 

4 

76249 

77383 

78511 

79657 

80761 

81853 

82963 

84163 

85297 

86413 

87587 

88817 

89399 

91019 

92203 

93239 

94399 

95471 

96643 

97847 

98993 

5 

76253 

77417 

78517 

79669 

80777 

81869 

82981 

84179 

85303 

86423 

87589 

88819 

39909 

91033 

92219 

93241 

94421 

95479 

96661 

97849 

98999 

6 

76259 

77419 

78539 

79687 

80779 

81883 

82997 

84181 

85313 

86441 

87613 

83843 

39917 

91079 

92221 

93251 

94427 

95483 

96667 

97859 

99013 

7 

76261 

77431 

78541 

79691 

80783 

81899 

83003 

84191 

85331 

86453 

87623 

88853 

39923 

91081 

92227 

93253 

94433 

95507 

96671 

97861 

99017 

8 

76283 

77447 

78553 

79693 

80789 

81901 

83009 

84199 

85333 

86461 

37629 

88861 

89939 

91097 

92233 

93257 

94439 

95527 

96697 

97871 

99023 

9 

76289 

77471 

78569 

79697 

80803 

81919 

83023 

84211 

85361 

86467 

87631 

83367 

89959 

91099 

92237 

93263 

94441 

95531 

96703 

97879 

99041 

10 

76303 

77477 

78571 

79699 

80809 

81929 

83047 

84221 

85363 

86477 

87641 

88873 

89963 

91121 

92243 

93281 

94447 

95539 

96731 

97883 

99053 

11 

76333 

77479 

78577 

79757 

80819 

81931 

83059 

84223 

85369 

86491 

87643 

83833 

89977 

91127 

92251 

93233 

94463 

95549 

96737 

97919 

99079 

12 

76343 

77489 

78583 

79769 

80831 

81937 

83063 

84229 

85381 

86501 

87649 

83897 

89983 

91129 

92269 

93287 

94477 

95561 

96739 

97927 

99083 

13 

76367 

77491 

78593 

79777 

80833 

81943 

83071 

84239 

85411 

86509 

87671 

88903 

89989 

91139 

92297 

93307 

94483 

95569 

96749 

97931 

99089 

14 

76369 

77509 

78607 

79801 

80849 

81953 

83077 

84247 

85427 

86531 

87679 

38919 

90001 

91141 

92311 

93319 

94513 

95581 

96757 

97943 

99103 

15 

76379 

77513 

78623 

79811 

80863 

81967 

83089 

84263 

85429 

86533 

87683 

88937 

90007 

91151 

92317 

93323 

94529 

95597 

96763 

97961 

99109 

16 

76387 

77521 

78643 

79813 

80897 

81971 

83093 

84299 

85439 

86539 

87691 

88951 

90011 

91153 

92333 

93329 

94531 

95603 

96769 

97967 

99119 

17 

76403 

77527 

78649 

79817 

80909 

81973 

83101 

84307 

85447 

86561 

37697 

88969 

90017 

91159 

92347 

93337 

94541 

95617 

96779 

97973 

99131 

18 

76421 

77543 

78653 

79823 

80911 

82003 

83117 

84313 

85451 

86573 

87701 

83993 

90019 

91163 

92353 

93371 

94543 

95621 

96787 

97987 

99133 

19 

76423 

77549 

78691 

79829 

80917 

82007 

83137 

84317 

85453 

86579 

87719 

83997 

90023 

91183 

92357 

93377 

94547 

95629 

96797 

98009 

99137 

20 

76441 

77551 

78697 

79841 

80923 

82009 

83177 

84319 

85469 

86587 

87721 

89003 

90031 

91193 

92363 

93383 

94559 

95633 

96799 

98011 

99139 

21 

76463 

77557 

78707 

79843 

80929 

82013 

83203 

84347 

85487 

86599 

87739 

89009 

90053 

91199 

92369 

93407 

94561 

95651 

96821 

98017 

99149 

22 

76471 

77563 

78713 

79847 

80933 

82021 

83207 

84349 

85513 

86627 

87743 

89017 

90059 

91229 

92377 

93419 

94573 

95701 

96823 

98041 

99173 

23 

76481 

77569 

78721 

79861 

80953 

82031 

83219 

84377 

85517 

86629 

87751 

89021 

90067 

91237 

92381 

93427 

94583 

95707 

96827 

98047 

99181 

24 

76487 

77573 

78737 

79867 

80963 

82037 

83221 

84389 

85523 

86677 

87767 

89041 

90071 

91243 

92383 

93463 

94597 

95713 

96847 

98057 

99191 

25 

76493 

77587 

78779 

79873 

80989 

82039 

83227 

84391 

85531 

86689 

87793 

39051 

90073 

91249 

92387 

93479 

94603 

95717 

96851 

98081 

99223 

26 

76507 

77591 

78781 

79889 

81001 

82051 

83231 

84401 

85549 

86693 

87797 

39057 

90089 

91253 

92399 

93481 

94613 

95723 

96857 

98101 

99233 

27 

76511 

77611 

78787 

79901 

81013 

82067 

83233 

84407 

85571 

86711 

87303 

39069 

90107 

91233 

92401 

93487 

94621 

95731 

96893 

98123 

99241 

28 

76519 

77617 

78791 

79903 

81017 

82073 

83243 

84421 

85577 

86719 

87811 

39071 

90121 

91291 

92413 

93491 

94649 

95737 

96907 

98129 

99251 

29 

76537 

77621 

78797 

79907 

81019 

82129 

83257 

84431 

85597 

86729 

87333 

89083 

90127 

91297 

92419 

93493 

94651 

95747 

96911 

98143 

99257 

30 

76541 

77641 

78803 

79939 

81023 

82139 

83267 

84437 

85601 

86743 

87853 

89087 

90149 

91303 

92431 

93497 

94637 

95773 

96931 

98179 

99259 

31 

76543 

77647 

78809 

79943 

81031 

82141 

83269 

84443 

85607 

86753 

87869 

89101 

90163 

91309 

92459 

93503 

94693 

95783 

96953 

98207 

99277 

32 

76561 

77659 

78823 

79967 

81041 

82153 

83273 

84449 

85619 

86767 

87377 

89107 

90173 

91331 

92461 

93523 

94709 

95739 

96959 

98213 

99289 

33 

76579 

77681 

78839 

79973 

81043 

82163 

83299 

84457 

85621 

86771 

87831 

89113 

90187 

91367 

92467 

93529 

94723 

95791 

96973 

98221 

99317 

34 

76597 

77687 

78853 

79979 

81047 

82171 

83311 

84463 

85627 

86783 

87887 

39119 

90191 

91369 

92479 

93553 

94727 

95801 

96979 

98227 

99347 

35 

76603 

77689 

78857 

79987 

81049 

82183 

83339 

84467 

85639 

86813 

87911 

89123 

90197 

91373 

92489 

93557 

94747 

95303 

96989 

98251 

99349 

36 

76607 

77699 

78B77 

79997 

31071 

82189 

83341 

84481 

85643 

86837 

87917 

89137 

90199 

91381 

92503 

93559 

94771 

95813 

96997 

98257 

99367 

37 

76631 

77711 

78887 

79999 

81077 

82193 

83357 

84499 

85661 

86843 

87931 

89153 

90203 

91387 

92507 

93563 

94777 

95819 

97001 

98269 

99371 

38 

76649 

77713 

78889 

80021 

81083 

82207 

83383 

84503 

85667 

86851 

87943 

89189 

90217 

91393 

92551 

93581 

94781 

95857 

97003 

98297 

99377 

39 

76651 

77719 

78893 

80039 

81097 

82217 

83389 

84509 

85669 

86857 

87959 

89203 

90227 

91397 

92557 

93601 

94789 

95869 

97007 

98299 

99391 

40 

76667 

77723 

78901 

80051 

81101 

82219 

83399 

84521 

85691 

86861 

37961 

89209 

90239 

91411 

92567 

93607 

94793 

95873 

97021 

93317 

99397 

41 

76673 

77731 

78919 

80071 

81119 

82223 

83401 

84523 

85703 

86869 

87973 

89213 

90247 

91423 

92569 

93629 

94811 

95881 

97039 

93321 

99401 

42 

76679 

77743 

78929 

80077 

81131 

82231 

83407 

84533 

85711 

86923 

87977 

89227 

90263 

91433 

92531 

93637 

94319 

95391 

97073 

98323 

99409 

43 

76697 

77747 

78941 

80107 

81157 

82237 

83417 

84551 

85717 

86927 

87991 

89231 

90271 

91453 

92593 

93683 

94823 

95911 

97081 

98327 

99431 

44 

76717 

77761 

78977 

80111 

81163 

82241 

83423 

84559 

85733 

86929 

88001 

89237 

90281 

91457 

92623 

93701 

94837 

95917 

97103 

98347 

99439 

45 

76733 

77773 

78979 

80141 

81173 

82261 

83431 

84589 

85751 

86939 

38003 

89261 

90239 

91459 

92627 

93703 

94841 

95923 

97117 

98369 

99469 

46 

76753 

77783 

78989 

80147 

81181 

82267 

83437 

84629 

85781 

86951 

88007 

39269 

90313 

91463 

92639 

93719 

94847 

95929 

97127 

98377 

99487 

47 

76757 

77797 

79031 

80149 

81197 

82279 

83443 

84631 

85793 

86959 

38019 

89273 

90353 

91493 

92641 

93739 

94849 

95947 

97151 

98337 

99497 

48 

76771 

77801 

79039 

80153 

81199 

82301 

83449 

84649 

85817 

86969 

88037 

89293 

90359 

91499 

92647 

93761 

94873 

95957 

97157 

98389 

99523 

49 

76777 

77813 

79043 

80167 

81203 

82307 

83459 

84653 

85819 

86981 

88069 

89303 

90371 

91513 

92657 

93763 

94889 

95959 

97159 

98407 

99527 

50 

76781 

77839 

79063 

80173 

81223 

82339 

83471 

84659 

85829 

36993 

88079 

89317 

90373 

91529 

92669 

93787 

94903 

95971 

97169 

98411 

99529 

51 

76801 

77849 

79087 

80177 

81233 

82349 

83477 

84673 

85831 

87011 

88093 

89329 

90379 

91541 

92671 

93809 

94907 

95987 

97171 

98419 

99551 

52 

76819 

77863 

79103 

80191 

81239 

82351 

83497 

84691 

85837 

87013 

88117 

89363 

90397 

91571 

92681 

93811 

94933 

95939 

97177 

98429 

99559 

53 

76829 

77867 

79111 

80207 

81281 

82361 

83537 

84697 

85843 

87037 

88129 

89371 

90401 

91573 

92683 

93827 

94949 

96001 

97187 

98443 

99563 

54 

76831 

77893 

79133 

80209 

81283 

82373 

83557 

84701 

85847 

87041 

88169 

89381 

90403 

91577 

92693 

93851 

94951 

96013 

97213 

98453 

99571 

55 

76837 

77899 

79139 

80221 

81293 

82387 

83561 

84713 

85853 

87049 

88177 

89337 

90407 

91583 

92699 

93871 

94961 

96017 

97231 

98459 

99577 

56 

76847 

77929 

79147 

80231 

81299 

82393 

83563 

84719 

85889 

87071 

88211 

89393 

90437 

91591 

92707 

93887 

94993 

96043 

97241 

98467 

99581 

57 

76871 

77933 

79151 

80233 

81307 

82421 

83579 

84731 

85903 

87083 

88223 

39399 

90439 

91621 

92717 

93889 

94999 

96053 

97259 

98473 

99607 

58 

76873 

77951 

79153 

80239 

81331 

82457 

83591 

84737 

85909 

87103 

83237 

39413 

90469 

91631 

92723 

93893 

95003 

96059 

97283 

98479 

99611 

59 

76883 

77969 

79159 

80251 

81343 

82463 

83597 

84751 

85931 

87107 

88241 

89417 

90473 

91639 

92737 

93901 

95009 

96079 

97301 

98491 

99623 

60 

76907 

77977 

79181 

80263 

81349 

82469 

83609 

84761 

85933 

87119 

88259 

89431 

90481 

91673 

92753 

93911 

95021 

96097 

97303 

98507 

99643 

61 

76913 

77983 

79187 

80273 

81353 

82471 

83617 

84787 

85991 

87121 

38261 

39443 

90499 

91691 

92761 

93913 

95027 

96137 

97327 

98519 

99661 

62 

76919 

77999 

79193 

80279 

81359 

82483 

83621 

84793 

85999 

87133 

88289 

89449 

90511 

91703 

92767 

93923 

95063 

96149 

97367 

98533 

99667 

63 

76943 

78007 

79201 

80287 

81371 

82487 

83639 

84809 

86011 

87149 

88301 

89459 

90523 

91711 

92779 

93937 

95071 

96157 

97369 

98543 

99679 

64 

76949 

78017 

79229 

80309 

81373 

82493 

83641 

84811 

86017 

87151 

88321 

89477 

90527 

91733 

92789 

93941 

95083 

96167 

97373 

98561 

99689 

65 

76961 

78031 

79231 

80317 

81401 

82499 

83653 

34827 

86027 

87179 

83327 

89491 

90529 

91753 

92791 

93949 

95087 

96179 

97379 

93563 

99707 

66 

76963 

78041 

79241 

80329 

81409 

82507 

83663 

84857 

86029 

87181 

83337 

89501 

90533 

91757 

92301 

93967 

95089 

96181 

97381 

93573 

99709 

67 

76991 

78049 

79259 

80341 

81421 

82529 

83689 

84859 

86069 

87187 

88339 

39513 

90547 

91771 

92809 

93971 

95093 

96199 

97387 

98597 

99713 

68 

77003 

78059 

79273 

80347 

81439 

82531 

83701 

84869 

86077 

87211 

83379 

89519 

90583 

91731 

92821 

93979 

95101 

96211 

97397 

98621 

99719 

69 

77017 

78079 

79279 

80363 

81457 

82549 

83717 

84871 

86083 

87221 

88397 

89521 

90599 

91801 

92831 

93933 

95107 

96221 

97423 

98627 

99721 

70 

77023 

78101 

79283 

80369 

81463 

82559 

83719 

84913 

86111 

87223 

33411 

89527 

90617 

91807 

92349 

93997 

95111 

96223 

97429 

98639 

99733 

71 

77029 

78121 

79301 

80387 

81509 

82561 

83737 

84919 

86113 

87251 

88423 

89533 

90619 

91811 

92357 

94007 

95131 

96233 

97441 

98641 

99761 

72 

77041 

78137 

79309 

80407 

81517 

82567 

83761 

84947 

86117 

87253 

88427 

89561 

90631 

91813 

92861 

94009 

95143 

96259 

97453 

98663 

99767 

73 

77047 

78139 

79319 

80429 

81527 

82571 

83773 

84961 

86131 

87257 

88463 

89563 

90641 

91823 

92863 

94033 

95153 

96263 

97459 

98669 

99787 

74 

77069 

78157 

79333 

80447 

81533 

S2591 

83777 

84967 

86137 

87277 

88469 

89567 

90647 

91337 

92867 

94049 

95177 

96269 

97463 

98689 

99793 

75 

77081 

78163 

79337 

80449 

81547 

82601 

83791 

84977 

86143 

87281 

88471 

89591 

90659 

91841 

92393 

94057 

95189 

96281 

97499 

98711 

99809 

76 

77093 

78167 

79349 

80471 

81551 

82609 

83813 

84979 

86161 

87293 

88493 

89597 

90677 

91867 

92899 

94063 

95191 

96289 

97501 

98713 

99817 

77 

77101 

78173 

79357 

80473 

81553 

82613 

83833 

84991 

86171 

87299 

88499 

39599 

90679 

91873 

92921 

94079 

95203 

96293 

97511 

98717 

99823 

78 

77137 

78179 

79367 

80489 

81559 

82619 

83843 

85009 

86179 

87313 

88513 

89603 

90697 

91909 

92927 

94099 

95213 

96323 

97523 

98729 

99829 

79 

77141 

78191 

79379 

80491 

81563 

82633 

83857 

85021 

86183 

87317 

88523 

89611 

90703 

91921 

92941 

94109 

95219 

96329 

97547 

98731 

99833 

80 

77153 

78193 

79393 

80513 

81569 

82651 

83869 

85027 

86197 

87323 

88547 

89627 

90709 

91939 

92951 

94111 

95231 

96331 

97549 

98737 

99839 

81 

77167 

78203 

79397 

80527 

81611 

82657 

83873 

85037 

86201 

87337 

88589 

89633 

90731 

91943 

92957 

94117 

95233 

96337 

97553 

98773 

99859 

82 

77171 

78229 

79399 

80537 

81619 

82699 

83891 

85049 

86209 

87359 

83591 

89653 

90749 

91951 

92959 

94121 

95239 

96353 

97561 

98779 

99871 

83 

77191 

78233 

79411 

80557 

81629 

82721 

83903 

85061 

86239 

87383 

88607 

39657 

90787 

91957 

92987 

94151 

95257 

96377 

97571 

98801 

99877 

84 

77201 

78241 

79423 

80567 

81637 

82723 

83911 

85081 

86243 

87403 

88609 

89659 

90793 

91961 

92993 

94153 

95261 

96401 

97577 

98807 

99881 

85 

77213 

78259 

79427 

80599 

81647 

82727 

83921 

85087 

86249 

87407 

88643 

89669 

90803 

91967 

93001 

94169 

95267 

96419 

97579 

98809 

99901 

86 

77237 

78277 

79433 

80603 

81649 

82729 

83933 

85091 

86257 

87421 

88651 

89671 

90821 

91969 

93047 

94201 

95273 

96431 

97583 

98837 

99907 

87 

77239 

78283 

79451 

80611 

81667 

82757 

83939 

85093 

86263 

87427 

88657 

89681 

90823 

91997 

93053 

94207 

95279 

96443 

97607 

98849 

99923 

88 

77243 

78301 

79481 

80621 

81671 

82759 

83969 

85103 

86269 

87433 

88661 

89689 

90833 

92003 

93059 

94219 

95287 

96451 

97609 

98867 

99929 

89 

77249 

78307 

79493 

80627 

81677 

82763 

83983 

85109 

86287 

87443 

83663 

89753 

90841 

92009 

93077 

94229 

95311 

96457 

97613 

98869 

99961 

90 

77261 

78311 

79531 

80629 

81689 

82781 

83987 

85121 

86291 

87473 

88667 

89759 

90847 

92033 

93083 

94253 

95317 

96461 

97649 

98873 

99971 

91 

77263 

78317 

79537 

80651 

81701 

82787 

84011 

85133 

86293 

87481 

88681 

89767 

90863 

92041 

93089 

94261 

95327 

96469 

97651 

98887 

99989 

92 

77267 

78341 

79549 

80657 

81703 

82793 

84017 

85147 

86297 

87491 

88721 

89779 

90887 

92051 

93097 

94273 

95339 

96479 

97673 

98893 

99991 

93 

77269 

78347 

79559 

80669 

81707 

82799 

84047 

85159 

86311 

87509 

83729 

89783 

90901 

92077 

93103 

94291 

95369 

96487 

97687 

98897 

94 

77279 

78367 

79561 

80671 

81727 

82811 

84053 

85193 

86323 

87511 

88741 

89797 

90907 

92083 

93113 

94307 

95383 

96493 

97711 

98899 

95 

77291 

78401 

79579 

80677 

81737 

82813 

84059 

85199 

86341 

87517 

88747 

89809 

90911 

92107 

93131 

94309 

95393 

96497 

97729 

98909 

96 

77317 

78427 

79589 

80681 

81749 

82837 

84061 

85201 

86351 

87523 

88771 

89819 

90917 

92111 

93133 

94321 

95401 

96517 

97771 

98911 

97 

77323 

78437 

79601 

80683 

81761 

82847 

84067 

85213 

86353 

87539 

88789 

89821 

90931 

92119 

93139 

94327 

95413 

96527 

97777 

98927 

98 

77339 

78439 

79609 

80687 

81769 

82883 

84089 

85223 

86357 

87541 

88793 

89833 

90947 

92143 

93151 

94331 

95419 

96553 

97787 

98929 

99 

77347 

78467 

79613 

80701 

81773 

82889 

84121 

85229 

86369 

87547 

88799 

89839 

90971 

92153 

93169 

94343 

95429 

96557 

97789 

98939 

100 

77351 

78479 

79621 

80713 

81799 

82891 

84127 

85237 

86371 

87553 

88801 

89849 

90977 

92173 

93179 

94349 

95441 

96581 

97813 

98947 
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25.  Numerical  Interpolation,  Differentiation,  and  Integration 


Numerical  analysts  have  a  tendency  to  ac- 
cumulate a  multiplicity  of  tools  each  designed  for 
highly  specialized  operations  and  each  requiring 
special  knowledge  to  use  properly.  From  the 
vast  stock  of  formulas  available  we  have  culled 
the  present  selection.  We  hope  that  it  will  be 
useful.  As  with  all  such  compendia,  the  reader 
may  miss  his  favorites  and  find  others  whose 
utility  he  thinks  is  marginal. 

We  would  have  liked  to  give  examples  to 
illuminate  the  formulas,  but  this  has  not  been 
feasible.  Numerical  analysis  is  partially  a  science 
and  partially  an  art,  and  short  of  writing  a  text- 
book on  the  subject  it  has  been  impossible  to 
indicate  where  and  under  what  circumstances  the 
various  formulas  are  useful  or  accurate,  or  to 
elucidate  the  numerical  difficulties  to  which  one 
might  be  led  by  uncritical  use.  The  formulas  are 
therefore  issued  together  with  a  caveat  against 
their  blind  application. 


Formulas 

Notation:  Abscissas:  Xo<Xi<^  •  •  •;  functions: 
:[,g,  .  .  .;  values: /(xO=A/(Xi)=/;.  f,f'\,  .  . 
indicate  V^,  2*^,  .  .  .  derivatives.  If  abscissas 
are  equally  spaced,  Xi+i—Xi=h  and /p=/(xo+M) 
{p  not  necessarily  integral).  R,  Rn  indicate  re- 
mainders. 


25.1.  Differences 
Forward  Differences 

25.1.1 

An^A„+i       ^n^Jn  +  3       oJn  +  2'TOjn  +  i      Jn 


"« ^71  +  1 


-Ar'=z;  (- 

J=0 


■y{j)u>c-j 


25.1.2 


Central  Differences 

81  +  ^  =  81  +  1  — 8l=fn+2  —  Sf„  +  i-\-3fn—fn-l 


«v=s  (-i)'P*+My.«+,_, 

j=o  \     J     / 

5j„=Aj(„_;t)  if  n  and  k  are  of  same  parity. 


Forward  Differences 

Cent 

ral  Differences 

3^0    Jo 

Ao 

X_i 

/-I 

5-J 

Xi    /i 

Ag 

^ 

/o 

do 

Ai 

A^ 

8i 

^i 

X2      J2 

A2 

AJ 

Xi 

/i 

5? 
^3/2 

a^3    U 

X2 

/2 

25.1.3 


25.1.4 


Mean  Differences 

Divided  Differences 

/o-/t. 


[Xo,Xi 


[a;o,Xi,a;2j — 


Xq      Xi 

[2<),  XiJ      [Xi,Z2] 


[XqjXi,  .  .  .,Xk\ 


Xq        X2 

[Xo,  .  .  .,Xic~i]      [Xi,  .  .  .,Xt] 


^0       ^k 
Divided  Differences  in  Terms  of  Functional  Values 


25.1.5 


n       y^ 
[xq,Xi,  .  .  ■ , x„\^ 2-1  ~nT~\ 


877 
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25.1.6    where  t,(z)  =  (x— Zo)   (x— Xi)  .  .  .  (x— x,) 
and  T^(x)  is  its  derivative: 
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Remainder  in  Lagrange  Interpolation  Formula 

25.2.3 


25.1.7 

rUxt)=(Xi—Xo)  .  .   .   (xj— Xt_i)(xt— x»+j) 


(xt— x„) 


Let  D  be  a  simply  connected  domain  with  a 
piecewise  smooth  boundary  C  and  contain  the 
points  2o,  .  .  .,  2,  in  its  interior.  Let  f(z)  be 
analytic  in  D  and  continuous  in  D~C.     Then, 


25.1.8      [Zo,Zl,  .   .   •,2n]=2^^     [^ 


J(2) 


dz 


t=0 


25.1.9         ^l=h*f*\0        (xo<l<x-) 
25.1.10 

[xo,Xi,  .  .  .,z,]=-j^=^i— j—         (xo<|<x„) 


25.1.11 


[^-■j3r_,+i,  .  .  .,Xo,  .  .  -jX,] — 


SS- 


A*'(2n)! 


Reciprocal  Differences 


25.1.12 


p(a^,,xi)  = 


Xo— xi 


/o-Zi 


P2(Xo,Xi,X-2)  — 


Xq — Xo 


p3(Xo,Xi,X2,X3:  = 


p(Xo,Xi)  — p(Xi,X2) 

J-o — X3 


+/l 


P2  ( J<»,  Xi ,  X2)  —  P2  (Xi ,  X2,  X3) 


-rp(xi,X2) 


P«(3!<),X],  .  .  .,X„)  — 


Xc—Ir. 


p„_i(xo,  .  .  .,x„_i)— p„_i(ji,  .  .  .,x„) 

—  P„_2(Xi,   .   .   .,X„_i) 

25.2.  InterpK)lation 
Lagrange  Interpolation  Formulas 


25.2.1  f(x)=j:idx)fi+RM 

i=0 


25.2.2 


liix)= 


r.(x) 


(x— x,)T;(xt) 

(X— Xq)   .   .   ■   (X— Xf-i)(x— Xj^O   ■   .   ■   (X— X„) 
(Xf—Xfi)  .  .  .  (X<— Xf_ij(Xi  — Xj+i)  .  .  .  (x,  — xj 


i2.(x)=T,(x)  •[a<„Xi,  .  .  .,x„x] 


25.2.4 


25.2.5 


^»^^'  2X1    Jc(«-2)«-2o)...(e- 


2») 


rff 


The  conditions  of  25.1.8  are  assumed  here. 

Lagrange  Interpolation,  Equally  Spaced  Abscissas 
fi  Point  Formula 

25.2.6        /(xo+pA)=Z:  Al(j>)j,+R^., 

k 

For  7J  even,        (—^(n—2)<k<^ny 
For  n  odd,  (-|  (n-l)<^<  ^  (n-l)\ 


25.2.7 


(_l)i«+* 


n  (p+^n-t) 


Al{p)- 


(^+ky.i^n-k)\(p-k)  '=' 


n  even. 


odd. 


25.2.8 


R„.^=i-,U{p-k)h*f^''\^) 


n\  k 


«-:  n  {p-k)M  (Xo<|<X,) 


k  has  the  same  range  as  in  25.2.6. 

Lagrange    Two   Point    Interpolation    Formula 
(Linear  Interpolation) 

25.2.9  j{xo+ph)  =  (1  -p)/o+p/i  +  i?i 

25.2.10  i?i(i?)«.125A-f''(l)«-125A2 


NUMERICAL 
Lagrange  Three  Point  Interpolation  Formiila 

25.2.11 

25.2.12 

R2(p)^M5h^f^^iO^M5A^         (\p\<l) 

Lagrange  Four  Point  Interpolation  Formula 

25.2.13 

f{Xo-{-ph)=A_J_i-\-Aofo+Arfi-\-A2j2+Rz 
^-p(p-l){p-2)  (p^-i)(p-2) 

p(p+l)(p-2)      .p(p'-l)  . 

Vi"l  a J2 


6 

25.2.14  R,(p)  ^ 

.024Ay<*>  (0  « .024A*         (0<:P<1) 

.042A*/'') (I)  « .042A*         (-l<p<0,  l<p<2) 

(a;_i<^<X2) 

Lagrange  Five  Point  Interpolation  Formula 

25.2.15 

J{xo+ph)=j:  AJ,+R, 

J  =  -2 

_{p'-l)p(p-2)  (p-i)p(p2-4)  ^ 

-J  -2 a J-1 


24 


6 


4  -^^  6  -^^ 


{p''-\)p{p+2) 


24 


/2 


25.2.16  i?4(p) « 

.012Ay«'(^)«.012A=         (IpKI) 

.03lAy<^>(^)  «.031A«         (l<|p|<2)       {x_2<^<X2) 

Lagrange  Six  Point  Interpolation  Formula 
25.2.17 

Jix,+ph)=iz  AJ,+R, 

i=-2 


.p{p^-l){p-2){p-?>) 


120  -"-^ 

P(P-l)(p'-4:){p-3) 


24 
12 


/-I 


/o 


12 


I  y(p+l)(p'-4)(7?-3)  ,     p(p'-l)(p+2)(p-3)^ 
'  To  Ji  24  -'^ 

I  y(y'-i)(y^-4) 

"^  120 


/s 
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25.2.18  R,(p) « 
.0049A«/«)a)«.0049A«         (0<^<1) 
.007lAV<«>a)  «.0071A«         (_i<p<o,  l<p<2) 
.024A«/«)(|)  «.024A«         (-2<;p<_l,  2<2)<3) 

Lagrange  Seven  Point  Interpolation  Formula 

25.2.19  f{xo-\-ph)  =  j:  AJ,+R, 

«=-3 

25.2.20 

(^  .0025Ay">(^)  ~.0025A^         {\p\<\) 

,0046/i7"'(^)  «.0046A^         (1<|;)|<2) 
.    .019A7<^>(^)«.019A^  (2<|p|<3) 

(a:_3<^<a:3) 
Lagrange  Eight  Point  Interpolation  Formula 


R,(P)^^ 


25.2.21 
25.2.22 


j{xo+ph)=j:.  AJ,-\-Rj 

i=-3 


f  .00lU«/«(^)  «.0011A«        (0<p<l) 
.0014A«/«H^)«-0014A» 


R^ip)^^ 


{-i<P<Q) 

(1<P<2) 


.0033A«/«n^)«-0033A8 
.016A«/8)(^)«  016A8 


(-2<2)<-l) 
(2<2><3) 

(-3<2><-2) 
(3<2'<4) 


(X_3<|<X4) 


Aitken's  Iteration  Method 


Let  j{x\xq,Xi,  .  .  .,X;fc)  denote  the  unique  poly- 
nomial of  k^^  degree  which  coincides  in  value  with 
/(x)  at  Xo,  .  .  .,  Xfc. 


25.2.23 


y(x|xo,xi)= 


1 


/(x|xo,X2)  = 

/(x|Xo,Xi,X2) 


Xi  —  Xo 

1 


Jo  -^0  X 

J\  Xi  —  X 

Jo  Xq       X 

J  2  X2       X 


X2   Xo 

1   |/(x|xo,x,)  Xi  — X 


/(x|Xo,Xi,X2,X3)  — 


X2— Xi!/(x|Xo,X2)   X2— X 

1 


X3   X2 


/(xIXo,Xi,X2)   X2  — X 
/(x|Xo,X,,X3)   X3— X 
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Taylor  Expansion 


25.2.24 


I    I    {'X       2<))      j.(2) 


.  ^^      ^'     -fin)   I    r> 

.       Jo    -trin 


25.2.23  i?„= JV^"+^'  (0  ^^^"  ^« 

Newton's    Di>-ided    Difference    Interpolation    Formula 

25.2.26 

n 

Jt=l 

Xq       #0 

[Xo,JCi] 

\Xi,X^\  l*0>*l>*2)^3j 

X2      J  2  \Xl,X2,Xz\ 

[X2,X3] 

Xz    jz 
25.2.27 

fn+Dfy) 
Rn{x)=T„(x)  [Xf>,  .  .  .,X„,x]=irn{x)''-T—-^ 

iXo<^<X„) 

(For  T„  see  25.1.6.) 

Newton's  Forward  Difference  Formula 

25.2.28 

Xo     '0 

Ao 
Xx    jx  Ag 

A,  AS 

A2 

a-3    /a 
25.2.29 

Relation   Between   Newton   and    Lagrange  Coefficients 

25.2.30 

(^^=AU{p)       (^^=-AU{p)        (^^=Al{\-p) 


Everett's  Formula 


25.2.31 


3! 


(p+l)p(;)-l) 


3!  ^»+----Un+l  ;^° 


+ 


+i2 


2n 


fo 

5i 

SI 

4 

6S 

u 

6? 

6? 

a;i 


25.2.32 


)^' 


V2/1+2 


^/j)+n\rAiV-HAi"/n 

~V2n+2y  L  2  J 


(a^-n<e<a:„+i) 


Relation  Between   Everett  and   Lagrange  Coefficients 

25.2.33 

E2=AU        E,=AU       E,=AU 


F2=At 


F,=Al         F,=A^ 


Everett's  Formula  With  Throwback 
Olodified  Central  Difference) 

25.2.34 

f{Xoi-ph)  =  {l-p)fo+pJi+E28l,o+F28l,,+R 

25.2.35  52^=52-.  1845* 

25.2.36  i?«.00045|Ai5||  +  . 00061  |5f| 
25.2.37 

J{x,-i-ph)  =  il-p)fo+pfi+E28l+F28l 

+E,8U+F,Si,,+R 

25.2.38  8*„=8*-.2078'+  .  .  . 

25.2.39  i?=^.000032|M5fi  +  .000052j5ji 

25.2.40 

nx^-^ph)=(l-p)Jo+pJi  +  E28l-^F28i 

-^E,S'o+F,8t+E,^^,o-\-FeSl,x+R 


25.2.41 
25.2.42 


5^=5«-.2185»+.0495i°+ 
i?=«  .0000037  1m5|1+   .  . 


Simultaneous  Throwback 
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25.2.43 

25.2.44  5^=52-. 013125^+.00435^-. 00151° 

25.2.45  5^  =  5*- .278275^+. 06855^-. 0165^° 

25.2.46  R  « .00000083  1m5||  +  .00000945^ 

Bessel's  Formula  With  Throwback 

25.2.47 

25.2.48  5^=52_  i84g4 

25.2.49  i?«.00045|M5||  +  . 00087 15^| 

Thiele's  Interpolation  Formula 

25.2.50 

j{x)=j{x,)  + 

X      Xi 


p{Xi,X2)-\-X—X2 


P2iXi,X2,X3)—J{Xi)-\-X—X3 


^  pz{Xi,X2,Xz,Xi)  \ 

\     —  p(x,,a;2)  +  .  .  ./ 

(For  reciprocal  differences,  p,  see  25.1.12.) 

Trigonometric  Interpolation 
Gauss*  Formula 


25.2.51 

25.2.52 

Ux)  = 


2n 


J{x)^^,j,Ux)  =  K{x) 

fc  =  0 


sin  \{x—Xq)  ...  sin  \{x—x,:-i) 


sin  \{xk—Xq)  ...  sin  \{Xk—Xk-i) 

sin  \{x—Xk+i)  ...  sin  \{x—X2n) 
sin  \{Xk—Xk+i)  ...  sin  \{Xk—X2n) 

t„(x)  is  a  trigonometric  polynomial  of  degree  n 
such  that  «„(xt)=/t         (^=0,1,  .  .  .,2n) 

Harmonic  Analysis 

Equally  spaced  abscissas 


Xq  —  0,  Xi,    .     .     .,Xm-l,Xm  —  2^ 


25.2.53 


J{x)  «;r  ao+S  (O'lc  cos  kx-[-bk  sin  kx) 


m=2n+l 


2  2n^  2  2n 

(k=0,l,  .  .  .,n) 


25.2.55 


in=2n 


1  2"-l  1  2n-l 

«*=-  ZJ  /r  COS  ^x,;        6t=-  X)  Jt  sin  Arav 

"    r=0  n  r=0 

(A:=0,l,...,n)  (/:=0,l,...,n-l) 

6„  is  arbitrary. 

Subtabulation 

Let  /(z)  be  tabulated  initially  in  intervals  of 
^v^dth  h.  It  is  desired  to  subtabulate  J{x)  in 
intervals  of  \^^dth  h/m.  Let  A  and  A  designate 
differences  wdth  respect  to  the  original  and  the 

final  intervals  respectively.     Thus  Ao=/  (  XoH — ) 

—f(xo).     Assuming   that    the   original    5^^    order 
differences  are  zero, 

25.2.56 

,  (l-m)(l-27n)(l-3m)  ^, 


To    _J, 


1-^  ,3  I  (l-m)(7-llm) 


^=:ir2^+'-z::FK+''     "V^"  .  "•'^A; 


T3_  1    ,3  1  3(1-^)  ,4 


2m^ 


From  this  information  we  may  construct  the  final 
tabulation  by  addition.    For  m  =  10, 

25.2.57 

Ao= .  1  Ao-  .045A2+  .0285A2-  .02066A5 
A2=.01A2-.009A2+.007725A2 
^=.001A2-.00135AS 
AS=.0001A2 

Linear  Inverse  Interpolation 

Find  p,  given /p(=/(xo+P^))  • 

Linear 


25.2.58 


/.-/o 
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Quadratic  Inverse  Interpolation 

25.2.59 

(/i-2/o+/-i)i>'+(/i-/-i)p+2(/o-/,)  -0 
Inverse  Interpolation  by  Reversion  of  Series 

25.2.60       Given  fix^+ph)  =j^=JZ  atp^ 

t=o 


25.2.61 

p=\^c2\'-rcz\'+  .  .  . 

,  '>^=Up—<h)l(h 

25.2.62 

C2=— a^/a, 

,_-«3  |o/«-2Y 

''      a,  +-  W) 

— at  .  ba^^a^     5a| 

^*      a,    '     a?       af 

,      —05  ,  6a^i  ,  3(7| 

21a|a3     14at 

''      a,    ^     a^     ^  al 

a?      '    aj 

Inversion  of  Xev»-ton*s  Forward  Difference  Formula 

25.2.63 

A2     A|     AS 
a,=Ao- 2-+^-j+  .  .  . 

^      A?     A!  ,  HAS  , 

-f -f  + . . . 
.=i+ . . . 

(Used  in  conjunction  with  25.2.62.) 

Inversion  of  Everett's  Formula 


25.2.64 


''^-^i~3~6'^20+30+ 
^-^2  ~24+  •  •  • 


ar- 


—  5o-^5i     5^-— 5J 


24 


5S 


a.=g+  .  .  . 
—  ot—St 


a-.=- 


120      '    ■  ■  ' 
(Used  in  conjunction  with  25.2.62.) 


25.2.65 


Bivariate  Interpolation 
Three  Point  Formula  (Linear) 


Four  Point  Formula 

25.2.66 


Six  Point  Formula 

25.2.67 


•      o 


+(i+P2-^-g2)yo.o 

p(p-2g+l) 


H  2  -^^'^ 

.  g(g-2p+l) 


Ai+pqfi.i-i-Oih?) 


25.3.1 


25.3.  Differentiation 
Lagrange's  Formula 


k=0 


(See  25.2.1.) 
25.3.2        Z;(x)=X: 


T„(X) 


^  (j:-zt)(x— x^)T;(Xi) 
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25.3.3 


f=f(i)  (io<i<x,) 


Equally  Spaced  Abscissas 
Three  Points 


25.3.4 


=^{(p-W-i-2p/o+(p+^)/i}+/?2 
Four  Points 


25.3.5 


/;=/'c^+M)4{-5£^=^V-, 


n  Jo  ^5  Jl 


Sp' 


-/2}+i?; 


Five  Points 


25.3.6 


4p^^-3£2-8£+4        ,  2p^-5p^ 
~  6  ^-'^        2       -^° 


4pM-3p2_8p-4 


2p3-t-3y2-p_l 

12 


} 


/2    K^i 


For  numerical  values  of  differentiation  coeffi- 
cients see  Table  25.2. 

Markoff's  Formulas 
(Newton's  Forward  Difference  Formula  Differentiated) 

25.3.7 


f(a,+ph)=l^Ao+\^^ 


3p'-6p+2 


A^+  .  .  .  + 


d  (p 
dp 


(0-] 


+i?; 


25.3.8 


25.3.9       A/;=Ao-^A^+|a?-^AS+  .  .  . 


25.3.10      h}fo''  =  A?- A^+^  A2-^  A»+  .  .  . 


25.3.11 


25.3.12 


AVi^>=A|-|AS+^AS-^AS+... 


AV^*>=A*-2A|+^|a«-^A^+  .  . 


25.3.13 


AVi«=A»-|A«+|AS-^A2+  .  .  . 
Everett's  Formula 

25.3.14 

5y^-20;?3^1 5^^+10^-6  ,,  ,  5p*-15j3'+4   , 
120  ^°"^         120  ^^ 


+ 


-[K\-^1^'^[(j::;)\^^ 


25.3.15 


hfo^—jo-\-j\—-o  ^o~6  ^'"'"2^  ^°~'~30  ^* 


Differences  in  Terms  of  Derivatives 


25.3.16 


Ao « ¥;+|;/^^> +^/^^> +^/^*> +^'/^«> 


25.3.17 


A^«Ayr+/ty^^>+^  W^+^  W^ 


25.3.18  AS«Ayi'^+|  W^+^/i''* 


25.3.19  A^«/iy^*>4-2/iy^« 

25.3.20  K^h'fo'' 

Partial  Derivatives 

25.3.21 


^'=2V/..o-/-..«)+W 


217-682  O  66— 57 


884 

25.3.22 


NUMERICAL   ANALYSIS 

25.3.26 


^=4^  (/..■-/-...+/,.-.-/-. -)  +  OOT 


25.3.23 


•  !► 


^"=4  (/i.o-2/o.o+/-i.o)  +  0(A^) 


25.3.24 


>.Jl  ~Toh2  (~/2,o  +  16/i,o  — < 


dx^  ~\W  ^ -•' 2. 0-r-y/ 1.0- 30/0.0 


25.3.25 


•  n      • 

• (I — • 

•  o      • 


52^  J 

dr^  ^3X2  v/i.i  — 2/0.1 +j_i,i+ji, Q— 2/0. o+/-i,o 

+/i.-i-2/o,-i+/-i.-i)  +  6>(/i^) 


5^;=4^  ^--^-^-^-+^-'-)+^(^^) 


25.3.27 


•     o 


-• — (►— •- 


d^/       —1 


-2/o.o-/i.i-/-i.-i)  +  0(A^) 


25.3.28 


^°=i(/2.o-4/i.o+6/o.o-4/-i.o+/-2.o)  +  0(/t^) 


da;^       A 


25.3.29 


■^ — <► 


•     H 


j=n  (/i,i+/-i.i+/i.-i+/-i.-i 


dx^dy^    h* 

-2/i.o-2/_i,o-2/o.i-2/o,-i+4/o.o)  +  0(/i^) 


Laplacian 
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25.3.33 
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25.3.30 


-•—<►—♦ 


=J^  (tti.o+Wo.i+W-i.o+Wo.-i— 4wo,o)+0(^2) 


25.3.31 


VVo=j2p[  — 60wo.o+16(Wi.o+Wo,i+^-i.o+'?^o.-i) 


Biharmonic  Operator 


25.3.32 


=^[20wo.o-8(wi,o+Wo,i+'M-i,o+Wo.-i) 
+2(i^i.i+Wi,_i+w_,,i+w_i,_i) 

+  {Uo,2-hU2,o  +  U.2.0  +  Uo.-2)]-\-0(h^) 


^X,0  =  g^[—(Wo.3  +  Wo, -3  +  ^3.0  +  ^-3.0) 
+  14('Mo.2  +  Wo,-2  +  W2.0  +  W-2.o) 

— 77(wo.i+Wo,-j+^i.o+W-i.o) 
+184i^o.o+20(wi.i+Wi._i+W-i,i+W-i._i) 

—  (Wl.2  +  W2,l  +  ^tl,_2  +  W2.-l  +  W-l,2  +  V-2.1 

+  i^_l._2  +  W_2.-i)]  +  0(^*) 

25.4.  Integration 

Trapezoidal  Rule 
25.4.1 

jy{x)dx=^  C/o+/i)-^  J^]'  (t-Xo)(x,-t)f'(t)dt 
=1  (/0+/1)  -^/"(^)         (xo<Kxi) 


25.4.2 


Extended  Trapezoidal  Rule 


jy(x)dx=h^^+j^+ . . .  +/._i+-^] 


■  12 


/"(I) 


Error  Term  in  Trapezoidal  Formula  for  Periodic 
Functions 

If  /(z)  is  periodic  and  has  a  continuous  k^^ 
derivative,  and  if  the  integral  is  taken  over  a 
period,  then 

constant 


25.4.3 


25.4.4 


|Error|<- 


m 


Modified  Trapezoidal  Rule 


+^  [-/-i+/i+/-.-i-/.+.]+^  h'n^) 
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25.4.5 


Simpson's  Rule 


-]-lj\x,-ty{x,-t)r'{t)dt 


=|[/o+4/:4-/2]-^rH^) 


25.4.6 


Extended  Simpson's  Rule 


£'''j{x)dx=l  [/0  +  4(/i+/3+    .   .   .    +/2n-l) 


nh 


Euler-M aclaurin  Summation  Formula 


25.4.7 


£\f{x)dx=h^j+f,-\-J,-\-  .  .  .  +/„-,+•§] 


i2k)\ 


-^h'(fn-Jo)-    .  .   .   -^"[/i"-"-/r-'^]+i?. 


^^*-    (2^+2)!     .<.<., 


^    max  |/"+2"(a^)l,         (-1<^<1) 


(For  52t,  Bernoulli  numbers,  see  chapter  23.) 

jf  y(2t+2)  ^^.^  andy^""'"^'(a:)  do  not  change  sign  for 
Xo<Cx<Cx„  then  |/?2ti  is  less  than  the  first  neglected 
term.  If  f^'''^^\x)  does  not  change  sign  for 
XQ<ix<iXn,  |/?2t|  is  less  than  twdce  the  first  neglected 
term. 

Lagrange  Formula 

25.4.8 

V j{x)dx=±  {L\^\h)-L\-\a)y,+Rr. 

J  a  1=0 

(See  25.2.1.) 
25.4.9 

25.4.10    i?„=^-A_JV^(3,)y(n+i,^^^3,))^3. 


25.4.11 


Equally  Spaced  Abscissas 


('-  .,.,         1    ^  !    (-1)-'    f"  x.  (I)    .        p 


[-1 

25.4.12    {'"'^' j{x)dx=h     i]      ^i(m)/,+i?„ 
•^^„  <=-r^i 
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[f] 

(See  Table  25.3  for  Ai{m).) 

Newton-Cotes  Formulas  (Closed  Type) 

(For  Trapezoidal  and  Simpson's  Rules  see  25.4.1- 

3 
(Simpson's  3  rule) 
o 

^y{x)dx=^l  (J,+3f,+3f,+f,)-^-f^ 
25.4.14  (Bode's  rule) 

+32/3+7/.)-^^^' 


25.4.6.) 
25.4.13 


945 


25.4.15 


rj{x)dx=^  (19/o+75/,+50/,+50/3 


+75/4+19/5) 


275/<«H^)/i^ 


12096 


25.4.16 


rV(a:)(fx=^  (4I/0+2I6/1+27/2+272/3 


+27/4+2I6/5+4I/6) 


9/'«'(^)/i^ 
1400 


25.4.17 


7/1 


x)dx=,^  (751/0+3577/1  +  1323/2 
+2989/3+2989/4+1323/5+3577/6 


,7,1/^     8183^1^ 
+^^^J^^  518400 


25.4.18 


r /(a;)rfx=j^  (989/o+5888/i-928/2 

+10496/3-4540/4+10496/5-928/6+5888/7 


+989/s)-J^/->(^)A" 


25.4.19 


/•Tg 


9h 


[2857(/o+/9) 


89600 

+  15741(/i+/8)  +  10S0(/2+/7)  +  19344(/3+/6) 

173 


+5778(/4+/5)}-i46^"M)^^ 


'See  page  ii. 


25.4.20 


5h 


r'f(x)dx=^^^  ( 16067 (/0+/10) 

*/  Xq 
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4-106300(/i+/9)-48525C/2+/8)+272400(/3+/7) 

-260550(/4+/6)  +427368/5} 

1346350 


326918592 
Newton-Cotes  Formulas  (Open  Type) 


f''\^W' 


25.4.21 


Zh 


f'\m 


J  Xq 


25.4,22 


jy{x)dx=f(2J,-J,^2j, 


)-f 


28r(^W 
90 


25.4.23 


£jix)dX=^  (ll/l+/2+/3+ll/4)4 


95f*\Oh 
144 


25.4.24 


JJV(a;)^2;=|^(ll/i-14/2+26/3-14/,  +  ll/5) 

_^41/«'(^)A^ 


140 


25.4.25 


J^  /(x)c?x=^  (611/1-453/2  +  562/3+562/, 


-453/5+611/6)+|g/^^)A^ 


25.4.26 


JJV(^)^^=9^(460/i-954/2+2196/3-2459/4 


+2196/5-954/6+460/;) 


3956 


14175 
Five  Point  Rule  for  Analytic  Functions 


f'^^W 


25.4.27 


z„+   ih 


Zo-  h 


-•      z«+  h 


2o-  ih 


zn-h 


/(2)rf2==:^{24/(0o)+4[/(0o+A)+/(2o-/l)] 


15 


■[/(2o+iA)+/(2o-iA)]}+iSI 


\h\' 


R\<j^^Msix\f'^^(2)\,  ,S  designates  the  square 
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ztS 


with  vertices  30+^*^(^=0, 1,2,3);  A  can  be  complex. 

Chebyshev's  Equal  Weight  Integration  Formula 

25.4.28  r  j{x)dx=l  ±  J{x,)  +i?„ 

J-i  n  i=\ 

Abscissas :  Xt  is  the  i*"  zero  of  the  polynomial  part 
of 


G 


^"  ^""P  L2^""4:5^~67^*~  •  ■  J 


(See  Table  25.5  for  Xt.) 

For  71=8   and    7i>10  some    of    the    zeros    are 
complex. 
Remainder: 


J  +  l       -v.n+1 


^^n  +  iy(n+.,(^^) 


n(n+l)!lrf 
where  ^=^(x)  satisfies  0<^<x  and  0<^i<x< 
(i=l,...,n) 
Integration  Formulas  of  Gaussian  Type 

(For  Orthogonal  Polynomials  see  chapter  22) 

Gauss'  Formula 

25.4.29         r  J{x)dx=i2,  wJiXi)-\-Rn 
J  -I  1=1 

Related  orthogonal  polynomials:  Legendre  poly- 
nomials P„(x),  P„(l)  =  l 

Abscissas:  x,  is  the  i^^  zero  of  P„{x) 

Weights:  Wt=2l(l-x',)[P'„{xt)? 
(See  Table  25.4  for  x,  and  Wi.) 


Rn  = 


22''+i(n!)* 


i/^^H^)         (-KK1) 


(2n+l)[(2/i)!p- 

Gauss'  Formula,  Arbitrary  Interval 

25.4.30      rf(y)dy==^  S  wj(y,)  +H„ 

v.=(^)-+(^) 

•See  page  ii. 
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Related  orthogonal  polj-nomials:  P„(x),  P„(l)  =  l 
Abscissas:  Xi  is  the  i*"  zero  of  Pni^) 
*      Weights:  w,=2/(l-xf)[P'„{x,)Y 

^"     {2n-^l)[(2n)\f  ■'       ^^^ 
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25.4.33 


Radau's  Integration  Formula 


25.4.31 


J -I  II'  1=1 


Related  polynomials: 

x+1 
Abscissas:  Xi  is  the  i^^  zero  of 


x+1 


Weights: 


1       1-2-, 


nnP„.,{x,)]'    \-xAP'n-.{x,)f 
Remainder: 

Lobatto^s  Integration  Formula 

25.4.32 

+2  wJi,x,)+E. 

1=2 

Related  polynomials:  P^_i(x) 

Abscissas:  x,  is  the  (i— 1)^^  zero  of  P^_i(z) 

Weights: 

""=«(«-i)[p,-(.,)]^    <^"'±" 

(See  Table  25.6  for  j^  and  Wi.) 
Remainder: 

(2n-l)f  (271-2)  !P       ^         ^^' 


•See  page  ii. 


(-1<^<1) 


{'  x*j{x)dx=±,wJ{x,)+R, 

Jo  :=1 

Related  orthogonal  polynomials: 


2„(a;)=V^+27i+lP^*-o>(l-2x) 
(For  the  Jacobi  polynomials  P,[*°^  see  chapter  22.) 
Abscissas: 

Xi  is  the  i^  zero  of  5„(x) 
Weights: 

(See  Table  25.8  for  Xt  and  Wj.) 
Remainder: 


^"     (/:+2n+lK2n)!  [  {k^n)\}         (0<K1) 
25.4.34 

Jo  «=1 

Related  orthogonal  polynomials: 

-j2=  P2„  +  ,  (VT^),  P2n+l(l)  =  l 

\l—x 

Abscissas:  z,=  l  — I?  where  ^i  is   the   i**"  positive 

zero  of  Pin+iix). 

Weights:    Wj=2^?w,^2''+^'    where    ly^^+i)    are    the 

Gaussian  weights  of  order  2n  +  l. 

Remainder: 


P, 


2"'+^[{2n-^l)\Y 


,/^'"(^)       (0<Ki) 


"     (27i)!(4n+3)[(47i+2)!p- 
25.4.35 

rj(y)\b^dy={b-ay''  ±  wj{yd 

Ja  «=1 

?/,=a+(6— a)jf 
Related  orthogonal  pohmomials: 

-=^P2„^l  (Vl^),  P2n+l(l)  =  l 

VI  — X 

Abscissas:  Xi=l  — 1<  where  ^^  is  the  i^^   positive 
zero  of  P2„+i(x). 

Weights:    u',=2|?uf'' ""    where    uf"^"     are    the 
Gaussian  weights  of  order  2n  + 1. 


25.4.36 


Jo  VI  — a:  '=1 


Related  orthogonal  polynomials: 

p,„(vr^),^-(i)=i 

Abscissas:  Xi=l  — ^i  where  ^<  is  the  i*"   positive 

zero  of  P2n(x)- 

Weights:  w;i=2w""\  wl^"^  are  the  Gaussian  weights 

of  order  2n. 

Remainder: 

2*"+^  [(2n)\Y 
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Abscissas: 
Weights: 
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Rn- 


./^"'l^)       (0<Ki) 


4n+l  [(4n)!p- 

25.4.37    f  4=  dy=^^b^a  ±  wJ(y,)  +  R„ 
Ja  -^Jb—y  i=l 

yi=ai-{b—a)Xi 
Related  orthogonal  polynomials: 


Abscissas: 

a;<=l— I?  where  |<  is  the  i*"  positive  zero  of  P2n{x). 

Weights:  w i=2Wi^"\  wl'^'^^  are  the  Gaussian  weights 
of  order  2n. 


25.4.38 


pi  J 

J-i  Vi 


fix) 


dx=j:wJ(x,)-^Rn 


VI  — a;  '=1 


Related  orthogonal  polynomials:  Chebyshev  Poly- 
nomials of  First  Kind 


T,{x),TM=^^ 


Abscissas: 


Weights: 


Remainder: 
R 


Xi  =  COS 


(2i-l)T 

2n 


Wt=- 


Tw^^P'^'i^)     (-1<K1) 


25.4.39 


"     (2n)!2 


Ja^i{y—a){b—y)     «=i 
b-\-a  .  b—a 


Vr 


2     '     2    "' 


Related  orthogonal  polynomials: 


Xi=QOS 


{2i-\)-K 

2n 


n 


25.4.40 


r^Ax)  ^l-xHx=±,wJ{xd+Rn 
J  -I  i=l 

Related  orthogonal  polynomials:  Chebyshev  Poly- 
nomials of  Second  Kind 


Abscissas: 


Weights: 


Tj  f  ^     sin  [{n-\-l)  arccos  x] 

Un  {X)  = ^'      ,        r i 

sin  (arccos  x) 


Xj=COS 


71+1 


n-\-l  n-\-l 

Remainder: 

^n=(2;^,^J'^»'(|)  (-1<K1) 

25.4.41 

£  V(2/-a)  (b-y)fiy)dy=(^^y  ±  wJiy,)+Rn 
b-\-a  ,  b—a 


Vi 


■\ — ir-  xt 


2     '     2 
Related  orthogonal  polynomials: 


TT  f-r\—^^^  [(n+1)  arccos  x] 
sm  (arccos  x) 


Abscissas: 
Weights: 


x<=cos 


71+1 


Wi= — TT  sm' 


25.4.42 


^'-71+1   °"'      7i+l     " 

Cj{x)J-l-  dx  =  i:  Wj{xd+Rr 
Jo  V  1  — X  i  =  l 

Related  orthogonal  polynomials: 


Vx 


T2n+x{.yrx) 


Abscissas: 


Weights: 


Xi=cos'' 


Wr 


2i-\  V 
2n-\-l'2 

2r 

''2n-\-\  ^' 


•S«'o  impp  II. 
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Remainder: 

^.=(2^;^|i^ir"'(^)       (0<Ki) 
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Remainder: 


25.4.43 


J><^V5^: 


dx={b—a)  X)  wJ(yi)-{-R„ 


i=l 


yi=a-\-(b—a)Xi 


Related  orthogonal  polynomials: 


Abscissas: 
Weights: 

25.4.44 


-rz.  ^2n  +  l  (V^) 


Xi=cos'^ 


2i— 1  T 

2n-\-l'2 


Wr 


27r 


Xi 


2n+l 

ri  n 

\n  xf(x)dx=^'Wif(Xi)-\-Rn 
Jo  «=i 


Related  orthogonal  polynomials:  polynomials  or- 
thogonal with  respect  to  the  weight  function  —In  a; 
Abscissas:  See  Table  25.7 
Weights:  See  Table  25.7 


25.4.45 


Jo    '"^^ 


x)dx=^  wJ(Xi)  +5„ 


j=i 


Related  orthogonal  polynomials:  Laguerre  poly- 
nomials L„(x). 

Abscissas:  Xi  is  the  i^^  zero  of  Ln{x) 
Weights: 

(nlYx, 


Wr 


(n+iy[Ln+i{xd? 


(See  Table  25.9   for  Xi  and  Wi.) 
Remainder: 


25.4.46 


J  CO 
-< 


(2n)! 


e-''j{x)dx=^wJ{x,)+R„ 


Related   orthogonal  polynomials:   Hermite  poly- 
nomials Hn(x). 

Abscissas:  Xi  is  the  ^*''  zero  of  Hn(x) 
Weights: 

2"-'n!^^ 
n^[H,.rixdf 

(See  Table  25.10  for  Xi  and  Wi.) 


Filon's  Integration  Formula  ' 


25.4.47 

J{x)  cos  tx  dx=h    (x{th)(f2n 


sin  tXi„ 


-/oSin  <Xo)+/3(<A)  •C2n+7(^A)  •  (?2n-l 


25.4.48 


45 


2n-l   J  —  ^n 


C2„=X)/2i  COS  (<a:2t)  — M/2n  cos  ^a^„+/o  cos  txo] 


«=o 


25.4.49 
25.4.50 
25.4.51 
25.4.52 


C2n-l  =  S/2<-l  COS  ^^2.-1 
i=l 


02^-1 — ^^  fii-i  Sin  ^a:2i-i 

i=l 


,^,     1  ,  sin  26    2  sin^  6 
+cos2  d    sin  20^ 


7W  =  4  (%-'-^) 


For  small  5  we  have 
25.4.53 


_2d^     2d'      26^ 
'~45     315"^  4725 

2     2^2^4^     2^ 
3"'~15     105~^567' 


7= 


4        202  ^4 


25.4.54 


3     15  '  210     11340 


f(x)  suitxdx=h\  a(tK)(j'o  cos  ^Xq— /2n  cos  tX2„) 

+  /3S'2n+7^2n-l+^  ^/l*a„-l]-i?« 

25.4.55 

n  J 

'S'2„=Z)/2i  sin  (ea:2i)— i5  [f2n  sin  (^JaJ+Zo  sin  (<Xo)] 

i=0  ^ 


'  For  certain  difficulties  associated  with  this  formula, 
see  the  article  by  J.  W.  Tukey,  p.  400,  "On  Numerical 
Approximation,"  Ed.  R.  E.  Langer,  Madison,  1959. 
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n 

25.4.56         S2n-i=12j2i-i  sin  (^X2<_i) 
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t=i 


25.4.57  an-i=Z;/2f-i  COS  {tX2i-i) 


i=l 


(See  Table  25.11  for  a,  )8,  7.) 

Iterated  Integrals 

25.4.58 

r  dt„  f"  </<„_!...  r'dt.2  r'f(ty)dt, 

Jo  Jo  Jo  Jo 

25.4.59 

r  dtn  r^dtn-,...  {''dt2  r'f(u)dti 

Ja  Ja  Ja  Ja 

Multidimensional  Integration 

Circumference  of  Circle  V:  x^-\-'if=h^. 
25.4.60 


2^  //(^,2/)rf^=2k  g/(^  cos  ^,  h  sin  ^^ 
Circle  C:  x?+y^<h\ 


25.4.61 


T^-  JJ  -^^^'y^^^y^ii  wJ{Xi,yi)-\-R 


(xuVi) 

Wi 

(0,0) 

1/2 

(±h,0),  (0,±h) 

1/8 

R  =  0(h*) 


Wi 


(xuVi) 

{±l'±l)        1/4        R=Oih^) 


(0,0) 
(±^,0) 


1/12 


R=0(h*) 


{±l'±l.^)        1/12 


892 


NUMERICAL   ANALYSIS 


{^uVi) 

Wi 

(0,0) 

1/6 

(±A,0) 

1/24 

(0,±A) 

1/24 

R=om 


(44)  ^/« 


(x,,yi) 

W< 

(0,0) 

1/4 

(±^A.o) 

1/8 

(±Vi^-4^ 

.) 

1/8 

R=om 


(^uVi) 

(0,0) 

(V 


6i:i6Acos?^,./6^isinM 


10  '^^-wV^T^^'No 


) 


1/9 
16+^/6 


360 
(k=l,  .  .  .,10) 


(V^'^-wV^'^^'"w) 


16-V6 
360 


Square*  5':  \x\<h,\y\<h 
25.4.62 


4^JJ/(a^,y)rfx</y=i:  wJ{Xi,yt)+R 


I 
I 

f f i 

I 
I 
I 

i 


(xuVi) 

Wt 

(0,0) 

4/9 

{±h,±h) 

1/36 

(±h,0) 

1/9 

{0,±h) 

1/9 

R=0(h*) 


Wi 


(Xi,  Vi) 


R=^0{h') 


• 

1 
1 

• 

■• — 

1 

1 

1 
1 

-.* 

• 

1 
1 

f 

• 

(Xi,yi) 

Wt 

(0,0) 

16/81 

*  For  regions,  such  as  the  square,  cube,  cylinder,  etc., 
which  are  the  Cartesian  products  of  lower  dimensional 
regions,  one  may  always  develop  integration  rules  by 
"multiplying  together"  the  lower  dimensional  rules.  Thus 
if 


Jo  i=i 


is  a  one  dimensional  rule,  then 


nf{x,y)dxdy^  Xj  WiWif(xi,Xi) 
1,7  =  1 

becomes   a   two  dimensional    rule.     Such   rules   are   not 
necessarily  the  most  "economical". 


(o,±^a) 
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R=0{h') 
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10/81 


10/81 


Equilateral  Triangle  T 

Radius  of  Circumscribed  Circle=A 
25.4.63 

n f{3:,y)dxdy=^wJ(Xi,yi)-\-R 


(0,0) 
(^,0) 


(44^) 


1/12 
1/12 


R=om 


{Xi,yi) 

Wi 

(0,0) 

27/60 

(^,0) 

3/60 

(44^) 

3/60 

(4-0) 

8/60 

(14^) 

8/60 

R=0{h') 


(0,0) 


((^)M) 
((=^)^. 

((-^)M) 


270/1200 

155-Vr5 
1200 


R=om 


1554-VT5 
1200 


Regular  Hexagon  H 

Radius  of  Circumscribed  Circle=^ 


25.4.64 


\\j{x,y)dxdy=^'wJ{Xi,yi)^R 

roj.2  J  J  '=1 


I  V3A^  V 


{Xi,yi) 

Wi 

(0,0) 

21/36 

(44  vs) 

5/72 

R=^0{h*) 

{±h,Q) 

5/72 
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4-^^ 


'     •, 


(0,0) 


258/1008 


(±^Vl4,±Av42)        125/1008       R=Om 

(iA^io)  125/1008 

Surface  of  Sphere  2:  7?-'ry^-\rZ^=h? 
25.4,65 

4^  J  J-/(^'2/'2)(^<^=g  Wtf{Xi,yi,Zi)-{-R 
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(xuVuZi) 

Wt 

(±Vi^'±Vi^'o) 

(±ViM,±ViO 

1/15 

R=0{h') 

(0,±h,0) 

1/30 

*=om 

(0,0,  ±A) 

(^uVu^i) 

w< 

{Xi,yi,Zt)  Wt 

(±A,0,0)  1/6 

(0,±A,0)  1/6 

(0,0,  ±  A)  1/6 


R=om 


(^±^^,±^/t,±^/t)     27/840 


32/840    R=0(¥) 


(±h,0,0) 

(0,±h,0) 

(0,0,  ±  A) 
Spheres^;  a:2-|_y2_|_32<;^2 

25.4.66 


40/840 


—  I     \f(x,y,z)dxdydz=^  wJ(Xi,yi,Zi)+R 

_i3JJJ  i=l 


4      I 

r^^  ' 
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i^uViy^i) 

Wi 

(0,0,0) 

2/5 

(±/t,0,0) 

1/10 

7? 

(0,±A,0) 

1/10 

(0,0,  ±  A) 

1/10 

Cube 

'C:  \x\<h 

\y\<h 

\z\<h 

R=0{h*) 


25.4.67 


i  rrr/(^'2/,2)(^a^2/(^2=i]  wJ{xuyi,Zi)+E 


(Xi,yuZi)        Wi 

(±/i,0,0)        1/6 

R=0{h') 
(0,±/i,0)        1/6 

(0,0,  ±  A)        1/6 

25.4.68 

^z  ^^yi.^,y,z)dxdydz 
c 

=3^  [-496/,„+128Z)/r+8Z;//+5i:/.]+0(/i«) 
25.4.69 

=4^0  [9ii://-4oz;/e+i6z:/.]+o(/i<') 

where /„.=/(0, 0,0). 


y^./,=sum  of  values  of/  at  the  6  pomts  midway 
from  the  center  of  C  to  the  6  faces, 

X)//=sum  of  values  of/  at  the  6  centers  of  the 
faces  of  C. 

y^,/„=sum  of  values  of/  at  the  8  vertices  of  C. 

X)/e=sum  of  values  of/  at  the  12  midpoints  of 
edges  of  C. 

X)/<i=sum  of  values  of  /  at  the  4  points  on  the 
diagonals   of   each   face   at   a   distance   of 

-VsA  from  the  center  of  the  face. 


Tetrahedron:  J' 


25.4.70 

V. 


'^  +  terms  of  4^''  order 

""60-^'"'^60  ^•^""'"60  ^^' 
+ terms  of  4^"  order 


where 


V:  Volume  of  J' 


*  See  footnote  to  25.4.62. 


^/„:  Sum  of  values  of  the  function  at  the  vertices 
of  ^. 

S/e:  Sum  of  values  of  the  function  at  midpoints 

of  the  edges  of  ^. 
Y^jf-.  Sum  of  values  of  the  function  at  the  center 
of  gravity  of  the  faces  of  ^. 
/^:  Value  of  function  at  center  of  gravity  of  ^. 
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25.5.  Ordinarj  Differential  Equations® 
First  Order:  y'=j{x,  y) 
Point  Slope  Formula 

25.5.1  yn^i=yr,~hy'n^Oih') 

25.5.2  y,^^  =  y„.,+2hy'„-^0{h') 

Trapezoidal  Formula 

25.5.3  y.+i=y,+^  iy'.+i+y'.)  +om 

Adams'  Extrapolation  Formula 

25.5.4 

2/„+i=2/„+^  (552/;- 592/;_:+37y;_2-9y;_3) +0(^5) 

Adams'  Interpolation  Formula 

25.5.5 

yn+l  =  yn  +  2l(^y'n  +  l^'^Wn-Oyn-l+yn-2)+0(h^) 


Riinge-Kutta  Methods 
Second  Order 


25.5.6 


yn^,=yn-\-^{kr+k2)+0{h') 

ki^hf{Xn,yn),k2=hf(x„+h,y„+ki) 


25.5.7 


y.,.,=y„-}-k.+Om 
ki=hf{x„,yn),k2=hf(x„-\--  h,y„-\-^  kA 


Third  Order 


25.5.8 


ki=kf{x„yj,k2=h^  (^""'"2  ^''2/"+9  ^i) 
k3=hf(x„-^h,y„-h-}-1k2) 


*The  reader  is  cautioned  against  possible  instabilities 
especially  in  formulas  25.5.2  and  25.5.13.  See,  e.g. 
[25.11],  [25.12]. 
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25.5.9 


2/,+i=2/«+^^i+|^3+0(^*) 


h  =  ¥(Xn,yn),k2  =  hf(^Xn+^  /l,2/n+|  ^i) 

k3=kf  f  ^n+3  h,yn-\-^  kij 


Fourth  Order 


25.5.10 


yn+i=yn-\-Q  ki+-  Ar2+^  k3-\--  ki-i-Oih^) 
ki=hJ{Xn,yn),k2=hf(xn-\-^  h,y„-\--  ki\ 

h=kf  {x^-\-2  ^'2/»+2  M' ^i=¥i^n-\-h,y„+k3) 

25.5.11 

13         3         1 

2/n+l  =  2/n  +  g  ki-{--  k2+-  ^3  +  g  ^4  +  0(/l') 

ki=hf(x^,yn) ,k2=hf  (xn-{-^  h,yn+:^  hj 

h=hf  f  a:„+-  h,yn—-  ki+kiX 

ki=hj{xn-\-h,ynn-ki—k2+h) 

GiU's  Method 
25.5.12 

yn+i=yn+\{k,+2{\-^^k2 

+2{\+^hA-k^+0{h') 
ki=hf(x„,  y„) 

k2=hf  (x„+2  ^'  ^""'"2  ^V 
^3=^/f  a^n+2^' ^"+(  ~2~^  V  2/^* 

k,=hj (xr,+h,yr,  -^\h^-{l^^k^ 

Predictor-Corrector  Methods 
Milne's  Methods 

25.5.13 

Ah 

P:     yn+i=y.-3+^  {2y'„-yU+'^yn-2)+0m 

C:       yn  +  l  =  yn-l+|  {y'n-,  +  ^y'n-\-y'n^x)-\-0{h') 
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25.5.14 


3h 


C:     2/.+i=2/.-3+^  (7?/;+i+32?/; 

Formulas  Using  Higher  Derivatives 

25.5.15 

P:    y„^,=yn-2^s(yn-yn-i)+hHy'r:-yn-i)-^0ih') 

h  hj^ 

C:       yn  +  I  =  2/n  +  2(y'n  +  l+yn)-j^(2/n'+l-2/n)+0(A*) 

25.5.16 

P:       yn+l  =  2/r.-2  +  3(?/„  — ?/„-i)+2-(2/n"+yn-l)  "f  0(/l^) 
C:        y„  +  l  =  yn  +  2  (y'n  +  l+y'n)— Jo  (^/n+l  — l/'n') 

Systems  of  DiflFerential  Equations 
First  Order:  y'=j{x,y,z),  z'=g{x,y,z). 

Second  Order  Runge-Kutta 


25.5.17 


1 


yn  +  I  =  yn  +  2(^l  +  ^2)+0(A^), 

Z2=A5r(x„+/i,:?/„+^i,  3„+/,) 

Fourth  Order  Runge-Kutta 

25.5.18 

ki=hj{xn,yn,2n)         li=hgix„,y„,  2„) 

^Z  =  hJ  y^n  +  2  h,yn-\-2  ^1,2-1  +  2  ^i) 

l2=hg f  J^n+g'  ^"'^2'  ^""^ 2  ) 


^3  =  ^/  (^n+2  ^'yn+2  ^''  ^"+2   W 


Second  Order:  y"=j{x,y,y') 
Milne's  Method 

25.5.19 

Ah 

P:    y'n^x=y'n-z-\-~  {'iy':-2-y':~,+2y':)+om 

C:     y'n+x  =  y'n-x+\  (2/;'-i+4i/;'+y;V.)  +  0(/i5) 


25.5.20 


Runge-Kutta  Method 


yn+X  =  yn-\-h  \y'n^-\   (^l+/r2  +  ^3)]+0(A*) 

2/;+.=y;+i  (Ari+2^2+2^3+^.) 

ki  =  hf(Xn,yn,yn) 

k2=hf  (x„-{-2  h,yn+2  ^"+8  h,yn+j) 
k3^hf(x„-\r2h,yr,-\-2y'n+-^ki,yi-\-^J         * 

ki=hj  \Xn^-h,yn-\-hy'„-\-2  ^3,yn+M 

Second  Order:  y"=J{x,y) 

Milne's  Method 
25.5.21 

P:       yn  +  X  =  yn+yn-2-yn-3 

+^'(52/;'+2y;'_,+5y;'-2)+o(/i«) 

C:    y.=2yn-,-yn-2^^  iyn+W:-.+y':-2)+om 

Runge-Kutta  Method 

25.5.22      yn^i=yn^h  [y',+\  {k,-^2h)^+0{h') 

12         1 
yW\=y'n+-^  k\-\r:^  ^2+g  h 

ki=hfix„,y„) 

k3=hf  (xn+h,yn-\-hy'„-\-2  M- 


•See  pape  ii. 
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Table  25.1      THREE-POINT  LAGRANGIAN  INTERPOLATION  COEFFICIENTS 


^k\ 

F)-\- ■>-)■'  • 

{l+k)\{l-k)\{p-k) 

V 

A-i 

Aq 

A, 

P 

^-1 

Ao 

Ax 

0.00 

-0.00000 

1.00000 

0.00000 

0.50 

-0.12500 

0.75000 

0.37500 

0.01 

-0.00495 

0.99990 

0,00505 

0.51 

-0.12495 

0.73990 

0.38505 

0.02 

-0.00980 

0.99960 

0.01020 

0.52 

-0.12480 

0.72960 

0.39520 

0.03 

-0.01455 

0.99910 

0.01545 

0.53 

-0.12455 

0.71910 

0.40545 

0.04 

-0.01920 

0.99840 

0.02080 

0.54 

-0.12420 

0.70840 

0.41580 

0.05 

-0.02375 

0.99750 

0.02625 

0.55 

-0.12375 

0.69750 

0.42625 

0.06 

-0.02820 

0.99640 

0.03180 

0.56 

-0.12320 

0.68640 

0.43680 

0.07 

-0.03255 

0.99510 

0.03745 

0.57 

-0.12255 

0.67510 

0.44745 

0.08 

-0.03680 

0.99360 

0.04320 

0.58 

-0.12180 

0.66360 

0.45820 

0.09 

-0.04095 

0.99190 

0.04905 

0.59 

-0.12095 

0.65190 

0.46905 

0.10 

-0.04500 

0.99000 

0.05500 

0.60 

-0.12000 

0.64000 

0.48000 

0.11 

-0.04895 

0.98790 

0.06105 

0.61 

-0.11895 

0.62790 

0.49105 

0.12 

-0.05280 

0.98560 

0.06720 

0.62 

-0.11780 

0.61560 

0.50220 

0.13 

-0.05655 

0.98310 

0.07345 

0.63 

-0.11655 

0.60310 

0.51345 

0.14 

-0.06020 

0.98040 

0.07980 

0.64 

-0.11520 

0.59040 

0.52480 

0.15 

-0.06375 

0.97750 

0.08625 

0.65 

-0.11375 

0.57750 

0.53625 

0.16 

-0.06720 

0.97440 

0.09280 

0.66 

-0.11220 

0.56440 

0.54780 

0.17 

-0.07055 

0.97110 

0.09945 

0.67 

-0.11055 

0.55110 

0.55945 

0.18 

-0.07380 

0.96760 

0.10620 

0.68 

-0.10880 

0.53760 

0.57120 

0.19 

-0.07695 

0.96390 

0.11305 

0.69 

-0.10695 

0.52390 

0.58305 

0.20 

-0.08000 

0.96000 

0.12000 

0.70 

-0.10500 

0.51000 

0.59500 

0.21 

-0.08295 

0.95590 

0.12705 

0.71 

-0.10295 

0.49590 

0.60705 

0.22 

-0.08580 

0.95160 

0.13420 

0.72 

-0.10080 

0.48160 

0.61920 

0.23 

-0.08855 

0.94710 

0.14145 

0.73 

-0.09855 

0.46710 

0.63145 

0.24 

-0.09120 

0.94240 

0.14880 

0.74 

-0.09620 

0.45240 

0.64380 

0.25 

-0.09375 

0.93750 

0.15625 

0.75 

-0.09375 

0.43750 

0.65625 

0.26 

-0.09620 

0.93240 

0.16380 

0.76 

-0.09120 

0.42240 

0.66880 

0.27 

-0.09855 

0.92710 

0.17145 

0.77 

-0.08855 

0.40710 

0.68145 

0.28 

-0.10080 

0.92160 

0.17920 

0.78 

-0.08580 

0.39160 

0.69420 

0.29 

-0.10295 

0.91590 

0.18705 

0.79 

-0.08295 

0.37590 

0.70705 

0.30 

-0.10500 

0.91000 

0.19500 

0.80 

-0.08000 

0.36000 

0.72000 

0.31 

-0.10695 

0.90390 

0.20305 

0.81 

-0.07695 

0.34390 

0.73305 

0.32 

-0.10880 

0.89760 

0.21120 

0.82 

-0.07380 

0.32760 

0.-74620 

0.33 

-0.11055 

0.89110 

0.21945 

0.83 

-0.07055 

0.31110 

0.75945 

0.34 

-0.11220 

0.88440 

0.22780 

0.84 

-0.06720 

0.29440 

0.77280 

0.35 

-0.11375 

0.87750 

0.23625 

0.85 

-0.06375 

0.27750 

0.78625 

0.36 

-0.11520 

0.87040 

0.24480 

0.86 

-0.06020 

0.26040 

0.79980 

0.37 

-0.11655 

0.86310 

0.25345 

0.87 

-0.05655 

0.24310 

0.81345 

0.38 

-0.11780 

0.85560 

0.26220 

0.88 

-0.05280 

0.22560 

0.82720 

0.39 

-0.11895 

0.84790 

0.27105 

0.89 

-0.04895 

0.20790 

0.84105 

0.40 

-0.12000 

0.84000 

0.28000 

0.90 

-0.04500 

0.19000 

0.85500 

0.41 

-0.12095 

0.83190 

0.28905 

0.91 

-0.04095 

0.17190 

0.86905 

0.42 

-0.12180 

0.82360 

0.29820 

0.92 

-0.03680 

0.15360 

0.88320 

0.43 

-0.12255 

0.81510 

0.30745 

0.93 

-0.03255 

0.13510 

0.89745 

0.44 

-0.12320 

0.80640 

0.31680 

0.94 

-0.02820 

0.11640 

0.91180 

0.45 

-0.12375 

0.79750 

0.32625 

0.95 

-0.02375 

0.09750 

0.92625 

0.46 

-0.12420 

0.78840 

0.33580 

0.96 

-0.01920 

0.07840 

0.94080 

0.47 

-0.12455 

0.77910 

0.34545 

0.97 

-0.01455 

0.05910 

0.95545 

0.48 

-0.12480 

0.76960 

0.35520 

0.98 

-0.00980 

0.03960 

0.97020 

0.49 

-0.12495 

0.75990 

0.36505 

0.99 

-0.00495 

0.01990 

0.98505 

0.50 

-0.12500 

0.75000 

0.37500 

1.00 

-0.00000 

0.00000 

1.00000 

-P 

^1 

^0 

^-1 

-P 

Ax 

^0 

^-1 

See  25.2.6. 

Compiled  from  National  Bureau  of  Standards,  Tables  of  Lagrangian  interpolation 
coefficients.     Columbia  Univ.  Press,  New  York,  N.Y.,  1944  (with  permission). 
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FOl 

;k-poi-M  lagk 

V.NGIAN  INTERI 

»OLATION  ( 

:OEFF] 

[CIENTS            Table  25.1 

Al(p)=(-l)k+2 

P(p2-l)(p 

-2) 

a+ky.i2-k)\(p-k) 

P 

A-i 

Ao 

Ai 

A2 

0.00 

0.00000   00 

1.00000   00 

0.00000 

00 

0.00000   00 

1.00 

0.01 

-0.00328   35 

0.99490   05 

0.01004 

95 

-0.00166   65 

0.99 

0.02 

-0.00646   80 

0.98960   40 

0.02019 

60 

-0.00333   20 

0.98 

0.03 

-0.00955   45 

0.98411   35 

0.  03043 

65 

-0.00499   55 

0.97 

0.04 

-0.01254   40 

0.97843   20 

0.04076 

80 

-0.00665   60 

0.96 

0.05 

-0.01543   75 

0.97256  25 

0.05118 

75 

-0.00831   25 

0.95 

0.06 

-0.01823   60 

0.96650   80 

0.06169 

20 

-0.00996  40 

0.94 

0.07 

-0.02094   05 

0.96027  15 

0.07227 

85 

-0.01160   95 

0.93 

0.08 

-0.02355   20 

0.95385   60 

0.08294 

40 

-0.01324   80 

0.92 

0.09 

-0.02607  15 

0.94726  45 

0.  09368 

55 

-0.01487  85 

0.91 

0.10 

-0.02850  00 

0.94050  00 

0.10450 

00 

-0.01650   00 

0.90 

0.11 

-0.03083   85 

0.93356   55 

0.11538 

45 

-0.01811   15 

0.89 

0.12 

-0.03308   80 

0.92646   40 

0.12633 

60 

-0.01971   20 

0.88 

0.13 

-0.03524  95 

0.91919   85 

0.13735 

15 

-0.02130   05 

0.87 

0.14 

-0.03732   40 

0.91177  20 

0. 14842 

80 

-0.02287  60 

0.86 

0.15 

-0.03931   25 

0.90418  75 

0.15956 

25 

-0.02443  75 

0.85 

0.16 

-0.04121   60 

0.89644   80 

0.17075 

20 

-0.02598  40 

0.84 

0.17 

-0.04303   55 

0.88855   65 

0.18199 

35 

-0.02751   45 

0.83 

0.18 

-0.04477   20 

0.88051   60 

0.19328 

40 

-0.02902   80 

0.82 

0.19 

-0.04642   65 

0.87232   95 

0.20462 

05 

-0.03052   35 

0.81 

0.20 

-0.04800   00 

0.86400   00 

0.21600 

00 

-0.03200   00 

0.80 

0.21 

-0.04949   35 

0.85553   05 

0.22741 

95 

-0.03345   65 

0.79 

0.22 

-0.05090   80 

0.84692   40 

0.23887 

60 

-0.03489   20 

0.78 

0.23 

-0.05224  45 

0.83818   35 

0.25036 

65 

-0.03630   55 

0.77 

0.24 

-0.05350   40 

0.82931   20 

0.26188 

80 

-0.03769  60 

0.76 

0.25 

-0.05468  75 

0.82031   25 

0.27343 

75 

-0.  03906  25 

0.75 

0.26 

-0.05579   60 

0.81118   80 

0.28501 

20 

-0.04040   40 

0.74 

0.27 

-0.05683   05 

0.80194  15 

0.29660 

85 

-0.04171   95 

0.73 

0.28 

-0.05779   20 

0.79257   60 

0.30822 

40 

-0.04300   80 

0.72 

0.29 

-0.05868  15 

0.78309   45 

0.31985 

55 

-0.04426  85 

0.71 

0.30 

-0.05950   00 

0.77350   00 

0.33150 

00 

-0.04550   00 

0.70 

0.31 

-0.06024  85 

0.76379   55 

0.34315 

45 

-0.04670   15 

0.69 

0.32 

-0. 06092   80 

0,75398   40 

0.  35481 

60 

-0.04787  20 

0.68 

0.33 

-0.06153   95 

0.74406  85 

0.36648 

15 

-0.04901    05 

0.67 

0.34 

-0.06208   40 

0.73405   20 

0.37814 

80 

-0.05011   60 

0.66 

0.35 

-0.06256   25 

0.72393   75 

0.38981 

25 

-0.05118  75 

0.65 

0.36 

-0.06297   60 

0.71372   80 

0.40147 

20 

-0.05222   40 

0.64 

0.37 

-0.06332   55 

0.70342   65 

0.41312 

35 

-0.05322   45 

0.63 

0.38 

-0.06361   20 

0.69303   60 

0.42476 

40 

-0.05418   80 

0.62 

0.39 

-0.06383   65 

0.68255   95 

0.43639 

05 

-0.05511   35 

0.61 

0.40 

-0.06400   00 

0.67200   00 

0.44800 

00 

-0.05600   00 

0.60 

0.41 

-0.06410   35 

0.66136   05 

0.45958 

95 

-0.05684   65 

0.59 

0.42 

-0.06414   80 

0.65064  40 

0.47115 

60 

-0.05765   20 

0.58 

0.43 

-0.06413   45 

0.63985   35 

0.48269 

65 

-0.05841   55 

0.57 

0.44 

-0.06406  40 

0.62899   20 

0.49420 

80 

-0.05913   60 

0.56 

0.45 

-0.06393   75 

0.61806  25 

0.50568 

75 

-0.05981   25 

0.55 

0.46 

-0.06375   60 

0.60706  80 

0.51713 

20 

-0.06044   40 

0.54 

0.47 

-0.06352   05 

0.59601   15 

0.52853 

85 

-0.06102   95 

0.53 

0.48 

-0.06323   20 

0.58489   60 

0.53990 

40 

-0.06156  80 

0.52 

0.49 

-0.06289   15 

0.57372   45 

0.55122 

55 

-0.06205   85 

0.51 

0.50 

-0.06250   00 

0.56250   00 

0.56250 

00 

-0.06250   00 

0.50 

A2 

Ai 

^0 

A-^ 

P 

I 
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Table 

25.1             FOLR-POIXT  LAGRANGIAN  INTERPOLATION  COEFFICIENTS 

4fc(p)  =  (-l)*+2 

p(p2-i)(p_2) 
{l+k)K2-k)\(p-k) 

P 

A-i 

Ao 

Ai 

A2 

1.00 

0.00000 

00 

0.00000 

00 

1.00000 

00 

0.00000 

00 

0.00 

1.01 

0.  00166 

65 

-0.00994 

95 

1.00489 

95 

0.00338 

35 

0.01 

1.02 

0.00333 

20 

-0.01979 

60 

1.00959 

60 

0.00686 

80 

0.02 

1.03 

0.00499 

55 

-0.02953 

65 

1.01408 

65 

0.01045 

45 

0.03 

1.04 

0.  00665 

60 

-0.03916 

80 

1.01836 

80 

0.01414 

40 

0.04 

1.05 

0.00831 

25 

-0.  04868 

75 

1.02243 

75 

0.01793 

75 

0.05 

1.06 

0.00996 

40 

-0.05809 

20 

1.02629 

20 

0.02183 

60 

0.06 

1.07 

0.01160 

95 

-0.  06737 

85 

1.02992 

85 

0.02584 

05 

0.07 

1.08 

0.01324 

80 

-0. 07654 

40 

1.03334 

40 

0.02995 

20 

0.08 

1.09 

0.01487 

85 

-0.08558 

55 

1.03653 

55 

0.03417 

15 

0.09 

1.10 

0.01650 

00 

-0.09450 

00 

1.03950 

00 

0.03850 

00 

0.10 

1.11 

0.01811 

15 

-0.10328 

45 

1.04223 

45 

0.04293 

85 

0.11 

1.12 

0.01971 

20 

-0.11193 

60 

1.04473 

60 

0.04748 

80 

0.12 

1.13 

0.02130 

05 

-0.12045 

15 

1.04700 

15 

0.05214 

95 

0.13 

1.14 

0.02287 

60 

-0.12882 

80 

1.04902 

80 

0.05692 

40 

0.14 

1.15 

0.  02443 

75 

-0.13706 

25 

1.05081 

25 

0. 06181 

25 

0.15 

1.16 

0.02598 

40 

-0.14515 

20 

1.05235 

20 

0. 06681 

60 

0.16 

1.17 

0.  02751 

45 

-0.15309 

35 

1.05364 

35 

0.07193 

55 

0.17 

1.18 

0.02902 

80 

-0.16088 

40 

1.05468 

40 

0.07717 

20 

0.18 

1.19 

0.03052 

35 

-0.16852 

05 

1.05547 

05 

0. 08252 

65 

0.19 

1.20 

0.03200 

00 

-0.17600 

00 

1.05600 

00 

0.08800 

00 

0.20 

1.21 

0.03345 

65 

-0.18331 

95 

1.05626 

95 

0.09359 

35 

0.21 

1.22 

0.03489 

20 

-0.19047 

60 

1.05627 

60 

0.09930 

80 

0.22 

1.23 

0.03630 

55 

-0.19746 

65 

1.05601 

65 

0.10514 

45 

0.23 

1.24 

0.03769 

60 

-0.20428 

80 

1.05548 

80 

0.11110 

40 

0.24 

1.25 

0.  03906 

25 

-0.21093 

75 

1.05468 

75 

0.11718 

75 

0.25 

1.26 

0.04040 

40 

-0.21741 

20 

1.05361 

20 

0.12339 

60 

0.26 

1.27 

0.04171 

95 

-0.22370 

85 

1.05225 

85 

0.12973 

05 

0.27 

1.28 

0.04300 

80 

-0.22982 

40 

1.05062 

40 

0.13619 

20 

0.28 

1.29 

0.04426 

85 

-0.23575 

55 

1.04870 

55 

0.14278 

15 

0.29 

1.30 

0.04550 

00 

-0.  24150 

00 

1.04650 

00 

0.14950 

00 

0.30 

1.31 

0.04670 

15 

-0.24705 

45 

1.04400 

45 

0.15634 

85 

0.31 

1.32 

0.04787 

20 

-0.25241 

60 

1.04121 

60 

0.16332 

80 

0.32 

1.33 

0.04901 

05 

-0.25758 

15 

1.03813 

15 

0.17043 

95 

0.33 

1.34 

0.05011 

60 

-0.26254 

80 

1.03474 

80 

0.17768 

40 

0.34 

1.35 

0.05118 

75 

-0.26731 

25 

1.03106 

25 

0.18506 

25 

0.35 

1.36 

0.05222 

40 

-0.27187 

20 

1.02707 

20 

0.19257 

60 

0.36 

1.37 

0.05322 

45 

-0.27622 

35 

1.02277 

35 

0.20022 

55 

0.37 

1.38 

0.05418 

80 

-0.28036 

40 

1.01816 

40 

0.20801 

20 

0.38 

1.39 

0.05511 

35 

-0.28429 

05 

1.01324 

05 

0.21593 

65 

0.39 

1.40 

0.05600 

00 

-0.28800 

00 

1.00800 

00 

0.22400 

00 

0.40 

1.41 

0.05684 

65 

-0.29148 

95 

1.00243 

95 

0.23220 

35 

0.41 

1.42 

0.05765 

20 

-0.29475 

60 

0.99655 

60 

0.24054 

80 

0.42 

1.43 

0.  05841 

55 

-0.29779 

65 

0.99034 

65 

0.24903 

45 

0.43 

1.44 

0.05913 

60 

-0.30060 

80 

0.98380 

80 

0.25766 

40 

0.44 

1.45 

0.05981 

25 

-0.30318 

75 

0.97693 

75 

0.  26643 

75 

0.45 

1.46 

0.06044 

40 

-0.30553 

20 

0.96973 

20 

0.27535 

60 

0.46 

1.47 

0.06102 

95 

-0.30763 

85 

0.96218 

85 

0.28442 

05 

0.47 

1.48 

0.06156 

80 

-0.  30950 

40 

0.95430 

40 

0.29363 

20 

0.48 

1.49 

0.06205 

85 

-0.31112 

55 

0.94607 

55 

0.30299 

15 

0.49 

1.50 

0.06250 

00 

-0.31250 

00 

0.93750 

00 

0.31250 

00 

0.50 

A2 

^1 

Ao 

A- 

1 

-P 
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FOUR-I 

>OINT  LA 

GRA] 

\GIAN  INTE] 

RPO 

LATION  CO] 

EFFIC 

lENTS              Table  25.1 

Al{p)=i-\y 

,  +  ,         P(p2-l)(p- 

(H-A;)!(2-^-)!(? 

2) 
}-k) 

P 

A-i 

Ao 

^1 

A2 

1.50 

0.06250 

00 

-0.31250 

00 

0.93750 

00 

0.31250   00 

0.50 

1.51 

0.06289 

15 

-0.31362 

45 

0.92857 

45 

0.32215   85 

0.51 

1.52 

0.06323 

20 

-0.  31449 

60 

0.91929 

60 

0.33196  80 

0.52 

1.53 

0.  06352 

05 

-0.31511 

15 

0.90966 

15 

0.34192   95 

0.53 

1.54 

0.  06375 

60 

-0.  31546 

80 

0.  89966 

80 

0.35204   40 

0.54 

1.55 

0.06393 

75 

-0.31556 

25 

0.  88931 

25 

0.36231   25 

0.55 

1.56 

0.06406 

40 

-0.31539 

20 

0.  87859 

20 

0.37273   60 

0.56 

1.57 

0.  06413 

45 

-0.31495 

35 

0.86750 

35 

0.38331   55 

0.57 

1.58 

0.06414 

80 

-0.31424 

40 

0.85604 

40 

0.39405   20 

0.58 

1.59 

0.  06410 

35 

-0.31326 

05 

0.84421 

05 

0.40494   65 

0.59 

1.60 

0.06400 

00 

-0.  31200 

00 

0.83200 

00 

0.41600   00 

0.60 

1.61 

0.06383 

65 

-0.31045 

95 

0.81940 

95 

0.42721   35 

0.61 

1.62 

0.  06361 

20 

-0.  30863 

60 

0.80643 

60 

0.43858  80 

0.62 

1.63 

0.  06332 

55 

-0.30652 

65 

0.79307 

65 

0.45012   45 

0.63 

1.64 

0.06297 

60 

-0.30412 

80 

0.77932 

80 

0.46182   40 

0.64 

1.65 

0.  06256 

25 

-0.30143 

75 

0.76518 

75 

0.47368  75 

0.65 

1.66 

0.06208 

40 

-0.29845 

20 

0.75065 

20 

0.48571   60 

0.66 

1.67 

0.  06153 

95 

-0.29516 

85 

0.73571 

85 

0.49791   05 

0.67 

1.68 

0.  06092 

80 

-0.29158 

40 

0.72038 

40 

0.51027  20 

0.68 

1.69 

0. 06024 

85 

-0.  28769 

55 

0.70464 

55 

0.52280   15 

0.69 

1.70 

0.05950 

00 

-0.  28350 

00 

0.  68850 

00 

0.53550  00 

0.70 

1.71 

0.  05868 

15 

-0.27899 

45 

0.67194 

45 

0.54836   85 

0.71 

1.72 

0.05779 

20 

-0.27417 

60 

0.65497 

60 

0.56140   80 

0.72 

1.73 

0.05683 

05 

-0.26904 

15 

0. 63759 

15 

0.57461   95 

0.73 

1.74 

0.05579 

60 

-0.26358 

80 

0.61978 

80 

0.  58800   40 

0.74 

1.75 

0.05468 

75 

-0.  25781 

25 

0.60156 

25 

0.60156  25 

0.75 

1.76 

0.05350 

40 

-0.25171 

20 

0.58291 

20 

0.61529   60 

0.76 

1.77 

0.05224 

45 

-0.24528 

35 

0.56383 

35 

0.62920   55 

0.77 

1.78 

0.05090 

80 

-0.23852 

40 

0.54432 

40 

0.64329   20 

0.78 

1.79 

0.  04949 

35 

-0.23143 

05 

0.52438 

05 

0.65755   65 

0.79 

1.80 

0.  04800 

00 

-0.22400 

00 

0.50400 

00 

0.67200   00 

0.80 

1.81 

0.04642 

65 

-0.21622 

95 

0.48317 

95 

0.68662   35 

0.81 

1.82 

0.04477 

20 

-0.20811 

60 

0.46191 

60 

0.70142   80 

0.82 

1.83 

0.04303 

55 

-0. 19965 

65 

0.44020 

65 

0.71641   45 

0.83 

1.84 

0.  04121 

60 

-0.19084 

80 

0.41804 

80 

0.73158  40 

0.84 

1.85 

0.03931 

25 

-0.18168 

75 

0.39543 

75 

0.74693   75 

0.85 

1.86 

0. 03732 

40 

-0.17217 

20 

0.37237 

20 

0.76247   60 

0.86 

1.87 

0.03524 

95 

-0.16229 

85 

0.34884 

85 

0.77820  05 

0.87 

1.88 

0.03308 

80 

-0.15206 

40 

0.32486 

40 

0.79411   20 

0.88 

1.89 

0.03083 

85 

-0.14146 

55 

0.  30041 

55 

0.81021   15 

0.89 

1.90 

0.02850 

00 

-0.13050 

00 

0.27550 

00 

0.82650   00 

0.90 

1.91 

0.02607 

15 

-0.11916 

45 

0.25011 

45 

0.84297  85 

0.91 

1.92 

0.02355 

20 

-0.10745 

60 

0.22425 

60 

0.85964  80 

0.92 

1.93 

0.02094 

05 

-0.09537 

15 

0.19792 

15 

0.87650  95  , 

0.93 

1.94 

0.01823 

60 

-0.  08290 

80 

0.17110 

80 

0.89356  40 

0.94 

1.95 

0.01543 

75 

-0.  07006 

25 

0.14381 

25 

0.91081   25 

0.95 

1.96 

0.01254 

40 

-0.  05683 

20 

0.11603 

20 

0.92825   60 

0.96 

1.97 

0.00955 

45 

-0.  04321 

35 

0.08776 

35 

0.94589   55 

0.97 

1.98 

0.00646 

80 

-0.02920 

40 

0.05900 

40 

0.96373   20 

0.98 

1.99 

0.00328 

35 

-0.  01480 

05 

0.02975 

05 

0.98176   65 

0.99 

2.00 

0.00000 

00 

0.00000 

00 

0.00000 

00 

1.00000  00 

1.00 

A2 

Ai 

Ao 

^-1 

-P 

904 
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Table  25.1 

FIVE-POINT  LAGR.\i\GIAN  INTERPOLATION  COEFFICIENTS 

aUp)= 

(      1  M-  +  2 

P(p2-l)(p2_4) 

(-1)'^  {2+k)W- 

kV-ip-k) 

P 

A- 

2 

A- 

1 

Ao 

Ai 

A2 

0.00 

0.00000 

00000 

0.00000 

00000 

1.00000 

00000 

0.00000 

00000 

0.  00000 

00000 

0.00 

0.01 

0.00082 

90838 

-0.00659 

98350 

0.99987 

50025 

0.00673 

31650 

-0.00083 

74163 

0.  01 

0.02 

0.00164 

93400 

-0.01306 

53600 

0.99950 

00400 

0.01359 

86400 

-0.00168 

26600 

0.02 

0.03 

0.00246 

02838 

-0.01939 

56350 

0.  99887 

52025 

0.02059 

53650 

-0.00253 

52163 

0.  03 

0.04 

0.00326 

14400 

-0.02558 

97600 

0.99800 

06400 

0. 02772 

22400 

-0.00339 

45600 

0.04 

0.05 

0.00405 

23438 

-0.03164 

68750 

0.99687 

65625 

0.  03497 

81250 

-0.00426 

01563 

0.  05 

0.06 

0.00483 

25400 

-0.03756 

61600 

0.99550 

32400 

0.04236 

18400 

-0.00513 

14600 

0.06 

0.07 

0.00560 

15838 

-0.04334 

68350 

0.99388 

10025 

0.  04987 

21650 

-0.00600 

79163 

0.07 

0.08 

0.00635 

90400 

-0.04898 

81600 

0.99201 

02400 

0.05750 

78400 

-0.00688 

89600 

0.08 

0.09 

0.00710 

44838 

-0.05448 

94350 

0.98989 

14025 

0.06526 

75650 

-0.00777 

40163 

0.09 

0.10 

0.00783 

75000 

-0.  05985 

00000 

0.98752 

50000 

0.07315 

00000 

-0.  00866 

25000 

0.10 

0.11 

0.00855 

76838 

-0.06506 

92350 

0.98491 

16025 

0.08115 

37650 

-0.00955 

38163 

0.11 

0.12 

0.00926 

46400 

-0.07014 

65600 

0.98205 

18400 

0.08927 

74400 

-0.01044 

73600 

0.12 

0.13 

0.00995 

79838 

-0.07508 

14350 

0.97894 

64025 

0.09751 

95650 

-0.01134 

25163 

0.13 

0.14 

0.01063 

73400 

-0.07987 

33600 

0.97559 

60400 

0.10587 

86400 

-0.01223 

86600 

0.14 

0.15 

0.01130 

23438 

-0.  08452 

18750 

0.97200 

15625 

0.11435 

31250 

-0.01313 

51563 

0.15 

0.16 

0.01195 

2"6400 

-0.08902 

65600 

0.96816 

38400 

0.12294 

14400 

-0.01403 

13600 

0.16 

0.17 

0.01258 

78838 

-0.09338 

70350 

0.96408 

38025 

0.13164 

19650 

-0.01492 

66163 

0.17 

0.18 

0.01320 

77400 

-0.09760 

29600 

0.95976 

24400 

0.14045 

30400 

-0.01582 

02600 

0.18 

0.19 

0.01381 

18838 

-0.10167 

40350 

0.95520 

08025 

0.14937 

29650 

-0.  01671 

16163 

0.19 

0.20 

0.01440 

00000 

-0.10560 

00000 

0.  95040 

00000 

0.15840 

00000 

-"0.  01760 

00000 

0.20 

0.21 

0.01497 

17838 

-0.10938 

06350 

0.94536 

12025 

0.16753 

23650 

-0.01848 

47163 

0.21 

0.22 

0.01552 

69400 

-0.11301 

57600 

0.94008 

56400 

0.17676 

82400 

-0.01936 

50600 

0.22 

0.23 

0.01606 

51838 

-0.11650 

52350 

0.93457 

46025 

0.18610 

57650 

-0.02024 

03163 

0.23 

0.24 

0.01658 

62400 

-0.11984 

89600 

0.92882 

94400 

0.19554 

30400 

-0.02110 

97600 

0.24 

0.25 

0.01708 

98438 

-0.12304 

68750 

0.92285 

15625 

0.20507 

81250 

-0.02197 

26563 

0.25 

0.26 

0.01757 

57400 

-0.12609 

89600 

0.91664 

24400 

0.21470 

90400 

-0.02282 

82600 

0.26 

0.27 

0.01804 

36838 

-0.12900 

52350 

0.91020 

36025 

0.22443 

37650 

-0.02367 

58163 

0.27 

0.28 

0.  01849 

34400 

-0.13176 

57600 

0.90353 

66400 

0.23425 

02400 

-0.02451 

45600 

0.28 

0.29 

0.01892 

47838 

-0.13438 

06350 

0.89664 

32025 

0.24415 

63650 

-0.02534 

37163 

0.29 

0.30 

0.01933 

75000 

-0.13685 

00000 

0.88952 

50000 

0.25415 

00000 

-0.02616 

25000 

0.30 

0.31 

0.01973 

13838 

-0.13917 

40350 

0.88218 

38025 

0.26422 

89650 

-0.02697 

01163 

0.31 

0.32 

0.02010 

62400 

-0.14135 

29600 

0.87462 

14400 

0.27439 

10400 

-0.02776 

57600 

0.32 

0.33 

0.02046 

18838 

-0.14338 

70350 

0.86683 

98025 

0.28463 

39650 

-0.02854 

86163 

0.33 

0.34 

0.02079 

81400 

-0.14527 

65600 

0.  85884 

08400 

0.29495 

54400 

-0.02931 

78600 

0.34 

0.35 

0.02111 

48438 

-0.14702 

18750 

0.85062 

65625 

0.30535 

31250 

-0.03007 

26563 

0.35 

0.36 

0.  02141 

18400 

-0.14862 

33600 

0.84219 

90400 

0.31582 

46400 

-0.03081 

21600 

0.36 

0.37 

0.02168 

89838 

-0.15008 

14350 

0.83356 

04025 

0.32636 

75650 

-0.03153 

55163 

0.37 

0.38 

0.02194 

61400 

-0.15139 

65600 

0.82471 

28400 

0.33697 

94400 

-0.03224 

18600 

0.38 

0.39 

0.02218 

31838 

-0.15256 

92350 

0.81565 

86025 

0.34765 

77650 

-0.03293 

03163 

0.39 

0.40 

0.02240 

00000 

-0.15360 

00000 

0.80640 

00000 

0.35840 

00000 

-0.03360 

00000 

0.40 

0.41 

0.02259 

64838 

-0.15448 

94350 

0.79693 

94025 

0.36920 

35650 

-0. 03425 

00163 

0.41 

0.42 

0.02277 

25400 

-0.15523 

81600 

0.78727 

92400 

0.38006 

58400 

-0.  03487 

94600 

0.42 

0.43 

0.02292 

80838 

-0.15584 

68350 

0.77742 

20025 

0.39098 

41650 

-0.03548 

74163 

0.43 

0.44 

0.02306 

30400 

-0.15631 

61600 

0.76737 

02400 

0.40195 

58400 

-0.03607 

29600 

0.44 

0.45 

0.02317 

73438 

-0.15664 

68750 

0.75712 

65625 

0.41297 

81250 

-0.03663 

51563 

0.45 

0.46 

0.02327 

09400 

-0.15683 

97600 

0.74669 

36400 

0,42404 

82400 

-0.03717 

30600 

0.46 

0.47 

0.02334 

37838 

-0.15689 

56350 

0.73607 

42025 

0.43516 

33650 

-0.03768 

57163 

0.47 

0.48 

0.02339 

58400 

-0.15681 

53600 

0.72527 

10400 

0.44632 

06400 

-0.  03817 

21600 

0.48 

0.49 

0.02342 

70838 

-0.15659 

98350 

0.71428 

70025 

0.45751 

71650 

-0. 03863 

14163 

0.49 

0.50 

0.02343 

75000 

-0.15625 

00000 

0.70312 

50000 

0.  46875 

00000 

-0.03906 

25000 

0.50 

A 

2 

Ai 

Ao 

A 

L-l 

A 

-2 

-P 
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Table  25.1 

Alip)- 

-(_lU  +  2   P(P'-1 

l)(p2_4) 
-kV.{p-k) 

p 

A-2 

A-i 

Ao 

Ai 

A2 

0.50 

0.02343 

75000 

-0.15625 

00000 

0.70312 

50000 

0.46875 

00000 

-0.03906 

25000 

0.50 

0.51 

0.02342 

70838 

-0.15576 

68350 

0.69178 

80025 

0.48001 

61650 

-0.03946 

44163 

0.51 

0.52 

0.02339 

58400 

-0.15515 

13600 

0.68027 

90400 

0.49131 

26400 

-0.03983 

61600 

0.52 

0.53 

0.02334 

37838 

-0.15440 

46350 

0.  66860 

12025 

0.50263 

63650 

-0.04017 

67163 

0.53 

0.54 

0.02327 

09400 

-0.15352 

77600 

0.65675 

76400 

0.51398 

42400 

-0.04048 

50600 

0.54 

0.55 

0.02317 

73438 

-0.15252 

18750 

0. 64475 

15625 

0.52535 

31250 

-0.04076 

01563 

0.55 

0.56 

0.02306 

30400 

-0.15138 

81600 

0.  63258 

62400 

0.53673 

98400 

-0.04100 

09600 

0.56 

0.57 

0.02292 

80838 

-0.15012 

78350 

0.62026 

50025 

0.54814 

11650 

-0.04120 

64163 

0.57 

0.58 

0.02277 

25400 

-0.14874 

21600 

0.60779 

12400 

0.55955 

38400 

-0.04137 

54600 

0.58 

0.59 

0.02259 

64838 

-0.14723 

24350 

0.59516 

84025 

0.57097 

45650 

-0.04150 

70163 

0.59 

0.60 

0.02240 

00000 

-0.14560 

00000 

0.58240 

00000 

0.58240 

00000 

-0.04160 

00000 

0.60 

0.61 

0.02218 

31838 

-0.14384 

62350 

0.56948 

96025 

0.59382 

67650 

-0.04165 

33163 

0.61 

0.62 

0.02194 

61400 

-0.14197 

25600 

0.55644 

08400 

0.60525 

14400 

-0.04166 

58600 

0.62 

0.63 

0.02168 

89838 

-0.13998 

04350 

0.54325 

74025 

0.61667 

05650 

-0.04163 

65163 

0.63 

0.64 

0.02141 

18400 

-0.13787 

13600 

0.52994 

30400 

0.62808 

06400 

-0.04156 

41600 

0.64 

0.65 

0.02111 

48438 

-0.13564 

68750 

0.51650 

15625 

0.  63947 

81250 

-0.04144 

76563 

0.65 

0.66 

0.02079 

81400 

-0.13330 

85600 

0.50293 

68400 

0.65085 

94400 

-0.04128 

58600 

0.66 

0.67 

0.02046 

18838 

-0.13085 

80350 

0.48925 

28025 

0.66222 

09650 

-0.04107 

76163 

0.67 

0.68 

0.02010 

62400 

-0.12829 

69600 

0.47545 

34400 

0.67355 

90400 

-0.04082 

17600 

0.68 

0.69 

0.01973 

13838 

-0.12562 

70350 

0.46154 

28025 

0.  68486 

99650 

-0.04051 

71163 

0.69 

0.70 

0.01933 

75000 

-0.12285 

00000 

0.44752 

50000 

0.69615 

00000 

-0.04016 

25000 

0.70 

0.71 

0.01892 

47838 

-0.11996 

76350 

0.43340 

42025 

0.  70739 

53650 

-0.03975 

67163 

0.71 

0.72 

0.01849 

34400 

-0.11698 

17600 

0.41918 

46400 

0.71860 

22400 

-0.03929 

85600 

0.72 

0.73 

0.01804 

36838 

-0.11389 

42350 

0.40487 

06025 

0.72976 

67650 

-0.  03878 

68163 

0.73 

0.74 

0.01757 

57400 

-0.11070 

69600 

0.39046 

64400 

0.74088 

50400 

-0.03822 

02600 

0.74 

0.75 

0.01708 

98438 

-0.10742 

18750 

0.37597 

65625 

0.75195 

31250 

-0.03759 

76563 

0.75 

0.76 

0.01658 

62400 

-0.10404 

09600 

0.36140 

54400 

0.76296 

70400 

-0.  03691 

77600 

0.76 

0.77 

0.01606 

51838 

-0.10056 

62350 

0.34675 

76025 

0.77392 

27650 

-0.03617 

93163 

0.77 

0.78 

0.01552 

69400 

-0.  09699 

97600 

0.33203 

76400 

0. 78481 

62400 

-0.03538 

10600 

0.78 

0.79 

0.01497 

17838 

-0.  09334 

36350 

0.31725 

02025 

0.79564 

33650 

-0.03452 

17163 

0.79 

0.80 

0.01440 

00000 

-0.08960 

00000 

0.30240 

00000 

0.80640 

00000 

-0. 03360 

00000 

0.80 

0.81 

0.01381 

18838 

-0.  08577 

10350 

0.28749 

18025 

0.81708 

19650 

-0.03261 

46163 

0.81 

0.82 

0.01320 

77400 

-0.  08185 

89600 

0.27253 

04400 

0.82768 

50400 

-0.03156 

42600 

0.82 

0.83 

0.01258 

78838 

-0.07786 

60350 

0.25752 

08025 

0.83820 

49650 

-0.03044 

76163 

0.83 

0.84 

0.01195 

26400 

-0. 07379 

45600 

0.24246 

78400 

0.  84863 

74400 

-0.02926 

33600 

0.84 

0.85 

0.01130 

23438 

-0.  06964 

68750 

0.22737 

65625 

0.85897 

81250 

-0.02801 

01563 

0.85 

0.86 

0.01063 

73400 

-0.06542 

53600 

0.21225 

20400 

0. 86922 

26400 

-0.  02668 

66600 

0.86 

0.87 

0.00995 

79838 

-0.06113 

24350 

0.19709 

94025 

0.87936 

65650 

-0. 02529 

15163 

0.87 

0.88 

0.00926 

46400 

-0. 05677 

05600 

0.18192 

38400 

0.88940 

54400 

-0.02382 

33600 

0.88 

0.89 

0.00855 

76838 

-0.05234 

22350 

0.16673 

06025 

0.89933 

47650 

-0.02228 

08163 

0.89 

0.90 

0.00783 

75000 

-0.  04785 

00000 

0.15152 

50000 

0.90915 

00000 

-0.02066 

25000 

0.90 

0.91 

0.00710 

44838 

-0.04329 

64350 

0.13631 

24025 

0.91884 

65650 

-0.  01896 

70163 

0.91 

0.92 

0.00635 

90400 

-0.03868 

41600 

0.12109 

82400 

0.92841 

98400 

-0.01719 

29600 

0.92 

0.93 

0.00560 

15838 

-0.03401 

58350 

0.10588 

80025 

0.93786 

51650 

-0.01533 

89163 

0.93 

0.94 

0.  00483 

25400 

-0.02929 

41600 

0.09068 

72400 

0.94717 

78400 

-0.01340 

34600 

0.94 

0.95 

0.00405 

23438 

-0.  02452 

18750 

0.07550 

15625 

0.95635 

31250 

-0.01138 

51563 

0.95 

0.96 

0.00326 

14400 

-0.01970 

17600 

0.06033 

66400 

0.96538 

62400 

-0.  00928 

25600 

0.96 

0.97 

0.00246 

02838 

-0.01483 

66350 

0.04519 

82025 

0.97427 

23650 

-0.00709 

42163 

0.97 

0.98 

0.00164 

93400 

-0.00992 

93600 

0.03009 

20400 

0.98300 

66400 

-0.00481 

86600 

0.98 

0.99 

0.00082 

90838 

-0.00498 

28350 

0.01502 

40025 

0.99158 

41650 

-0.00245 

44163 

0.99 

1.00 

0.00000 

00000 

0.00000 

00000 

0.00000 

00000 

1.00000 

00000 

0.00000 

00000 

1.00 

A 

2 

A 

1 

Ao 

A 

-1 

A 

2 

-P 

906 
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Table  25.1 

FIVE-POIXT 

LAGRA>GIAN  INTERPOLATION  COEFFICIENTS 

aUp) 

"*■  ^^   (2+ifc)!(2- 

)(p2_4) 

-k)lip-k) 

P 

A -2 

A 

-1 

Ao 

A 

U 

A2 

1.00 

0.00000 

00000 

0.00000 

00000 

0.00000 

00000 

1.00000 

00000 

0.00000 

00000 

00 

1.01 

-0.00083 

74163 

0.00501 

61650 

-0.01497 

39975 

1.00824 

91650 

0.00254 

60838 

01 

1.02 

-0.00168 

26600 

0.01006 

26400 

-0.  02989 

19600 

1.01632 

o6400 

0.00518 

53400 

02 

1.03 

-0.00253 

52163 

0.01513 

63650 

-0. 04474 

77975 

1.02422 

73650 

0.00791 

92838 

03 

1.04 

-0.00339 

45600 

0.02023 

42400 

-0.05953 

53600 

1.03194 

62400 

0.01074 

94400 

04 

1.05 

-0.00426 

01563 

0.02535 

31250 

-0.07424 

84375 

1.03947 

81250 

0.01367 

73438 

05 

1.06 

-0.00513 

14600 

0.03048 

98400 

-0.  08888 

07600 

1.04681 

78400 

0.01670 

45400 

06 

1.07 

-0.00600 

79163 

0.03564 

11650 

-0.10342 

59975 

1.05396 

01650 

0.01983 

25838 

07 

1.08 

-0,00688 

89600 

0.04080 

38400 

-0.11787 

77600 

1.06089 

98400 

0.02306 

30400 

08 

1.09 

-0.00777 

40163 

0.04597 

45650 

-0.13222 

95975 

1. 06763 

15650 

0. 02639 

74838 

09 

1.10 

-0.00866 

25000 

0.05115 

00000 

-0.14647 

50000 

1.07415 

00000 

0.02983 

75000 

10 

1.11 

-0.00955 

38163 

0.05632 

67650 

-0.16060 

73975 

1.08044 

97650 

0.03338 

46838 

11 

1.12 

-0.01044 

73600 

0.06150 

14400 

-0.17462 

01600 

1.08652 

54400 

0.03704 

06400 

12 

1.13 

-0.01134 

25163 

0.  06667 

05650 

-0.18850 

65975 

1.09237 

15650 

0.  04080 

69838 

13 

1.14 

-0.01223 

86600 

0.07183 

06400 

-0.20225 

99600 

1.09798 

26400 

0. 04468 

53400 

14 

1.15 

-0.01313 

51563 

0.  07697 

81250 

-0.21587 

34375 

1.10335 

31250 

0.04867 

73438 

15 

1.16 

-0.01403 

13600 

0.08210 

94400 

-0.22934 

01600 

1.10847 

74400 

0.05278 

46400 

16 

1.17 

-0.01492 

66163 

0.08722 

09650 

-0,24265 

31975 

1.11334 

99650 

0.05700 

88838 

17 

1.18 

-0.01582 

02600 

0.09230 

90400 

-0.25580 

55600 

1.11796 

50400 

0.06135 

17400 

18 

1.19 

-0.01671 

16163 

0.09736 

99650 

-0.  26879 

01975 

1.12231 

69650 

0. 06581 

48838 

19 

1.20 

-0.  01760 

00000 

0.10240 

00000 

-0.28160 

00000 

1.12640 

00000 

0. 07040 

00000 

20 

1.21 

-0.01848 

47163 

0.10739 

53650 

-0.29422 

77975 

1.13020 

83650 

0.07510 

87838 

21 

1.22 

-0.01936 

50600 

0.11235 

22400 

-0.30666 

63600 

1.13373 

62400 

0.  07994 

29400 

22 

1.23 

-0.02024 

03163 

0.11726 

67650 

-0.31890 

83975 

1.13697 

77650 

0.08490 

41838 

23 

1.24 

-0.02110 

97600 

0.12213 

50400 

-0.33094 

65600 

1.13992 

70400 

0.08999 

42400 

24 

1.25 

-0.02197 

26563 

0.12695 

31250 

-0.  34277 

34375 

1.14257 

81250 

0.09521 

48438 

25 

1.26 

-0.02282 

82600 

0.13171 

70400 

-0.35438 

15600 

1.14492 

50400 

0.10056 

77400 

26 

1.27 

-0.02367 

58163 

0.13642 

27650 

-0.36576 

33975 

1.14696 

17650 

0.10605 

46838 

27 

1.28 

-0.02451 

45600 

0.14106 

62400 

-0.37691 

13600 

1.14868 

22400 

0.11167 

74400 

28 

1.29 

-0.02534 

37163 

0.14564 

33650 

-0.38781 

77975 

1.15008 

03650 

0.11743 

77838 

29 

1.30 

-0.02616 

25000 

0.15015 

00000 

-0.39847 

50000 

1.15115 

00000 

0.12333 

75000 

30 

1.31 

-0.  02697 

01163 

0.15458 

19650 

-0.40887 

51975 

1.15188 

49650 

0.12937 

83838 

31 

1.32 

-0.02776 

57600 

0.15893 

50400 

-0.41901 

05600 

1.15227 

90400 

0.13556 

22400 

32 

1.33 

-0.  02854 

86163 

0.16320 

49650 

-0.42887 

31975 

1.15232 

59650 

0.14189 

08838 

33 

1.34 

-0.02931 

78600 

0.16738 

74400 

-0.43845 

51600 

1.15201 

94400 

0.14836 

61400 

34 

1.35 

-0.03007 

26563 

0.17147 

81250 

-0.  44774 

84375 

1.15135 

31250 

0.15498 

98438 

35 

1.36 

-0.03081 

21600 

0.17547 

26400 

-0.45674 

49600 

1.15032 

06400 

0.16176 

38400 

36 

1.37 

-0.03153 

55163 

0.17936 

65650 

-0. 46543 

65975 

1.14891 

55650 

0.16868 

99838 

37 

1.38 

-0.03224 

18600 

0.18315 

54400 

-0.47381 

51600 

1.14713 

14400 

0.17577 

01400 

38 

1.39 

-0.03293 

03163 

0.18683 

47650 

-0.48187 

23975 

1.14496 

17650 

0.18300 

61838 

39 

1.40 

-0.03360 

00000 

0.19040 

00000 

-0.48960 

00000 

1.14240 

00000 

0.19040 

00000 

40 

1.41 

-0.03425 

00163 

0.19384 

65650 

-0.  49698 

95975 

1.13943 

95650 

0.19795 

34838 

41 

1.42 

-0.03487 

94600 

0.19716 

98400 

-0.50403 

27600 

1.13607 

38400 

0.20566 

85400 

42 

1.43 

-0.03548 

74163 

0.20036 

51650 

-0.51072 

09975 

1.13229 

61650 

0.21354 

70838 

43 

1.44 

-0.03607 

29600 

0.20342 

78400 

-0.51704 

57600 

1.12809 

98400 

0.22159 

10400 

44 

1.45 

-0.  03663 

51563 

0.20635 

31250 

-0.52299 

84375 

1.12347 

81250 

0.22980 

23438 

45 

1.46 

-0. 03717 

30600 

0.20913 

62400 

-0.52857 

03600 

1.11842 

42400 

0.23818 

29400 

46 

1.47 

-0.03768 

57163 

0.21177 

23650 

-0.53375 

27975 

1.11293 

13650 

0.24673 

47838 

47 

1.48 

-0.03817 

21600 

0.21425 

66400 

-0.53853 

69600 

1.10699 

26400 

0.25545 

98400 

48 

1.49 

-0.03863 

14163 

0.21658 

41650 

-0.54291 

39975 

1.10060 

11650 

0.26436 

00838 

49 

1.50 

-0.  03906 

25000 

0.21875 

00000 

-0.  54687 

50000 

1. 09375 

00000 

0.27343 

75000 

1. 
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Table  25.1 

Al(p)- 

-^     ^^        (2+A;)!(2- 

)(p2_4) 

-k)\ip-k) 

P 

A 

-2 

A 

-1 

A 

0 

A 

1 

A 

2 

50 

-0.03906 

25000 

0.21875 

00000 

-0.54687 

50000 

1.09375 

00000 

0.27343 

75000 

1.50 

51 

-0.03946 

44163 

0.22074 

91650 

-0.55041 

09975 

1.08643 

21650 

0.28269 

40838 

1.51 

52 

-0.03983 

61600 

0.22257 

66400 

-0.55351 

29600 

1.07864 

06400 

0.29213 

18400 

1.52 

53 

-0.04017 

67163 

0.22422 

73650 

-0.55617 

17975 

1.07036 

83650 

0.30175 

27838 

1.53 

54 

-0.04048 

50600 

0.22569 

62400 

-0.55837 

83600 

1,  06160 

82400 

0.  31155 

89400 

1.54 

55 

-0.04076 

01563 

0.22697 

81250 

-0.56012 

34375 

1.05235 

31250 

0.32155 

23438 

1.55 

56 

-0.04100 

09600 

0.22806 

78400 

-0.56139 

77600 

1. 04259 

58400 

0.33173 

50400 

1.56 

57 

-0.04120 

64163 

0.22896 

01650 

-0.56219 

19975 

1. 03232 

91650 

0. 34210 

90838 

1.57 

58 

-0.04137 

54600 

0.22964 

98400 

-0.56249 

67600 

1.02154 

58400 

0.  35267 

65400 

1.58 

59 

-0.04150 

70163 

0.23013 

15650 

-0.56230 

25975 

1.01023 

85650 

0. 36343 

94838 

1.59 

60 

-0.04160 

00000 

0.23040 

00000 

-0.56160 

00000 

0.99840 

00000 

0. 37440 

00000 

1.60 

61 

-0.04165 

33163 

0.23044 

97650 

-0.56037 

93975 

0.98602 

27650 

0.  38556 

01838 

1.61 

62 

-0.04166 

58600 

0.23027 

54400 

-0.55863 

11600 

0.97309 

94400 

0. 39692 

21400 

1.62 

63 

-0.04163 

65163 

0.22987 

15650 

-0,  55634 

55975 

0.  95962 

25650 

0.40848 

79838 

1.63 

64 

-0.04156 

41600 

0.22923 

26400 

-0,55351 

29600 

0.94558 

46400 

0.42025 

98400 

1,64 

65 

-0.04144 

76563 

0.22835 

31250 

-0,55012 

34375 

0.93097 

81250 

0.43223 

98438 

1.65 

66 

-0.04128 

58600 

0.22722 

74400 

-0,54616 

71600 

0.91579 

54400 

0.  44443 

01400 

1.66 

67 

-0,04107 

76163 

0.22584 

99650 

-0.54163 

41975 

0.90002 

89650 

0.45683 

28838 

1.67 

68 

-0.  04082 

17600 

0.22421 

50400 

-0.53651 

45600 

0. 88367 

10400 

0.  46945 

02400 

1.68 

69 

-0.04051 

71163 

0.22231 

69650 

-0.53079 

81975 

0. 86671 

39650 

0.48228 

43838 

1,69 

70 

-0.04016 

25000 

0.22015 

00000 

-0.52447 

50000 

0.84915 

00000 

0.49533 

75000 

1.70 

71 

-0.03975 

67163 

0.21770 

83650 

-0.51753 

47975 

0.83097 

13650 

0. 50861 

17838 

1.71 

72 

-0.03929 

85600 

0.21498 

62400 

-0.50996 

73600 

0.81217 

02400 

0.52210 

94400 

1.72 

73 

-0.03878 

68163 

0,21197 

77650 

-0.50176 

23975 

0.79273 

87650 

0.  53583 

26838 

1.73 

74 

-0.03822 

02600 

0,20867 

70400 

-0.49290 

95600 

0.77266 

90400 

0.  54978 

37400 

1.74 

75 

-0.03759 

76563 

0,20507 

81250 

-0.48339 

84375 

0.75195 

31250 

0. 56396 

48438 

1.75 

76 

-0.03691 

77600 

0,20117 

50400 

-0.47321 

85600 

0.73058 

30400 

0.57837 

82400 

1.76 

77 

-0,03617 

93163 

0.19696 

17650 

-0.46235 

93975 

0.70855 

07650 

0.59302 

61838 

1.77 

78 

-0.  03538 

10600 

0.19243 

22400 

-0.45081 

03600 

0.  68584 

82400 

0. 60791 

09400 

1.78 

79 

-0.03452 

17163 

0.18758 

03650 

-0.43856 

07975 

0.66246 

73650 

0. 62303 

47838 

1.79 

80 

-0.03360 

00000 

0.18240 

00000 

-0.  42560 

00000 

0.  63840 

00000 

0.  63840 

00000 

1.80 

81 

-0.03261 

46163 

0.17688 

49650 

-0.41191 

71975 

0.61363 

79650 

0.65400 

88838 

1.81 

82 

-0.03156 

42600 

0.17102 

90400 

-0.39750 

15600 

0.  58817 

30400 

0.  66986 

37400 

1.82 

83 

-0. 03044 

76163 

0.16482 

59650 

-0.38234 

21975 

0.56199 

69650 

0.  68596 

68838 

1.83 

84 

-0.02926 

33600 

0.15826 

94400 

-0.36642 

81600 

0.53510 

14400 

0.70232 

06400 

1.84 

85 

-0.02801 

01563 

0.15135 

31250 

-0.34974 

84375 

0.50747 

81250 

0.  71892 

73438 

1.85 

86 

-0.02668 

66600 

0.14407 

06400 

-0.33229 

19600 

0.47911 

86400 

0.73578 

93400 

1.86 

87 

-0.02529 

15163 

0.13641 

55650 

-0.31404 

75975 

0.45001 

45650 

0.75290 

89838 

1.87 

88 

-0.02382 

33600 

0.12838 

14400 

-0.29500 

41600 

0.42015 

74400 

0.77028 

86400 

1.88 

89 

-0.02228 

08163 

0.11996 

17650 

-0.27515 

03975 

0.  38953 

87650 

0.  78793 

06838 

1.89 

90 

-0.02066 

25000 

0.11115 

00000 

-0.25447 

50000 

0.  35815 

00000 

0.  80583 

75000 

1,90 

91 

-0.01896 

70163 

0.10193 

95650 

-0,23296 

65975 

0.  32598 

25650 

0.  82401 

14838 

1.91 

92 

-0.01719 

29600 

0.09232 

38400 

-0,21061 

37600 

0.29302 

78400 

0.84245 

50400 

1.92 

93 

-0.01533 

89163 

0.08229 

61650 

-0,18740 

49975 

0.25927 

71650 

0.86117 

05838 

1.93 

94 

-0.01340 

34600 

0.07184 

98400 

-0.  16332 

87600 

0.22472 

18400 

0.88016 

05400 

1.94 

95 

-0.01138 

51563 

0.06097 

81250 

-0.13837 

34375 

0.18935 

31250 

0. 89942 

73438 

1.95 

96 

-0.00928 

25600 

0.04967 

42400 

-0,11252 

73600 

0.15316 

22400 

0.91897 

34400 

1.96 

97 

-0.00709 

42163 

0.03793 

13650 

-0.08577 

87975 

0.11614 

03650 

0.  93880 

12838 

1.97 

98 

-0.  00481 

86600 

0.02574 

26400 

-0.05811 

59600 

0.07827 

86400 

0.95891 

33400 

1.98 

99 

-0.00245 

44163 

0.01310 

11650 

-0,  02952 

69975 

0.03956 

81650 

0.97931 

20838 

1.99 

2 

00 

0.00000 

00000 

0.00000 

00000 

0.00000 

00000 

0. 00000 

00000 

1.00000 

00000 

2.00 

A2 

Ai 

A 

lo 

A 

i-  1 

A 

2 
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Table  25.1 

SIX-POINT  L.4GIL\>GIA>  INTERPOLATION  COEFFICIENTS 

4(pM-i)'^'  '-( 

yP'-lnp' 

-4)(;>- 

3) 

2'k)\(S~ 

k)l{p-i 

t) 

P 

A. 

_2 

A- 

-1 

Ao 

A: 

A 

0 

A3 

0.00 

0.00000 

00000 

0.00000 

00000 

1.00000  00000 

0.00000 

00000 

0.00000 

00000 

0.00000 

00000 

1.00 

0.01 

0.00049 

57921 

-0.00493 

33767 

0.99654  20858 

0.01006 

60817 

-0.00250 

38746 

0.00033 

32917 

0.99 

0.02 

0.00098 

30066 

-0.00973 

36932 

0.99283  67064 

0.02026 

19736 

-0.00501 

43268 

0.00066 

63334 

0.98 

0.03 

0.00146 

14085 

-0.01440 

12590 

0.98888  64505 

0.03058 

41170 

-0.00752 

95922 

0.00099 

88752 

0.97 

0.04 

0.00193 

07725 

-0.01893 

64224 

0.98469  39648 

0.04102 

89152 

-0.01004 

78976 

0.00133 

06675 

0.96 

0.05 

0.00239 

08828 

-0.02333 

95703 

0.98026  19531 

0.05159 

27344 

-0.01256 

74609 

0.00166 

14609 

0.95 

0.06 

0.00284 

15335 

-0.02761 

11276 

0.97559  31752 

0.06227 

19048 

-0.01508 

64924 

0.00199 

10065 

0.94 

0.07 

0.00328 

25281 

-0.03175 

15567 

0.97069  04458 

0.07306 

27217 

-0.01760 

31946 

0.00231 

90557 

0.93 

0.08 

0.00371 

36794 

-0.03576 

13568 

0.96555  66336 

0.08396 

14464 

-0.02011 

57632 

0.00264 

53606 

0.92 

0.09 

0.00413 

48096 

-0.03964 

10640 

0.96019  46604 

0.09496 

43071 

-0.02262 

23873 

0.00296 

96742 

0.91 

0.10 

0.00454 

57500 

-0.04339 

12500 

0.95460  75000 

0.10606 

75000 

-0.02512 

12500 

0.00329 

17500 

0.90 

0.11 

0.00494 

63412 

-0.04701 

25223 

0.94879  81771 

0.11726 

71904 

-0.02761 

05290 

0.00361 

13426 

0.89 

0.12 

0.00533 

64326 

-0.05050 

55232 

0.94276  97664 

0.12855 

95136 

-0.03008 

83968 

0.00392 

82074 

0.88 

0.13 

0.00571 

58827 

-0.05387 

09296 

0.93652  53917 

0.13994 

05758 

-0.03255 

30217 

0.00424 

21011 

0.87 

0.14 

0.00608 

45585 

-0.05710 

94524 

0.93006  82248 

0.15140 

64552 

-0.03500 

25676 

0.00455 

27815 

0.86 

0.15 

0.00644 

23359 

-0.06022 

18359 

0.92340  14844 

0.16295 

32031 

-0.03743 

51953 

0.00486 

00078 

0.85 

0.16 

0.00678 

90995 

-0.06320 

88576 

0.91652  84352 

0.17457 

68448 

-0.03984 

90624 

0.00516 

35405 

0.84 

0.17 

0.00712 

47422 

-0.06607 

13273 

0.90945  23870 

0.18627 

33805 

-0.04224 

23240 

0.00546 

31416 

0.83 

0.18 

0.00744 

91654 

-0.06881 

00868 

0.90217  66936 

0,19803 

87864 

-0.04461 

31332 

0.00575 

85746 

0.82 

0.19 

0,00776 

22787 

-0,07142 

60096 

0.89470  47517 

0,20986 

90158 

-0.04695 

96417 

0.00604 

96051 

0.81 

0.20 

0.00806 

40000 

-0.07392 

00000 

0.88704  00000 

0.22176 

00000 

-0.04928 

00000 

0.00633 

60000 

0.80 

0.21 

0.00835 

42553 

-0.07629 

29929 

0.87918  59183 

0.23370 

76492 

-0.05157 

23583 

0.00661 

75284 

0.79 

0.22 

0.00863 

29786 

-0.07854 

59532 

0.87114  60264 

0.24570 

78536 

-0.05383 

48668 

0.00689 

39614 

0.78 

0.23 

0.00890 

01118 

-0,08067 

98752 

0.86292  38830 

0.25775 

64845 

-0.05606 

56760 

0.00716 

50719 

0.77 

0.24 

0.00915 

56045 

-0.08269 

57824 

0.85452  30848 

0.26984 

93952 

-0.05826 

29376 

0.00743 

06355 

0.76 

0.25 

0.00939 

94141 

-0.08459 

47266 

0.84594  72656 

0.28198 

24219 

-0.06042 

48047 

0.00769 

04297 

0.75 

0.26 

0.00963 

15055 

-0.08637 

77876 

0.83720  00952 

0.29415 

13848 

-0.06254 

94324 

0.00794 

42345 

0.74 

0.27 

0.00985 

18513 

-0.08804 

60729 

0.82828  52783 

0.30635 

20892 

-0.06463 

49783 

0.00819 

18324 

0.73 

0.28 

0.01006 

04314 

-0.08960 

07168 

0.81920  65536 

0.31858 

03264 

-0.06667 

96032 

0.00843 

30086 

0.72 

0.29 

0.01025 

72328 

-0.09104 

28802 

0.80996  76929 

0.33083 

18746 

-0.06868 

14711 

0.00866 

75510 

0.71 

0.30 

0.01044 

22500 

-0.09237 

37500 

0.80057  25000 

0.34310 

25000 

-0.07063 

87500 

0.00889 

52500 

0.70 

0.31 

0.01061 

54844 

-0.09359 

45385 

0.79102  48096 

0.35538 

79579 

-0.07254 

96127 

0.00911 

58993 

0.69 

0.32 

0.01077 

69446 

-0.09470 

64832 

0.78132  84864 

0.36768 

39936 

-0.07441 

22368 

0.00932 

92954 

0.68 

0.33 

0.01092 

66459 

-0.09571 

08458 

0.77148  74242 

0.37998 

63433 

-0.07622 

48054 

0.00953 

52378 

0.67 

0.34 

0.01106 

46105 

-0.09660 

89124 

0.76150  55448 

0.39229 

07352 

-0.07798 

55076 

0.00973 

35295 

0.66 

0.35 

0.01119 

08672 

-0.09740 

19922 

0.75138  67969 

0.40459 

28906 

-0.07969 

25391 

0.00992 

39766 

0.65 

0.36 

0.01130 

54515 

-0.09809 

14176 

0.74113  51552 

0.41688 

85248 

-0.08134 

41024 

0.01010 

63885 

0.64 

0.37 

0.01140 

84054 

-0.09867 

85435 

0.73075  46195 

0.42917 

33480 

-0.08293 

84077 

0.01028 

05783 

0.63 

0.38 

0.01149 

97774 

-0.09916 

47468 

0.72024  92136 

0.44144 

30664 

-0.08447 

36732 

0.01044 

63626 

0.62 

0.39 

0.01157 

96219 

-0.09955 

14258 

0.70962  29842 

0.45369 

33833 

-0.08594 

81254 

0.01060 

35618 

0.61 

0.40 

0.01164 

80000 

-0.09984 

00000 

0.69888  00000 

0.46592 

00000 

-0.08736 

00000 

0.01075 

20000 

0.60 

0.41 

0.01170 

49786 

-0.10003 

19092 

0.68802  43508 

0.47811 

86167 

-0.08870 

75421 

0.01089 

15052 

0.59 

0.42 

0.01175 

06306 

-0,10012 

86132 

0.67706  01464 

0.49028 

49336 

-0.08998 

90068 

0.01102 

19094 

0.58 

0.43 

0.01178 

50351 

-0,10013 

15915 

0.66599  15155 

0.50241 

46520 

-0.09120 

26598 

0.01114 

30487 

0.57 

0.44 

0.01180 

82765 

-0.10004 

23424 

0.65482  26048 

0.51450 

34752 

-0.09234 

67776 

0.01125 

47635 

0.56 

0.45 

0.01182 

04453 

-0.09986 

23828 

0.64355  75781 

0.52654 

71094 

-0.09341 

96484 

0.01135 

68984 

0.55 

0.46 

0.01182 

16375 

-0.09959 

32476 

0.63220  06152 

0.53854 

12648 

-0.09441 

95724 

0.01144 

93025 

0.54 

0.47 

0.01181 

19546 

-0.09923 

64892 

0.62075  59108 

0.55048 

16567 

-0.09534 

48621 

0.01153 

18292 

0.53 

0.48 

0.01179 

15034 

-0.09879 

36768 

0.60922  76736 

0.56236 

40064 

-0.09619 

38432 

0.01160 

43366 

0.52 

0.49 

0.01176 

03961 

-0.09826 

63965 

0.59762  01254 

0.57418 

40421 

-0.09696 

48548 

0.01166 

66877 

0.51 

0.50 

0.01171 

87500 

-0,09765 

62500 

0.58593  75000 

0.58593 

75000 

-0.09765 

62500 

0.01171 

87500 

0.50 

^3 

A2 

Ai 

^ 

A 

— 1 

A 

-2 

P 

NUMERICAL    ANALYSIS 


909 


SIX-POINT  LAGRANGIAN  INTERPOLATION  COEFFICIENTS 


Table  25.1 


4(p)=(-i)'+'  \ 

.P-'-iKP-' 

-4)(p- 

-3) 

2+^-)!(3- 

k)\{p- 

k) 

p 

.4- 

_2 

^- 

-1 

A 

0 

A 

h 

A2 

A 

:i 

1.00 

0.00000 

00000 

0.00000 

00000 

0.00000 

00000 

1.00000 

00000 

0.00000 

00000 

0.00000 

00000 

0.00 

1.01 

-0.00033 

32917 

0.00249 

55421 

-0.00993 

27517 

1.00320 

79192 

0.00506 

67067 

-0.00050 

41246 

0.01 

1.02 

-0.00066 

63334 

0.00498 

10068 

-0.01972 

86936 

1,00616 

33736 

0.01026 

69732 

-0.00101 

63266 

0.02 

1.03 

-0.00099 

88752 

0.00745 

46597 

-0.02938 

43870 

1.00886 

39545 

0.01560 

09890 

-0.00153 

63410 

0.03 

1.04 

-0.00133 

06675 

0.00991 

^lllb 

-0.03889 

64352 

1.01130 

73152 

0.02106 

89024 

-0.00206 

38925 

0.04 

1.05 

-0.00166 

14609 

0.01235 

96484 

-0.04826 

14844 

1.01349 

11719 

0.02667 

08203 

-0.00259 

86953 

0.05 

1.06 

-0.00199 

10065 

0.01478 

75724 

-0.05747 

62248 

1.01541 

33048 

0.03240 

68076 

-0.00314 

04535 

0.06 

1.07 

-0.00231 

90556 

0.01719 

68621 

-0.06653 

73917 

1.01707 

15592 

0.03827 

68866 

-0.00368 

88606 

0.07 

1.08 

-0.00264 

53606 

0.01958 

58432 

-0.07544 

17664 

1.01846 

38464 

0.04428 

10368 

-0.00424 

35994 

0.08 

1.09 

-0.00296 

96742 

0.02195 

28547 

-0.08418 

61771 

1.01958 

81446 

0.05041 

91940 

-0.00480 

43420 

0.09 

1.10 

-0.00329 

17500 

0.02429 

62500 

-0.09276 

75000 

1.02044 

25000 

0.05669 

12500 

-0.00537 

07500 

0.10 

1.11 

-0.00361 

13426 

0.02661 

43965 

-0.10118 

26604 

1.02102 

50279 

0.06309 

70523 

-0.00594 

24737 

0.11 

1.12 

-0.00392 

82074 

0.02890 

56768 

-0.10942 

86336 

1.02133 

39136 

0.06963 

64032 

-0.00651 

91526 

0.12 

1.13 

-0.00424 

21011 

0.03116 

84892 

-0.11750 

24458 

1.02136 

74133 

0.07630 

90596 

-0.00710 

04152 

0.13 

1.14 

-0,00455 

27815 

0.03340 

12476 

-0.12540 

11752 

1.02112 

38552 

0.08311 

47324 

-0.00768 

58785 

0.14 

1.15 

-0.00486 

00078 

0.03560 

23828 

-0.13312 

19531 

1.02060 

16406 

0.09005 

30859 

-0.00827 

51484 

0.15 

1.16 

-0.00516 

35405 

0.03777 

03424 

-0.14066 

19648 

1.01979 

92448 

0.09712 

37376 

-0.00886 

78195 

0.16 

1.17 

-0.00546 

31415 

0.03990 

35915 

-0.14801 

84505 

1.01871 

52180 

0.10432 

62572 

-0.00946 

34747 

0.17 

1.18 

-0.00575 

85746 

0.04200 

06132 

-0.15518 

87064 

1.01734 

81864 

0.11166 

01668 

-0.01006 

16854 

0.18 

1.19 

-0.00604 

96051 

0.04405 

99092 

-0.16217 

00858 

1.01569 

68533 

0.11912 

49396 

-0.01066 

20112 

0.19 

1.20 

-0.00633 

60000 

0.04608 

00000 

-0.16896 

00000 

1.01376 

00000 

0.12672 

00000 

-0.01126 

40000 

0.20 

1.21 

-0.00661 

75284 

0.04805 

94258 

-0.17555 

59192 

1.01153 

64867 

0.13444 

47229 

-0.01186 

71878 

0.21 

1.22 

-0.00689 

39614 

0.04999 

67468 

-0.18195 

53736 

1.00902 

52536 

0.14229 

84332 

-0.01247 

10986 

0.22 

1.23 

-0.00716 

50719 

0.05189 

05435 

-0.18815 

59545 

1.00622 

53220 

0.15028 

04052 

-0.01307 

52443 

0.23 

1.24 

-0.00743 

06355 

0.05373 

94176 

-0.19415 

53152 

1.00313 

57952 

0.15838 

98624 

-0.01367 

91245 

0.24 

1.25 

-0.00769 

04297 

0.05554 

19922 

-0.19995 

11719 

0.99975 

58594 

0.16662 

59766 

-0.01428 

22266 

0.25 

1.26 

-0.00794 

42345 

0.05729 

69124 

-0.20554 

13048 

0.99608 

47848 

0.17498 

78676 

-0.01488 

40255 

0.26 

1.27 

-0.00819 

18324 

0.05900 

28458 

-0.21092 

35592 

0.99212 

19267 

0.18347 

46029 

-0.01548 

39838 

0.27 

1.28 

-0.00843 

30086 

0.06065 

84832 

-0.21609 

58464 

0.98786 

67264 

0.19208 

51968 

-0.01608 

15514 

0.28 

1.29 

-0.00866 

75509 

0.06226 

25385 

-0.22105 

61446 

0.98331 

87121 

0.20081 

86102 

-0.01667 

61653 

0.29 

1.30 

-0.00889 

52500 

0.06381 

37500 

-0.22580 

25000 

0.97847 

75000 

0.20967 

37500 

-0.01726 

72500 

0.30 

1.31 

-0.00911 

58993 

0.06531 

08802 

-0.23033 

30279 

0.97334 

27954 

0.21864 

94685 

-0.01785 

42169 

0.31 

1.32 

-0.00932 

92954 

0.06675 

27168 

-0.23464 

59136 

0.96791 

43936 

0.22774 

45632 

-0.01843 

64646 

0.32 

1.33 

-0.00953 

52378 

0,06813 

80729 

-0.23873 

94133 

0.96219 

21808 

0.23695 

77758 

-0.01901 

33784 

0.33 

1.34 

-0.00973 

35295 

0.06946 

57876 

-0.24261 

18552 

0.95617 

61352 

0.24628 

77924 

-0.01958 

43305 

0.34 

1.35 

-0.00992 

39766 

0.07073 

47266 

-0.24626 

16406 

0.94986 

63281 

0.25573 

32422 

-0.02014 

86797 

0.35 

1.36 

-0.01010 

63885 

0.07194 

37824 

-0.24968 

72448 

0.94326 

29248 

0.26529 

26976 

-0.02070 

57715 

0.36 

1.37 

-0.01028 

05783 

0.07309 

18752 

-0,25288 

72180 

0.93636 

61855 

0.27496 

46735 

-0.02125 

49379 

0.37 

1.38 

-0.01044 

63626 

0.07417 

79532 

-0.25586 

01864 

0.92917 

64664 

0.28474 

76268 

-0.02179 

54974 

0.38 

1.39 

-0.01060 

35618 

0.07520 

09929 

-0.25860 

48533 

0.92169 

42208 

0.29463 

99558 

-0.02232 

67544 

0.39 

1.40 

-0.01075 

20000 

0.07616 

00000 

-0.26112 

00000 

0,91392 

00000 

0.30464 

00000 

-0.02284 

80000 

0.40 

1.41 

-0.01089 

15052 

0.07705 

40096 

-0.26340 

44867 

0.90585 

44542 

0.31474 

60392 

-0.02335 

85111 

0.41 

1.42 

-0.01102 

19094 

0.07788 

20868 

-0.26545 

72536 

0.89749 

83336 

0.32495 

62932 

-0.02385 

75506 

0.42 

1.43 

-0.01114 

30487 

0.07864 

33273 

-0.26727 

73220 

0.88885 

24895 

0.33526 

89215 

-0.02434 

43676 

0.43 

1.44 

-0.01125 

47635 

0.07933 

68576 

-0.26886 

37952 

0.87991 

78752 

0.34568 

20224 

-0.02481 

81965 

0.44 

1.45 

-0.01135 

68984 

0.07996 

18359 

-0.27021 

58594 

0,87069 

55469 

0.35619 

36328 

-0.02527 

82578 

0.45 

1.46 

-0.01144 

93025 

0.08051 

74524 

-0.27133 

27848 

0.86118 

66648 

0.36680 

17276 

-0.02572 

37575 

0.46 

1.47 

-0.01153 

18292 

0.08100 

29296 

-0.27221 

39267 

0.85139 

24942 

0.37750 

42192 

-0.02615 

38871 

0.47 

1.48 

-0.01160 

43366 

0.08141 

75232 

-0.27285 

87264 

0.84131 

44064 

0.38829 

89568 

-0.02656 

78234 

0.48 

1.49 

-0.01166 

66877 

0,08176 

05223 

-0.27326 

67121 

0.83095 

38796 

0.39918 

37265 

-0.02696 

47286 

0.49 

1.50 

-0.01171 

87500 

0.08203 

12500 

-0.27343 

75000 

0.82031 

25000 

0.41015 

62500 

-0.02734 

37500 

0.50 
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l3 

A2 
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SIX-POINT  L.4GR.4>GIA-N  INTERPOLATION  COEFFICIENTS 


-•^k\t^l  —  \^ 

'         (2-i-j!(3- 

k)](p-> 

t) 

p 

A. 

_2 

A. 

-1 

A 

0 

A 

1 

A2 

Az 

1.50 

-0.01171 

87500 

0.08203 

12500 

-0.27343 

75000 

0.82031 

25000 

0.41015 

62500 

-0.02734 

37500 

0.50 

1.51 

-0.01176 

03961 

0.08222 

90640 

-0.27337 

07954 

0.80939 

19629 

0.42121 

41848 

-0.02770 

40202 

0.51 

1.52 

-0.01179 

15034 

0.08235 

33568 

-0.27306 

63936 

0.79819 

40736 

0.43235 

51232 

-0.02804 

46566 

0.52 

1.53 

-0.01181 

19546 

0.08240 

35567 

-0.27252 

41808 

0.78672 

07483 

0.44357 

65921 

-0.02836 

47617 

0.53 

1.54 

-0.01182 

16375 

0.08237 

91276 

-0.27174 

41352 

0.77497 

40152 

0.45487 

60524 

-0.02866 

34225 

0.54 

1.55 

-0.01182 

04453 

0.08227 

95703 

-0.27072 

63281 

0.76295 

60156 

0.46625 

08984 

-0.02893 

97109 

0.55 

1.56 

-0.01180 

82765 

0.08210 

44224 

-0.26947 

09248 

0.75066 

90048 

0.47769 

84576 

-0.02919 

26835 

0.56 

1.57 

-0.01178 

50350 

0.08185 

32590 

-0.26797 

81855 

0.73811 

53530 

0.48921 

59897 

-0.02942 

13812 

0.57 

1.58 

-0.01175 

06306 

0.08152 

56932 

-0.26624 

84664 

0.72529 

75464 

0.50080 

06868 

-0.02962 

48294 

0.58 

1.59 

-0.01170 

49786 

0.08112 

lllbl 

-0.26428 

22208 

0,71221 

81883 

0.51244 

96721 

-0.02980 

20377 

0.59 

1.60 

-0.01164 

80000 

0.08064 

00000 

-0.26208 

00000 

0,69888 

00000 

0.52416 

00000 

-0.02995 

20000 

0.60 

1.61 

-0.01157 

96219 

0,08008 

12933 

-0.25964 

24542 

0,68528 

58217 

0.53592 

86554 

-0.03007 

36943 

0.61 

1.62 

-0.01149 

97774 

0,07944 

50268 

-0.25697 

03336 

0.67143 

86136 

0.54775 

25532 

-0.03016 

60826 

0.62 

1.63 

-0.01140 

84054 

0.07873 

10110 

-0.25406 

44895 

0,65734 

14570 

0.55962 

85377 

-0.03022 

81108 

0.63 

1.64 

-0.01130 

54515 

0.07793 

90976 

-0.25092 

58752 

0,64299 

75552 

0.57155 

33824 

-0.03025 

87085 

0.64 

1.65 

-0.01119 

08672 

0.07706 

91797 

-0,24755 

55469 

0,62841 

02344 

0.58352 

37891 

-0.03025 

67891 

0.65 

1.66 

-o.oiioe 

46105 

0.07612 

11924 

-0,24395 

46648 

0,61358 

29448 

0.59553 

63876 

-0.03022 

12495 

0.66 

1.67 

-0.01092 

66459 

0.07509 

51133 

-0,24012 

44942 

0,59851 

92617 

0.60758 

77354 

-0.03015 

09703 

0.67 

1.68 

-0.01077 

69446 

0.07399 

09632 

-0.23606 

64064 

0,58322 

28864 

0.61967 

43168 

-0.03004 

48154 

0.68 

1.69 

-0.01061 

54845 

0,07280 

88061 

-0.23178 

18796 

0.56769 

76471 

0.63179 

25427 

-0.02990 

16318 

0.69 

1.70 

-0.01044 

22500 

0,07154 

87500 

-0.22727 

25000 

0.55194 

75000 

0.64393 

87500 

-0.02972 

02500 

0.70 

1.71 

-0.01025 

72328 

0,07021 

09477 

-0.22253 

99629 

0.53597 

65304 

0.65610 

92010 

-0.02949 

94834 

0.71 

1.72 

-0.01006 

04314 

0.06879 

55968 

-0.21758 

60736 

0,51978 

89536 

0.66830 

00832 

-0.02923 

81286 

0.72 

1.73 

-0.00985 

18513 

0.06730 

29404 

-0.21241 

27483 

0.50338 

91158 

0.68050 

75083 

-0.02893 

49649 

0,73 

1.74 

-0.00963 

15055 

0,06573 

32676 

-0,20702 

20152 

0.48678 

14952 

0.69272 

75124 

-0.02858 

87545 

0,74 

1.75 

-0.00939 

94141 

0.06408 

69141 

-0.20141 

60156 

0.46997 

07031 

0.70495 

60547 

-0.02819 

82422 

0,75 

1.76 

-0.00915 

56045 

0.06236 

42624 

-0.19559 

70048 

0.45296 

14848 

0.71718 

90176 

-0.02776 

21555 

0.76 

1.77 

-0.00890 

01118 

0.06056 

57427 

-0.18956 

73530 

0,43575 

87205 

0.72942 

22061 

-0.02727 

92045 

0,77 

1.78 

-0.00863 

29786 

0.05869 

18332 

-0.18332 

95464 

0,41836 

74264 

0.74165 

13468 

-0.02674 

80814 

0.78 

1.79 

-0.00835 

42553 

0.05674 

30604 

-0.17688 

61883 

0.40079 

27558 

0.75387 

20883 

-0.02616 

74609 

0.79 

1.80 

-0.00806 

40000 

0.05472 

00000 

-0.17024 

00000 

0.38304 

00000 

0.76608 

00000 

-0.02553 

60000 

0.80 

1.81 

-0.00776 

22787 

0.05262 

32771 

-0.16339 

38217 

0.36511 

45892 

0.77827 

05717 

-0.02485 

23376 

0.81 

1.82 

-0.00744 

91654 

0.05045 

35668 

-0.15635 

06136 

0.34702 

20936 

0.79043 

92132 

-0.02411 

50946 

0.82 

1.83 

-0.00712 

47422 

0,04821 

15948 

-0.14911 

34570 

0.32876 

82245 

0.80258 

12540 

-0,02332 

28741 

0.83 

1.84 

-0,00678 

90995 

0,04589 

81376 

-0.14168 

55552 

0.31035 

88352 

0.81469 

19424 

-0.02247 

42605 

0.84 

1.85 

-0.00644 

23359 

0,04351 

40234 

-0.13407 

02344 

0.29179 

99219 

0.82676 

64453 

-0.02156 

78203 

0.85 

1.86 

-0.00608 

45585 

0,04106 

01324 

-0.12627 

09448 

0.27309 

76248 

0.83879 

98476 

-0.02060 

21015 

0.86 

1.87 

-0.00571 

58826 

0.03853 

73971 

-0.11829 

12617 

0.25425 

82292 

0.85078 

71516 

-0.01957 

56336 

0.87 

1.88 

-0.00533 

64326 

0,03594 

68032 

-0.11013 

48864 

0.23528 

81664 

0.86272 

32768 

-0.01848 

69274 

0.88 

1.89 

-0.00494 

63412 

0.03328 

93898 

-0.10180 

56471 

0.21619 

40145 

0.87460 

30590 

-0.01733 

44750 

0.89 

1.90 

-0.00454 

57500 

0.03056 

62500 

-0.09330 

75000 

0.19698 

25000 

0.88642 

12500 

-0.01611 

67500 

0.90 

1.91 

-0.00413 

48096 

0.02777 

85315 

-0.08464 

45304 

0.17766 

04979 

0.89817 

25173 

-0.01483 

22067 

0.91 

1.92 

-0.00371 

36794 

0,02492 

74368 

-0,07582 

09536 

0.15823 

50336 

0.90985 

14432 

-0.01347 

92806 

0.92 

1.93 

-0.00328 

25281 

0.02201 

42242 

-0.06684 

11158 

0.13871 

32833 

0.92145 

25246 

-0.01205 

63882 

0.93 

1.94 

-0.00284 

15335 

0.01904 

02076 

-0,05770 

94952 

0.11910 

25752 

0.93297 

01724 

-0.01056 

19265 

0.94 

1.95 

-0.00239 

08828 

0.01600 

67578 

-0.04843 

07031 

0.09941 

03906 

0.94439 

87109 

-0.00899 

42734 

0,95 

1.96 

-0.00193 

07725 

0.01291 

53024 

-0.03900 

94848 

0.07964 

43648 

0.95573 

23776 

-0.00735 

17875 

0,96 

1.97 

-0.00146 

14086 

0.00976 

73265 

-0.02945 

07205 

0.05981 

22880 

0.96696 

53223 

-0.00563 

28077 

0.97 

1.98 

-0.00098 

30066 

0.00656 

43732 

-0.01975 

94264 

0.03992 

21064 

0.97809 

16068 

-0.00383 

56534 

0.98 

1.99 

-0.00049 

57921 

0.00330 

80442 

-0.00994 

07558 

0.01998 

19233 

0.98910 

52046 

-0.00195 

86242 

0.99 

2.00 

0.00000 

00000 

0.00000 

00000 

0.00000 

00000 

0.00000 

00000 

1.00000 

00000 

0.00000 

00000 

1.00 

A3 

A2 

^1 

Aq 

A 

-1 

A 

-2 

-P 
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SIX-POINT  LAGRANGIAN  INTERPOLATION  COEFFICIENTS 


Table  25.1 


k\fJ-\    ^ 

'          (2+A;)!(3-A)  !(/)-*) 

p 

A. 

-2 

A 

-1 

A 

0 

A 

1 

A 

2 

A 

3 

2.00 

0.00000 

00000 

0.00000 

00000 

0.00000 

00000 

0.00000 

00000 

1.00000 

00000 

0.00000 

00000 

1.00 

2.01 

0.00050 

41246 

-0.00335 

80392 

0.01005 

74108 

-0.02001 

52433 

1.01076 

"^l^l") 

0.00204 

19592 

1.01 

2.02 

0.00101 

63266 

-0.00676 

42932 

0.02022 

59064 

-0.04005 

52264 

1.02140 

82732 

0.00416 

90134 

1.02 

2.03 

0.00153 

63410 

-0.01021 

69214 

0.03049 

97755 

-0.06011 

12080 

1.03190 

90702 

0.00638 

29427 

1.03 

2.04 

0.00206 

38925 

-0.01371 

40224 

0.04087 

31648 

-0.08017 

42848 

1.04226 

57024 

0.00868 

55475 

1.04 

2.05 

0.00259 

86953 

-0.01725 

36328 

0.05134 

00781 

-0.10023 

53906 

1.05247 

16016 

0.01107 

86484 

1.05 

2.06 

0.00314 

04535 

-0.02083 

37276 

0.06189 

43752 

-0.12028 

52952 

1.06252 

01076 

0.01356 

40865 

1.06 

2.07 

0.00368 

88605 

-0.02445 

22191 

0.07252 

97708 

-0.14031 

46033 

1.07240 

44679 

0.01614 

37232 

1.07 

2.08 

0.00424 

35994 

-0.02810 

69568 

0.08323 

98336 

-0.16031 

37536 

1.08211 

78368 

0.01881 

94406 

1.08 

2.09 

0.00480 

43420 

-0.03179 

57264 

0.09401 

79854 

-0.18027 

30179 

1.09165 

32752 

0.02159 

31417 

1.09 

2.10 

0.00537 

07500 

-0.03551 

62500 

0.10485 

75000 

-0.20018 

25000 

1.10100 

37500 

0.02446 

67500 

1.10 

2.11 

0.00594 

24737 

-0.03926 

61847 

0.11575 

15021 

-0.22003 

21346 

1.11016 

21335 

0.02744 

22100 

1.11 

2.12 

0.00651 

91526 

-0.04304 

31232 

0.12669 

29664 

-0.23981 

16864 

1.11912 

12032 

0.03052 

14874 

1.12 

2.13 

0.00710 

04151 

-0.04684 

45921 

0.13767 

47167 

-0.25951 

07492 

1.12787 

36409 

0.03370 

65686 

1.13 

2.14 

0.00768 

58785 

-0.05066 

80524 

0.14868 

94248 

-0.27911 

87448 

1.13641 

20324 

0.03699 

94615 

1.14 

2.15 

0.00827 

51484 

-0.05451 

08984 

0.15972 

96094 

-0.29862 

49219 

1.14472 

88672 

0.04040 

21953 

1.15 

2.16 

0.00886 

78195 

-0.05837 

04576 

0.17078 

76352 

-0.31801 

83552 

1.15281 

65376 

0.04391 

68205 

1.16 

2.17 

0.00946 

34747 

-0.06224 

39898 

0.18185 

57120 

-0.33728 

79445 

1.16066 

73385 

0.04754 

54091 

1.17 

2.18 

0.01006 

16854 

-0.06612 

86868 

0.19292 

58936 

-0.35642 

24136 

1.16827 

34668 

0.05129 

00546 

1.18 

2.19 

0.01066 

20112 

-0.07002 

16721 

0.20399 

00767 

-0.37541 

03092 

1.17562 

70208 

0.05515 

28726 

1.19 

2.20 

0.01126 

40000 

-0.07392 

00000 

0.21504 

00000 

-0.39424 

00000 

1.18272 

00000 

0.05913 

60000 

1.20 

2.21 

0.01186 

71878 

-0.07782 

06554 

0.22606 

72433 

-0.41289 

96758 

1.18954 

43042 

0.06324 

15959 

1.21 

2.22 

0.01247 

10986 

-0.08172 

05532 

0.23706 

32264 

-0.43137 

73464 

1.19609 

17332 

0.06747 

18414 

1.22 

2.23 

0.01307 

52443 

-0.08561 

65377 

0.24801 

92080 

-0.44966 

08405 

1.20235 

39865 

0.07182 

89394 

1.23 

2.24 

0.01367 

91245 

-0.08950 

53824 

0.25892 

62848 

-0.46773 

78048 

1.20832 

26624 

0.07631 

51155 

1.24 

2.25 

0.01428 

22266 

-0.09338 

37891 

0.26977 

53906 

-0.48559 

57031 

1.21398 

92578 

0.08093 

26172 

1.25 

2.26 

0.01488 

40255 

-0.09724 

83876 

0.28055 

72952 

-0.50322 

18152 

1.21934 

51676 

0.08568 

37145 

1.26 

2.27 

0.01548 

39838 

-0.10109 

57353 

0.29126 

26033 

-0.52060 

32358 

1.22438 

16841 

0.09057 

06999 

1.27 

2.28 

0.01608 

15514 

-0.10492 

23168 

0.30188 

17536 

-0.53772 

68736 

1.22908 

99968 

0.09559 

58886 

1.28 

2.29 

0.01667 

61653 

-0.10872 

45427 

0.31240 

50179 

-0.55457 

94504 

1.23346 

11915 

0.10076 

16184 

1.29 

2.30 

0.01726 

72500 

-0.11249 

87500 

0.32282 

25000 

-0.57114 

75000 

1.23748 

62500 

0.10607 

02500 

1.30 

2.31 

0.01785 

42169 

-0.11624 

12010 

0.33312 

41346 

-0.58741 

73671 

1.24115 

60498 

0.11152 

41668 

1.31 

2.32 

0.01843 

64646 

-0.11994 

80832 

0.34329 

96864 

-0.60337 

52064 

1.24446 

13632 

0.11712 

57754 

1.32 

2.33 

0.01901 

33784 

-0.12361 

55083 

0.35333 

87492 

-0.61900 

69817 

1.24739 

28571 

0.12287 

75053 

1.33 

2.34 

0.01958 

43305 

-0.12723 

95124 

0.36323 

07448 

-0.63429 

84648 

1.24994 

10924 

0.12878 

18095 

1.34 

2.35 

0.02014 

86797 

-0.13081 

60547 

0.37296 

49219 

-0.64923 

52344 

1.25209 

65234 

0.13484 

11641 

1.35 

2.36 

0.02070 

57715 

-0.13434 

10176 

0.38253 

03552 

-0.66380 

26752 

1.25384 

94976 

0.14105 

80685 

1.36 

2.37 

0.02125 

49379 

-0.13781 

02060 

0.39191 

59445 

-0.67798 

59770 

1.25519 

02548 

0.14743 

50458 

1.37 

2.38 

0.02179 

54974 

-0.14121 

93468 

0.40111 

04136 

-0.69177 

01336 

1.25610 

89268 

0.15397 

46426 

1.38 

2.39 

0.02232 

67544 

-0.14456 

40883 

0.41010 

23092 

-0.70513 

99417 

1.25659 

55371 

0.16067 

94293 

1.39 

2.40 

0.02284 

80000 

-0.14784 

00000 

0.41888 

00000 

-0.71808 

00000 

1.25664 

00000 

0.16755 

20000 

1.40 

2.41 

0.02335 

85111 

-0.15104 

25717 

0.42743 

16758 

-0.73057 

47083 

1.25623 

21204 

0.17459 

49727 

1.41 

2.42 

0.02385 

75506 

-0.15416 

72132 

0.43574 

53464 

-0.74260 

82664 

1.25536 

15932 

0.18181 

09894 

1.42 

2.43 

0.02434 

43676 

-0.15720 

92540 

0.44380 

88405 

-0.75416 

46730 

1.25401 

80027 

0.18920 

27162 

1.43 

2.44 

0.02481 

81965 

-0.16016 

39424 

0.45160 

98048 

-0.76522 

77248 

1.25219 

08224 

0.19677 

28435 

1.44 

2.45 

0.02527 

82578 

-0.16302 

64453 

0.45913 

57031 

-0.77578 

10156 

1.24986 

94141 

0.20452 

40859 

1.45 

2.46 

0.02572 

37575 

-0.16579 

18476 

0.46637 

38152 

-0.78580 

79352 

1.24704 

30276 

0.21245 

91825 

1.46 

2.47 

0.02615 

38870 

-0.16845 

51516 

0.47331 

12358 

-0.79529 

16683 

1.24370 

08004 

0.22058 

08967 

1.47 

2.48 

0.02656 

78234 

-0.17101 

12768 

0.47993 

48736 

-0.80421 

51936 

1.23983 

17568 

0.22889 

20166 

1.48 

2.49 

0.02696 

47286 

-0.17345 

50590 

0.48623 

14504 

-0.81256 

12829 

1.23542 

48077 

0.23739 

53552 

1.49 

2.50 

0.02734 

37500 

-0.17578 

12500 

0.49218 

75000 

-0.82031 

25000 

1.23046 

87500 

0,24609 

37500 

1.50 

A3 

A2 

Ai 

Ao 

A 

-1 

.1 

-2 

-V 
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Table  25.1 


SIX-POINT  LAGRANGIAN  INTERPOLATION  COEFFICIENTS 


k\fJ-\    ^ 

'                {2.-rk)\{Z-k)\{j>-k) 

p 

A 

-2 

A 

-1 

A 

0 

Ax 

A2 

^3 

2,50 

0.02734 

37500 

-0.17578 

12500 

0.49218 

75000 

-0.82031  25000 

1.23046 

87500 

0.24609 

37500 

1.50 

2.51 

0.02770 

40203 

-0.17798 

45173 

0.49778 

93671 

-0.82745  11996 

1.22495 

22660 

0.25499 

00635 

1.51 

2.52 

0.02804 

46566 

-0.18005 

94432 

0.50302 

32064 

-0.83395  95264 

1.21886 

39232 

0.26408 

71834 

1.52 

2.53 

0.02836 

47616 

-0.18200 

05246 

0.50787 

49817 

-0.83981  94142 

1.21219 

21734 

0.27338 

80221 

1.53 

2.54 

0.02866 

34225 

-0.18380 

21724 

0.51233 

04648 

-0.84501  25848 

1.20492 

53524 

0.28289 

55175 

1.54 

2.55 

0.02893 

97109 

-0.18545 

87109 

0.51637 

52344 

-0.84952  05469 

1.19705 

16797 

0.29261 

26328 

1,55 

2.56 

0.02919 

26835 

-0.18696 

43776 

0.51999 

46752 

-0.85332  45952 

1.18855 

92576 

0.30254 

23565 

1.56 

2.57 

0.02942 

13812 

-0.18831 

33223 

0.52317 

39770 

-0.85640  58095 

1.17943 

60710 

0.31268 

77026 

1.57 

2.58 

0.02962 

48294 

-0.18949 

96068 

0.52589 

81336 

-0.85874  50536 

1.16966 

99868 

0.32305 

17106 

1.58 

2.59 

0.02980 

20377 

-0.19051 

72046 

0.52815 

19417 

-0.86032  29742 

1.15924 

87533 

0.33363 

74461 

1.59 

2.60 

0.02995 

20000 

-0.19136 

00000 

0.52992 

00000 

-0.86112  00000 

1.14816 

00000 

0.34444 

80000 

1.60 

2.61 

0.03007 

36943 

-0.19202 

17879 

0.53118 

67083 

-0.86111  63408 

1.13639 

12367 

0.35548 

64894 

1,61 

2.62 

0.03016 

60826 

-0.19249 

62732 

0.53193 

62664 

-0.86029  19864 

1.12392 

98532 

0.36675 

60574 

1.62 

2.63 

0.03022 

81107 

-0.19277 

70702 

0.53215 

26730 

-0.85862  67055 

1.11076 

31190 

0,37825 

98730 

1,63 

2.64 

0.03025 

87085 

-0.19285 

77024 

0.53181 

97248 

-0.85610  00448 

1.09687 

81824 

0,39000 

11315 

1.64 

2.65 

0.03025 

67891 

-0.19273 

16016 

0.53092 

10156 

-0.85269  13281 

1.08226 

20703 

0.40198 

30547 

1.65 

2.66 

0.03022 

12495 

-0.19239 

21076 

0.52943 

99352 

-0.84837  96552 

1.06690 

16876 

0.41420 

88905 

1.66 

2.67 

0.03015 

09704 

-0.19183 

24679 

0.52735 

96683 

-0.84314  39008 

1.05078 

38166 

0.42668 

19134 

1.67 

2.68 

0.03004 

48154 

-0.19104 

58368 

0.52466 

31936 

-0.83696  27136 

1.03389 

51168 

0.43940 

54246 

1.68 

2.69 

0.02990 

16317 

-0.19002 

52752 

0.52133 

32829 

-0.82981  45154 

1.01622 

21240 

0.45238 

27520 

1.69 

2.70 

0.02972 

02500 

-0.18876 

37500 

0.51735 

25000 

-0.82167  75000 

0,99775 

12500 

0.46561 

72500 

1.70 

2.71 

0.02949 

94834 

-0.18725 

41335 

0.51270 

31996 

-0,81252  96321 

0,97846 

87823 

0.47911 

23003 

1.71 

2.72 

0.02923 

81286 

-0.18548 

92032 

0.50736 

75264 

-0,80234  86464 

0.95836 

08832 

0.49287 

13114 

1.72 

2.73 

0.02893 

49650 

-0.18346 

16409 

0.50132 

74142 

-0,79111  20467 

0.93741 

35896 

0.50689 

77188 

1.73 

2.74 

0.02858 

87545 

-0.18116 

40324 

0.49456 

45848 

-0,77879  71048 

0.91561 

28124 

0.52119 

49855 

1.74 

2.75 

0.02819 

82422 

-0.17858 

88672 

0.48706 

05469 

-0.76538  08594 

0.89294 

43359 

0.53576 

66016 

1.75 

2.76 

0.02776 

21555 

-0.17572 

85376 

0.47879 

65952 

-0.75084  01152 

0.86939 

38176 

0.55061 

60845 

1.76 

2.77 

0.02727 

92044 

-0.17257 

53385 

0.46975 

38095 

-0.73515  14420 

0.84494 

67873 

0.56574 

69793 

1,77 

2.78 

0.02674 

80814 

-0.16912 

14668 

0,45991 

30536 

-0.71829  11736 

0.81958 

86468 

0.58116 

28586 

1,78 

2.79 

0.02616 

74609 

-0.16535 

90208 

0.44925 

49742 

-0.70023  54067 

0.79330 

46696 

0.59686 

73228 

1.79 

2.80 

0.02553 

60000 

-0.16128 

00000 

0.43776 

00000 

-0.68096  00000 

0.76608 

00000 

0.61286 

40000 

1.80 

2.81 

0.02485 

23376 

-0.15687 

63042 

0.42540 

83408 

-0.66044  05733 

0.73789 

96529 

0.62915 

65462 

1.81 

2.82 

0.02411 

50946 

-0.15213 

97332 

0.41217 

99864 

-0.63865  25064 

0.70874 

85132 

0.64574 

86454 

1.82 

2.83 

0.02332 

28741 

-0.14706 

19865 

0.39805 

47055 

-0.61557  09380 

0.67861 

13352 

0.66264 

40097 

1.83 

2.84 

0.02247 

42605 

-0.14163 

46624 

0.38301 

20448 

-0.59117  07648 

0.64747 

27424 

0.67984 

63795 

1.84 

2.85 

0.02156 

78203 

-0.13584 

92578 

0.36703 

13281 

-0.56542  66406 

0.61531 

72266 

0,69735 

95234 

1.85 

2.86 

0.02060 

21015 

-0.12969 

71676 

0.35009 

16552 

-0,53831  29752 

0.58212 

91476 

0,71518 

72385 

1.86 

2.87 

0.01957 

56335 

-0.12316 

96841 

0,33217 

19008 

-0,50980  39333 

0,54789 

27329 

0,73333 

33502 

1.87 

2.88 

0.01848 

69274 

-0.11625 

79968 

0,31325 

07136 

-0,47987  34336 

0,51259 

20768 

0,75180 

17126 

1,88 

2.89 

0.01733 

44751 

-0.10895 

31915 

0,29330 

65154 

-0.44849  51479 

0,47621 

11402 

0,77059 

62087 

1.89 

2.90 

0.01611 

67500 

-0.10124 

62500 

0.27231 

75000 

-0.41564  25000 

0.43873 

37500 

0.78972 

07500 

1.90 

2.91 

0.01483 

22068 

-0.09312 

80498 

0.25026 

16321 

-0.38128  86646 

0.40014 

35985 

0.80917 

92770 

1.91 

2.92 

0.01347 

92806 

-0.08458 

93632 

0.22711 

66464 

-0.34540  65664 

0.36042 

42432 

0.82897 

57594 

1,92 

2.93 

0.01205 

63881 

-0.07562 

08571 

0.20286 

00467 

-0.30796  88792 

0.31955 

91059 

0.84911 

41956 

1,93 

2.94 

0.01056 

19265 

-0.06621 

30924 

0.17746 

91048 

-0.26894  80248 

0.27753 

14724 

0.86959 

86135 

1.94 

2.95 

0.00899 

42734 

-0.05635 

65234 

0.15092 

08594 

-0.22831  61719 

0.23432 

44922 

0.89043 

30703 

1.95 

2.96 

0.00735 

17875 

-0.04604 

14976 

0.12319 

21152 

-0.18604  52352 

0.18992 

il776 

0.91162 

16525 

1.96 

2.97 

0.00563 

28077 

-0.03525 

82547 

0.09425 

94420 

-0.14210  68745 

0.14430 

44035 

0.93316 

84760 

1.97 

2.98 

0.00383 

56534 

-0.02399 

69268 

0.06409 

91736 

-0.09647  24936 

0.09745 

69068 

0.95507 

76866 

1.98 

2.99 

0.00195 

86242 

-0.01224 

75371 

0.03268 

74067 

-0.04911  32392 

0.04936 

12858 

0.97735 

34596 

1.99 

3.00 

0.00000 

00000 

0.00000 

00000 

0.00000 

00000 

0.00000  00000 

0.00000 

00000 

1.00000 

00000 

2.00 

A3 

A2 

Ai 

^0 

A 

-1 

A, 

_2 

-V 

NUMERICAL    ANALYSIS 


913 


SEVEN-POINT  LAGRANGIAN  INTERPOLATION  COEFFICIENTS         Table  25.1 


"k\t 

'/  V  ■• 

'         {B^k)l{3-k)\(p-k) 

p 

A-s 

A 

-2 

A 

-1 

Ao 

Ax 

Ao 

A^ 

0.0 

0.00000  00000 

0.00000 

00000 

0,00000 

00000 

1.00000 

00000 

0,00000  00000 

0,00000 

00000 

0.00000 

00000 

0.0 

0.1 

-0.00159  10125 

0.01409 

18250 

-0,06725 

64375 

0,98642 

77500 

0,08220  23125 

-0,01557 

51750 

0.00170 

07375 

0,1 

0.2 

-0.00295  68000 

0.02580 

48000 

-0,11827 

20000 

0.94617 

60000 

0,17740  80000 

-0.03153 

92000 

0.00337 

92000 

0.2 

0.3 

-0.00400  28625 

0.03445 

94250 

-0.15241 

66875 

0,88062 

97500 

0,28305  95625 

-0,04662 

15750 

0,00489 

23875 

0I3 

0.4 

-0,00465  92000 

0.03960 

32000 

-0,16972 

80000 

0.79206 

40000 

0,39603  20000 

-0,05940 

48000 

0,00609 

28000 

o!4 

0.5 

-0.00488  28125 

0.04101 

56250 

-0,17089 

84375 

0.68359 

37500 

0,51269  53125 

-0.06835 

93750 

0.00683 

59375 

0.5 

0.6 

-0,00465  92000 

0.03870 

72000 

-0.15724 

80000 

0.55910 

40000 

0,62899  20000 

-0,07188 

48000 

0.00698 

88000 

o!6 

0.7 

-0,00400  28625 

0,03291 

24250 

-0,13068 

16875 

0.42315 

97500 

0,74052  95625 

-0.06835 

65750 

0.00643 

93875 

0.7 

0.8 

-0,00295  68000 

0.02407 

68000 

-0.09363 

20000 

0.28089 

60000 

0,84268  80000 

-0,05617 

92000 

0,00510 

72000 

ois 

0.9 

-0,00159  10125 

0,01283 

78250 

-0,04898 

64375 

0,13788 

77500 

0.93074  23125 

-0.03384 

51750 

0.00295 

47375 

0*.9 

1.0 

0,00000  00000 

0,00000 

00000 

0,00000 

00000 

0,00000 

00000 

1,00000  00000 

0.00000 

00000 

0.00000 

00000 

1.0 

1.1 

0.00170  07375 

-0,01349 

61750 

0,04980 

73125 

-0,12678 

22500 

1.04595  35625 

0.04648 

68250 

-0.00367 

00125 

ill 

1.2 

0.00337  92000 

-0,02661 

12000 

0.09676 

80000 

-0,23654 

40000 

1.06444  80000 

0.10644 

48000 

-0.00788 

48000 

1I2 

1.3 

0.00489  23875 

-0,03824 

95750 

0.13719 

95625 

-0,32365 

02500 

1,05186  33125 

0.18031 

94250 

-0,01237 

48625 

1.3 

1.4 

0.00609  28000 

-0,04730 

88000 

0.16755 

20000 

-0,38297 

60000 

1,00531  20000 

0.26808 

32000 

-0.01675 

52000 

l!4 

1.5 

0,00683  59375 

-0,05273 

43750 

0.18457 

03125 

-0.41015 

62500 

0,92285  15625 

0.36914 

06250 

-0.02050 

78125 

1,5 

1.6 

0,00698  88000 

-0,05358 

08000 

0,18547 

20000 

-0.40185 

60000 

0,80371  20000 

0.48222 

72000 

-0.02296 

32000 

1.6 

1.7 

0.00643  93875 

-0.04907 

85750 

0,16813 

95625 

-0.35606 

02500 

0.64853  83125 

0,60530 

24250 

-0.02328 

08625 

1,7 

1.8 

0,00510  72000 

-0.03870 

72000 

0.13132 

80000 

-0,27238 

40000 

0,45964  80000 

0,73543 

68000 

-0.02042 

88000 

1,8 

1.9 

0,00295  47375 

-0,02227 

41750 

0,07488 

73125 

-0.15240 

22500 

0.24130  35625 

0,86869 

28250 

-0.01316 

20125 

1.9 

2.0 

0.00000  00000 

0.00000 

00000 

0.00000 

00000 

0.00000 

00000 

0.00000  00000 

1.00000 

00000 

0.00000 

00000 

2.0 

2.1 

-0.00367  00125 

0.02739 

08250 

-0.09056 

64375 

0.17825 

77500 

-0.25523  26875 

1,12302 

38250 

0,02079 

67375 

2.1 

2.2 

-0.00788  48000 

0.05857 

28000 

-0,19219 

20000 

0.37273 

60000 

-0,51251  20000 

1.23002 

88000 

0.05125 

12000 

2.2 

2.3 

-0.01237  48625 

0.09151 

64250 

-0,29812 

16875 

0.57031 

97500 

-0.75677  04375 

1.31173 

54250 

0.09369 

53875 

2.3 

2.4 

-0,01675  52000 

0.12337 

92000 

-0.39916 

80000 

0,75398 

40000 

-0.96940  80000 

1,35717 

12000 

0.15079 

68000 

2,4 

2.5 

-0.02050  78125 

0.15039 

06250 

-0.48339 

84375 

0,90234 

37500 

-1.12792  96875 

1.35351 

56250 

0.22558 

59375 

2.5 

2.6 

-0,02296  32000 

0.16773 

12000 

-0.53580 

80000 

0,98918 

40000 

-1,20556  80000 

1,28593 

92000 

0.32148 

48000 

2.6 

2,7 

-0.02328  08625 

0.16940 

54250 

-0.53797 

66875 

0,98296 

97500 

-1,17089  04375 

1.13743 

64250 

0,44233 

63875 

2.7 

2.8 

-0.02042  88000 

0.14810 

88000 

-0,46771 

20000 

0,84633 

60000 

-0,98739  20000 

0,88865 

28000 

0.59243 

52000 

2.8 

2.9 

-0,01316  20125 

0.09508 

88250 

-0.29867 

64375 

0,53555 

77500 

-0.61307  26875 

0.51770 

58250 

0.77655 

87375 

2.9 

3.0 

0.00000  00000 

0.00000 

00000 

0.00000 

00000 

0.00000 

00000 

0,00000  00000 

0.00000 

00000 

1.00000 

00000 

3.0 

A3 

A2 

Ax 

Ao 

A-x 

A_ 

-2 

A. 

-3 

-P 

EIGHT-POINT  LAGRANGIAN  INTERPOLATION  COEFFICIENTS 


£ 

^k^f)- 

\-^) 

{S^ky.i4~k)iip^k) 

p 

A 

-.3 

A 

2 

A 

-1 

Ao 

Ax 

A 

2 

A 

3 

Ai 

0.0 

0.00000 

00000 

0.00000 

00000 

0.00000 

00000 

1.00000 

00000 

0,00000  00000 

0,00000 

00000 

0,00000 

00000 

0.00000 

00000 

1.0 

0,1 

-0,00088 

64213 

0.00915 

96863 

-0.05246 

00213 

0.96176 

70563 

0.10686  30063 

-0,03037 

15913 

0,00663 

28763 

-0,00070 

45913 

0.9 

0,2 

-0.00160 

51200 

0,01634 

30400 

-0.08988 

67200 

0.89886 

72000 

0.22471  68000 

-0.05992 

44800 

0,01284 

09600 

-0.00135 

16800 

0.8 

0,3 

-0.00211 

57988 

0.02124 

99787 

-0.11278 

83487 

0,81458 

25188 

0.34910  67938 

-0.08624 

99137 

0.01810 

18337 

-0.00188 

70638 

0,7 

0.4 

-0.00239 

61600 

0,02376 

19200 

-0.12220 

41600 

0,71285 

76000 

0,47523  84000 

-0.10692 

86400 

0.02193 

40800 

-0,00226 

30400 

0.6 

0.5 

-0.00244 

14063 

0,02392 

57812 

-0.11962 

89062 

0.59814 

45312 

0.59814  45313 

-0.11962 

89062 

0,02392 

57812 

-0.00244 

14062 

0.5 

1.0 

0.00000 

00000 

0.00000 

00000 

0.00000 

00000 

0,00000 

00000 

1,00000  00000 

0.00000 

00000 

0,00000 

00000 

0,00000 

00000 

0.0 

1.1 

0,00070 

45912 

-0,00652 

31512 

0.02888 

82412 

-0,09191 

71312 

1,01108  84438 

0.06740 

58962 

-0.01064 

30362 

0.00099 

61462 

-0.1 

1.2 

0.00135 

16800 

-0.01241 

85600 

0.05419 

oo8oa 

-0,16558 

08000 

0,99348  48000 

0,14902 

27200 

-0.02207 

74400 

0,00202 

75200 

-0,2 

1.3 

0,00188 

70638 

-0.01721 

23088 

0,07408 

77638 

-0,21846 

39188 

0,94667  69812 

0.24343 

122.^3 

-0,03341 

21288 

0,00300 

53238 

-0.3 

1.4 

0,00226 

30400 

-0,02050 

04800 

0.08712 

70400 

-0,24893 

44000 

0.87127  04000 

0.34850 

81600 

-0,04356 

35200 

0,00382 

97600 

-0,4 

1,5 

0.00244 

14062 

-0,02197 

26562 

0.09228 

51562 

-0,25634 

76562 

0.76904  29688 

0.46142 

57812 

-0,05126 

95312 

0,00439 

45312 

-0,5 

1.6 

0.00239 

61600 

-0,02143 

23200 

0.08902 

65600 

-0,24111 

36000 

0,64296  96000 

0.57867 

26400 

-0.05511 

16800 

0.00459 

26400 

-0.6 

1.7 

0,00211 

57988 

-0,01881 

34538 

0.07734 

41988 

-0,20473 

46438 

0,49721  27062 

0,69609 

77888 

-0,05354 

59838 

0.00432 

35888 

-0,7 

1.8 

0.00160 

51200 

-0.01419 

26400 

0.05778 

43200 

-0.14981 

12000 

0,33707  52000 

0.80898 

04800 

-0.04494 

33600 

0,00350 

20800 

-0,8 

1.9 

0.00088 

64213 

-0.00779 

59613 

0.03145 

26712 

-0.08001 

11812 

0,16891  24938 

0.91212 

74662 

-0,02764 

02263 

0.00206 

83163 

-0,9 

2.0 

0,00000 

00000 

0,00000 

00000 

0.00000 

00000 

0.00000 

00000 

0.00000  00000 

1.00000 

00000 

0.00000 

00000 

0.00000 

00000 

-1,0 

2.1 

-0.00099 

61462 

0,00867 

37612 

-0.03441 

52462 

0.08467 

24312 

-0.16164  73688 

1,06687 

26338 

0.03951 

38012 

-0,00267 

38662 

-1.1 

2,2 

-0.00202 

75200 

0.01757 

18400 

-0.06918 

91200 

0.16773 

12000 

-0,30750  72000 

1,10702 

59200 

0.09225 

21600 

-0,00585 

72800 

-1,2 

2,3 

-0.00300 

53238 

0.02592 

96538 

-0.10136 

13738 

0.24238 

58938 

-0.42883  65812 

1.11497 

51112 

0.15928 

21588 

-0,00936 

95388 

-1,3 

2,4 

-0.00382 

97600 

0.03290 

11200 

-0.12773 

37600 

0.30159 

36000 

-0.51701  76000 

1.08573 

69600 

0.24127 

48800 

-0.01292 

54400 

-1,4 

2,5 

-0,00439 

45312 

0,03759 

76562 

-0.14501 

95312 

0.33837 

89062 

-0,56396  48438 

1,01513 

67188 

0.33837 

89062 

-0,01611 

32812 

-1.5 

2,6 

-0,00459 

26400 

0.03913 

72800 

-0.15002 

62400 

0.34621 

44000 

-0,56259  84000 

0.90015 

74400 

0.45007 

87200 

-0,01837 

05600 

-1,6 

2,7 

-0,00432 

35888 

0.03670 

45088 

-0.13987 

39388 

0.31946 

51688 

-0.50738  58562 

0.73933 

36762 

0.57503 

73038 

-0.01895 

72738 

-1,7 

2,8 

-0,00350 

20800 

0,02962 

17600 

-0,11225 

08800 

0.25390 

08000 

-0.39495  68000 

0.53319 

16800 

0.71092 

22400 

-0,01692 

67200 

-1,8 

2.9 

-0,00206 

83162 

0.01743 

29512 

-0,06570 

88162 

0,14727 

83812 

-0.22479  33188 

0.28473 

82038 

0.85421 

46112 

-0,01109 

36962 

-1,9 

3,0 

0,00000 

00000 

0.00000 

00000 

0,00000 

00000 

0,00000 

00000 

0.00000  00000 

0.00000 

00000 

1.00000 

00000 

0,00000 

00000 

-2.0 

3.1 

0.00267 

38662 

-0.02238 

70762 

0,08354 

20162 

-0.18415 

17562 

0.27184  30688 

-0.31138 

38788 

1.14174 

08888 

0.01812 

28712 

-2,1 

3.2 

0.00585 

72800 

-0,04888 

57600 

0,18157 

56800 

-0.39719 

68000 

0,57774  08000 

-0.63551 

48800 

1.27102 

97600 

0,04539 

39200 

-2.2 

3.3 

0.00936 

95388 

-0,07796 

16338 

0,28827 

67388 

-0.62605 

55438 

0,89825  36062 

-0.95353 

07512 

1.37732 

21962 

0.08432 

58488 

-2.3 

3,4 

0.01292 

54400 

-0,10723 

32800 

0,39481 

34400 

-0.85155 

84000 

1,20637  44000 

-1.24084 

22400 

1.44764 

92800 

0.13787 

13600 

-2,4 

3.5 

0.01611 

32812 

-0.13330 

07812 

0,48876 

95312 

-1.04736 

32812 

1.46630  85938 

-1.46630 

85938 

1.46630 

85938 

0,20947 

26562 

-2,5 

3.6 

0,01837 

05600 

-0.15155 

71200 

0.55351 

29600 

-1.17877 

76000 

1,63215  36000 

-1.59134 

97600 

1.41453 

31200 

0.30311 

42400 

-2,6 

3.7 

0.01895 

72738 

-0.15598 

17788 

0.56750 

81738 

-1.20148 

12688 

1,64647  43312 

-1,56899 

31862 

1.27013 

73412 

0.42337 

91138 

-2.7 

3,8 

0.01692 

67200 

-0.13891 

58400 

0,50356 

99200 

-1,06014 

72000 

1,43877  12000 

-1,34285 

31200 

1.00713 

98400 

0,57550 

84800 

-2.8 

3,9 

0.01109 

36962 

-0.09081 

78862 

0.32805 

64462 

-0,68695 

58062 

0,92383  71188 

-0.84604 

03088 

0.59536 

16988 

0,76546 

50412 

-2.9 

4,0 

0.00000 

00000 

0.00000 

00000 

0.00000 

00000 

0,00000 

00000 

0.00000  00000 

0,00000 

00000 

0.00000 

00000 

1.00000 

00000 

-3.0 

A 

4 

A 

3 

A 

2 

A 

1 

Ao 

A 

-1 

A. 

-2 

A. 

-3 

P 
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Table  2.>.2 


COEFFICIENTS  FOR  DIFFERENTIATION 


Differentiation  Formula:  -4^1 

:.-.; 

A"! 
'mUik 

m 

FIRST  DERIVATIVE    (A= 

=  1) 

THIRD  DERIVATIVE  (A 

•=3) 

.i 

Jo 

Ai         Ao         As 
Three  Point  (w=2) 

A4 

A^ 

^  Error 

A:! 

j 

Ao 

-4,          ^2          -4:i 
Four  Point  (w«=3) 

^4 

A, 

^*  Error 
A;! 

0 

-3 

4            -1 

-l/6h'f  ('^ 

0 

-1 

3         -3           1 

-1/4 

1 

-1 

0            1 

1 

-1 

3-3           1 

-VJ2...... 

2 

1 

-4              3 

1/3 

2 

-1 

3           -3             1 

3 

-1 

3           -3             1 

1/4 

Four  Point  (w=3) 

0 

-11 

18           -9             2 

-1/4 

Five  Point  (m=4) 

1 

-2 

-3           6         -1 

1/12     .    (4) 

0 

-10 

36         "48           28 

-6 

7/24 

2 

1 

-6             3             2 

-1/12 '^    * 

1 

-6 

20         -24           12 

-2 

1/24     ,   ,„. 

3 

-2 

9         -18           11 

1/4 

2 
3 

-2 
2 

4             0-4 
-12           24         -20 

2 
6 

-1/24  h^f^^^ 
1/24 

Five  Point  (»i=4) 

4 

6 

-28           48         -36 

10 

7/24 

0 

1 

-50 
-6 

9o         -72           32 
-20           36         -12 

-6 
2 

1/5 

Six  Point  (w=5) 

2 

2 

-16              0           16 

-2 

l/3Gh5f<5^ 

0 

-85 

355       -590         490 

-205 

35 

-5/16 

3 

-2 

12         -36           20 

6 

-1/20 

1 

-35 

125       -170         110 

-35 

5 

-1/48 

4 

6 

-32           72         -96 

50 

1/5 

2 

-5 

-5           50         -70 

35 

-5 

1/46    6^(6) 

-1/48^  * 

3 

5 

-35           70         -50 

5 

5 

Six  Point  (»(=5) 

4 
5 

-5 
-35 

35       -110         170 
205       -490         590 

-125 
-355 

35 
85 

1/48 
5/16 

0 

-274 

600       -600         400 

-150 

24 

-1/6 

1 

-24 

-130         240       -12-0 

40 

-6 

1/30 

2 

6 

-60         -40         120 

-30 

4 

-l/60^6.(fe) 

3 

-4 

30       -120           40 

60 

-6 

1/60'^    * 

4 
5 

6 
-24 

-40         120       -240 
150       -400         600 

130 
-600 

24 
274 

-1/30 
1/6 

FOURTH  DERIVATIVE  (fc= 

4) 

SECOND  DERIVATIVE  (A= 

=  2) 

J 

-Jo 

A\          A>         As 

-^4 

Ar, 

L*Error 
A;! 

.y 

*-i(i 

.1]          A.          A, 

A  4 

-1.-, 

^*  Error 

Five  Point  ("(=4) 

0 

1 

Three  Point  ('«=2) 
-2              1 

A:! 
-1/2    h'f^'> 

0 
1 
2 

-4             6-4 
-4             6-4 
-4              6           -4 

-1/12    ^5,(5) 
-1/2^        6    (6) 

-1/144  h^f<^^ 

4      (i't 

3 

-4             6           -4 

1/24    ^5f(5) 

1 

1 

-2             1 

-l/24h'f  ^  ' 

4 

-4             6           -4 

1/12    ^    * 

2 

1 

-2              1 

1/2     h^f^'> 

Six  Point  (in =5) 

Four  Point  ('«  =  3) 

0 

15 

-70         130       -120 

55 

-10 

17/144 

1 

10 

-45           80         -70 

30 

-5 

5/144 

0 

6 

-15           12           -3 

11/24 

2 

5 

-20           30         -20 

5 

0 

-1/144^6,(6) 

1 

3 

-6             3             0 

-1/24    4,(4) 

3 

0 

5         -20           30 

-20 

5 

-1/144''    ^ 

2 

0 

3           -6             3 

-1/241^  f 

4 

-5 

30         -70           80 

-45 

10 

5/144 

3 

-3 

12         -15             6 
Five  Point  (/"-4) 

11/24 

5 

-10 

55       -120         130 

-70 

15 

17/144 

0 

35 

-104         114         -56 

11 

-5/12     ^^5    (5) 

1 

11 

-20             6             4 

-1 

1/24    '.     ,,. 
l/180h''f<^> 

2 

-1 

16         -30           16 

-1 

FIFTH  DERIVATIVE   (A 

•») 

3 

-1 

4             6         -20 

11 

-1/24     j^5j(5) 

-E.„.          ' 

4 

11 

-56         114       -104 

35 

5/12    ^  ^ 

J 

-1(1 

-li          .1.'          -Is 

-U 

-1.-. 

Six  Point  (//'    5) 

Six  Point  (///    5) 

0 

225 

-770       1070       -780 

305 

-50 

137/360 

0 

_l 

5         -10           10 

-5 

1 

-1/48 

1 

50 

-75         -20           70 

-30 

5 

-13/360 

1 

-I 

5         -10           10 

-5 

1 

-1/80 

2 

-5 

80       -150           80 

-5 

0 

1/180^6,(6) 

2 

-1 

5         -10           10 

-5 

1 

-1/240^6,(6) 

3 

0 

-5           80       -150 

80 

-5 

1/180^  ^ 

3 

-\ 

5         -10           10 

-5 

1 

1/240"   ^ 

4 

5 

-30           70         -20 

-75 

50 

-13/360 

4 

-I 

5         -10           10 

-5 

1 

1/80 

5 

-5C 

305       -780       1070 

-770 

225 

137/360 

5 

-1 

5         -10           10 

-5 

1 

1/48 

Compile(j  from  W.  G.  Bickley,  Formulae  for  numerical  differentiation,  Math.  Gaz.  25,  19-27,  1941   (with  permission). 


*See  page  ii. 
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Table  25.3 


"/('>/••■-/* 

? 

^it("0/('>)     * 

DAl 

(m) 

w  =  odd 

7i 

m\k 

-4 

-3 

-2 

-1 

0 

1 

2 

3 

4 

J) 

3 

-1 

5 

8 

-1 

0 

12 

5 

-2 

-1 

251 
-19 

646 
346 

-264 
456 

106 
-74 

-19 
11 

1 
0 

720 

7 

-3 
-2 

-1 

19087 

-863 

271 

65112 
25128 
-2760 

-46461 
46989 
30819 

37504 

-16256 

37504 

-20211 

7299 

-6771 

6312 

-2088 

1608 

-^63 

271 

-191 

2 

1 
0 

60480 

9 

-4 
-3 
-2 
-1 

1070017 

-33953 

7297 

-3233 

4467094 

1375594 

-99626 

36394 

-4604594 
3244786 
1638286 
-216014 

5595358 

-1752542 

2631838 

1909858 

-5033120 
1317280 
-833120 
2224480 

3146338 

-755042 

397858 

^25762 

-1291214 

294286 

-142094 

126286 

312874 

-68906 

31594 

-25706 

-33953 

7297 

-3233 

2497 

3 
2 

1 
0 

3628800 

-1 


-2 


k\7n 


n  m\k 
4  -1 
0 


6  -2 

-1 

0 


-3 

-2 

-1 

0 


n  = 

even 

-3 

-2 

-1 

0 

1 

2 

3 

4 

9 

19 

-5 

1 

-1 

13 

13 

-1 

475 

1427 

-798 

482 

-173 

27 

-27 

637 

1022 

-258 

77 

-11 

11 

-93 

802 

802 

-93 

11 

36799 

139849 

-121797 

123133 

-88547 

41499 

-11351 

1375 

-1375 

47799 

101349 

-44797 

26883 

-11547 

2999 

-351 

351 

-4183 

57627 

81693 

-20227 

7227 

-1719 

191 

-191 

1879 

-9531 

68323 

68323 

-9531 

1879 

-191 

D 

24 


1440 


3   120960 

2 

1 

0 


10  -4  2082753  9449717  -11271304  16002320  -17283646  13510082  -7394032  2687864  -583435   57281  4  7257600 


3 
■2 

-1 
0 

-57281 

10625 

-3969 

2497 

2655563 

-163531 

50315 

-28939 

5 

4 

6872072  -4397584   3973310  -2848834 
3133688   5597072   -2166334   1295810 


-342136   3609968 
162680   -641776 

3       2 


4763582  -1166146 
4134338   4134338 

1        0 


1481072  -520312 

-617584  206072 

462320  -141304 

-641776  162680 

-1  2 


110219  -10625   3 

-42187  3969   2 

27467  -2497   1 

-28939  2497   0 

-3  -4  k\>n 


Compiled  from  National  Bureau  of  Standards,  Tables  of  Lagrangian  interpolation  coefficients.     Colum- 
bia Univ.  Press,  New  York,  N.Y.,  1944  (with  permission). 


*See  page  ii. 
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Table  25.4 


ABSCISSAS  AND  WEIGHT  FACTORS  FOR  GAUSSIAN  INTEGRATION 


r' /(.,>/.<•=  fj  «''•/(■'■') 


Abscissas=±.7i  (Zeros  of  Legendre  Polynomials) 


Weight  Factors=Wj 


±Xi 


±Ti 


n  =  2 


0.57735 

02691 

89626 

1.00000 

00000 

00000 

0.00000 
0.77459 

00000 
66692 

00000 
41483 

n  =  3 

0.88888 
0.55555 

88888 
55555 

88889 
55556 

0.33998 
0.86113 

10435 
63115 

84856 
94053 

/(  =  4 

0.65214 
0.34785 

51548 
48451 

62546 
37454 

0.00000 
0.53846 
0.90617 

00000 
93101 
98459 

00000 
05683 
38664 

■n  =  5 

0.56888 
0.47862 
0.23692 

88888 
86704 
68850 

88889 
99366 
56189 

0.23861 
0.66120 
0.93246 

91860 
93864 
95142 

83197 
66265 
03152 

«  =  6 

0.46791 
0.36076 
0.17132 

39345 
15730 
44923 

72691 
48139 
79170 

0.00000  00000  00000 

0.40584  51513  77397 

0.74153  11855  99394 

0.94910  79123  42759 


71=7 


0.41795  91836  73469 

0.38183  00505  05119 

0.27970  53914  89277 

0.12948  49661  68870 

±.ri  n  = 


0.18343  46424  95650 

0.52553  24099  16329 

0.79666  64774  13627 

0.96028  98564  97536 


0.00000  00000  00000 

0.32425  34234  03809 

0,61337  14327  00590 

0.83603  11073  26636 

0,96816  02395  07626 


0.14887  43389  81631 

0.43339  53941  29247 

0,67940  95682  99024 

0.86506  33666  88985 

0.97390  65285  17172 


0.12523  34085  11469 

0.36783  14989  98180 

0.58731  79542  86617 

0.76990  26741  94305 

0.90411  72563  70475 

0.98156  06342  46719 


0.36268  37833  78362 

0.31370  66458  77887 

0.22238  10344  53374 

0.10122  85362  90376 


0.33023  93550  01260 

0.31234  70770  40003 

0.26061  06964  02935 

0.18064  81606  94857 

0.08127  43883  61574 


=  10 


0.29552  42247  14753 

0.26926  67193  09996 

0.21908  63625  15982 

0.14945  13491  50581 

0.06667  13443  08688 


12 


0.24914  70458  13403 

0.23349  25365  38355 

0.20316  74267  23066 

0.16007  83285  43346 

0.10693  93259  95318 

0.04717  53363  86512 


16 


0.09501  25098  37637  440185 

0.28160  35507  79258  913230 

0,45801  67776  57227  386342 

0.61787  62444  02643  748447 

0.75540  44083  55003  033895 

0.86563  12023  87831  743880 

0.94457  50230  73232  576078 

0.98940  09349  91649  932596 


0.07652  65211  33497  333755 

0.22778  58511  41645  078080 

0.37370  60887  15419  560673 

0.51086  70019  50827  098004 

0.63605  36807  26515  025453 

0,74633  19064  60150  792614 

0,83911  69718  22218  823395 

0.91223  44282  51325  905868 

0.96397  19272  77913  791268 

0.99312  85991  85094  924786 


0.06405  68928  62605  626085 

0.19111  88674  73616  309159 

0.31504  26796  96163  374387 

0.43379  35076  26045  138487 

0,54542  14713  88839  535658 

0,64809  36519  36975  569252 

0.74012  41915  78554  364244 

0.82000  19859  73902  921954 

0.88641  55270  04401  034213 

0.93827  45520  02732  758524 

0.97472  85559  71309  498198 

0.99518  72199  97021  360180 


=20 


n=24 


0.18945  06104  55068  496285 

0.18260  34150  44923  588867 

0.16915  65193  95002  538189 

0.14959  59888  16576  732081 

0.12462  89712  55533  872052 

0.09515  85116  82492  784810 

0.06225  35239  38647  892863 

0.02715  24594  11754  094852 


0.15275  33871  30725  850698 

0.14917  29864  72603  746788 

0.14209  61093  18382   051329 

0.13168  86384  49176   626898 

0.11819  45319  61518  417312 

0.10193  01198  17240   435037 

0.08327  67415  76704   748725 

0.06267  20483  34109   063570 

0.04060  14298  00386   941331 

0.01761  40071  39152   118312 


0.12793   81953  46752   156974 

0.12583  74563  46828  296121 

0.12167   04729  27803   391204 

0.11550   56680  53725   6(31353 

0.10744  42701  15965   634783 

0.09761   86521  04113   888270 

0.08619   01615  31953   275917 

0.07334  64814  11080   305734 

0.05929   85849  15436  780746 

0,04427   74388  17419   806169 

0,02853   13886  28933   663181 

0,01234  12297  99987  199547 


Compiled  from  P.  Davis  and  P.  Rabinowitz,  Abscissas  and  weights  for  Gaussian  quadratures  of  high 
order,  J.  Research  NBS  56,  35-37,  1956,  RP2645;  P.  Davis  and  P.  Rabinowitz,  Additional  abscissas 
and  weights  for  Gaussian  quadratures  of  high  order.  Values  for  "=64,  80,  and  96,  J.  Research  NBS  60. 
613-614, 1958,  RP2875;  and  A.  N.  Lowan,  N.  Davids,  and  A.  Levenson,  Table  of  the  zeros  of  the  Legendre 
polynomials  of  order  1-16  and  the  weight  coefficients  for  Gauss'  mechanical  quadrature  formula,  Bull. 
Amer.  Math.  Soc.  48,  739-743,  1942  (with  permission). 
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Table  25.4 
ABSCISSAS  AND  WEIGHT  FACTORS  FOR  GAUSSIAN  INTEGRATION 

•  -1 


j_^  /(,r)rfx«  2  u'ifixi) 


Abscissas=±ri  (Zeros  of  Legendre  Polynomials)       Weight  Factors-^w^ 


±Ti 


n=32 


m 


0.04830 

76656 

87738 

316235 

0.09654 

00885 

14727 

800567 

0.14447 

19615 

82796 

493485 

0.09563 

87200 

79274 

859419 

0.23928 

73622 

52137 

074545 

0.09384 

43990 

80804 

565639 

0.33186 

86022 

82127 

649780 

0.09117 

38786 

95763 

884713 

0.42135 

12761 

30635 

345364 

0.08765 

20930 

04403 

811143 

0.50689 

99089 

32229 

390024 

0.08331 

19242 

26946 

755222 

0.58771 

57572 

40762 

329041 

0.07819 

38957 

87070 

306472 

0.66304 

42669 

30215 

200975 

0.07234 

57941 

08848 

506225 

0.73218 

21187 

40289 

680387 

0.06582 

22227 

76361 

846838 

0.79448 

37959 

67942 

406963 

0.05868 

40934 

78535 

547145 

0.84936 

76137 

32569 

970134 

0.05099 

80592 

6?376 

176196 

0.89632 

11557 

66052 

123965 

0.04283 

58980 

22226 

680657 

0.93490 

60759 

37739 

689171 

0.03427 

38629 

13021 

433103 

0.96476 

22555 

87506 

430774 

0.02539 

20653 

09262 

059456 

0.98561 

15115 

45268 

335400 

0.01627 

43947 

30905 

670605 

0.99726 

38618 

49481 

563545 

71  — 

0.00701 
40 

0.07750 

86100 

09470 

096600 

0.03877 

24175 

06050 

821933 

59479 

78424 

811264 

0.11608 

40706 

75255 

208483 

0.07703 

98181 

64247 

965588 

0.19269 

75807 

01371 

099716 

0.07611 

03619 

00626 

242372 

0.26815 

21850 

07253 

681141 

0.07472 

31690 

57968 

264200 

0.34199 

40908 

25758 

473007 

0.07288 

65823 

95804 

059061 

0.41377 

92043 

71605 

001525 

0.07061 

16473 

91286 

779695 

0.48307 

58016 

86178 

712909 

0.06791 

20458 

15233 

903826 

0.54946 

71250 

95128 

202076 

0.06480 

40134 

56601 

038075 

0.61255 

38896 

67980 

237953 

0.06130 

62424 

92928 

939167 

0.67195 

66846 

14179 

548379 

0.05743 

97690 

99391 

551367 

0.72731 

82551 

89927 

103281 

0.05322 

78469 

83936 

824355 

0.77830 

56514 

26519 

387695 

0.04869 

58076 

35072 

232061 

0.82461 

22308 

33311 

663196 

0.04387 

09081 

85673 

271992 

0.86595 

95032 

12259 

503821 

0,03878 

21679 

74472 

017640 

0.90209 

88069 

68874 

296728 

0.03346 

01952 

82547 

847393 

0.93281 

28082 

78676 

533361 

0.02793 

70069 

80023 

401098 

0.95791 

68192 

13791 

655805 

0.02224 

58491 

94166 

957262 

0.97725 

99499 

83774 

262663 

0.01642 

10583 

81907 

888713 

0.99072 

62386 

99457 

006453 

0.01049 

82845 

31152 

813615 

0.99823 

77097 

10559 

200350 

0.00452 

12770 

98533 

191258 

0.03238 

01709 

62869 

n= 
362033 

0.06473 

76968 

12683 

922503 

0.09700 

46992 

09462 

698930 

6.06446 

61644 

35950 

082207 

0.16122 

23560 

68891 

718056 

0.06392 

42385 

84648 

186624 

0.22476 

37903 

94689 

061225 

0.06311 

41922 

86254 

025657 

0.28736 

24873 

55455 

576736 

0.06203 

94231 

59892 

663904 

0.34875 

58862 

92160 

738160 

0.06070 

44391 

65893 

880053 

0.40868 

64819 

90716 

729916 

0.05911 

48396 

98395 

635746 

0.46690 

29047 

50958 

404545 

0,05727 

72921 

00403 

215705 

0.52316 

09747 

22233 

033678 

0.05519 

95036 

99984 

162868 

0.57722 

47260 

83972 

703818 

0.05289 

01894 

85193 

667096 

0.62886 

73967 

76513 

623995 

0,05035 

90355 

53854 

474958 

0.67787 

23796 

32663 

905212 

0,04761 

66584 

92490 

474826 

0.72403 

41309 

23814 

654674 

0.04467 

45608 

56694 

280419 

0.76715 

90325 

15740 

339254 

0.04154 

50829 

43464 

749214 

0.80706 

62040 

29442 

627083 

0,03824 

13510 

65830 

706317 

0.84358 

82616 

24393 

530711 

0,03477 

72225 

64770 

438893 

0.87657 

20202 

74247 

885906 

0,03116 

72278 

32798 

088902 

0.90587 

91367 

15569 

672822 

0,02742 

65097 

08356 

948200 

0.93138 

66907 

06554 

333114 

0,02357 

07608 

39324 

379141 

0.95298 

77031 

60430 

860723 

0.01961 

61604 

57355 

527814 

0.97059 

15925 

46247 

250461 

0.01557 

93157 

22943 

848728 

0.98412 

45837 

22826 

857745 

0,01147 

72345 

79234 

539490 

0.99353 

01722 

66350 

757548 

0.00732 

75539 

01276 

262102 

0.99877 

10072 

52426 

118601 

0,00315 

33460 

52305 

838633 
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Table  25.  t 

ABSCISSAS  AND  WEIGHT  FACTORS  FOR  GAUSSIAN  INTEGRATION 

1=1 

Abscissas=±r;  (Zeros  of  Legendre  Polynomials)     Weight  Factors=M',- 

Wi 


±Xi 


n=6i 


0.02435 

02926 

63424 

432509 

0.04869 

09570 

09139 

720383 

0.07299 

31217 

87799 

039450 

0.04857 

54674 

41503 

426935 

0.12146 

28192 

96120 

554470 

0.04834 

47622 

34802 

957170 

0.16964 

44204 

23992 

818037 

0.04799 

93885 

96458 

307728 

0.21742 

36437 

40007 

084150 

0.04754 

01657 

14830 

308662 

0.26468 

71622 

08767 

416374 

0,04696 

81828 

16210 

017325 

0.31132 

28719 

90210 

956158 

0.04628 

47965 

81314 

417296 

0.35722 

01583 

37668 

115950 

0,04549 

16279 

27418 

144480 

0.40227 

01579 

63991 

603696 

0,04459 

05581 

63756 

563060 

0.44636 

60172 

53464 

087985 

0.04358 

37245 

29323 

453377 

0.48940 

31457 

07052 

957479 

0,04247 

35151 

23653 

589007 

0,53127 

94640 

19894 

545658 

0.04126 

25632 

42623 

528610 

0.57189 

56462 

02634 

034284 

0.03995 

37411 

32720 

341387 

0.61115 

53551 

72393 

250249 

0.03855 

01531 

78615 

629129 

0.64896 

54712 

54657 

339858 

0.03705 

51285 

40240 

046040 

0.68523 

63130 

54233 

242564 

0.03547 

22132 

56882 

383811 

0.71988 

18501 

71610 

826849 

0.03380 

51618 

37141 

609392 

0.75281 

99072 

60531 

896612 

0.03205 

79283 

54851 

553585 

0.78397 

23589 

43341 

407610 

0.03023 

46570 

72402 

478868 

0.81326 

53151 

22797 

559742 

0.02833 

96726 

14259 

483228 

0.84062 

92962 

52580 

362752 

0.02637 

74697 

15054 

658672 

0.86599 

93981 

54092 

819761 

0,02435 

27025 

68710 

873338 

0.88931 

54459 

95114 

105853 

0,02227 

01738 

08383 

254159 

0.91052 

21370 

78502 

805756 

0.02013 

48231 

53530 

209372 

0.92956 

91721 

31939 

575821 

0.01795 

17157 

75697 

343085 

0.94641 

13748 

58402 

816062 

0,01572 

60304 

76024 

719322 

0.96100 

87996 

52053 

718919 

0,01346 

30478 

96718 

642598 

0.97332 

68277 

89910 

963742 

0,01116 

81394 

60131 

128819 

0.98333 

62538 

84625 

956931 

0,00884 

67598 

26363 

947723 

0.99101 

33714 

76744 

320739 

0,00650 

44579 

68978 

362856 

0.99634 

01167 

71955 

279347 

0,00414 

70332 

60562 

467635 

0.99930 

50417 

35772 

139457 

0.00178 

32807 

21696 

432947 

0.01951 

13832 

56793 

n  = 
997654 

80 

0.03901 

78136 

56306 

654811 

0.05850 

44371 

52420 

668629 

0,03895 

83959 

62769 

531199 

0.09740 

83984 

41584 

599063 

0,03883 

96510 

59051 

968932 

0.13616 

40228 

09143 

886559 

0,03866 

17597 

74076 

463327 

0.17471 

22918 

32646 

812559 

0,03842 

49930 

06959 

423185 

0.21299 

45028 

57666 

132572 

0,03812 

97113 

14477 

638344 

0.25095 

23583 

92272 

120493 

0,03777 

63643 

62001 

397490 

0,28852 

80548 

84511 

853109 

0,03736 

54902 

38730 

490027 

0.32566 

43707 

47701 

914619 

0,03689 

77146 

38276 

008839 

0.36230 

47534 

99487 

315619 

0.03637 

37499 

05835 

978044 

0,39839 

34058 

81969 

227024 

0,03579 

43939 

53416 

054603 

0.43387 

53708 

31756 

093062 

0,03516 

05290 

44747 

593496 

0.46869 

66151 

70544 

477036 

0,03447 

31204 

51753 

928794 

0.50280 

41118 

88784 

987594 

0,03373 

32149 

84611 

522817 

0,53614 

59208 

97131 

932020 

0.03294 

19393 

97645 

401383 

0.56867 

12681 

22709 

784725 

0.03210 

04986 

73487 

773148 

0,60033 

06228 

29751 

743155 

0,03121 

01741 

88114 

701642 

0.63107 

57730 

46871 

966248 

0,03027 

23217 

59557 

980661 

0,66085 

98989 

86119 

801736 

0,02928 

83695 

83267 

847693 

0.68963 

76443 

42027 

600771 

0,02825 

98160 

57276 

862397 

0.71736 

51853 

62099 

880254 

0.02718 

82275 

00486 

380674 

0,74400 

02975 

83597 

272317 

0.02607 

52357 

67565 

117903 

0,76950 

24201 

35041 

373866 

0,02492 

25357 

64115 

491105 

0.79383 

27175 

04605 

449949 

0,02373 

18828 

65930 

101293 

0.31695 

41386 

81463 

470371 

0,02250 

50902 

46332 

461926 

0.83883 

14735 

80255 

275617 

0.02124 

40261 

15782 

006389 

0.85943 

14066 

63111 

096977 

0.01995 

06108 

78141 

998929 

0.87872 

25676 

78213 

828704 

0.01862 

68142 

08299 

031429 

0.89667 

55794 

38770 

683194 

0.01727 

46520 

56269 

306359 

0,91326 

31025 

71757 

654165 

0,01589 

61835 

83725 

688045 

0,92845 

98771 

72445 

795953 

0,01449 

35080 

40509 

076117 

0,94224 

27613 

09872 

674752 

0.01306 

87615 

92401 

339294 

0.95459 

07663 

43634 

905493 

0.01162 

41141 

20797 

826916 

0,96548 

50890 

43799 

251452 

0.01016 

17660 

41103 

064521 

0.97490 

91405 

85727 

793386 

0,00868 

39452 

69260 

858426 

0.98284 

85727 

38629 

070418 

0,00719 

29047 

68117 

312753 

0.98929 

13024 

99755 

531027 

0,00569 

09224 

51403 

198649 

0.99422 

75409 

65688 

277892 

0,00418 

03131 

24694 

895237 

0.99764 

98643 

98237 

688900 

0,00266 

35335 

89512 

681659 

0.99955 

38226 

51630 

629880 

0,00114 

49500 

03186 

941534 
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Table  25.4 
ABSCISSAS  AND  WEIGHT  FACTORS  FOR  GAUSSIAN  INTEGRATION 

•  +  i 


J_j  fi^)d^-  2  '"^^^'■^■^ 


t=l 


Abscissas=±.ri  (Zeros  of  Legendre  Poljrnomials)       Weight  Factors=w- 


±xi 

0.01627  67448  49602  969579 

0.04881  29851  36049  731112 

0.08129  74954  64425  558994 

0.11369  58501  10665  920911 

0.14597  37146  54896  941989 

0.17809  68823  67618  602759 


n  =  96 


Wi 


0.03255  06144  92363  166242 

0.03251  61187  13868  835987 

0.03244  71637  14064  269364 

0.03234  38225  68575  928429 

0.03220  62047  94030  250669 

0.03203  44562  31992  663218 


0.21003 

13104 

60567 

203603 

0.03182 

87588 

94411 

006535 

0.24174 

31561 

63840 

012328 

0.03158 

93307 

70727 

168558 

0.27319 

88125 

91049 

141487 

0.03131 

64255 

96861 

355813 

0.30436 

49443 

54496 

353024 

0.03101 

03325 

86313 

837423 

0.33520 

85228 

92625 

422616 

0.03067 

13761 

23669 

149014 

0.36569 

68614 

72313 

635031 

0.03029 

99154 

20827 

593794 

0.39579 

76498 

28908 

603285 

0.02989 

63441 

36328 

385984 

0.42547 

89884 

07300 

545365 

0.02946 

10899 

58167 

905970 

0.45470 

94221 

67743 

008636 

0.02899 

46141 

50555 

236543 

0.48345 

79739 

20596 

359768 

0.02849 

74110 

65085 

385646 

0.51169 

41771 

54667 

673586 

0.02797 

00076 

16848 

334440 

0.53938 

81083 

24357 

436227 

0.02741 

29627 

26029 

242823 

0.56651 

04185 

61397 

168404 

0.02682 

68667 

25591 

762198 

0.59303 

23647 

77572 

080684 

0.02621 

23407 

35672 

413913 

0.61892 

58401 

25468 

570386 

0.02557 

00360 

05349 

361499 

0.64416 

34037 

84967 

106798 

0.02490 

06332 

22483 

610288 

0.66871 

83100 

43916 

153953 

0.02420 

48417 

92364 

691282 

0.69256 

45366 

42171 

561344 

0.02348 

33990 

85926 

219842 

0.71567 

68123 

48967 

626225 

0.02273 

70696 

58329 

374001 

0.73803 

06437 

44400 

132851 

0.02196 

66444 

39744 

349195 

0.75960 

23411 

76647 

498703 

0.02117 

29398 

92191 

298988 

0.78036 

90438 

67433 

217604 

0.02035 

67971 

54333 

324595 

0.80030 

87441 

39140 

817229 

0.01951 

90811 

40145 

022410 

0.81940 

03107 

37931 

675539 

0.01866 

06796 

27411 

467385 

0.83762 

35112 

28187 

121494 

0.01778 

25023 

16045 

260838 

0.85495 

90334 

34601 

455463 

0.01688 

54798 

64245 

172450 

0.87138 

85059 

09296 

502874 

0.01597 

05629 

02562 

291381 

0.88689 

45174 

02420 

416057 

0.01503 

87210 

26994 

938006 

0.90146 

06353 

15852 

341319 

0.01409 

09417 

72314 

860916 

0.91507 

14231 

20898 

074206 

0.01312 

82295 

66961 

572637 

0.92771 

24567 

22308 

690965 

0.01215 

16046 

71088 

319635 

0.93937 

03397 

52755 

216932 

0.01116 

21020 

99838 

498591 

0.95003 

27177 

84437 

635756 

0.01016 

07705 

35008 

415758 

0.95968 

82914 

48742 

539300 

0.00914 

86712 

30783 

386633 

0.96832 

68284 

63264 

212174 

0.00812 

68769 

25698 

759217 

0.97593 

91745 

85136 

466453 

0.00709 

64707 

91153 

865269 

0.98251 

72635 

63014 

677447 

0.00605 

85455 

04235 

961683 

0.98805 

41263 

29623 

799481 

0.00501 

42027 

42927 

517693 

0.99254 

39003 

23762 

624572 

0.00396 

45543 

38444 

686674 

0.99598 

18429 

87209 

290650 

0.00291 

07318 

17934 

946408 

0.99836 

43758 

63181 

677724 

0.00185 

39607 

88946 

921732 

0.99968 

95038 

83230 

766828 

0.00079 

67920 

65552 

012429 

920 
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Table  25.5      ABSCISSAS  FOR  EQUAL  WEIGHT  CIIEBYSHEV  INTEGRATION 


±-ti 
0.57735  02692 


0.70710  67812 
0.00000  00000 


0.79465  44723 
0.18759  24741 


"1  =  1 
Abscissas=  ±.i-i 


0.83249  74870 
0.37454  14096 
0.00000   00000 


0.86624  68181 
0.42251  86538 
0.26663   54015 


n 

± 

ii 

7 

0. 
0. 

0. 
0. 

88386 
52965 
32391 
00000 

17008 
67753 
18105 
00000 

9 

0. 
0. 
0. 
0. 
0. 

91158 
60101 
52876 
16790 
00000 

93077 
86554 
17831 
61842 
00000 

Compiled  from  H.  E.  Salzer,  Tables  for  facilitating  the  use  of  Chebyshev's  quadrature  formula,  J.  Math. 
Phys.  26,  191-194,  1947  (with  permission). 

Tabic  25.6         ABSCISSAS  AND  WEIGHT  FACTORS  FOR  LOBATTO  INTEGRATION 


J_^,'  /('■)'/'•  =  "•!/(  -1)+V  »-'.7(r.)  +  «-r./(l) 


Abscissas^ 


Weight  Factors=wi 


1.00000  000 
0.00000  000 


1.00000   000 
0.44721   360 


1.00000  000 
0.65465  367 
0.00000   000 


0.33333   333 
1.33333  333 


0. 16666   667 
0.83333  333 


0.10000  000 
0.54444  444 
0.71111   111 


10 

6  1.00000  000  0.06666  667 

0.76505  532  0.37847  496 

0.28523  152  0.55485  838 

Compiled  from  Z.  Kopal,  Numerical  analysis,   John  Wiley  &  Sons,  Inc.,  New  York,  N.Y.,  1955  (with 
permission). 


1. 

0. 

0. 
0. 

±.l 

00000 
83022 
46884 
00000 

000 
390 
879 
000 

0. 
0. 
0. 
0. 

04761 
27682 
43174 
48761 

904 
604 
538 
904 

1. 

0. 
0. 
0. 

00000 
87174 
59170 
20929 

000 
015 
018 
922 

0. 
0. 
0. 
0, 

03571 
21070 
34112 
41245 

428 
422 
270 
880 

1. 

0. 
0. 
0. 
0. 

00000 
89975 
67718 
36311 

00000 

00000 
79954 
62795 
74638 
00000 

0. 
0. 
0. 
0. 
0. 

02777 
16549 
27453 
34642 
37151 

77778 
53616 
87126 
85110 
92744 

1. 

0. 
0. 
0. 
0. 

00000 
91953 
73877 
47792 
16527 

00000 
39082 
38651 
49498 
89577 

0. 
0, 
0. 
0. 
0. 

02222 
13330 
22488 
29204 
32753 

22222 
59908 
93420 
26836 
97612 

Table  25.7  ABSCISSAS  AND  W  EIGHT  FACTORS  FOR  GAUSSIAN  INTEGRATION 

FOR  INTEGRANDS  WITH  A  LOGARITHMIC  SINGULARITY 

n  »  /■(2")(r)  ^, 

/„'  /(..)  Inr  </.<  =  S  «•,/(.•,)  + -(2;7)f  ^" 

Abscissas=i,  Weight  Factors="',- 


r, 

—  Wi 

K„ 

»       r, 

—  Wi 

A'„ 

II              I'l 

—  Wi 

A'„ 

0.112009 

0.718539 

0.00285 

3  0.063891 

0.513405 

0.00017 

4  0.041448 

0.383464 

0.00001 

0.602277 

0.281461 

0.368997 
0.766880 

0.391980 
0.094615 

0.245275 
0.556165 
0.848982 

0.386875 
0.190435 
0.039225 

Compiled  from  Berthod-Zaborowski,  Le  calcul  des  integrales  de  la  forme  |„'/(^)  log  '  '/'.  H.  Mineur, 
Techniques  de  calcul  numerique,  pp.  555-556.  Librairie  Polytechnique  Ch.  Beranger,  Paris,  France, 
1952  (with  permission). 


•See  page  ii. 


NUMERICAL    ANALYSIS  921 

ABSCISSAS  AND  WEIGHT  FACTORS  FOR  GAUSSIAN  INTEGRATION  OF  MOMENTS  Table  25.8 

ri*/(x)dx=2u'J(i,) 

•JO  !=  I 

Abscissas  =Xi  Weight  Factors  =u;, 

k=0  k  =  l  k=2 

n  Xi  w,  Xi  Wi  X,  w, 

1  0.50000  00000  1.00000  00000   0.66666  66667  0.50000  00000   0.75000  00000  0.33333  33333 

2  0.21132  48654  0.50000  00000  0.35505  10257  0.18195  86183  0.45584  81560  0.10078  58821 
0.78867  51346  0.50000  00000   0.84494  89743  0.31804  13817   0.87748  51773  0.23254  74513 

3  0.11270  16654  0.27777  77778  0.21234  05382  0.06982  69799  0.29499  77901  0.02995  07030 
0.50000  00000  0.44444  44444  0.59053  31356  0.22924  11064  0.65299  62340  0.14624  62693 
0.88729  83346  0.27777  77778   0.91141  20405  0.20093  19137   0.92700  59759  0.15713  63611 


0.06943 

18442 

0.17392 

74226 

0.13975 

98643 

0.03118 

09710 

0.20414 

85821 

0.01035 

22408 

0.33000 

94782 

0.32607 

25774 

0.41640 

95676 

0.12984 

75476 

0.48295 

27049 

0.06863 

38872 

0.66999 

05218 

0.32607 

25774 

0.72315 

69864 

0.20346 

45680 

0.76139 

92624 

0.14345 

87898 

0.93056 

81558 

0.17392 

74226 

0.94289 

58039 

0.13550 

69134 

0.95149 

94506 

0.11088 

84156 

0.04691 

00770 

0.11846 

34425 

0.09853 

50858 

0.01574 

79145 

0.14894 

57871 

0.00411 

38252 

0.23076 

53449 

0.23931 

43352 

0.30453 

57266 

0.07390 

88701 

0.36566 

65274 

0.03205 

56007 

0.50000 

00000 

0.28444 

44444 

0.56202 

51898 

0.14638 

69871 

0.61011 

36129 

0.08920 

01612 

0.76923 

46551 

0.23931 

43352 

0.80198 

65821 

0.16717 

46381 

0.82651 

96792 

0.12619 

89619 

0.95308 

99230 

0.11846 

34425 

0.96019 

01429 

0.09678 

15902 

0.96542 

10601 

0.08176 

47843 

0.03376 

52429 

0.08566 

22462 

0.07305 

43287 

0.00873 

83018 

0.11319 

43838 

0.00183 

10758 

0.16939 

53068 

0.18038 

07865 

0.23076 

61380 

0.04395 

51656 

0.28431 

88727 

0.01572 

02972 

0.38069 

04070 

0.23395 

69673 

0.44132 

84812 

0.09866 

11509 

0.49096 

35868 

0.05128 

95711 

0.61930 

95930 

0.23395 

69673 

0.66301 

53097 

0.14079 

25538 

0.69756 

30820 

0.09457 

71867 

0.83060 

46932 

0.18038 

07865 

0.85192 

14003 

0.13554 

24972 

0.86843 

60583 

0.10737 

64997 

0.96623 

47571 

0.08566 

22462 

0.97068 

35728 

0.07231 

03307 

0.97409 

54449 

0.06253 

87027 

0.02544 

60438 

0.06474 

24831 

0.05626 

25605 

0.00521 

43622 

0.08881 

68334 

0.00089 

26880 

0.12923 

44072 

0.13985 

26957 

0.18024 

06917 

0.02740 

83567 

0.22648 

27534 

0.00816 

29256 

0.29707 

74243 

0.19091 

50253 

0.35262 

47171 

0.06638 

46965 

0.39997 

84867 

0.02942 

22113 

0.50000 

00000 

0.20897 

95918 

0.54715 

36263 

0.10712 

50657 

0.58599 

78554 

0.06314 

63787 

0.70292 

25757 

0.19091 

50253 

0.73421 

01772 

0.12739 

08973 

0.75944 

58740 

0.09173 

38033 

0.87076 

55928 

0.13985 

26957 

0.88532 

09468 

0.11050 

92582 

0.89691 

09709 

0.09069 

88246 

0.97455 

39562 

0.06474 

24831 

0.97752 

06136 

0.05596 

73634 

0.97986 

72262 

0.04927 

65018 

0.01985 

50718 

0.05061 

42681 

0.04463 

39553 

0.00329 

51914 

0.07149 

10350 

0.00046 

85178 

0.10166 

67613 

0.11119 

05172 

0.14436 

62570 

0.01784 

29027 

0.18422 

82964 

0.00447 

45217 

0.23723 

37950 

0.15685 

33229 

0.28682 

47571 

0.04543 

93195 

0.33044 

77282 

0.01724 

68638 

0.40828 

26788 

0.18134 

18917 

0.45481 

33152 

0.07919 

95995 

0.49440 

29218 

0.04081 

44264 

0.59171 

73212 

0.18134 

18917 

0.62806 

78354 

0.10604 

73594 

0.65834 

80085 

0.06844 

71834 

0.76276 

62050 

0.15685 

33229 

0.78569 

15206 

0.11250 

57995 

0.80452 

48315 

0.08528 

47692 

0.89833 

32387 

0.11119 

05172 

0.90867 

63921 

0.09111 

90236 

0.91709 

93825 

0.07681 

80933 

0.98014 

49282 

0.05061 

42681 

0.98222 

00849 

0.04455 

08044 

0.98390 

22404 

0.03977 

89578 

ed  from  I 

i.  Fishnn 

an,  Numei 

"ical  intes 

n-ation  constants,  Math.  Tabl 

es  Aids  C 

omp.  11,  1 

-9, 1957  (with  permission) 
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Table  25.8  ABSCISSAS  AND  WEIGHT  FACTORS  FOR  GAUSSIAN  INTEGRATION  OF  MOMENTS 


•'0  1=  1 


Abscissas  =x,  ^\'eight  Factors  =  w, 

k=3  k=4:  k  =  o 

"■  3^  Wi  Zi  Wi  Xi  Wi 

1   0.80000  00000  0.25000  00000   0.83333  33333  0.20000  00000   0.85714  28571  0.16666  66667 


0.52985  79359  0.06690  52498 
0.89871  34927  0.18309  47502 


0.58633  65823  0.04908  24923 
0.91366  34177  0.15091  75077 


0.63079  15938  0.03833  75627 
0.92476  39617  0.12832  91039 


0.36326  46302  0.01647  90593 
0.69881  12692  0.10459  98976 
0.93792  41006  0.12892  10432 


0.42011  30593  0.01046  90422 
0.73388  93552  0.08027  66735 
0.94599  75855  0.10925  42844 


0.46798  32355  0.00729  70036 
0.76162  39697  0.06459  66123 
0.95221  09767  0.09477  30507 


0.26147 

77888 

0.00465 

83671 

0.31213 

54928 

0.00251 

63516 

0.35689 

37290 

0.00153 

44797 

0.53584 

64461 

0.04254 

17241 

0.57891 

56596 

0.02916 

93822 

0.61466 

93899 

0.02142 

84046 

0.79028 

32300 

0.10900 

43689 

0.81289 

15166 

0.08706 

77121 

0.83107 

90039 

0.07205 

63642 

0.95784 

70806 

0.09379 

55399 

0.96272 

39976 

0.08124 

65541 

0.96658 

86465 

0.07164 

74181 

0.19621 

20074 

0.00152 

06894 

0.23979 

20448 

0.00069 

69771 

0.27969 

31248 

0.00036 

97155 

0.41710 

02118 

0.01695 

73249 

0.46093 

36745 

0.01021 

05417 

0.49870 

98270 

0.00672 

96904 

0.64857 

00042 

0.06044 

49532 

0.68005 

92327 

0.04402 

44695 

0.70633 

38189 

0.03376 

77450 

0.84560 

51500 

0.10031 

65045 

0.86088 

63437 

0.08271 

27131 

0.87340 

27279 

0.07007 

13397 

0.96943 

57035 

0.07076 

05281 

0.97261 

44185 

0.06235 

52986 

0.97519 

38347 

0.05572 

81761 

0.15227 

31618 

0.00056 

17109 

0.18946 

95839 

0.00021 

94140 

0.22446 

89954 

0.00010 

13258 

0.33130 

04570 

0.00708 

53159 

0.37275 

11560 

0.00372 

67844 

0.40953 

33505 

0.00218 

79257 

0.53241 

15667 

0.03052 

61922 

0.56757 

23729 

0.01995 

62647 

0.59778 

90484 

0.01396 

96531 

0.72560 

27783 

0.06844 

32818 

0.74883 

64975 

0.05223 

99543 

0.76841 

36046 

0.04148 

63470 

0.88161 

66844 

0.08830 

09912 

0.89238 

51584 

0.07464 

91503 

0.90135 

07338 

0.06445 

88592 

0.97679 

53517 

0.05508 

25080 

0.97898 

52313 

0.04920 

84323 

0.98079 

72084 

0.04446 

25560 

0.12142 

71288 

0.00022 

99041 

0.15324 

14389 

0.00007 

70737 

0.18382 

87683 

0.00003 

11046 

0.26836 

34403 

0.00314 

75964 

0.30632 

65225 

0.00144 

70088 

0.34080 

75951 

0.00075 

53838 

0.44086 

64606 

0.01531 

21671 

0.47654 

00930 

0.00892 

69676 

0.50794 

05240 

0.00566 

04137 

0.61860 

40284 

0.04099 

51686 

0.64638 

93025 

0.02854 

78428 

0.67036 

34101 

0.02095 

92982 

0.78025 

35520 

0.06975 

00981 

0.79771 

66898 

0.05522 

48742 

0.81258 

84660 

0.04510 

49816 

0.90636 

25341 

0.07655 

65614 

0.91421 

99006 

0.06602 

18459 

0.92085 

64173 

0.05790 

76135 

0.98176 

99145 

0.04400 

85043 

0.98334 

38305 

0.03975 

43870 

0.98466 

74508 

0.03624 

78712 

0.09900 

17577 

0.00010 

24601 

0.12637 

29744 

0.00002 

97092 

0.15315 

06616 

0.00001 

05316 

0.22124 

35074 

0.00148 

56841 

0.25552 

90521 

0.00059 

89500 

0.28726 

44039 

0.00027 

83586 

0.36912 

39000 

0.00785 

50738 

0.40364 

12989 

0.00407 

79241 

0.43462 

74067 

0.00233 

53415 

0.52854 

54312 

0.02363 

15807 

0.55831 

66758 

0.01490 

99334 

0.58451 

85666 

0.01004 

46144 

0.68399 

32484 

0.04745 

43798 

0.70600 

95429 

0.03471 

99507 

0.72512 

64097 

0.02648 

53011 

0.82028 

39497 

0.06736 

18394 

0.83367 

15420 

0.05491 

00973 

0.84518 

94879 

0.04588 

56532 

0,92409 

37129 

0.06618 

20353 

0.92999 

57161 

0.05800 

05653 

0.93504 

35075 

0.05153 

42238 

0.98529 

34401 

0.03592 

69468 

0.98646 

31979 

0.03275 

28699 

0.98746 

05085 

0.03009 

26424 
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ABSCISSAS  AND  WEIGHT  FACTORS  FOR  LACl  FKKF  INTEGRATION  Table  2o.9 

Abscissas =.r,  (Zeros  of  Laguerre  Polynomials)  Weight  Factors  =  it;, 


0.58578  64376  27 
3.41421  35623  73 


0.41577  45567  83 
2.29428  03602  79 


n=2 

-1)8.53553  390593 
-1)1.46446  609407 


wie  » 


1.53332 
4.45095 


603312 
733505 


n=3 

11093 
78517 


009929 
733569 


07769  285927 
76214  296190 


0.15232  22277  32 

0.80722  00227  42 

2.00513  51556  19 

3.78347  39733  31 

6.20495  67778  77 

9.37298  52516  88 

13.46623  69110  92 

18.83359  77889  92 

26. 37407  18909  27 


Wi 


wie^i 


39143 
92180 
48012 
08677 
77292 
59162 
64876 
21227 
36321 


11243  16 

50285  29 

790994 

080755 

138971 

606809 

600214 

541975 

823771 


6.28994  50829  37   (-2)1.03892  565016   5.60109  462543 


0.32254  76896  19 

1.74576  11011  58 

4,53662  02969  21 

9,39507  09123  01 


0,26356  03197  18 

1.41340  30591  07 

3.59642  57710  41 

7.08581  00058  59 

12.64080  08442  76 


n=4 

(-1)6.03154  104342 

(-1)3.57418  692438 

(-2)3.88879  085150 

(-4)5.39294  705561 


71=5 

(-1)5.21755  610583 

(-1)3.98666  811083 

(-2)7.  59424  496817 

(-3)3.61175  867992 

(-5)2. 33699  723858 


0.83273  91238  38 
2.04810  243845 
3.63114  630582 
6.48714  508441 


0,67909  40422  08 
1.63848  787360 
2.76944  324237 
4.31565  690092 
7.21918  635435 


n=10 

0. 

13779 

34705 

40 

-  1)3. 

-  1)4. 

08441  115765 

0. 

35400 

97386  07 

0. 

72945 

45495 

03 

01119  929155 

0. 

83190 

23010  44 

1. 

80834 

29017 

40 

-  1)2. 

18068  287612 

1. 

33028 

856175 

3. 

40143 

36978 

55 

-  2)6. 

20874  560987 

1. 

86306 

390311 

5. 

55249 

61400 

64 

-  3  9, 

50151  697518 

2. 

45025 

555808 

8. 

33015 

27467 

64  ( 

-  4)7. 

53008  388588 

3. 

12276 

415514 

11. 

84378 

58379 

00  ( 

-  5)2. 

-  7)4. 

82592  334960 

3. 

93415 

269556 

16. 

27925 

78313 

78  ( 

24931  398496 

4. 

99241 

487219 

21. 

99658 

58119 

81  ( 

-  9)1. 
-13)9, 

83956  482398 

6. 

57220 

248513 

29. 

92069 

70122 

74  ( 

91182  721961 

9. 

78469 

584037 

22284  66041  79 
18893  21016  73 
99273  63260  59 
77514  35691  05 
83746  74183  83 


15,98287  39806  02 


0.19304  36765  60 

1.02666  48953  39 

2. 56787  67449  51 

4,90035  30845  26 

8,18215  34445  63 

12.73418  02917  98 

19. 39572  78622  63 


0.17027 

0.90370 

2.25108 

4.26670 

7.  04590 

10.75851 

15.74067 

22.86313 


96323  05 
17767  99 
66298  66 
01702  88 
54023  93 
60101  81 
86412  78 
17368  89 


n=6 

(-1)4.58964  673950  0. 

-1)4.17000  830772  1. 

-1)1.13373  382074  2. 

(-2)1.03991  974531  3. 

-4)2.61017  202815  4. 

-7)8.98547  906430  7. 


n=7 

(-1)4,09318  951701 

-1)4.21831  277862 

(-1)1.47126  348658 

(-2)2.06335  144687 

(-3)1.07401  014328 

(-5)1.58654  643486 

(-8)3.17031  547900 


57353  55074  23 
36925  259071 
26068  459338 
35052  458236 
88682  680021 
84901  594560 


0.49647  75975  40 
1.17764  306086 
1.91824  978166 
2.77184  863623 
3.84124  912249 
5. 38067  820792 
8.40543  248683 


n=8 

(-1)3.69188  589342  0.43772  34104  93 

(-1)4.13786  780814  1.03386  934767 

(-1)1.75794  986637  1.66970  976566 

2)3.33434  922612  2.37692  470176 

3)2.79453  623523  3.20854  091335 

(-5)9.07650  877336  4.26857  551083 

-7)8.48574  671627  5.81808  336867 

-9  1.04800  117487  8.90622  621529 


0. 11572 

0.61175 

1.51261 

2.83375 

4. 59922 

6.84452 

9.62131 

13.00605 

17.11685 

22.15109 

28.48796 

37.09912 


21173  58 
74845  15 
02697  76 
13377  44 
76394  18 
54531  15 
68424  57 
49933  06 
51874  62 
03793  97 
72509  84 
10444  67 


0.09330 

0.49269 

1,21559 

2.26994 

3.66762 

5. 42533 

7.56591 

10.12022 

13.13028 

16.65440 

20.77647 

25.62389 

31. 40751 

38.53068 

48.02608 


78120  17 
17403  02 
54120  71 
95262  04 
27217  51 
66274  14 
62266  13 
85680  19 
24821  76 
77083  30 
88994  49 
42267  29 
91697  54 
33064  86 
55726  86 


-  1) 

-  1 

-  1 

-  2 

-  2 

-  3 

-  V 

-  6) 

-  7 

-  "') 
-12 


n^l2 

64731 

44082 

04492 

01023 

66397 

03231 

18.36505 

1.66849 

11.34239 

I  3. 06160 


(-16)8.14807 


371055 
275873 
011320 
222117 
811546 
354187 
592663 
585682 
387654 
103052 
163504 
746743 


n  =  15 

(-  1)2.18234  885940 

1)3.42210  177923 

12.63027  577942 

26425  818106 

4.02068  649210 

8.56387  780361 

1.21243  614721 

1.11674  392344 

,45992  676202 

22631  690710 

,22743  038498 

,92189  726704 

-13)1.45651  526407 

-16)1.48302  705111 

-20)1.60059  490621 


29720 
69646 


1.10778 
1.53846 
1.99832 
2. 50074 
3. 06532 
3.72328 
4.  52981 
5.59725 
7.21299 
10.54383 


96360  44 

29804  31 

139462 

423904 

760627 

576910 

151828 

911078 

402998 

846184 

546093 

74619 


0.23957 
0.56010 
0.88700 
1.22366 
1. 57444 
1.94475 
2. 34150 
2.77404 
3.25564 
3.80631 
4.45847 
5.27001 
6. 35956 
8.03178 
11.52777 


81703  11 

08427  93 

82629  19 

440215 

872163 

197653 

205664 

192683 

334640 

171423 

775384 

778443 

346973 

763212 

21009 


Compiled  from  H.  E.  Salzer  and  R.  Zucker,  Table  of  the  zeros  and  weight  factors 
of  the  first  fifteen  Laguerre  polynomials,  Bull.  Amer.  Math.  Soc.  55,  1004-1012, 
1949  (with  permission). 
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Table  25.10        ABSCISSAS  AND  WEIGHT  FACTORS  FOR  HER  MITE  INTEGRATION 


J  —CD  1  =  1 

Abscissas =±.fi  (Zeros  of  Hermite  Polynomials) 


Weight  Factors =u7i 


±Xi 

Wi 

IC 

e^r 

±Xi 

U'i 

Wi^t 

n=2 

n^lO 

0. 

70710 

67811 

86548 

(-1)8. 

86226  92545 

28 

1. 

46114 

11826 

611 

0. 

34290 

13272 

23705  ( 

-  1)6. 

10862  63373 

53 

0. 

68708 

18539 

513 

n=3 

1. 

03661 

08297 

89514  ( 

-  12. 

40138  61108 

23 

0. 

70329 

63231 

049 

1. 

75668 

36492 

99882 

:  ^!.': 

38743  94455 

48 

0. 

74144 

19319 

436 

0. 

00000 

00000 

00000 

(  0)1. 

18163  59006 

04 

1. 

18163 

59006 

037 

2. 

53273 

16742 

32790 

34364  57467 

81 

0. 

82066 

61264 

048 

1. 

22474 

48713 

91589 

(-1)2. 

95408  97515 

71=4 

04914  09000 

09 

1. 

32393 

11752 

136 

3. 

43615 

91188 

37738 

-  6)7. 

64043  28552 

33 

1. 

02545 

16913 

657 

0. 

52464 

76232 

75290 

(-1)8. 

55 

1. 

05996 

44828 

950 

n=12 

1. 

65068 

01238 

85785 

(-2)8. 

13128  35447 

25 

1. 

24022 

58176 

958 

0. 

31424 

03762 

54359 

-  1)5. 

70135  23626 

25 

0. 

62930 

78743 

695 

n=5 

0. 

94778 

83912 

40164 

-  12. 

60492  31026 

42 

0. 

63962 

12320 

203 

1. 

59768 

26351 

52605 

-  2)5. 

-  3)3. 

16079  85615 

88 

0. 

66266 

27732 

669 

0. 

00000 

00000 

00000 

(-1)9. 

45308  72048 

29 

0. 

94530 

87204 

829 

2. 

27950 

70805 

01060 

90539  05846 

29 

0. 

70522 

03661 

122 

0. 

95857 

24646 

13819 

-1)3. 

93619  32315 

22 

0. 

98658 

09967 

514 

3. 

02063 

70251 

20890 

(-  5)8. 

57368  70435 

88 

0. 

78664 

39394 

633 

2. 

02018 

28704 

56086 

(-2)1. 

99532  42059 

n=6 

24629  59522 

05 

1. 

18148 

86255 

360 

3. 

88972 

48978 

69782 

-  7)2. 

65855  16843 

56 

0. 

98969 

90470 

923 

0. 

43607 

74119 

27617 

(-1)7. 

44 

0. 

87640 

13344 

362 

n  =  16 

1. 

33584 

90740 

13697 

(-1)1. 

57067  32032 

29 

0. 

93558 

05576 

312 

0. 

27348 

10461 

3815 

(-  1)5. 

07929  47901 

66 

0. 

54737 

52050 

378 

2. 

35060 

49736 

74492 

(-3)4. 

53000  99055 

09 

1. 

13690 

83326 

745 

0. 

82295 

14491 

4466 

(-  1)2. 

80647  45852 

85 

0. 

55244 

19573 

675 

n=7 

1. 

38025 

85391 

9888 

(-  2)8. 

38100  41398 

99 

0. 

56321 

78290 

882 

1. 

95178 

79909 

1625 

(-  2)1. 

28803  11535 

51 

0. 

58124 

72754 

009 

0. 

00000 

00000 

00000 

(-1)8. 

10264  61755 

68 

0. 

81026 

46175 

568 

2. 

54620 

21578 

4748 

-  4)9. 

32284  00862 

42 

0. 

60973 

69582 

560 

0. 

81628 

78828 

58965 

(-1)4. 

25607  25261 

01 

0. 

82868 

73032 

836 

3. 

17699 

91619 

7996 

-  5)2. 

71186  00925 

38 

0. 

65575 

56728 

761 

1. 

67355 

16287 

67471 

(-2)5. 

45155  82819 

13 

0. 

89718 

46002 

252 

3. 

86944 

79048 

6012 

(-  7)2. 

32098  08448 

65 

0. 

73824 

56222 

777 

2. 

65196 

13568 

35233 

(-4)9. 

71781  24509 

n=8 

61147  01255 

95 

1. 

10133 

07296 

103 

4. 

68873 

89393 

0582 

[-10)2. 

65480  74740 

11 

0. 

93687 

44928 

841 

0. 

38118 

69902 

07322 

(-1)6. 

82 

0. 

76454 

41286 

517 

n  =  20 

1 

15719 

37124 

46780 

-1)2. 
(-2)1. 

07802  32581 

49 

0 

79289 

00483 

864 

0. 

24534 

07083 

009 

(-  1)4. 

62243  66960 

06 

0. 

49092 

15006 

667 

1 

98165 

67566 

95843 

70779  83007 

41 

0 

86675 

26065 

634 

0. 

73747 

37285 

454 

(-  12. 

86675  50536 

28 

0. 

49384 

33852 

721 

2. 

93063 

74202 

57244 

(-4)1. 

99604  07221 

14 

1 

07193 

01442 

480 

1. 

23407 

62153 

953 

(-  1)1 

09017  20602 

00 

0. 

49992 

08713 

363 

/i=9 

1. 

73853 

77121 

166 

!:  r3 

48105  20887 

46 

0 

50967 

90271 

175 

2 

25497 

40020 

893 

24377  33422 

38 

0 

52408 

03509 

486 

0 

00000 

00000 

00000 

(-1)7 

20235  21560 

61 

0 

72023 

52156 

061 

2. 

78880 

60584 

281 

(-  4  2. 
(-  6  7 

28338  63601 

63 

0. 

54485 

17423 

644 

0 

72355 

10187 

52838 

-1)4 

32651  55900 

26 

0 

73030 

24527 

451 

3. 

34785 

45673 

832 

80255  64785 

32 

0. 

57526 

24428 

525 

1 

46855 

32892 

16668 

(-2)8 

84745  27394 

38 

0 

76460 

81250 

946 

3 

94476 

40401 

156 

(-  7)1. 

08606  93707 

69 

0 

62227 

86961 

914 

2 

26658 

05845 

31843 

(-3)4 

94362  42755 

37 

0 

84175 

27014 

787 

4 

60368 

24495 

507 

(-10)4 

39934  09922 

73 

0 

70433 

29611 

769 

3 

19099 

32017 

81528 

-5)3 

96069  77263 

26 

1 

04700 

35809 

767 

5 

38748 

08900 

112 

(-13)2 

22939  36455 

34 

0 

89859 

19614 

532 

Compiled  from  H.  E.  Salzer,  R.  Zucker,  and  R.  Capuano,  Table  of  the  zeros 
and  weight  factors  of  the  first  twenty  Hermite  polynomials,  J.  Research  NBS 
48, 111-116,  1952,  RP2294  (with  permission). 


Table  25.11 


COEFFiaENTS  FOR  FILON'S  QUADRATURE  FORMULA 


6 

a 

0 

7 

0.00 

0.  00000 

000 

0.  66666 

667 

1.33333  333 

0.01 

0.00000 

004 

0.66668 

000 

1.33332  000 

0.02 

0.00000 

036 

0.  66671 

999 

1.33328  000 

0.03 

0.00000 

120 

0.66678 

664 

1.33321  334 

0.04 

0.00000 

284 

0.  66687 

990 

1.33312  001 

0.05 

0.00000 

555 

0.66699 

976 

1.33300  003 

0.06 

0.  00000 

961 

0.66714 

617 

1.33285  340 

0.07 

0,00001 

524 

0.66731 

909 

1.33268  012 

0.08 

0.  00002 

274 

0.  66751 

844 

1.33248  020 

0.09 

0.00003 

237 

0,66774 

417 

1.33225  365 

0.1 

0,00004 

438 

0.66799 

619 

1.33200  048 

0.2 

0.00035 

354 

0.67193 

927 

1.32800  761 

0,3 

0.00118 

467 

0.  67836 

065 

1.32137  184 

0.4 

0.00278 

012 

0.68703 

909 

1.31212  154 

0.5 

0,00536 

042 

0.  69767 

347 

1.30029  624 

0.6 

0.00911 

797 

0.70989 

111 

1.28594  638 

0.7 

0.  01421 

151 

0,72325 

813 

1.26913  302 

0.8 

0.02076 

156 

0,73729 

136 

1.24992  752 

0.9 

0.02884 

683 

0.75147 

168 

1.22841  118 

1.0 

0.03850 

188 

0.76525 

831 

1.20467  472 

See  25.4.47. 
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26.1.     Probability    Functions:   Definitions  and 
Properties 

Univariate  Cumulative  Distribution  Functions 

A  real-valued  function  F{x)  is  termed  a  (uni- 
variate) cumulative  distribution  function  (c.d.f.) 
or  simply  distribution  function  if 

i)  F{x)  is  non-decreasing,  i.e.,  F{xi)<F{x2)  for 

Zl<J2 

ii)  F{x)    is    everj-where    continuous    from    the 
right,  i.e.,  i^(a-)=lim  F(x-\-€) 

iii)  /'(_«)  =  o,  F(o=)  =  l. 

The  function  F(x)  signifies  the  probability  of 
the  event  ^'X<x"  where  X  is  a  random  variable, 
i.e.,  Pr{X<x]=F(x),  and  thus  describes  the 
c.d.f.  of  X.  The  two  principal  types  of  distribu- 
tion functions  are  termed  discrete  and  continuous. 

Discrete  Distributions :  Discrete  distributions  are 
characterized  by  the  random  variable  X  taking 
on  an  enumerable  number  of  values  .  .  .,  x-i, 
Xn,  Xi,  .  .  .  with  point  probabilities 

p,=Pr[X=Xn}>0 

which   need   only   be   subject    to   the   restriction 

z;pn=i. 

n 

The  corresponding  distribution  function  can 
then  be  written 


26.1.1 


Fix)=Pr{X<x]  =  j:p„ 


'  Comment  on  notation  and  conventions. 

a.  We  follow  the  customary  convention  of  denoting  a 
random  variable  by  a  capital  letter,  i.e.,  X,  and  using  the 
corresponding  lower  case  letter,  i.e.,  z,  for  a  particular 
value  that  the  random  variable  assumes. 

b.  For  statistical  applications  it  is  often  convenient  to 
have  tabulated  the  "upper  tail  area,"  l  —  F{x),  or  the 
c.d.f.  for  \X\,  F{x)  —  F{—x),  instead  of  simply  the  c.d.f. 
F{x).  We  use  the  notation  P  to  indicate  the  c.d.f.  of 
X,  Q  —  l  —  P  to  indicate  the  "upper  tail  area"  and  A  = 
P  —  Q  to  denote  the  c.d.f.  of  \X\.  In  particular  we  use 
P{x),  Q(x),  and  A(x)  to  denote  the  corresponding  functions 
for  the  normal  or  Gaussian  probability  function,  see 
26.2.2-26.2.4.  When  these  distributions  depend  on  other 
parameters,  say  di  and  $2,  we  indicate  this  by  writing 
P(x\9i,  Oi),  Q{x\ei,  62),  or  A(x\ei,  62).  For  example  the  chi- 
square  distribution  26.4  depends  on  the  parameter  v  and 
the  tabulated  function  is  written  Q(x^\v). 


where  the  summation  is  over  all  values  of  x  for 
which  Xn<x.  The  set  {x„}  of  values  for  which 
p„>0  is  termed  the  domain  of  the  random  variable 
X.  A  discrete  distribution  of  a  random  variable 
is  called  a  lattice  distribution  if  there  exist  numbers 
a  and  6?^0  such  that  every  possible  value  of  X 
can  be  represented  in  the  form  a-\-bn  where  n 
takes  on  only  integral  values.  A  summary  of 
some  properties  of  certain  discrete  distributions 
is  presented  m  26.1.19-26.1.24. 

Continuous  Distributions.  Continuous  distri- 
butions are  characterized  by  F(x)  being  absolutely 
continuous.  Hence  F(x)  possesses  a  derivative 
F\x)=f{x)  and  the  c.d.f.  can  be  written 

26.1.2       F(x)=Pr{X<x}=  C  J{t)dt. 

The  derivative  /(z)  is  termed  the  probability 
density  Junction  (p.d.f.)  or  frequency  function,  and 
the  values  of  x  for  which  /(a-)>0  make  up  the 
domain  of  the  random  variable  X.  A  summary 
of  some  properties  of  certain  selected  continuous 
distributions  is  presented  in  26.1.25-26.1.34. 

Multivariate  Probability  Functions 

The  real-valued  fimction  ^(0*1,  Xj,  •  •  •  a^n) 
defines  an  n-variate  cumulative  distribution  func- 
tion if 

i)  F{xi,  X2,  .  .  .  Xn)  is  a  non-decreasing  func- 
tion for  each  Xt 

ii)  F(xi,  X2,  .  .  .  Xn)  is  continuous  from  the 
right  in  each  z<;  i.e.,  F(xi,  x^,  .  .  .  x„) 
=lim  F(xi,  .  .  .,  Xt-\-f,  .  .  .,  x„) 

«-»0-(- 

iii)  F(xi,  X2,  .  .  .  a;„)  =  0  when  any  x<=— «; 
F{os ^  00,  .  .  .,  oo)  =  i.  The  function 
F{xi,  X2,  .  .  .,  x„)  signifies  the  probability 
of  the  event  Xi<Xj,  X2<X2,  .  .  .,  Xn<Xn 
where  Xi,  X2,  .  .  .  Xn  is  a  set  of  n 
random  variables. 

Thus  Pr[X,<x„  X2<X2,  .  .  .,  X,<x,}  = 
F{xi,  X2,  .  .  .  Xn)-  The  two  principal  types  of  n- 
variate  distribution  functions  termed  discrete  and 
continuous,  are  defined  in  a  manner  similar  to  the 
corresponding  cases  for  the  univariate  distribution 
function. 
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Characteristics  of  distribution  functions:  Moments,  characteristic  functions,  cumulants 


Continuous  distributions 

Discrete  distributions 

26.1.3 

nti>  moment  about  origin 

Ml=r"    x'mdx 

s 

26.1.4 

mean 

m=n[=  1        zf(x)dx 

s 

26.1.5 

variance 

(rJ=M;-77i>=  j"    (x-m)*mdx 

<r*=^-m*='^  {x.-m)*p. 
s 

26.1.6 

n»>  central  moment 

M.=  j  "^  (z-m)-/(i)«tr 

>«.=2^  (r.-m)-p. 
» 

26.1.7 

expected  value  operator  for 
the  function  g{x) 

Els(.X)]=\        g{x)f{x)dx 

J  —  00 

£to(.SO]=^  g{x.)p. 
s 

26.1.8 

characteristic  function  of  X 

,>»)  =  E(<''^=  J"^  e'"f{x)dx 

8 

26.1.9 

characteristic    function    of 
g(X) 

.^,(t)  =  £((!''«(^)=  1  °°    ('•'Mf(x)dx 

« 

26.1.10 

inversion  formula 

/(i)=^r"^«-'"«(t)<tt 

6  f'/ft 
2V-T/6 

Oattice  distributions  only) 

Relation  of  the  Characteristic  Function  to  Moments 
About  the  Origin 


26.1.11 


26.1.12 


«'"(o)=[^*w]_^=iv; 

Cumulant  Function 

n=0        ni 


K„  is  called  the  n^^  cumulant. 

26.1.13      Ki=m,  K2=a^,  k3=M3,  'C4=M4— Sm; 


Relation  of  Central  Moments  to  Moments  About  the 
Origin 

26.1.14 


"•=§0^-1)""'"= 


m 


n-j 


26.1.15 
26.1.16 


Coefficients  of  Skewness  and  Excess 

(skewness) 


<v   —   '^3   _M3 


72=-2=-4— 3 
K5       <T 


(excess) 


Occasionally  coefficients  of  skewness  and  excess 
/or  kurtosis)  are  given  by 


26.1.17 
26.1.18 


-H^' 


/3 


/32  =  72  +  3=-4 


(skewness) 


(excess  or  kurtosis) 
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Inequalities  for  distribution  functions 
(F(i)  denotes  the  c.d.f.  of  the  random  variable  Xand  t  denotes  a  positive  constant;  further  m  is  always  assumed  to  be  finite  and  all  expectations  are  assumed  to  exist.) 


Inequality 


26.1.35      Pr\g{X)>t]<E[giX)]lt 


26.1.36  Pr{X>t]<mlt 
F{t)>l-^ 

26.1.37  Pr{\X-m\>t<T]<l/t^ 


Fim  +  t<r)-F{m-t,T)>l-- 


26.1.38 

Pr\\X-m\>t^\<:^, 


26.1.39 


Pr{\X-m\>ta]<^{ 


hc^y 


F(m  +  t<r)  -  F{m-t(r)  >1- 


(t-\^^^^=^\) 


26.1.40      Prl|Z-7n|><(7l<4/9<2 


F{m-\-t(T)  -F(,m-t(T)  >\- 


9^ 


26.1.41      Pr\\X-m\>ta]< 
F(m  +  t(T)-F{m-tff)  >1- 


fn  —  a* 


fH  —  <^ 


Conditions 


(i)   9iX)>0 

(i)   Pr{  X<0]=0 
(ii)   EiX)  =  m 


(i)    EiX)  =  m 
(ii)   E{X-my^a^ 


(i)  E{Xd=mi 

(ii)  E{Xi-miy  =  (Tj 

(ui)  E{[X,-mi][X,-m,])=0{i9^j) 

—        ^    Y 

(iv)  ^  =  St' 

(i)  £;(X-m)2  =  (r2 

(ii)  F{x)  is  a  continuous  c.d.f. 

(iii)  F{x)  is  unimodal  at  xo' 


(i)  E{X-my  =  <r> 

(ii)  F(x)  is  a  continuous  c.d.f. 

(iii)  F{x)  is  unimodal  at  Xo* 

(iv)  m=Xo 

(i)   ^(X-m)2  =  a2 
(ii)   £(X-m)«  =  M4 


•zo  is  such  that  F'(zo)>F'{x)  for  zt^zo. 

26.2.  Normal  or  Gaussian  Probability  Function 


V27r 


26.2.1 
26 


.2.2    P(x)=-L  r    e-''/2^^=  r    Z(0(^< 

26.2.3  Q(2:)=^  f"  e-''/2(/^=  f"  Z(0(^« 

26.2.4  ^(x)=-L  f  6-''/2^^=  f  Z(0(^i 

■\2ir  J  -X  J  -X 

26.2.5  P(x)  +  Q(x)  =  l 

26.2.6  P(-x)  =  Q{x) 

26.2.7  ^(x)=2P(a:)-l 

Probability  Integral  with  Mean  m  and  Variance  <r^ 

A  random  variable  X  is  said  to  be  normally 
distributed  with  mean  m  and  variance  a'^  if  the 
probability  that  X  is  less  than  or  equal  to  x  is 
given  by 


26.2.8 


1         nx         (t-m)* 

Pr{X<x}=-j=         e'^^dt 

V2ii^J-»  \     <^    / 

The  corresponding  probability  density  function 


IS 

26.2.9 


(z-m)' 
2^2 


A  p  A— m\     1  7  /x— yn\        1 
dx       \     a     J     a      \     a     J     ff^2ir 

and  is  symmetric  around  m,  i.e. 


The  inflexion  points  of   the   probability  density 
function  are  at  m±a. 


273-888  0-67— 60 


•See  page  II. 
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Power  Series  (x  >0) 

26.2.10        p,  ^     1  ,  J_  f.  i-l)"!'''^' 


26.2.11 


.2n+l 


P(x)=2+Z(x)  2  i.3.s..,(2„+i) 

Asymptotic  Expansions  (x>0) 

26.2.12 


(-l)"l-3  ..  .(2n- 


n-l)\ 


-\-R, 


where 


Z(t) 


R„=[-ir+n.3.  .  .  {2n+l)j^'^.dt 


which    is   less   in    absohite    value    than   the   first 
neglected  term. 


26.2.13 


0(x)^^^^  1 ^    , 


{ 


(ar2+2)  (2:2+4)  (^2+6) 


} 


where  ai=l,  a2=],  03=5,  (24  =  9,  05=129  and  the 
general  term  is 

a„=Col  •  3  .  .  .  (2n-l)+2fil  •  3  .  .  .  (2;i— 3) 

+22C2I  •  3  .  .  .  (2n-5)+  .  .  .  +2'-ic„_i 

and  Ci  is  the  coefficient  of  f"*  in  the  expansion  of 

t{t-l)  .  .  .   (f-n+1). 

Continued  Fraction  Expansions 


26.2.14 


_2 3 4^ 

0*+  2+  x-r 


}  ' 


26.2.15 


\l-3+ 5-7+9--  ■  7 


/!/  \     1     ry/  \    f   ^     x^  2:^  ?iX^  4j^ 


a;>0) 


(^>0) 


1+^ 


Polynomial    and    Rational    Approximations^    for    P(x) 
and  Z(x) 

0<X<OD 

26.2.16 

P{x)  =  \-Z{x){a^t^a^f^a^t^)^-^{x), 

h(a:)|<lXlO-« 

;?=. 33267         rti  =  .43618  36 

02=  — .12016  76 
a3  =  .93729  80 

26.2.17 

Pix^  =  \-Z{x){h,t^h^t''^h^t'^h,i'^h,t')^t{x), 


1 


1-fpx 

|e(a:)|<7.5X10-« 

i?=.23164  19 
61=  .31938  1530    64= -1.82125  5978 
62= -.35656  3782    65=   1.33027  4429 
63=  1.78147  7937 

26.2.18 

P(x)  =  l-^(l+CiZ+C2X2+C3X^  +  C4Z*)-*  +  €(x) 

|e(x)|<2.5X10-'' 
Ci  =  . 196854         C3  =  .000344 
f2=. 115194         C4=.019527 

26.2.19 

p(x)=i-^  {\^-d,x^-d^^di^ 

+  (f4X*+(f5X'  +  (f6X«)-'«  +  c(x) 

|6(x)|<1.5X10-" 
(/i  =  . 04986  73470    c?4= -00003  80036 
G?.  =  .02114  10061    (/5=. 00004  88906 
c/3  =  . 00327  76263    (/6=. 00000  53830 

26.2.20  Z(x)  =  (ao+a2x'+a4x'+a6X«)-^+€(x) 
|6(x)!<2.7X10-^ 
Go=2.490895    04=  -  .024393 
^2=  1.466003    06=  .178257 


"  Based  on  approximations  in  C.  Hastings,  Jr.,  Approxi- 
mations for  digital  computers.  Princeton  Univ.  Press, 
Princeton,  X.J.,  1955  (with  permission). 


26.2.21 

|e(x)|<2.3XlO-' 

6o=2.50523  67  66=       13064  69 

62=1.28312  04  63  =— .02024  90 

64=   .22647  18         610=     .00391  32 

Rational  Approximations  '  for  Xp  where  Q(.Xp)=p 

0<p<.5 
26.2.22 
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^''"^    1+61^+62^' 


■fe(^),  t 


"V^V 


\^(p)\<3XlO-' 

ao=2.30753         61  =  .99229 
ai=  .27061         62  =  . 04481 


26.2.23 


Xp=i- 


Co-\-c,t-\-C2t'  . 


V^v 


^  =  -/ln^. 


|e(p)|<4.5X10-^ 

Co=2.515517  0^1  =  1.432788 
Ci=  .802853  d2=  .189269 
C2=   .010328         d3=   .001308 

Bounds    Useful    as    Approximations    to    the    Normal 
Distribution  Function 


26.2.24 


P(x)<^ 


Piix)=l-\-^(l-e-^y')i        (x>0) 


Pix)  >  - 


A  u) =^+^  (1 -6-2^^/— ^^1^  x*6-^/2y 

(x>0) 


P4(x)  =  l (27r)-ie-^V2         (x>2.2) 


See  Figure  26.1  for  error  curves. 


p(«)-p(«) 


Figure  26.1.     Error     curves     for      bounds      on      normal 
distribution. 


Derivatives  of  the  Normal  Probability  Density  Function 

26.2.26 


Z-(.)=J^Z(x) 


(x>lA) 


Differential  Equation 

26.2.27    Z^"»+2>(x)+xZ('»+»(a:)  +  (w  +  l)Z^'"na:)=-0 

Value  at  a;=0 

26.2.28 


^<"»'(0)  =  ^ 


(_l)>»/2y^| 


for  m=2r,  r=0,  1, 


for  odd  m>0 
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Function 
26.2.29    Error  function 


26.2.30  Incomplete  gamma  function  (special  case) 

26.2.31  Hermite  polynomial 

26.2.32 

26.2.33    Hh  function 
26.2.34 


Relation 


erf  x=2P(x^|2)-l 

Zj{x) 


[2P(^^)-1] 


Iln{x)  =  {-\Y2-l'' 


Z(«Ka;v^) 


26.2.35    Tetrachoric  function 

26.2.36 

26.2.37  " 

26.2.38 

26.2.39  " 

26.2.40  Parabolic  cylinder  function 


Z(a;V2) 
iy/i_„(x)  =  (-l)»-»V2^Z('»-"(a:) 

m.(x)=(-i).m_.(x),^.(|W) 


T,(a;)  =  ^     '/,      Z^»-"(x) 


Confluent  hypergeometric  function  (special       M (->  -,——)z=^<  p(x)-~-  V 
case)  \2  2      2j      X     I  2j 

,    /2m  +  l    1      3A_Z<^'">(a:) 
V      2      '2'     2/    Z<2'")(0) 

2m+2  3      x2\_Z<2'»-i)(x) 


,    /2m+2  3  _x^\  

V       2       '2'       2y/       xZ(2m)(0) 


Repeated  Integrals  of  the  Normal  Probability  Integral 

26.2.41      ^n(x)=(    In-i{t)dt         {n>0) 

where  I-i{x)=Z{x) 
26.2.42 

/_„(:r)=(-J^y~Z(x)  =  (-l)«-»Z<«-»(x) 


^^•^•^      (^^+4'-^)^"(^^=« 


(n>-l) 


26.2.44 

(n-^l)ln+i(x)+xh(x)-h.i{x)  =  0       (n>-l) 


(x>0) 
(a;>0) 


(ri>0) 
(n>0) 


(x>0) 
(x>0) 
(x>0) 
(a;>0) 
(n>0) 
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26.2.45 

(n>-l) 


26.2.46 


/„(0)=/_„(0)  = 


1 


G)' 


n  +  2 

!2  2 


(n  even) 


Asymptotic    Expansions    of    an    Arbitrary    Probability 
Density  Function  and  Distribution  Function 

LetF,(i=l,2,  .  .  .,  n)  he  n 

independent  random  variables  with  mean  nii, 
variance  a'i,  and  higher  cumulants  k^,  ,.  Then 
asymptotic  expansions  with  respect  to  n  for  the 
probabihty  densit}'  and  cumulative  distribution 
function  of 

TO 


26.2.47 


-[l^Z-(.)+^^Z<^x)-f    -"' 


1296 


+[7ro2"'w+i42'"(^)+li^'"(^> 


+^Z"»'W+3J^Z™(x)]+.. 


26.2.48 


Fix)  ^P{x)  -[^  Z'^^  (^)]+[l  ^^'^  (^)  +^  ^^'*'  (^)] 


-[ 


73 


7i72 


7i 


1^0  ^"(^)+T^4^"(^^^  1296 


Z<«>(a;)l 


+[7^  Z^-(x)+^  2"^(^)+^  Z"^(x) 


TiTa 
720 


where 


1  GS""') 


7r-2 


--1    /I       "  V^ 


Terms  in  brackets  are  terms  of  the  same  order 
with  respect  to  n.  When  the  Yi  have  the  same 
distribution,  then  mi=m,  a^t^a^,  Kr,i=Kr  and 


7r-2  = 


Asymptotic  Expansion  for  the  Inverse  Function  of  an 
Arbitrary  Distribution  Function 

Let  the  cumulative  distribution  function  of 
Y^^  Yt  be  denoted  by  F(y) .  Then  the  (Cornish- 
Fisher)  asymptotic  expansion  with  respect  to  n  for 
the  value  of  y^  such  that  F(yp)  =  1  —p  is 

26.2.49  yp^m-\-aw 

where 

'W=x+[yihi(x)] 

+  [72/^2(2:) +7?Aii(x)] 

+  [73^3(2;)  +7i72^i2  (a;)  +7?^iii  (a;)  ] 

-{-[jiKix)  -\-ylh22(x)  +7i7A3(x)  +7?72^ii2(a;) 

+ythniiix)]i-  .  .  . 


and 


Q(x)=p,       7,_2=-^2'        ^=3,4, 


26.2.50 


hi(x)=-He2{x) 


h2{x)=^Hez{x) 


hn{x)  =  -^[2He^{x)-{-He,{x)] 


36 


h{x)=^[He,{x)] 


hi2(x)  =  —^  [Hei(x)-\-He2{x)] 


hni(x)=^  [12He,(x)  +  ime2{x)] 
hi{x)=^He^{x) 

h22{x)^-^[me,{x)+me^{x)^2He,{x)] 
hn{x)  =  -^  [2He,{x)-\-me^{x)] 

hn2{x)=^[UHe,{x)-^2,me^{x)+me,{x)] 


hnu{x)  =  - 


1 


7776 


[2b2He,{x)+^'i2Hez{x) 


+227Hg,(x)] 

Terms  in  brackets  in  26.2.49  are  terms  of  the 
same  order  with  respect  to  n.  The  He„(x)  are  the 
Hermite  polynomials.     (See  chapter  22.) 


936 


PROBABILITY    FUNCTIONS 


26.2.51 


Z'-^'Hx)         l^J  (  —  IV 


-n  — 2m 


Z{x)         '^^0  2'"m!(n-2w)! 
In  tlie  followino;  auxiliary  table,  the  polynomial  functions  hi{x),  hiix)  .   .  .  huu{x)  are  tabulated  for 

p  =  .25,  A,  .05,  .025,  .01,  .005,  .0025,  .001,  .0005. 
Auxiliary  coefficients^  for  use  with  Cornish-Fisher  asymptotic  expansion.     26.2.49 


.25 

.10 

.05 

.025 

.01 

.005 

.0025 

.001 

.0005 

X 

.67449 

1. 28155 

1.64485 

1.959% 

2.32635 

2.57583 

2.80703 

3.09022 

3.2%53 

>iiU) 

-.09084 

.10706 

.28426 

.47358 

.73532 

.93915 

1.14657 

1.  42491 

1.  63793 

hi(x) 

-.07153 

-.07249 

-.02018 

.06872 

.23379 

.39012 

. 57070 

.84331 

1.07320 

hii(z) 

.07663 

.06106 

-.01878 

-.14607 

-.37634 

-.59171 

-.83890 

-1.21025 

-1.52234 

h3(r) 

.00398 

-.03464 

-.04928 

-.04410 

-.00152 

.06010 

.14841 

.30746 

.46059 

h,s(i) 

.00282 

.14644 

.17532 

. 10210 

-.  17621 

-.53531 

-1.02868 

-1.89355 

-2.  71243 

h,u(x) 

-.01428 

-.  11629 

-.11900 

-.02937 

. 25195 

.  59757 

1.06301 

1.  86787 

2.  62337 

h,(z) 

.00998 

.00227 

-.01082 

-.02357 

-.03176 

-.02621 

-.00666 

.04591 

.10950 

hij(r) 

-.03285 

.00776 

.05985 

.0%59 

.07888 

-.01226 

-.  19116 

-.59060 

-1.03555 

hi3(j) 

-.05126 

.01086 

.09462 

.16106 

.16058 

.05366 

-.  17498 

-.70464 

-1.30531 

hiij(j) 

.14764 

-.10858 

-.39517 

-.55856 

-.32621 

.356% 

1.60445 

4.29304 

7.23307 

hmi(T) 

-.06898 

.09585 

.25623 

. 31624 

.07286 

-.46534 

-1.39199 

-3. 32708 

-5. 40702 

«  From  R.  A.  Fisher.  Contributions  to  mathematical  statistics.  Paper  30  (with  E.  A.  Cornish)  Extrait  de  la  Revue  de 
I'Institute  International  de  Statistique  4. 1-14  (1937)  (with  permission). 


26 
26 


26.3.  Bivariate  Normal  Probability  Function 
26.3.1 

26.3.2    g(x,y,p)^{\-p')-iZix)z(^^^^ 

26.3.3 

L{h,k,p)=\    dx\     g{x,y,p)dy 

=  rZ(x)dx  rZ(,w)dw,       w={^^^\ 
.3.4     L{-h,-k,p)=\     dxl      g(x,y,p)dy 
.3.5     L{-h,k,-'p)=r  dxf   g{x,y,p)dy 

J  -CD  Jk 

/•to  pk 

26.3.6  L{h,—k,-p)=\     dx\      g{x,y,p)dy 

%/  h  %J  —  CO 

26.3.7  L{h,k,p)--=-L{k,h,p) 

26.3.8  Li-h,k,p)+L(h,k,-p)  =  Q{k) 

26.3.9  L{-h,  -k,  p)-L(h,k,  p)=P(k)-Q(h) 
26.3.10 

2[L(h,  A-,  p)+L{h,  k,  -p)  +  P(/i)-Q(^)]-l 

=       dxl      g{x,  y,  p)dy 

J -h       J -k 

Probability    Function   With   Means   nij,    fn„,  Variances 
al,  of,  and  Correlation  p 

The  random  variables  X,  Y  are  said  to  be  dis- 
tributed as  a  bivariate  Normal  distribution  with 

•See  page  ii. 


means  and  variances  {nix,  w*»)  and  {<ri,  (j\)  and 
correlation  p  if  the  joint  probability  that  X  is 
less  than  or  equal  to  h  and  Y  less  than  or  equal  to 
k  is  given  by 


26.3.11 


ft  —  mi      k — n. 


Pr[X<h,Y<k]=^   {  "     f"    g{s,t,p)dsdt 

f^X^V  J -co  J  -00 

The  probability  density  function  is 


26.3.12 


Zir<Jx<jy-\  1  — 


1  —Q  1    _(x—m,  y—m,    \ 


where 


(x-mj"    2p{x-m^{y-my)     (y-m„y 


o". 


■Cz<^V 


Circular  Normal  Probability  Density  Function 
26.3.13 


1,(£^..V^.,0> 


27ra 


1              {x-mxY+{y-m,)'' 
—^  exp ^-2 


PROBABILITY    FUNCTIONS 


937 


26.3.14 
26.3.15 
26.3.16 
26.3.17 
26.3.18 

26.3.19 

P 


Special  Values  of  L(/i,  k,  p) 

L{h,k, -l)=0        {h-\-k>0) 

L(h,k,  -l)=P{h)-Q{k)        (h+k<0) 

L(h,k,l)  =  Q(h)        {k<h) 

L{h,k,\)  =  Q{k)        {k>h) 

rm  n    ^     1  ,  arc  sin  p 


L(h,  k,  p)  as  a  Function  of  L(h,  0,  p) 


26.3.20 

L{h,k,p)=Lfh,0, 

+L 


(ph—k)  (sgn  h) 


) 


^Jh'-2phk+k\ 
/^       (pk-h)  (sgn  Ic)\ 
\      \Jh'-2phk+k' J 

ilhk>0  oThk=0 
8iudh-\-k>0 
therwise 


fo         if 
J  ai 

\h      01 


where  sgn  h—1  if  ^>0  and  sgn  A=  — 1  if  h<CiO. 
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0         .05       .10  15        .20       .25       .30       .35       .40        45        .50       .55       .60       .65       .70       .75       .80       .85        90        .95      1.00 

Figure  26.2.     L()i,    0,    p)   jor   0</i<l    and    -1<p<0. 
Values  for  ft<0  can  be  obtained  using  L(/i,  0,  — p)«^-L(-ft,  0,  p). 
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Figure  26.3.     L{)i,    0,    p)   jor   0<A<1    and   0<p<1. 

Values  for  /i<0  can  be  obtained  using  i(/i,  0,  — p)  =  ^— L(— A,  0,  p). 
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Figure  26.4.     Lih,  0,  p)  for  h>l  and  -1<p<1. 

Values  for  /KO  can  be  obtained  using  L(ft,  0,  —p)  =  ^  —  L(—h,  0,  p.) 
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Integral  0>er  an  Ellipse  With  Center  at  (m,,  m^) 

26.3.21 


where  A  is  the  area  enclosed  by  the  ellipse 


(^) 


26.3.22 


(TtO'v 


+(y:=3?j  ^a?(l-^) 


Integral  Over  an  Arbitrary  Region 


JJa(x.v)  \     <^z  <^v  / 

=  I  g{s,  t,  o)dsdt 

J  J  A'(t.t) 

where  A*{s,  t)  is  the  transformed  region  obtained 
from  the  transformation 

V2+2p\     <^x  (Jv    / 

t=     ~^     /x—TTir    y—my\ 
■yj2—2p  \    <^z  <yy    ) 


Integral  of  the  Circular  Normal  Probabihty  Function 
With  Parameters  fnx=rF»y=0,  <r=l  Ch'er  the  Triangle 
Bounded  by  >'=0,  y=ax,  x=h 

26.3.23 

V{h,ah)=^  r  C"  e-^'^+^'^clxdy 
^1^  Jo   Jo 


=^  -^LQi,  0,  p)-Z(0, 0,p)-\  Q{h) 


where 


Integral  of  Circular  Normal  Distribution  Over  an  Offset 
Circle  With  Radius  Ra  and  Center  a  Distance  ra  From 

(mi,  niy) 

26.3.24 

where  P(R^  2,  r^)  is  the  c.d.f.  of  the  non-central 
X"  distribution  (see  26.4.25)  Avith  v  =  2  degrees  of 
freedom  and  noncentrahty  parameter  r^. 


26.3.25 


Approximation  to  P(IP|2,  r*) 


Approximation 


2R' 


2r2 


4_^^2exp-   ^_^^2 


26.3.26  P(a-,) 

26.3.27  PiXi) 


Condition 

R<Cl 

R>1 
R>5 


^[^V(2+;.)]^/3_^,_2_2+|iJ 
^  r2  2+2r^  -f 


26.3.28 


/2=P— at^— 1         i?,  r  both  large         * 

Inequality 


Qih)-^-r-^  Z{k) 


ph—k 


["(m)] 


<Lih,k,p)<Q(h) 


where 


26.3.29 


ph-k>0,        0<p<l. 

Series  Expansion 


L{h,k,  p)  =  Q(h)Q{k)-\-±  ^'"ll^i^'"'^^^  P"^' 

n=0  (77 -(-i)! 

26.4.  Chi- Square  Probability  Function 
26.4.1 

(0<X'<oo) 


26.4.2 

Q(X»  =  1-P(X» 


(0<x2<oo) 


Relation  to  Normal  Distribution 

Let  Xi,  X2,  .  .  .,  X  be  independent  and  identi- 
cally distributed  random  variables  each  followmg 
a  normal  distribution  v\ath  mean  zero  and  unit 

variance.     Then  X'=J2X'i  is  said  to  follow  the 

1=1 

chi-square  distribution  with  p  degrees  of  freedom 
and  the  probability  that  X'<x^  is  given  by  P(x^i»'). 

Cumulants 

26.4.3         K^+,  =  2''n\v         in  =  0,l,  .  .  .) 

*Sep  page  ii. 
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26.4.4 


Series  Expansions 


'-1 
2 


«X»  =  2a(x)+2Z(x)S:i.3.5     ,pr-l) 

(v  odd)  and  x=Vx2 


26.4.5 


I/-2 
2 


Q(x»  =  V27rZ(x)  1 1+2  274 


.  ..(2r)/ 

(i*  even) 


26.4.6 


'/2  ^-X^/2 


{ 


m 


l+S 


^i(»'+2)(^+4)...(.+2r) 


^+« 


} 


26.4.7  f(x»=-l^Z:'-'7'^''^' 

Recurrence  and  Differential  Relations 

26.4.8  Q(x'|..+2)  =  g(x'|v)  +  ^''^^; 


Continued  Fraction 


26.4.10      *Q(X»=  2-/^r(./2) 

/      1      l-v/2      1      2-»;/2       2  ^ 

1x72+    1+   x72+    1+   x72+.  .  ./ 


Asymptotic  Distribution  for  Large  p 

26.4.11   Pix'\p)'^P(x)         where  a;=^^ 

V2»' 


Asymptotic  Expansions  for  Large  x* 


26.4.12 


Q(x' 


•See  page  n. 


--1  9 

2-"^r(,'/2)  pi  ^    '^ 


Approximations    to    the    Chi-Square    Distribution    for 
Large  v 

26.4.13 

Approximation  Condition 

Q(.x'\p)^Q(xi),        a:,=V23e-V2;;^  (»'>100) 

26.4.14 

Q{x'\v)^Q{x,),        x,= J^     ^'^    (.>30) 


26.4.15 


2/9i/ 


Q(X»«Q(X2+A.),        /t,=-A, 


(v>30) 


Values 

of  hw 

z 

Ago 

X 

hv> 

X 

Am 

-3.5 
-3.0 
-2.5 
-2.0 
-1.5 

-.0118 
-.0067 
-.0033 
-.0010 
+.0001 

-1.0 

-.5 

.0 

+.5 

1.0 

+.0006 
.0006 
+.0002 
-.0003 
-.0006 

+1.5 
2.0 
2.5 
3.0 
3.5 

-.0005 

+.0002 

.0017 

.0043 

.0082 

Approximations  for  the  Inverse  Function    for  Large  y 

If  Q(xl\v)=p  and  Q(Xj,)  =  l-P{Xj,)=p,  then 

Approximation  Condition 

26.4.16  x2«i /a;^+V2;;^y  (,/>100) 

26.4.17  xl^u  J^l-l-+x,^y  (.>30) 

26.4.18  xl^p.{l-'~+(x,-h,)^^\'    (^>30) 
where  hy  is  given  by  26.4.15. 

Relation  to  Other  Functions 

26.4.19  Incomplete  gamma  function 


y(a,  x) 


T(a) 
T{a,x) 


=P(X»,         p-^2a,x'=2x 


T(a) 


=  Q(x'\v) 


26.4.20     Pearson's  incomplete  gamma  function 


,;=2(2>+l),X^=2wV?+T 
26.4.21     Poisson  distribution 


7=0  J- 


V  X^    ,  . 

c=^f  ^=-o'  ("  even) 


m*- 


Q(x»-<?(X>-2)  =  e-'» -^^-y^. 


tiam 
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26.4.22    Pearson  Type  III 
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Non-Central  x'  Distribution  Function 
26.4.25 


v=2a6+2,  x'=2b{x+a) 

26.4.23     Incomplete  moments  of  Normal  distribu- 
tion 


rt''Z(t)dt-- 


{n  —  \)\\ — ;r-^    {n  even) 


{n-\)\ 


y'Zir 


P(y.^\v)     {n  odd) 


26.4.24     Generalized  Laguerre  Polynomials 


n\UV{x)  = 


j=x72,  a=j'/2 


j=o  J- 

where  X>0  is  termed  the  non-centrality  param- 
eter. 

Relation  of  Non-Central  x^  Distribution  With  »'=2  to  the 
Integral  of  Circular  Normal  Distribution  (o^^l)  0>er 
an  Offset  Circle  Having  Radius  R  and  Center  a  Dis- 
tance r=-v  X  From  the  Origin.     (See  26.3.2*-26.3.27.) 

26.4.26 

jjji^,  y,  0)dxdy=P(x'=R'\p=2,  X) 


=i-z: 


6-^V 


P'o    2^j\ 


Q{R'\2+2j) 


Approximations  to  the  Non-Central  x'  Distribution 


v-\-\ 
Approximation 


a=v-\-\         b=- 
Approximaiing  Function 

26.4.27  X-  distribution  P{x'^\v,  X)  «P  (yq^l*'*)'        *'*^rT6 

26.4.28  Normal  distribution         P(x'>,  X)  «P(x),        x= 


26.4.29     Normal  distribution 


Approximations  to  the  Inverse  Function  of  Non-Central 
X^  Distribution 

U  Q{x'/\v,  \)=p,  Q(xl\v*)=p,  and  Q{x,)=p  then 
Approximating  Variable  Approximation  to  the  Inverse  Function 

26.4.30    x'  Xp^^{l+b)xl 


26.4.31  Normal 

26.4.32  Normal 
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26.5.  Incomplete  Beta  Function 


26.5.1 
26.5.2 

Relation  to  the  Chi-Square  Distribution 

If  X\  and  XI  are  independent  random  variables 
following  chi-square  distributions  26.4.1  with  vj 
and    V2    degrees    of    freedom    respectively,    then 

„/  ^^2  is  said  to  follow  a  beta  distribution  with 

vi  and  V2  degrees  of  freedom  and  has  the  distribu- 
tion function 

26.5.3 

pj 111 — <j-y= — ^- —  rV~'(i— f)*~W^ 

=  I^(a,b)        a=^,  6=^ 


Series  Expansions  (0<^x<Cl) 


26.5.4 


Iz[a,  6'  = 


x°i\-x)' 


26.5.5 


/.'a.  6 


aB{a,b) 


i^il-xY 


V^t^oB{a  +  b,n-rl)''      J 


aB{a,  b) 

r      -    ^(Q-ri,n+i)    /  X  y-'  \ 

\  '^^0  B{b-n-l,  n+1)  \l-x)      J 

x^(\-x)'-' 


aB(a,b) 

/     -2   ^,a+i,n+i)    /  X  y-n 

Y^h>B{b-n-l,n^l)\l-xJ      J 

-|-/,(o-|-«,  b—s) 


26.5.6 
l-IAa,b^=L_Ab,a) 


=  d7 — j:^S(  — li   (      •     )     .  ,  •     (mteger  a) 
B{a,b)  1=0  \  -i    /    b+i 


26.5.7 

l-Ua,b)=I,-Ab.a) 

V^  /a-b-r 


=  {l-xY''-'^^(^  '  ^.     ^)(^)'  ^integer  a) 


Continued  Fractions 


26.5.8 


.       _       {a-{-m){a-\-b-\-in) 
^'^'         (a+2m)(a+2m  +  l)  ^ 


J    m(b — m) 

^"~(a+2m-l)(a+2m)  ^ 

Best    results    are    obtained    when    x<^- 


a-1 


a+6-2 

Also  the  4  m  and  4  m  -f  1  con vergents  are  less  than 
Iz{a,  b)  and  the  4m+2,  4m+3  convergents  are 
greater  than  Iz{a,  b). 


26.5.9 


^'('''*)-  a5(a,6)    Lt+T+iT--J 

*        X  <  1  ^1  =  1 

(o+m— 1)(6— m)         X 


^2m+ 


(a-f-2m-2)(a+2m— 1)  1— z 
m(o-|-6— 1  +  m)         X 


'     (a-|-2m— l)(a+2m)  1-x 

Recurrence  Relations 

26.5.10 

Iz{a,b)  =  xIz(a-l,b)  +  (l-x)Ua,b-l) 


26.5.11 


1 


/x(a,6)=^{/x(a+l,6)-(l-x)7,(a+l,.6-l)} 


26.5.12 


lAaM- 


a(l-j)+6 


{/x(a,6+l) 


+  (l-x)/,(a  +  l,6-l)} 


26.5.13 


/x(a,6)=-ri  {a/,(a+l,6)+6/r(a,6+l)} 
a-|-o 


26.5.14 


/,(a,a)  =  ^  /,_,.  (^a,  ^^         x'=4  (-^-2) 


2  1* 


26.5.15 
26.5.16 


•See  pape  ll. 
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26.3.17 

l-^(a,6)=/i_x(6,a) 


Asymptotic  Expansions 

r{b,y) 


24 


r(6) 


-(56-7)(6+3+y)y2]\ 


y=— AMnj,         iY=a+s— 9 


26.5.18 

/x(a,6)- 


r(a,u7)     ? 


■"uf  f(a—l—w) 
{a)  \        26 


(26) 


26.5.19 


r(a)      r(< 

1     /(t'     5    .,  ,  3        1         n    2     11      ,11 

—a,) 


,03(1+1/^/2) 


ai=|(6-a)[(a+6-2)(a-l)(6-l)]-^-^ 


] 


^±  r  1 1        13   1 

'     12La-l     6-1     ff+i-lj 

"'"=-^["■(''^+^+1=2)] 
r=2[(.+6-,)  In  :-=f^+(a-l)  In  ;^£=±^^ 


and  y  is  taken  negative  when  i<^ 


a-l 
a+6-2 


Approximations 

26.5.20  If  (a  +  6-l)(l-j-)<.8 

/x(a,  6)  =  Q(X>)  +  e, 

|c|<5X10-Mf  a+6>6 

x^=(a  +  6-l)(l-j)(3-2)-(l-x)(6-l), 
i'=26 

26.5.21  Ifia  +  6-l)(l-j-)>.8 

L(a,b)=P{y)  +  e, 
|6|<5X10-3  if  a  +  6>6 

_3[.,(,-l)-...(,-l)] 


[^?I 


w;l=(62)•/^1/;2=[a(l-2)] 


Approximation  to  the  Inverse  Function 


26.5.22     If  I,^{a,  b)=p  and  Q(yp)=p  then 


x,~ 


y.(A-^X)i 


(26- 1     2a-l,)v^"^6    3aJ 


Funrfxon 
26.5.23    Hypergeometric  function 


Relations  to  Other  Functions  and  Distributions 

Relation 
1        x^ 


F(a,  l-6;a4-l;x)=/,(a,  6) 


26.5.24  Binomial  distribution 
26.5.25 

26.5.26  Negative  binomial  distribution 

26.5.27  Student's  distribution 

26.5.28  F-(variance-ratio)  distribution 


B{a,  6)  a 

Z;  (""^p'il-pr-'^hia,  n-a  +  1) 

(^V(l-/))"-'=/,(a,  n-a  +  l)-/,(a  +  l,  n-a)  . 

±("+!"')pv=/.«..''i 

»=a   \  *  / 

^[i-^(^w]=^/.Q4) 

(?(Fkx,..)=/x(^,^)  —,7^:^ 


v+/= 


•S«e  papp  II. 
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26.6.  F-(^'a^iance-Ratio)  Distribution  Function 
26.6.1 


26.6.2 


^(2''^'2''V    °  (^>0) 


where 


x=- 


Relation  to  the  Chi- Square  EHstribution 

If  X?  and  X\  are  independent  random  variables 
following  chi-square  distributions  26.4.1  with  v^ 
and  V2  degrees  of  freedom  respectively,  then  the 


distribution   of   F— 


X\v, 


X\IV2 


is    said    to    follow   the 


variance  ratio  or  F-distribution  with  vx  and  v^ 
degrees  of  freedom.  The  corresponding  distribu- 
tion function  is  F{F\vx,  v^). 

Statistical  Properties 


26.6.3 


mean: 


m  = 


Vi 


variance:    a^=- 


v,-2 


(v.>2) 


v,{v,-2y{v,-A) 
third  central  moment: 

tvjs^  8»>i(»>i+»'2-2)(2vi+i>2-2) 
^'    \vj       (v,-2)3(v,-4)(v,-6) 

moments  about  the  origin: 

,    .,..r(^)r(^) 


(i'i>4) 


(►!>6) 


characteristic  function: 


(v,>2n) 


Series  Expansions 

Vi-^ViF 


26.6.4 


I/2(j'2  +  2) 


(?(Fi.,..2)=x''"[i+^(i-x)+^^^^^H^n-x)2+. . . 


2-4 


y,(p,+2) .  .  .  (y2^pi-^)  (i_^)V 


2.4...(vi-2) 


*■] 


(vj  even) 


FUNCTIONS 

26.6.5 


Q(^|.'..P2)=l-(l-x)'>'^[l+^  ^+"^^^  x^"+. .  . 


.,(vi+2)...(.2+v,-4)    V 


2-4  ..  .  (i'2-2) 


X   2 


']  (V2 


even) 


26.6.6 

«(^i.,.)=.^'[i+^^±f=?(i^^) 


2-4 


26.6.7 

^(F|.„V2)  =  1-(1-X) 


+ ... 


{y,-\-P2-2)  ■  .  .  (v,+2)  /    z    \!iZg"| 
2-4.  .  .  (v2-2)         \l-xj  '  J 


(v2  even) 


26.6.8 

Q(Fjl'i,V2)  =  l-vl(<|»'2)+/3(l'i,I'2)  (.'l,V2  0dd) 


r2  f  2 

--<  0+sine[cose+-  cos^  d-\-  .  .  .  -\- 
T  \^  3 


f 


^«|»'2)=- 


2-4.  .  ■  (ya-3) 
3.5  ..  .  (»'2-2) 


cos 


—  for  V2=l 


'2-20]  \  for   V2 


>1 


^^(^)l 


sin  6  cos 


''fi/ 


1+ 


^(»'l,»'2)=-' 


"i  +  l^C^i 


sin^  0-1 h 


(»'2+l)(v2+3)  ■  ■  ■  (V1+V2-4)  sin-'-^  d\ 
3-5...{y,-2)  J 

for  vj^l 


where 


0  fori^i  =  1     * 


(?=arctan  -xl—F 


Reflexive  Relation 

If  Fpivi,  v-2)  and  Fi-p{P2,  "i)  satisfy 

Q(F,(Px,V2)\Pl,y2)=P 
Q{Fi-piP2,Pl)\P2,Pl)  =  i-P 


•See  pagre  IL 
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FJvuv,)=- 


1 


Fl-p{V2,Vi) 

Relation  to  Student's  f-Distribution  Function  (See  26.7) 

26.6.10  QiF\v,=^\,v2)  =  \-A{t\v,)        t=^[F 

Limiting  Forms 

26.6.11 

\imQi,F\v„v,)  =  Q{x'\v,),        x'=v,F 


!>)— >a> 


26.6.12 


\\mQ{F\v„v,)=P{x'\v,),        x='=| 
i.i-»oo  r 

Approximations 


|>|->0D 


26.6.13 

Q{F\vuv,)^Q{x),        x=- 
{vx  and  V2  large) 

26.6.14 


V2 


vr 


vr 


V 


V2  \2{v,^V2-2) 


2V     vx{y2-\) 


Q{F\v„v2)--Q{x),         X-- 


V 


(2J/2-1)  -F-V2vi-1 

V2 


V  "2 


Q{F\v,,v2)^q{x),      X 


_-"(-a-(-l) 


Approximation  to  the  Inverse  Function 

26.6.16     U  Q(F,\p„  1^2)  =p,  then 

Fp-e^"  where  w  is  given  by  26.5.22,  with 
i'i=26,  V2=2a 


Non-Central  F-Distribution  Function 


26.6.17 


P{F'\vy,V2,\)=^^^       V{t\v„V2,\)dt=\-q{F'\vuV2,\) 

where 


j=o  J 1 


^i+2i-2 


''1+2J 
(X/2)^(.,+2i)      2       ^2^2/2 


D  Al+2i    »'2\ 


-(•'l+2j+y2)l2 


and  X>0  is  termed  the  non-centraUty  parameter. 


Relation   of   Non-Central  F-Distribution    Function   to  Other  Functions 


Function 

26.6.18  F-distribution 

26.6.19  Non-central  ^-distribution 

26.6.20  Incomplete  Beta  function 


Relation 

PiF'Kv2,\)^  ±  e-^''^^P{F'\v,+2j,v2) 

P{F'\vuV2,\  =  Qi)=P{F'\vuV2) 

P{F'\v,  =  \,V2,\)=^P{t'\v,b),t'  =  ^jF',v=V2,b  =  ^\ 


P{F'\v„v2)=JZe 


-X/2 


(X/2)^    .     fvx    ,    ,     V2 


I 


;=0 


(?+^-.f> 


--1 


26.6.21     Confluent  hypergeometric  function         P{F'\vi,  u^.\)=  y^, 


2e 


-x/2 


X 


(v2  even  and  3;=    ,^/ , —  ) 


•See  page  II. 
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Series  Erpan«ion 

26.6.22 


2 

1 
i=0 


where 
To=l 

1  =-z    V  ~v  —2  —  \x   

"     2  "  X 

7.=^  [(r,+i^-2i+Xjr)r._,+X(l-x)r,_,l 


jr=- 


■F'-; 


limiting  Forms 


26.6.23 

lim  P.F'(r„^,X)=P(x'*|r,X), 

26.6.24 


x''=viF' ,  i'=vi 


lim  P  P'h,r„X)=<?(X»,        x'=^^^^ 
where  X/Vi~^<^  as  1-1^=0. 

Appmaimationg  to  the  Non-Central  F- Distribution 

26.6.25     P  P'lr,,Fj,X)«P(x,),         (f,  and  r,  laige) 

where 


f- 


— X' 


_o 


»iU.»j-2>(F,-4   \    V.-2     '"  /_ 


26.6.26 

P  F'  V:.V:.X    =^P  pFr,rj), 

26.6.27 
/'(F1r„,i.X)«P(xi;, 


^_U.^x'j  L  9.: J  L^  9.— x-J 

26.7.    Student's  t-EHstribution 

If  A'  IS  a  random  variable  following  a  normal 
distribution  with  mean  zero  and  variance  unity, 
and  x*  is  a  random  variable  following  an  inde- 
pendent chi-square  distribution  with  r  degrees  of 

freedom,  then  the  distribution  of  the  ratio  ^= 


is  called  Student's  ^-distribution  with  v  degrees  of 

freedom.     The  probabiHty  that     1 will  be  less 

in  absolute  value  than  a  fixed  constant  t  is 


26.7.1 


where 


Statistical  Properties 


26.7.2 

mean:  m=0 

variance:  (r^= — ; 

skewness:  7i  =  0 


excess:         ->.= 
moments: 


1—4 
1-3 


(2n-l)r» 


,  — o    -.  —  s 


v—2n) 


('>2) 

(»'>4) 
(r>2n) 


characteristic  function: 


Qt 


Series  Expansions 

I  d=arctan  -^  j 


26.7.3 


cos  e-\-^  cos'  9+  . 


Ad 


v  =< 


-<  6-rsin  6    c 

2    4...   (p-S)        ,_2."1\ 
cos'      6  \  > 

(^p>l  and  odd) 


e 


v=\ 


26.7.4 

^(<>)=sin  ei  \-\-^ 
.  1  •  3  •  5 


k  cos^  e-\-^  cos*  e+ 


-  '»'-3)         _^^^ 

cos'  -  e  > 

2 -4 -6  ...  (t'- 2)  / 


papp  n. 


I 
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Asymptotic  Elxpansion  for  the  Inverse  Function 

If  A(t,'f)  =  l-2p  and  Q{i,)=p.  then 

9  r  r 

4 

9,{x)  =9^60  ^"^-f*+ "^"6-^'+  1482j:^-  1920r'-945x) 

Limiting  Distribution 

26.7.6 


lim 


\  2t  J  - 1 


(^) 


Approximation  for  Large  Values  of  t  and  i'<5 

26.7.7     .4(,|,)»1_2{?:+A.,} 


5 


a,  .3183   .4991    1.1094   3.0941    9.948 

b.  .0000       .0518       -.0460     -2.756      -14.05 


.Approximation  for  Large  » 


26.7.8     ^(^|v)«2P(x)-l,         x= 


V'4: 


Non-Central  t- Distribution 


26.7.9 


1  p  ^1 

where  5  is  termed  the  non-centrality  parameter. 

Approximation  to  the  Non-Central  t-Distribution 

26.7.10 


P{t'\v,  5)  ~P{x)         where  jr= 


^'('-i.> 


(-8 


Numerical  Methods 


26.8.  Methods  of  Generating  Random 

Random  digits  are  digits  generated  by  repeated 
independent  drawings  from  the  population  0,  1, 
2,  .  .  .,9  where  the  probability  of  selecting  any 
digit  is  one-tenth.  This  is  equivalent  to  putting 
10  balls,  numbered  from  0  to  9.  into  an  urn  and 
drawing  one  ball  at  a  time,  replacing  the  ball 
after  each  drawing.  The  recorded  set  of  numbers 
forms  a  collection  of  random  digits.  Any  group  of 
n  successive  random  digits  is  known  as  a  random 
number. 

Several  lengthy  tables  of  random  digits  are 
available  i^see  references').  However,  the  use  of 
random  numbers  in  electronic  computers  has  re- 
sulted in  a  need  for  random  numbers  to  be  gen- 
erated in  a  completely  deterministic  way.  The 
numbers  so  generated  are  termed  pseudo-random 
numbers.  The  quality  of  pseudo-random  num- 
bers L5  determined  by  subjecting  the  numbers  to 
several  statistical  tests,  see  [26.55],  [26.56].  The 
purpose  of  these  statistical  tests  is  to  detect  any 
properties  of  the  pseudo-random  numbers  which 
are  different  from  the  (conceptual)  properties  of 
random  numbers. 

*  The  authors  wish  to  express  their  appreciation  to 
Professor  -J.  W.  Tukey  who  made  many  penetrating  and 
helpful  suggestions  in  this  section. 


Numbers  and  Their  Applications  ^ 

Experience  has  shown  that  the  congruence 
method  is  the  most  preferable  device  for  generating 
random  numbers  on  a  computer.  Let  the  sequence 
of  pseudo-random  numbers  be  denoted  by  { A', } , 

n=0,  1,  2 Then  the  congruence  method 

of  generating  pseudo-random  numbers  is 

A\+i=aA'„+6(mod  T) 

where  6  and  T  are  relatively  prime.  The  choice 
of  T  is  determined  by  the  capacity  and  base  of  the 
computer;  a  and  6  are  chosen  so  that:  (1)  the  re- 
sulting sequence  (A',}  possesses  the  desired  sta- 
tistical properties  of  random  numbers,  (2)  the 
period  of  the  sequence  is  as  long  as  possible,  and 
(3)  the  speed  of  generation  is  fast.  A  guide  for 
choosing  a  and  b  is  to  make  the  correlation 
between  the  numbers  be  near  zero,  e.g.,  the  correla- 

is 


tion  between  A'„  and  X,+ 


1 


p»= 


a. 


+  e 


where 


a,=a'  (mod  T) 

6,=  (l+a+a'+   - 
\e\<aJT 


+a'-')6  (mod  T) 


•Se«  pa^  n. 
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which  occur  in 

X„+,=a,X„  +  b,  (mod  T) 
When  a  is  chosen  so  that  a^T^'"^,  the  correhition 

The  sequence  defined  by  the  mukiphcative 
congruence  method  will  have  a  full  period  of  T 
numbers  if 

(i)       6  is  relatively  prime  to  T 

(ii)      a=\  (mod  p)  if  p  is  a  prime  factor  of  T 

(iii)     a  =  \  (mod  4)  if  4  is  a  factor  of  T. 

Consequently  if  T=2«,  h  need  only  be  odd,  and 


a=\  (mod  4).  When  7=10',  h  need  only  be  not 
divisible  by  2  or  5,  and  a=l  (mod  20).  The 
most  convenient  choices  for  a  are  of  the  form 
a=2*+l  (for  binary  computers)  and  a=10*  +  l 
(for  decimal  computers).  This  results  in  the 
fastest  generation  of  random  numbers  as  the 
operations  only  require  a  shift  operation  plus 
two  additions.  Also  any  number  can  serve  as 
the  starting  point  to  generate  a  sequence  of 
random  digits.  A  good  summary  of  generating 
pseudo-random  numbers  is  [26.51]. 

Below  are  listed  various  congruence  schemes 
and  their  properties. 


Congruence  methods  for  generating  random  numbers 
X,+i=aAr,H-6(mod  T),  Tand  6  relatively  prime 


a 

6 

T 

Period 

X, 

Special  cases  for  which  random  numbers  have  passed  statistical 
tests  for  randomness  '<> 

26.8.1 

1+f 

odd 

T=U 

(• 

0<Xt<T 

T=2M,  Xt  unknown;  a=2'+l.  6=1;   7'=2<'.  a=2»+l. 
6=29741  09625  8473.  Xo  =  76293  94531  25. 

26.8.2 

r2'±l  (r  odd, 
»>2) 

0 

T=tt 

tr. 

relatively 
prime  to 
T 

r=2«  2«,  A'o=l;  a  =  5i'(*  =  2) 

T=2»«,  X(,=  l:  r=2»«,  .S:o=l-2-»»,  .5478126X93;  o=5»«(»=2) 

r=2»»,  A'o=l;a  =  5'H«=2) 

26.8.3 

r2'±l  (r  odd, 
»>2) 

0 

T=t«±l 

(varies) 

relatively 
prime  to 
T 

relatively 

T=2M+1,  Aro=  10,987,654,321;  a=23;  period  wlO« 
r=10*+l.  Aro=47,594,118;  a=23;  period «5.8X10« 

26.8.4 

7Uti 

0 

T=10« 

510«-» 

r=10i«,  .^0=1;  0=7 

prime  to 
T 
relatively 

r=10'',  A:o=l;a=7u 

26.8.5 

3i^> 

0 

T=10« 

5-10«-» 

(»=0,2,3,4) 

prime  to 
T 

">Xo  given  is  the  starting  point  for  random  numbers  when  statistical  tests  were  made. 


When  the  numbers  are  generated  using  a  con- 
gruence scheme,  the  least  significant  digits  have 
short  periods.  Hence  the  entire  word  length  can- 
not be  used.  If  one  desired  randoin  numbers  with 
as  many  digits  as  possible,  one  would  have  to 
modifj"  the  congruence  schemes.  One  waj'  is  to 
generate  the  nmnbers  mod  Tnil.  This  unfor- 
tunately reduces  the  period. 

Generation  of  Random  Deviates 

Let  {A''}  be  a  generated  sequence  of  independent 
random  numbers  ha^"ing  the  domain  (0,  T). 
Then  {U}  =  {T~^X]  is  a  sequence  of  random 
deviates  (numbers)  from  a  uniform  distribution 
on  the  interval  (0,  1).  This  is  usually  a  necessary 
preliminary  step  in  the  generation  of  random 
deviates  having  a  given  cumulative  distribution 
function  F{y)  or  probability  density  function  f{y). 
Below  are  summarized  some  general  techniques 


for  producing  arbitrary  random  deviates.  (In 
what  foUows  { U)  will  always  denote  a  sequence  of 
random  de\'iates  from  a  uniform  distribution  on 
the  interval  (0,  1).) 

1.  Inverse  Method 

The  solutions  {y]  of  the  equations  {u=F{y)} 
form  a  sequence  of  independent  random  deviates 
with  cumulative  distribution  function  F(y).  (If 
F{y)  has  a  discontinuity  at  y  =  yo,  then  whenever  u 
is  such  that  F{yQ—0)<iu<CF(yo),  select  ?/o  as  the 
corresponding  deviate.)  Generally  the  inverse 
method  is  not  practical  unless  the  inverse  function 
y  —  F'~'^{u)  can  be  obtained  explicitly  or  can  be 
conveniently  approximated. 

2.   Generating  a  Discrete  Random  Variable 

Let  Y  be  a  discrete  random  variable  with  point 
probabilities   pi  —  Pr{Y=yi]    for    i=l,   2,  .  .  .  . 


•See  page  n. 
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The  direct  way  to  generate  Y  is  to  generate  {  U] 
and  put  Y=yi  if 

Pl-\-P2+     .     ■     •     +Pi-l<U<Pi-{-p2-{-     .     .     .      -\-Pi. 

However,  this  method  requires  complicated  ma- 
chine programs  that  take  too  long. 

An  alternative  way  due  to  Marsaglia  [26.53] 
is  simple,  fast,  and  seems  to  be  well  suited  to  high- 
speed computations.  Let  pi  for  i=l,  2,  .  .  .  ,  n 
be  expressed  by  k  decimal  digits  as  Pi  =  .8ud2t  .  .  . 
8^i  where  the  8's  are  the  decimal  dig-its.  (If  the 
domain  of  the  random  variable  is  infinite,  it  is 
necessary  to  truncate  the  probability  distribu- 
tion at  p„.)     Define 


>o=0,  P,=  10-^  Z)  Sri  for  r=l,  2, 


.  ,  k,  and 
n,=S  10'P„s=l,  2,  .  .  .  ,k. 

r=0 

Number  the  computer  memory  locations  by  0, 
1,  2,  .  .  .  ,  11*— 1.  The  memory  locations  are 
divided  into  k  mutually  exclusive  sets  such  that 
the  sih.  set  consists  of  memory  locations  n^_i, 
n,_i-M,  .  .  .  ,  n,— 1.  The  information  stored 
in  the  memory  locations  of  the  sth  set  consists  of 
Vi  in  6,1  locations,  ?/2  in  6,2  locations,  .  .  .  ,  y„ 
in  8sn  locations. 

Denote  the  decimal  expansion  of  the  uniform 
deviates  generated  by  the  computer  by  u 
=  -(/iC?2C?3  .  .  .  and  finally  let  0 [m]  be  the  con- 
tents of  memory  location  m.     Then  if 

i=0  j=0 


put 


y- 


•{ 


d\d2 


ds-\-\ls 


10^  ^p,y 


This  method  is  perhaps  the  best  ail-around 
method  for  generating  random  deviates  from  a 
discrete  distribution.  In  order  to  illustrate  this 
method  consider  the  problem  of  generating 
deviates  from  the  oinomial  distribution  with  point 
probabilities 

P^-(^^p'{l-pY-' 

The  point  probabilities  to 


for  n=5  and  p=.20. 
4  D  are 

Value  oj 
Random  Variable 

0 

1 

2 

3 

4 

5 


Point  Probabilities 
2?o=0.3277 
Pi=  .4096 
P2=  .2048 
P3=  .0512 
Pi=  .0064 
p,=   .0003 


and  thus  Po=0,  Pi  =  .9,  P2=.07,  P3=.027, 
P4=.0030  from  which  no=0.  Hi =9,  n2=16, 
1X3=43,  114  =  73.  The  73  memory  locations  are 
divided  into  4  mutually  exclusive  sets  such  that 


Set 

Memory  Locations 

1 

0,  1,  .  .  .  ,  8 

2 

9,  10,  ...  ,  15 

3 

16,  .  .  .  ,  42 

4 

43,  .  .  .  ,  72 

Among  the  nine  memory  locations  of  set  1,  zero 
is  stored  5io=3  times,  1  is  stored  5ii=4  times,  2  is 
stored  612=2  times;  the  seven  locations  of  set  2 
store  0  620=2  times  and  3  623=5  times;  etc. 
A  summary  of  the  memory  locations  is  set  out 
below : 

Value  of  Random  Variable 
0       12       3       4       5 


Frequency  (set  1)       3       4       2       0       0  0 

Frequency  (set  2)       2       0       0       5       0  0 

Frequency  (set  3)       7       9       4       1       6  0 

Frequency  (set  4)       7       6       8       2       4  3 

Then  to  generate  the  random  variables  if 


0<w<.9 
.9<w<.97 
.97<tf<.997 
.997<w<1.000 


put  y=a{di} 

y=a{did2—8l} 
y=a{did2d3—954:} 
y=a  {didididi— 9927} 


3.  Generating  a  Continuous  Random  Variable 

The  method  for  generating  deviates  from  a 
discrete  distribution  can  be  adapted  to  random 
variables  having  a  continuous  distribution.  Let 
F(y)  be  the  cumulative  distribution  function  and 
assume  that  the  domain  of  the  random  variable 
is  (a, 6)  where  the  interval  is  finite.  (If  the 
domain  is  infinite,  it  must  be  truncated  at  (say) 
the  points  a  and  b.)  Divide  the  interval  (b—a) 
into  n  sub-intervals  of  length  A  (nA=b—a)  such 
that  the  boundary  of  the  ith  interval  is  (?/<_i,  ?/<) 
where  2/i=a+iA  for  i=0,  1,  .  .  .  ,  n.  Now 
define  a  discrete  distribution  having  domain 


{--'-^} 


with      point      probabihties      Pi  =  F{yi)  —  F{yi-\)- 
Finally,  let   \V  be  a  random  variable   having   a 

uniform  distribution  on  ("9'  o)"     This  can  be 
done    by  setting    W=A\IJ—^'     Then    random 
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deviates  from  the  distribution  function  F{y),  can 
be  generated  (approximately)  by  setting  y=z-\-w 

=  2  — Afw— ^V     This  is  simply  an  approximate 

decomposition  of  the  continuous  random  variable 
into  the  sum  of  a  discrete  and  continuous  random 
variable.  The  discrete  variable  can  be  generated 
quickly  by  the  method  described  previously. 
The  smaller  the  value  of  A  the  better  will  be  the 
approximation.  Each  number  can  be  generated 
by  using  the  leading  digits  of  U  to  generate  the 
discrete  random  variable  Z  and  the  remaining 
digits  forming  a  uniformly  distributed  deviate 
having  (0.\)  domain. 

4.  Acceptance-Rejection  Methods 

In  what  follows  the  random  variable  Y  will  be 
assumed  to  have  finite  domain  (a,  6).  If  the 
domain  is  infinite,  it  must  be  truncated  for  com- 
putational purposes  at  (say)  the  points  a  and  h. 
Then  the  resulting  random  deviates  will  only  have 
this  tnmcated  domain. 

aj  Let  /  be  the  maximum  of  j{y}.  Then  the 
procedure    for    generating    random    deviates    is: 

(1)  generate  a  pair  of  uniform  deviates  Ui,   Uz; 

(2)  compute    a    point    y=a-^{b—a)w2  in    (a,  6); 

(3)  if  Ui<Cj{y)lj  accept  y  as  the  random  deviate, 
otherwise  reject  the  pair  (iti,  U2)  and  start  again. 
The  acceptance  ratio  of  deviates  actually  produced 
is  \(h—a)j]~'^.  Hence  the  acceptance  ratio  de- 
creases as  the  domain  increases.  One  way  to 
increase  the  acceptance  ratio  is  to  divide  the 
interval  (a,  h)  into  mutually  exclusive  sub- 
intervals  and  then  carry  out  the  acceptance- 
rejection  process.  For  this  purpose  let  the  interval 
(a,  h)  be  divided  into  k  sub-intervals  such  th  at  the 
end   points  of  the  jth  interval  are  (l^-i,  !>)  with 

f(y)dy=p/,  further  let  the 

maximum  of  f{y)  in  the  jth  interval  be/;.  Then  to 
generate  random  deviates  from  f(y),  generate 
n  pairs  of  deviates  (wi,,  it2js=l,  2,  .  .  .,  n. 
Assign  [npj]  such  pairs  to  the  jth  interval  and 
compute  y>=li-i  +  (|>— 6i-i)^2..  If  Uu<f{yi)jfi 
accept  yj  as  a  deviate.  The  acceptance  ratio  of 
this  method  is 

b)  Let  F{y)  be  such  that  j(,y)=Uy)Uy) 
where  the  domain  of  y  is  (a,  6).  Let/i  and/2  be 
the  maximum  of  /i(y)  and  J2{y)  respectively. 
Then    the   procedure  for  generating  random    de- 


viates having  the  probability  density  function 
j{y)  is:  (1)  generate  C7,,  U2,  U3;  (2)  define  z=a 

+  (6-a)u3;   (3)    if   both  u,<  ^  md  U2<  ^-^, 

Jl  J2 

take  2  as  the  random  deviate;  otherwise  take 
another  sample  of  three  uniform  deviates.  The 
acceptance  ratio  of  this  method  is  [(6  — a)/i/2]~^ 
and  can  be  increased  by  dividing  (a,  6)  into  sub- 
intervals  as  in  the  previous  case. 

c)  Let  the  probability  density  function  of  Y  be 

J(y)=jj(y,t)dt,  (a<t<0),  (a<y<b). 

Let  g  be  the  maximum  of  g{y,  t).  Then  the  pro- 
cedure for  generating  random  deviates  having  the 
probabihty  density  function  /(?/)  is:  (1)  generate 
Ui,    Ui,    U3;    (2)    define   s=a+(/3— 0)1^2;    2=a+ 

0(  Z    Si 

{h—a)uz;  (3)  if  Wi<  ^— ^ — >  take  2  as  the  random 

9 
deviate;  otherwise  take  another  sample  of  three. 
The  acceptance  ratio  for  this  method  is  [{h—a)g\~^ 
and  can  be  increased  by  dividing  the  domain  of 
t  and  y  into  sub-domains. 

3.  Composition  Method 

Let  gziy)  be  a  probability  density  function 
which  depends  on  the  parameter  2;  further  let 
H{z)  be  the  cumulative  distribution  function  for  2. 
In  order  to  generate  random  deviates  Y  having 
the  frequency  function 


/(.)=/_; 


gz(y)dH{z) 


one  draws  a  deviate  having  the  cumulative  distri- 
bution function  H{z) ;  then  draws  a  second  sample 
having  the  probability  densitj-  function  gz{y). 

6.   Generation  of  Random  Deviates  From  Well  Known 
Distributions 

a.  Normal  distribution 

(1)  Inverse  method:  The  inverse  method  depends 
on  having  a  convenient  approximation  to  the 
inverse  function  x=P~Hu}  where 


u={2v) 


-1/2   C^   ^-t^r. 

t-/  -CD 


■dt. 


Two  ways  of  performing  this  operation  are  to  (i) 

use  26.2.23  with  ^=nn  -^j      or  (u)  approxmiate 

x—P~^{u)    piece  wise    using    Chebyshev    poh'no- 
mials,  see  [26.54]. 

(2)  Sum  of  uniform  deviates:  Let    Ui,  Uo,  .  .  ., 
U„  be  a  sequence  of  n  uniform  deviates.     Then 
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X, 


=( 


vS^''-^)(^) 


-1/2 


will  be  distributed  asymptotically  as  a  normal 
random  deviate.  When  n  —  Vl,  the  maximum 
errors  made  in  the  normal  deviate  are  9X10"^ 
for  i.Y|<2,  9X10-*  for  2<jAl<3.  An  improve- 
ment can  be  made  by  taking  a  polynomial  function 
of  A\  (say) 

»=0 

as  the  normal  deviate  where  a-u  are  suitable 
coefficients.  These  coefficients  may  be  calculated 
using  (say)  Chebjrshev  polynomials  or  simply  by 
making  the  asymptotic  random  deviate  agree 
with  the  correc  normal  deviate  at  certain  specified 
points.  When  n  =  12,  the  maximum  error  in  the 
normal  deviate  is  8X10"^  using  the  coefficients 

*     a,,  =  9.8746         *     0^=  (-7) -5.102 

*  a,=  (-3)3.9439  *     as=  (-7)1.141 

*  fl4=  (-5)7.474 

(3)  Direct  method:  Generate  a  pair  of  uniform 
deviates     (Ui,    Ui).     Then 

.Yi=(-2  hi  Uiy"  cos  2tL\ 

A'i=(-2  In  UiY'^  sin  2tUi  will  be  a  pair  of 
independent  normal  random  deviates  with  mean 
zero  and  unit  variance.  This  procedure  can  be 
modified  by  calculating  cos  2tL'  and  sin  2tU 
using  an  acceptance  rejection  method;  e.g., 
(l)generate(Z7„C72);(2)if(2C7i-l)2+(2C/a-l)'<l 
generate  a  third  uniform  deviate  U3.  otherwise 
reject    the    pair    and    start    over:    (3)    calculate 

^■= '-'"  "-^"^  Ii3' ^==  "-' -'°  "-'■"  sISs ' = 

random).  Both  yi  and  yj  are  the  desired  random 
deviates. 

(4)  Acceptance-rejection  method:  1)  Generate  a 
pair  of  uniform  deviates  {Ui,  L\);  2)  compute 
i:=— Intz, ;  3)  if  «-«(*-!>  >U2  (or  equivalently 
(x— 1)^<— 2(ln  izj)  accept  x,  otherwise  reject  the 


pair  and  start  over.  The  quantity  will  be  the 
required  normal  deviate  with  mean  zero  and  unit 
variance. 

b.  Bivariate  normal  distributioo 

Let  A'l.  A':  be  a  pair  of  independent  normal 
deviates  with  mean  zero  and  unit  variance.  Then 
A'l,  pA'i-h(l  — p*)' -A'l  represent  a  pair  of  devi- 
ates from  a  bivariate  normal  distribution  with 
zero  means,  unit  variances,  and  correlation 
coefficient  p. 

e.  Exponential  distribution 

(1)  Inverse  meihiyd:  Since  F(z)  =  e~'  *,  A'= 
— d  In  U  will  be  a  deviate  from  the  e.xponential 
distribution  with  parameter  d. 

(2)  Acceptance-rejection  method:  1)  Generate  a 
pair  of  independent  uniform  deviates  (U^  Ui); 
2)  if  Ui<Ua  generate  a  third  value  U2;  3)  if 
Ui-'rUt^CUo  generate  a  fourth  value  Ut,  etc.; 
4)  continue  generating  imiform  deviates  until  an 
n  is  obtained  such  that  Ui^Ut-^  •  ■  -  -hC-'.-i 
<iUn<CJ-x^  ■  -  -  -|-^,:  5)  if  n  is  even  reject  the 
procedure  and  start  a  fresh  trial  with  a  new  value 
of  C/ar  otherwise  if  n  is  odd  take  X=0U9  as  the 
desired  deviate :  6)  in  general  if  f  is  the  number  of 
trials  until  an  acceptable  sequence  is  obtained 
X=d(t—UQ).  The  random  deviates  produced  in 
this  way  follow  an  exponential  distribution  with 
parameter  6.  One  can  expect  to  generate  appro.xi- 
mately  sLx  uniform  deviates  for  every  e.xponential 
deviate. 

(3)  Discrete  Disiribfjtion  Method:  Let  Y  and  n 
be  discrete  random  variables  with  point  probabili~ 
ties 

*      Pr[Y=r':=ie- !)€-''-''    r=0,  1,  2,  .  .  . 

Pr{n=s   =\s!(e-l)l-'         *=1,  2,  3,  .... 

Then  A=r-min(ri.  d L\)  will  follow 

an  e.xponential  distribution.  The  average  value 
of  n  is  1.58  so  that  one  needs,  on  the  avottge,  only 
1.58  u's  from  which  the  minimum  is  selected. 


26.9.  Use  and  Extension  of  the  Tables 

Use  of  Probability  Function  Inecfu^liti** 


Example  1.  Let  X  be  a  random  variable  with 
finite  mean  and  variance  equal  to  m  and  <^. 
respectively.  L'se  the  inequalities  for  probabifity 
functions  26.1.37.  40,  41  to  place  lower  bounds 
on 


Lower  bounds  on  A(t)  =  F(t)—F(—t) 


A{t)  =  F{t)-F(-t)=P'l  — 

for  ^=1(1)4. 


m 


<t 


} 


.'  =  : 

2 

5 

•* 

Remaria 

0 

.7500 

.8889 

.9375 

no  knowledge  of 
/-(O;  26.1. .37 

.5556 

.8889 

.9506 

.9722 

F{()  is  unimodal  and 
continuous;  26.1.40 

0 

.8182 

.9697 

.9912 

F{t)     is     such     that 
M.=3;  26.1.41 

•See  page  u. 
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It  is  of  interest  to  note  that  the  standard  normal 
distribution  is  unimodal,  has  mean  zero,  unit 
variance  M4=3,  is  continuous,  and  such  that 

A(t)=Pit)-P(-t) 

=  .6827,  .9545,  .9973,  and  .9999 

for  t=l,  2,  3  and  4  respectively. 

Interpolation  for  P(x)  in  Table  26.1 

Example  2.       Compute   P(x)    for   z=: 2.576    to 
fifteen  decimal  places  using  a  Taylor  expansion. 
Writing  x=Xo-\-6  we  have 


P(x)  =P(Xo)  +Z(xo)di-Z'''  (Xo) 


2! 


Taking  Xo=2.58   and   0=— 4X10"^  we  calculate 
the  successive  terms  to  1 6D 

+  .99505  99842  42230 

-  5  72204  35976  6 

-  2952  57449  6 

-  8  63097  8 

-  1439  4 

-  9 


.99500     24676     84265     7 
The  result  correct  to  17D  is 

P(2.576)  =  . 99500  24676  84264  98 

Calculation  for  Arbitrary  Mean  and  Variance 

Example  3.     Find  the  value  to  5D  of 


P{X<.50}=-X=  f%-'/2(¥) 


dt 


usmg  26.2.8  and  Table  26.1. 

This  represents  the  probability  of  the  random 
variable  being  less  than  or  equal  to  .5  for  a  normal 
distribution  with  mean  m=l  and  variance  o^=4. 
Using  26.2.8  we  have 

P{J^<.5}=p(^)=P(-.25) 

Since  P(— 2;)  =  1— P(2;),  we  have 

P(-.25)  =  1-P(.25)  =  l-. 59871  =  .40129 

where  a  two-term  Taylor  series  was  used  for  inter- 
polation. Note  that  when  interpolating  for  P(x) 
for  a  value  of  x  midway  between  the  tabulated 


values  we  can  write  x=a;o+-01  and  a  two-term 
Taylor  series  is  P(x)=P(xo)-\-Z(xo)10-K  Thus  one 
need  only  multiply  Z(xo)  by  10"^  and  add  the 
result  to  P(xo). 

Calculation  of  P(x)  for  x  Approximate 

Example  4.  Using  Table  26.1,  find  P(x)  for 
2=1.96,  when  there  is  a  possible  error  in  x  of 
±5X10-^ 

This  is  an  example  where  the  argument  is  only 
known  approximately.  The  question  arises  as  to 
how  many  decimal  places  one  should  retain  in 
P(x).  If  Ax  and  AP(x)  denote  the  error  in  x  and 
the  resulting  error  in  P(x),  respectively,  then 

AP(x)  «Z(x)Ax 

Hence  AP(1.960)=3X10"*  which  indicates  tnaii 
P(1.960)  need  only  be  calculated  to  4D.  There- 
fore P(l. 960)  =.9750. 

Inverse  Interpolation  for  P(x) 

Example  5.  Find  the  value  of  x  for  which 
P(x)  =  . 97500  00000  00000  using  Table  26.1  and 
determining  as  many  decimal  places  as  is  consistent 
with  the  tabulated  function. 

For  inverse  interpolation  the  tabulated  function 
P(x)  may  be  regarded  as  having  a  possible  error 
of.5X10-'^     Hence 


Ax~ 


AP(x)^.5X10- 
Z{x)  ~     Z{x) 


Let  P(xo)  correspond  to  the  closest  tabulated 
value  of  P(x).  Then  a  convenient  formula  for 
inverse  interpolation  is 


x=XQ-\-t-\ 


Xot^  ,  2x§+l 


where 


t= 


P(x)-P(Xo) 


Z(xq) 


If  only  the  first  two  terms  (i.e.,  x=Xo+0  are  used, 

or 
the  error  in  x  will  be  bounded  by  ^  X10~*  and  the 

true  value  wiU  always  be  greater  than  the  value 
thus  calculated. 

With  respect  to  this  example,  Ax~10~"  and 
thus  the  interpolated  value  of  x  may  be  in  error 
by  one  unit  in  the  fourteenth  place.  The  closest 
value  to  P(x)  =  .97500  00000  00000  is  P(xo)  =  .97500 
21048  51780  with  Xo=1.96.  Hence  using  the 
preceding  inverse  interpolation  formulas  with 
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t- 


.00003  60167  31129 


and  carrying  fifteen  decimals  we  have  the  succes- 
sive terms 

+  1.96000     00000     00000 

-  .00003     60167     31129 
-f  12     71261 

—  68 

0 


+  1.95996     39845     40064 

Edgeworth  Asymptotic  Expansion 

Example  6.     Find  the  Edgeworth  asymptotic 
expansion  26.2.49  for  the  c.d.f.  of  chi-square. 
Method  1.     Expansion  for  x^ 


Let 
where 


Q{x'\v)  =  \-F{t) 


t= 


X^—v 


(2.)* 


Since  the  values  of  71  and  72  26.4.33  are 

7i=2V2/vi 

72=12/v, 

we  obtain,  by  using  the  first  two  bracketed  terms 
of  26.2.49 


F{t)'^P{t)-^X^Z''\t)\ 


+^gz<3)u)+iz-(0] 


The  Edgeworth  expansion  is  an  asymptotic 
expansion  in  terms  of  derivatives  of  the  normal 
distribution  function.  It  is  often  possible  to 
transform  a  random  variable  so  that  the  distribu- 
tion of  the  transformed  random  variable  more 
closely  approximates  the  normal  distribution 
function  than  does  the  distribution  of  the  original 
random  variable.  Hence  for  the  same  number  of 
terms,  greater  accuracy  may  be  achieved  by  using 
the  transformed  variable  in  the  expansion.  Since 
the  distribution  of  V2x'^  is  more  closely  approxi- 
mated by  a  normal  distribution  than  X^  itself 
(as  judged  by  a  comparison  of  the  values  of  71 
and  72),  we  would  expect  that  the  Edgeworth 
asymptotic  expansion  of  V2x^  would  be  superior 
to  that  of  x^ 

Method  2.     Expansion  for  V2x^.     Let 


Q{x'\v)  =  \-F{t)  =  \-Fi 


/2x^-(2»/-l)*^ 


where  (2i'— 1)*  and  \—7-  are  the  mean  and  vari- 

4;/ 

ance  to  terms  of  order  v'"^  of  V2x^  (see  26.4.34). 

The  values  of  71  and  72  for  V2x^  are 


7i 


V2.  L       8vJ 


y2 


4^,2 


Thus  we  obtain 


For  numerical  examples  using  these  expansions 
see  Example  12. 

Calculation  of  L(h,  k,  p) 

Example  7.     Fmd  L(.5,  .4,  .8).     Using  26.3.20 

\h'-2phk+k'=  A  !09=  .3 
Z(.5,  .4,  .8)=L(.5,0,0)+L(.4,0, -.6) 
Reference  to  Figure  26.2  yields 

L{.5,  0,  0)+Z(.4,  0,  -.6)  =  .16  +  .08  =  .24 
The  answer  to  3D  is  L{.5,  A,  .8)  =  .250. 

Calculation  of  the  Bivariate  Normal  Probability 
Function 

Example  8.  Let  X  and  Y  follow  a  bivariate 
normal  distribution  with  parameters  mx=3, 
m„=2,  0-^=4,  <Tj,=2,  and  p=  — .125.  Find  the 
value  of  Pr{X>2,  r>4}  using  26.3.20  and 
Figures  26.2,  26.3. 


Since  Pr{X>h,Y>k}=L(^^^-^,'^-^^',p) 


we 


have  P{X>2,  Y>\]  =L{-.25,  1,  -.125).    Using 
26.3.20 

Z(-.25,  1, -.125)=L(-.25,0,  .969) 

+L(1,0,  .125)-^ 

Figure  26.2  only  gives  values  for  /i>0,  however, 
using  the  relationship  26.3.8  with  ^-  =  0,  L(—h,  0,  p) 
=|-Z(h,  0,  -p)  and  thus  L{-.25,  0,  .969) 
=i-Z(.25,0,-.969).    Therefore  L(-.25,l,-.  125) 
=-Z(.25,0,-.969)+L(l,0,.125)=-.01+.09  =  .08. 

The  answer  to  3D  is  L(-.25,  1.,  -.125)  =.080. 
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Integral  of   a    Bivariate    Normal    Distribution    CKer    a 
Polygon 


Example  9.  Let  the  random  variables  X  and  Y 
have  a  bivariate  normal  distribution  with  param- 
eters mx=5,  0-1  =  2,  my=9,  0-^=4,  and  p=.5. 
Find  the  probabihty  that  the  point  {X,  Y)  be 
inside  the  triangle  whose  vertices  are  ^=(7,8), 
5=  (9, 13),  and  C=(2,9). 

When  obtaining  the  integral  of  a  bivariate 
normal  distribution  over  a  polygon,  it  is  first 
necessary  to  use  26.3.22  in  order  to  transform  the 
variates  so  that  one  deals  with  a  circular  normal 
distribution.  The  polygon  in  the  region  of  the 
transformed  variables  is  then  divided  into  con- 
figurations such  that  the  integral  over  any  selected 
configuration  can  be  easily  obtained.  Below  are 
listed  some  of  the  most  useful  configurations. 
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For  the  following  two  configurations  we  define 


y 


(02    ,b2   ) 


(Qe  .'>i  ) 


^   » 


Figure  26.5 


J  a\  Jbi 


Figure  26.6 


9(x,  y,  0)dxdy= 
Jo    Jo 


arctan  a 


2t 


Figure  26.7 


f     n\(x,y,0)dxdy=V(h,ky' 

Jo    Jo 


"  See  26.3.23  for  definition  of  Vih,  k). 


K  _\Sl{S2  —  Sl)-{-ti{t2—ti)\ 
1  \S2(S2  —  Sx)-{-t2{t2  —  tl)\ 

'    [{s2-s^r-\-{t2-uy]^ 


A(S2,^2) 


Figure  26.8 


ff        g(x,y,0)dxdy=V{h,k2)-V{h,k,) 

J  J^AOB 


^-)t 


Figure  26.9 


{f        g{x,  y,  0)dxdy=V{h,  k2)+V{h,  h) 

J  J  AAOB 

Using  the  circularizing  transformation  26.3.22 
for  our  example  results  in 
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The  vertices  of  the  triangle  in  the  (s,  t)  coordinates 
become    A=(yj'S/4,     -5/4),    5=(v3,     -1)     and 

C—l—^f^)-     These  points  are  plotted  below. 

From  the  figure  it  is  seen  that  the  desired  prob- 
ability is  the  sum  of  the  probabilities  that  the 
point  having  the  transformed  variables  as  coor- 
dinates is  inside  the  triangles  AOB,  AOC,   and 

Boa 


B(/I,-l) 


For  these  three  triangles  we  have 

h  ki  ^2 

V7/14  ^V7 


iV37 


AAOB        iV21 


\AOC 


TjVlll         3yV37 


^BOC        ^V39  ^VT3        ^Vl3 

From  the  graph  it  is  seen  that  the  probability 
over  AOB  may  be  found  in  the  same  manner  as 
that  over  Figure  26.8,  and  over  AOC  and  BOC 
the  probabilities  may  be  found  as  that  over 
Figure  26.9. 

Hence 

J  J  g{x,  y,  .5)dxdy=  J  J  g{s,  t,  0)dsdt 

A  A/IBC 

=  ))  gis,  t,  0)dsdt-\-  l\g{s,  t,  0)dsdt 

■  \\9(s,  t,  0)dsdt 


AAOB 


AAOC 


+ 


ABOC 


and  consequently  using  26.3.23  and  Figure  26.2 


jjgis,  t,  0)dsdt=vQ^2h'^)-vQ^,^) 

AAOB 

=[^H-L(1.31,  0 -.76)-Z:(0,  0 -.76)-^Q(1.31)l 

-Q+I(1.31,  0 -.14)-Z(0,  0 -.14)-^Q(1.31)] 

-Z(1.31,  0,-.76)-L(0,  0,-.76) 
-Z(1.31,  0 -.14)+L(0,  0,-.14) 

=  .00-. 11-. 04  +  . 23=. 08 

//.(M.0),..<=<fl,if)+v(fI,-i3Z) 

=[^-fL(.14,  0 ,-.99)-Z(0,  0 -.99)-i  Q(.14)] 
-}-Q-hZ(.14,  0,-l)-L(0,  0,-l)-|  Q(.14)] 


AAOC 


=  .01  +  .02=.03 

CC  (     *  m^  J.     T7/^V39  7>^\  ,  T7/V39  6a/T3\ 
JJ  gis,t,msdt=V\^-^,  __j+F(^^,-^j 

ABOC 

=Qh-Z(.48,  0,-.97)-L(0,  0 -.97)-^  Q(.48)] 

+[^+Z(.48,  0 -.96)-L(0,  0 -.96)-^  Q(.48)] 

=  .05  +  .04=.09 

Thus  adding  all  parts,  the  probability  that  X 
and  F are  in  triangle  ^5C is  =.08 +  .03 +  .09  =  .20. 
The  answer  to  3D  is  .211. 

Calculation  of  a  Circular  Normal  Distribution  Over  an 
Offset  Circle 

Example  10.  Let  X  and  Y  have  a  circular 
normal  distribution  with  <r=1000.  Find  the 
probability  that  the  point  {X,  Y)  falls  within  a 
circle  having  a  radius  equ^l  to  540  whose  center 
is  displaced  1210  from  the  mean  of  the  circular 
normal  distribution. 

In  units  of  o-,  the  radius  and  displacement  from 

540 
the  center  are,   respectively,   /?=TTrTjr:  =  .54  and  r 

=——=1.21.     The  problem   is   thus  reduced   to 

finding  the  probability  of  X  and  Y  falling  in  a 
circle  of  radius  /?=.54  displaced  r=1.21  from  the 
center  of  the  distribution  where  a=\. 
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Since  i?<l,  the  approximation  26.3.25  is  used. 
This  results  in 

t-{K\z,n     4+ (.54)2  ^^P  4+ (.54)2 

=  (.  1359)  e-«»^=  .06869 
The  answer  to  5D  is  .06870. 

Interpolation  for  ^(x^  | ;') 

Example  11.  Find  ^(25.298 120)  using  the 
interpolation  formula  given  with  Table  26.7. 

Taking  x^=25,  0=.298  and  applying  the  inter- 
polation formula  results  in 

Q(25.298|20)=^{Q(25|16)^+Q(25|18)  (4^-2^2) 

+  Q(25|20)(8-4e+O} 

=^{(.06982)(.088804) 

+  (.12492)  (1.014392) 
+  (.20143)  (6.896804)} 

=  .19027 

A  less  accm'ate  interpolate  may  be  obtained  by 
setting  ^  equal  to  zero  in  the  above  formula. 
This  results  in  the  value  .19003.  The  correct 
value  to  6D  is  Q(25.298|20)  =  .190259. 

On  the  other  hand  if  x^= 25.298  is  assumed  to 
have  an  error  of  ±5X10"*,  then  how  large  an 
error  arises  in  Q{x^\v)l  Denoting  the  error  in 
X^  by  Ax^  and  the  resulting  error  in  Q{x^\v)  by 
^^(^^1"),  we  then  have  the  approximate  relation- 
ship 


AQ(X» 


dx^ 


AX^ 


Using  26.4.8  we  can  write 

1 
'2 


^^'=i|(?(x'|.-2)-«.»] 


and 


AQ(X»  ^\  [Q(X>-2)-Q(x»]AX^ 


For  practical  purposes  it  is  sufficient  to  evaluate 
the  derivative  to  one  or  two  significant  figures. 
Consequently  we  can  write 


dx^ 


dx^ 


where  Xo  is  the  closest  value  to  X^  for  which  Q  is 
tabulated.     Hence 


For  this  example  Ax2=  ±5X10"*  and  x2=25.    This 
results  in 


AQ(X^|v)=i  (- 


.076)  (±5)  10-''=  ±2X10-5 


as  the  possible  error  in  Q{x^\v). 

Calculation  of  Q(x^\v)  Outside  the  Range  of  Table  26.7 

Example  12.     Find  the  value  of  Q(84|72). 

Since  this  value  is  outside  the  range  of  Table 
26.7  we  can  approximate  Q(84|72)  by  (1)  using  the 
Edge  worth  expansion  for  Q{x^\v)  given  in  Example 
6,  (2)  the  cube  root  approximation  26.4.14,  (3) 
the  improved  cube  root  approximation  26.4.13  or 
(4)  the  square  root  approximation  26.4.13.  The 
results  of  using  all  four  methods  are  presented 
below: 

1.  Edgeworth  expansion 

The  successive  terms  of  the  Edgeworth  expan- 
sion for  the  distribution  of  chi-square  result  in 

1-Q(84|72)  =  . 841345 
.000000 
.001120 

.842465 

Hence  Q(84|72)  =  .15754. 

The  successive  terms  of  the  Edgeworth  expan- 
sion for  the  distribution  of  ^2x^  result  in 

1-Q(84|72)  =  . 842544 
-.000034 
-.000138 


.842372 
Hence  Q  (84 1 72)  =  .15764. 

2.  Cube  root  approximation  26.4.14 

Using  the  cube  root  approximation  we  have 

Q(84|72)  =  Q(x) 
where 


jjn 


-1 


1^^=1.0046 


[9(72)] 

This  results  in  Q(84|72)  =  Q(1.0046)  =  1- 
P(1.0046)  =.15754. 

3.  Improved  cube  root  approximation  26.4.13 

The  improved  cube  root  approximation  in- 
volves calculating  a  correction  factor  hy  to  x. 
Linearly  interpolating  for  Ago  (which  appears 
below  26.4.15)  with  x=  1.0046  results  in  ^60= 
—  .0006  and  hence 
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A72=^(-. 0006)  =  -.00049 
Thus 
Q(84|72)  =  Q(1.0046-.0005)  =  Q(1.0041) 

=  1-P(1.0041)  =  . 15766 

4.  Square  root  approximation  26.4.13 

Using  the  square  root  approximation  we  have 

Q(8A\72)  =  Q(x)  where 


a:=V2(84)-V2(72)- 1  =  1.0032. 
This  results  in 

Q(84|72)  =  Q(1.0032)  =  1-P(1.0032)  =  . 15788 

The  value  correct  to  6D  is  Q(84|  72)  =  .157653. 
Generally  the  improved  cube  root  approximation 
will  be  correct  with  a  maximum  error  of  a  few 
units  in  the  fifth  decimal  and  is  recommended  for 
calculations  which  are  outside  the  range  of 
Table  26.7. 

Calculation    of    x^    for    Q(x''\v)    Outside  the    Range  of 
Table  26.8 

Example  13.  Find  the  value  of  X^  for  which 
Q(X2|144)  =  .01. 

Since  i'=144  is  outside  the  range  of  Table  26.8, 
we  can  compute  it  by  using  (1)  the  Cornish-Fisher 
asymptotic  expansion  26.2.50,  for  x^,  (2)  the  cube 
approximation  26.4.17,  (3)  the  improved  cube 
approximation  26.4.18,  or  (4)  the  square  approxi- 
mation 26.4.16.  We  shall  compute  the  value  by 
all  foiu"  methods. 

1.  Cornish-Fisher  asymptotic  expansion  26.2.50 

The  Cornish-Fisher  asymptotic  expansion  for 
X^  with  j/=144  can  be  written  as 


12 


I6V2 


+  j22[6A3(x)+3A,2(a;)4-2A„i(x)]4    ^^3 


[30^4(3:) 


+9^22(x)  + 12^,3(2;) +6/i„2(a:) +4/fc„„  (x)  ] 

Hence  using  the  auxiliary  table  following  26.2.51 
with  ^  =  .01  we  have 

144.  0000 
39.  4794 
2.  9413 
-.  0242 
-.0019 
+  .0002 


X2=186.  395 


2.  Cube  approximation  26.4.17 

Taking  x.o, =2.32635  we  have 


^2_ 


144 


{[ 


-1 


9(144)J 
+  (2.32635),^/III}  = 


186.405 


3.   Improved  cube  approximation  26.4.18 

From  the  table  for  Ago  we  obtain  using  hnear 
interpolation  with  a:=2.33  (approximately) 

A6o  =  .0012  and  thus  hiu^rrr  (.0012)  =  .00049 

144 

Hence 
X2=  144  11 


9(144) 
+  (2.32635-. 00049)^^^  J 


=  186.394 


4.  Square  approximation  26.4.16 

X2=i  [2.32635+V2(144)-lJ'=185.616 

The  correct  answer  to  3D  is  x2= 186.394. 
Generally  the  improved  cube  approximation  will 
give  results  correct  in  the  second  or  third  decimal 
for  i'>30. 

Calculation  of  the  Incomplete  Gamma  Function 

Example  14.     Find  the  value  of 

.9 


'(2.5,. 9)  =£ 


making  use  of  26.4.19  and  Table  26.7. 
Using  26.4.19  we  have 

7(2.5,  .9)  =  r(2.5)F(1.8|5)  =  r(2.5)[l-Q(1.8|5)] 
7(2.5,. 9)  =|V^[1- -87607]=. 16475 

Poisson  Distribution 

Example  15.     Find  the  value  of  m  for  which 


3  jn  • 

y]e-'"^=.99 


using  26.4.21  and  Table  26.8. 

From  Table  26.8  with  i/=2c=8  and  (?=.99 
we  have  x2=  1.646482.     Hence  m=xV2  =  . 823241. 

Inverse  of  the  Incomplete  Beta  Function 

Example  16.  Find  the  value  of  x  for  which 
7^(10, 6)  =  . 10  using  Table  26.9  and  26.5.27. 
Using  26.5.27  we  have 
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20+12F 


From  Table  26.9  the  upper  10  percent  point  of  F 
with  12  and  20  degrees  of  freedom  is  7^=1.89. 
Hence 

^= 20 

20+12(1.89) 

The  correct  value  to  4D  is  a"=.4683. 

Calculation  of  Ix{a,  b)  for  a  or  b  Small  Integers 

Example  17.     Calculate  /.io(3,  20). 

Values  of  Ix{a,b)  for  small  integral  a  or  6  can 
conveniently  be  calculated  using  26.5.6  or  26.5.7. 
Using  26.5.6  we  have 


5(3,20) 
.121576 


-3  (.110390X10-2)  =  .620040 


.216450X10-3 

Binomial  Distribution 

Example  18.     Find  the  value  of  p  which  satisfies 

using  26.5.24  and  Table  26.9. 

Combining  26.5.24  and  26.5.28  we  have 

where 

v,=2(n-a+l),v.=2(a),  andy=^^^^_^^^^^^ 
Hence 

s(^;)pT-=i-s(?)p'«"- 

-1-Q(F|60,42)  =  .95 

Harmonic  interpolation  on  V2  in  the  table  for 
which    Q(F\vi,v2)  =  .0o    results    in    7^=1.624    for 

42 
..  =  60,  ..  =  42,  and  thus   ^=42+60(1. 624) 

The  correct  answer  to  4D  is  p=.300^. 


=  .301. 


Approximating  the  Incomplete  Beta  Function 

Example  19.     Find  /.6o(16,  10.5)  using  26.5.21. 

Values  of  I^ia,  b)  can  conveniently  be  calculated 
with  good  accuracy  using  the  approximation 
given  by  26.5.20  or  26.5.21.  For  this  example 
{a-^b—l)il—x)  =  10.20  which  is  greater  than  .8 
and  hence  26.5.21  will  be  used.     Thus 


_3[  (1 .8469)  (.98942)  -  (1 .8566)  (.99306)1 


y- 


[^ 


8469)2     (i.8566)2-|i 


i=_.0668 


10.5      '         16       J 
and  interpolating  in  Table  26.1  gives 

P(-  .0668)  =  1  -P(.0668)  =  .47336 

The  answer  correct  to  5D  is  /,6o(16,  10. 5)  =  .47332. 

Interpolation  for  F  in  Table  26.9 

Example  20.     Find  the  value  of  F  for  which 

Q(F\7,  20)  =  .05  using  Table  26.9. 

Interpolation  in  Table  26.9  is  approximately 
hnear  when  the  reciprocals  of  the  degrees  of 
freedom  (vi,  .2)  are  used  as  the  interpolating 
variable.  For  this  example  it  is  only  necessary  to 
interpolate  with  respect  to  l/py.  Thus  linear 
interpolation  on  l/.i  results  in  F—2.51  which  is 
the  correct  interpolate. 

Calculation  of  F  for  (?(F|^„ i'2)> .50 

Example  21.  Find  the  value  of  F  for  which 
Q{F\4,S)  =  .90  using  26.6.9  and  Table  26.9. 

Table  26.9  only  tabulates  values  of  F  for  which 
Q{F\v„v2)^p  where  p=.bm,  .250,  .100,  .050, 
.025,  .010,  .005,  .001.  However  making,  use  of 
Table  26.9  we  can  find  the  values  of  Fp  for  which 
p^.lb,  .9,  .95,  .975,  .99,  .995,  .999.  For  this  ex- 
ample we  have 

^•"^^'^^^F^^ki) 

and  referring  to  the  table  for  which  Q{F\vx,  .2)  =10 
gives  F.  10(8, 4)  =3.95  and  thus  F.9o(4,  8)=^^-^^ 
=  .253. 

Calculation  of  ^(F|»'i,i'2)  for  Small  Integral  v,  or  V2 

Example  22.  Compute  ^(2.5|4,  15)  usmg 
26.6.4. 

Values  of  Q{F\vi,  v^)  can  be  readily  computed  for 
small  vi  or  .2  using  the  expansions  26.6.4  to  26.6.8 
inclusive.     We  have  using  26.6.4 


x= 


15 


15+4(2.50) 


=  .60 


and 


^(2.50j4, 15)  =  (.6)"^  [1 +y  (.4)  J=.086  735 


•See  page  II. 
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Approximating  QiF\vi^  v^) 


Example  23.  Calculate  Q(1.714|10,40)  using 
26.6.15. 

The  approximation  given  by  26.6.15  will  result 
in  a  maximum  error  of  .0005.  For  this  example 
we  have 

2    \     /.        2 


('■^'^^"0-9-(!o))-('-9(fo)) 
x= i= — 7. t;. — =Ti 


r 


+  (1.714) 


2/3 


0^ 


=  1.2222 


L9(10)  '  ^^-"'^      9(40). 
Interpolating  in  Table  26.1  results  in 
Q(1.714|10,40)«Q(1.2222)  =  1-P(1.2222)  =  .1108 
The  correct  value  to  5D  is  Q(1.714|10,  40)  =.11108. 

On  the  other  hand  the  approximation  given  by 
26.6.14  which  is  usually  less  accurate  results  in 


^[2(40)-l]  (~^  (1.714)-V2(T0)^ 
x= ,  


V 


1+i^  (1-714) 


=  1.2210 


and  interpolating  in  Table  26.1  gives 

^(1.714|10,  40)«Q(1.2210)  =  1-P(1.2210)  =  .1112 

Calculation  of  F  Outside  the  Range  of  Table  26.9 

Example  24.     Find  the  value  of  F  for  which 
Q(F|10,20)«.0001  using  26.6.16  and  26.5.22. 


For  this  problem  we  have  a=7|=10,  6=^=5, 

^  =  .0001.    The  value  of  the  normal  deviate  which 
cuts  off  .0001   in  the  tail  of  the  distribution  is 


Texts 


i/=3.7190    (i.e.,  (?(3.7190)  =  .0001). 
stituting  in  26.5.22  gives 


961 

Hence    sub- 


wj=3.7190 


*='  [19+5]" '=''■"'' 


X=^-^^r-3=1.80o2 


(12.2143+1.8052)i 


12.2143 


•a-i^)[ 


1.8052+.8333- 


1 


w- 


and   thus   F^e^''=1.2Z 
F=7.180. 


3(12.2143)J 
.9889 
The  correct  answer  is 


Approximating  the  Non-Central  F-Distribution 

Example  25.  Compute  F(3.71|3, 10, 4)  using 
the  approximation  26.6.27  to  the  non-central  F- 
distribution. 

Using  26.6.27  with  1/1=3,  1^2=10,  X=4,  i^'=3.71 
we  have 


[(a-Ti)*^-^') 


]'T 


2    -]    r       2(3+8)-[ 
■9(10)J    L      9(3+4)2j 


L9(^ 


3+8 


-12/3-11 
'      '2 


K^)--)!] 


(3+4)2  .  9(10) 

and  interpolating  in  Table  26.1  gives 

P(3.71|3,10,4)  «P(.675)  =  .750 
The  exact  answer  is  P(3.71|3,  10,  4)  =  .745. 
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probabihties,  Ann.  Math.  Statist.  27,  1075-1090 

(1956).       T(h,    a)=—  arctan  a-V{h,  ah)    for 
2x 

a=.25(.25)l,    /i=0(.01)2(.02)3;   a=0(-01)l,    cd, 

A  =  0(.25)3:    a  =  .l,    .2(.05).5(.1).8,     1,     ».     h  = 

3(.05)3.5(.1)4.7,     6D. 


[26.23]  D.    B.    Owen,    The   bivariate   normal   probability 

function.    Office    of    Technical    Services,     U.S. 

Department   of   Commo-ce    (1957).     T(h,   a)  = 

1 

—  arctan  a—V(h,  ah)  for  a  =  0(.025)l,   cd  ;  h  = 
2t 

0(.01)3.5(.05)4.75,     6D. 

[26.24]  Tables  VIII  and  IX,  Part  II  of  [26.12].    L(A,  k,  p) 

for  h,   fc=0(.l)2.6,  p=-l(.05)l,     6D  for  p>0 

and  7D  for  p<0. 


du-Sqnare,      Non-Central      Qu-Square,      Probability 
Inoomi^te  Gamma  Function,  Poiason  Distribution 


Integral, 


[26.25]  G.  A.  Campbell,  F^obabihty  curves  showing 
Poisson's  exponential  summation,  BeU  System 
Technical   Journal,    95-113    (1923).      Tabulates 


values    of 
2D;  .0001, 


2 
.01,     3D; 


for    which    Q(x*IO=  000001, 
1,   .25,   .5,   .75,   .9,     4D; 


.99,  .9999,    3D;  .999999, 


2Dforc=-  =  l(l)101. 
2 


[26.26] 
[26.27] 


Table  IV  of  [26.7].  Tabulates  values  of  x*  for 
Q(x'|.')  =  .O01,  .01,  .02,  .05,  .1,  .2,  .3,  .5,  .7,  .8, 
.9,  .95,  .98,  .99  and  »=  1(1)30,     3D  or  3S. 

E.  Fix,  Tables  of  noncentral  x*>  Univ.  of  California 
PubUcations  in  Statistics  1,  15-19  (1949). 
Tabulates  X  for  P{x'^\p,  X)  =  .l(.l).9,  Q(x'*|i')  = 
.01,  .05;  F=  1(1)20(2)40(5)60(10)  100,  3D  or  3S. 
[26.28]  H.  O.  Hartley  and  E.  S.  Pearson,  Tables  of  the  x* 
integral  and  of  the  cumulative  Poisson  distribu- 
tion, Biometrika  37,  313-325  (1950).  Also  re- 
produced as  Table  7  in  [26.11].  P{x^U)  for 
F=l(l)20(2)70,  x'=0(.001).01(.01).l(.l)2(.2)10 
(.5)20(1)40(2)134,     5D. 

T.  Kitagawa,  Tables  of  Poisson  distribution 
(Baifukan,  Tokyo,  Japan,  1951).  e^^m'/s!  for 
m  =  .001(.001)l(.01)5,  8Z);  m--5(.01)10,     7D. 

E.  C.  Molina,  Poisson's  exponential  binomial  limit 
(D.  Van  Nostrand  Co.,  Inc.,  New  York,  N.Y., 


[26.29] 
[26.30] 


1940).     e-»m'/«!  and  P(x*|»') 


y^,  e-^m'/jl   for 
6D;      m=0(.001).01 


m=x'/2=0(.l)16(l)100, 
(.01)3,     7D. 

[26.31]  K.  Peareon  (Editor),  Tables  of  the  incomplete 
r-function,  Biometrika  Office,  University  CoUege 
(Cambridge  Univ.  Press,  Cambridge,  England, 
1934).  I(u,p)  for  p=-l(.05)0(.l)5(.2)50, 
u=0(.l)  7(u,p)  =  l  to  7D;  p= -l(.01)-.75, 
u=0(.l)6,  5D;  ln[/ (u,p)  I  u*^!],  p=-l(.05)0 
(.1)10,  u=0(.l)1.5,  8D;  [x*^!  T{p+l)]-'y(j>,x), 
p=-l(.01)-.9,i=0(.01)3,     7D. 

[26.32]  E.  E.  Sluckii,  Tabhtsy  dlya  vycioleniya  nepolnol 
r-fimktsii  i  funktsii  veroyatnosti  x*-  (Izdat. 
Akad.  Nauk  SSSR,  Moscow-Leningrad,  U.S.S.R., 

1950).     r(xV)  =  Q  xM  ""P  (x'W,    ^it,p)  = 

Qix'l'),  n{t,  x)  =  0{x'\y)  where  (=(2x')*-(2r)*, 
x={,f2)-i.  r(x»,r),  x*=0(.05)2(.l)10,  r=0(.05) 
2(-l)6;  0(x'\w),  x*-0(.l)3.2,  ,=  0(.05)2(.1)6; 
x»=3.2(.2)7(.5)10(l)35,  f-0(.1).4(.2)6;  ^{t,w), 
<=-4(.l)4.8,  r=6(.5)ll(l)32;  n(t,x):  t=-4.5 
(.1)4.8,  x=0(.02).22(.01).25,     5D. 
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Incomplete  Beta  Function,  Binomial  Distribution 

[26.33J  Harvard  University,  Tables  of  the  cumulative 
binomial  probability  distribution  (Harvard  Univ. 
Press,  Cambridge,  Mass.,  1955). 

GO 

2  (,")p'(l-p)"-'for  p  =  .01(.01).5,  1/16,  1/12, 
t=e 

1/8,  1/6,  3/16,  5/16,  1/3,  3/8,  5/12,  7/16, 
71=1(1)50(2)100(10)200(20)500(50)1000,  5D. 
[26.34]  National  Bureau  of  Standards,  Tables  of  the 
binomial  probability  distribution.  Applied  Math. 
Series  6  (U.S.  Government  Printing  Office, 
Washington,  D.C.,  1950).  (?)p'(l-p)''-'  and 
n 

X)  (?)p'(l-p)""'  for  p  =  .01(.01).5,  71=2(1)49, 
«=c 

7D. 

[26.35]  K.  Pearson  (Editor),  Tables  of  the  incomplete 
beta  function,  Biometrika  Office,  University 
College  (Cambridge  Univ.  Press,  Cambridge, 
England,  1948).  /,(a,6)  for  x=.01(.01)l; 
a,6  =  .5(.5)ll(l)50,  a>6,     7D. 

[26.36]  W.  H.  Robertson,  Tables  of  the  binomial  distribu- 
tion function  for  small  values  of    p.   Office  of 
Technical   Services,  U.S.   Department  of   Com- 
merce (1960). 
e 

X)  (?)P'(1-P)"-'  for  p=. 001  (.001). 02,  n  =  2(l) 
«=o 

100(2)200(10)500(20)1000;  p=.021(.001).05, 

n= 2(1) 50(2)  100(5)200(10)  300  (20)  600  (50)  1000, 
5D. 
[26.37]  H.    G.    Romig,    50-100    Binomial    tables    (John 
Wiley  &  Sons,    Inc.,    New  York,  N.Y.,    1953). 

(      j  p'(l  — p)"-'  and  S  (     )  p'(l  — p)"~*  for 

p=.01(.01).5  and  n  =  50(5)100,     6D. 

[26.38]  C.  M.  Thompson,  Tables  of  percentage  points  of 
the  incomplete  beta  function,  Biometrika  32, 
151-181  (1941).  Also  reproduced  as  Table  16 
in  [26.11].  Tabulates  values  of  x  for  which 
*  I^ia,  b)  =.005,  .01,  .025,  .05,  .1,  .25,  .5; 
2a=  1(1)30,  40,  60,  120,  oo  ;  2b=  1(1)10,  12,  15, 
20,  24,  30,  40,  60,  120,     5D. 

[26.39]  U.S.  Ordnance  Corps,  Tables  of  the  cumulative 
binomial  .probabilities,  ORDP  20-1,  Office  of 
Technical   Services,   Washington,    D.C.    (1952). 

X)(")p'(l-P)""' for  p=.01(.01).5   and  7i=l 

(1)150,  7D. 

F  (Variance-Ratio)  and  Non-Central  F  Distribution 

[26.40]  Table  V  of  [26.7].     Tabulates  values  of  F  and 

Z=-  In  F  for  0(F|v,,  ^2)  =2,  .1,  .05,  .01,  .001; 

;-,=  1(1)6,  8,  12,  24,   00;  „2=  1(1)30,  40,  60,  120, 
00,     2D  for  F,     4D  for  Z. 
[26.41]  E.  Lehmer,  Inverse  tables  of  probabilities  of  errors 
of   the   second    kind,    Ann.    Math.    Statist.    15, 

388-398(1944).  0=Vx/(»'i+l)  for  ^,=  1(1)10, 
12,  15,  20,  24,  30,  40,  60,  120,  00  ;  „2  =  2(2)20, 
24,  30,  40,  60,  80,  120,  240,  00  and  P{F'\vu  V2,  4>) 
=  .2,  .3  where  Q{F'\vu  ^2)  =  .01,  .05,     3D  or  3S. 


[26.42]  M.  Merrington  and  C.  M.  Thompson,  Tables  of 
percentage  points  of  the  inverted  beta  (_F)  dis- 
tribution, Biometrika  33,  73-88  (1943).  Tabu- 
lates values  of  F  for  which  Q{F\in,  i»2)  =  .5,  .25, 
.1,  .05,  .025,  .01,  .005;  vi=  1(1)10,  12,  15,  20, 
24,30,40,60,120,  «>;  V2=  1(1)30,  40,  60,  120,  00. 

[  26.43]  P.  C.  Tang,  The  power  function  of  the  analysis  of 
variance  tests  with  tables  and  illustrations  of 
their  use.  Statistical  Research  Memoirs  II,  126- 
149  and  tables  (1938).  P{F'\vx,  yj,  4,)  for  vi  = 
1(1)8,  V2  =  2(2)6(l)30,  60,  00  a;id  <^  =  Vx/i',  + 1)  = 
1(.5)3(1)8  where  9(^'|''i,  »'2)  =  .01,  .05,     3D. 

Student**  t  and  Non-Central  t-Diatributiona 

[26.44]  E.  T.  Federighi,  Extended  tables  of  the  percentage 
points  of  Student's  ^-distribution,  J.  Amer. 
Statist.  Assoc.  54,  683-688  (1959.)     Values  of 

t  for  which   Q{t\v)=    -  [l- A{t\v)]  =  .2bX\Q-', 

.1X10-",  71  =  0(1)6,  .05X10-",  n  =  0(l)5,  r= 
1(1)30(5)60(10)100,  200,  500,  1000,  2000,  10000, 
00;     3D. 

[26.45]  Table  III  of  [26.7].  Values  of  t  for  which  A{t\v)  = 
.1(.1).9,  .95,  .98,  .99,  .999  and  1.=  1(1)30,  40, 
60,  120,  00;     3D. 

[26.46]  N.  L.  Johnson  and  B.  L.  Welch,  Applications  of 
the  noncentral  ^-distribution,  Biometrika  31, 
362-389  (1939).  Tabulates  an  auxiliary  func- 
tion which  enables  calculation  of  6  for  given 
i'andp.or^  forgiven  5  and  p  where  P{l'\v,b)  =  p  = 
.005,  .01,  .025,  .05,  .1(.1).9,  .95,  .975,  .99,  .995. 

[26.47]  J.  Neyman  and  B.  Tokarska,  Errors  of  the  second 
kind  in  testing  Student's  hypothesis,  J.  Amer. 
Statist.  Assoc.  31,  318-326  (1936).  Tabulates  5 
for  P«'|»',5)  =  .01,  .05,  .1(.1).9;  ^  =  1(1)30,  » ; 
Q{t'\v)  =  m,  .05. 

[26.48]  Table    9    of    [2^.l\].P{t\v)=- [\-{- A{t\v)]  {or   t  = 

0(.1)4(.2)8;  »/=  1(1)20,  5D;  <  =  0(.05)2(.1)4,  5; 
^'  =  20(1)24,  30,  40,  60,  120,  00,     5D. 

[26.49]  G.  S.  ResnikofiF  and  G.  J.  Lieberman,  Tables  of  the 
noncentral  ^-distribution  (Stanford  Univ.  Press, 
Stanford,  Calif .,  1957).  iiP{i'\v,i)l^l' &nAP{t'\v,b) 
for  J'  =  2(l)24(5)49,  5=  y^^l  Xp  where  Q(Xp)  = 
p=.25,  .15,  .1,  .065,  .04,  .025,  .01,  .004,  .0025, 
.001  and  t'Hv  covers  the  range  of  values  such 
that  throughout  most  of  the  table  the  entries  lie 
between  0  and  1,     4D. 

Random  Numbers  and  Normal  Deriatea 

[26.50]  E.  C.  Fieller,  T.  Lewis  and  E.  S.  Pearson,  Cor- 
related random  normal  deviates,  Tracts  for 
Computers  26  (Cambridge  Univ.  Press,  Cam- 
bridge, England,  1955). 

[26.51]  T.  E.  Hull  and  A.  R.  Dol:)ell,  Random  number 
generators,  Soc.  Ind.  App.  Math.  4,  2.30-254 
(1962). 

[26.52]  M.  G.  Kendall  and  B.  Babington  Smith,  Random 
sampling  numbers  (Cambridge  Univ.  Press, 
Cambridge,  England,  1939). 


•See  page  U. 
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[26.53]  G.  Marsaglia,  Random  variables  and  computers, 
Proc.  Third  Prague  Conference  in  Probability 
Theory  1962.  (Also  as  Math.  Note  No.  260, 
Boeing  Scientific  Research  Laboratories,  1962). 

[26.54]  M.  E.  MuUer,  An  inverse  method  for  the  genera- 
tion of  random  normal  deviates  on  large  scale 
computers,  Math.  Tables  Aids  Comp.  63.  167- 
174  (1958). 


[26.55]  Rand  Corporation,  A  million  random  digits  with 
100,000  normal  deviates  (The  Free  Press, 
Glencoe,  111.  1955). 

[26.56]  H.  Wold,  Random  normal  deviates.  Tracts  for 
Computers  25  (Cambridge  Univ.  Press,  Cam- 
bridge, England,  1948). 
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Table  26.1     NORMAL  PROBABILITY  FLNCTIO.N  AND  DERIVATIVES 

..- 

P(^) 

Z(r) 

Z'i.(,,) 

0.00 

0.50000 

00000 

00000 

0.39894 

22804 

01433 

0.00000 

00000 

00000 

0.02 

0.50797 

83137 

16902 

0.39886 

24999 

23666 

-0.00797 

72499 

98473 

0.04 

0.51595 

34368 

52831 

0.39862 

32542 

04605 

-0.01594 

49301 

68184 

0.06 

0.52392 

21826 

54107 

0.39822 

48301 

95607 

-0.02389 

34898 

11736 

0.08 

0.53188 

13720 

13988 

0.39766 

77055 

11609 

-0.03181 

34164 

40929 

0.10 

0.53982 

78372 

77029 

0.39695 

25474 

77012 

-0.03969 

52547 

47701 

0.12 

0.54775 

84260 

20584 

0.39608 

02117 

93656 

-0.04752 

96254 

15239 

0.14 

0.55567 

00048 

05907 

0.39505 

17408 

34611 

-0.05530 

72437 

16846 

0.16 

0.56355 

94628 

91433 

0.39386 

83615 

68541 

-0.06301 

89378 

50967 

0.18 

0.57142 

37159 

00901 

0.39253 

14831 

20429 

-0.07065 

56669 

61677 

0.20 

0.57925 

97094 

39103 

0.39104 

26939 

75456 

-0.07820 

85387 

95091 

0.22 

0.58706 

44226 

48215 

0.38940 

37588 

33790 

-0.08566 

88269 

43434 

0.24 

0.59483 

48716 

97796 

0.38761 

66151 

25014 

-0.09302 

79876 

30003 

0.26 

0.60256 

81132 

01761 

0.38568 

33691 

91816 

-0.10027 

76759 

89872 

0.28 

0.61026 

12475 

55797 

0.38360 

62921 

53479 

-0.10740 

97618 

02974 

0.30 

0.61791 

14221 

88953 

0.38138 

78154 

60524 

-0.11441 

63446 

38157 

0.32 

0.62551 

58347 

23320 

0.37903 

05261 

52702 

-0.12128 

97683 

68865 

0.34 

0.63307 

17360 

36028 

0.37653 

71618 

33254 

-0.12802 

26350 

23306 

0.36 

0.64057 

64332 

17991 

0.37391 

06053 

73128 

-0.13460 

78179 

34326 

0.38 

0.64802 

72924 

24163 

0.37115 

38793 

59466 

-0.14103 

84741 

56597 

0.40 

0.65542 

17416 

10324 

0.36827 

01403 

03323 

-0.14730 

80561 

21329 

0.42 

0.66275 

72731 

51751 

0.36526 

26726 

22154 

-0.15341 

03225 

01305 

0.44 

0.67003 

14463 

39407 

0.36213 

48824 

13092 

-0.15933 

93482 

61761 

0.46 

0.67724 

18897 

49653 

0.35889 

02910 

33545 

-0.16508 

95338 

75431 

0.48 

0.68438 

63034 

83778 

0.35553 

25285 

05997 

-0.17065 

56136 

82879 

0.50 

0.69146 

24612 

74013 

0.35206 

53267 

64299 

-0.17603 

26633 

82150 

0.52 

0.69846 

82124 

53034 

0.34849 

25127 

58974 

-0.18121 

61066 

34667 

0.54 

0.70540 

14837 

84302 

0.34481 

80014 

39333 

-0.18620 

17207 

77240 

0.56 

0.71226 

02811 

50973 

0.34104 

57886 

30353 

-0.19098 

56416 

32997 

0.58 

0.71904 

26911 

01436 

0.33717 

99438 

22381 

-0.19556 

43674 

16981 

0.60 

0.72574 

68822 

49927 

0.33322 

46028 

91800 

-0.19993 

47617 

35080 

0.62 

0.73237 

11065 

31017 

0.32918 

39607 

70765 

-0.20409 

40556 

77874 

0.64 

0.73891 

37003 

07139 

0.32506 

22640 

84082 

-0.20803 

98490 

13813 

0.66 

0.74537 

30853 

28664 

0.32086 

38037 

71172 

-0.21177 

01104 

88974 

0.68 

0.75174 

77695 

46430 

0.31659 

29077 

10893 

-0.21528 

31772 

43407 

0.70 

0.75803 

63477 

76927 

0.31225 

39333 

66761 

-0.21857 

77533 

56733 

0.72 

0.76423 

75022 

20749 

0.30785 

12604 

69853 

-0.22165 

29075 

38294 

0.74 

0.77035 

00028 

35210 

0.30338 

92837 

56300 

-0.22450 

80699 

79662 

0.76 

0.77637 

27075 

62401 

0.29887 

24057 

75953 

-0.22714 

30283 

89724 

0.78 

0.78230 

45624 

14267 

0.29430 

50297 

88325 

-0.22955 

79232 

34894 

0.80 

0.78814 

46014 

16604 

0.28969 

15527 

61483 

-0.23175 

32422 

09186 

0.82 

0.79389 

19464 

14187 

0.28503 

63584 

89007 

-0.23372 

98139 

60986 

0.84 

0.79954 

58067 

39551 

0.28034 

38108 

39621 

-0.23548 

88011 

05281 

0.86 

0.80510 

54787 

48192 

0.27561 

82471 

53457 

-0.23703 

16925 

51973 

0.88 

0.81057 

03452 

23288 

0.27086 

39717 

98338 

-0.23836 

02951 

82537 

0.90 

0.81593 

98746 

53241 

0.26608 

52498 

98755 

-0.23947 

67249 

08879 

0.92 

0.82121 

36203 

85629 

0.26128 

63012 

49553 

-0.24038 

33971 

49589 

0.94 

0.82639 

12196 

61376 

0.25647 

12944 

25620 

-0.24108 

30167 

60083 

0.96 

0.83147 

23925 

33162 

0.25164 

43410 

98117 

-0.24157 

85674 

54192 

0.98 

0.83645 

69406 

72308 

0.24680 

94905 

67043 

-0.24187 

33007 

55702 

1.00 

0.84134 

47460 

68543 

0.24197 

07245 

19143 

-0.24197 

07245 

19143 

(-5)11 
10 

(-5)21 
10 

[(-5)31 
10 

Z(r): 

^2t 

P{r)  = 

jl^^(n<ft 

^^"W=^„^W 

Uenir)  =  (-irZ(-Hr):Z(T) 
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VIAL  PR( 
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Y  FLN 
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SD  Dl 
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:s 

Table  26.1 

X 

Z(2)(JC) 

Zm(x) 

Z(4)f 

x) 

Z(5)(x) 

Z(6)(;C) 

0.00 

-0.39894 

22804 

0.00000 

000 

1.19682 

684 

0.00000 

000 

-5.98413  421 

0.02 

-0.39870 

29549 

0.02392 

856 

1.19563 

029 

-0.11962 

684 

-5.97575  893 

0.04 

-0.39798 

54570 

0.04780 

928 

1.19204 

400 

-0.23891 

887 

-5.95066  325 

0.06 

-0.39679 

12208 

0.07159 

445 

1.18607 

800 

-0.35754 

249 

-5.90893  742 

0.08 

-0.39512 

26322 

0.09523 

664 

1.17774 

897 

-0.47516 

649 

-5.85073  151 

0.10 

-0.39298 

30220 

0.11868 

881 

1.16708 

019 

-0.59146 

327 

-5.77625  460 

0.12 

-0.39037 

66567 

0.14190 

445 

1.15410 

144 

-0.70610 

997 

-5.68577  399 

0.14 

-0.38730 

87267 

0.16483 

771 

1.13884 

890 

-0.81878 

968 

-5.57961  395 

0.16 

-0.38378 

53315 

0.18744 

353 

1.12136 

503 

-0.92919 

252 

-5.45815  435 

0.18 

-0.37981 

34631 

0.20967 

776 

1.10169 

839 

-1.03701 

674 

-5.32182  895 

0.20 

-0.37540 

09862 

0.23149 

727 

1.07990 

350 

-1.14196 

980 

-5.17112  356 

0.22 

-0.37055 

66169 

0.25286 

Oil 

1.05604 

063 

-1.24376 

938 

-5.00657  387 

0.24 

-0.36528 

98981 

0.27372 

555 

1.03017 

556 

-1.34214 

434 

-4.82876  317 

0.26 

-0.35961 

11734 

0.29405 

426 

1.00237 

941 

-1.43683 

568 

-4.63831  979 

0.28 

-0.35353 

15588 

0.31380 

836 

0.97272 

834 

-1.52759 

737 

-4.43591  441 

0.30 

-0.34706 

29121 

0.33295 

156 

0.94130 

327 

-1.61419 

723 

-4.22225  716 

0.32 

-0.34021 

78003 

0.35144 

923 

0.90818 

965 

-1.69641 

762 

-3.99809  459 

0.34 

-0.33300 

94659 

0.36926 

849 

0.87347 

711 

-1.77405 

617 

-3.76420  646 

0.36 

-0.32545 

17909 

0.38637 

828 

0.83725 

919 

-1.84692 

643 

-3.52140  244 

0.38 

-0.31755 

92592 

0.40274 

947 

0.79963 

298 

-1.91485 

840 

-3.27051  871 

0.40 

-0.30934 

69179 

0.41835 

488 

0.76069 

880 

-1.97769 

904 

-3.01241  439 

0.42 

-0.30083 

03372 

0.43316 

939 

0.72055 

987 

-2.03531 

269 

-2.74796  802 

0.44 

-0.29202 

55692 

0.44716 

995 

0.67932 

193 

-2.08758 

144 

-2.47807  382 

0.46 

-0.28294 

91055 

0.46033 

566 

0.63709 

291 

-2.13440 

537 

-2.20363  810 

0.48 

-0.27361 

78339 

0.47264 

779 

0.59398 

256 

-2.17570 

278 

-1.92557  548 

0.50 

-0.26404 

89951 

0.48408 

982 

0.55010 

207 

-2.21141 

033 

-1.64480  520 

0.52 

-0.25426 

01373 

0.49464 

748 

0.50556 

372 

-2.24148 

307 

-1.36224  740 

0.54 

-0.24426 

90722 

0.50430 

874 

0.46048 

050 

-2.26589 

443 

-1.07881  949 

0.56 

-0.23409 

38293 

0.51306 

383 

0.41496 

574 

-2.28463 

613 

-0.79543  249 

0.58 

-0.22375 

26107 

0.52090 

525 

0.36913 

279 

-2.29771 

801 

-0.51298  749 

0.60 

-0.21326 

37459 

0.52782 

777 

0.32309 

457 

-2.30516 

783 

-0.23237  218 

0.62 

-0.20264 

56463 

0.53382 

841 

0.27696 

332 

-2.30703 

091 

+0.04554  255 

0.64 

-0.19191 

67607 

0.53890 

643 

0.23085 

017 

-2.30336 

981 

0.31990  583 

0.66 

-0.18109 

55308 

0.54306 

327 

0.18486 

483 

-2.29426 

388 

0.58988  999 

0.68 

-0.17020 

03472 

0.54630 

259 

0.13911 

528 

-2.27980 

875 

0.85469  355 

0.70 

-0.15924 

95060 

0.54863 

016 

0.09370 

741 

-2.26011 

583 

1.11354  405 

0.72 

-0.14826 

11670 

0.55005 

386 

0.04874 

473 

-2.23531 

162 

1.36570  074 

0.74 

-0.13725 

33120 

0.55058 

359 

+0.00432 

808 

-2.20553 

714 

1.61045  709 

0.76 

-0.12624 

37042 

0.55023 

127 

-0.03944 

465 

-2.17094 

715 

1.84714  311 

0.78 

-0.11524 

98497 

0.54901 

073 

-0.08247 

882 

-2.13170 

944 

2.07512  746 

0.80 

-0.10428 

89590 

0.54693 

765 

-0.12468 

324 

-2.08800 

401 

2.29381  943 

0.82 

-0.09337 

79110 

0.54402 

952 

-0.16597 

047 

-2.04002 

228 

2.50267  061 

0.84 

-0.08253 

32179 

0.54030 

551 

-0.20625 

697 

-1.98796 

617 

2.70117  643 

0.86 

-0.07177 

09916 

0.53578 

644 

-0.24546 

336 

-1.93204 

726 

2.88887  745 

0.88 

-0.06110 

69120 

0.53049 

467 

-0.28351 

458 

-1.87248 

587 

3.06536  044 

0.90 

-0.05055 

61975 

0.52445 

403 

-0.32034 

003 

-1.80951 

008 

3.23025  923 

0.92 

-0.04013 

35759 

0.51768 

968 

-0.35587 

378 

-1.74335 

486 

3.38325  538 

0.94 

-0.02985 

32587 

0.51022 

810 

-0.39005 

463 

-1.67426 

103 

3.52407  854 

0.96 

-0.01972 

89163 

0.50209 

689 

-0.42282 

627 

-1.60247 

436 

3.65250  673 

0.98 

-0.00977 

36558 

0.49332 

478 

-0.45413 

732 

-1.52824 

456 

3.76836  628 

1.00 

0.00000 

00000 

0.48394 

145 

-0.48394 

145 

-1.45182 

435 

3.87153  159 

[(-5)61 
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Table  26.1 

NORMAL  PROBABILITY  FUNCTION  AND 

DERIVATIVES 

X 

PiT) 

Z[x^ 

Z^Hx) 

1.00 

0.84134 

47460 

68543 

0.24197 

07245 

19143 

-0.24197 

07245 

19143 

1.02 

0.84613 

57696 

27265 

0.23713 

19520 

19380 

-0.24187 

45910 

59767 

1.04 

0.85083 

00496 

69019 

0.23229 

70047 

43366 

-0.24158 

88849 

33101 

1.06 

0.85542 

77003 

36091 

0.22746 

96324 

57386 

-0.24111 

78104 

04829 

1.08 

0.85992 

89099 

11231 

0.22265 

34987 

51761 

-0.24046 

57786 

51902 

1.10 

0.86433 

39390 

53618 

0.21785 

21770 

32551 

-0.23963 

73947 

35806 

1.12 

0.86864 

31189 

57270 

0.21306 

91467 

75718 

-0.23863 

74443 

88804 

1.14 

0.87285 

68494 

37202 

0.20830 

77900 

47108 

-0.23747 

08806 

53704 

1.16 

0.87697 

55969 

48657 

0.20357 

13882 

90759 

-0.23614 

28104 

17281 

1.18 

0.88099 

98925 

44800 

0.19886 

31193 

87276 

-0.23465 

84808 

76986 

1.20 

0.88493 

03297 

78292 

0.19418 

60549 

83213 

-0.23302 

32659 

79856 

1.22 

0.88876 

75625 

52166 

0.18954 

31580 

91640 

-0.23124 

26528 

71801 

1.24 

0.89251 

23029 

25413 

0.18493 

72809 

63305 

-0.22932 

22283 

94499 

1.26 

0.89616 

53188 

78700 

0.18037 

11632 

27080 

-0.22726 

76656 

66121 

1.28 

0.89972 

74320 

45558 

0.17584 

74302 

97662 

-0.22508 

47107 

81008 

1.30 

0.90319 

95154 

14390 

0.17136 

85920 

47807 

-0.22277 

91696 

62150 

1.32 

0.90658 

24910 

06528 

0.16693 

70417 

41714 

-0.22035 

68950 

99062 

1.34 

0.90987 

73275 

35548 

0.16255 

50552 

25534 

-0.21782 

37740 

02216 

1.36 

0.91308 

50380 

52915 

0.15822 

47903 

70383 

-0.21518 

57149 

03721 

1.38 

0.91620 

66775 

84986 

0.15394 

82867 

62634 

-0.21244 

86357 

32434 

1.40 

0.91924 

33407 

66229 

0.14972 

74656 

35745 

-0.20961 

84518 

90043 

1.42 

0.92219 

61594 

73454 

0.14556 

41300 

37348 

-0.20670 

10646 

53034 

1.44 

0.92506 

63004 

65673 

0.14145 

99652 

24839 

-0.20370 

23499 

23768 

1.46 

0.92785 

49630 

34106 

0.13741 

65392 

82282 

-0.20062 

81473 

52131 

1.48 

0.93056 

33766 

66669 

0.13343 

53039 

51002 

-0.19748 

42498 

47483 

1.50 

0.93319 

27987 

31142 

0.12951 

75956 

65892 

-0.19427 

63934 

98838 

1.52 

0,93574 

45121 

81064 

0,12566 

46367 

89088 

-0.19101 

02479 

19414 

1.54 

0.93821 

98232 

88188 

0.12187 

75370 

32402 

-0.18769 

14070 

29899 

1.56 

0,94062 

00594 

05207 

0.11815 

72950 

59582 

-0.18432 

53802 

92948 

1.58 

0.94294 

65667 

62246 

0.11450 

48002 

59292 

-0.18091 

75844 

09682 

1.60 

0.94520 

07083 

00442 

0.11092 

08346 

79456 

-0.17747 

33354 

87129 

1.62 

0.94738 

38615 

45748 

0.10740 

60751 

13484 

-0.17399 

78416 

33844 

1.64 

0.94949 

74165 

25897 

0.10396 

10953 

28764 

-0.17049 

61963 

39173 

1.66 

0.95154 

27737 

33277 

0.10058 

63684 

27691 

-0,16697 

33715 

89966 

1,68 

0.95352 

13421 

36280 

0.09728 

22693 

31467 

-0.16343 

42124 

76865 

1.70 

0.95543 

45372 

41457 

0.09404 

90773 

76887 

-0.15988 

34315 

40708 

1.72 

0.95728 

37792 

08671 

0.09088 

69790 

16283 

-0.15632 

56039 

08007 

1.74 

0,95907 

04910 

21193 

0.08779 

60706 

10906 

-0.15276 

51628 

62976 

1.76 

0.96079 

60967 

12518 

0.08477 

63613 

08022 

-0.14920 

63959 

02119 

1.78 

0.96246 

20196 

51483 

0.08182 

77759 

92143 

-0.14565 

34412 

66014 

1.80 

0,96406 

96808 

87074 

0.07895 

01583 

00894 

-0,14211 

02849 

41609 

1.82 

0.96562 

04975 

54110 

0.07614 

32736 

96207 

-0.13858 

07581 

27097 

1.84 

0.96711 

58813 

40836 

0.07340 

68125 

81657 

-0.13506 

85351 

50249 

1.86 

0.96855 

72370 

19248 

0.07074 

03934 

56983 

-0.13157 

71318 

29989 

1.88 

0,96994 

59610 

38800 

0.06814 

35661 

01045 

-0.12810 

99042 

69964 

1.90 

0.97128 

34401 

83998 

0.06561 

58147 

74677 

-0.12467 

00480 

71886 

1.92 

0.97257 

10502 

96163 

0.06315 

65614 

35199 

-0.12126 

05979 

55581 

1.94 

0.97381 

01550 

59548 

0.06076 

51689 

54565 

-0.11788 

44277 

71856 

1.96 

0.97500 

21048 

51780 

0.05844 

09443 

33451 

-0.11454 

42508 

93565 

1.98 

0.97614 

82356 

58492 

0.05618 

31419 

03868 

-0.11124 

26209 

69659 

2.00 

0.97724 

98680 

51821 

0.05399 

09665 

13188 

-0.10798 

19330 

26376 
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NORMAL  PROBABILITY  FUNCTION  AND  DERIVATIVES 

Table  26.1 

X 

Z(2)(x) 

Z(3)(x) 

ZW(i) 

Z(5)(x) 

Z(6)(x) 

1.00 

0.00000 

00000 

0.48394 

145 

-0.48394 

145 

-1.45182 

435 

3.87153  159 

1.02 

0.00958 

01309 

0.47397 

745 

-0.51219 

739 

-1.37346 

846 

3.96192  478 

1.04 

0.01895 

54356 

0.46346 

412 

-0.53886 

899 

-1.29343 

272 

4.03951  497 

1.06 

0.02811 

52466 

0.45243 

346 

-0.56392 

521 

-1.21197 

312 

4.10431  754 

1.08 

0.03704 

95422 

0.44091 

805 

-0.58734 

012 

-1.12934 

487 

4.15639  308 

1.10 

0.04574 

89572 

0.42895 

094 

-0.60909 

290 

-1.04580 

155 

4.19584  622 

1.12 

0.05420 

47909 

0.41656 

552 

-0.62916 

776 

-0.96159 

420 

4.22282  430 

1.14 

0.06240 

90139 

0.40379 

549 

-0.64755 

390 

-0.87697 

050 

4.23751  585 

1.16 

0.07035 

42718 

0.39067 

467 

-0.66424 

543 

-0.79217 

397 

4.24014  894 

1.18 

0.07803 

38880 

0.37723 

697 

-0.67924 

129 

-0.70744 

317 

4.23098  941 

1.20 

0.08544 

18642 

0.36351 

629 

-0.69254 

515 

-0.62301 

100 

4.21033  894 

1.22 

0.09257 

28784 

0.34954 

639 

-0.70416 

524 

-0.53910 

399 

4.17853  305 

1.24 

0.09942 

22822 

0.33536 

083 

-0.71411 

427 

-0.45594 

161 

4.13593  896 

1.26 

0.10598 

60955 

0.32099 

285 

-0.72240 

928 

-0.37373 

571 

4.08295  339 

1.28 

0.11226 

09995 

0.30647 

534 

-0.72907 

143 

-0.29268 

993 

4.02000  029 

1.30 

0.11824 

43285 

0.29184 

071 

-0.73412 

591 

-0.21299 

916 

3.94752  847 

1.32 

0.12393 

40598 

0.27712 

083 

-0.73760 

168 

-0.13484 

911 

3.86600  921 

1.34 

0.12932 

88019 

0.26234 

695 

-0.73953 

132 

-0.05841 

584 

3.77593  384 

1.36 

0.13442 

77819 

0.24754 

965 

-0.73995 

087 

+  0.01613 

459 

3.67781  128 

1.38 

0.13923 

08305 

0.23275 

873 

-0.73889 

953 

0.08864 

645 

3.57216  556 

1.40 

0.14373 

83670 

0.21800 

319 

-0.73641 

957 

0.15897 

463 

3.45953  335 

1.42 

0.14795 

13818 

0.20331 

117 

-0.73255 

600 

0.22698 

486 

3.34046  152 

1.44 

0.15187 

14187 

0.18870 

986 

-0.72735 

645 

0.29255 

386 

3.21550  469 

1.46 

0.15550 

05559 

0.17422 

548 

-0.72087 

087 

0.35556 

954 

3.08522  283 

1.48 

0.15884 

13858 

0.15988 

325 

-0.71315 

137 

0.41593 

103 

2.95017  891 

1.50 

0.16189 

69946 

0.14570 

730 

-0.70425 

193 

0,47354 

871 

2.81093  657 

1.52 

0.16467 

09400 

0.13172 

067 

-0.69422 

823 

0.52834 

425 

2.66805  791 

1.54 

0.16716 

72298 

0.11794 

528 

-0.68313 

742 

0.58025 

051 

2.52210  132 

1.56 

0.16939 

02982 

0.10440 

190 

-0.67103 

785 

0.62921 

147 

2.37361  937 

1.58 

0.17134 

49831 

0.09111 

010 

-0.65798 

890 

0.67518 

208 

2.22315  681 

1.60 

0.17303 

65021 

0.07808 

827 

-0.64405 

073 

0.71812 

810 

2.07124  871 

1.62 

0.17447 

04284 

0.06535 

359 

-0.62928 

410 

0.75802 

588 

1.91841  857 

1.64 

0.17565 

26667 

0.05292 

202 

-0.61375 

Oil 

0.79486 

211 

1.76517  671 

1.66 

0.17658 

94284 

0.04080 

829 

-0.59751 

005 

0.82863 

352 

1.61201  862 

1.68 

0.17728 

72076 

0.02902 

592 

-0.58062 

516 

0.85934 

661 

1.45942  351 

1.70 

0.17775 

27562 

0.01758 

718 

-0.56315 

647 

0.88701 

729 

1.30785  296 

1.72 

0.17799 

30597 

+0.00650 

315 

-0.54516 

459 

0.91167 

051 

1.15774  966 

1.74 

0.17801 

53128 

-0.00421 

632 

-0.52670 

954 

0.93333 

988 

1.00953  633 

1.76 

0.17782 

68955 

-0.01456 

254 

-0.50785 

061 

0.95206 

725 

0.86361  469 

1.78 

0.17743 

53495 

-0.02452 

804 

-0.48864 

614 

0.96790 

228 

0.72036  463 

1.80 

0.17684 

83546 

-0.03410 

647 

-0.46915 

342 

0.98090 

203 

0.58014  345 

1.82 

0.17607 

37061 

-0.04329 

263 

-0.44942 

853 

0.99113 

045 

0.44328  526 

1.84 

0.17511 

92921 

-0.05208 

243 

-0.42952 

621 

0.99865 

794 

0.31010  045 

1.86 

0.17399 

30717 

-0.06047 

285 

-0.40949 

971 

1.00356 

087 

0.18087  536 

1.88 

0.17270 

30539 

-0.06846 

193 

-0.38940 

073 

1.00592 

110 

+0.05587  197 

1.90 

0.17125 

72766 

-0.07604 

873 

-0.36927 

924 

1.00582 

548 

-0.06467  219 

1.92 

0.16966 

37866 

-0.08323 

327 

-0.34918 

347 

1.00336 

537 

-0.18054  414 

1.94 

0.16793 

06209 

-0.09001 

655 

-0.32915 

976 

0.99863 

613 

-0.29155  530 

1.96 

0.16606 

57874 

-0.09640 

044 

-0.30925 

250 

0.99173 

666 

-0.39754  137 

1.98 

0.16407 

72476 

-0.10238 

771 

-0.28950 

408 

0.98276 

891 

-0.49836  204 

2.00 

0.16197 

28995 

-0.10798 

193 

-0.26995 

483 

0.97183 

740 

-0.59390  063 

"(-5)4-| 
6 

[(-5)71 
6 

[(-4)21 
6 

[(-4)41 
6 

[(-3)1" 

7 

P{- 

-i)=l-P(x) 

Zi 

-X)  =Z(x) 

Z(" 

K-x)  =  (- 

1)«Z('' 

>(x) 
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Table  26.1 


NORMAL  PROBABILITY  FUNCTION  AND  DERIVATIVES 


.r  P(x) 

2.00  0.97724  98680  51821 

2.02  0.97830  83062  32353 

2.04  0.97932  48371  33930 

2.06  0.98030  07295  90623 

2.08  0.98123  72335  65062 


Z{x) 

0.05399  09665  13188 

0.05186  35766  82821 

0,04980  00877  35071 

0.04779  95748  82077 

0.04586  10762  71055 


Z(i)(j) 

-0.10798  19330  26376 

-0.10476  44248  99298 

-0.10159  21789  79544 

-0.09846  71242  57079 

-0.09539  10386  43794 


2.10  0.98213  55794  37184 

2.12  0.98299  69773  52367 

2.14  0.98382  26166  27834 

2.16  0.98461  36652  16075 

2.18  0.98537  12692  24011 


0.04398  35959  80427 

0.04216  61069  61770 

0.04040  75539  22860 

0.03870  68561  47456 

0.03706  29102  47806 


-0.09236  55515  58897 

-0.08939  21467  58953 

-0.08647  21653  94921 

-0.0836C  68092  78504 

-0.08079  71443  40218 


2.20  0.98609  65524  86502 

2.22  0.98679  06161  92744 

2.24  0.98745  45385  64054 

2.26  0.98808  93745  81453 

2.28  0.98869  61557  61447 


0.03547  45928  46231 

0.03394  07631  82449 

0.03246  02656  43697 

0.03103  19322  15008 

0.02965  45848  47341 


-0.07804  41042  61709 

-0.07534  84942  65037 

-0.07271  09950  41882 

-0.07013  21668  05919 

-0.06761  24534  51938 


2.30  0.98927  58899  78324 

2.32  0.98982  95613  31281 

2.34  0.99035  81300  54642 

2.36  0.99086  25324  69428 

2.38  0.99134  36809  74484 


0.02832  70377  41601 

0.02704  80995  46882 

0.02581  65754  71588 

0.02463  12693  06382 

0.02349  09853  58201 


-0.06515  21868  05683 

-0.06275  15909  48766 

-0.06041  07866  03515 

-0.05812  97955  63063 

-0.05590  85451  52519 


2.40  0.99180  24640  75404 

2.42  0.99223  97464  49447 

2.44  0.99265  63690  44652 

2.46  0.99305  31492  11376 

2.48  0.99343  08808  64453 


0.02239  45302  94843 

0.02134  07148  99923 

0.02032  83557  38226 

0.01935  62767  31737 

0.01842  33106  46862 


-0.05374  68727  07623 

-0.05164  45300  57813 

-0.04960  11880  01271 

-0.04761  64407  60073 

-0.04568  98104  04218 


2.50  0.99379  03346  74224 

2.52  0.99413  22582  84668 

2.54  0.99445  73765  56918 

2.56  0.99476  63918  36444 

2.58  0.99505  99842  42230 


0.01752  83004  93569 

0.01667  01008  37381 

0.01584  75790  25361 

0.01505  96163  27377 

0.01430  51089  94150 


-0.04382  07512  33921 

-0.04200  86541  10200 

-0.04025  28507  24416 

-0.03855  26177  98086 

-0.03690  71812  04906 


2.60  0.99533  88119  76281 

2.62  0.99560  35116  51879 

2.64  0.99585  46986  38964 

2.66  0.99609  29674  25147 

2.68  0.99631  88919  90825 


0.01358  29692  33686 

0.01289  21261  07895 

0.01223  15263  51278 

0.01160  01351  13703 

0.01099  69366  29406 


-0.03531  57200  07583 
-0.03377  73704  02686 
-0.03229  12295  67374 
-0.03085  63594  02449 
-0.02947  17901  66807 


2.70  0.99653  30261  96960 

2.72  0.99673  59041  84109 

2.74  0.99692  80407  81350 

2.76  0.99710  99319  23774 

2.78  0.99728  20550  77299 


0.01042  09348  14423 

0.00987  11537  94751 

0.00934  66383  67612 

0.00884  64543  98237 

0.00836  96891  54653 


-0.02813  65239  98941 

-0.02684  95383  21723 

-0.02560  97891  27258 

-0.02441  62141  39135 

-0.02326  77358  49935 


2.80  0.99744  48696  69572 

2.82  0.99759  88175  25811 

2.84  0.99774  43233  08458 

2.86  0.99788  17949  59596 

2.88  0.99801  16241  45106 


0.00791  54515  82980 

0.00748  28725  25781 

0.00707  11048  86019 

0.00667  93237  39203 

0.00630  67263  96266 


-0.02216  32644  32344 

-0.02110  17005  22701 

-0.02008  19378  76295 

-0.01910  28658  94119 

-0.01816  33720  21246 


2.90  0.99813  41866  99616 

2.92  0.99824  98430  71324 

2.94  0,99835  89387  65843 

2.96  0.99846  18047  88262 

2.98  0.99855  87580  82660 

3.00  0.99865  01019  68370 

[<-ir] 


Z{x)  =^ 


1 

V2t 


•(x)=j: 


Z{t)dt 


0.00595  25324  19776 

0.00561  59835  95991 

0.00529  63438  65311 

0.00499  28992  13612 

0.00470  49575  26934 

0.00443  18484  11938 

[<-,r] 

d" 


-0.01726  23440  17350 

-0.01639  86721  00294 

-0.01557  12509  64014 

-0.01477  89816  72293 

-0.01402  07734  30263 


-0.01329  55452  35814 


[' 


Z(")(x)=.-Z(x)     He„(x)  =  {-irZ'"'{x)/Z{x) 
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NORMAL  PROBABILITY  FUNCTION  AND  DERIVATIVES 

» 

Table  26.1 

X 

Zra 

(X) 

Z(3)(x) 

Z(-*)(x) 

Z(5)(a:) 

Z(6)(a-) 

2.00 

0,16197 

28995 

-0.10798 

193 

-0.26995 

483 

0.97183 

740 

-0.59390 

063 

2.02 

0.15976 

05616 

-0.11318 

748 

-0.25064 

297 

0.95904 

873 

-0.68406 

360 

2.04 

0.15744 

79574 

-0.11800 

948 

-0.23160 

454 

0.94451 

117 

-0.76878 

007 

2.06 

0.15504 

27011 

-0.12245 

372 

-0.21287 

345 

0.92833 

417 

-0.84800 

114 

2.08 

0.15255 

22841 

-0.12652 

667 

-0.19448 

137 

0.91062 

795 

-0.92169 

927 

2.10 

0.14998 

40623 

-0.13023 

543 

-0.17645 

779 

0.89150 

307 

-0.98986 

750 

2.12 

0.14734 

52442 

-0.13358 

762 

-0.15882 

997 

0.87107 

003 

-1.05251 

862 

2.14 

0.14464 

28800 

-0.13659 

143 

-0.14162 

297 

0.84943 

890 

-1.10968 

436 

2.16 

0.14188 

38519 

-0.13925 

550 

-0.12485 

967 

0.82671 

890 

-1.16141 

446 

2.18 

0.13907 

48644 

-0.14158 

892 

-0.10856 

076 

0.80301 

811 

-1.20777 

570 

2.20 

0.13622 

24365 

-0.14360 

115 

-0.09274 

478 

0.77844 

311 

-1.24885 

097 

2.22 

0.13333 

28941 

-0.14530 

204 

-0.07742 

816 

0.75309 

866 

-1.28473 

823 

2.24 

0.13041 

23633 

-0.14670 

170 

-0.06262 

527 

0.72708 

743 

-1.31554 

947 

2.26 

0.12746 

67648 

-0.14781 

055 

-0.04834 

844 

0.70050 

969 

-1.34140 

971 

2.28 

0.12450 

18090 

-0.14863 

922 

-0.03460 

801 

0.67346 

314 

-1.36245 

589 

2.30 

0.12152 

29919 

-0.14919 

851 

-0.02141 

241 

0.64604 

257 

-1.37883 

587 

2.32 

0.11853 

55915 

-0.14949 

939 

-0.00876 

819 

0.61833 

976 

-1.39070 

730 

2.34 

0.11554 

46652 

-0.14955 

294 

+0.00331 

989 

0.59044 

323 

-1.39823 

661 

2.36 

0.11255 

50482 

-0.14937 

032 

0.01484 

882 

0.56243 

808 

-1.40159 

796 

2.38 

0.10957 

13521 

-0.14896 

273 

0.02581 

724 

0.53440 

589 

-1.40097 

220 

2.40 

0.10659 

79642 

-0.14834 

137 

0.03622 

539 

0.50642 

453 

-1.39654 

584 

2.42 

0.10363 

90478 

-0.14751 

744 

0.04607 

505 

0.47856 

812 

-1.38851 

010 

2.44 

0.10069 

85430 

-0.14650 

207 

0.05536 

942 

0.45090 

689 

-1.37705 

991 

2.46 

0.09778 

01675 

-0.14530 

633 

0.06411 

307 

0.42350 

717 

-1.36239 

299 

2.48 

0.09488 

74192 

-0.14394 

118 

0.07231 

187 

0.39643 

129 

-1.34470 

892 

2.50 

0.09202 

35776 

-0.14241 

744 

0.07997 

287 

0.36973 

759 

-1.32420 

833 

2.52 

0.08919 

17075 

-0.14074 

579 

0.08710 

428 

0.34348 

039 

-1.30109 

199 

2.54 

0.08639 

46618 

-0.13893 

674 

0.09371 

533 

0.31771 

001 

-1.27556 

010 

2.56 

0.08363 

50852 

-0.13700 

058 

0.09981 

624 

0.29247 

277 

-1.24781 

146 

2.58 

0.08091 

54185 

-0.13494 

742 

0.10541 

808 

0.26781 

102 

-1.21804 

284 

2.60 

0.07823 

79028 

-0.13278 

711 

0.11053 

277 

0.24376 

323 

-1.18644 

824 

2.62 

0.07560 

45843 

-0.13052 

927 

0.11517 

293 

0.22036 

399 

-1.15321 

833 

2.64 

0.07301 

73197 

-0.12818 

326 

0.11935 

186 

0.19764 

415 

-1.11853 

985 

2.66 

0.07047 

77809 

-0.12575 

818 

0.12308 

341 

0.17563 

084 

-1.08259 

509 

2.68 

0.06798 

74610 

-0.12326 

282 

0.12638 

196 

0.15434 

760 

-1.04556 

139 

2.70 

0.06554 

76800 

-0.12070 

569 

0.12926 

232 

0.13381 

449 

-1.00761 

072 

2.72 

0.06315 

95904 

-0.11809 

501 

0.13173 

965 

0.11404 

817 

-0.96890 

932 

2.74 

0.06082 

41838 

-0.11543 

869 

0.13382 

945 

0.09506 

206 

-0.92961 

727 

2.76 

0.05854 

22966 

-0.11274 

431 

0.13554 

741 

0.07686 

640 

-0.88988 

829 

2.78 

0.05631 

46165 

-0.11001 

916 

0.13690 

942 

0.05946 

846 

-0.84986 

942 

2.80 

0.05414 

16888 

-0.10727 

020 

0.13793 

149 

0.04287 

262 

-0.80970 

080 

2.82 

0.05202 

39229 

-0.10450 

406 

0.13862 

969 

0.02708 

053 

-0.76951 

553 

2.84 

0.04996 

15987 

-0.10172 

706 

0.13902 

007 

+0.01209 

127 

-0.72943 

954 

2.86 

0.04795 

48727 

-0.09894 

520 

0.13911 

867 

-0.00209 

857 

-0.68959 

143 

2.88 

0.04600 

37850 

-0.09616 

416 

0.13894 

142 

-0.01549 

465 

-0.65008 

248 

2.90 

0.04410 

82652 

-0.09338 

928 

0.13850 

412 

-0.02810 

482 

-0.61101 

661 

2.92 

0.04226 

81389 

-0.09062 

562 

0.13782 

240 

-0.03993 

892 

-0.57249 

036 

2.94 

0.04048 

31340 

-0.08787 

791 

0.13691 

166 

-0.05100 

863 

-0.53459 

292 

2.96 

0.03875 

28865 

-0.08515 

058 

0.13578 

706 

-0.06132 

737 

-0.49740 

627 

2.98 

0.03707 

69473 

-0.08244 

776 

0.13446 

347 

-0.07091 

012 

-0.46100 

520 

3.00 

0.03545 

47873 

-0.07977 

327 

0.13295 

545 

-0.07977 

327 

-0.42545 

745 

■(- 

5)11 
6 

[(-5) 
6 

5 
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6 

7" 

■(-4)2" 
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(3 
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Table  26.1  NORMAL  PROBABILITY  FUNCTION  AND  DERIVATIVES 


3.00 
3.05 
3.10 
3.15 
3.20 

3.25 
3.30 
3.35 
3.40 
3.45 

3.50 
3.55 
3.60 
3.65 
3.70 

3.75 
3.80 
3.85 
3.90 
3.95 

4.00 
4.05 
4.10 
4.15 
4.20 

4.25 
4.30 
4.35 
4.40 
4.45 

4.50 
4.55 
4.60 
4.65 
4.70 

4.75 
4.80 
4.85 
4.90 
4.95 

5.00 


P(,r) 
0.99865  01020 
0.99885  57932 
0.99903  23968 
0.99918  36477 
0.99931  28621 


0.99942 
0.99951 
0.99959 
0.99966 
0.99971 

0.99976 
0.99980 
0.99984 
0.99986 
0.99989 


29750 
65759 
59422 
30707 
97067 

73709 
73844 
08914 
88798 
22003 


0.99991  15827 

0.99992  76520 

0.99994  09411 

0.99995  19037 

0.99996  09244 

0.99996  83288 

0.99997  43912 

0.99997  93425 

0.99998  33762 

0.99998  66543 

0.99998  93115 

0.99999  14601 

0.99999  31931 

0.99999  45875 

0.99999  57065 

0.99999  66023 

0.99999  73177 

0.99999  78875 

0.99999  83403 

0.99999  86992 

0.99999  89829 

0.99999  92067 

0.99999  93827 

0.99999  95208 

0.99999  96289 

0.99999  97133 


Z(.r) 

(-3)4.43184  8412 

-3)3.80976  2098 

-3)3.26681  9056 

-3)2.79425  8415 

(-3)2.38408  8201 

-3)2.02904  8057 

'-3)1.72256  8939 

(1.45873  0805 

-3)1.23221  9168 

-3)1.03828  1296 

-4)8.72682  6950 

-4  7.31664  4628 

-4)6.11901  9301 

-4  5.10464  9743 

-4)4.24780  2706 

-4)3.52595  6824 

-4)2.91946  9258 

-4)2.41126  5802 

-4)1.98655  4714 

-4)1.63256  4088 

-4)1.33830  2258 

-4)1.09434  0434 

-5)8.92616  5718 

-5)7.26259  3030 

-5)5.89430  6776 


-5)4.77186  3654 
'-5)3.85351  9674 
'-5)3.10414 

-5  2.49424 

-5)1.99917 


0706 
7129 
9671 


-5) 
-5 
-5) 
-6) 
-6) 


1.59837  4111 

1.27473  3238 

1.01408  5207 

8.04718  2456 

6.36982  5179 


-6)5.02950  7289 
-6)3.96129  9091 
-6)3.11217  5579 
-6)2.43896  0746 
-6)1.90660  0903 

-6)1.48671  9515 


zn)(,.) 

-1.32955  45 
-1.16197  74 
-2) -1.01271  39 
3) -8.80191  40 
7.62908  22 


(-3 


-3) -6.59440  62 

'-3) -5.68447  75 

-3) -4.88674  82 

-3) -4.18954  52 

-3) -3.58207  05 

-3.05438  94 

-2.59740  88 

-2.20284  69 

-1.86319  72 

-1.57168  70 


-1.32223 
1-1.10939 
-9.28337 
-7.74756 
-6.44862 

-5.35320 
-4.43207 
1-3.65972 
1-3.01397 
1-2.47560 


38 
83 
33 
34 
81 

90 
88 
79 
61 
88 


1-2.02804  21 
1-1.65701  35 
1-1.35030  12 
1-1.09746  87 
i -8.89634  95 

-7.19268  35 
-5.80003  62 
1-4.66479  20 
1-3.74193  98 
1-2.99381  78 

-5) -2.38901  60 
-5) -1.90142  36 
-5) -1.50940  52 
'-5)-l. 19509  08 
-6) -9.43767  45 

(-6) -7.43359  76 


Table  26.2  NORMAL  PROBABILITY  FUNCTION  FOR  LARGE  ARGUMENTS 


5 
6 
7 
8 
9 

10 
11 
12 
13 
14 


6.54265 

9.00586 

11.89285 

15.20614 

18.94746 

23.11805 
27.71882 
32.75044 
38.21345 
44.10827 
■(-2)5- 


[^T] 


15 
16 
17 

18 
19 

20 
21 
22 
23 

24 


-log  Q{r) 

50.43522 

57.19458 
64.38658 
72.01140 
80.06919 

88.56010 

97.48422 

106.84167 

116.63253 

126.85686 

■(-2)5- 


['-r] 


.1- 

-log^^(r) 

25 

137.51475 

26 

148.60624 

27 

160,13139 

28 

172.09024 

29 

184.48283 

30 

197.30921 

31 

210.56940 

32 

224.26344 

33 

238.39135 

34 

252.95315 

[(-2)5-1 

3 

From  E.  S.  Pearson  and  H.  0.  Hartley  (editors),  Biometrika  tables  for  statisticians, 
vol.  I.  Cambridge  Univ.  Press,  Cambridge,  England,  1954(with  permission) .  Known 
error  has  been  corrected. 
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X 

3.00 
3.05 
3.10 
3.15 
3.20 

3.25 
3.30 
3.35 
3.40 
3.45 

3.50 
3.55 
3.60 
3.65 

3.70 

3.75 
3.80 
3.85 
3.90 
3.95 

4.00 
4.05 
4.10 
4.15 
4.20 

4.25 
4.30 
4.35 
4.40 
4.45 

4.50 
4.55 
4.60 
4.65 
4.70 

4.75 
4.80 
4.85 
4.90 

4.95 


Z(2)(a:) 


-2)3.54547  87 

-2)3.16305  50 

-2)2.81273  12 

(-2)2.49317  71 

(-2)2.20289  75 


2)1.94027  72 

-2)1.70362  07 

-2)1.49118  76 

2)1.30122  34 

-2)1.13198  62 


1:11 


-3)9.81768  03 
-3)8.48913  69 
-3)7.31834  71 
-3)6.29020  46 
-3)5.39046  16 

-3)4.60578  11 
-3)3.92376  67 
-3)3.33297  22 
-3)2.82289  42 
-3)2.38395  17 

-3)2.00745  34 

-3)1.68555  79 

-3)1.41122  68 

-3)1.17817  42 

-4)9.80812  65 

-4)8.14199  24 
-4)6.73980  59 
-4)5.56339  62 
-4)4.57943  77 
-4)3.75895  76 

-4)3.07687  02 
-4)2.51154  32 
-4)2.04439  58 
-4)1.65953  02 
-4)1.34339  61 

-4)1.08448  75 
-5)8.73070  32 
-5)7.00939  74 
-5)5.61204  87 
-5)4.48098  88 


Z(3)(a;) 

-7.97732 
-7.32336 
-6.69403 
-6.09312 
-5.52345 

-4.98701 
-4.48505 
-4.01812 
-3.58625 
-3.18893 


-1.24073 
-1.02675 
-8.47126 
-6.96842 
-5.71519 

-4.67351 
-3.81045 
-3.09767 
-2.51088 
-2.02933 


71 
28 
89 
50 
55 

97 
27 
87 
07 
82 


-2.82531  02 

-2.49416  18 

-2.19403  56 

-1.92328  53 

-1.68013  34 


-1.46272 
-1.26915 
-1.09752 
-9.45977 
-8.12688 


12 
17 
68 
49 
36 


6.95917 

17 

5.94009 

36 

5.05408 

43 

4.28662 

75 

3.62429 

14 

3.05473 

83 

2.56671 

38 

2.15001 

71 

1.79545 

89 

1.49480 

91 

79 
14 
22 
75 
82 

25 
28 
67 
57 
60 


Z(4)(a:) 

(-1)1.32955  45 

(-1)1.28470  92 

(-1)1.23133  27 

(-1)1.17138  12 

(-1)1.10663  65 

-1)1.03869  82 

-2)9.68981  20 

(-2)8.98716  85 

-2)8.28958  19 

-2)7.60587  84 


\--l]: 


2)6.94328  17 

-2)6.30753  35 

-2)5.70302  39 

-2)5.13292  98 

(-2)4.59935  51 

-2)4.10347  00 

-2)3.64564  64 

(-2)3.22558  66 

2)2.84244  39 

-2)2.49493  35 


m 


(-2)2.18143 
(-2)1.90007 
(-2)1.64880 
(-2)1.42549 
(-2)1.22795 


27 

05 
65 
82 
86 


(-2)1.05400  40 

(-3)9.01492  78 

(-3)7.68355  55 

(-3)6.52618  76 

(-3)5.52421  34 

(-3)4.66025  95 

(-3)3.91825  60 

(-3  3.28346  19 

(-3)2.74245  97 

(-3)2.28312  43 

(-3)1.89457  22 

(-3)1.56709  63 

(-3)1.29209  13 

(-3)1.06197  25 

(-4)8.70091  63 


(- 


Zi5){x) 

) -7.97732  71 

) -9.89017  82 

) -1.13951  58 

) -1.25260  09 

) -1.33185  47 


-1,38096 

-1.40361 

) -1.40345 

■ -1.38395 

-1.34845 

-1.30002 
-1.24150 
-1.17547 
-1.10420 
-1.02970 


14 
69 
00 
76 
27 

45 
96 
44 
53 
80 


(-2) -9.53712  78 

(-2) -8.77684  95 

(-2) -8.02840  11 

-2)-7.30162  14 

-2) -6.60423  39 

(-2) -5.94206  20 

(-2) -5.31924  82 

(-2) -4.73847  30 

-2)-4.20116  64 

-2) -3.70770  95 

-2) -3.25762  18 

-2) -2.84973  34 

-2)-2. 48233  98 

-2)-2. 15333  90 

-2) -1.86035  13 


-1.60082 
-1.37210 
-1.17154 
-9.96506 
-8.44460 

-3) -7.12981 
-3) -5.99788 
-3) -5.02757 
-3) -4.19931 
-3) -3.49521 


Table  26.1 

Z(6)(x) 

(-1) -4.25457  45 

(-l)-3.40704  15 

(-1) -2.62416  45 

(-l)-l. 91121  33 

(-l)-l. 27124  77 

(-2) -7.05366  66 

(-2) -2.12970  34 

(-2)+2. 07973  11 

(-2)  5.60664  85 

(-2)  8.49222  78 


(- 


[-- 


2) 


1.07844 
1.25359 
1.38019 
1.46388 
1.51024 

1.52468 
1.51237 
1.47814 
1.42641 
1.36120 

1.28610 
1.20426 
1.11837 
1.03073 
9.43258 


4.87356 
4.28395 
3.74736 
3.26252 
2.82740 

2.43937 
2.09543 
1.79232 
1.52667 
1.29508 


49 
25 
58 
44 
21 

79 
96 
11 
04 
56 

85 
03 
07 
50 
69 


(-2)  8.57487  24 

-2)  7.74638  98 

-2)  6.95640  04 

-2)  6.21159  79 

-2)  5.51645  66 


75 
39 
21 
61 
22 

50 
47 
68 
62 
77 


5.00  (-5)3.56812  68  (-4)-l. 63539  15  (-4)7.10651  93  (-3)-2. 89910  31   (-2)  1.09422  56 


NORMAL  PROBABILITY  FUNCTION  FOR  LARGE  ARGUMENTS 


Table  26.2 


-l0g(c>(x) 


35 

267.94888 

36 

283.37855 

37 

299.24218 

38 

315.53979 

39 

332.27139 

40 

349.43701 

41 

367.03664 

42 

385.07032 

43 

403.53804 

44 

422.43983 

r(-2)5- 

.  3  J 

Q(.r)  =  l-P(x)=4=J"«-^' 


t// 


45 
46 
47 
48 
49 

50 
60 
70 
80 
90 


-log'?(r) 

441.77568 
461.54561 
481.74964 
502.38776 
523.45999 

544.96634 

783.90743 

1066.26576 

1392.04459 

1761.24604 


100 
150 
200 
250 
300 

350 
400 
450 
500 


2173.87154 

4888.38812 

8688.58977 

13574.49960 

19546.12790 

26603.48018 
34746.55970 
43975.36860 
54289.90830 

2)1" 

9 


rri 


ZM-^^e-U' 


dn 


P(,)=f      Z{t),U      Zin)(,)=  —  Z(,.) 


Hen{T)  =  i-irZin)(.r)/Z(.r)  P(-x)=l-P(.r)     Z(-r)^Z(,r)     Z(")(-j-)  =  (-l)''^(")(.r) 
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Tal>l 

•  2( 

'>.3 

HIGHER   DKRIVATIVES  OF  THE  NORMAL  PROBABILITY   FINCTION 

0.0 
0.1   ( 
0.2   ( 
0.3  ( 
0.4  ( 

0) 
0) 
1] 
1) 

z-  (,. 

0.00000 
4.12640 
7.88604 
1.09518 
1.30711 

) 

00      ( 
51      ( 
35      ( 
61      ( 
60      ( 

.    1) 

1) 

'    1) 

'    1) 

1) 

Z^  i, 
4.18889 
4.00211 
3.46206 
2.62702 
1.58584 

39 
42 
56 
42 
37 

( 
( 

\ 

D- 
D- 
D- 

2)- 

Z--r'{.,) 
0.00000  00 
-3.70133   55 
-7.00124  79 
-9.54959   57 
-1.10912   65 

2) 

2) 
2) 
2) 
1) 

Z'H.(.,) 

-3.77000  46 

-3.56488   94 
-2.97583   41      | 
-2.07783   39     ( 
-9.83608  69     ( 

3) 
3) 

0.00000   00 
4.05782   44 
7.59641   48 
1.01729  46 
1.14847   09 

(3) 
(3) 
(3) 

(3! 

(2) 

Z(m(r) 

4.14700  50 
3.88080   01 
3.12148  92 
1.98042   89 
+6.22581   20 

0.5   ( 
0.6  ( 
0.7   ( 
0.8  1 
0.9   1 

1] 

i; 
1) 
1) 

0) 

1.40908 
1.39704 
1.27812 
1.06929 
7.94982 

65      1 
30     ( 
14     ( 
69     ( 
72      1 

:  0). 

0) 

:  1) 

1) 

'  1) 

f4.46820 
-6.75565 
-1.67416 
-2.46111 
-2.97666 

41 
29 
58 
11 
59 

( 
( 
( 

\ 

2) 
2)- 

D- 
D- 
D- 

-1.14961 
-1.07710 
-9.05305 
-6.58548 
-3.68086 

02 
05 
52 
60 
24 

1) 
2) 
2) 
2) 
2) 

4-1.72666 
1.25426 
2.14046 
2.74183 
3.01027 

73     ( 
91     < 
31     ( 
89     ( 
69     ( 

I] 

2 
'2 
1)- 

1.14097 
1.00184 
7.55473 
4.39201 
f9.71613 

69 
44 
11 
49 
18 

(2) 
(3) 
(3) 
(3) 
(3) 

-7.60421 
-1.98080 
-2.88334 
-3.36738 
-3.39874 

83 
26 
06 
39 
98 

1.0  ( 

1.1  ( 

1.2  ( 

1.3  ( 

1.4  ( 

0) 
0] 
0) 
0] 
0) 

4.83941 
+1.65937 
-1.31434 
-3.85379 
-5.79719 

45      1 
85      ( 
07      ( 
20     ( 
45      ( 

:  1) 

'  D- 

■11 

-3.19401 
-3.11962 
-2.78951 
-2.26227 
-1.61006 

36 

40 
64 
70 
61 

\ 

0)- 

D- 

\] 

1) 

-6.77518 

f2. 10408 

4.39889 

6.02399 

6.89184 

03 
36 
22 
37 
82 

1 

2) 

2) 

2 

2) 

1)- 

2.94236 
2.57621 
1.98269 
1.25293 
f4.84200 

40     ( 
24     1 
77      ( 
01 
76 

'2) 

'2) 
2) 

-2.26484 
-4.93791 
-6.77812 
-7.65280 
-7.56972 

60 
72 
94 
28 
92 

(^1 
(3) 

(3 

(2 

(2) 

-3.01011 
-2.29066 
-1.36759 
-3.83358 
+5.27141 

58 
27 
19 

74 
25 

1.5  ( 

1.6  ( 

1.7  ( 

1.8  ( 

1.9  ( 

0] 
0) 
0] 

o; 

0) 

-7.05769 
-7.62276 
-7.54545 
-6.92967 
-5.91207 

71      ( 
66     ( 
38     ( 
04     ( 
57     ( 

[    0) 
0) 

:  0). 

0) 

[  1) 

-9.09001 

-2.30231 

♦-3.67230 

8.41240 

1.16856 

03 
44 
07 
26 
49 

1) 
1) 
1) 
1) 
1) 

7.00965 
6.46658 
5.41207 
4.02950 
2.50938 

92 
36 

19 
39 
72 

1 

( 
( 
( 

l\ 

2) 
2 
2) 

-2.33347 
-8.27445 
-1.25055 
-1.48242 
-1.52849 

96     ( 
07 
93 

69     ( 
20     ( 

ill 

'2) 

-6.65963 
-5.14267 
-3.28612 
-1.36113 
f3.94747 

73 
14 
11 
54 
58 

u 

(3) 
(3) 
(3) 

1.25562 
1.73301 
1.93425 
1.87567 
1.60633 

83 
70 
58 
40 
92 

2.0  ( 

2.1  ( 

2.2  ( 

2.3  ( 

2.4  ( 

0) 
0] 
0) 

-1) 
-1] 

-4.64322 
-3.27029 
-1.92318 
-7.04932 
^3,13162 

31 

67     ( 
65     ( 
91      ( 
82      ( 

:  1) 
1) 

'    0) 

1.34437 
1.37966 
1.29729 
1.12731 
9.02423 

51 
95 
67 
97 

01 

1!: 

1) 

t.1.02582 
-2.81068 
-1.31550 
-2.02888 
-2.41634 

84 
72 
35 
89 

55 

( 
( 
( 

i 

I] 

1) 
1) 

1) 

-1.41510 
-1.18267 
-8.78156 
-5.47943 
-2.32257 

32 

82     ( 
27 
26 

79 

'2) 
2) 

[2) 
2) 

'2) 

1.80437 
2.76469 
3.24744 
3.28915 
2.97376 

81 
29 

73 
84 
42 

(3) 
(2| 
(2) 
(2) 
(2) 

1.19573 

7.20360 

+2.51533 

-1.53768 

-4.58219 

79 
48 
48 
85 
83 

2.5  ( 

2.6  ( 

2.7  ( 

2.8  ( 

2.9  ( 

0] 
0] 
0] 
0) 
0] 

1.09209 
1.62218 
1.91766 
2.00992 
1.94057 

53 

61      ( 
20 

65      1 
71      ( 

[    0) 
0) 

:  0) 
:-2)- 

'    0) 

6.53922 

4.08745 

1.87558 

f4.01113 

-1.35055 

01 
39 
77 
24 
73 

11 

1) 

-2.50848 
-2.36048 
-2.04053 
-1.61917 
-1.16080 

12 

69 
83 
24 
01 

( 

( 
( 
( 
( 

11 

1) 
1) 
1) 

f3.85905 
2.45855 
3.82142 
4.49758 
4.58182 

05 
73 
44 

25     ( 
18     ( 

\l\ 

[2) 
D- 

'D 

2.41200 

1.72126 

1.00875 

f3.59849 

-1.67928 

50 
20 
37 
29 
25 

(2) 
(2) 
(2) 
(2) 
(2) 

-6.45450 
-7.17969 
-6.92720 
-5.95491 
-4.55301 

80 
42 

18 
88 
20 

3.0  ( 

3.1  ( 

3.2  ( 

3.3  ( 

3.4  ( 

0] 

0] 

'    0] 

-1] 
-1] 

1.75501 
1.49720 
1.20591 
9.12450 
6.39748 

20 
05 
21 

33     ( 
51     1 

[    0). 
[    0). 

;  0). 

-2.28683 
-2.80440 
-2.96904 
-2.86200 
-2.56761 

38 
64 
52 
69 
03 

0) 
0) 

-1) 

0). 
0) 

-7.17959 
-3.28394 
-1.46351 
f2. 14502 
3.61188 

44 
42 
84 
00 
70 

( 
( 

1 

( 

1) 
1) 
1) 
1) 
1) 

4.21202 
3.54198 
2.71897 
1.86794 
1.08280 

87     ( 
84     ( 
33 

96     ( 
77 

[I] 

1) 

-5.45649 
-7.69621 
-8.55436 
-8.30925 
-7.29343 

18 
99 
26 
36 
32 

{l\ 

(2) 

-2.99628 
-1.51035 
-2.53474 
^6.87309 
1.28867 

41 
91 
56 
15 
88 

3.5  ( 

3.6  ( 
3.7 
3.8   ( 
3.9 

-1) 
-1] 

-2 
-2j 

4.02558 

2.08414 

+5.90352 

-4.80932 

-1.18202 

98     ( 
13 
21 
87     1 

76 

[    0) 

-2.16386 
-1.71642 
-1.27559 
-8.75911 
-5.37496 

79 

80 
98 
24 
49 

0) 

4.35306 
4.51182 
4.24743 
3.71320 
3.04185 

57 
76 
76 
90 
84 

( 

(■ 

( 

( 

( 

0)- 
-1) 

§! 

0) 

f4.23908 
-7.94727 
-4.23512 
-6.22699 
-7.02577 

09 

62     ( 
06 
31 
94 

\l 

'D 

'11 

-5.83674 
-4.22572 
-2.68044 
-1.34695 
-3.01804 

40 
56 
29 
16 
44 

(2) 
(2) 
(2) 
2) 
(1) 

1.57656 
1.60868 
1.45762 
1.19681 
8.90539 

15 
13 
72 

09 
46 

4.0 
4.1 
4.2 
4.3   ( 
4.4 

'-1) 
'-1) 

[-1] 
-1) 

'-11 

-1.57919 
-1.74223 
-1.73706 
-1.62110 
-1.44109 

67 

60     1 
08 
76 
96     ( 

'a 

-1) 

-2.68597 

-6.85427 

^6.92844 

1.54828 

1.99272 

26 
28 
60 
96 
00 

0) 
0) 
0) 

-1) 
-1) 

2.33774 
1.67481 
1.09865 
6.31121 
2.76082 

64 
40 
39 
50 
94 

{ 

( 
( 
( 

0 
0) 

-6.93361 
-6.24985 
-5.23790 
-4.10728 
-3.00821 

02     ( 
27     1 
66     ( 
31     ( 
29     ( 

^4.35697 
8.87625 
1.10126 
1.13501 
1.04753 

68 
64 
69 
02 
07 

(1) 

0) 
(1) 

5.88418 

3.23557 

+  1.13637 

-3.62532 

-1.30010 

05 
28 
65 
62 
10 

4.5  1 

4.6  ( 
4.7 

4.8 
4.9 

-1.23261 
-1.02086 
-8.22202 
-6.45935 
-4.96112 

24 

14      ( 
74 

81      ( 
66 

[-1) 
-1) 

2.13525 
2.07280 
1.88517 
1.63368 
1.36227 

86 
89 
13 
76 
87 

(-1) 

-1) 

(-1) 

f2. 52235 
-1.36802 
-2.28268 
-2.67421 
-2.70626 

61 
99 
33 
39 
44 

{ 

(■ 
(• 
(■ 

0) 
0) 

-1) 
-1) 

-D- 

-2.03523 
-1.23623 
-6.23793 
-1.86696 
fl. 00018 

88     ( 
43     ( 
04     ( 
14     ( 
72     ( 

0) 
0) 
0) 
0) 
0) 

8.90633 
7.05470 
5.21451 
3.57035 
2.21617 

89 
76 
06 
54 
27 

(1) 
(1) 

(1) 

-1.76908 
-1.88530 
-1.76464 
-1.50840 
-1.19594 

98 
78 
76 
48 
52 

5.0  (-2)-3.73166  60     (-1)    1.09987  51     (-l)-2. 51404  27     (-1)    2.67133  76     (0)    1.17837  39     (0)-8.83034   08 


Z(t)=-4- 


</» 


aI^tt 


Z(n)(r)=~Z{r)  He„(r)=^(-l)"Z('>H.r)/Z(r)         Zin)(-j.)  =  {-l)"Z'"^(.,) 
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.NORMAL  PUOB  VIJILH  Y  11  NCTION— VALl 

K.S  OF  Z(.v)  IN  TKRMS  OF  I 

P(.t)  AND 

0(x) 

Table 

26.i 

<H>) 

0.000 

0.001 

0.002 

0.003 

0.004 

0.005 

0.006 

0.007 

0.008 

0.009 

0.010 

0.00 

0.00000 

0.00337 

0.00634 

0.00915 

0.01185 

0.01446 

0.01700 

0.01949 

0.02192 

0.02431 

0.02665 

0.99 

0.01 

0.02665 

0.02896 

0.03123 

0.03348 

0.03569 

0.03787 

0.04003 

0.04216 

0.04427 

0.04635 

0.04842 

0.98 

0.02 

0.04842 

0.05046 

0.05249 

0.05449 

0.05648 

0.05845 

0,06040 

0.06233 

0.06425 

0.06615 

0.06804 

0.97 

0.03 

0.06804 

0.06992 

0.07177 

0.07362 

0.07545 

0.07727 

0.07908 

0.08087 

0.08265 

0.08442 

0.08617 

0.96 

0.04 

0.08617 

0.08792 

0.08965 

0.09137 

0.09309 

0.09479 

0.09648 

0.09816 

0.09983 

0.10149 

0.10314 

0.95 

0.05 

0.10314 

0.10478 

0.10641 

0,10803 

0.10964 

0.11124 

0.11284 

0.11442 

0.11600 

0.11756 

0.11912 

0.94 

0.06 

0.11912 

0.12067 

0.12222 

0.12375 

0.12528 

0.12679 

0.12830 

0.12981 

0.13130 

0.13279 

0.13427 

0.93 

0.07 

0.13427 

0.13574 

0.13720 

0.13866 

0.14011 

0.14156 

0.14299 

0.14442 

0.14584 

0.14726 

0.14867 

0.92 

0.08 

0.14867 

0.15007 

0.15146 

0.15285 

0.15423 

0.15561 

0.15693 

0.15834 

0.15970 

0.16105 

0.16239 

0.91 

0.09 

0.16239 

0.16373 

0.16506 

0.16639 

0,16770 

0.16902 

0.17033 

0.17163 

0.17292 

0.17421 

0.17550 

0.90 

0.10 

0.17550 

0.17678 

0.17805 

0.17932 

0.18057 

0.18184 

0.18309 

0.18433 

0.18557 

0.18681 

0.18804 

0.89 

0.11 

0.18804 

0.18926 

0.19048 

0.19169 

0.19290 

0.19410 

0.19530 

0.19649 

0.19763 

0.19886 

0.20004 

0.88 

0.12 

0.20004 

0.20121 

0.20238 

0.20354 

0.20470 

0.20585 

0.20700 

0.20814 

0.20928 

0.21042 

0.21155 

0.87 

0.13 

0.21155 

0.21267 

0.21379 

0,21490 

0.21601 

0.21712 

0.21822 

0.21932 

0.22041 

0.22149 

0.22258 

0.86 

0.14 

0.22258 

0.22365 

0.22473 

0,22580 

0.22686 

0.22792 

0,22898 

0.23003 

0.23108 

0.23212 

0.23316 

0.85 

0.15 

0.23316 

0.23419 

0.23522 

0.23625 

0.23727 

0.23829 

0.23930 

0,24031 

0.24131 

0.24232 

0.24331 

0.84 

0.16 

0.24331 

0.24430 

0.24529 

0.24628 

0.24726 

0.24823 

0.24921 

0,25017 

0.25114 

0.25210 

0.25305 

0.83 

0.17 

0.25305 

0.25401 

0.25495 

0.25590 

0.25684 

0.25778 

0.25871 

0.25964 

0.26056 

0.26148 

0.26240 

0.82 

0.18 

0.26240 

0.26331 

0.26422 

0.26513 

0.26603 

0.26693 

0.26782 

0.26871 

0.26960 

0.27049 

0.27137 

0.81 

0.19 

0.27137 

0.27224 

0.27311 

0.27398 

0.27485 

0.27571 

0.27657 

0.27742 

0.27827 

0.27912 

0.27996 

0.80 

0.20 

0.27996 

0.28080 

0.28164 

0.28247 

0.28330 

0.28413 

0,28495 

0.28577 

0.28658 

0.28739 

0.28820 

0.79 

0.21 

0.28820 

0.28901 

0.28981 

0,29060 

0.29140 

0,29219 

0,29293 

0.29376 

0.29454 

0.29532 

0.29609 

0.78 

0.22 

0.29609 

0.29686 

0.29763 

0.29840 

0,29916 

0.29991 

0,30067 

0.30142 

0.30216 

0.30291 

0.30365 

0.77 

0.23 

0.30365 

0.30439 

0.30512 

0.30585 

0.30658 

0.30730 

0.30802 

0.30874 

0.30945 

0.31016 

0.31087 

0.76 

0.24 

0.31087 

0.31158 

0.31223 

0,31298 

0.31367 

0,31436 

0.31505 

0.31574 

0.31642 

0.31710 

0.31778 

0.75 

0.25 

0.31778 

0.31845 

0.31912 

0.31979 

0.32045 

0.32111 

0.32177 

0.32242 

0.32307 

0.32372 

0.32437 

0.74 

0.26 

0.32437 

0.32501 

0.32565 

0.32628 

0.32691 

0.32754 

0.32817 

0.32879 

0.32941 

0.33003 

0.33065 

0.73 

0.27 

0.33065 

0.33126 

0.33187 

0.33247 

0.33307 

0.33367 

0.33427 

0.33486 

0.33545 

0.33604 

0.33662 

0.72 

0.28 

0.33662 

0.33720 

0.33778 

0.33836 

0.33893 

0.33950 

0.34007 

0.34063 

0.34119 

0.34175 

0.34230 

0.71 

0.29 

0.34230 

0.34286 

0.34341 

0.34395 

0.34449 

0.34503 

0.34557 

0.34611 

0.34664 

0.34717 

0.34769 

0.70 

0.30 

0.34769 

0.34822 

0.34874 

0.34925 

0.34977 

0,35028 

0.35079 

0.35129 

0.35180 

0.35230 

0.35279 

0.69 

0.31 

0.35279 

0.35329 

0.35378 

0.35427 

0.35475 

0.35524 

0.35572 

0.35620 

0.35667 

0.35714 

0.35761 

0.68 

0.32 

0.35761 

0.35808 

0.35854 

0.35900 

0.35946 

0.35991 

0.36037 

0.36082 

0.36126 

0.36171 

0.36215 

0.67 

0.33 

0.36215 

0.36259 

0.36302 

0.36346 

0.36389 

0.36431 

0.36474 

0.36516 

0.36558 

0.36600 

0.36641 

0.66 

0.34 

0.36641 

0.36682 

0.36723 

0.36764 

0.36804 

0.36844 

0.36884 

0.36923 

0.36962 

0.37001 

0.37040 

0.65 

0.35 

0.37040 

0.37078 

0.37116 

0.37154 

0,37192 

0.37229 

0.37266 

0.37303 

0.37340 

0.37376 

0.37412 

0.64 

0.36 

0.37412 

0.37447 

0.37483 

0.37518 

0.37553 

0.37583 

0.37622 

0,37656 

0.37690 

0.37724 

0.37757 

0.63 

0.37 

0.37757 

0.37790 

0.37823 

0.37855 

0,37883 

0.37920 

0.37951 

0,37983 

0.38014 

0.38045 

0.38076 

0.62 

0.38 

0.38076 

0.38106 

0.38136 

0.38166 

0,38196 

0.38225 

0.38254 

0,33283 

0.38312 

0.38340 

0.38363 

0.61 

0.39 

0.38368 

0.38396 

0.38423 

0,38451 

0,38478 

0.38504 

0.38531 

0.38557 

0.38583 

0.38609 

0.38634 

0.60 

0.40 

0.38634 

0.38659 

0.38684 

0,38709 

0,38734 

0.38758 

0.38782 

0.38805 

0.38829 

0.38852 

0.38875 

0.59 

0.41 

0.38875 

0.38897 

0.38920 

0,38942 

0,38964 

0.38985 

0.39007 

0.39028 

0.39049 

0.39069 

0.39089 

0.58 

0.42 

0.39089 

0.39109 

0.39129 

0.39149 

0,39168 

0.39187 

0.39206 

0.39224 

0.39243 

0.39261 

0.39279 

0.57 

0.43 

0.39279 

0.39296 

0.39313 

0,39330 

0.39347 

0.39364 

0.39380 

0.39396 

0.39411 

0.39427 

0.39442 

0.56 

0.44 

0.39442 

0.39457 

0.39472 

0.39486 

0.39501 

0.39514 

0.39528 

0.39542 

0.39555 

0.39568 

0.39580 

0.55 

0.45 

0.39580 

0.39593 

0.39605 

0.39617 

0.39629 

0.39640 

0.39651 

0.39662 

0.39673 

0.39683 

0.39694 

0.54 

0.46 

0.39694 

0.39703 

0,39713 

0.39723 

0.39732 

0.39741 

0.39749 

0.39758 

0.39766 

0.39774 

0.39781 

0.53 

0.47 

0.39781 

0.39789 

0.39796 

0,39803 

0.39809 

0.39816 

0.39322 

0.39828 

0.39834 

0.39839 

0.39844 

0.52 

0.48 

0.39844 

0.39849 

0.39854 

0.39853 

0.39862 

0,39866 

0.39870 

0.39873 

0.39876 

0.39879 

0.39882 

0.51 

0.49 

0.39882 

0.39884 

0.39885 

0.39888 

0.39890 

0.39891 

0.39892 

0,39893 

0.39894 

0.39894 

0.39894 

0.50 

0.010 

0.009 

0.008 

0.007 

0.006 

0.005 

0.004 

0.003 

0.002 

0.001 

0.000 

P{,) 

Linear  interpolation  yields  an  error  no  greater  than  5  units  in  the  fifth  decimal  place. 


Z(,)  = 


ix' 


/'(.r)=l-n(.r)  = 


/:, 


Z{t)<ll 


Compiled  from  T.  L.  Kelley,  The  Kelley  Statistical  Tables.  Harvard  Univ.  Press,  Cambridge,  Mass., 
1948  (with  permission). 
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PROBABILITY    FUXCTIONS 


Table  26.5 

>OR> 

lAL  PRO 

BABILIT1 

I  Fl  NCTl 

ON— VAl 

AES  OF 

X  IN  TER 

MSOFP 

(x)  AND  ( 

t?(') 

(J(.r) 

0.000 

0.001 

0.002 

0.003 

0.004 

0.005 

0.006 

0.007 

0.008 

0.009 

0.010 

0.00 

00 

3.09023 

2.87816 

2.74778 

2.65207 

2.57583 

2.51214 

2.45726 

2.40892 

2.36562 

2.32635 

0.99 

0.01 

2.32635 

2.29037 

2.25713 

2.22621 

2.19729 

2.17009 

2.14441 

2.12007 

2.09693 

2.07485 

2.05375 

0.98 

0.02 

2.05375 

2.03352 

2.01409 

1.99539 

1.97737 

1.95996 

1.94313 

1.92684 

1.91104 

1.89570 

1.88079 

0.97 

0.03 

1.88079 

1.86630 

1.85218 

1.83842 

1.82501 

1.81191 

1.79912 

1.78661 

1.77438 

1.76241 

1.75069 

0.96 

0.04 

1.75069 

1.73920 

1.72793 

1.71689 

1.70604 

1.69540 

1.68494 

1.67466 

1.66456 

1.65463 

1.64485 

0.95 

0.05 

1.64485 

1.63523 

1.62576 

1.61644 

1.60725 

1.59819 

1.58927 

1.58047 

1.57179 

1.56322 

1.55477 

0.94 

0.06 

1.55477 

1.54643 

1.53820 

1.53007 

1.52204 

1.51410 

1.50626 

1.49851 

1.49085 

1.48328 

1.47579 

0.93 

0.07 

1.47579 

1.46838 

1.46106 

1.45381 

1.44663 

1.43953 

1.43250 

1.42554 

1.41865 

1.41183 

1.40507 

0.92 

0.08 

1.40507 

1.39838 

1.39174 

1.38517 

1.37866 

1.37220 

1.36581 

1.35946 

1.35317 

1.34694 

1.34076 

0.91 

0.09 

1.34076 

1.33462 

1.32854 

1.32251 

1.31652 

1.31058 

1.30469 

1.29884 

1.29303 

1.28727 

1.28155 

0.90 

0.10 

1.28155 

1.27587 

1.27024 

1.26464 

1.25908 

1.25357 

1.24808 

1.24264 

1.23723 

1.23186 

1.22653 

0.89 

0.11 

1.22653 

1.22123 

1.21596 

1.21072 

1.20553 

1.20036 

1.19522 

1.19012 

1.18504 

1.18000 

1.17499 

0.88 

0.12 

1.17499 

1.17000 

1.16505 

1.16012 

1.15522 

1.15035 

1.14551 

1.14069 

1.13590 

1.13113 

1.12639 

0.87 

0.13 

1.12639 

1.12168 

1.11699 

1.11232 

1.10768 

1.10306 

1.09847 

1.09390 

1.08935 

1.08482 

1.08032 

0.86 

0.14 

1.08032 

1.07584 

1.07138 

1.06694 

1.06252 

1.05812 

1.05374 

1.04939 

1.04505 

1.04073 

1.03643 

0.85 

0.15 

1.03643 

1.03215 

1.02789 

1.02365 

1.01943 

1.01522 

1.01103 

1.00686 

1.00271 

0.99858 

0.99446 

0.84 

0.16 

0.99446 

0.99036 

0.98627 

0.98220 

0.97815 

0.97411 

0,97009 

0.96609 

0.96210 

0.95812 

0.95416 

0.83 

0.17 

0.95416 

0.95022 

0.94629 

0.94238 

0.93848 

0.93458 

0.93072 

0.92686 

0.92301 

0.91918 

0.91537 

0.82 

0.18 

0.91537 

0.91156 

0.90777 

0.90399 

0.90023 

0.89647 

0.89273 

0.88901 

0.88529 

0.88159 

0.87790 

0.81 

0.19 

0.87790 

0.87422 

0.87055 

0.86689 

0.86325 

0.85962 

0.85600 

0.85239 

0.84879 

0.84520 

0.84162 

0.80 

0.20 

0.84162 

0.83805 

0.83450 

0.83095 

0.82742 

0.82390 

0.82038 

0.81687 

0.81338 

0.80990 

0.80642 

0.79 

0.21 

0.80642 

0.80296 

0.79950 

0.79606 

0.79262 

0.78919 

0.78577 

0.78237 

0.77897 

0.77557 

0.77219 

0.78 

0.22 

0.77219 

0.76882 

0.76546 

0.76210 

0.75875 

0.75542 

0.75208 

0.74876 

0.74545 

0.74214 

0.73885 

0.77 

0.23 

0.73885 

0.73556 

0.73228 

0.72900 

0.72574 

0.72248 

0.71923 

0.71599 

0.71275 

0.70952 

0.70630 

0.76 

0.24 

0.70630 

0.70309 

0.69988 

0.69668 

0.69349 

0.69031 

0.68713 

0.68396 

0.68080 

0.67764 

0.67449 

0.75 

0.25 

0.67449 

0.67135 

0.66821 

0.66508 

0.66196 

0.65884 

0.65573 

0.65262 

0.64952 

0.64643 

0.64335 

0.74 

0.26 

0.64335 

0.64027 

0.63719 

0.63412 

0.63106 

0.62801 

0.62496 

0.62191 

0.61887 

0.61584 

0.61281 

0.73 

0.27 

0.61281 

0.60979 

0.60678 

0.60376 

0.60076 

0.59776 

0.59477 

0.59178 

0.58879 

0.58581 

0.58284 

0.72 

0.28 

0.58284 

0.57987 

0.57691 

0.57395 

0.57100 

0.56805 

0.56511 

0.56217 

0.55924 

0.55631 

0.55338 

0.71 

0.29 

0.55338 

0.55047 

0.54755 

0.54464 

0.54174 

0.53884 

0.53594 

0.53305 

0.53016 

0.52728 

0.52440 

0.70 

0.30 

0.52440 

0.52153 

0.51866 

0.51579 

0.51293 

0.51007 

0.50722 

0.50437 

0.50153 

0.49869 

0.49585 

0.69 

0.31 

0.49585 

0.49302 

0.49019 

0.48736 

0.48454 

0.48173 

0.47891 

0.47610 

0.47330 

0.47050 

0.46770 

0.68 

0.32 

0.46770 

0.46490 

0.46211 

0.45933 

0.45654 

0.45376 

0.45099 

0.44821 

0.44544 

0.44268 

0.43991 

0.67 

0.33 

0.43991 

0.43715 

0.43440 

0.43164 

0.42889 

0.42615 

0.42340 

0.42066 

0.41793 

0.41519 

0.41246 

0.66 

0.34 

0.41246 

0.40974 

0.40701 

0.40429 

0.40157 

0.39886 

0.39614 

0.39343 

0.39073 

0.38802 

0.38532 

0.65 

0.35 

0.38532 

0.38262 

0.37993 

0.37723 

0.37454 

0.37186 

0.36917 

0.36649 

0.36381 

0.36113 

0.35846 

0.64 

0.36 

0.35846 

0.35579 

0.35312 

0.35045 

0.34779 

0.34513 

0.34247 

0.33981 

0.33716 

0.33450 

0.33185 

0.63 

0.37 

0.33185 

0.32921 

0.32656 

0.32392 

0.32128 

0.31864 

0.31600 

0.31337 

0.31074 

0.30811 

0.30548 

0.62 

0.38 

0.30548 

0.30286 

0.30023 

0.29761 

0.29499 

0.29237 

0.28976 

0.28715 

0.28454 

0.28193 

0.27932 

0.61 

0.39 

0.27932 

0.27671 

0.27411 

0.27151 

0.26891 

0.26631 

0.26371 

0.26112 

0.25853 

0.25594 

0.25335 

0.60 

0.40 

0.25335 

0.25076 

0.24817 

0.24559 

0.24301 

0.24043 

0.23785 

0.23527 

0.23269 

0.23012 

0.22754 

0.59 

0.41 

0.22754 

0.22497 

0.22240 

0.21983 

0.21727 

0.21470 

0.21214 

0.20957 

0.20701 

0.20445 

0.20189 

0.58 

0.42 

0.20189 

0.19934 

0.19678 

0.19422 

0.19167 

0.18912 

0.18657 

0.18402 

0.18147 

0.17892 

0.17637 

0.57 

0.43 

0.17637 

0.17383 

0.17128 

0.16874 

0.16620 

0.16366 

0.16112 

0.15858 

0.15604 

0.15351 

0.15097 

0.56 

0.44 

0.15097 

0.14843 

0.14590 

0.14337 

0.14084 

0.13830 

0.13577 

0.13324 

0.13072 

0.12819 

0.12566 

0.55 

0.45 

0.12566 

0.12314 

0.12061 

0.11809 

0.11556 

0.11304 

0.11052 

0.10799 

0.10547 

0.10295 

0.10043 

0.54 

0.46 

0.10043 

0.09791 

0.09540 

0.09288 

0.09036 

0.08784 

0.08533 

0.08281 

0.08030 

0.07778 

0.07527 

0.53 

0.47 

0.07527 

0.07276 

0.07024 

0.06773 

0.06522 

0.06271 

0.06020 

0.05768 

0.05517 

0.05266 

0.05015 

0.52 

0.48 

0.05015 

0.04764 

0.04513 

0.04263 

0.04012 

0.03761 

0.03510 

0.03259 

0.03008 

0.02758 

0.02507 

0.51 

0.49 

0.02507 

0.02256 

0.02005 

0.01755 

0.01504 

0.01253 

0.01003 

0.00752 

0.00501 

0.00251 

0.00000 

0.50 

0.010 

0.009 

0.008 

0.007 

0.006 

0.005 

0.004 

0.003 

0.002 

0.001 

0.000 

P(.r) 

For  (?(.r)>0.007,  linear  interpolation  fields  an  error  of  one  unit  in  the  third  decimal  place;  five-point 
interpolation  is  necessary  to  obtain  full  accuracy. 


P(r)  =  l-Q{,-)=f"_^Z(f)dt 


Compiled  from  T.  L.  Kelley,  The  Kelley  Statistical  Tables. 
1948  (with  permission). 
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NORMAL  PROBABILITY  FLNCI  ION— VALl  LS  OF  x  FOR  KXTRKME  VALl  KS  OF  l'(x)  AM)  Q(x)         Tahl.-  26.6 


0.000 
0.001 
0.002 
0.003 
0.004 

0.005 
0.006 
0.007 
3.008 
0.009 

0.010 
0.011 
0.012 
0.013 
0.014 

0.015 
0.016 
0.017 
0.018 
0.019 

0.020 
0,021 
0.022 
IJ.023 
0.024 


0.0000 

00 

3.09023 
2.87816 
2.74778 
2.65207 

2.57583 
2.51214 
2.45726 
2.40891 
2.36562 

2.32635 
2.29037 
2.25713 
2.22621 
2.19729 

2.17039 
2.14441 
2.12007 
2.09693 
2.07485 

2.05375 
2.03352 
2.01409 
1.99539 
1.97737 
0.0010 


0.0001 
3.71902 
3.06181 
2.86274 
2.73701 
2.64372 

2.56897 
2.50631 
2.45216 
2.40437 
2.36152 

2.32261 
2.28693 
2.25394 
2.22323 
2.19449 

2.16746 
2.14192 
2.11771 
2.09467 
2.07270 

2.05169 
2.03154 
2.01219 
1.99356 
1.97560 
0.0009 


0.0002 

3.54008 
3.03567 
2.84796 
2.72655 
2.63555 


0.0003 

3.43161 
3.01145 
2.83379 
2.71638 
2.62756 


2.56224  2.55562 


,50055 
,44713 
,39989 
,35747 

,31891 
,28352 

,25077 
.22028 
,19172 


49488 
44215 
39545 
35345 

31524 
28013 
24763 
21734 


2.16434 
2.13944 
2.11535 
2.09243 
2.07056 

2.04964 
2.02957 
2.01029 
1.99174 
1.97384 
0.0008 


2.18896 

2.16224 
2.13698 
2.11301 
2.09020 
2.06843 

2.04759 
2.02761 
2.00841 
1.98992 
1.97208 
0.0007 


0.0004 
3.35279 
2.98888 
2.82016 
2.70648 
2.61973 

2.54910 
2.48929 
2.43724 
2.39106 
2.34947 

2.31160 
2.27677 
2.24450 
2.21442 
2.18621 

2.15965 
2.13452 
2.11068 
2.08793 
2.06630 

2.04556 
2.02566 
2.00653 
1.98811 
1.97033 
0.0006 


0.0005 
3.29053 
2.96774 
2.80703 
2.69684 
2.61205 

2.54270 
2.48377 
2.43238 
2.38671 
2.34553 

2.30798 
2.27343 
2.24140 
2.21152 
2.18349 

2.15707 
2.13208 
2.10836 
2.08576 
2.06419 

2.04353 
2.02371 
2.00465 
1.98630 
1.96859 
0.0005 


0.0006 
3.23888 
2.94784 
2.79438 
2.68745 
2,60453 

2.53640 
2.47833 
2.42758 
2.38240 
2.34162 

2.30440 
2.27013 
2.23832 
2.20864 
2.18078 

2.15451 
2.12966 
2.10605 
2.08356 
2.06208 

2.04151 
2.02177 
2.00279 
1.98450 
1.96685 
0.0004 


0.0007 

3.19465 
2.92905 
2.78215 
2.67829 
2.59715 


53019 
47296 
42283 
37814 
33775 

30085 
26684 
23526 
20577 
17803 


0.0008 
3.15591 
2.91124 
2.77033 
2.66934 
2.58991 

2.52408 
2.46765 
2.41814 
2.37392 
2.33392 


29733 
26358 
23223 
20293 


2.15197 
2.12724 
2.10375 
2.08137 
2.05998 

2,03950 
2.01984 
2.00093 
1.98271 
1,96512 
0.0003 


2,17540 

2,14943 
2,12484 
2.10147 
2.07919 
2.05790 

2.03750 
2.01792 
1.99908 
1.98092 
1.96340 
0.0002 


0.0009 
3.12139 
2.89430 
2.75888 
2.66061 
2.58281 

2.51807 
2.46243 
2.41350 
2.36975 
2,33012 

2,29383 
2.26034 
2,22921 
2,20010 
2,17274 

2,14692 
2,12245 
2,09919 
2,07702 
2,05582 

2.03551 
2.01600 
1,99723 
1,97914 
1.96168 
0.0001 


0.0010 

3.09023 
2.87816 
2.74778 
2.65207 
2.57583 

2.51214 
2.45726 
2.40891 
2.36562 
2.32635 

2,29037 
2,25713 
2,22621 
2,19729 
2,17009 

2,14441 
2,12007 
2,09693 
2,07485 
2,05375 

2,03352 
2,01409 
1.99539 
1.97737 
1.95996 
0.0000 


0,999 
0,998 
0,997 
0,996 
0,995 

0,994 
0.993 
0.992 
0.991 
0.990 

0.989 
0.988 
0.987 
0.986 
0.935 

0.984 
0.983 
0.932 
0.981 
0.980 

0.979 
0,978 
0,977 
0,976 
0,975 


For  Q(i)>0.0007,  linear  interpolation  yields  an  error  of  one  unit  in  the  third  decimal  place;  five-point 
interpolation  is  necessary  to  obtain  full  accuracy. 


<?i^) 

,/■ 

Q(') 

.r 

<,>{■>■) 

.r 

Q(') 

.)■ 

(-4)1.0 

3,71902 

(-9)1.0 

5.99781 

(-14)1.0 

7,65063 

(-19)1.0 

9.01327 

(-5)1,0 

4.26489 

(-10)1.0 

6.36134 

(-15)1.0 

7,94135 

(-20)1.0 

9.26234 

(-6)1,0 

4.75342 

(-11)1.0 

6.70602 

(-16)1,0 

8,22208 

(-21)1.0 

9.50502 

(-7)1.0 

5.19934 

(-12)1.0 

7.03448 

(-17)1,0 

8.49379 

(-22)1.0 

9.74179 

(-8)1.0 

5.61200 

(-13)1.0 

7.34880 

(-18)1,0 

8.75729 

(-23)1.0 

9.97305 

P{.r)^l-(Mr)=j^^Z(n< 


Compiled  from  T.  L.  Kelley,  The  Kelley  Statistical  Tables.     Harvard  Univ.  Press,  Cambridge,  Mass., 
1948  (with  permission)  for  '(H>)  >(-9)l. 
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Table  26.7      PROBABILITY  INTEGRAL  OF  x2-DISTRIBlTIO>,  INCOMPLETE  GAMMA  FUNCTION 

CUMULATIVE  SUMS  OF  THE  POISSON  DISTRIBUTION 


X2=0.001 

0.002 

0.003 

0.004 

0.005 

0.006 

0.007 

0.008 

0.009 

0.010 

V 

»" =0.0005 

0.0010 

0.0015 

0.0020 

0.0025 

0.0030 

0.0035 

0.0040 

0.0045 

0.0050 

1 

0.97477 

0.96433 

0.95632 

0.94957 

0.94363 

0.93826 

0.93332 

0.92873 

0.92442 

0.92034 

2 

0.99950 

0.99900 

0.99850 

0.99800 

0.99750 

0.99700 

0.99651 

0.99601 

0.99551 

0.99501 

3 

0.99999 

0.99998 

0.99996 

0.99993 

0.99991 

0.99988 

0.99984 

0.99981 

0.99977 

0.99973 

4 

0.99999 

0.99999 

0.99999 

0.99999 

x2=0.01 

0.02 

0.03 

0.04 

0.05 

0.06 

0.07 

0.08 

0.09 

0.10 

V 

m=0.005 

0.010 

0.015 

0.020 

0.025 

0.030 

0.035 

0.040 

0.045 

0.050 

1 

0.92034 

0.88754 

0.86249 

0.84148 

0.82306 

0.80650 

0.79134 

0.77730 

0.76418 

0.75183 

2 

0.99501 

0.99005 

0.98511 

0.98020 

0.97531 

0.97045 

0.96561 

0.96079 

0.95600 

0.95123 

3 

0.99973 

0.99925 

0.99863 

0.99790 

0.99707 

0.99616 

0.99518 

0.99412 

0.99301 

0.99184 

4 

0.99999 

0.99995 

0.99989 

0.99980 

0.99969 

0.99956 

0.99940 

0.99922 

0.99902 

0.99879 

5 

0.99999 

0.99998 

0.99997 

0.99995 

0.99993 

0.99991 

0.99987 

0.99984 

6 

0.99999 

0.99999 

0.99999 

0.99998 

x2=0.1 

0.2 

0.3 

0.4 

0.5 

0.6 

0.7 

0.8 

0.9 

1.0 

V 

?«=0.05 

0.10 

0.15 

0.20 

0.25 

0.30 

0.35 

0.40 

0.45 

0.50 

1 

0.75183 

0.65472 

0.58388 

0.52709 

0.47950 

0.43858 

0.40278 

0.37109 

0.34278 

0.31731 

2 

0.95123 

0.90484 

0.86071 

0.81873 

0.77880 

0.74082 

0.70469 

0.67032 

0.63763 

0.60653 

3 

0.99184 

0.97759 

0.96003 

0.94024 

0.91889 

0.89643 

0.87320 

0.84947 

0.82543 

0.80125 

4 

0.99879 

0.99532 

0.98981 

0.98248 

0.97350 

0.96306 

0.95133 

0.93845 

0.92456 

0.90980 

5 

0.99984 

0.99911 

0.99764 

0.99533 

0.99212 

0.98800 

0.98297 

0.97703 

0.97022 

0.96257 

6 

0.99998 

0.99985 

0.99950 

0.99885 

0.99784 

0.99640 

0.99449 

0.99207 

0.98912 

0.98561 

7 

0.99997 

0.99990 

0.99974 

0,99945 

0.99899 

0.99834 

0.99744 

0.99628 

0.99483 

8 

0.99998 

0.99994 

0.99987 

0.99973 

0.99953 

0.99922 

0.99880 

0.99825 

9 

0.99999 

0.99997 

0.99993 

0.99987 

0.99978 

0.99964 

0.99944 

10 

0.99999 

0.99998 

0.99997 

0.99994 

0.99989 

0.99983 

11 

0.99999 

0.99998 

0.99997 

0.99995 

12 

0.99999 

0.99999 

x2  =  l.l 

1.2 

1.3 

1.4 

1.5 

1.6 

1.7 

1.8 

1.9 

2.0 

V 

m  =  0.55 

0.60 

0.65 

0.70 

0.75 

0.80 

0.85 

0.90 

0.95 

1.00 

1 

0.29427 

0.27332 

0.25421 

0.23672 

0.22067 

0.20590 

0.19229 

0.17971 

0.16808 

0.15730 

2 

0.57695 

0.54881 

0.52205 

0.49659 

0.47237 

0.44933 

0.42741 

0.40657 

0.38674 

0.36788 

3 

^.111^1 

0.75300 

0.72913 

0.70553 

0.68227 

0.65939 

0.63693 

0.61493 

0.59342 

0.57241 

4 

0.89427 

0.87810 

0.86138 

0.84420 

0.82664 

0.80879 

0.79072 

0.77248 

0.75414 

0.73576 

5 

0.95410 

0.94488 

0.93493 

0.92431 

0.91307 

0.90125 

0.88890 

0.87607 

0.86280 

0.84915 

6 

0.98154 

0.97689 

0.97166 

0.96586 

0.95949 

0.95258 

0.94512 

0.93714 

0.92866 

0.91970 

7 

0.99305 

0.99093 

0.98844 

0.98557 

0.98231 

0.97864 

0.97457 

0.97008 

0.96517 

0.95984 

8 

0.99753 

0.99664 

0.99555 

0.99425 

0.99271 

0.99092 

0.98887 

0.98654 

0.98393 

0.98101 

9 

0.99917 

0.99882 

0.99838 

0.99782 

0.99715 

0.99633 

0.99537 

0.99425 

0.99295 

0.99147 

10 

0.99973 

0.99961 

0.99944 

0.99921 

0.99894 

0.99859 

0.99817 

0.99766 

0.99705 

0.99634 

11 

0.99992 

0.99987 

0.99981 

0.99973 

0.99962 

0.99948 

0.99930 

0.99908 

0.99882 

0.99850 

12 

0.99998 

0.99996 

0.99994 

0.99991 

0.99987 

0.99982 

0.99975 

0.99966 

0.99954 

0.99941 

13 

0.99999 

0.99999 

0.99998 

0.99997 

0.99996 

0.99994 

0.99991 

0.99988 

0.99983 

0.99977 

14 

0.99999 

0.99999 

0.99999 

0.99998 

0.99997 

0.99996 

0.99994 

0.99992 

15 

0.99999 

0.99999 

0.99999 

0.99998 

0.99997 

16 

/        V 

0.99999 

0.99999 

^(x2|.)  =  l-P(x 

21.)  = 

Vr 

kV. 

—  1    ^00 

Jx2^ 

—  --1 
2^2      dt  = 

Ki)j 

-If-       -«o- 

e      t- 
Jhx2 

1         c-l 

dt=T.  e- 
i=o 

mmj/j\(y  even,  '^=1", 

m=ix2) 

Compiled  from  E.  S.  Pearson  and  H.  0.  Hartley  (editors),  Biometrika  tables  for  statisticians,  vol.  I. 
Cambridge  Univ.  Press,  Cambridge,  England,  1954  (with  permission). 
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PROBABILITY  INTEGRAL  OF  x-'-DISTRIBUTION,  INCOMPLETE  GAMMA  FUNCTION    Table  26.7 
CUMULATIVE  SUMS  OF  THE  POISSON  DISTRIBUTION 


1 
2 
3 

4 
5 

6 
7 
8 
9 
10 

11 
12 
13 
14 
15 

16 
17 
18 
19 
20 

21 
22 


1 
2 
3 
4 
5 

6 
7 
8 
9 
10 

11 
12 
13 
14 
15 

16 
17 
18 
19 
20 

21 
22 
23 

24 
25 

26 
27 


x2=2.2 
m=l.l 
0.13801 
0.33287 
0.53195 
0, 69903 
0.82084 

0.90042 
0.94795 
0.97426 
0.98790 
0.99457 

0.99766 
0.99903 
0.99961 
0.99985 
0.99994 

0.99998 
0. 99999 


x2  =  4.2 

TO  =  2.1 

0.  04042 
0.12246 
0.24066 
0.37962 
0.52099 

0.64963 
0.75647 
0.83864 
0.  89776 
0.93787 

0.96370 
0.97955 
0.98887 
0.99414 
0.99701 

0.99851 
0.99928 
0.99966 
0.99985 
0.99993 


2.4 
1.2 
0.12134 
0.30119 
0.49363 
0.66263 
0.79147 

0. 87949 
0.93444 
0.96623 
0.98345 
0.99225 

0.99652 
0.99850 
0.99938 
0.99975 
0.99990 

0.99996 
0.99999 


4.4 

2.2 

0.03594 
0.11080 
0.22139 
0.35457 
0.49337 

0.62271 
0.73272 
0.81935 
0.88317 
0.92750 

0.95672 
0.97509 
0.98614 
0.99254 
0.99610 

0.99802 
0.99902 
0.99953 
0.99978 
0.99990 


2.6 
1.3 

0.10686 
0.27253 
0.45749 
0.62682 
0.76137 

0.85711 
0.91938 
0.95691 
0.97807 
0.98934 

0.99503 
0.99777 
0.99903 
0.99960 
0.99984 

0.99994 
0.99998 
0.99999 


4.6 

2.3 

0.03197 
0.10026 
0.20354 
0.33085 
0.46662 

0.59604 
0.70864 
0.79935 
0.86769 
0.91625 

0.94898 
0.97002 
0.98298 
0.99064 
0.99501 

0.99741 
0.99869 
0.99936 
0.99969 
0.99986 


2.8 
1.4 

0.09426 
0.24660 
0.42350 
0.59183 
0.73079 

0.83350 
0.90287 
0.94628 
0.97170 
0.98575 

0.99311 
0.99680 
0.99856 
0.99938 
0.99974 

0.  99989 
0.99996 
0.99998 
0.99999 


4.8 

2.4 
0.  02846 
0.09072 
0.18704 
0.30844 
0.44077 

0.56971 
0.68435 
0.77872 
0.85138 
0.90413 

0.94046 
0.96433 
0.97934 
0.98841 
0.99369 

0.99666 
0.99828 
0.99914 
0.99958 
0.99980 


3.0 
1.5 

0.08327 
0.22313 
0.39163 
0.55783 
0.69999 

0.80885 
0.88500 
0.93436 
0.96430 
0.98142 

0.99073 
0.99554 
0.99793 
0.99907 
0.99960 

0.99983 
0.99993 
0.99997 
0.99999 


5.0 

2.5 
0. 02535 
0.08209 
0.17180 
0.28730 
0.41588 

0.54381 
0.65996 
0.75758 
0.83431 
0.89118 

0.93117 
0.95798 
0.97519 
0.98581 
0.99213 

0.99575 
0.99777 
0.99886 
0.99943 
0.99972 


3.2 
1.6 

0. 07364 
0.20190 
0.36181 
0.52493 
0.66918 

0.78336 
0.86590 
0.92119 
0.95583 
0.97632 

0.98781 
0.99396 
0.99711 
0.99866 
0.99940 

0.99974 
0.99989 
0.99995 
0.99998 
0.99999 


5.2 

2.6 

0.02259 
0.07427 
0.15772 
0.26739 
0.39196 

0.51843 
0.63557 
0.73600 
0.81654 
0.87742 

0.92109 
0.95096 
0.97052 
0.98283 
0.99029 

0.99467 
0.99715 
0.99851 
0.99924 
0.99962 


3.4 
1.7 
0.06520 
0.18268 
0.33397 
0.49325 
0.63857 

0.75722 
0.84570 
0.90681 
0.94631 
0.97039 

0.98431 
0.99200 
0.99606 
0.99813 
0.99913 

0.99961 
0.99983 
0.99993 
0.99997 
0.99999 


5.4 

2.7 
0.  02014 
0.06721 
0.14474 
0.24866 
0.36904 

0.49363 
0.61127 
0.71409 
0.79814 
0.86291 

0.91026 
0.94327 
0.96530 
0.97943 
0.98816 

0.99338 
0.99639 
0.99809 
0.99901 
0.99950 


3.6 

1.8 
0.05778 
0.16530 
0.30802 
0.46284 
0.60831 

0.73062 
0.82452 
0.89129 
0.93572 
0.96359 

0.98019 
0.98962 
0.99475 
0.99743 
0.99878 

0.99944 
0.99975 
0.99989 
0.99995 
0.99998 


3.8 

1.9 

0.05125 
0.14957 
0.28389 
0.43375 
0.57856 

0.70372 
0.80250 
0.87470 
0.92408 
0.95592 

0.97541 
0.98678 
0.99314 
0.99655 
0.99832 

0.99921 
0. 99964 
0. 99984 
0.99993 
0.99997 


0.99999  0.99999 


5.6 

2.8 
0.01796 
0.06081 
0.13278 
0.23108 
0.34711 

0.46945 
0.58715 
0.69194 
0.77919 
0.84768 

0.89868 
0.93489 
0.95951 
0.97559 
0.98571 

0.99187 
0.99550 
0.99757 
0.99872 
0.99934 


5.8 

2.9 
0.01603 
0.05502 
0.12176 
0.21459 
0.32617 

0.44596 
0.56329 
0.66962 
0.75976 
0.83178 

0.88637 
0.92583 
0.95313 
0.97128 
0.98291 

0.99012 
0.99443 
0.99694 
0.99836 
0. 99914 


0.99997 
0.99999 


0.99995  0.99993 
0.99998  0.99997 


0.99991  0.99987  0.99982  0.99975  0.99967  0.99956 

0.99996  0.99994  0.99991  0.99988  0.99984  0.99978 

0.99999  0.99999  0.99999  0.99998  0.99997  0.99996  0.99994  0.99992  0.99989 

0.99999  0.99999  0.99999  0.99998  0.99997  0.99996  0.99995 

0.99999  0.99999  0.99999  0.99998  0.99998 


0.99999  0.99999 
0. 99999 


0=^x2-x^^  »'=^-^o>0 

Interpolation  on  x^ 

e(x21^)=r^(xJ|^o-4)[2%2]+Q(x;|.o-2)[<^-<A2]+g(x^|''o)[l-*+^*^] 
Double  Entry  Interpolation 


4.0 

2.0 

0.04550 
0.13534 
0.26146 
0.40601 
0. 54942 

0.67668 

0.85712 
0.91141 
0.94735 

0. 96992 

0.98344 
0.99119 
0.99547 
0.99774 

0.99890 
0. 99948 
0.99976 
0.99989 
0.99995 

0.99998 
0.99999 

6.0 

3.0 
0.01431 
0.04979 
0.11161 
0.19915 
0.30622 

0.42319 
0.53975 
0.64723 
0.73992 
0.81526 

0.87337 
0.91608 
0.94615 
0.96649 
0.97975 

0.98810 
0.99319 
0.99620 
0.99793 
0.99890 

0.99943 
0.99971 
0.99986 
0.99993 
0.99997 

0.99998 
0.99999 


217-682  0-66— 63 


980 


PROBABILITY    FUNCTIONS 


Table  26.7    PROBABILITY  INTEGRAL  OF  x2_DISTRIBlTI()\,  INCOMPLETE  GAMMA 

CIMLLATIVE  SIMS  OF  THE  POISSON   DISTRIBUTION 


FUNCTION 


x2  =  6.2 

6.4 

6.6 

6.8 

7.0 

7.2 

7.4 

7.6 

7.8 

8.0 

V 

1 

2 
3 

4 
5 

m  =  3.1 

0.01278 
0.04505 
0,10228 
0.18470 
0.28724 

3.2 

0.01141 
0.04076 
0.  09369 
0.17120 
0.26922 

3.3 

0.01020 
0.03688 
0.08580 
0.15860 
0.25213 

3.4 

0.00912 
0.03337 
0.07855 
0.14684 
0.23595 

3.5 

].  00815 
3.03020 
].  07190 
3.13589 
3.22064 

3.6 

0.00729 
0.02732 
0.06579 
0.12569 
0.20619 

3.7 

0.00652 
0.02472 
0.06018 
0.11620 
0.19255 

3.8 
0.00584 
0.02237 
0.05504 
0.10738 
0.17970 

3.9 

0.00522 
0.02024 
0.05033 
0.09919 
0.16761 

4.0 
0.00468 
0.01832 
0.04601 
0.09158 
0.15624 

6 
7 
8 
9 
10 

0.40116 
0.51660 
0.62484 
0.71975 
0.79819 

0.37990 
0.49390 
0.60252 
0.69931 
0.78061 

0.35943 
0.47168 
0.58034 
0.67869 
0.76259 

0.33974 
0.45000 
0.55836 
0.65793 
0.74418 

3.32085 
3.42888 
D.  53663 
3.63712 
3.72544 

0.30275 
0.40836 
0.51522 
0.61631 
0.70644 

0.28543 
0.38845 
0.49415 
0.59555 
0.68722 

0.26890 
0.36918 
0.47349 
0.57490 
0.66784 

0.25313 
0.35056 
0.45325 
0.55442 
0.64837 

0,23810 
0.33259 
0.43347 
0.53415 
0.62884 

11 
12 
13 
14 
15 

0.  85969 
0.90567 
0.93857 
0.96120 
0.97619 

0.84539 
0.89459 
0.93038 
0.95538 
0.97222 

0.83049 
0.88288 
0.92157 
0.94903 
0.96782 

0.81504 
0.87054 
0.91216 
0.94215 
0.96296 

3.79908 
3.85761 
0.90215 
D.  93471 
0.95765 

0.78266 
0.84412 
0.89155 
0.92673 
0.95186 

0.76583 
0.83009 
0.88038 
0.91819 
0.94559 

0.74862 
0.81556 
0.86865 
0.90911 
0.93882 

0.73110 
0.80056 
0.85638 
0.89948 
0.93155 

0.71330 
0.78513 
0.84360 
0.88933 
0.92378 

16 
17 
18 
19 
20 

0.98579 
0.99174 
0.99532 
0.99741 
0.99860 

0.98317 
0.99007 
0.99429 
0.99679 
0.99824 

0.98022 
0.98816 
0.99309 
0.99606 
0.99781 

0.97693 
0.98599 
0.99171 
0.99521 
0.99729 

0.97326 
0.98355 
0.99013 
0,99421 
0.99669 

0.96921 
0.98081 
0.98833 
0.99307 
0.99598 

0.96476 
0.97775 
0.98630 
0.99176 
0.99515 

0.95989 
0.97437 
0.98402 
0.99026 
0.99420 

0.95460 
0.97064 
0.98147 
0.98857 
0.99311 

0.94887 
0.96655 
0.97864 
0.98667 
0.99187 

21 
22 
23 
24 
25 

0.99926 
0.99962 
0.99981 
0.99990 
0.99995 

0.99905 
0.99950 
0.99974 
0.99987 
0.99994 

0.99880 
0.99936 
0.99967 
0.99983 
0.99991 

0.99850 
0.99919 
0,99957 
0.99978 
0.99989 

0.99814 
0.99898 
0.99945 
0.99971 
0.99985 

0.99771 
0.99873 
0.99931 
0.99963 
0.99981 

0.99721 
0.99843 
0.99913 
0.99953 
0.99975 

0.99662 
0.99807 
0.99892 
0.99941 
0.99968 

0.99594 
0.99765 
0.99867 
0.99926 
0.99960 

0.99514 
0.99716 
0.99837 
0.99908 
0.99949 

26 
27 
28 
29 
30 

0.99998 
0.99999 

0.99997 
0.99999 
0.99999 

0.99996 
0.99998 
0.99999 

0.99994 
0.99997 
0.99999 
0.99999 

0.99992 
0.99996 
0.99998 
0.99999 

0.99990 
0.99995 
0.99998 
0.99999 
0.99999 

0.99987 
0.99993 
0.99997 
0.99998 
0.99999 

0.99983 
0.99991 
0.99996 
0.99998 
0.99999 

0.99978 
0.99989 
0.99994 
0.99997 
0.99999 

0.99973 
0.99985 
0.99992 
0.99996 
0.99998 

x2=8.2 

8.4 

8.6 

8.8 

9.0 

9.2 

9.4 

9.6 

9.8 

10.0 

V 

W=4.1 

4.2 

4.3 

4.4 

4.5 

4.6 

4.7 

4.8 

4.9 

5.0 

1 
2 
3 
4 
5 

0.00419 
0.01657 
0.04205 
0. 08452 
0.14555 

0.00375 
0.01500 
0.03843 
0.07798 
0.13553 

0.00336 
0.01357 
0.03511 
0.07191 
0.12612 

0.00301 
0.01228 
0.03207 
0.06630 
0.11731 

0.00270 
0.01111 
0.02929 
0.06110 
0.10906 

0.00242 
0.01005 
0.02675 
0.05629 
0.10135 

0.00217 
0.00910 
0.02442 
0. 05184 
0.09413 

0.00195 
0.00823 
0.02229 
0.04773 
0.08740 

0.00175 
0.00745 
0.02034 
0.04394 
0.08110 

0.00157 
0.00674 
0.01857 
0.04043 
0.07524 

6 

7 

8 

9 

10 

0.22381 
0.31529 
0.41418 
0.51412 
0.60931 

0.21024 
0.29865 
0.39540 
0.49439 
0. 58983 

0.19736 
0.  28266 
0.37715 
0.47499 
0.57044 

0.18514 
0.26734 
0.35945 
0.45594 
0.55118 

0.17358 
0.25266 
0.34230 
0.43727 
0.53210 

0.16264 
0.23861 
0.32571 
0.41902 
0.51323 

0.15230 
0.22520 
0. 30968 
0.40120 
0.49461 

0.14254 
0.21240 
0.29423 
0.38383 
0.47626 

0.13333 
0.20019 
0.27935 
0.36692 
0.45821 

0.1^465 
0.18857 
0.26503 
0. 35049 
0.44049 

11 
12 
13 
14 
15 

0.69528 
0.76931 
0.83033 
0.87865 
0.91551 

0.67709 
0.75314 
0.81660 
0.86746 
0.90675 

0.65876 
0.73666 
0.80244 
0.85579 
0. 89749 

0.64035 
0.71991 
0.78788 
0.84365 
0.88774 

0.62189 
0.70293 
0.77294 
0.83105 
0.87752 

0.60344 
0,68576 
0,75768 
0.81803 
0.  86683 

0.58502 
0.66844 
0.74211 
0.80461 
0.85569 

0.56669 
0.65101 
0.72627 
0.79081 
0.84412 

0.  54846 
0.63350 
0.71020 
0.77666 
0.83213 

0.53039 
0.61596 
0.69393 
0.76218 
0.81974 

16 
17 
18 
19 
20 

0.94269 
0.96208 
0.97551 
0.98454 
0.99046 

0.93606 
0.95723 
0.97207 
0.98217 
0. 98887 

0.92897 
0.95198 
0.96830 
0.97955 
0.98709 

0.92142 
0.94633 
0.96420 
0.97666 
0.98511 

0.91341 
0.94026 
0.95974 
0.97348 
0.98291 

0.  90495 
0.93378 
0.95493 
0.97001 
0.98047 

0.89603 
0.92687 
0,94974 
0,96623 
0.97779 

0.88667 
0.91954 
0.94418 
0.96213 
0.97486 

0.87686 
0.91179 
0.93824 
0.95771 
0.97166 

0.86663 
0.90361 
0.93191 
0.95295 
0.96817 

21 
22 
23 
24 
25 

0.99424 
0.99659 
0.99802 
0.99888 
0.99937 

0.99320 
0.99593 
0.99761 
0.99863 
0.99922 

0.99203 
0.99518 
0.99714 
0.99833 
0.99905 

0.99070 
0.99431 
0,99659 
0,99799 
0,99884 

0.98921 
0.99333 
0.99596 
0.99760 
0.99860 

0.98755 
0.99222 
0.99524 
0.99714 
0.99831 

0.98570 
0.99098 
0.99442 
0.99661 
0.99798 

0.98365 
0.98958 
0.99349 
0.99601 
0.99760 

0.98139 
0.98803 
0.99245 
0.99532 
0.99716 

0.97891 
0.98630 
0.99128 
0.99455 
0.99665 

26 
27 
28 
29 
30 

0.99966 
0.99981 
0.99990 
0.99995 
0.99997 

0.99957 
0.99977 
0.99987 
0.99993 
0.99997 

0.99947 
0.99971 
0.99984 
0.99991 
0.99996 

0,99934 
0.99963 
0.99980 
0.99989 
0.99994 

0.99919 
0.99955 
0.99975 
0.99986 
0.99993 

0.99902 
0.99944 
0.99969 
0.99983 
0.99991 

0.99882 
0.99932 
0.99962 
0.99979 
0.99988 

0.99858 
0.99917 
0.99953 
0.99973 
0.99985 

0.99830 
0.99900 
0.99942 
0.99967 
0.99982 

0.99798 
0.99880 
0.99930 
0.99960 
0.99977 

^(X2W=1-P(X2,V)  = 

H&\ 

-'iy'"'''"^ 

m 

- 

-1    r-l 

-'"mJ  jKveven,  '^=1 

v.»»  =  ^x2) 
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Table  26.7 
PROBABILITY  INTEGRAL  OFx^-DISTRIBUTION,  INCOMPLETE  GAMMA  FUNCTION 


V 

1 

2 
3 

4 
5 

6 
7 
8 
9 
10 

11 
12 
13 

14 
15 

16 
17 
18 
19 
20 

21 
22 
23 
24 
25 

26 
27 
28 
29 
30 


V 

1 
2 

3 
4 
5 

6 
7 
8 

9 
10 

11 
12 
13 
14 
15 

16 
17 
18 
19 
20 

21 
22 


x^=10.5 
m=  5.25 

0.00119 
0.00525 
0.01476 
0.03280 
0.06225 

0.10511 
0.16196 
0,23167 
0.31154 
0.39777 

0.48605 
0.57218 
0.65263 
0.  72479 
0.78717 

0.83925 
0.88135 
0.91436 
0.93952 
0.95817 

0.97166 
0,98118 
0,98773 
0.99216 
0.99507 

0.99696 
0.99815 
0.99890 
0.99935 
0.99963 

x2=15.5 
m=  7.75 

0.00008 
0,00043 
0.00144 
0.00377 
0,00843 


26 
27 
28 
29 
30 


CLMILATIVE  SUMS  OF  THE  POISSON  DISTRIBUTION 

11.0       11.5       12.0       12.5      13.0       13.5       14.0      14.5 


5.5 

0.00091 
0,00409 
0.01173 
0.02656 
0,05138 

0.  08838 
0.13862 
0.20170 
0.27571 
0.35752 

0.44326 
0.52892 
0.61082 
0.  68604 
0.75259 

0,80949 
0,85656 
0.89436 
0,92384 
0,94622 

0,96279 
0,97475 
0,98319 
0,98901 
0,99295 

0.99555 
0.99724 
0.99831 
0,99899 
0.99940 

16.0 

8.0 

0.00006 
0.00034 
0.00113 
0.  00302 
0,00684 


5.75 

0.00070 
0.00318 
0.00931 
0.02148 
0.04232 

0.07410 
0,11825 
0.17495 
0,24299 
0.  31991 

0.40237 
0,48662 
0,56901 
0,64639 
0,71641 

0.77762 
0.82942 
0,87195 
0,90587 
0.93221 

0,95214 
0,96686 
0,97748 
0.98498 
0,99015 

0,99366 
0,99598 
0.99749 
0,99846 
0,99907 

16.5 

8.25 

0,00005 
0,00026 
0.00090 
0.00242 
0,00555 


6.0 

0.  00053 
0.00248 
0.00738 
0.01735 
0,  03479 

0,06197 
0,10056 
0,15120 
0,21331 
0,28506 

0.36364 
0,44568 
0,52764 
0,60630 
0,67903 

0,74398 
0.80014 
0.84724 
0,88562 
0,91608 

0,93962 
0.95738 
0.97047 
0,97991 
0,98657 

0.99117 
0.99429 
0,99637 
0.99773 
0.99860 

17.0 

8.5 

0,00004 
0,00020 
0.00071 
0.00193 
0.00450 


6.25 

0.00041 
0.00193 
0.00585 
0,01400 
0.02854 

0,05170 
0,08527 
0,13025 
0,18657 
0,25299 

0,32726 
0,40640 
0,48713 
0,56622 
0,  64086 

0.70890 
0.76896 
0,82038 
0.86316 
0.89779 

0,92513 
0,94618 
0,96201 
0.97367 
0.98206 

0.98798 
0.99208 
0.99487 
0,99672 
0.99794 

17.5 

8.75 

0.00003 
0.00016 
0.00056 
0,00154 
0,00364 


6.5 

0.00031 
0,00150 
0,00464 
0,01128 
0,02338 

0,04304 
0,07211 
0,11185 
0,16261 
0.22367 

0,29333 
0.36904 
0,44781 
0,  52652 
0,60230 

0,67276 
0,73619 
0.79157 
0.83857 
0,87738 

0,90862 
0,93316 
0,95199 
0,96612 
0,97650 

0.98397 
0.98925 
0.99290 
0.99538 
0.99704 

18.0 
9.0 

0.00002 
0.00012 
0.00044 
0.00123 
0,00295 


6.75 

0.00024 
0.00117 
0.  00367 
0.00907 
0.01912 

0.03575 
0.  06082 
0.09577 
0.14126 
0.19704 

0.26190 
0.33377 
0,40997 
0,48759 
0,56374 

0.63591 
0.70212 
0.76106 
0.81202 
0.85492 

0,89010 
0,91827 
0,94030 
0.95715 
0.96976 

0.97902 
0.98567 
0.99037 
0,99363 
0,  99585 

18.5 
9.25 

0.00002 
0.00010 
0.00035 
0.00099 
0.00238 


7.0 

0.00018 
0.00091 
0.00291 
0,00730 
0,01561 

0.  02964 
0,05118 
0.08177 
0,12233 
0.17299 

0,23299 
0,30071 
0,37384 
0,44971 
0,52553 

0,59871 
0.66710 
0.72909 
0.78369 
0,83050 

0,86960 
0,90148 
0.92687 
0,94665 
0,96173 

0,97300 
0,98125 
0.98719 
0,99138 
0,99428 

19.0 
9.5 

0.00001 
0.00008 
0.00027 
0.00079 
0.00192 


7.25 

0.00014 
0,00071 
0.00230 
0.00586 
0.01273 

0,02452 
0.04297 
0.06963 
0.10562 
0.15138 

0.20655 
0.26992 
0,33960 
0.41316 
0,48800 

0,56152 
0.63145 
0.69596 
0.75380 
0,80427 

0.84718 
0,88279 
0,91165 
0,93454 
0,95230 

0.  96581 
0.97588 
0.98324 
0.98854 
0.99227 

19.5 
9.75 

0,  00001 
0.00006 
0.00022 
0.  00063 
0,00155 


15.0 
7.5 

0.00011 
0,00055 
0,00182 
0,00470 
0.01036 

0,02026 
0,03600 
0.05915 
0.09094 
0.13206 

0,18250 
0.24144 
0.30735 
0.37815 
0,45142 

0,52464 
0.59548 
0.66197 
0.72260 
0.77641 

0.82295 
0.86224 
0,  89463 
0,92076 
0,94138 

0,95733 
0.96943 
0.97844 
0.98502 
0.98974 

20.0 
10.0 

0.  00001 
0.00005 
0.00017 
0.00050 
0.00125 


0.01670  0.01375  0.01131  0,00928  0.00761  0.00623  0,00510  0,00416 


0.03010  0.02512 

0.05012 

0.  07809 

0,11487  0,09963 


0,02092 


0. 00819 


0,00340  0,00277 
0,00676  0,00557 


0,01740  0,01444  0.01197  0,00991 

0,04238  0,03576  0,03011  0,02530  0.02123  0,01777  0,01486  0.01240  0,01034 

0,06688  0,05715  0.04872  0,04144  0,03517  0,02980  0,02519  0.02126  0.01791 

0.08619  0.07436  0.06401  0.05496  0.04709  0,04026  0.03435  0.02925 


0,16073  0,14113  0,12356  0,10788  0,09393  0,08158  0,07068  0.06109  0.05269  0.04534 

0.21522  0.19124  0,16939  0.14960  0,13174  0.11569  0.10133  0,08853  0,07716  0.06709 

0.27719  0.24913  0.22318  0.19930  0,17744  0.15752  0.13944  0.12310  0.10840  0.09521 

0.34485  0.31337  0.28380  0,25618  0.23051  0,20678  0,18495  0.16495  0.14671  0.13014 

0,41604  0.38205  0,34962  0,31886  0.28986  0.26267  0.23729  0,21373  0.19196  0,17193 

0,48837  0,45296  0,41864  0,38560  0,35398  0.32390  0.29544  0.26866  0.24359  0.22022 

0,55951  0,52383  0,48871  0,45437  0.42102  0.38884  0.35797  0.32853  0.30060  0.27423 

0.62740  0,59255  0,55770  0,52311  0.48902  0.45565  0.42320  0.39182  0,36166  0,33282 

0,69033  0,65728  0.62370  0.58987  0.55603  0.52244  0.48931  0.45684  0.42521  0.39458 

0.74712  0,71662  0,68516  0,65297  0,62031  0.58741  0,55451  0,52183  0.48957  0,45793 

0,79705  0,76965  0.74093  0,71111  0,68039  0,64900  0,61718  0,58514  0,55310  0.52126 

0.83990  0.81589  0.79032  0,76336  0.73519  0.70599  0.67597  0.64533  0.61428  0.58304 

23  0.87582  0,85527  0,83304  0,80925  0,78402  0.75749  0.72983  0.70122  0.67185  0.64191 

24  0.90527  0.88808  0.86919  0,84866  0,82657  0.80301  0.77810  0.75199  0,72483  0,69678 

25  0,92891  0,91483  0,89912  0,88179  0,86287  0.84239  0.82044  0.79712  0,77254  0,74683 


0,94749  0,93620  0.92341  0,90908  0,89320  0,87577  0,85683  0,83643  0,81464  0,79156 
0,96182  0,95295  0,94274  0,93112  0,91806  0,90352  0,88750  0.87000  0.85107  0.83076 


0.97266 
0.98071 


0,96582  0,95782  0,94859 
0,97554  0.96939  0,96218 


0.93805  0.92615  0.91285  0,89814  0.88200  0.86446 
0,95383  0,94427  0.93344  0.92129  0.90779  0.89293 


0.98659  0.98274  0,97810  0,97258  0.96608  0.95853  0.94986  0,94001  0,92891  0,91654 


Interpolation  on  x2 


(«'»S) 


w 


V    V()>0 


Double  Entry  Interpolation 

+<?(>^5;''o)[1-«^'-«+^A«^0><?(x2;v„^1)[J«;2^.^«;-m;^] 
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Table  26.7    PROBABILITY  INTEGRAL  OF  X--DISTRIBI TION,  INCOMPLETE  GAMMA  FUNCTION 

CUMULATIVE  SUMS  OF  THE  POISSON  DISTRIBUTION 


x2  =  21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

V 

w  ^  10.5 

11.0 

11.5 

12.0 

12.5 

13.0 

13.5 

14.0 

14.5 

15.0 

1 

2 
3 

4 
5 

0.00001 
0.00003 
0.00011 
0.00032 
0.00081 

0.00002 
0.00007 
0.00020 
0.00052 

0. 
0. 
0. 
0. 

00001 
00004 
00013 
00034 

0. 
0. 
0. 
0. 

00001 
00003 
00008 
00022 

0. 
0. 
0. 

00002 
00005 
00014 

0. 
0. 
0. 

00001 
00003 
00009 

0. 
0. 
0. 

00001 
00002 
00006 

0. 
0. 

00001 
00004 

0.00001 
0.00002 

0. 
0. 

00001 
00002 

6 
7 
8 
9 
10 

0.00184 
0.00377 
0.00715 
0.01265 
0.02109 

0.00121 
0.00254 
0.00492 
0.00888 
0.01511 

0. 
0. 
0. 
0. 
0. 

00080 
00171 
00336 
00620 
01075 

0. 
0. 
0. 
0. 
0. 

00052 
00114 
00229 
00430 
00760 

0. 
0. 
0. 
0. 
0. 

00034 
00076 
00155 
00297 
00535 

0. 
0. 
0. 
0. 
0. 

00022 
00050 
00105 
00204 
00374 

0. 
0. 
0. 
0. 
0. 

00015 
00033 
00071 
00140 
00260 

0. 
0. 
0. 
0. 
0. 

00009 
00022 
00047 
00095 
00181 

0.00006 
0.00015 
0.00032 
0.00065 
0.00125 

0. 
0. 
0. 
0. 
0, 

00004 
00010 
00021 
00044 
00086 

11 
12 
13 
14 
15 

0.03337 
0.05038 
0.  07293 
0.10163 
0.13683 

0.02437 
0.03752 
0.05536 
0.07861 
0.10780 

0. 
0. 
0. 
0. 
0. 

01768 
02773 
04168 
06027 
08414 

0. 
0. 
0. 
0. 
0. 

01273 
02034 
03113 
04582 
06509 

0. 
0. 
0. 
0. 
0. 

00912 
01482 
02308 
03457 
04994 

0. 
0. 
0. 
0. 
0. 

00649 
01073 
01700 
02589 
03802 

0. 
0. 
0. 
0. 
0. 

00460 
00773 
01244 
01925 
02874 

0. 
0, 
0, 
0. 
0. 

00324 
00553 
00905 
01423 
02157 

0.00227 
0.00394 
0.00655 
0.01045 
0.01609 

0. 
0. 
0. 
0. 
0. 

00159 
00279 
00471 
00763 
01192 

16 
17 
18 
19 
20 

0.17851 
0.22629 
0.27941 
0.33680 
0.39713 

0.14319 
0,18472 
0.23199 
0.28426 
0.34051 

0. 
0. 
0. 
0. 
0. 

11374 
14925 
19059 
23734 
28880 

0. 
0. 
0, 
0. 
0. 

08950 
11944 
15503 
19615 
24239 

0. 
0. 
0. 
0. 
0. 

06982 
09471 
12492 
16054 
20143 

0. 
0. 
0. 
0. 
0. 

05403 
07446 
09976 
13019 
16581 

0. 
0. 
0. 
0. 
0. 

04148 
05807 
07900 
10465 
13526 

0, 
0. 
0. 
0. 
0 

03162 
04494 
06206 
08343 
10940 

0. 02394 
0.03453 
0.04838 
0.  06599 
0.08776 

0. 
0. 
0, 
0. 
0 

01800 
02635 
03745 
05180 
06985 

21 
22 
23 
24 
25 

0.45894 
0.52074 
0.58109 
0.63873 
0.69261 

0.39951 
0.45989 
0.52025 
0.57927 
0.63574 

0. 
0. 
0. 
0. 
0. 

34398 
40173 
46077 
51980 
57756 

0. 
0. 
0. 
0, 
0, 

29306 
34723 
40381 
46160 
51937 

0. 
0. 
0. 
0. 
0. 

24716 
29707 
35029 
40576 
46237 

0. 
0. 
0. 
0. 
0. 

20645 
25168 
30087 
35317 
40760 

0. 
0. 
0. 
0. 
0. 

17085 
21123 
25597 
30445 
35588 

0 
0. 
0 
0 
0. 

14015 
17568 
21578 
26004 
30785 

0.11400 
0.14486 
0.18031 
0.22013 
0.26392 

0, 
0. 
0. 
0 
0. 

09199 
11846 
14940 
18475 
22429 

26 
27 
28 

29 

30 

0.74196 
0.  78629 
0.82535 
0.85915 
0.88789 

0.68870 
0.73738 
0.78129 
0.82019 
0.85404 

0. 
0, 
0. 
0. 
0. 

63295 
68501 
73304 
77654 
81526 

0. 
0. 
0. 
0, 
0, 

57597 
63032 
68154 
72893 
77203 

0. 
0. 
0. 
0. 
0. 

51898 
57446 
62784 
67825 
72503 

0. 
0. 
0. 
0. 
0. 

46311 
51860 
57305 
62549 
67513 

0. 
0. 
0. 
0. 
0. 

40933 
46379 
51825 
57171 
62327 

0. 
0 
0 
0 
0. 

35846 
41097 
46445 
51791 
57044 

0.31108 
0.36090 
0.41253 
0.46507 
0.51760 

0 
0 
0 
0 
0 

26761 
31415 
36322 
41400 
46565 

,2  =  31 

32 

33 

34 

35 

36 

37 

38 

39 

40 

V 

5 
6 
7 
8 
9 

m  =  15.5 
0.00001 
0.00003 
0.00006 
0.00014 
0.00030 

16.0 
0.00001 
0.00002 
0.00004 
0.00009 
0.00020 

0. 
0. 
0. 
0. 

16.5 

00001 
00003 
00006 
00013 

0 
0. 
0. 
0. 

17.0 

00001 
00002 
00004 
00009 

0. 
0. 
0. 

17.5 

00001 
00003 
00006 

0. 
0. 
0. 

18.0 

00001 
00002 
00004 

0 
0, 

18.5 

00001 
00003 

0 
0, 

19.0 

00001 
00002 

19.5 

0.00001 

0 

20.0 

00001 

10 
11 
12 
13 
14 

0.00059 
0.00110 
0.00197 
0.00337 
0. 00554 

0.00040 
0.00076 
0.00138 
0.00240 
0.00401 

0. 
0. 
0. 
0. 
0. 

00027 
00053 
00097 
00170 
00288 

0. 
0. 
0. 
0. 
0. 

00019 
00036 
00068 
00120 
00206 

0. 
0. 
0. 
0. 
0. 

00012 
00025 
00047 
00085 
00147 

0. 
0. 
0. 
0. 
0. 

00008 
00017 
00032 
00059 
00104 

0. 
0, 
0, 
0. 
0. 

00006 
00012 
00022 
00041 
00074 

0, 
0. 
0. 
0. 
0. 

00004 
00008 
00015 
00029 
00052 

0.00003 
0.00005 
0.00011 
0.00020 
0.00036 

0. 
0. 
0. 
0. 
0. 

00002 
00004 
00007 
00014 
00026 

15 
16 
17 

18 
19 

0.00878 
0.  01346 
0.01997 
0.02879 
0.04037 

0.00644 
0.01000 
0.01505 
0.02199 
0.03125 

0. 
0. 
0. 
0. 
0. 

00469 
00739 
01127 
01669 
02404 

0. 
0. 
0. 
0. 
0. 

00341 
00543 
00840 
01260 
01838 

0. 
0. 
0. 
0. 
0. 

00246 
00397 
00622 
00945 
01397 

0. 
0. 
0. 
0. 
0. 

00177 
00289 
00459 
00706 
01056 

0. 
0. 
0. 
0. 
0. 

00127 
00210 
00337 
00524 
00793 

0. 
0. 
0. 
0. 
0. 

00090 
00151 
00246 
00387 
00593 

0. 00064 
0.00109 
0.00179 
0.00285 
0.00442 

0. 
0. 
0. 
0. 
0. 

00045 
00078 
00129 
00209 
00327 

20 
21 
22 

23 

24 

0.05519 
0.07366 
0.09612 
0.12279 
0.15378 

0.04330 
0.05855 
0.07740 
0.10014 
0.12699 

0. 
0. 
0. 
0. 
0. 

03374 
04622 
06187 
08107 
10407 

0. 
0. 
0. 
0. 
0. 

02613 
03624 
04912 
06516 
08467 

0. 
0. 
0. 
0. 
0. 

02010 
02824 
03875 
05202 
06840 

0. 
0. 
0. 
0. 
0. 

01538 
02187 
03037 
04125 
05489 

0. 
0. 
0. 
0. 
0, 

01170 
01683 
02366 
03251 
04376 

0. 
0. 
0. 
0. 
0. 

00886 
01289 
01832 
02547 
03467 

0.00667 
0.00981 
0.01411 
0.01984 
0.02731 

0. 
0. 
0. 
0. 
0. 

00500 
00744 
01081 
01537 
02139 

25 
26 
27 
28 

29 

0.18902 
0.22827 
0.27114 
0.31708 
0.36542 

0.15801 
0.19312 
0.23208 
0.27451 
0.31987 

0. 
0. 
0. 
0. 
0. 

13107 
16210 
19707 
23574 
27774 

0. 
0. 
0. 
0. 
0. 

10791 
13502 
16605 
20087 
23926 

0. 
0. 
0. 
0. 
0. 

08820 
11165 
13887 
16987 
20454 

0. 
0. 
0. 
0. 
0. 

07160 
09167 
11530 
14260 
17356 

0. 
0. 
0. 
0. 
0. 

05774 
07475 
09507 
11886 
14622 

0. 
0. 
0. 
0. 
0. 

04626 
06056 
07786 
09840 
12234 

0.03684 
0.04875 
0.06336 
0.08092 
0.10166 

0. 
0. 
0. 
0. 
0. 

02916 
03901 
05124 
06613 
08394 

30 

0.41541 

0.36753 

0. 

32254 

0. 

28083 

0. 

24264 

0. 

20808 

0. 

17714 

0. 

14975 

0.12573 

0. 
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N      Table  26.7 

CUMULATIVE  SUMS  OF  THE  POISSON  DISTRIBUTION 

x2=42 

44 

46 

48 

50 

52 

54 

56 

58 

60 

V 

m=21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

10 

0.00001 

11 

0.00002 

0.00001 

12 

0.00003 

0.00002 

0.00001 

13 

0.00006 

0.00003 

0.00001 

0.00001 

14 

0.00012 

0,00006 

0.00003 

0.00001 

0.00001 

15 

0.00023 

0.00011 

0.00005 

0.00003 

0.00001 

0.00001 

16 

0.00040 

0.00020 

0.00010 

0.00005 

0.00002 

0.00001 

0.00001 

17 

0.00067 

0.00034 

0.00017 

0.00009 

0.00004 

0.00002 

0.00001 

0.00001 

18 

0.00111 

0.00058 

0.00030 

0.00015 

0.00008 

0.00004 

0.00002 

0.00001 

19 

0.00177 

0.00094 

0.00050 

0.00026 

0.00013 

0.00007 

0.00003 

0.00002 

0. 

00001 

20 

0.00277 

0.00151 

0.00081 

0.00043 

0.00022 

0.00011 

0.00006 

0.00003 

0. 

00001 

0.00001 

21 

0.00421 

0.00234 

0.00128 

0.00069 

0.00036 

0.00019 

0.00010 

0.00005 

0. 

00003 

0.00001 

22 

0.00625 

0.00355 

0.00198 

0.00109 

0.00059 

0.00031 

0.00016 

0.00009 

0. 

00004 

0.00002 

23 

0.00908 

0.00526 

0.00299 

0.00167 

0.00092 

0.00050 

0.00027 

0.00014 

0. 

00007 

0.00004 

24 

0.01291 

0.00763 

0.00443 

0.00252 

0.00142 

0.00078 

0.00043 

0.00023 

0. 

00012 

0.00006 

25 

0.01797 

0.01085 

0.00642 

0.00373 

0.00213 

0.00120 

0.00066 

0.00036 

0. 

00020 

0.00011 

26 

0.02455 

0.01512 

0.00912 

0.00540 

0.00314 

0.00180 

0.00102 

0.00056 

0. 

00031 

0.00017 

27 

0.03292 

0.02068 

0.01272 

0.00768 

0.00455 

0.00265 

0.00152 

0.00086 

0. 

00048 

0.00026 

28 

0.04336 

0.02779 

0.01743 

0.01072 

0.00647 

0.00384 

0.00224 

0.00129 

0. 

00073 

0.00041 

29 

0.05616 

0.03670 

0.02346 

0.01470 

0.00903 

0.00545 

0.00324 

0.00189 

0. 

00109 

0.00062 

30 

0.07157 

0.04769 

0.03107 

0.01983 

0.01240 

0.00762 

0.00460 

0.00273 

0. 

00160 

0.00092 

x2  =  62 

64 

66 

68 

70 

72 

74 

76 

V 

m  =  31 

32 

33 

34 

35 

36 

37 

38 

21 

0.00001 

22 

0.00001 

0.00001 

23 

0.00002 

0.00001 

0.00001 

24 

0.00003 

0.00002 

0.00001 

25 

0.00006 

0.00003 

0.00002 

0.00001 

26 

0.00009 

0.00005 

0.00003 

0.00001 

0.00001 

27 

0.00014 

0.00008 

0.00004 

0.00002 

0.00001 

0.00001 

28 

0.00023 

0.00012 

0.00007 

0.00004 

0.00002 

0.00001 

0.00001 

29 

0.00035 

0.00019 

0.00011 

0.00006 

0.00003 

0.00002 

0.00001 

30 

0.00052 

0.00029 

0.00016 

0.00009 

0.00005 

0.00003 

0.00001 

0.00001 

Q{^' 

.)  =  1-P(x2 

1^)  = 

[H 

V. 

—  1   poo     - 

Jx2^ 

2/2      ,//  = 

m 

^'J 

c-\ 

dt=  s  ('-"'inJ/jUv  even 
i=o 

,  ^=1",  5 

?i  =  |x2) 

.4(x2- 

-x^) 

w= 

V-VQ>(i 

Interpolation  on  x2 

V(x2k)=(>(x^|^0-4)[U2>^H4!''0-2)[^-^'>^H^oh)[l-*+2-^'] 

Double  Entry  Interpolation 

Q{x'\,)-Q  («J] '0-4)3 *']+'<;  (x^j'„-2)[*-*^-«*]+'?  (x^!  '0-1)0  '''-5  "■+"■*] 
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Table  26.8 


PERCENTAGE  POINTS  OF  THE  x2-DISTRIBLTION— VALUES  OF 
x2  IN  TERMS  OF  Q  AND  . 


0.995 


0.99 


0.975 


0.95 


0.9 


0.75 


0.5 


0.25 


1  ( 

2  ( 

3  ( 
4 

5 

-5)3.92704  ( 
-2)1.00251  ( 
-2)7.17212 
0.206990 
0.411740 

-4)1.57088  ( 
-2)2.01007  ( 
0.114832 
0.297110 
0.554300 

-4)9.82069 
-2)5.06356 
0.215795 
0.484419 
0.831211 

(-3)3.93214 
0.102587 
0.351846 
0.710721 
1.145476 

0.0157908 

0.210720 

0.584375 

1.063623 

1.61031 

0.101531  0.45493 
0.575364  1.38629 
1.212534  2.36597 
1.92255   3.35670 
2.67460   4.35146 

7  1.32330 
2.77259 
4.10835 
5.38527 
6.62568 

6 
7 
8 
9 
10 

0.675727 
0.989265 
1.344419 
1.734926 
2.15585 

0.872085 
1.239043 
1.646482 
2.087912 
2.55821 

1.237347 

1.68987 

2.17973 

2.70039 

3.24697 

1.63539 
2.16735 
2.73264 
3.32511 
3.94030 

2.20413 
2.83311 
3.48954 
4.16816 
4.86518 

3.45460 
4.25485 
5.07064 
5.89883 
6.73720 

5.34812 
6.34581 
7.34412 
8.34283 
9.34182 

7.84080 
9.03715 
10.2188 
11.3887 
12.5489 

11 
12 
13 
14 
15 

2.60321 
3.07382 
3.56503 
4.07468 
4.60094 

3.05347 
3.57056 
4.10691 
4.66043 
5.22935 

3.81575 
4.40379 
5.00874 
5.62872 
6.26214 

4.57481 
5.22603 
5.89186 
6.57063 
7.26094 

5.57779 
6.30380 
7.04150 
7.78953 
8.54675 

7.58412 
8.43842 
9.29906 
10.1653 
11.0365 

10.3410 
11.3403 
12.3398 
13.3393 
14.3389 

13.7007 
14.8454 
15.9839 
17.1170 
18.2451 

16 
17 
18 
19 
20 

5.14224 
5.69724 
6.26481 
6.84398 
7.43386 

5.81221 
6.40776 
7.01491 
7.63273 
8.26040 

6.90766 
7.56418 
8.23075 
8.90655 
9.59083 

7.96164 
8.67176 
9.39046 
10.1170 
10.8508 

9.31223 

10.0852 
10.8649 
11.6509 
12.4426 

11.9122 
12.7919 
13.6753 
14.5620 
15.4518 

15.3385 
16.3381 
17.3379 
18.3376 
19.3374 

19.3688 
20.4887 
21.6049 
22.7178 
23.8277 

21 
22 
23 
24 
25 

8.03366 
8.64272 
9.26042 
9.88623 
10.5197 

8.89720 
9.54249 
10.19567 
10.8564 
11.5240 

10.28293 

10.9823 

11.6885 

12.4011 

13.1197 

11.5913 
12.3380 
13.0905 
13.8484 
14.6114 

13.2396 
14.0415 
14.8479 
15.6587 
16.4734 

16.3444 
17.2396 
18.1373 
19.0372 
19.9393 

20.3372 
21.3370 
22.3369 
23.3367 
24.3366 

24.9348 
26.0393 
27.1413 
28.2412 
29.3389 

26 
27 
28 
29 
30 

11.1603 
11.8076 
12.4613 
13.1211 
13.7867 

12.1981 
12.8786 
13.5648 
14.2565 
14.9535 

13.8439 
14.5733 
15.3079 
16.0471 
16.7908 

15.3791 
16.1513 
16.9279 
17.7083 
18.4926 

17.2919 
18.1138 
18.9392 
19.7677 
20.5992 

20.8434 
21.7494 
22.6572 
23.5666 
24.4776 

25.3364 

26.3363 
27.3363 
28.3362 
29.3360 

30.4345 
31.5284 
32.6205 
33.7109 
34.7998 

40 
50 
60 
70 
80 

20.7065 
27.9907 
35.5346 
43.2752 
51.1720 

22.1643 
29.7067 
37.4848 
45.4418 
53.5400 

24.4331 
32.3574 
40.4817 
48.7576 
57.1532 

26.5093 
34.7642 
43.1879 
51.7393 
60.3915 

29.0505 
37.6886 
46.4589 
55.3290 
64.2778 

33.6603 
42.9421 
52.2938 
61.6983 
71.1445 

39.3354 
49.3349 
59.3347 
69.3344 
79.3343 

45.6160 
56.3336 
66.9814 
77.5766 
88.1303 

90 
100 

59.1963 
67.3276 

61.7541 
70.0648 

65.6466 
74.2219 

69.1260 
77.9295 

73.2912 
82.3581 

80.6247 
90.1332 

89.3342 
99.3341  ] 

98.6499 
L09.141 

X 

-2.5758 

-2.3263 

-1.9600 
Q(x2  .)  = 

-1.6449 

-1.2816 

'  '-1 
e  2<2  di 

-0.6745 

0.0000 

0.6745 

From  E.  S.  Pearson  and  H.  0.  Hartley  (editx)rs),  Biometrika  tables  for  statisticians,  vol.  I.     Cambridge 
Univ.  Press,  Cambridge,  England,  19S4  (with  permission)  for  Q  >  0.0005 . 
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PERCEXTA 

GE  POINTS  C 

)F  THE  x2-D] 

[STRIBLTION- 

-VALUES  OF             Table  26.8 

x2  I\  TERMS  OF 

Q  AND  ^ 

.\q 

0.1 

0.05 

0.025 

0.01 

0.005 

0.001 

0.0005 

0.0001 

1 

2.70554 

3.84146 

5.02389 

6.63490 

7.87944 

10.828 

12.116 

15.137 

2 

4.60517 

5.99147 

7.37776 

9.21034 

10.5966 

13.816 

15.202 

18.421 

3 

6.25139 

7.81473 

9.34840 

11.3449 

12.8381 

16.266 

17.730 

21.108 

4 

7.77944 

9.48773 

11.1433 

13.2767 

14.8602 

18.467 

19.997 

23.513 

5 

9.23635 

11.0705 

12.8325 

15.0863 

16.7496 

20.515 

22.105 

25.745 

6 

10.6446 

12.5916 

14.4494 

16.8119 

18.5476 

22.458 

24.103 

27.856 

7 

12.0170 

14.0671 

16.0128 

18.4753 

20.2777 

24.322 

26.018 

29.877 

8 

13.3616 

15.5073 

17.5346 

20.0902 

21.9550 

26.125 

27.868 

31.828 

9 

14.6837 

16.9190 

19.0228 

21.6660 

23.5893 

27.877 

29.666 

33.720 

10 

15.9871 

18.3070 

20.4831 

23.2093 

25.1882 

29.588 

31.420 

35.564 

11 

17.2750 

19.6751 

21.9200 

24.7250 

26.7569 

31.264 

33.137 

37.367 

12 

18.5494 

21.0261 

23.3367 

26.2170 

28.2995 

32.909 

34.821 

39.134 

13 

19.8119 

22.3621 

24.7356 

27.6883 

29.8194 

34.528 

36.478 

40.871 

14 

21.0642 

23.6848 

26.1190 

29.1413 

31.3193 

36.123 

38.109 

42.579 

15 

22.3072 

24.9958 

27.4884 

30.5779 

32.8013 

37.697 

39.719 

44.263 

16 

23.5418 

26.2962 

28.8454 

31.9999 

34.2672 

39.252 

41.308 

45.925 

17 

24.7690 

27.5871 

30.1910 

33.4087 

35.7185 

40.790 

42.879 

47.566 

18 

25.9894 

28.8693 

31.5264 

34.8053 

37.1564 

42.312 

44.434 

49.189 

19 

27.2036 

30.1435 

32.8523 

36.1908 

38.5822 

43.820 

45.973 

50.796 

20 

28.4120 

31.4104 

34.1696 

37.5662 

39.9968 

45.315 

47.498 

52.386 

21 

29.6151 

32.6705 

35.4789 

38.9321 

41.4010 

46.797 

49.011 

53.962 

22 

30.8133 

33.9244 

36.7807 

40.2894 

42.7956 

48.268 

50.511 

55.525 

23 

32.0069 

35.1725 

38.0757 

41.6384 

44.1813 

49.728 

52.000 

57.075 

24 

33.1963 

36.4151 

39.3641 

42.9798 

45.5585 

51.179 

53.479 

58.613 

25 

34.3816 

37.6525 

40.6465 

44.3141 

46.9278 

52.620 

54.947 

60.140 

26 

35.5631 

38.8852 

41.9232 

45.6417 

48.2899 

54.052 

56.407 

61.657 

27 

36.7412 

40.1133 

43.1944 

46.9630 

49.6449 

55.476 

57.858 

63.164 

28 

37.9159 

41.3372 

44.4607 

48.2782 

50.9933 

56.892 

59.300 

64.662 

29 

39.0875 

42.5569 

45.7222 

49.5879 

52.3356 

58.302 

60.735 

66.152 

30 

40.2560 

43.7729 

46.9792 

50.8922 

53.6720 

59.703 

62.162 

67.633 

40 

51.8050 

55.7585 

59.3417 

63.6907 

66.7659 

73.402 

76.095 

82.062 

50 

63.1671 

67.5048 

71.4202 

76.1539 

79.4900 

86.661 

89.560 

95.969 

60 

74.3970 

79.0819 

83.2976 

88.3794 

91.9517 

99.607 

102.695 

109.503 

70 

85.5271 

90.5312 

95.0231 

100.425 

104.215 

112.317 

115.578 

122.755 

80 

96.5782 

101.879 

106.629 

112.329 

116.321 

124.839 

128.261 

135.783 

90 

107.565 

113.145 

118.136 

124.116 

128.299 

137.208 

140.782 

148.627 

100 

118.498 

124.342 

129.561 

135.807 

140.169 

149.449 

153.167 

161.319 

X 


1.2816 


1.6449 


1.9600 


2.3263 


2.5758 


Q(x2|.)=r2ir(0l  '  f\-2r2-'dt 


3.0902 


3.2905 


3.7190 
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Table  26.9     PERCENTAGE  POINTS  OF  THE  F-DISTRIBUTION —VALUES 
OF  F  IN  TERMS  OF  Q,  v„  u, 

<?(Fij',,v2)=0.5 


«2^ 

"l       1 

2 

3 

4 

5 

6 

8 

12 

15 

20 

30 

60 

CD 

1 

1.00 

1.50 

1.71 

1.82 

1.89 

1,94 

2.00 

2.07 

2,09 

2.12 

2.15 

2.17 

2.20 

2 

0.667 

1.00 

1.13 

1.21 

1.25 

1,28 

1.32 

1.36 

1.38 

1.39 

1.41 

1.43 

1.44 

3 

0.585 

0.881 

1.00 

1.06 

1.10 

1,13 

1,16 

1.20 

1.21 

1.23 

1.24 

1.25 

1.27 

4 

0.549 

0.828 

0.941 

1.00 

1.04 

1,06 

1,09 

1.13 

1.14 

1.15 

1.16 

1.18 

1.19 

5 

0.528 

0.799 

0.907 

0.965 

1.00 

1,02 

1.05 

1.09 

1.10 

1.11 

1.12 

1.14 

1,15 

6 

0.515 

0.780 

0.886 

0.942 

0.977 

1,00 

1.03 

1.06 

1.07 

1.08 

1.10 

1.11 

1,12 

7 

0.506 

0.767 

0.871 

0.926 

0.960 

0,983 

1.01 

1.04 

1.05 

1.07 

1.08 

1.09 

1.10 

8 

0.499 

0.757 

0.860 

0.915 

0.948 

0,971 

1.00 

1.03 

1.04 

1.05 

1.07 

1,08 

1.09 

9 

0.494 

0.749 

0.852 

0.906 

0.939 

0,962 

0.990 

1.02 

1.03 

1.04 

1.05 

1.07 

1.08 

10 

0.490 

0.743 

0.845 

0.899 

0.932 

0.954 

0.983 

1.01 

1.02 

1.03 

1.05 

1.06 

1.07 

11 

0.486 

0,739 

0.840 

0.893 

0.926 

0.948 

0.977 

1.01 

1.02 

1,03 

1.04 

1.05 

1.06 

12 

0.484 

0.735 

0.835 

0.888 

0.921 

0.943 

0.972 

1.00 

1.01 

1,02 

1.03 

1,05 

1.06 

13 

0.481 

0.731 

0.832 

0.885 

0.917 

0.939 

0.967 

0.996 

1.01 

1,02 

1.03 

1,04 

1.05 

14 

0.479 

0.729 

0.828 

0.881 

0.914 

0.936 

0.964 

0.992 

1.00 

1,01 

1.03 

1,04 

1.05 

15 

0.478 

0.726 

0.826 

0.878 

0.911 

0.933 

0.960 

0.989 

1.00 

1,01 

1.02 

1.03 

1.05 

16 

0.476 

0.724 

0.823 

0,876 

0.908 

0.930 

0.958 

0.986 

0.997 

1,01 

1.02 

1.03 

1.04 

17 

0.475 

0.722 

0.821 

0.874 

0,906 

0.928 

0.955 

0.983 

0.995 

1,01 

1.02 

1.03 

1.04 

18 

0.474 

0.721 

0.819 

0.872 

0.904 

0.926 

0.953 

0.981 

0.992 

1,00 

1.02 

1.03 

1.04 

19 

0.473 

0.719 

0.818 

0.870 

0.902 

0.924 

0.951 

0.979 

0.990 

1,00 

1.01 

1,02 

1.04 

20 

0.472 

0.718 

0.816 

0.868 

0.900 

0.922 

0.950 

0.977 

0.989 

1.00 

1.01 

1,02 

1.03 

21 

0.471 

0.716 

0.815 

0.867 

0.899 

0.921 

0.948 

0.976 

0.987 

0.998 

1.01 

1.02 

1.03 

22 

0.470 

0.715 

0,814 

0.866 

0.898 

0.919 

0.947 

0.974 

0.986 

0,997 

1.01 

1,02 

1.03 

23 

0.470 

0.714 

0.813 

0.864 

0.896 

0.918 

0.945 

0.973 

0.984 

0,996 

1.01 

1,02 

1.03 

24 

0.469 

0.714 

0.812 

0.863 

0.895 

0.917 

0.944 

0.972 

0.983 

0,994 

1.01 

1,02 

1.03 

25 

0.468 

0.713 

0.811 

0.862 

0.894 

0.916 

0,943 

0.971 

0.982 

0,993 

1.00 

1,02 

1.03 

26 

0.468 

0.712 

0.810 

0.861 

0.893 

0.915 

0.942 

0.970 

0.981 

0,992 

1.00 

1.01 

1,03 

27 

0.467 

0.711 

0.809 

0.861 

0.892 

0,914 

0.941 

0.969 

0.980 

0,991 

1.00 

1,01 

1,03 

28 

0.467 

0.711 

0.808 

0.860 

0.892 

0,913 

0.940 

0.968 

0.979 

0.990 

1.00 

1,01 

1,02 

29 

0.466 

0.710 

0.808 

0.859 

0.891 

0.912 

0.940 

0.967 

0,978 

0.990 

1.00 

1,01 

1,02 

30 

0.466 

0.709 

0.807 

0.858 

0.890 

0.912 

0.939 

0.966 

0,978 

0,989 

1.00 

1.01 

1.02 

40 

0.463 

0.705 

0.802 

0.854 

0.885 

0.907 

0.934 

0.961 

0.972 

0.983 

0.994 

1.01 

1.02 

60 

0.461 

0.701 

0.798 

0.849 

0.880 

0.901 

0.928 

0.956 

0.967 

0.978 

0.989 

1,00 

1.01 

120 

0.458 

0.697 

0.793 

0.844 

0.875 

0.896 

0.923 

0.950 

0.961 

0.972 

0.983 

0,994 

1.01 

00 

0.455 

0.693 

0,789 

0.839 

0.870 

0.891 

0.918 

0.945 

0.956 

0.967 

0.978 

0.989 

1.00 

Q{FviV^)  =0.25 


^2h       1 


12       15      20      30      60 


1 

5.83 

7,50 

8.20 

8.58 

8.82 

8.98 

9.19 

9.41 

9,49 

9.58 

9.67 

9.76 

9,85 

2 

2.57 

3,00 

3.15 

3.23 

3.28 

3,31 

3,35 

3,39 

3,41 

3.43 

3.44 

3.46 

3,48 

3 

2.02 

2,28 

2.36 

2.39 

2.41 

2,42 

2.44 

2,45 

2,46 

2.46 

2.47 

2.47 

2,47 

4 

1.81 

2,00 

2.05 

2.06 

2.07 

2,08 

2.08 

2,08 

2,08 

2.08 

2.08 

2.08 

2,08 

5 

1.69 

1,85 

1.88 

1.89 

1.89 

1.89 

1.89 

1,89 

1,89 

1.88 

1.88 

1.87 

1.87 

6 

1.62 

1,76 

1.78 

1.79 

1.79 

1.78 

1.78 

1.77 

1,76 

1.76 

1,75 

1.74 

1,74 

7 

1.57 

1.70 

1.72 

1.72 

1.71 

1.71 

1,70 

1.68 

1,68 

1.67 

1,66 

1.65 

1,65 

8 

1.54 

1,66 

1.67 

1.66 

1.66 

1.65 

1,64 

1.62 

1.62 

1.61 

1,60 

1.59 

1,58 

9 

1,51 

1.62 

1.63 

1.63 

1.62 

1.61 

1,60 

1.58 

1.57 

1.56 

1,55 

1.54 

1,53 

10 

1.49 

1.60 

1.60 

1.59 

1.59 

1.58 

1,56 

1.54 

1.53 

1,52 

1.51 

1.50 

1,48 

11 

1.47 

1.58 

1.58 

1.57 

1.56 

1.55 

1.53 

1.51 

1.50 

1,49 

1.48 

1,47 

1,45 

12 

1.46 

1.56 

1.56 

1.55 

1.54 

1.53 

1,51 

1.49 

1.48 

1.47 

1.45 

1.44 

1.42 

13 

1.45 

1.55 

1.55 

1.53 

1.52 

1,51 

1,49 

1.47 

1.46 

1,45 

1,43 

1.42 

1.40 

14 

1.44 

1.53 

1.53 

1.52 

1.51 

1.50 

1,48 

1.45 

1.44 

1,43 

1,41 

1.40 

1.38 

15 

1.43 

1.52 

1.52 

1,51 

1.49 

1.48 

1.46 

1.44 

1.43 

1.41 

1,40 

1.38 

1.36 

16 

1,42 

1.51 

1.51 

1.50 

1.48 

1.47 

1.45 

1.43 

1.41 

1,40 

1.38 

1.36 

1.34 

17 

1,42 

1.51 

1.50 

1.49 

1.47 

1.46 

1,44 

1.41 

1.40 

1,39 

1.37 

1.35 

1.33 

18 

1.41 

1.50 

1.49 

1.48 

1.46 

1.45 

1,43 

1.40 

1.39 

1.38 

1,36 

1,34 

1.32 

19 

1.41 

1.49 

1.49 

1.47 

1.46 

1.44 

1.42 

1.40 

1,38 

1.37 

1,35 

1,33 

1,30 

20 

1.40 

1.49 

1.48 

1.47 

1.45 

1.44 

1.42 

1.39 

1,37 

1.36 

1,34 

1.32 

1,29 

21 

1.40 

1.48 

1.48 

1.46 

1.44 

1.43 

1,41 

1.38 

1.37 

1,35 

1,33 

1.31 

1,28 

22 

1.40 

1.48 

1.47 

1.45 

1.44 

1.42 

1,40 

1.37 

1.36 

1.34 

1,32 

1.30 

1,28 

23 

1.39 

1.47 

1.47 

1.45 

1.43 

1.42 

1,40 

1.37 

1.35 

1.34 

1.32 

1.30 

1.27 

24 

1.39 

1.47 

1.46 

1,44 

1.43 

1.41 

1,39 

1.36 

1.35 

1.33 

1,31 

1.29 

1,26 

25 

1.39 

1.47 

1.46 

1,44 

1,42 

1.41 

1,39 

1.36 

1.34 

1.33 

1,31 

1.28 

1,25 

26 

1.38 

1.46 

1.45 

1,44 

1,42 

1.41 

1,38 

1.35 

1,34 

1.32 

1.30 

1.28 

1,25 

27 

1,38 

1.46 

1.45 

1.43 

1.42 

1.40 

1,38 

1.35 

1.33 

1.32 

1.30 

1.27 

1.24 

28 

1,38 

1.46 

1.45 

1,43 

1.41 

1.40 

1,38 

1.34 

1.33 

1.31 

1.29 

1,27 

1.24 

29 

1,38 

1.45 

1.45 

1.43 

1.41 

1.40 

1,37 

1.34 

1.32 

1.31 

1.29 

1,26 

1.23 

30 

1,38 

1.45 

1.44 

1.42 

1.41 

1.39 

1,37 

1.34 

1,32 

1.30 

1.28 

1.26 

1.23 

40 

1.36 

1.44 

1.42 

1,40 

1.39 

1.37 

1,35 

1.31 

1.30 

1.28 

1.25 

1,22 

1.19 

60 

1.35 

1.42 

1.41 

1,38 

1.37 

1.35 

1.32 

1,29 

1.27 

1.25 

1.22 

1,19 

1.15 

120 

1.34 

1.40 

1.39 

1.37 

1.35 

1.33 

1.30 

1,26 

1.24 

1.22 

1.19 

1.16 

1,10 

00 

1,32 

1.39 

1.37 

1.35 

1.33 

1.31 

1.28 

1.24 

1.22 

1.19 

1.16 

1,12 

1.00 

Compiled  from  E.  S.  Pearson  and  H.  0. 
statisticians,  vol.  I.  Cambridge  Univ. 
permission). 


Hartley  (editors),  Biometrika  tables  for 
Press,  Cambridge,  England,  1954  (with 


PROBABILITY    FUNCTIONS  987 

PERCENTAGE  POINTS  OF  THE  F-DISTKIBUTION— VALUES      Table  26.9 
OF  F  IN  TERMS  OF  Q,  p^,  v. 


v^\ 

"l  1 

2 

3 

4 

5 

6 

8 

12 

15 

20 

30 

60 

00 

1 

39.86 

49.50 

53,59 

55.83 

57,24 

58.20 

59,44 

60,71 

61,22 

61,74 

62.26 

62.79 

63.33 

2 

8.53 

9.00 

9,16 

9.24 

9,29 

9,33 

9,37 

9,41 

9,42 

9,44 

9.46 

9.47 

9.49 

3 

5.54 

5.46 

5,39 

5.34 

5,31 

5.28 

5,25 

5,22 

5.20 

5,18 

5.17 

5.15 

5.13 

4 

4.54 

4,32 

4,19 

4,11 

4,05 

4.01 

3.95 

3,90 

3.87 

3,84 

3.82 

3.79 

3.76 

5 

4.06 

3,78 

3,62 

3,52 

3,45 

3.40 

3.34 

3,27 

3.24 

3,21 

3.17 

3.14 

3.10 

6 

3.78 

3,46 

3.29 

3,18 

3,11 

3.05 

2.98 

2,90 

2.87 

2,84 

2.80 

2.76 

2.72 

7 

3.59 

3.26 

3,07 

2,96 

2,88 

2.83 

2,75 

2.67 

2.63 

2.59 

2.56 

2.51 

2.47 

8 

3.46 

3.11 

2,92 

2,81 

2,73 

2.67 

2,59 

2.50 

2.46 

2.42 

2.38 

2.34 

2.29 

9 

3.36 

3.01 

2.81 

2,69 

2.61 

2.55 

2,47 

2,38 

2.34 

2.30 

2.25 

2.21 

2.16 

10 

3.29 

2.92 

2,73 

2.61 

2.52 

2,46 

2.38 

2,28 

2.24 

2.20 

2.16 

2.11 

2.06 

11 

3.23 

2,86 

2,66 

2,54 

2,45 

2.39 

2,30 

2,21 

2.17 

2.12 

2.08 

2,03 

1.97 

12 

3.18 

2,81 

2,61 

2.48 

2.39 

2.33 

2.24 

2,15 

2.10 

2.06 

2.01 

1,96 

1.90 

13 

3.14 

2,76 

2,56 

2.43 

2,35 

2.28 

2.20 

2.10 

2.05 

2,01 

1.96 

1,90 

1.85 

14 

3.10 

2,73 

2.52 

2,39 

2.31 

2.24 

2.15 

2.05 

2.01 

1,96 

1,91 

1.86 

1.80 

15 

3.07 

2,70 

2.49 

2,36 

2.27 

2.21 

2.12 

2,02 

1.97 

1.92 

1,87 

1.82 

1.76 

16 

3.05 

2,67 

2.46 

2.33 

2.24 

2,18 

2.09 

1,99 

1.94 

1.89 

1,84 

1.78 

1.72 

17 

3.03 

2.64 

2.44 

2,31 

2.22 

2.15 

2.06 

1,96 

1.91 

1.86 

1.81 

1.75 

1.69 

18 

3.01 

2.62 

2.42 

2,29 

2.20 

2,13 

2.04 

1.93 

1.89 

1.84 

1.78 

1.72 

1.66 

19 

2.99 

2.61 

2.40 

2,27 

2.18 

2,11 

2.02 

1.91 

1.86 

1.81 

1.76 

1.70 

1.63 

20 

2.97 

2.59 

2.38 

2,25 

2.16 

2,09 

2.00 

1.89 

1.84 

1.79 

1.74 

1.68 

1.61 

21 

2.96 

2.57 

2.36 

2,23 

2.14 

2.08 

1.98 

1.87 

1.83 

1.78 

1,72 

1.66 

1.59 

22 

2,95 

2,56 

2.35 

2,22 

2.13 

2,06 

1.97 

1,86 

1.81 

1,76 

1,70 

1.64 

1.57 

23 

2.94 

2,55 

2.34 

2,21 

2.11 

2.05 

1.95 

1,84 

1.80 

1,74 

1,69 

1.62 

1.55 

24 

2.93 

2,54 

2.33 

2.19 

2.10 

2.04 

1.94 

1,83 

1.78 

1,73 

1,67 

1.61 

1.53 

25 

2.92 

2.53 

2.32 

2.18 

2.09 

2.02 

1.93 

1,82 

1.77 

1.72 

1,66 

1.59 

1.52 

26 

2.91 

2.52 

2.31 

2.17 

2.08 

2.01 

1.92 

1,81 

1.76 

1.71 

1,65 

1.58 

1.50 

27 

2.90 

2,51 

2.30 

2.17 

2.07 

2,00 

1.91 

1,80 

1.75 

1.70 

1.64 

1.57 

1.49 

28 

2,89 

2.50 

2.29 

2.16 

2.06 

2,00 

1.90 

1,79 

1,74 

1.69 

1.63 

1.56 

1.48 

29 

2.89 

2.50 

2.28 

2.15 

2.06 

1.99 

1.89 

1.78 

1,73 

1,68 

1.62 

1.55 

1.47 

30 

2.88 

2.49 

2.28 

2.14 

2.05 

1.98 

1.88 

1.77 

1,72 

1,67 

1.61 

1.54 

1.46 

40 

2.84 

2.44 

2.23 

2.09 

2,00 

1.93 

1.83 

1.71 

1,66 

1,61 

1.54 

1.47 

1.38 

60 

2.79 

2.39 

2.18 

2.04 

1,95 

1.87 

1,77 

1.66 

1,60 

1.54 

1,48 

1.40 

1.29 

120 

2.75 

2.35 

2.13 

1.99 

1,90 

1,82 

1,72 

1.60 

1.55 

1,48 

1.41 

1.32 

1.19 

00 

2.71 

2.30 

2,08 

1.94 

1,85 

1.77 

1,67 

1.55 

1.49 

1,42 

1.34 

1.24 

1,00 

(?(F|v,.V2)=0.05 

"2^ 

1     1 

2 

3 

4 

5 

6 

8 

12 

15 

20 

30 

60 

<» 

1 

161,4 

199,5 

215,7 

224.6 

230.2 

234,0 

238,9 

243,9 

245.9 

248.0 

250.1 

252,2 

254.3 

2 

18.51 

19.00 

19,16 

19.25 

19,30 

19,33 

19,37 

19.41 

19,43 

19.45 

19.46 

19,48 

19.50 

3 

10.13 

9.55 

9,28 

9.12 

9.01 

8.94 

8.85 

8.74 

8,70 

8.66 

8.62 

8,57 

8.53 

4 

7.71 

6.94 

6.59 

6.39 

6.26 

6.16 

6.04 

5.91 

5.86 

5.80 

5.75 

5,69 

5.63 

5 

6.61 

5.79 

5.41 

5.19 

5,05 

4.95 

4.82 

4.68 

4.62 

4.56 

4.50 

4,43 

4.36 

6 

5.99 

5.14 

4.76 

4.53 

4,39 

4,28 

4.15 

4.00 

3,94 

3.87 

3.81 

3.74 

3.67 

7 

5.59 

4.74 

4.35 

4.12 

3.97 

3.87 

3.73 

3.57 

3,51 

3.44 

3,38 

3.30 

3,23 

8 

5,32 

4.46 

4.07 

3,84 

3.69 

3.58 

3.44 

3.28 

3.22 

3.15 

3,08 

3,01 

2,93 

9 

5,12 

4.26 

3.86 

3,63 

3.48 

3.37 

3.23 

3.07 

3,01 

2.94 

2,86 

2,79 

2,71 

10 

4,96 

4.10 

3.71 

3.48 

3.33 

3.22 

3,07 

2.91 

2,85 

2.77 

2,73 

2.62 

2.54 

11 

4,84 

3,98 

3,59 

3.36 

3.20 

3.09 

2,95 

2,79 

2.72 

2.65 

2.57 

2.49 

2.40 

12 

4,75 

3,89 

3,49 

3.26 

3.11 

3.00 

2.85 

2,69 

2.62 

2,54 

2,47 

2.38 

2.30 

13 

4,67 

3,81 

3,41 

3.18 

3.03 

2.92 

2,77 

2,60 

2.53 

2.46 

2,38 

2.30 

2.21 

14 

4.60 

3,74 

3.34 

3,11 

2,96 

2.85 

2,70 

2.53 

2.46 

2.39 

2.31 

2.22 

2.13 

15 

4.54 

3,68 

3.29 

3.06 

2.90 

2.79 

2,64 

2,48 

2.40 

2.33 

2,25 

2,16 

2,07 

16 

4.49 

3.63 

3.24 

3.01 

2.85 

2.74 

2,59 

2.42 

2.35 

2.28 

2.19 

2,11 

2,01 

17 

4.45 

3,59 

3.20 

2.96 

2.81 

2.70 

2,55 

2.38 

2,31 

2.23 

2.15 

2,06 

1,96 

18 

4,41 

3,55 

3.16 

2.93 

2.77 

2.66 

2,51 

2,34 

2,27 

2.19 

2.11 

2,02 

1.92 

19 

4.38 

3.52 

3.13 

2.90 

2,74 

2.63 

2,48 

2,31 

2,23 

2.16 

2.07 

1,98 

1.88 

20 

4.35 

3.49 

3.10 

2.87 

2.71 

2.60 

2,45 

2,28 

2,20 

2.12 

2.04 

1,95 

1,84 

21 

4.32 

3,47 

3.07 

2.84 

2.68 

2.57 

2.42 

2,25 

2,18 

2,10 

2.01 

1.92 

1,81 

22 

4,30 

3.44 

3.05 

2.82 

2.66 

2.55 

2.40 

2.23 

2.15 

2,07 

1.98 

1.89 

1,78 

23 

4,28 

3.42 

3.03 

2.80 

2.64 

2.53 

2.37 

2,20 

2.13 

2,05 

1.96 

1.86 

1,76 

24 

4,26 

3.40 

3.01 

2.78 

2,62 

2.51 

2.36 

2.18 

2.11 

2,03 

1.94 

1.84 

1.73 

25 

4,24 

3.39 

2.99 

2.76 

2,60 

2,49 

2.34 

2.16 

2.09 

2,01 

1,92 

1.82 

1,71 

26 

4,23 

3.37 

2.98 

2.74 

2,59 

2.47 

2.32 

2.15 

2.07 

1,99 

1,90 

1.80 

1,69 

27 

4,21 

3.35 

2.96 

2,73 

2,57 

2.46 

2.31 

2.13 

2.06 

1.97 

1.88 

1,79 

1,67 

28 

4,20 

3.34 

2.95 

2.71 

2,56 

2.45 

2.29 

2.12 

2,04 

1.96 

1.87 

1.77 

1,65 

29 

4,18 

3.33 

2.93 

2,70 

2,55 

2.43 

2,28 

2.10 

2,03 

1.94 

1.85 

1.75 

1.64 

30 

4,17 

3.32 

2.92 

2,69 

2,53 

2.42 

2,27 

2.09 

2.01 

1.93 

1,84 

1.74 

1.62 

40 

4,08 

3.23 

2.84 

2,61 

2.45 

2.34 

2,18 

2.00 

1.92 

1.84 

1.74 

1.64 

1,51 

60 

4,00 

3.15 

2.76 

2.53 

2,37 

2.25 

2,10 

1.92 

1.84 

1.75 

1.65 

1.53 

1,39 

120 

3,92 

3.07 

2.68 

2.45 

2,29 

2.17 

2,02 

1.83 

1.75 

1.66 

1.55 

1.43 

1.25 

00 

3.84 

3.00 

2.60 

2,37 

2,21 

2,10 

1,94 

1.75 

1.67 

1.57 

1,46 

1.32 

1.00 
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Table  26.9  PERCENTAGE  POINTS  OF  THE  F-DISTRIBLTION— \ALl  ES 

OF  F  IN  TERMS  OF  Q,  y,.  v, 
Q{F\Vi_V2)  =0.025 


"an 

1 

2 

3 

4 

5 

6 

8 

12 

15 

20 

30 

60 

OD 

1 

647.8 

799.5 

864.2 

899.6 

921.8 

937.1 

956.7 

976.7 

984.9 

993.1 

1001 

1010 

1018 

2 

38.51 

39,00 

39.17 

39.25 

39.30 

39.33 

39.37 

39.41 

39.43 

39.45 

39.46 

39.48 

39.50 

3 

17,44 

16,04 

15.44 

15.10 

14.88 

14.73 

14.54 

14.34 

14.25 

14.17 

14.08 

13.99 

13.90 

4 

12.22 

10.65 

9.98 

9.60 

9.36 

9.20 

8.98 

8.75 

8.66 

8.56 

8.46 

8.36 

8.26 

5 

10.01 

8,43 

7.76 

7,39 

7.15 

6.98 

6.76 

6.52 

6.43 

6.33 

6.23 

6.12 

6.02 

6 

8.81 

7.26 

6.60 

6,23 

5.99 

5.82 

5.60 

5.37 

5.27 

5.17 

5.07 

4.96 

4.85 

7 

8.07 

6.54 

5.89 

5,52 

5.29 

5.12 

4.90 

4.67 

4.57 

4.47 

4.36 

4.25 

4.14 

8 

7,57 

6.06 

5.42 

5,05 

4.82 

4.65 

4.43 

4.20 

4.10 

4.00 

3.89 

3.78 

3.67 

9 

7.21 

5.71 

5.08 

4.72 

4,48 

4.32 

4.10 

3.87 

3.77 

3.67 

3.56 

3.45 

3.33 

10 

6.94 

5.46 

4,83 

4.47 

4.24 

4.07 

3.85 

3.62 

3.52 

3.42 

3.31 

3.20 

3.08 

11 

6.72 

5.26 

4,63 

4.28 

4.04 

3.88 

3.66 

3.43 

3,33 

3.23 

3.12 

3.00 

2.88 

12 

6.55 

5.10 

4.47 

4.12 

3.89 

3.73 

3.51 

3.28 

3.18 

3.07 

2.96 

2.85 

2.72 

13 

6.41 

4.97 

4.35 

4.00 

3.77 

3.60 

3.39 

3.15 

3.05 

2.95 

2.84 

2.72 

2.60 

14 

6.30 

4,86 

4,24 

3.89 

3.66 

3.50 

3.29 

3.05 

2.95 

2.84 

2.73 

2.61 

2.49 

15 

6.20 

4.77 

4.15 

3.80 

3.58 

3.41 

3.20 

2.96 

2.86 

2.76 

2.64 

2.52 

2.40 

16 

6.12 

4.69 

4.08 

3.73 

3.50 

3.34 

3.12 

2.89 

2.79 

2.68 

2.57 

2.45 

2.32 

17 

6.04 

4.62 

4.01 

3.66 

3.44 

3.28 

3.06 

2.82 

2.72 

2.62 

2.50 

2.38 

2.25 

18 

5,98 

4.56 

3.95 

3.61 

3.38 

3.22 

3.01 

2.77 

2.67 

2.56 

2.44 

2.32 

2.19 

19 

5.92 

4.51 

3,90 

3.56 

3.33 

3.17 

2.96 

2.72 

2.62 

2.51 

2.39 

2.27 

2,13 

20 

5.87 

4.46 

3,86 

3.51 

3.29 

3.13 

2.91 

2.66 

2.57 

2.46 

2.35 

2.22 

2.09 

21 

5.83 

4.42 

3,82 

3.48 

3.25 

3.09 

2.87 

2.64 

2.53 

2.42 

2.31 

2.18 

2.04 

22 

5.79 

4,38 

3.78 

3,44 

3.22 

3.05 

2.84 

2.60 

2.50 

2.39 

2.27 

2.14 

2.00 

23 

5.75 

4.35 

3.75 

3.41 

3.18 

3.02 

2.81 

2.57 

2.47 

2.36 

2.24 

2.11 

1.97 

24 

5.72 

4.32 

3.72 

3.38 

3.15 

2.99 

2.78 

2.54 

2.44 

2.33 

2.21 

2.08 

1.94 

25 

5.69 

4.29 

3.69 

3.35 

3.13 

2.97 

2.75 

2.51 

2,41 

2.30 

2.18 

2.05 

1.91 

26 

5.66 

4.27 

3,67 

3.33 

3.10 

2.94 

2.73 

2.49 

2.39 

2.28 

2.16 

2.03 

1,88 

27 

5.63 

4.24 

3.65 

3.31 

3.08 

2.92 

2.71 

2.47 

2.36 

2.25 

2.13 

2.00 

1,85 

28 

5,61 

4.22 

3.63 

3.29 

3.06 

2.90 

2.69 

2.45 

2.34 

2.23 

2.11 

1.98 

1.83 

29 

5,59 

4,20 

3.61 

3.27 

3.04 

2.88 

2.67 

2,43 

2.32 

2.21 

2.09 

1.96 

1.81 

30 

5.57 

4,18 

3.59 

3.25 

3.03 

2.87 

2.65 

2,41 

2.31 

2.20 

2.07 

1.94 

1.79 

40 

5.42 

4,05 

3,46 

3.13 

2.90 

2.74 

2.53 

2.29 

2.18 

2.07 

1.94 

1.80 

1.64 

60 

5.29 

3,93 

3,34 

3.01 

2.79 

2.63 

2.41 

2.17 

2.06 

1.94 

1.82 

1.67 

1.48 

120 

5.15 

3,80 

3,23 

2.89 

2.67 

2.52 

2.30 

2.05 

1.94 

1.82 

1.69 

1.53 

1.31 

» 

5.02 

3,69 

3.12 

2.79 

2.57 

2.41 

2.19 

1.94 

1.83 

1.71 

1.57 

1.39 

1.00 

QiFv 

v.,  1=0.01 

^2^1 

1 

2 

3 

4 

5 

6 

8 

12 

15 

20 

30 

60 

cs 

1     4052 

4999,5 

5403 

5625 

5764 

5859 

5982 

6106 

6157 

6209 

6261 

6313 

63b6 

2 

98.50 

99,00 

99.17 

99.25 

99.30 

99.33 

99.37 

99.42 

99.43 

99.45 

99.47 

99.48 

99.50 

3 

34,12 

30,82 

29.46 

28.71 

28.24 

27.91 

27.49 

27.05 

26,87 

26.69 

26.50 

26.32 

26.13 

4 

21.20 

18,00 

16.69 

15.98 

15.52 

15.21 

14.80 

14.37 

14,20 

14.02 

13.84 

13.65 

13.46 

5 

16.26 

13,27 

12.06 

11.39 

10.97 

10.67 

10.29 

9.89 

9,72 

9.55 

9.38 

9.20 

9.02 

6 

13.75 

10,92 

9.78 

9.15 

8.75 

8.47 

8.10 

7.72 

7.56 

7.40 

7.23 

7.06 

6.88 

7 

12,25 

9,55 

8.45 

7.85 

7.46 

7.19 

6.84 

6.47 

6.31 

6.16 

5.99 

5.82 

5.65 

8 

11.26 

8,65 

7.59 

7.01 

6.63 

6.37 

6.03 

5.67 

5.52 

5.36 

5.20 

5.03 

4.86 

9 

10.56 

8,02 

6.99 

6.42 

6.06 

5.80 

5.47 

5.11 

4.96 

4.81 

4.65 

4.48 

4.31 

10 

10.04 

7,56 

6.55 

5.99 

5.64 

5,39 

5.06 

4.71 

4.56 

4.41 

4.25 

4.08 

3.91 

11 

9.65 

7,21 

6.22 

5.67 

5.32 

5.07 

4.74 

4.40 

4.25 

4.10 

3.94 

3.78 

3.60 

12 

9.33 

6,93 

5.95 

5,41 

5.06 

4.82 

4.50 

4.16 

4.01 

3.86 

3.70 

3.54 

3.36 

13 

9.07 

6,70 

5.74 

5.21 

4.86 

4.62 

4.30 

3.96 

3.82 

3.66 

3.51 

3.34 

3.17 

14 

8.86 

6,51 

5.56 

5.04 

4.69 

4.46 

4.14 

3.80 

3.66 

3.51 

3.35 

3.18 

3.00 

15 

8,68 

6.36 

5.42 

4.89 

4.56 

4.32 

4.00 

3.67 

3.52 

3.37 

3.21 

3.05 

2.87 

16 

8.53 

6.23 

5.29 

4.77 

4.44 

4.20 

3.89 

3.55 

3.41 

3.26 

3.10 

2.93 

2.75 

17 

8.40 

6.11 

5.18 

4.67 

4.34 

4.10 

3.79 

3.46 

3.31 

3.16 

3.00 

2,83 

2.65 

18 

8.29 

6.01 

5.09 

4.58 

4.25 

4.01 

3,71 

3.37 

3.23 

3.08 

2.92 

2.75 

2.57 

19 

8.18 

5.93 

5.01 

4.50 

4.17 

3.94 

3,63 

3.30 

3.15 

3.00 

2.84 

2.67 

2.49 

20 

8.10 

5.85 

4.94 

4.43 

4.10 

3.87 

3.56 

3.23 

3.09 

2.94 

2.78 

2.61 

2.42 

21 

8.02 

5.78 

4.87 

4.37 

4.04 

3.81 

3.51 

3.17 

3.03 

2.88 

2.72 

2.55 

2.36 

22 

7.95 

5.72 

4,82 

4.31 

3.99 

3.76 

3.45 

3.12 

2.98 

2,83 

2.67 

2.50 

2.31 

23 

7.88 

5.66 

4,76 

4.26 

3.94 

3.71 

3.41 

3.07 

2.93 

2.78 

2.62 

2.45 

2.26 

24 

7.82 

5.61 

4.72 

4.22 

3.90 

3.67 

3.36 

3.03 

2.89 

2.74 

2.58 

2.40 

2.21 

25 

7,77 

5.57 

4.68 

4.18 

3.85 

3.63 

3.32 

2.99 

2.85 

2.70 

2.54 

2.36 

2.17 

26 

7.72 

5.53 

4.64 

4.14 

3.82 

3.59 

3.29 

2.96 

2.81 

2.66 

2.50 

2.33 

2.13 

27 

7,68 

5.49 

4.60 

4.11 

3.78 

3.56 

3.26 

2.93 

2.78 

2.63 

2.47 

2.29 

2.10 

28 

7,64 

5.45 

4.57 

4.07 

3.75 

3.53 

3,23 

2.90 

2.75 

2.60 

2.44 

2.26 

2.06 

29 

7,60 

5.42 

4,54 

4.04 

3.73 

3.50 

3,20 

2.87 

2.73 

2.57 

2.41 

2.23 

2.03 

30 

7,56 

5.39 

4.51 

4.02 

3.70 

3.47 

3,17 

2.84 

2.70 

2.55 

2.39 

2.21 

2.01 

40 

7.31 

5.18 

4.31 

3.83 

3.51 

3.29 

2.99 

2.66 

2.52 

2.37 

2.20 

2.02 

1.80 

60 

7.08 

4.98 

4.13 

3.65 

3.34 

3.12 

2,82 

2.50 

2.35 

2.20 

2.03 

1.84 

1.60 

120 

6.85 

4.79 

3.95 

3.48 

3.17 

2.96 

2.66 

2.34 

2.19 

2.03 

1.86 

1.66 

1.38 

oc 

6.63 

4.61 

3.78 

3.32 

3.02 

2.80 

2.51 

2.18 

2.04 

1.88 

1.70 

1.47 

1.00 
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Q{F\Viy.,)  ^0.005 


h^x 

1 

2 

3 

4 

5 

6 

8 

12 

15 

20 

30 

60 

<x> 

1     16211 

20000 

21615 

22500 

23056 

23437 

23925 

24426 

24630 

24836 

25044 

25253 

25465 

2 

198.5 

199.0 

199.2 

199.2 

199.3 

199.3 

199.4 

199.4 

199.4 

199.4 

199.5 

199,5 

199.5 

3 

55.55 

49.80 

47.47 

46.19 

45.39 

44.84 

44.13 

43.39 

43.08 

42.78 

42.47 

42.15 

41.83 

4 

31.33 

26.28 

24.26 

23.15 

22.46 

21.97 

21.35 

20.70 

20.44 

20.17 

19.89 

19,61 

19.32 

5 

22,78 

18.31 

16.53 

15.56 

14.94 

14.51 

13.96 

13.38 

13.15 

12.90 

12.66 

12,40 

12.14 

6 

18.63 

14.54 

12.92 

12.03 

11.46 

11.07 

10.57 

10.03 

9.81 

9.59 

9,36 

9,12 

8.88 

7 

16.24 

12.40 

10.88 

10.05 

9.52 

9.16 

8.68 

8.18 

7.97 

7.75 

7.53 

7,31 

7,08 

8 

14.69 

11.04 

9.60 

8.81 

8.30 

7.95 

7.50 

7.01 

6.81 

6.61 

6.40 

6,18 

5.95 

9 

13.61 

10.11 

8.72 

7.96 

7.47 

7.13 

6.69 

6.23 

6.03 

5.83 

5,62 

5.41 

5,19 

10 

12.83 

9.43 

8.08 

7.34 

6.87 

6.54 

6.12 

5.66 

5,47 

5.27 

5.07 

4.86 

4.64 

11 

12.23 

8.91 

7.60 

6.88 

6.42 

6.10 

5.68 

5.24 

5,05 

4.86 

4.65 

4.44 

4.23 

12 

11.75 

8.51 

7.23 

6.52 

6.07 

5.76 

5.35 

4.91 

4.72 

4.53 

4.33 

4.12 

3,90 

13 

11.37 

8.19 

6.93 

6.23 

5.79 

5.48 

5.08 

4.64 

4.46 

4.27 

4.07 

3.87 

3.65 

14 

11.06 

7.92 

6.68 

6.00 

5.56 

5.26 

4.86 

4.43 

4.25 

4.06 

3.86 

3.66 

3,44 

15 

10.80 

7.70 

6.48 

5.80 

5.37 

5.07 

4.67 

4.25 

4.07 

3.88 

3.69 

3.48 

3.26 

16 

10.58 

7.51 

6.30 

5.64 

5.21 

4.91 

4.52 

4.10 

3.92 

3,73 

3.54 

3.33 

3.11 

17 

10.38 

7.35 

6.16 

5.5C 

5.07 

4.78 

4.39 

3.97 

3.79 

3.61 

3.41 

3.21 

2.98 

18 

10.22 

7.21 

6.03 

5.37 

4.96 

4.66 

4.28 

3.86 

3.68 

3.50 

3.30 

3.10 

2.87 

19 

10.07 

7.09 

5.92 

5.27 

4.85 

4.56 

4.18 

3.76 

3.59 

3,40 

3.21 

3.00 

2.78 

20 

9.94 

6.99 

5.82 

5.17 

4.76 

4.47 

4.09 

3.68 

3.50 

3.32 

3,12 

2.92 

2.69 

21 

9.83 

6.89 

5.73 

5.09 

4.68 

4.39 

4.01 

3.60 

3.43 

3.24 

3.05 

2.84 

2.61 

22 

9.73 

6.81 

5,65 

5.02 

4.61 

4.32 

3.94 

3.54 

3.36 

3.18 

2.98 

2.77 

2.55 

23 

9.63 

6.73 

5.58 

4.95 

4.54 

4.26 

3.88 

3.47 

3.30 

3.12 

2.92 

2.71 

2.48 

24 

9.55 

6.66 

5.52 

4.89 

4.49 

4.2t 

3.83 

3.42 

3.25 

3.06 

2.87 

2.66 

2.43 

25 

9.48 

6.60 

5.46 

4,84 

4.43 

4.15 

3.78 

3.37 

3.20 

3,01 

2.82 

2.61 

2.38 

26 

9.41 

6.54 

5.41 

4,79 

4.38 

4.10 

3.73 

3.33 

3.15 

2,97 

2.77 

2.56 

2.33 

27 

9.34 

6.49 

5.36 

4.74 

4.34 

4.06 

3.69 

3.28 

3.11 

2,93 

2.73 

2.52 

2.29 

28 

9.28 

6.44 

5.32 

4.70 

4.30 

4.02 

3.65 

3.25 

3.07 

2.89 

2.69 

2.48 

2.25 

29 

9.23 

6.40 

5.28 

4.66 

4.26 

3.98 

3.61 

3.21 

3,04 

2.86 

2.66 

2.45 

2.21 

30 

9.18 

6.35 

5.24 

4.62 

4.23 

3.95 

3.58 

3.18 

3,01 

2.82 

2.63 

2.42 

2.18 

40 

8.83 

6.07 

4.98 

4.37 

3.99 

3.71 

3.35 

2.95 

2.78 

2.60 

2.40 

2.18 

1.93 

60 

8.49 

5.79 

4.73 

4.14 

3.76 

3.49 

3.13 

2.74 

2,57 

2.39 

2.19 

1.96 

1.69 

120 

8.18 

5.54 

4.50 

3.92 

3.55 

3.28 

2.93 

2.54 

2,37 

2.19 

1.98 

1.75 

1.43 

00 

7.88 

5.30 

4.28 

3.72 

3.35 

3.09 

2.74 

2.36 

2,19 

2.00 

1.79 

1.53 

1.00 

Q{F\v 

',,  j/2)  =0.001 

v,v, 

1 

2 

3 

4 

5 

6 

8 

12 

15 

20 

30 

60 

oo 

1 

(5)4.053 

(5)5.000 

(5)5.404 

(5)5.625 

(5)5.764 

(5)5.859 

(5)5.981 

(5)6.107 

(5)6,158 

(5)6.209 

(5)6,261 

(5)6.313 

(5)6.366 

2 

998.5 

999.0 

999.2 

999.2 

999.3 

999,3 

999.4 

999.4 

999.4 

999.4 

999,5 

999.5 

999.5 

3 

167.0 

148.5 

141.1 

137.1 

134.6 

132,8 

130.6 

128.3 

127.4 

126.4 

125.4 

124.5 

123.5 

4 

74.14 

61.25 

56.18 

53.44 

51.71 

50,53 

49.00 

47.41 

46.76 

46.10 

45.43 

44.75 

44.05 

5 

47.18 

37.12 

33.20 

31.09 

29.75 

28.84 

27.64 

26.42 

25.91 

25.39 

24.87 

24.33 

23.79 

6 

35.51 

27.00 

23.70 

21.92 

20.81 

20.03 

19,03 

17.99 

17,56 

17.12 

16,67 

16.21 

15.75 

7 

29.25 

21.69 

18.77 

17.19 

16.21 

15.52 

14,63 

13.71 

13,32 

12.93 

12.53 

12.12 

11.70 

8 

25.42 

18.49 

15.83 

14.39 

13.49 

12.86 

12.04 

11,19 

10,84 

10.48 

10,11 

9.73 

9.33 

9 

22.86 

16.39 

13.90 

12.56 

11.71 

11.13 

10.37 

9,57 

9,24 

8.90 

8,55 

8.19 

7.81 

10 

21.04 

14.91 

12.55 

11.28 

10.48 

9.92 

9.20 

8.45 

8,13 

7,80 

7.47 

7.12 

6.76 

11 

19.69 

13.81 

11.56 

10.35 

9.58 

9.05 

8.35 

7.63 

7,32 

7.01 

6.68 

6.35 

6,00 

11 

18.64 

12.97 

10.80 

9.63 

8.89 

8.38 

7.71 

7.00 

6.71 

6.40 

6,09 

5.76 

5.42 

13 

17.81 

12.31 

10.21 

9.07 

8.35 

7.86 

7.21 

6.52 

6.23 

5.93 

5.63 

5.30 

4.97 

14 

17.14 

11.78 

9.73 

8.62 

7.92 

7.43 

6.80 

6.13 

5.85 

5.56 

5.25 

4.94 

4,60 

15 

16.59 

11.34 

9.34 

8.25 

7.57 

7.09 

6.47 

5.81 

5,54 

5.25 

4.95 

4.64 

4,31 

16 

16.12 

10.97 

9.00 

7.94 

7.27 

6.81 

6.19 

5.55 

5,27 

4,99 

4.70 

4.39 

4,06 

17 

15.72 

10.66 

8.73 

7.68 

7.02 

6.56 

5.96 

5.32 

5.05 

4,78 

4.48 

4.18 

3,85 

18 

15.38 

10.39 

8.49 

7.46 

6.81 

6.35 

5.76 

5.13 

4.87 

4.59 

4.30 

4.00 

3.67 

19 

15.08 

10.16 

8.28 

7.26 

6,62 

6.18 

5.59 

4.97 

4,70 

4.43 

4.14 

3.84 

3.51 

20 

14.82 

9.95 

8.10 

7.10 

6.46 

6.02 

5.44 

4.82 

4.56 

4.29 

4,00 

3.70 

3.38 

21 

14.59 

9.77 

7.94 

6.95 

6.32 

5.88 

5.31 

4.70 

4.44 

4.17 

3.88 

3.58 

3.26 

22 

14.38 

9.61 

7.80 

6.81 

6.19 

5.76 

5.19 

4.58 

4.33 

4.06 

3.78 

3.48 

3.15 

23 

14.19 

9.47 

7.67 

6.69 

6.08 

5.65 

5.09 

4.48 

4.23 

3.96 

3.68 

3.38 

3.05 

24 

14.03 

9.34 

7.55 

6.59 

5.98 

5.55 

4.99 

4.39 

4,14 

3.87 

3.59 

3.29 

2.97 

25 

13.88 

9.22 

7.45 

6.49 

5.88 

5.46 

4.91 

4.31 

4,06 

3.79 

3,52 

3.22 

2.89 

26 

13.74 

9.12 

7.36 

6.41 

5.80 

5.38 

4.83 

4.24 

3,99 

3.72 

3.44 

3.15 

2.82 

27 

13.61 

9.02 

7.27 

6.33 

5.73 

5.31 

4.76 

4.17 

3,92 

3.66 

3.38 

3.08 

2.75 

28 

13.50 

8.93 

7.19 

6.25 

5.66 

5.24 

4.69 

4.11 

3,86 

3.60 

3.32 

3.02 

2.69 

29 

13.39 

8.85 

7.12 

6.19 

5.59 

5.18 

4.64 

4.05 

3.80 

3.54 

3.27 

2.97 

2.64 

30 

13.29 

8.77 

7.05 

6.12 

5.53 

5.12 

4.58 

4.00 

3,75 

3.49 

3,22 

2.92 

2.59 

40 

12.61 

8.25 

6.60 

5.70 

5.13 

4.73 

4.21 

3.64 

3.40 

3.15 

2,87 

2.57 

2.23 

60 

11.97 

7.76 

6.17 

5.31 

4.76 

4.37 

3.87 

3.31 

3.08 

2,83 

2,55 

2.25 

1.89 

120 

11.38 

7.32 

5.79 

4.95 

4,42 

4.04 

3.55 

3.02 

2,78 

2.53 

2,26 

1.95 

1.54 

00 

10.83 

6.91 

5.42 

4.62 

4.10 

3.74 

3.27 

2.74 

2.51 

2,27 

1,99 

1.66 

1.00 
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PROBABILITY    FUXCTIOXS 


Tal»lo  26.10 

per(:e\ta(;k 

POINTS  OF  THE 

/-nis 

TRIBITION— 

NAMES  OK  / 

IN  TEiniS  OK 

r    AND  V 

V 

\  0.2 

0.5 

0.8 

0.9 

0.95 

0.98 

0.99 

0.995 

0.998 

0.999 

0.9999 

0.99999 

0.999999 

1 

0.325 

1.000 

3.076 

6.314 

12.706 

31.821 

63.657      127,321 

318.309 

636,619 

6366.198 

63661.977 

636619,772 

2 

0.289 

D.B16 

1.886 

2.920 

4.303 

6.965 

9.925 

14.089 

22.327 

31,598 

99.992 

316.225 

999,999 

3 

0.277 

0.765 

1.638 

2.353 

3.182 

4,541 

5.841 

7.453 

10.214 

12.924 

28.000 

60,397 

130,155 

L 

0.271 

0.741 

1.533 

2.132 

2.776 

3.747 

4,604 

5,598 

7.173 

6.610 

15.544 

27,771 

49,459 

- 

0.267 

0.727 

1.476 

2.015 

2.571 

3.365 

4,032 

4,773 

5.893 

6.869 

11.178 

17,897 

28,477 

^ 

0.265 

0,718 

1.440 

1.943 

2.447 

3.143 

3.707 

4.317 

5.208 

5.959 

9.062 

13,555 

20,047 

1 

0.263 

0.711 

1.415 

1.695 

2.365 

2.998 

3,499 

4.029 

4.785 

5,408 

7.885 

11,215 

15,764 

B 

0.262 

0.706 

1.397 

1.860 

2.306 

2.896 

3,355 

3.833 

4.501 

5,041 

7.120 

9,782 

13,257 

9 

0.261 

0.703 

1.383 

1.833 

2.262 

2,621 

3.250 

3.690 

4.297 

4.781 

6,594 

8.827 

11.637 

10 

0.26D 

0.700 

1.372 

1.812 

2.226 

2,764 

3,169 

3.561 

4.144 

4,587 

6,211 

8.150 

10.516 

11 

0.260 

0.697 

1.363 

1.796 

2.201 

2.718 

3,106 

3.497 

4.025 

4,437 

5,921 

7.648 

9,702 

12 

0.259 

0.695 

1.356 

1.762 

2,179 

2,681 

3.055 

3.428 

3,930 

4,318 

5.694 

7.261 

9.085 

13 

0.259 

0.694 

1.350 

1.771 

2.160 

2.650 

3.012 

3.372 

3.852 

4,221 

5.513 

6.955 

8.604 

14 

0.258 

0.692 

1.345 

1.761 

2.145 

2.624 

2.977 

3.326 

3.787 

4,140 

5.363 

6.706 

8.218 

15 

0.256 

0.691 

1.341 

1.753 

2.131 

2.602 

2,947 

3.286 

3.733 

4,073 

5,239 

6,502 

7.903 

16 

D.25B 

0.690 

1.337 

1.746 

2.120 

2,563 

2.921 

3.252 

3.686 

4.015 

5.134 

6,330 

7.642 

17 

0.257 

0.689 

1.333 

1.74D 

2.110 

2.567 

2,698 

3.223 

3,646 

3.965 

5,044 

6.184 

7.421 

le 

0.257 

0.6B8 

1.330 

1.734 

2,101 

2.552 

2.878 

3.197 

3.610 

3.922 

4.966 

6,059 

7.232 

19 

0.257 

0.686 

1.326 

1.729 

2,093 

2.539 

2.861 

3.174 

3,579 

3.863 

4.897 

5.949 

7.069 

20 

0.257 

0.687 

1.325 

1.725 

2.086 

2.526 

2.845 

3.153 

3,552 

3,850 

4,837 

5.854 

6.927 

21 

0.257 

0.686 

1.323 

1.721 

2.080 

2.516 

2,831 

3.135 

3,527 

3,819 

4,784 

5,769 

6.802 

22 

0.256 

0.686 

1.321 

1.717 

2.074 

2.508 

2,819 

3.119 

3,505 

3,792 

4.736 

5.694 

6.692 

23 

0.256 

0.685 

1.319 

1.714 

2,069 

2.500 

2.807 

3.104 

3.485 

3.768 

4.693 

5,627 

6.593 

24 

0.256 

0.685 

1.318 

1.711 

2,064 

2,492 

2,797 

3.090 

3,467 

3.745 

4.654 

5.566 

6.504 

25 

0.256 

0.684 

1.316 

1.706 

2,060 

2,485 

2.787 

3.078 

3,450 

3,725 

4,619 

5.511 

6.424 

26 

0.256 

0.684 

1.315 

1.706 

2,056 

2.479 

2.779 

3.067 

3,435 

3.707 

4.567 

5.461 

6.352 

27 

0.256 

0.664 

1.314 

1.703 

2.052 

2,473 

2.771 

3.057 

3,421 

3.690 

4.558 

5.415 

6.286 

26 

0.256 

0.683 

1.313 

1.701 

2.046 

2,467 

2,763 

3.047 

3.408 

3.674 

4.530 

5.373 

6,225 

29 

0.256 

0.683 

1.311 

1.699 

2.045 

2.462 

2.756 

3.038 

3,396 

3.659 

4.506 

5.335 

6.170 

3D 

0.256 

0.683 

1.310 

1.697 

2.042 

2.457 

2.750 

3.030 

3,385 

3.646 

4,482 

5.299 

6.119 

4D 

0.255 

0.681 

1.303 

1.684 

2,021 

2,423 

2.704 

2.971 

3,307 

3.551 

4,321 

5.053 

5.768 

60 

0.254 

0.679 

1.296 

1.671 

2,000 

2.390 

2.660 

2.915 

3,232 

3.460 

4,169 

4,825 

5.449 

12D 

0.254 

0.677 

1.289 

1.656 

1,980 

2,356 

2.617 

2.860 

3,160 

3.373 

*      4.025 

*     4.613 

*     5.158 

X 

C,25  3 

D.674 

1.262 

1.645 

1,960 

2,326 

2.576 

2.807 

3,090 

3.291 

3,891 

4,417 

4,892 

A=A{ty)  = 

> 

^^Q'!)] 

-'/:, 

From  E.  S.  Pearson  and  H.  0.  Hartley  (editors),  Biometrika  tables  for  statisti- 
cians, vol.  I.  Cambridge  Univ.  Press.  Cambridge,  England.  1954  for  \  0.999, 
from  E.  T.  Federighi.  Extended  tables  of  the  percentage  points  of  Student's 
/-distribution,  J.  Amer.  Statist.  Assoc.  54,  6&3-688  (1959)  for  /  0.999  (with 
permission). 

•See  pa^e  ii. 
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PROBABILITY    FUNCTIONS 
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2500 

FIVE  I 

MGIT  B 

:axdom 

[  NUMB 

ERS 

Tabl 

e  26.11 

53479 

81115 

98036 

12217 

59526 

40238 

40577 

39351 

43211 

69255 

97344 

70328 

58116 

91964 

26240 

44643 

83287 

97391 

92823 

77578 

66023 

38277 

74523 

71118 

84892 

13956 

98899 

92315 

65783 

59640 

99776 

75723 

03172 

43112 

83086 

81982 

14538 

26162 

24899 

20551 

30176 

48979 

92153 

38416 

42436 

26636 

83903 

44722 

69210 

69117 

81874 

83339 

14988 

99937 

13213 

30177 

47967 

93793 

86693 

98854 

19839 

90630 

71863 

95053 

55532 

60908 

84108 

55342 

48479 

63799 

09337 

33435 

53869 

52769 

18801 

25820 

96198 

66518 

78314 

97013 

31151 

58295 

40823 

41330 

21093 

93882 

49192 

44876 

47185 

81425 

67619 

52515 

03037 

81699 

17106 

64982 

60834 

85319 

47814 

08075 

61946 

48790 

11602 

83043 

22257 

11832 

04344 

95541 

20366 

55937 

04811 

64892 

96346 

79065 

26999 

43967 

63485 

93572 

80753 

96582 

05763 

39601 

56140 

25513 

86151 

78657 

02184 

29715 

04334 

15678 

73260 

56877 

40794 

13948 

96289 

90185 

47111 

66807 

61849 

44686 

54909 

09976 

76580 

02645 

35795 

44537 

64428 

35441 

28318 

99001 

42583 

36335 

60068 

04044 

29678 

16342 

48592 

25547 

63177 

75225 

27266 

27403 

97520 

23334 

36453 

33699 

23672 

45884 

41515 

04756 

49843 

11442 

66682 

36055 

32002 

78600 

36924 

59962 

68191 

62580 

29316 

40460 

27076 

69232 

51423 

58515 

49920 

03901 

26597 

33068 

30463 

27856 

67798 

16837 

74273 

05793 

02900 

63498 

00782 

35097 

28708  84088  65535  44258  33869  82530  98399  26387  02836  36838 

13183  50652  94872  28257  78547  55286  33591  61965  51723  14211 

60796  76639  30157  40295  99476  28334  15368  42481  60312  42770 

13486  46918  64683  07411  77842  01908  47796  65796  44230  77230 

34914  94502  39374  34185  57500  22514  04060  94511  44612  10485 

28105  04814  85170  86490  35695  03483  57315  63174  71902  71182 

59231  45028  01173  08848  81925  71494  95401  34049  04851  65914 

87437  82758  71093  36833  53582  25986  46005  42840  81683  21459 

29046  01301  55343  65732  78714  43644  46248  53205  94868  48711 

62035  71886  94506  15263  61435  10369  42054  68257  14385  79436 

38856  80048  59973  73368  52876  47673  41020  82295  26430  87377 

40666  43328  87379  86418  95841  25590  54137  94182  42308  07361 

40588  90087  37729  08667  37256  20317  53316  50982  32900  32097 

78237  86556  50276  20431  00243  02303  71029  49932  23245  00862 

98247  67474  71455  69540  01169  03320  67017  92543  97977  52728 

69977  78558  65430  32627  28312  61815  14598  79728  55699  91348 

39843  23074  40814  03713  21891  96353  96806  24595  26203  26009 

62880  87277  99895  99965  34374  42556  11679  99605  98011  48867 

56138  64927  29454  52967  86624  62422  30163  76181  95317  39264 

90804  56026  48994  64569  67465  60180  12972  03848  62582  93855 


09665  44672  74762  33357  67301  80546  97659  11348  78771  45011 

34756  50403  76634  12767  32220  34545  18100  53513  14521  72120 

12157  73327  74196  26668  78087  53636  52304  00007  05708  63538 

69384  07734  94451  76428  16121  09300  67417  68587  87932  38840 

93358  64565  43766  45041  44930  69970  16964  08277  67752  60292 

38879  35544  99563  85404  04913  62547  78406  01017  86187  22072 


12474  93059  02053  29807  63645  12792 
22075  10233  21575  20325  21317  57124 


58314  60298  72394  69668 

83568  10227  99471  74729 

28067  91152  40568  33705  64510  07067  64374  26336  79652  31140 

05730  75557  93161  80921  55873  54103  34801  83157  04534  81368 

Compiled  from  Rand  Corporation,  A  million  random  digits  with  100,000  normal  deviates.  The  Free  Press,  Glencoe,  III. 
1955  (with  permission). 
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PROBABILITY    FUXCTIOXS 


Table  - 

26.11 

2500 

FH  E  DIGIT  RANDOM  NUMBERS 

26687 

74223 

43546 

45699 

94469 

82125 

37370 

23966 

68926 

37664 

60675 

75169 

24510 

15100 

02011 

14375 

65187 

10630 

64421 

66745 

45418 

98635 

83123 

98558 

09953 

60255 

42071 

40930 

97992 

93085 

69872 

48026 

89755 

28470 

44130 

59979 

91063 

28766 

85962 

77173 

03765 

86366 

99539 

44183 

23886 

89977 

11964 

51581 

18033 

56239 

84686 

57636 

32326 

19867 

71345 

42002 

96997 

84379 

27991 

21459 

91512 

49670 

32556 

85189 

28023 

88151 

62896 

95498 

29423 

38138 

10737 

49307 

18307 

22246 

22461 

10003 

93157 

66984 

44919 

30467 

54870 

19676 

58367 

20905 

38324 

00026 

98440 

37427 

22896 

37637 

48967 

49579 

65369 

74305 

62085 

39297 

10309 

23173 

74212 

32272 

91430 

79112 

03685 

05411 

23027 

54735 

91550 

06250 

18705 

18909 

92564 

29567 

47476 

62804 

73428 

04535 

86395 

12162 

59647 

97726 

41734 

12199 

77441 

92415 

63542 

42115 

84972 

12454 

33133 

48467 

25251 

78110 

54178 

78241 

09226 

87529 

35376 

90690 

54178 

08561 

91657 

11563 

66036 

28523 

83705 

09956 

76610 

88116 

78351 

50877 

00149 

84745 

63222 

50533 

50159 

60433 

04822 

49577 

89049 

16162 

53250 

73200 

84066 

59620 

61009 

38542 

05758 

06178 

80193 

26466 

25587 

17481 

56716 

49749 

70733 

32733 

60365 

14108 

52573 

39391 

01176 

12182 

06882 

27562 

75456 

54261 

38564 

89054 

96911 

88906 

83531 

15544 

40834 

20296 

88576 

47815 

96540 

79462 

78666 

25353 

19902 

98866 

32805 

61091 

91587 

30340 

84909 

64047 

67750 

87638 

96516 

78705 

25556 

35181 

29064 

49005 

29843 

68949 

50506 

45862 

99417 

56171 

19848 

24352 

51844 

03791 

72127 

57958 

08366 

43190 

77699 

57853 

93213 

27342 

28906 

31052 

65815 

21637 

49385 

75406 

32245 

83794 

99528 

05150 

27246 

48263 

62156 

62469 

97048 

16511 

12874 

72753 

66469 

13782 

64330 

00056 

73324 

03920 

13193 

19466 

63899 

41910 

45484 

55461 

66518 

82486 

74694 

07865 

09724 

76490 

16255 

43271 

26540 

41298 

35095 

32170 

70625 

66407 

01050 

44225 

75553 

30207 

41814 

74985 

40223 

91223 

64238 

73012 

83100 

92041 

41772 

18441 

34685 

13892 

38843 

69007 

10362 

84125 

08814 

66785 

09270 

01245 

81765 

06809 

10561 

10080 

17482 

05471 

82273 

06902 

85058 

17815 

71551 

36356 

97519 

54144 

51132 

83169 

27373 

68609 

80222 

87572 

62758 

14858 

36350 

23304 

70453 

21065 

63812 

29860 

83901 

88028 

56743 

25598 

79349 

47880 

77912 

52020 

84305 

02897 

36303 

57833 

77622 

02238 

53285 

77316 

40106 

38456 

92214 

54278 

91543 

63886 

60539 

96334 

20804 

72692 

08944 

02870 

74892 

22598 

14415 

33816 

78231 

87674 

96473 

44451 

25098 

29296 

50679 

07798 

82465 

07781 

09938 

66874 

72128 

99685 

84329 

14530 

08410 

45953 

27306 

39843 

05634 

96368 

72022 

01278 

92830 

40094 

31776 

41822 

91960 

82766 

02331 

08797 

33858 

21847 

17391 

53755 

58079 

48498 

59284 

96108 

91610 

07483 

37943 

96832 

15444 

12091 

36690 

58317 

10428 

96003 

71223 

21352 

78685 

55964 

35510 

94805 

23422 

04492 

65527 

41039 

79574 

05105 

59588 

02115 

33446 

56780 

18402 

36279 

59688 

43078 

93275 

31978 

08768 

84805 

50661 

18523 

83235 

50602 

44452 

10188 

43565 

46531 

93023 

07618 

12910 

60934 

53403 

18401 

87275 

82013 

59804 

78595 

60553 

14038 

12096 

95472 

42736 

08573 

94155 

93110 

49964 

27753 

85090 

77677 

69303 

66323 

77811 

22791 

26488 

76394 

91282 

03419 

68758 

89575 

66469 

97835 

66681 

03171 

37073 

34547 

88296 

68638 

12976 

50896 

10023 

27220 

05785 

77538 

83835 

89575 

55956 

93957 

30361 

47679 

83001 

35056 

07103 

63072 

PROBABILITY    FUNCTIONS 


993 


2500 

FIVE  DIGIT  RANDOM 

MMBERS 

Table  26.11 

55034 

81217 

90564 

81943 

11241 

84512 

12288 

89862 

00760 

76159 

25521 

99536 

43233 

48786 

49221 

06960 

31564 

21458 

88199 

06312 

85421 

72744 

97242 

66383 

00132 

05661 

96442 

37388 

57671 

27916 

61219 

48390 

47344 

30413 

39392 

91365 

56203 

79204 

05330 

31196 

20230 

03147 

58854 

11650 

28415 

12821 

58931 

30508 

65989 

26675 

95776 

83206 

56144 

55953 

89787 

64426 

08448 

45707 

80364 

60262 

07603 

17344 

01148 

83300 

96955 

65027 

31713 

89013 

79557 

49755 

00645 

17459 

78742 

39005 

36027 

98807 

72666 

54484 

68262 

38827 

62950 

83162 

61504 

31557 

80590 

47893 

72360 

72720 

08396 

33674 

79350 

10276 

81933 

26347 

08068 

67816 

06659 

87917 

74166 

85519 

48339 

69834 

59047 

82175 

92010 

58446 

69591 

56205 

95700 

86211 

05842 

08439 

79836 

50957 

32059 

32910 

15842 

13918 

41365 

80115 

25855 

02209 

07307 

59942 

71389 

76159 

11263 

38787 

61541 

22606 

25272 

16152 

82323 

70718 

98081 

38631 

91956 

49909 

76253 

33970 

73003 

29058 

17605 

49298 

47675 

90445 

68919 

05676 

23823 

84892 

81310 

94430 

22663 

06584 

38142 

00146 

17496 

51115 

61458 

65790 

10024 

44713 

59832 

80721 

63711 

67882 

25100 

45345 

55743 

67618 

84671 

52806 

89124 

37691 

20897 

82339 

22627 

06142 

05773 

03547 

29296 

58162 

21858 

33732 

94056 

88806 

54603 

00384 

66340 

69232 

51771 

94074 

70630 

41286 

90583 

87680 

13961 

55627 

23670 

35109 

42166 

56251 

60770 

51672 

36031 

77273 

85218 

14812 

90758 

23677 

78355 

67041 

22492 

51522 

31164 

30450 

27600 

44428 

96380 

26772 

09552 

51347 

33864 

89018 

73418 

81538 

77399 

30448 

97740 

18158 

15771 

63127 

34847 

05660 

06156 

48970 

55699 

61818 

91763 

20821 

13231 

99058 

93754 

36730 

44286 

44326 

15729 

37500 

47269 

13333 

50583 

03570 

38472 

73236 

67613 

72780 

78174 

18718 

99092 

64114 

99485 

57330 

10634 

74905 

90671 

19643 

69903 

60950 

17968 

37217 

54676 

39524 

73785 

48864 

69835 

62798 

65205 

69187 

05572 

74741 

99343 

71549 

10248 

76036 

31702 

76868 

88909 

69574 

27642 

00336 

35492 

40231 

34868 

55356 

12847 

68093 

52643 

32732 

67016 

46784 

98170 

25384 

03841 

23920 

47954 

10359 

70114 

11177 

63298 

99903 

02670 

86155 

56860 

02592 

01646 

42200 

79950 

37764 

82341 

71952 

36934 

42879 

81637 

79952 

07066 

41625 

96804 

92388 

88860 

68580 

56851 

12778 

24309 

73660 

84264 

24668 

16686 

02239 

66022 

64133 

05464 

28892 

14271 

23778 

88599 

17081 

33884 

88783 

39015 

57118 

15025 

20237 

63386 

71122 

06620 

07415 

94982 

32324 

79427 

70387 

95610 

08030 

81469 

91066 

88857 

56583 

01224 

28097 

19726 

71465 

09026 

40378 

05731 

55128 

74298 

49196 

31669 

42605 

30368 

96424 

81431 

99955 

52462 

67667 

97322 

69808 

21240 

65921 

12629 

92896 

21431 

59335 

58627 

94822 

65484 

09641 

41018 

85100 

16110 

32077 

95832 

76145 

11636 

80284 

17787 

97934 

12822 

73890 

66009 

27521 

99813 

44631 

43746 

99790 

86823 

12114 

31706 

05024 

28156 

04202 

77210 

31148 

50543 

11603 

50934 

02498 

09184 

95875 

85840 

71954 

13268 

02609 

79833 

66058 

80277 

08533 

28676 

37532 

70535 

82356 

44285 

71735 

26620 

54691 

14909 

52132 

81110 

74548 

78853 

31996 

70526 

45953 

79637 

57374 

05053 

31965 

33376 

13232 

85666 

86615 

88386 

11222 

25080 

71462 

09818 

46001 

19065 

68981 

18310 

74178 

83161 

73994 

17209 

79441 

64091 

49790 

11936 

44864 

86978 

34538 

50214 

71721 

33851 

45144 

05696 

29935 

12823 

01594 

08453 

52825 

97689 

29341 

67747 

80643 

13620 

23943 

49396 

83686 

37302 

95350 

994 


PROBABILITY    FUNCTIONS 


Table  i 

26.11 

2500 

FIVE  DIGIT  RANDOM  NUMBERS 

12367 

23891 

31506 

90721 

18710 

89140 

58595 

99425 

22840 

08267 

38890 

30239 

34237 

22578 

74420 

22734 

26930 

40604 

10782 

80128 

80788 

55410 

39770 

93317 

18270 

21141 

52085 

78093 

85638 

81140 

02395 

77585 

08854 

23562 

33544 

45796 

10976 

44721 

24781 

09690 

73720 

70184 

69112 

71887 

80140 

72876 

38984 

23409 

63957 

44751 

61383 

17222 

55234 

18963 

39006 

93504 

18273 

49815 

52802 

69675 

39161 

44282 

14975 

97498 

25973 

33605 

60141 

30030 

77677 

49294 

80907 

74484 

39884 

19885 

37311 

04209 

49675 

39596 

01052 

43999 

09052 

65670 

63660 

34035 

06578 

87837 

28125 

48883 

50482 

55735 

33425 

24226 

32043 

60082 

20418 

85047 

53570 

32554 

64099 

52326 

72651 

69474 

73648 

71530 

55454 

19576 

15552 

20577 

12124 

50038 

04142 

32092 

83586 

61825 

35482 

32736 

63403 

91499 

37196 

02762 

85226 

14193 

52213 

60746 

24414 

57858 

31884 

51266 

82293 

73553 

54888 

03579 

91674 

59502 

08619 

33790 

29011 

85193 

62262 

28684 

33258 

51516 

82032 

45233 

39351 

33229 

59464 

65545 

76809 

16982 

75973 

15957 

32405 

82081 

02214 

57143 

33526 

47194 

94526 

73253 

90638 

75314 

35381 

34451 

49246 

11465 

25102 

71489 

89883 

99708 

65061 

15498 

93348 

33566 

19427 

66826 

03044 

97361 

08159 

47485 

64420 

07427 

82233 

97812 

39572 

07766 

65844 

29980 

15533 

90114 

27175 

17389 

76963 

75117 

45580 

99904 

47160 

55364 

25666 

25405 

32215 

30094 

87276 

56896 

15625 

32594 

80663 

08082 

19422 

80717 

54209 

58043 

72350 

89828 

02706 

16815 

89985 

37380 

44032 

59366 

59286 

66964 

84843 

71549 

67553 

33867 

83011 

66213 

69372 

23903 

83872 

58167 

01221 

95558 

22196 

65905 

38785 

01355 

47489 

28170 

83310 

57080 

03366 

80017 

39601 

40698 

56434 

64055 

02495 

50880 

64545 

29500 

13351 

78647 

92628 

19354 

60479 

57338 

52133 

07114 

39269 

00076 

55489 

01524 

76568 

22571 

20328 

84623 

30188 

43904 

29763 

05675 

28193 

65514 

11954 

78599 

63902 

21346 

19219 

90286 

06310 

02998 

01463 

27738 

90288 

17697 

64511 

39552 

34694 

03211 

97541 

47607 

57655 

59102 

21851 

44446 

07976 

54295 

84671 

78755 

82968 

85717 

11619 

97721 

53513 

53781 

98941 

38401 

70939 

11319 

76878 

34727 

12524 

90642 

16921 

13669 

17420 

84483 

68309 

85241 

87394 

78884 

87237 

92086 

95633 

66841 

22906 

64989 

86952 

54700 

74040 

12731 

59616 

33697 

12592 

44891 

67982 

72972 

89795 

10587 

47896 

41413 

66431 

70046 

50793 

45920 

96564 

67958 

56369 

44725 

87778 

71697 

64148 

54363 

92114 

34037 

59061 

62051 

62049 

33526 

96977 

63143 

72219 

80040 

11990 

47698 

95621 

72990 

29047 

85893 

43820 

13285 

77811 

81697 

29937 

70750 

02029 

32377 

00556 

86687 

57203 

83960 

40096 

39234 

65953 

59911 

91411 

55573 

88427 

45573 

49065 

72171 

80939 

06017 

90323 

63687 

07932 

99587 

49014 

26452 

94250 

84270 

95798 

13477 

80139 

26335 

55169 

73417 

40766 

45170 

68148 

81382 

82383 

18674 

40453 

92828 

30042 

37412 

43423 

45138 

12208 

97809 

33619 

28868 

41646 

16734 

88860 

32636 

41985 

84615 

88317 

89705 

26119 

12416 

19438 

65665 

60989 

59766 

11418 

18250 

56728 

80359 

29613 

63052 

15251 

44684 

64681 

42354 

51029 

77680 

07138 

12320 

01073 

19304 

87042 

58920 

28454 

81069 

93978 

66659 

21188 

64554 

55618 

36088 

24331 

84390 

16022 

12200 

77559 

75661 

02154 

12250 

88738 

43917 

03655 

21099 

60805 

63246 

26842 

35816 

90953 

85238 

32771 

07305 

36181 

47420 

19681 

33184 

41386 

03249 

80103 

91308 

12858 

41293 

00325 

15013 

19579 

91132 

12720 

92603 

PROBABILITY    FUXCTIONS 


995 


2500 

FIVE  DIGIT  RANDOM 

NUMBERS 

TabI 

r  26.11 

92630 

78240 

19267 

95457 

53497 

23894 

37708 

79862 

76471 

66418 

79445 

78735 

71549 

44843 

26104 

67318 

00701 

34986 

66751 

99723 

59654 

71966 

27386 

50004 

05358 

94031 

29281 

18544 

52429 

06080 

31524 

49587 

76612 

39789 

13537 

48086 

59483 

60680 

84675 

53014 

06348 

76938 

90379 

51392 

55887 

71015 

09209 

79157 

24440 

30244 

28703 

51709 

94456 

48396 

73780 

06436 

86641 

69239 

57662 

80181 

68108 

89266 

94730 

95761 

75023 

48464 

65544 

96583 

18911 

16391 

99938 

90704 

93621 

66330 

33393 

95261 

95349 

51769 

91616 

33238 

91543 

73196 

34449 

63513 

83834 

99411 

58826 

40456 

69268 

48562 

42103 

02781 

73920 

56297 

72678 

12249 

25270 

36678 

21313 

75767 

17138 

27584 

25296 

28387 

51350 

61664 

37893 

05363 

44143 

42677 

28297 

14280 

54524 

21618 

95320 

38174 

60579 

08089 

94999 

78460 

09331 

56712 

51333 

06289 

75345 

08811 

82711 

57392 

25252 

30333 

31295 

04204 

93712 

51287 

05754 

79396 

87399 

51773 

33075 

97061 

36146 

15560 

27592 

42089 

99281 

59640 

15221 

96079 

09961 

05371 

29553 

18432 

13630 

05529 

02791 

81017 

49027 

79031 

50912 

09399 

23501 

22642 

63081 

08191 

89420 

67800 

55137 

54707 

32945 

64522 

57888 

85846 

67967 

07835 

11314 

01545 

48535 

17142 

08552 

67457 

55336 

71264 

88472 

04334 

63919 

36394 

11196 

92470 

70543 

29776 

10087 

10072 

55980 

64688 

68239 

20461 

89381 

93809 

00796 

95945 

34101 

81277 

66090 

88872 

37818 

72142 

67140 

50785 

21380 

16703 

53362 

44940 

60430 

22834 

14130 

96593 

23298 

56203 

92671 

15925 

82975 

66158 

84731 

19436 

55790 

69229 

28661 

13675 

99318 

76873 

54827 

84673 

22898 

08094 

14326 

87038 

42892 

21127 

30712 

48489 

25464 

59098 

27436 

89421 

80754 

89924 

19097 

67737 

80368 

08795 

67609 

60214 

41475 

84950 

40133 

02546 

09570 

45682 

50165 

15609 

44921 

70924 

61295 

51137 

47596 

86735 

35561 

76649 

18217 

63446 

33170 

30972 

98130 

95828 

49786 

13301 

36081 

80761 

33985 

68621 

84687 

85445 

06208 

17654 

51333 

02878 

35010 

67578 

61574 

20749 

71886 

56450 

36567 

09395 

96951 

35507 

17555 

35212 

69106 

01679 

00475 

02224 

74722 

14721 

40215 

21351 

08596 

45625 

83981 

63748 

25993 

38881 

68361 

59560 

41274 

69742 

40703 

37993 

03435 

18873 

92882 

53178 

99195 

93803 

56985 

53089 

15305 

50522 

55900 

43026 

25138 

26810 

07093 

15677 

60688 

04410 

24505 

37890 

67186 

62829 

84631 

71882 

12991 

83028 

82484 

90339 

91950 

74579 

03539 

90122 

34003 

92326 

12793 

61453 

48121 

74271 

28363 

66561 

75220 

35908 

53775 

45749 

05734 

86169 

42762 

70175 

97310 

73894 

88606 

19994 

59316 

97885 

72807 

54966 

60859 

11932 

35265 

71601 

55577 

67715 

20479 

66557 

50705 

26999 

09854 

52591 

14063 

30214 

19890 

19292 

86180 

84931 

25455 

26044 

02227 

52015 

21820 

50599 

51671 

65411 

21451 

68001 

72710 

40261 

61281 

13172 

63819 

48970 

51732 

54113 

98062 

68375 

80089 

24135 

72355 

95428 

11808 

29740 

81644 

86610 

01788 

64429 

14430 

94575 

75153 

94576 

61393 

96192 

03227 

32258 

62465 

04841 

43272 

68702 

01274 

05437 

22953 

18946 

99053 

41690 

94324 

31089 

84159 

92933 

99989 

89500 

91586 

02802 

69471 

68274 

05797 

43984 

21575 

09908 

70221 

19791 

51578 

36432 

33494 

79888 

10395 

14289 

52185 

09721 

25789 

38562 

54794 

04897 

59012 

89251 

35177 

56986 

25549 

59730 

64718 

52630 

31100 

62384 

49483 

11409 

25633 

89619 

75882 

98256 

02126 

72099 

57183 

55887 

09320 

73463 

16464 

48280 

94254 

45777 

45150 

68865 

11382 

11782 

22695 

41988 

I 
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27.6.    f(x)=  I  "  ^  dt 1003 


27.  Miscellaneous  Functions 


27.1.  Debye  Functions 
Series  Representations 


-=x" 


X 


B2iX 


2k 


27.1.1 

p  f'dt 
Jo  e'-l        'n    2in-hl)^f^i{2k-^n)(2W 

(\x\<2T,n>l) 

(For  Bernoulli  numbers  ^2*,  see  chapter  23.) 

27.1.2 


/: 


rdt  ^^  X"    Tix"-^     (n)(n-l)z''-'' 

e'-l     ifel^      ^k^    k'    ^  F 

+  ---+piT](a;>0,n>l) 


Table  27.1 


Relation  to  Riemann  Zeta  Function  (see  chapter  23) 

27.1.3  J^"  ^=n!f(n+l). 

[27.1]  J.  A.  Beattie,  Six-place  tables  of  the  Debye  energy 
and  specific  heat  functions,  J.  Math.  Phys.  6, 
1-32  (1926). 

lOoev-l'x'Uoe"-!     e,_iJ.  ^-0(-01)24,      6S. 

[27.2]  E.  Gruneisen,  Die  Abhangigkeit  des  elektrischen 
Widerstandes  reiner  Metalle  von  der  Temperatur, 
Ann.  Physik.  (5)  16,  530-540  (1933). 

20  r^  t*dt         4x 
x*Jo  e'  —  l     e'  —  l' 

x=0(.l)13(.2)  18(1)20(2)52(4)80.     4S. 
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['-5^'1         |-(-4)aJ         ^ 


(-«aj 


X 

1  n  tdt 

xJo  e'-l 

2  n  fdt 
x»Jo  e'—l 

3  p  tm 

x'Jo  e'-l 

4  n  t*dt 
x*Jo  e'-l 

0.0 

1.  000000 

1.  000000 

1.  000000 

1.  000000 

0.  1 

0.  975278 

0.  967083 

0.  963000 

0.  960555 

0.2 

0.951111 

0.  934999 

0.  926999 

0.  922221 

0.3 

0.  927498 

0.  903746 

0.  891995 

0.  884994 

0.4 

0.  904437 

0.  873322 

0.  857985 

0.  848871 

0.5 

0.  881927 

0.  843721 

0.  824963 

0.  813846 

0.6 

0.  859964 

0.  814940 

0.  792924 

0.  779911 

0.7 

0.  838545 

0.  786973 

0.  761859 

0.  747057 

0.8 

0.  817665 

0.  759813 

0.  731759 

0.  715275 

0.9 

0.  797320 

0.  733451 

0.  702615 

0.  684551 

1.0 

0.  777505 

0.  707878 

0.  674416 

0.  654874 

1.  1 

0.  758213 

0.  683086 

0.  647148 

0.  626228 

1.2 

0.  739438 

0.  659064 

0.  620798 

0.  598598 

1.3 

0.  721173 

0.  635800 

0.  595351 

0.  571967 

1.  4 

0.  703412 

0.  613281 

0.  570793 

0.  546317 

1.6 

0.  669366 

0.  570431 

0.  524275 

0.  497882 

1.8 

0.  637235 

0.  530404 

0.  481103 

0.  453131 

2.0 

0.  606947 

0.  493083 

0.  441129 

0.  411893 

2.2 

0.  578427 

0.  458343 

0.  404194 

0.  373984 

2.4 

0.  551596 

0.  426057 

0.  370137 

0.  339218 

2.6 

0.  526375 

0.  396095 

0.  338793 

0.  307405 

2.8 

0.  502682 

0.  368324 

0.  309995 

0.  278355 

3.0 

0.  480435 

0.  342614 

0.  283580 

0.  25187,9 

3.2 

0.  459555 

0.  318834 

0.  259385 

0.  2277fl>2 

3.4 

0.  439962 

0.  296859 

0.  237252 

0.  205915 

3.6 

0.  421580 

0.  276565 

0.  217030 

0.  186075 

3.8 

0.  404332 

0.  257835 

0.  198571 

0.  168107 

4.0 

0.  388148 

0.  240554 

0.  181737 

0.  151855 

42 

0.  372958 

0.  224615 

0.  166396 

0.  137169 

4.4 

0.  358696 

0.  209916 

0.  152424 

0.  123913 

46 

0.  345301 

0.  196361 

0.  139704 

0.  111957 

48 

0.  332713 

0.  183860 

0.  128129 

0.  101180 

5.0 

0.  320876 

0.  172329 

0.  117597 

0.  091471 

5.5 

0.  294240 

0.  147243 

0.  095241 

0.  071228 

6.0 

0.  271260 

0.  126669 

0.  077581 

0.  055677 

6.5 

0.  251331 

0.  109727 

0.  063604 

0.  043730 

7.0 

0.  233948 

0.  095707 

0.  052506 

0.  034541 

7.5 

0.  218698 

0.  084039 

0.  043655 

0.  027453 

8.0 

0.  205239 

0.  074269 

0.  036560 

0.  021968 

8.5 

0.  193294 

0.  066036 

0.  030840 

0.  017702 

9.0 

0.  182633 

0.  059053 

0.  026200 

0.  014368 

9.5 

0.  173068 

0.  053092 

0.  022411 

0.  011747 

10.0 

0.  164443 

0.  047971 

0.  019296 

0.  009674 

v-n 


MISCELLANEOUS    FUNCTIONS 

Planck's  Radiation  Function 

/(x)=i-He'/'-l)-' 


999 

Table  27.2 


I 

/(x) 

X 

Kx) 

X 

fix) 

X 

fix) 

X 

fix) 

0.050 

0.007 

0.  10 

4.  540 

0.  20 

21.  199 

0.40 

8.733 

0.  9 

0.  831 

0.055 

0.  025 

0.  11 

6.998 

0.22 

20.  819 

0.  45 

6.586 

1.0 

0.  582 

0.060 

0.074 

0.  12 

9.  662 

0.24 

19.  777 

0.50 

5.009 

1.  1 

0.  419 

0.065 

0.  179 

0.  13 

12.  296 

0.26 

18.  372 

0.55 

3.850 

L2 

0.309 

0.070 

0.372 

0.  14 

14  710 

0.28 

16.  809 

0.60 

2.995 

1.3 

0.233 

0.075 

0.682 

0.  15 

16.  780 

0.30 

15.  224 

0.65 

2.  356 

1.  4 

0.  178 

0.080 

1.  137 

0.  16 

18.  446 

0.  32 

13.  696 

0.  70 

1.  875 

1.5 

0.  139 

0.085 

1.752 

0.  17 

19.  692 

0.34 

12.  270 

0.  75 

1.  508 

2.0 

0.048 

0.090 

2.  531 

0.  18 

20.  539 

0.36 

10.  965 

0.80 

1.  225 

2.5 

0.021 

0.095 

3.  466 

0.  19 

21.  025 

0.38 

9.  787 

0.  85 

1.005 

3.0 

0.  010 

0.  100 

4.  540 

0.20 

21.  199 

0.  40 

8.733 

0.  90 

0.831 

3.5 

0.  006 

Xm.x=. 20140  52353         /(x„„)  =  21.20143  58. 

[27.3]  Miscellaneous  Physical  Tables,  Planck's  radiation 
functions  and  electronic  functions,  MT  17  (U.S. 
Government  Printing  Office,  Washington,  D.C., 
1941). 

«x-c,X-5(e'«/^^-l)-i,  Ro-x=£  Rxd\, 


v-r] 


['-n 


[<->'] 


Table  I: 


Rx 


Ro-x 


Nx 


N^ 


for 


Nx=2irc\-*ie'*'^'^-l)-\  A'o-x=  r 


NxdX 


Rx  mkz  Ro-co  N\  max  No-co 

XT=[.05(.001).l(.005).4(.01).6(.02)l(.05)2]cmK°. 

Table   II:    Rx,    Ro-x,    Nx,    No-x   (^=1000°    K) 
for  X=[.5(.01)l(.05)4(.l)6(.2)10(.5)20]  microns. 

Table   III:     Nx    for    X  =  [.25(.05)1.6(.2)3(l)10] 
microns,  T=[1000°(500°)3500°  K  and  6000°  K]. 


Einstein  Functions 


Table  27.3 


x^e* 

X 

In  (l-e-») 

X 

e'-l 

ie'-D' 

e'-l 

-In  (1-c-') 

0.00 

1.  00000 

1.  00000 

00 

00 

0.05 

0.  99979 

0.  97521 

-3.  02063 

3.  99584 

0.  10 

0.  99917 

0.  95083 

-2.  35217 

3.  30300 

0.  15 

0.  99813 

0.  92687 

-1.  97118 

2.  89806 

0.20 

0.  99667 

0.  90333 

- 1.  70777 

2.  61110 

0.25 

0.  99481 

0.  88020 

- 1.  50869 

2.  38888 

0.30 

0.  99253 

0.  85749 

-1.  35023 

2.  20771 

0.35 

0.  98985 

0.  83519 

-1.  21972 

2.  05491 

0.40 

0.  98677 

0.  81330 

-1.  10963 

1.  92293 

0.45 

0.  98329 

0.  79182 

-1.01508 

1.  80690 

0.50 

0.  97942 

0.  77075 

-0.  93275 

1.  70350 

0.55 

0.  97517 

0.  75008 

-0.  86026 

1.  61035 

0.60 

0.  97053 

0.  72982 

-0.  79587 

1.  52569 

0.65 

0.  96552 

0.  70996 

-0.  73824 

1.  44820 

0.70 

0.  96015 

0.  69050 

-0.  68634 

1.  37684 

0.75 

0.  95441 

0.  67144 

-0.  63935 

1.  31079 

0.80 

0.  94833 

0.  65277 

-0.  59662 

1.  24939 

0.85 

0.  94191 

0.  63450 

-0.  55759 

1.  19209 

0.90 

0.  93515 

0.  61661 

-0.  52184 

1.  13844 

0.95 

0.  92807 

0.  59910 

-0.  48897 

1.  08809 

1.00 

0.  92067 

0.  58198 

-0.  45868 

1.  04065 

1.05 

0.  91298 

0.  56523 

-0.  43069 

0.  99592 

1.  10 

0.  90499 

0.  54886 

-0.  40477 

0.  95363 

1.  15 

0.  89671 

0.  53285 

-0.  38073 

0.  91358 

1.20 

0.  88817 

0.  51722 

-0.  35838 

0.  87560 

1.25 

0.  87937 

0.  50194 

-0.  33758 

0.  83952 

1.30 

0.  87031 

0.  48702 

-0.  31818 

0.  80520 

1.35 

0.  86102 

0.  47245 

-0.  30008 

0.  77253 

1.40 

0.  85151 

0.  45824 

-0.  28315 

0.  74139 

1.45 

0.  84178 

0.  44436 

-0.  26732 

0.71168 

1.50 

0.  83185 

0.  43083 

-0.  25248 

0.  68331 

•,-5,5] 
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Table  27.3 


MISCELLANEOUS    FUNCTIONS 
Einstein   Functions 


x*e" 

X 

In  d-e-') 

X 

X 

{e'-iy 

e'-l 

e'—l 

-In  (1-c-*) 

L6 

0.  81143 

0.  40475 

-0.  22552 

0.  63027 

1.7 

0.  79035 

0.  37998 

-0.  20173 

0.  58171 

L8 

0.  76869 

0.  35646 

-0.  18068 

0.  53714 

1.9 

0.  74657 

0.  33416 

-0.  16201 

0.  49617 

2.0 

0.  72406 

0.  31304 

-0.  14541 

0.  45845 

2.  1 

0.  70127 

0.  29304 

-0.  13063 

0.  42367 

2.2 

0.  67827 

0.  27414 

-0.  11744 

0.  39158 

2.3 

0.  65515 

0.  25629 

-0.  10565 

0.  36194 

2.4 

0.  63200 

0.  23945 

-0.  09510 

0.  33455 

2.5 

0.  60889 

0.  22356 

-0.  08565 

0.  30921 

2.6 

0.  58589 

0.  20861 

-0.  07718 

0.  28578 

2.7 

0.  56307 

0.  19453 

-0.  06957 

0.  26410 

2.8 

0.  54049 

0.  18129 

-0.  06274 

0.  24403 

2.9 

0.  51820 

0.  16886 

-0.  05659 

0.  22545 

3.0 

0.  49627 

0.  15719 

-0.  05107 

0.  20826 

3.2 

0.  45363 

0.  13598 

-0.  04162 

0.  17760 

3.4 

0.  41289 

0.  11739 

-0.  03394 

0.  15133 

3.6 

0.  37429 

0.  10113 

-0.  02770 

0.  12883 

3.8 

0.  33799 

0.  08695 

-0.  02262 

0.  10958 

4.0 

0.  30409 

0.  07463 

-0.  01849 

0.  09311 

42 

0.  27264 

0.  06394 

-0.01511 

0.  07905 

4.4 

0.  24363 

0.  05469 

-0.  01235 

0.  06705 

4.6 

0.  21704 

0.  04671 

-0.  01010 

0.  05681 

48 

0.  19277 

0.  03983 

-0.  00826 

0.  04809 

5.0 

0.  17074 

0.  03392 

-0.  00676 

0.  04068 

5.2 

0.  15083 

0.  02885 

-0.  00553 

0.  03438 

5.4 

0.  13290 

0.  02450 

-0.  00453 

0.  02903 

5.6 

0.  11683 

0.  02078 

-0.  00370 

0.  02449 

5.8 

0.  10247 

0.  01761 

-0.00303 

0.  02065 

6.0 

0.  08968 

0.  01491 

-0.  00248 

0.  01739 

v-n   v-n   I'-r]   v-r] 


[27.4]  H.  L.  Johnston,  L.  Savedoff  and  J.  Belzer,  Contri- 
butions to  the  thermodynamic  functions  by  a 
Planck-Einstein  oscillator  in  one  degree  of  free- 
dom, NAVEXOS  p.  646,  Office  of  Xaval  Re- 
search, Department  of  the  Navy,  Washington, 
D.C.  (1949).  Values  of  iV(e'-l)-2,  i(e'-l)-i, 
— Lq  (1  — e-»)  and  a;(e*  — 1)-'— In  (1— e"')  for 
2;=0(.001)3(.01)  14.99,     5D  with  first  differences. 

27.4.   Sievert  Integral 
Relation  to  the  Error  Function 


27.4.1 


/;.-..-<^*~^.-erf(^.) 


(x-^co) 


(For  erf,  see  chapter  7.) 


Representation  in  Terms  of  Exponential  Integrals 
27.4.2 

•9 


j: 


(x>o,o<k|) 

1  •  3  •  5  .  .  .  (2^-1) 


I 


«o=l,«*= 


(2^) 


2.4-6 
(For  £'244-2(2;),  see  chapter  5.) 

Relation  to  the  Integral  of  the  Bessel  Function  Ko{x) 
27.4.3 


r 


/» 00 
*(^0=Kii  (x)  =        Koit)dt  where 

5  .  129 


2*e^Kii  (x 


)-(i7r)i| 


8x  '  128x2 
2655  ,  301035 


1024x^  '  32 
(For  Ki,(x),  see  chapter  11.) 
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[27.5]  National  Bureau  of  Standards,  Table  of  the  Sievert 
integral,  Applied  Math.  Series—  (U.S.  Government 
Printing  Office,  Washington,  D.C.     In  press). 

x=0(.01)2(.02)5(.05)10,  e  =  0°(l°)90°,     9D. 


[27.6]  R.  M.  Sievert,  Die  v-Strahlungsintensitat  an  der 
Oberflache  und  in  der  nachsten  Umgebung  von 
Radiumnadeln,  Acta  Radiologica  11,  239-301 
(1930). 


r 


Sievert  Integral   j     e  "^ ""  ♦  (Z0 


♦d<^,  <A  =  30°(1°)90°,  ^  =  0(.01).5,     3D. 


Table  27.4 


x\0 

10° 

20° 

30° 

40° 

50° 

60° 

75° 

90° 

0.0 

0.  174533 

0.  349066 

0.  523599 

0.  698132 

0. 

872665 

1.  047198 

1.  308997 

1.  570796 

0.  1 

0.  157843 

0.  315187 

0.  471456 

0.  625886 

0. 

777323 

0.  923778 

1.  123611 

1.  228632 

0.2 

0.  142749 

0.  284598 

0.  424515 

0.561159 

0. 

692565 

0.  815477 

0.  968414 

1.  023680 

0.3 

0.  129099 

0.  256978 

0.  382255 

0.  503165 

0. 

617194 

0.  720366 

0.  837712 

0.  868832 

0.4 

0.  116754 

0.  232040 

0.  344209 

0.  451198 

0. 

550154 

0.  636769 

0.  727031 

0.  745203 

0.5 

0.  105589 

0.  209522 

0.  309957 

0.  404629 

0. 

490508 

0.  563236 

0.  632830 

0.  643694 

0.6 

0.  095492 

0.  189191 

0.279118 

0.  362893 

0. 

437428 

0.  498504 

0.  552287 

0.  558890 

0.7 

0.  086361 

0.  170833 

0.  251353 

0.  325486 

0. 

390178 

0.  441478 

0.  483134 

0.  487198 

0.8 

0.  078103 

0.  154256 

0.  226354 

0.  291957 

0. 

348109 

0.  391204 

0.  423535 

0.  426062 

0.9 

0.  070634 

0.  139289 

0.  203845 

0.  261901 

0. 

310642 

0.  346851 

0.  371996 

0.  373579 

1.0 

0.  063880 

0.  125775 

0.  183579 

0.  234956 

0. 

277267 

0.  307694 

0.  327288 

0.  328286 

1.2 

0.  052247 

0.  102553 

0.  148899 

0.  189138 

0. 

221027 

0.  242523 

0.  254485 

0.  254889 

1.4 

0.  042733 

0.  083620 

0.  120780 

0.  152298 

0. 

176336 

0.  191533 

0.  198885 

0.  199051 

L6 

0.  034951 

0.  068183 

0.  097979 

0.  122667 

0. 

140792 

0.  151541 

0.  156087 

0.  156156 

1.8 

0.  028587 

0.  055597 

0.  079488 

0.  098829 

0. 

112497 

0.  120105 

0.  122932 

0.  122961 

2.0 

0.  023381 

0.  045335 

0.  064492 

0.  079644 

0. 

089954 

0.  095342 

0.  097108 

0.  097121 

2.2 

0.  019123 

0.  036967 

0.  052329 

0.  064201 

0. 

071979 

0.  075797 

0.  076905 

0.076911 

2.4 

0.  015641 

0.  030145 

0.  042463 

0.  051766 

0. 

057635 

0.  060342 

0.  061040 

0.  061043 

2.6 

0.  012793 

0.  024582 

0.  034460 

0.  041750 

0. 

046179 

0.  048100 

0.  048541 

0.  048542 

2.8 

0.  010463 

0.  020045 

0.  027968 

0.  033680 

0. 

037024 

0.  038387 

0.  038667 

0.  038668 

3.0 

0.  008558 

0.  016347 

0.  022700 

0.  027177 

0. 

029702 

0.  030670 

0.  030848 

0.  030848 

3.5 

0.  005178 

0.  009817 

0.  013477 

0.  015912 

0. 

017164 

0.  017576 

0.  017634 

0.  017634 

4.0 

0.  003132 

0.  005896 

0.  008005 

0.  009330 

0. 

009951 

0.  010128 

0.  010147 

0.  010147 

4.5 

0.  001895 

0.  003542 

0.  004756 

0.  005478 

0. 

005787 

0.  005862 

0.  005869 

0.  005869 

5.0 

0.001147 

0.  002127 

0.  002828 

0.  003221 

0. 

003374 

0.  003407 

0.  003409 

0.  003409 

5.  5 

0.  000694 

0.  001278 

0.  001682 

0.  001896 

0. 

001972 

0.  001986 

0.  001987 

0.  001987 

6.0 

0.  000420 

0.  000768 

0.  001001 

0.001117 

0. 

001155 

0.  001162 

0.  001162 

0.001162 

6.5 

0.  000254 

0.  000461 

0.  000596 

0.  000659 

0. 

000678 

0.  000681 

0.  000681 

0.  000681 

7.0 

0.  000154 

0.  000277 

0.  000355 

0.  000389 

0. 

000399 

0.  000400 

0.  000400 

0.  000400 

7.5 

0.  000093 

0.  000167 

0.000211 

0.  000230 

0. 

000235 

0.  000235 

0.  000235 

0.  000235 

8.0 

0.  000056 

0.  000100 

0.  000126 

0.  000136 

0. 

000139 

0.  000139 

0.  000139 

0.  000139 

8.5 

0.  000034 

0.  000060 

0.  000075 

0.  000081 

0. 

000082 

0.  000082 

0.  000082 

0.  000082 

9.0 

0.  000021 

0.  000036 

0.  000045 

0.  000048 

0. 

000048 

0.  000048 

0.  000048 

0.  000048 

9.5 

0.  000012 

0.  000022 

0.  000027 

0.  000028 

0. 

000029 

0.  000029 

0.  000029 

0.  000029 

10.0 

0.  000008 

0.  000013 

0.  000016 

0.  000017 

0. 

000017 

0.  000017 

0.  000017 

0.  000017 

[(-^3)2J  ^(-^4)5J  ^(-^4)8]  [(-^3)1]  ^(-3)l]  |-(-^3)2j         [-(-3)4j       ^(-2)2j 


27.5.  fm(x)=j^ 


.-r2_£ 


re-'  -jdt  and 


Related  Integrals 

m=0,  1,2  ..  . 

Differential  Equations 

27.5.1  x/;"-(m-l)/;'+2/.=0 

27.5.2  /;=-/„_!         (m=l,2,  ...) 

Recurrence  Relation 

27.5.3  2/„.=  (m-l)/,„_2+x/„.3        (m>3) 


Power  Series  Representations 


27.5.4 


«:=0 


Gk 


-2at_2 


k(k-l)(k-2) 
ao=ai.=0 

6o=l 

(For  7,  see  chapter  6.) 


6.= 


-26*_2-(3Ar2-6^4-2)a* 


'*~  k(k-l)(k-2) 

(Jh=  —  K 
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27.5.5 
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2/,(x)  =  l-%/iz+.6342a:2_^  5908a;3_  14313.4 

-.01 968x^4- .00324x«+. 000 188x^  .  .  . 
-x*  In  x(l-. 08333x2+. 001389x^-.0000083x«+.  .  .) 


27.5.6 


Vir  ,  V^ 


2/2(x)  =^-x-\-^  x2- .3225x3-  .1477x*+  .03195x« 

+  .00328x«- . 000491  x^-.0000235x»  .  .  . 
+xMnx(i-. 01667 x2+.000198x*-  .  .  .) 

27.5.7 

2/3  (x)  =  l-^x+^-. 2954x3+.  1014x*+.02954x« 

-.00578x«-. 00047 x^+.000064x»  .  .  . 

-x^  In  x(.0833-. 00278x2+. 000025X*-  .  .  .; 


Asjrmptotic  Representation 


27.5.8 


-3"2"#e-' 


+^+ 


'-ar 


(x->oo) 


00=1,  ai=Y2  (3m2+3m  — 1) 


l2()t+2)a;t+2=-(12F+36^-3m2-3m+25)at+i 
-\-^{m-2k)(2k+Z-m){2k-^3-\-2m)a^ 

(k=0,l,2...) 


27.5.9 
27.5.10 


giix)-\-ig2 


(^'=1 


-t^'  +  i- 
th  'dt 


9x  (x)  =  ^U^)         92ix)  =  -  yWi^) 


27.5.11 


Asymptotic  Representation 


/^\  1/2  y,       r   3  /x\2''3~i 

£^i(a:)=(^3j     2^^  I  "2(2/    J  (^  s^°  ^+^  cos  ^) 


27.5.12 


^2(a;)  =  -(^3J     2^^I~2V2/       (^  cos  ^-5  sin  0) 


(X^oo) 


(x-^00) 


00  =  1         fli  =  .972222         a2  =  .  148534 

03= -.017879  a4=. 004594  05= -.000762 

[27.7]  M.     Abramowitz,     Evaluation     of     the     integral 

J     e-"^--/"du,  J.  Math.  Phys.  32, 188-192  (1953). 

[27.8]  H.    Fax6n,    Expansion   in    series    of   the    integral 

/.GO 

I      exp  [—x{t±t-'')]fidt,  Ark.  Mat.,  Astr.,  Fys. 

15,  13,  1-57  (1921). 
[27.9]  J.  E.  Kilpatrick  and  M.  F.  Kilpatrick,   Discrete 
energy    levels    associated    with    the    Lennard- 
Jones  potential,  J.  Chem.  Phys.  19,  7,  930-933 
(1951). 
[27.10]  U.   E.   Kruse  and   N.   F.   Ramsey,   The  int^ral 

I      y^  exp  f-y^+i-)  dy,  J.    Math.   Phys.  30, 

40  (1951). 

[27.11]  O.  Laporte,  Absorption  coefficients  for  thermal 
neutrons,  Phys.  Rev.  52,  72-74  (1937). 

[27.12]  H.  C.  Torrey,  Notes  on  intensities  of  radio  fre- 
quency spectra,  Phys.  Rev.  59,  293  (1941). 

[27.13]  C.  T.  Zahn,  Absorption  coefficients  for  thermr' 
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/«(x)=J^' 


-.2-5 


i^er «'—  dt 


1003 

Table  27.5 


X 

/i(x) 

/2(X) 

/3(X) 

X 

/i(x) 

/2(X) 

hix) 

X 

/i(x) 

/2(X) 

/3(X) 

0.00 

0.  5000 

0.  4431 

0.  5000 

0.  1 

0.  4263 

0.  3970 

0.  4580 

0.6 

0.  2255 

0.  2415 

0.  3025 

0.01 

0.  4914 

0.  4382 

0.  4956 

0.  2 

0.  3697 

0.  3573 

0.  4204 

0.  7 

0.  2015 

0.  2202 

0.  2793 

0.02 

0.  4832 

0.  4333 

0.  4912 

0.3 

0.  3238 

0.  3227 

0.  3864 

0.  8 

0.  1807 

0.  2011 

0.  2584 

0.03 

0.  4753 

0.  4285 

0.  4869 

0.  4 

0.  2855 

0.  2923 

0.  3557 

0.9 

0.  1626 

0.  1839 

0.  2392 

0.04 

0.  4676 

0.  4238 

0.  4826 

0.  5 

0.  2531 

0.  2654 

0.  3278 

1.0 

0.  1466 

0.  1685 

0.  2215 

0.05 

0.  4602 

0.  4191 

0.  4784 

[<-r]  [<-r]  [<-?'] 


\}-r]  v^r]  ['-f  ] 


[-(-4,0]   [(-4,4]   |-(-4)4] 


X 

%(ix) 

-J^hdx) 

X 

%(tx) 

-J^fziix) 

'X 

%(ix) 

-J^hiix) 

0.0 

0.  50000 

0.  00000 

4.0 

-0.  2626 

0.  0430 

8.0 

0.  06078 

-0.  09808 

0.2 

0.  49019 

0.  08754 

4.2 

-0.  2552 

+  0.  0094 

8.5 

0.  07562 

-0.07131 

0.  4 

0.  46229 

0.  16933 

4.  4 

-0.  2441 

-0.  0214 

9.0 

0.  08221 

-0.  04496 

0.6 

0.  41950 

0.  24139 

4.6 

-0.  2299 

-0.  0490 

9.  5 

0.  08191 

-0.  02082 

0.8 

0.  36543 

0.  30136 

4.8 

-0.  2132 

-0.  0734 

10.0 

0.  07626 

-0.  00010 

1.0 

0.  30366 

0.  34805 

5.0 

-0.  1945 

-0.  0944 

10.  5 

0.  06684 

+  0.  01654 

1.2 

0.  23746 

0.  38122 

5.  2 

-0.  1745 

-0.  1120 

n.  0 

0.  05507 

0.  02889 

1.  4 

0.  16972 

0.  40127 

5.  4 

-0.  1536 

-0.  1263 

11.5 

0.  04224 

0.  03707 

1.6 

0.  10288 

0.  40910 

5.6 

-0.  1322 

-0.  1374 

12.0 

0.  02937 

0.  04146 

1.8 

+  0.  03892 

0.  40592 

5.  8 

-0.  1108 

-0.  1455 

12.5 

0.  01727 

0.  04259 

2.0 

-0.  02062 

0.  39314 

6.0 

-0.  0896 

-0.  1507 

13.0 

+  0.  00650 

0.  04109 

2.2 

-0.  0746 

0.  3722 

6.2 

-0.  0691 

-0.  1533 

13.5 

-0.  00259 

0.  03758 

2.4 

-0.  1221 

0.  3448 

6.4 

-0.  0493 

-0.  1535 

14.0 

-0.  00982 

0.  03268 

2.  6 

-0.  1629 

0.  3122 

6.  6 

-0.  0307 

-0.  1515 

14.5 

-0.01517 

0.  02696 

2.8 

-0.  1966 

0,  2759 

6.8 

-0.  0132 

-0.  1476 

15.0 

-0.  01872 

0.  02089 

3.0 

-0.  2233 

0.  2371 

7.0 

+  0.  00286 

-0.  14211 

16.0 

-0.  02118 

+  0.  00921 

3.2 

-0.  2432 

0.  1971 

7.2 

0.  01749 

-0.  13518 

17.0 

-0.  01906 

-0.  00022 

3.  4 

-0.  2565 

0.  1569 

7.4 

0.  03061 

-0.  12709 

18.0 

-0.  01435 

-0.  00650 

3.6 

-0.  2639 

0.  1173 

7.6 

0.  04220 

-0.  11805 

19.0 

-0.  00879 

-0.  00965 

3.8 

-0.  2657 

0.  0792 

7.8 

0.  05224 

-0.  10830 

20.0 

-0.  00360 

-0.  01021 

[(-3,2]        [(-3,2]  [(- 

,1 1     J/'  exp  ( 


Compiled  from  U.  E.  Kruse  and  N.  F.  Ramsey,  The  integral 


27.6.1 


Power  Series  Representation 


-4,5]  [(-4,4]  [(-3,1]       [(-4,7] 

-I/'+i  -  )  dy,  J.  Math.  Phys.  30,  40  (1951)  (with  permission). 

y/ 

Asymptotic  Representation 


/(x)  =  -e-^Mnx+e-^'[V^Z) 


r2k+l 


t^o  k\(2k+l) 


27.6.2 


'trik\2k     T 


^  k=0 


.-rr2 


+v^z; 


k\ 

(_2)*a;2fc+i 


j^  1-3-5  .  .  .  (2Ar+l) 
(For  7  and  the  digamma  function  \p(x),  see  chap- 
ter 6.) 

Relation  to  the  Exponential  Integral 


e'^dt 


27.6.3  f{x)  =  -^e-''Ei  {x')-\-^e-'''  C 

(For  Ei  (x)  see  chapter  5;  e"^^       e'^  dt^  see  chapter 


27.6.4 


V^,l  ,    1    ,  1-3  ,  1-3-5 


/(x)~^  [-+2^+4^4 


Sx' 


_i  rl  ,  1+2!  ,  3! 
2  ^^x'^x'^x'^x'^ 


(X^oo) 


[27.14]  A.  Erd^lyi,  Note  on  the  paper  "On  a  definite  inte- 
gral" by  R.  H.  Ritchie,  Math.  Tables  Aids 
Comp.  4,  31,  179  (1950). 


,-„» 


[27.151  E.  T.  Goodwin  and  J.  Staton,  Table  of  J      ^^^^^  du, 

Quart.  J.  Mech.  Appl.  Math.  1,  319  (1948). 
i  =  0(.02)2(.05)3(.l)10.  Auxiliary  function  for 
a;  =  0(.01)l. 

[27.16]  R.  H.  Ritchie,  On  a  definite  integral,  Math.  Tables 
Aids  Comp.  4,  30,  75  (1950). 
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Table  27.6 


MISCELLANEOUS    FUNCTIONS 


fa,   g-t^ 


X 

/(x)  +  lnx 

X 

fix) +  lnx 

X 

fix) 

X 

fix) 

X 

fix) 

0.00 

-0.2886 

0.50 

0.  2704 

1.0 

0.  6051 

2.0 

0.  3543 

3.0 

0.  2519 

0.05 

-0.2081 

0.  55 

0.3100 

1.  1 

0.  5644 

2.  1 

0.  3404 

3.5 

0.  2203 

0.  10 

-0.  1375 

0.60 

0.  3479 

1.2 

0.  5291 

2.2 

0.  3276 

4.0 

0.  1958 

0.  15 

-0.  0735 

0.65 

0.  3842 

1.3 

0.  4980 

2.3 

0.  3157 

4.5 

0.  1762 

0.20 

-0.0146 

0.70 

0.  4192 

1.4 

0.  4705 

2.4 

0.  3046 

5.0 

0.  1602 

0.25 

+  0.0402 

0.75 

0.  4529 

1.5 

0.  4460 

2.5 

0.  2944 

5.5 

0.  1468 

0.30 

0.  0915 

0.80 

0.  4854 

1.6 

0.  4239 

2.6 

0.  2848 

6.0 

0.  1356 

0.35 

0.  1398 

0.85 

0.  5168 

1.7 

0.  4040 

2.7 

0.  2758 

6.5 

0.  1259 

0.40 

0.  1856 

0.90 

0.  5472 

1.8 

0.  3860 

2.8 

0.  2673 

7.0 

0.  1175 

0.45 

0.  2290 

0.95 

0.  5766 

L9 

0.  3695 

2.9 

0.  2594 

7.5 

0.  1102 

0.50 

0.  2704 

1.00 

0.  6051 

2.0 

0.  3543 

3.0 

0.  2519 

8.0 

0.  1037 

[<-r] 


[<-f] 


[<-r] 


['-f] 


Compiled  from  E.  T.  Goodwin  and  J.  Staton,  Table  of 


Jo     "+^ 


Quart.    J.  Mecb.  Appl.  Matb.  1, 319  (1948)  (witb  permission). 


(-4,9] 


27.7.  Dilogarithm 
(Spence's  Integral  for  n=2) 


27.7.1     /w=-j;'i^i 


dt 


27.7.2    /(x)=Z;(-l) 
it=i 


Series  Expansion 

(x-iy 


(2>x>0) 


27.7.3 


Functional  Relationships 


f(x)+f(l-x)  =  -\n  X  In  (l-x)+- 


27.7.4 


(l>a;>0) 


/(l-x)+/(l+x)=^/(l-x^)         (l>x>0) 
27.7.5    f(x)-hf(^l)=-l(}nxy        (0<a:<l) 


27.7.6 


x2     1 


J(x-\-l)-Jix)  =  -\n  X  In  (x+i)_f---/(x^ 


12     2- 


(2>x>0) 


Relation  to  Debye  Functions 

t^      T'    tdt 
27.7.7       Jie-')  =  -m-\=l  ^ 

[27.17]  L.  Lewin,  Dilogarithms  and  associated  functions 
(Macdonald,  London,  England,   1958). 


z-logjl-j/l 

y 


dy, 


[27.18]  K.  Mitchell,  Tables  of  the  function  f 

with  an  account  of  some  properties  of  this  and 
related  functions,  PhU.  Mag.  40,  351-368  (1949). 
x=-l(.01)l;  x=0(.001).5,     9D. 

[27.19]  E.  O.  Powell,  An  integral  related  to  the  radiation 
integrals,  Phil.    Mag.    7,    34,    600-607    (1943). 
log  y 


X 


1   J/— 1 


dj/,  x  =  0(.01)2(.02)6,     7D. 


[27.20]  A.  van  Wijngaarden,  Polylogarithnas,  by  the  Staff 
of  the  Computation  Department,  Report  R24, 
Mathematisch   Centrum,    Amsterdam,   Holland 

OD 

(1954).     Fniz)=^  h-^z^  for  z=x= -1(.01)1; 

A=l 
z  =  ix,    for    x=0(.01)l;   z^e'"/*  for  a  =  0(.01)2, 
lOD. 


I 
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Table  27.7 


X 

fix) 

X 

fix) 

X 

m 

X 

/(x) 

X 

/(x) 

0.00 

1.  64493  4067 

0.  10 

1.  29971  4723 

0.20 

1.  07479  4600 

0.30 

0.  88937  7624 

0.40 

0.  72758  6308 

0.01 

1.  58862  5448 

0.  11 

1.  27452  9160 

0.21 

1.  05485  9830 

0.31 

0.  87229  1733 

0.41 

0.  71239  5042 

0.02 

1.  54579  9712 

0.  12 

1.  25008  7584 

0.  22 

1.  03527  7934 

0.32 

0.  85542  7404 

0.42 

0.  69736  1058 

0.03 

1.  50789  9041 

0.  13 

1.  22632  0101 

0.23 

1.  01603  0062 

0.33 

0.  83877  6261 

0.43 

0.  68247  9725 

0.04 

1.  47312  5860 

0.  14 

1.  20316  7961 

0.24 

0.  99709  9088 

0.34 

0.  82233  0471 

0.44 

0.  66774  6644 

0.05 

1.  44063  3797 

0.  15 

1.  18058  1124 

0.25 

0.  97846  9393 

0.35 

0.  80608  2689 

0.45 

0.  65315  7631 

0.06 

1.  40992  8300 

0.  16 

1.  15851  6487 

0.26 

0.  96012  6675 

0.36 

0.  79002  6024 

0.46 

0.  63870  8705 

0.07 

1.  38068  5041 

0.  17 

1.  13693  6560 

0.27 

0.  94205  7798 

0.37 

0.  77415  3992 

0.47 

0.  62439  6071 

0.08 

1.  35267  5161 

0.  18 

1.  11580  8451 

0.28 

0.  92425  0654 

0.38 

0.  75846  0483 

0.48 

0.  61021  6108 

0.09 

1.  32572  8728 

0.  19 

1.  09510  3088 

0.29 

0.  90669  4053 

0.39 

0.  74293  9737 

0.49 

0.  59616  5361 

0.  10 

1.  29971  4723 

0.20 

1.  07479  4600 

0.30 

0.  88937  7624 

0.40 

0.  72758  6308 

0.50 

0.  58224  0526 

r(-3)2i 


(with  permission). 


[(-4.1] 


[<-f] 


i'-r] 


r(-5)2"i 


5     J 


From  K.  Mitchell,  Tables  of  the  function   I    ^J — ^y,  with  an  account  of  some  properties  of  this  and  related  functions,  Phil.  Mag.  40, 351-368  (1949) 

)o       y 


27.8.  Clausen's  Integral  and  Related 
Summations 


27.8.1 


M  =  -£  In  (2  sin  0  dt=±  ^         (0<^<7r) 


Series  Representation 


27.8.2 


m=-e  lu  l^l+^+g^^^^2* 


27.8.3 


02k+i 


CO     /_1\k-l  o2k+l 

n.-e)=e  In  2-S  ^  53.(2^-1)  25(5^^ 

(T/2<e<ir) 


Functional  Relationship 

27.8.4  f(-^-e)=f(d)-lf(2e)      (o<^<|) 


Relation  to  Spence's  Integral 


27.8.5 


im=9ie"')'^^^  where  g(x)=j'^\n\l  +  t\ 


27.8.6 


cos  nd 


Summable  Series 

=  -lii  (2  sin  0         (0<^<27r) 
(O<0<27r) 

(O<0<2ir) 


n=i      n 


^  cos  nd_7r^    TTd    e^ 


"   cos  nd     TT*    TT^d^  ,  ird^     6* 


—1     n-        90      12   '  12     48 

(0<K27r) 


"  sin  nd_l  ,        . 


^  sin  nQ_'KH    tt^^     ^         m<fl<9^^ 


"   sin  nd_ir*d    tvW    ird*      6^ 

2^        „5  nn         no     I 


n=l      n" 


90      36   '  48     240 


(0<^<27r) 


[27.21]  A.  Ashourand  A.  Sabri,  Tabulation  of  the  function 
H9)=y2  ^^^>  Math.  Tables  Aids  Comp.  10, 

54,  57-65  (1956). 
[27.22]  T.  Clausen,  Uber  die  Zerlegung  reeller  gebrochener 

Funktionen,  J.  Reine  Angew.  Math.  8,  298-300 

(1832).    x  =  0°(l°)180°,     16D. 
[27.23]  L.  B.  W.  Jolley,  Summation  of  series  (Chapman 

Publishing  Co.,  London,  England,  1925). 
[27.24]  A.  D.  Wheelon,  A  short  table  of  summable  series. 

Report  No.   SM-14642,   Douglas   Aircraft  Co., 

Inc.,  Santa  Monica,  Calif.  (1953). 
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Table  27. B 


MISCELLANEOUS    FUNCTIONS 
Clausen's  Integral 

f{e)  =  —\    In  (2  sin  -)  dt 


e° 

f(e)+e\n  e 

e° 

m 

fl° 

m 

e° 

m 

e° 

m 

0 

0.  000000 

15 

0.  612906 

30 

0.  864379 

60 

1.  014942 

90 

0.  915966 

1 

0.  017453 

16 

0.  635781 

32 

0.  886253 

62 

1.  014421 

95 

0.  883872 

2 

0.  034908 

17 

0.  657571 

34 

0.  906001 

64 

1.  012886 

100 

0.  848287 

3 

0.  052362 

18 

0.  678341 

36 

0.  923755 

66 

1.  010376 

105 

0.  809505 

4 

0.  069818 

19 

0.  698149 

38 

0.  939633 

68 

1.  006928 

110 

0.  767800 

5 

0.  087276 

20 

0.  717047 

40 

0.  953741 

70 

1.  002576 

115 

0.  723427 

6 

0.  104735 

21 

0.  735080 

42 

0.  966174 

72 

0.  997355 

120 

0.  676628 

7 

0.  122199 

22 

0.  752292 

44 

0.  977020 

74 

0.  991294 

125 

0.  627629 

8 

0.  139664 

23 

0.  768719 

46 

0.  986357 

76 

0.  984425 

130 

0.  576647 

9 

0.  157133 

24 

0.  784398 

48 

0.  994258 

78 

0.  976776 

135 

0.  523889 

10 

0.  174607 

25 

0.  799360 

50 

1.  000791 

80 

0.  968375 

140 

0.  469554 

11 

0.  192084 

26 

0.  813635 

52 

1.  006016 

82 

0.  959247 

145 

0.  413831 

12 

0.  209567 

27 

0.  827249 

54 

1.  009992 

84 

0.  949419 

150 

0.  356908 

13 

0.  227055 

28 

0.  840230 

56 

1.  012773 

86 

0.  938914 

160 

0.  240176 

14 

0.  244549 

29 

0.  852599 

58 

1.  014407 

88 

0.  927755 

170 

0.  120755 

15 

0.  262049 

30 

0.  864379 

60 

1.  014942 

90 

0.  915966 

180 

0.  000000 

v-n 


[<-r] 


V-ri 


[<-r] 


[<-r] 


sin  ne 


Compiled  from  A.  Ashour  and  A.  Sabri,  Tabulation  of  the  function  ^(fl)  =  ^^ — ,  Math.  Tables  Aids  Comp.  10. 54.  57-65  (1956)  fwith  permission). 

n=l 

27.9.  Vector-Addition  Coefficients 

(Wigner  coefficients  or  Clebsch-Gordan  coefficients) 

Definition 

27.9.1 

(jiJ2mim2\jiJ2Jm) = 5 (m ,  mj + mz) 


Kji±i 


2-:?')!0"+ii-i2)!(i+i2-ii)!(2i+i) 


(i+ii+i2+i)! 


^  (-l)V(ii+mi)!(ii-mi)!02+m2)!0-2-m2)!(i+m)!(i-m)! 

k    k\Ui-^J2-j-k)\{j,-m,-k)\(J2+m2-k)\U-J2+mr+k)\U-ji-rn2-\-k)\ 


i=k 
iy^k 


Conditions 

27.9.2     ii,i2,i=-f7ior4-2         (n=integer) 


27.9.3 

27.9.4 
27.9.5 
27.9.6 

27.9.7 


ji'^J2+3=n 


r>o 


nil,  W22)  m=:Ln  or  i; 


27.9.8 


\mi\<ji,  |m2|<i2,  \m\<j 


27.9.9  (jiJ2mi  rriiljijijm)  =0         mi  +  w«  5^m 

Special  Values 

27.9.10  Ufi^iO\jiOjm)=8(ji,  j)8{mu  m) 

27.9.11  (Jd200\jj2J0)=0        ii+i2+i=2n+l 

27.9.12  (jjimimi  \jijijm )  =  0       2;,  +; = 2n  + 1 
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Symmetry  Relations 

27.9.13 

(jiJ2mim2\jiJ2Jm) 

=  (—l)^i+^2-:i(jj^—mi  —  m2\jiJ2J—in) 

27.9. 14  =  (J2J1 — ma—  mi  I J2J1  j—  m) 

27.9.15  =(-l)^'-^^'-^(J2Jimim2\J2Jijm) 

27.9.16  


27.9.17 


27.9.18 


27.9.19 


27.9.20 


!i2iii-mi) 


\J1jj2-1n2) 


liilJ2W22) 


j= 


h+y2 


O'l  >^  mi  mj  I  ;i  >^  j  to) 


THi^Yi 


V 


2j,  +  l 


V^ 


_    Iji  —  m+y2 
2j,+  l 


m2=  — )4 


V 

V 


y.-m  +  >^ 
2ji+l 


2J1+1 


Table  27.9.1 


O'l  1  TOi  TO2  lii  1  i  to) 


Table  27.9.2 


;= 


m2=l 


TO2  =  0 


TO2=  —  1 


J.+  l 


i.-i 


V 


0'l  +  m)(ji  +  TO+l) 

(2i,+  l)(2ii  +  2) 


VO"i  +  m)0'i  — TO+1) 
2;.0'i+l) 


V 


O'l  — Wl)(j'l  — wi+l) 

2j,(2i,  +  l) 


# 


-m+DQ-.  +  TO+l) 


(2i.+  l)(i.+  l) 


VjiO'.+  l) 

VO'i  — m)0'i 
i.(2i,+ 


+  m) 
1) 


V 


O'l  — m)Oi  — TO+1) 
(2i.+  l)(2i,  +  2) 


V 
V 


O'l  — m)0"i  +  TO+l) 

2J.0.+  1) 


0'i  +  m+l)Oi  +  w) 
2;.(2;i+l) 


1008 
Table  27.9.3 


MISCELLANEOUS    FUNCTIONS 

(ii  ji  m,  m2  \ji  %j  m) 


Tn2=% 


m2=H 


J.  +  H 


V 


0'.  +  m  -  ^2)  0'.  +  m  +  K2)  (i' +  "I  + '/^) 


•V 


(2i,+  l)(2j,  +  2)(2i,  +  3) 

3(i.  +  m-K)(i.  +  m+K2)(i.-m  +  ^/4) 
2j.(2i,+  l)(2i.  +  3) 


/3  Q-.  +  m  +  H)  (j.  +  wi  +  h)  (ji-m  +  yz) 
V  (2i,+  l)(2j,  +  2)(2;,  +  3) 


V 


3(j.  +  m-K)0'.-wi  +  H)0'.-m+^/^) 
(2i.-l)(2i,+  l)(2i,  +  2) 


V 


(i.-Tn-H)O'.-m+K)O.-m+^0 
2;.(2i.-l)(2ii+l) 


^  ^'''V2i.(2i,+  l)(2i,  +  3) 


+  m->^)0".-7n-i/90\-7n+H) 


2j.(2i.-l)(2i.+  l) 


TO2=— J'^ 


m2=  — ^ 


J.  +  M 

;.-^2 


V 


3(ii  +  m  +  ^)0-,-m  +  H)0".-m+^ 
(2;.+  l)(2i,  +  2)(2j,  +  3) 


0'.  +  3m+K) 


\2j,{2ix 


-m+y^ 


2;i(2i,+  l)(2i,  +  3) 


■V 


m  +  >^ 


+  l)(2j,  +  2) 


30'i+m-^)0-i  +  7n  +  K)0-i-m->^) 
2i>(2j.-l)(2j,+  l) 


V 
V 
V 


0-.-m-/2)0".-m  +  H)0-,-r»  +  ^/^) 
(2i.+  l)(2i,  +  2)(2j,  +  3) 


30".  +  m+^)0'i-m-^)0-.-m  +  >^) 
2i.(2j,  +  l)(2i,  +  3) 

3  0'.  +  ^  +  K)0'.  +  ?n  +  3^)0-.-7wr=^) 
(2;,-l)(2j.+  l)(2i.  +  2) 

0'.  +  m-H)(;.  +  m  +  >4)0".  +  m+^) 
2;.(2i,-l)(2j.+  l) 
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II 


+ 


+ 


1-H 

(N 

^„^ 

+ 

+ 

cc 

S 

s 

S 

+ 

+ 

+ 

■j;> 

•»-i 

^H 

c^ 

;^ 

+ 

I— ( 

+ 

1— t 

? 

1-H 

O 

•t~J 

+ 

1 

1-H 

+ 

1 

;3 

cc 

c? 

S 

T-( 

^1^' 

^-^ 

CO 

1 

--- — 

CO 

•Ol 

r 

^ 

c?? 

S 

? 

V 

1 

:d 


IN 

+ 


+ 


+ 


+ 


+ 


+ 


eJ 

^ 

cJ 

C^ 

+ 

(N 

+ 

1 

+ 

c^ 

+ 

S 

S 

+ 

s 
+ 

;3 

+ 

l_ 

1-H 

T-H 

+ 

l_ 

1-H 

1-H 

s 

1 

:5 

1-H 

+ 
+ 

CO 

+ 

+ 

+ 
;3 

+ 

;3 

+ 
i_ 

^H 

+ 

+ 

s 

1 

:5 

^H 

+ 
S 

1 

;d 

c^' 

's 

^H 

+ 

;^ 

s 

•r-j 

;d 

s 

+ 

+ 

+ 

1 

T-H 

1 

s 

+ 

c^ 

;3 

•'~> 

*«^ 

1-H 

v5 

1 

1 

v_? 

1 

y— V 

1-H 

■^ 

1-H 

•.'■> 

y0-^ 

^H 

1 

l-^ 

■-S> 

1 

C<J 

1-H 

+ 

1 

e^ 

1 

w^ 

1 

s 

\ 
+ 

s 

1 

s 

£? 

+ 

+ 

s 

+ 

3 

•«-^ 

s 

1 

s 

1 

?> 

CO 

1 

> 

s 

+ 


^^ 

,_^ 
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Table  27.9.5  [By  use  of  symmetry  relations, 
coefficients  may  be  put  in  standard  form  ji<J2<j 
and  m>0] 


7W2 

m 

ii 

J 

Ud2mim2\jiJ2Jm) 

J2-H 

Vz 

V2 

0 
0 
1 

V2 

1 
1 

1 

VVz            0.  70711 

VVi            0.  70711 

1.  00000 
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0 

0 

0 

1 

1 

/2 

H 

^2 

H 

H 

% 

% 

^2 

'A 

0 

2 

0 

2 

0 

2 

1 

2 

1 

2 

2 

2 

V>'2 
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v% 

v% 
vy2 


h^Vz 


0.  70711 

0.  00000 
-0.  70711 

0.70711 
-0.  70711 
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0.  57735 

1.  00000 
0.  40825 
0.  81650 
0.  40825 
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0.  70711 
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0 

/2 
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/2 
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Compiled  from  A.  Simon,  Numerical  tables  of  the  Clebsch-Qordan  coeflS- 
cients,  Oak  Ridge  National  Laboratory  Report  1718,  Oak  Ridge,  Tenn. 
(1954)   (with  permission). 
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bridge, England,  1935). 

[27.26]  M.  E.  Rose,  Elementary  theory  of  angular  mo- 
memtum  (John  Wiley  &  Sons,  Inc.,  New  York, 
N.Y.,  1955). 

[27.27]  A.  Simon,  Numerical  tables  of  the  Clebsch-Gordan 
coefficients.    Oak    Ridge    National    Laboratory 
Report  1718,  Oak  Ridge,  Tenn.  (1954). 
C(jiJ2J;  mimam)    for   all   angular  moments  <C%> 
lOD. 


f 


f 


•See  page  II. 


28.  Scales  of  Notation 

S,  Peavy/  a.  ScHOPp2 

Contents 

Page 

Representation  of  Numbers 1012 

Numerical  Methods 1013 

References 1015 

Table  2S.1.     2±"  in  Decimal,  n=0(l)50,  Exact 1016 

Table  28.2.     2'  in  Decimal,  x=.001(.001)  .01(.01).1(.1).9,     15D  .    .    .  1017 

Table  28.3.     10^"  in  Octal,  71=0(1)18,     Exact  or  20D 1017 

Table  28.4.     n  logio  2,  n  logz  10  in  Decimal,  n=l(l)10,     lOD  ....  1017 

Table  28.5.     Addition  and  Midtiplication  Tables,  Binary  and    Octal 

Scales 1017 

Table  28.6.     Mathematical  Constants  in  Octal  Scale 1017 

The  authors  acknowledge  the  assistance  of  David  S.  Liepman  in  the  preparation  and 
checking  of  the  tables, 


'  National  Bureau  of  Standards. 

*  Guest    worker,    National    Bureau    of    Standards,    from    The    American    University 
(deceased) . 

1011 


28.  Scales  of  Notation 

Representation  of  Numbers 


Any  positive  real  number  x  can  be  uniquely 
represented  in  the  scale  of  some  integer  6>1  as 


X={Ar, 


A\Aq'  Oi—\Qi—2 


(»)> 


where  every  Ai  and  a-j  is  one  of  the  integers  0, 
1,  .  .  .,  6—1,  not  all  Ai,  a-j  are  zero,  and 
-4m>0  if  a;>  1.  There  is  a  one-to-one  correspond- 
ence between  the  number  and  the  sequence 


x=^„6'»+ 


1 


where  the  infinite  series  converges.    The  integer  h 
is  called  the  base  or  radix  of  the  scale. 

The  sequence  for  x  in  the  scale  of  6  may  ter- 
minate, i.e.,  a_„_i=a_„_2=  .  .  .  =0  for  some 
n  >  1  so  that 


X={Ar 


A\Aq'  tt_iffl_2 


d-n) 


(b), 


then  X  is  said  to  be  a  finite  6-adic  number. 

A  sequence  which  does  not  terminate  may  have 
the  property  that  the  infinite  sequence  a_i,  a_2, 
.  .  .  becomes  periodic  from  a  certain  digit 
C'-n(n'>l)  on;  according  as  n=l  or  ri>l  the 
sequence  is  then  said  to  be  pure  or  mixed  recurring. 

A  sequence  which  neither  terminates  nor  recurs 
represents  an  irrational  number. 

Names  of  Scales 


Base 

Scale 

Base 

Scale 

2 
3 
4 
5 
6 
7 

Binary 

Ternary 

Quaternary 

Quinary 

Senary 

Septenary 

8 
9 

10 
11 
12 
16 

Octal 

Nonary 

Decimal 

Undenary 

Duodenary 

Hexadecimal 

General  Conversion  Methods 

Any  number  can  be  converted  from  the  scale 
of  6  to  the  scale  of  some  integer  65^6,  6>1,  by 
using  arithmetic  operations  in  either  the  6-scale 
or  the  6-scale.  Accordingly,  there  are  four 
methods  of  conversion,  depending  on  whether  the 
number  to  be  converted  is  an  integer  or  a  proper 
fraction. 


Integers  X  =  (A, 


AiAo)(i) 


(I)  6-scale  arithmetic.     Convert  6  to  the  6-scale 
and  define 

x/b=x^-hAyb, 

Xfb=X,+A[lb, 


X^b=0-\-Ak/b, 

where  A^,  A'l,  .  .  .,  .A^  are  the  remainders  and 
Xi,  X2,  .  .  .,  Xn  the  quotients  (in  the  6-scale) 
where  X,  Xi,  .  .  .,  X^_i,  respectively  are  divided 
by  6  in  the  6-scale.  Then  convert  the  remainders 
to  the  6-scale, 

(A))(6)^-^>  {Ai)(^)=^Ai,  .  .  .,  {A;;i){^-)=An 
and  obtain 

X={A;;i  .  .   .  AiAo){^). 

(II)  6-scale  arithmetic.  Convert  6  and  Aq, 
Ai,  .  .  .,  An  to  the  6-scale  and  define,  using 
arithmetic  operations  in  the  6-scale, 

Xm-l=Amb-\-Am^l, 
Xfn-2  =  Xm-lb  -{-  Am^2f 

Xr  =  X2b-{-Au 
then 

X=Xib-\-Ao. 

Proper  fractions  x  =  (0.a-iO-2  .  .  .  )(6) 

To  convert  a  proper  fraction  x,  given  to  n  digits 
in  the  6-scale,  to  the  scale  of  6  5^  6  such  that  inverse 
conversion  from  the  6-scale  may  yield  the  same  n 
rounded  digits  in  the  6-scale,  the  representation 
of  X  in  the  6-scale  must  be  obtained  to  n  rounded 
digits  where  n  satisfies  b'^^b". 

(III)  6-scale  arithmetic.  Convert  6  to  the 
6-scale  and  define 

x6=Xi+ali 
xib=7^-\-al2 
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where  a_i,  a'^j,  .  .  .,  a_n  are  the  integral  parts  and 
Xx,  j-2,  .  .  .,  ra  the  fractional  parts  (in  the  6-scale) 
of  the  products  xb,  xib,  .  .  .,  xz-ih,  respectively. 
Then  convert  the  integral  parts  to  the  ^scale, 

(ali)(6)  =  a_i,  (al2)(6)=a_j,  .  .  .,  (al,)i6)=o_„ 

and  obtain 


x=(0.a_ia_a  .  .  .  5-.)  (6). 


Numerical  ^ 


The  examples  are  restricted  to  the  scales  of  2, 
S,  10  because  of  their  importance  to  electronic 
computers. 

Note  that  the  octal  scale  is  a  power  of  the  binary- 
scale.  In  fact,  an  octal  digit  corresponds  to  a 
triplet  of  binary  digits.  Then,  binary  arithmetic 
may  be  used  whenever  a  number  either  is  to  be 
converted  to  the  octal  scale  or  is  given  in  the  octal 
scale  and  is  to  be  converted  to  some  other  scale. 


Decimal  12    3      4      5      6      7 


9       10 


Octal       12    3      4      5      6      7       10       11        12 

Binary     1  10  11  100  101  110  111  1  000  1  001  1  010 
Example  1.    Convert  J^=(1369)(io)  to  the  octal 
scale.     By    (I)   we  have  6=10,   6=8 ao)   and  so, 
using  decimal  arithmetic, 

1369/8=171  +  1/8, 
171/8=21+3/8, 

21/8=2+5/8, 
2/8=0+2/8; 

Z=(2531)(8). 


then 


By  (II)  we  have  6=(12)(8)  and  ^3=1(8),  A2 
=3(8),  ^1=6(8),  ^=(11)  (8).  Hence,  using  octal 
arithmetic, 

Z2=1.12+3=(15)(8), 

Xi=15-12+6=(210)(8), 

Z=210-12  +  ll  =  (2531)(8). 

Using  binary  arithmetic  we  have,  by  (II), 
6=(1010)(2)andA3=la),^2=(ll)«),^i=(110)(2), 
^(1001)(2).     Thus 

Z2=11010+ll=(1101)(3), 

Xi=1101- 1010+110=  (10  001  000)(2), 

z=io  001  ooo-ioio+iooi=(io  101  on  ooi)(2), 

whence,  on  converting  to  the  octal  scale, 
X=(2531)(8). 


(lY)  6-scale  arithmetic.  Convert  6  and  a_i, 
a_2,  .  .  .,  a_,  to  the  6-scale  and  define,  using 
arithmetic  operations  in  the  6-scale, 

x_,+i=a_n/6+a_,+i, 

2^-n+2=3:_,^.i/6+a_»+2, 

x_i=Za/6+a_,; 
then 

x=z_i/6. 

Methods 

Example  2.  Convert  Z=(2531)(8)  to  the 
decimal  scale.  By  (I)  we  have  6=10=(12)(8)  and 
hence,  using  octal  arithmetic, 

2531/12=210  +  11/12 

210/12  =  15  +  6/12 

15/12=1+3/12 

1/12=0+1/12 

Thus,  converting  to  the  decimal  scale, 

2o=(ll)(8)  =  9,  ;i,  =  6(8)  =  6,  Z2  =  3(8)  =  3,  ^3=1, 

and  so 

^=(1369)ao). 

By  (II)  we  have  6=10,  and  the  octal  digits  of  X 
are  unchanged  in  the  decimal  scale.  Hence, 
using  decimal  arithmetic, 

Z2=2.8+5=(21)ao), 
Xi=21.8+3=(171)ao), 
Z=171-8  +  l  =  (1369)ao). 

Using  binary  arithmetic  we  have,  by  (II), 
6=8=(1000)(2)and^=l,^i  =  (ll)(2),^2=(101)(2>, 
^3=(10)o).     Then, 

X2=10. 1000  +  101  =  (10  101)(2), 
Xi=10  10M000  +  11=(10  101  011)(j), 
X=10  101  01M000+1  =  (10  101  Oil  001)(2), 

whence,  on  converting  to  the  decimal  scale, 

Z=(1369)ao). 

Observe  that  in  both  examples  above,  octal 
arithmetic  is  used  as  an  intermediate  step  to 
convert,  according  to  (II),  the  given  number  to 
the  binary  scale.  If,  instead,  the  given  number  is 
first  converted  to  the  binary  scale,  then  binary 
arithmetic  may  be  apphed  directly  to  convert, 
according  to  (I),  the  given  number  from  the 
binary  scale  to  the  scale  desired. 
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For  example,  in  converting  X=(2531)(8)  to  the 
decimal  scale,  we  find  first  Z=  (1010101 1001)  (2) 
and  then  obtain,  using  (I)  with  6=10=(1010)(2), 

10  101  Oil  001/1010=10  001  000  +  1001/1010, 
10  001  000/1010=1101  +  110/1010, 
1101/1010=1  +  11/1010, 
1/1010=0  +  1/1010. 

Thus,  on  converting  to  the  decimal  scale, 

^o=(1001)(2)  =  9,  ^i=(110)(2)  =  6, 

^2=(11)(2)  =  3,^3=1, 

X=(1369)ao). 


whence 


Examples.  Convert  a;=  (0.355) do  to  the  bi- 
nary scale. 

We  first  convert  to  the  octal  scale,  using  decimal 
arithmetic.     By  (III),  we  find  with  6=8 

(0.355)  -8=2  +  0.840,  (0.080)  -8=0  +  0.640 

(0.840)  -8  =  6+0.720,  (0.640)  -8  =  5+0.120 

(0.720)  -8  =  5  +  0.760,  (0.120)  -8  =  0+0.960 

(0.760)  -8=6+0.080,  (0.960)  -8=7+0.680 

whence  x=  (0.26560507  .  .  .)(8).     Thus,   on   con- 
verting to  the  binary  scale, 

a;=(0.010  110  101   110  000  101  000  111  .  .  .)(2). 

In  order  that  inverse  conversion  of  x  from  the 
binary  to  the  decimal  scale  yield  again  x  to  the 
given  number  n  of  decimal  digits,  we  must  round  x 
in  the  binary  scale  to  at  least  n  digits  where  li  is 
chosen  such  that  2">10'*.     As  a  working  rule,  we 

may  take  n>—n.     Hence,  to  obtain  x=  (0.355) ao) 

by  inverse  conversion,  x  must  be  rounded  in  the 

binary  scale  tori>— 3=10  digits. 

Thus, 

a:=  (0.010  110  110  0)  (2). 

To  cany  out  the  inverse  conversion  we  can  first 
convert  to  the  octal  scale, 

x=(0.266)(8), 

and  then  apply   (IV)   with  6=8,  using  decimal 
arithmetic: 

a;_2=6/8 +6=6.75, 
a:_i=6.75/8+2=2.84375, 
a;= 2. 84375/8 =0.355  46875. 


Alternatively,  we  can  apply  (III)  with  6=  (1010)  (2), 
using  binary  arithmetic: 

(0.010  110  11)1010=11  +  (0.100  Oil  1), 

(0.100  Oil  1)-1010=101  +  (0.100  Oil), 

(0.100  011)-1010  =  101  +  (0.011  11), 

(0.011  11)-1010=100+(0.101  1). 

Converting  the  integral  parts  to  the  decimal  scale, 
we  find 


a_i=(ll)(2)=3,  a_2=a_3=(101)(2)=5, 

a_4=(100)(2)=4, 

x=  (0.3554)  (10) 


and  thus 


Note  that  the  fractional  part  in  any  step  is  the 
unconverted  remainder.  Thus,  to  round  at  any 
step,  it  is  only  necessary  to  ascertain  whether  the 
unconverted  portion  to  be  neglected  is  greater  or 
less  than  |;  i.e.,  whether,  in  the  binary  scale,  the 
first  neglected  digit  is  1  or  0. 

Example  4.  Convert  a;=  (3. 141593) ao)- 10"'  to 
the  binary  scale. 

The  desired  representation  is 

x=(l.a_ia_2  .  .  .  a_„)(2)-2~* 

where  n  and  k  are  such  that  inverse  conversion 
from  the  binary  scale  to  the  decimal  scale  will 
produce  x  to  the  same  given  15  decimal  digits. 
Accordingly,  by  the  rule  stated  in  Example  3,  n 

and  k  are  to  be  chosen  so  as  to  satisfy  n+^  >  —  •  15 

=  50. 

From  Table  28.1  we  find 


2-29<(3.141593)ao)-10-'<2 


-28 


Thus,  we  must  take  ^=29  and,  consequently, 
choose  n>21.  The  conversion  on  a  desk  calcu- 
lator thus  proceeds  as  foUows.  First,  we  obtain 
by  use  of  Table  28.1 

2^z=(1.686  629  899)ao) 

Then,  for  convenience's  sake,  we  convert  this 
number  to  the  octal  scale,  using  the  method  of 
Example  3  and  rounding  as  required,  to  at  least 
7  octal  (=21  binary)  digits.     We  find 

229x=  (1.537  4337) (8). 
Hence 

a;=  (1.537  433  7)(8)-2-^ 

and,  consequently, 
x=(l.  101  Oil  111  100  Oil  Oil  lll)(2)-2-«. 
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To  convert  x  back  to  the  decimal  scale  we  only 
need  to  obtain  from  Table  28.1  the  various  powers 
of  2  which  appear  in  the  above  representation  and 
sum  them.  However,  since  2-'"=2-'"+^— 2"'"  for 
any  real  constant  m,  it  is  more  convenient  to 
reduce  first  the  binary  representation  of  x  to  the 
form 


,2-28_2-31_2-33_2-39  4-2- 


2-«-2 


-50 


and  then  sum  these  powers  of  2.  (Note  that  the 
number  of  summands  is  thereb}'  decreased  from 
16  to  7.)     From  Table  28.1  we  have 


+2-28= +3.725 

290 

298 

10-^ 

-2-31=-  .465 

661 

287 

io-« 

_2-33=_  116 

415 

322 

10-^ 

_2-39=_  .001 

818 

989 

10-^ 

+2-*2=+  .000 

227 

374 

io-« 

_2-«=_  .000 

028 

422 

10-^ 

_2-«)=_  .000 

000 

888 

io-« 

x=     3.141 

592 

764 

10-^ 

Nine  decimal  digits  are  used  for  sufficient  accuracy 
reserve.  Hence,  roimding  to  seven  significant 
figures,  we  find 

x=(3.141593)(io)-10-^ 

To  convert  a  number  such  as 

to  the  binary  scale,  where  /:  is  a  positive  integer 
so  large  that  Table  28.1  cannot  be  used,  apply  the 
following  device:  Compute 


1  logio  ^     1 

loga  x=r^ — -=k 


Xi 


logio  2  logio  2 

where  k  is  the  quotient  and  Xi  the  remainder,  the 
division  being  carried  out  in  the  decimal  scale. 
Then  find  7?=10''i,  i.e.,  i-i=logio  n,  so  that  • 


whence 


Now  convert  ('n)ao)  to  the  binary  scale  by  any  of 
the  methods  described  above. 

A  similar  device  may  be  used  to  convert  to  the 
decimal  scale  a  binary  number  that  is  outside  the 
range  of  Table  28.1. 

Examples.  Convert  2;=(2.773)(io)-10^  to  the 
binary  scale. 


We  first  compute,  using  4.1.19  and  Table  4.1, 

lo^  ^_log.o  x_83.44295_  .05764 

^'        \^g^~  .30103  "^^^  +  :30T03' 

and  find  from  Table  4.1,  .05764 =log,o  1.1419. 
Hence 

log2  x=277+^''^'°  ^•^o^^^=277+log2  1.1419 

logio  ^ 

and  so 

a;=(1.1419)ao)-2"'. 

Now  we  apply  the  methods  of  Example  3  to  ob- 
tain (1.1419)(io)=(1.110516)(8)  where  octal  nota- 
tion is  used  for  the  sake  of  convenience. 

To  round  such  that  inverse  conversion  will  yield 
the  same  decimal  digits  of  x,  observe  that  the  last 
non-zero  decimal  digit  of  x  is  3  •  10**.  Table  28.4 
shows  that  2=^<  10«'<22««.  Hence,  in  the  binary 
scale,  X  must  be  a  binary  integer  times  2^;  i.e., 
(1.1 105 16)  (8)  must  be  rounded  to  4  octal  (=12 
binary)  digits.     As  a  result, 

x=(1.1105)(8)-22"=(11105)(8)-22«5 

=  (1  001  001  000  101)(2)22« 

Conversion  back  to  the  decimal  scale  proceeds 
as  follows,  we  write 

logio  x= logio  2  log2  X 

=logio2{265+log2  (11105)^8)} 

logio  (11105)(8)\ 
logio  2         / 

=  265  logio  2+logio(11105)(8). 

Hence,  converting  (11105)(8)  to  the  decimal 
scale  by  any  of  the  methods  of  Example  2,  we 
obtain 

logic  x=265  logio  2+log,o  4677 

which  yields,  using  Table  4.1 

logio  x=83.44292 

Thus,  by  Table  4.1,  we  find,  rounded  to  four 
significant  figures, 

x=(2.773)ao)-10«'. 
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Table  28.1 


SCALES    OF   NOTATION 
2±»  IN  DECIMAL 


2"  n 

1  0 

2  1 
4  2 

8  3 

16  4 

32  5 

64  6 

128  7 

256  8 

512  9 

1024  10 

2048  11 

4096  12 

8192  13 

16384  14 

32768  15 

65536  16 

1  31072  17 

2  62144  18 
5  24288  19 

10  48576  20 

20  97152  21 

41  94304  22 

83  88608  23 

167  77216  24 

335  54432  25 

671  08864  26 

1342  17728  27 

2684  35456  28 

5368  70912  29 

10737  41824  30 

21474  83648  31 

42949  67296  32 

85899  34592  33 

1  71798  69184  34 

3  43597  38368  35 

6  87194  76736  36 

13  74389  53472  37 

27  48779  06944  38 

54  97558  13888  39 

109  95116  27776  40 

219  90232  55552  41 

439  80465  11104  42 

879  60930  22208  43 

1759  21860  44416  44 

3518  43720  88832  45 

7036  87441  77664  46 

14073  74883  55328  47 

28147  49767  10656  48 

56294  99534  21312  49 

112589  99068  42624  50 


1.0 

0.5 
0.25 

0.125 

0.0625 

0.03125 

0.01562  5 
0.00781  25 
0.00390  625 

0.00195  3125 
0.00097  65625 
0.00048  82812  5 

0.00024  41406  25 
0.00012  20703  125 
0.00006  10351  5625 

0.00003  05175  78125 
0.00001  52587  89062  5 
0.00000  76293  94531  25 

0.00000  38146  97265  625 
0.00000  19073  48632  8125 
0.00000  09536  74316  40625 

0.00000  04768  37158  20312  5 
0.00000  02384  18579  10156  25 
0.00000  01192  09289  55078  125 

0.00000  00596  04644  77539  0625 
0.00000  00298  02322  38769  53125 
0.00000  00149  01161  19384  76562  5 

0.00000  00074  50580  59692  38281  25 
0.00000  00037  25290  29846  19140  625 
0.00000  00018  62645  14923  09570  3125 

0.00000  00009  31322  57461  54785  15625 
0.00000  00004  65661  28730  77392  57812  5 
0.00000  00002  32830  64365  38696  28906  25 

0.00000  00001  16415  32182  69348  14453  125 
0.00000  00000  58207  66091  34674  07226  5625 
0.00000  00000  29103  83045  67337  03613  28125 

0.00000  00000  14551  91522  83668  51806  64062  5 
0.00000  00000  07275  95761  41834  25903  32031  25 
0.00000  00000  03637  97880  70917  12951  66015  625 

0.00000  00000  01818  98940  35458  56475  83007  8125 
0.00000  00000  00909  49470  17729  28237  91503  90625 
0.00000  00000  00454  74735  08864  64118  95751  95312  5 

0.00000  00000  00227  37367  54432  32059  47875  97656  25 
0.00000  00000  00113  68683  77216  16029  73937  98828  125 
0.00000  00000  00056  84341  88608  08014  86968  99414  0625 

0.00000  00000  00028  42170  94304  04007  43484  49707  03125 
0.00000  00000  00014  21085  47152  02003  71742  24853  51562  5 
0. 00000  00000  00007  10542  73576  01001  85871  12426  75781  25 

0.00000  00000  00003  55271  36788  00500  92935  56213  37890  625 
0.00000  00000  00001  77635  68394  00250  46467  78106  68945  3125 
0.00000  00000  00000  88817  84197  00125  23233  89053  34472  65625 


SCALES    OF    NOTATION 
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X 

2' 

0. 

001 

00069 

33874 

62581 

0. 

002 

00138 

72557 

11335 

0. 

003 

00208 

16050 

79633 

0. 

004 

00277 

64359 

01078 

0. 

005 

00347 

17485 

09503 

0. 

006 

00416 

75432 

38973 

0. 

007 

00486 

38204 

23785 

0. 

008 

00556 

05803 

98468 

0. 

009 

00625 

78234 

97782 

10" 


1 

12 

144 

1   750 

23  420 

303  240 

3   641  100 

46  113  200 

575   360  400 

346  545  000 


2 

>  IN 

DECIMAL 

A 

2' 

0.01 

00695 

55503  56719 

0.02 

01395 

94797  90029 

0.03 

02101 

21257  07193 

0.04 

02811 

38266  56067 

0.05 

03526 

49238  41377 

0.06 

04246 

57608  41121 

0.07 

04971 

66836  23067 

0.08 

05701 

80405  61380 

0.09 

06437 

01824  53360 

10 


1()±"  IN  OCTAL 


0  1.000  000  000  000  000  000  00 

1  0.063  146  314  631  463  146  31 

2  0.005  075  341  217  270  243  66 

3  0.000  406  111  564  570  651  77 

4  0.000  032  155  613  530  704  15 

5  0.000  002  476  132  610  706  64 

6  0.000  000  206  157  364  055  37 

7  0.000  000  015  327  745  152  75 

8  0.000  000  001  257  143  561  06 

9  0.000  000  000  104  560  276  41 


10' 


Table 

28.2 

X 

2' 

0.1 

1.07177  34625 

36293 

0.2 

1.14869  83549 

97035 

0.3 

1.23114  44133 

44916 

0.4 

1.31950  79107 

72894 

0.5 

1.41421  35623 

73095 

0.6 

1.51571  65665 

10398 

0.7 

1.62450  47927 

12471 

0.8 

1.74110  11265 

92248 

0.9 

1. 86606  59830 

73615 

Tal.le 

28.3 

112  402  762  000  10 

1  351  035  564  000  11 

16  432  451  210  000  12 

221  411  634  520  000  13 

2  657  142  036  440  000  14 

34  327  724  461  500  000  15 

434  157  115  760  200  000  16 

5  432  127  413  542  400  000  17 

67  405  553  164  731  000  000  18 


10  " 

0.000  000  000  006  676  337  66 

0.000  000  000  000  537  657  77 

0.000  000  000  000  043  136  32 

0.000  000  000  000  003  411  35 

0.000  000  000  000  000  264  11 

0.000  000  000  000  000  022  01 

0. 000  000  000  000  000  001  63 

0.000  000  000  000  000  000  14 

0.000  000  000  000  000  000  01 


n  login  2 


n  logio  2,     n  Iog2  H)  IN  DECIMAL 

n  log2  10  n  n  logio  2 


1 

0.30102  99957 

3.32192 

80949 

? 

0.60205  99913 

6.  64385 

61898 

3 

0.90308  99870 

9.96578 

42847 

4 

1.20411  99827 

13.28771 

23795 

5 

1.50514  99783 

16.  60964 

04744 

9 
10 


1.80617  99740 

2.10720  99696 

2.40823  99653 

2.  70926  99610 

3.01029  99566 


Table  28.4 

n  log2  10 

19.93156  85693 

23.25349  66642 

26.57542  47591 

29.89735  28540 

33.21928  09489 


ADDITION  AND  Ml  LTIPLICATION  TABLES 

Addition  Multiplication 

Binary  Scale 


0  +   0=0 
1=1  +   0=     1 

1  +   1   =  10 


0x0   =  0 

0x1=1x0   =  0 

1x1   =  1 


lable  28.5 


Octal  Scale 


0 

01 

02 

03 

04 

05 

06 

07 

1 

02 

03 

04 

05 

06 

07 

10 

2 

03 

04 

05 

06 

07 

10 

11 

3 

04 

05 

06 

07 

10 

11 

12 

4 

05 

06 

07 

10 

11 

12 

13 

5 

06 

07 

10 

11 

12 

13 

14 

6 

07 

10 

11 

12 

13 

14 

15 

7 

10 

11 

12 

13 

14 

15 

16 

1 

02 

03 

04 

05 

06 

07 

2 

04 

06 

10 

12 

14 

16 

3 

06 

11 

14 

17 

22 

25 

4 

10 

14 

20 

24 

30 

34 

5 

12 

17 

24 

31 

36 

43 

6 

14 

22 

30 

36 

44 

52 

7 

16 

25 

34 

43 

52 

61 

MATHEMATICAL  CONSTANTS  IN  OCTAL  SCALE 


Table  28.6 


T=  (3.11037  552421) 


'=  (0.24276  301556) 


(8) 


(8) 


^^=  (1.61337  611067).  J 


In  ••=  (1.  11206  404435) 

l0g2  T=  (1.51544  163223) 

\10=  (3.12305  407267) 


(8) 


(B) 


(8) 


e=  (2.55760  521305) 

p-l=  (0.27426  530661) 

^e=  (1.  51411  230704) 

logio  0=  (0.33626  754251) 

log2  ♦'=  (1.34252  166245) 

l0g2  10=  (3.24464  741136) 


(0.44742  147707) 


In  -»=  -(0.43127  233602) 


(8) 


(8) 


l0g2  7=  -(0.62573  030645)  (g. 


V2=  (1.  32404  746320) 

In  2=  (0.54271  027760) 

In  10-  (2.23273  067355) 


(8) 


(B) 


(8) 
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29.  Laplace  Transforms 


29.1.  Definition  of  the  Laplace  Transform 
One-dimensional  Laplace  Transform 

29.1.1       J(s)=^{F{t)}^r  e-''F{t)dt 

F(t)  is  a  function  of  the  real  variable  t  and  s  is  a 
complex  variable.  F(t)  is  called  the  original  func- 
tion and  f{s)  is  called  the  image  function.  If  the 
integral  in  29.1.1  converges  for  a  real  s=So,  i.e., 


lim 

B->oo 


r '-' 


(Fit)dt 


exists,  then  it  converges  for  all  s  with  ^s^Sq,  and 
the  image  function  is  a  single  valued   analytic 


function  of  s  in  the  half-plane  ^s>So- 

Two-dimensional  Laplace  Transform 

29.1.2 

e-^-''F{x,y)dxdy 

0    Jo 
Definition  of  the  Unit  Step  Function 


29.1.3 


u{t)-- 


(KO) 

(^=0) 
(^>0) 


In  the  following  tables  the  factor  u(t)  is  to  be 
understood  as  multiplying  the  original  function 

F{t). 


29.2.  Operations  for  the  Laplace  Transform^ 


29.2.1 
29.2.2 

29.2.3 

29.2.4 
29.2.5 

29.2.6 
29.2.7 

29.2.8 

29.2.9 
29.2.10 


Original  Function  F{t) 
Fit) 

Inversion  Formula 

^  e''f(s)ds 

Linearity  Property 

AF(t)+BG(t) 

Differentiation 

F'(t) 

Integration 

r  F{T)dT 

n'  F{\)d\dT 

r   Fi(t-T)F2{T)dT  =  Fi*F2 

-tF(t) 

i-iyrFit) 


Image  Function  f{s) 
r     e-''F(t)dt 

J(s) 

AJ(s)-\-Bg{s) 

sf(s)-F(+0) 

s''/(s)-s"-^F(+0)-s"-2i^'(+0)-  .  .  .  -F<"-"(+0) 


Im 


Convolution  (Faltung)  Theorem 

/1(«)/2(S) 

r(s) 


Differentiation 


1  Adapted  by  permission  from  R.  V.  Churchill,  Operational  mathematics,  2d  ed.,  McGraw-Hill  Book  Co.,  Inc.,  New 
York,  N.Y.,  1958. 
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29.2.11 

29.2.12 
29.2.13 

29.2.14 
29.2.15 
29.2.16 

29.2.17 


Original  Function  F{t) 


]F(t) 


e"F(t) 

Translation 

F(t-b)u(t-b)        (b>0) 

Periodic  Functions 

Fit+a)=F(t) 
F{t+a)  =  -F{t) 


Image  Function  f{s) 
Integration 

fix)dx 


Half- Wave  Rectification  of  F(t)  in  29.2.17 
29.2.18  7^(0  2  (-lyuit-na) 

n=0 


Linear  Transformation 

Jics) 
fics-b) 

r  e-"F(t)dt 
l  —  e-" 

p  e-"F{t)dt 


Full-Wave  Rectification  of  F(t)  in  29.2.17 


29.2.19 


29.2.20 


29.2.21 


1^(01 


^a.  ^  P^^""(a)        f^-' 


1-e- 


y(s)  coth  y 


Heaviside  Expansion  Theorem 


q(s) 


J  q{s)  =  {s—ay){s—a-^  .  .  .  (s—a„) 


t^i    (r-ny.   (n-1)! 


p{s)  a  polynomial  of  deg,Tee<^m 

(s-ay 
p{s)  a  polynomial  of  degree<r 


29.3.  Table  of  Laplace  Transforms 


2.3 


For  a  comprehensive  table  of  Laplace  and  other  integral  transforms  see  [29.9].     For  a  table  of  two- 
dimensional  Laplace  transforms  see  [29.11]. 


29.3.1 
29.3.2 


f(s) 

1 

S 
1 


Fit) 
1 

t 


^  The  numbers  in  bold  typo  in  the/(.s)  and  F(l)  columns  indicate  the  chapters  in  which  the  projx'rties  of  tiie  resix-ctivcr 
higher  mathematical  functions  are  given. 

'  Adapted  bv  permission  from  R.  V.  Churchill,  Operational  mathematics,  2d.  ed.,  Mcdraw-Hill  Hook  Co.,  Inc.,  \e\v 
York,  N.  Y.,  1958. 
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m 

Fit) 

29.5^ 

1 

(fi=l,2,3,...) 

(n-1)! 

29.3.4 

1 

1 

29.3.5 

g-m 

2yt/ir 

'>9  ^  6 

«-<•+!» 

(*=1,2,3,...) 

2^t^-' 

1-3-5...  (2n-l)^T 

29.3.7 

(t>0) 

6 

fi-i 

29.3.8 

1 

e-"' 

2m. 3. 9 
29.3.10 
29.3.11 
».3.12 

29.3.13 

29.3.14 

29.3.15 
29.3.16 
29.3.17 
29.3.18 


s—a 


T(k) 
1 


(«+«)(«+fe) 
* 


.;■-=!,  2, 3,...) 
(t>0) 


'  distinct  constants) 

1 


1 


t€- 


f"- 

-l^-aJ 

(n 

-1)! 

t*- 

-Ig-a, 

€~ 

Di ^-^/ 

b-a 

ae 

-"'-be- 

bi 

a-h 

(6-c)6-°'+(c-a)g-'"4-(a-&)e-" 
(a-b){b-c){c-a) 


-  sm  at 
a 


cosat 


-  sinh  at 
a 


cosh  at 


29.3.19 


29.3.20 


29.3.21 


1 


^(^-i-«*) 


f*2-i-0^> 


-^  i  1— COS  at 
a^ 


-5  (ai— sin  of) 


;r-5  (sin  at  — at  cos  of) 
2ff^ 


29.3.22 

(s'-^a')' 

29.3.23 

g' 

(s'+a'y 

29.3.24 

29.3.25 

'^                        in}  -3^  A2^ 

{s^-ra^)^s^+h^)        ^"^*^ 

29.3.26 

1 

{s+aY+h' 

29.3.27 

s+a 

{s+aY-^h' 

29.3.28 

29.3.29 

As? 

29.3.30 

s 

«*+4a* 

29.3.31 

1 

29.3.32 

s 

29.3.33 

29.3.34 

im 

29.3.35 

s 
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8  i     •      , 

sin  at 


2a 

s-  (sin  at+at  cos  at) 


t  cos  at 

cos  a#— cos  bt 

¥^^' 

r  e~"  sin  bt 
e~*'  cos  bt 

€  "—«»*' (cos— ;^ >3sin-^j 

sin  at  cosh  af — cos  at  sinh  at 


;^— 5  sin  at  sinh  af 
2a^ 


^-3  (sinh  a^— sin  aO 
s^  (cosh  ai— cos  at) 


(l-\-aH^  sin  at— at  cos  a^ 


i.(0 


-L  e-"(l-2aO 


29.3.36  V^+^->s+6  :r~=7l  (^~**-^"") 

29.3.37  -J—  -L— a^"**  erfc  a^7 

29.3.38  ^5lL  i+a««^erfaVi 

29.3.39  ^  i-^.-^f  .^'ciX 

29.3.40  -p.^^^ — 5T  -  «*"*  erf  a>7 


00 


1024 

29.3.41 
29.3.42 
29.3.43 
29.3.44 
29.3.45 
29.3.46 
29.3.47 
29.3.48 

29.3.49 
29.3.50 
29.3.51 

29.3.52 
29.3.53 
29.3.54 
29.3.55 
29.3.56 
29.3.57 
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1 


Vs(s+a') 

(s-a^)(6+Vs) 
1 

1 


(s-\-a)\s-\-b 

b'-a' 
As(s-a2)Gs+6) 

(l-s)" 


,n+i 


s+2a 


\s 


1 


■\S-\-a^,s-]-b 
T{k) 


(s+a)*(s+6) 

1 

{s+a)Hs+b)i 

AS+2a--Vs 
Vs+2a+^/s 

(a- 6)* 


-*       (Ar>0)     6 


■\^ys-\-a 


(k>0) 
(.>-l) 


^'s'+a' 


(^s'+a'-sy 


2j_r,2\k 


(s'+a') 


(r'>-l) 


(k>0) 


Fit) 


.>^ 


e^'dX 


2  T" 

a^v         Jo 

e«*'[6— a  erf  a^l]  —  bef>^'  erfc  6^^ 
e"  '  erfc  o-y^ 

^=  g-"'  erf  G  V^^7) 
-\  6— a 

6"''  R  erf  (ayD-ll-i-e'''  erfc  6V< 

-p^  H2n+l\\  t) 

(2k+i)!-v';;: 

ae-'[/,(a()+/(,(a()l 


-^  e-^'Iiiat) 


^---/.(^o 


1 


6-i«'/,(ia0 


Jo(at) 


a' J, (at) 


z.ar\7._. 


I 


22 


22 


10 


T(k)  \2a 


Jk-iiat) 


6.10 


/(«) 


29.3.58       (^V+a^-s)*        (Ar>0) 
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Fit) 


t 


Jk{at) 
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29.3.59       (^-;gEf^^         (.>-l) 


a"!, (at) 


29.3.60 


29.3.61 


IT     /f\*-i 


{s'-a'r         ^^^^^  r(^)  W 


Ik-\{at) 


u{t-k) 


6,10 


0  h 


29.3.62 


~2  ^ 


{t-k)u{t-k) 


29.3.63  i  e-*^         (m>0) 


29.3.64 


l-e- 


{t-ky-' 
r(/x) 


u(t-k) 


u{t)-u{t-k) 


0  k 


29.3.65 


29.3.66 


29.3.67 


29.3.68 


1        ^1-^coth  ^ks 


1 


sis'"— a) 


-  tanh  Ars 
s 


1 

s(l+e-**) 


S  u(t-nk) 

n=0 


r 


O  k  Zk 


n=l 


n=l 


X)  (-l)"u{t-nk) 

n=0 


0  k  2k  3k 


29.3.69 


29.3.70 


29.3.71 


-}  tanh  /:s 
s^ 


1 
s  sinh  ^s 


1 
s  cosh  A:s 


<T^(0+2Z;  (-l)"{t-2nk)u{t-2nk) 


n  =  l 


2  2  w[<- (271+1)^] 

n=0 


f 


-1 1 * 


Ok  3k  M 


2J2  {-l)''u[t-{2n-^l)k] 

n=0 


0        •  1«  5» 
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29.3.73 

29.3.74 

29.3.75 
29.3.76 
29.3.77 
29.3.78 
29.3.79 
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1 


/(«) 


coth  ks 


^coth 

2k 

1 

is' 

^l)(l-e- 

1    -* 

-  e  • 
s 

1     -* 

—  e  ' 
\s 

1      * 

1        -* 
p     * 

-") 

s"' 


e' 


29.3.80 

1    -* 

(m>0) 

29.3.81 

1     » 

(m>0) 

29.3.82 

,-*v7 

(^>0) 

29.3.83 

1  ^-k^s 

s 

(^>0) 

29.3.84 

(^>o; 

29.3.85 

(^>0) 

29.3.86     _1 

_,-tV*          ( 

rj.=n   1    9 

T^' 


29.3.87       "-i 


s  ^    e 


-tV* 


^>0) 


(«=0,1,2,  .  .  .;  ^>0) 


29.3.88 


(Ar>0) 


F{0 


n=l 


|sinA:f|       ,|__ 


S  (  — l)"u(«— /ir)  sin  t 

n=0 


Jo(2V® 
-^=  COS  2-v^ 

-y=  cosh  2^'^f 

yTtt 


■\Trk 


sin  2-v'H 


A 


^=sinh  2ykt 
\irk 

(0^J,_:(2^IZ) 
(0'^/,_i(2Vn) 

k  f    k^\ 

erfc — p 
2^'7 


(4()'"  i'  erfc 


2./? 


exp 
2 


i  exp  f-^Va^"*^"''  erfc  (^a^  t^-X^ 
yirt         V     4fy  V  2^t/ 


22 


•See  page  11. 
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29.3.89 


29.3.90 


29.3.91 


29.3.92 


29.3.93 


/(8) 

«^  ()t>0) 


s(a+Vs) 


Vs(s+a) 


29.3.94  -fc(V;i:;^-») 


29.3.95 


(ifc>0) 

(it>0) 

(Ar>0) 

ik>0) 

{k>0) 
{k>0) 


29.3.96 

e 

->Cy's2-a^_^-kS                   ^^^Q) 

on  o  07 

a 

+Q 

—  /   / ■        \ .            \ "  ^      1 ,  /t  ^  yj  I 

29.3.98 

-  In  s 

s 

29.3.99 

^]ns         (k>0) 

29.3.100 

Ins          .  .   „. 

29.3.101 

In  s 
s^-fl 

29.3.102 

s  In  s 

s^-f-l 

29.3.103 

-ln(l+yts)         (i!:>0) 
s 

29.3.104 

S  +  0 

29.3.105 

-In  (1+A:V)         (A:>0) 

29.3.106 

-  In  (s'+a')         (a>0) 

273-888  O 

-67- 

-64 

F(0 


-6"V''  erfc  (a^Jl+-^\-\-erlc  -X. 


e''*^"''  erfc 


(-'^+3-!7) 


e-i«'/o(fa^i2_p)^(^_;i.) 


Jo(a^/W^^)u(t-k) 


Io{a^|t^-¥)u{t-k) 


Jo{a^Jt^-{-2kt) 
ak 


ak 


Ji{a^,^¥-¥)u{t-k) 


Ii(a^'t'-k')uit-k) 


(l^y"  ju^^t^^')u{t-k) 

—7— In  e(7=. 57721  56649  .  .  .  Euler's  constant) 


t-i 


[l/'(^)-ln<] 


r(^) 

e'"[lna+J5:,(a<)] 

cos  t  Si  (0— sin  t  Ci  (0 

— sin<  Si  (0— cos<  Ci  (<) 

■G) 

(e-^'-e-"') 
2  In  a-2  Ci  (aO 
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m 


29.3.107  -2  In  (s^+a^)         (a>0) 

o 

29.3.108  In^^' 


29.3.109  In 


29.3.110  arctan  - 

s 

29.3.111  -  arctan  - 

29.3.112  e"'"  erfc  ks        (k>0) 

29.3.113  -  e"'*'  erfc  ks        {k>0) 

29.3.114  e*'  erfc  ylcs        (k>0) 


29.3.115  4- erfc  a'^         ik>0) 

29.3.116  —e"' erfc  ^'Fs        (k>0)  '  -^ 
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^(0 

2 

-  [a<  lna+sina<- 

2 

Y  (1— cosaf) 

2 

T  (1  — cosh  at) 

J  sin  A:< 

Si  m 

7 

ytvi'-^K    4f) 

7 

^^4 

7 

7 

29.3.117 

erf 

k 

29.3.118 

1    -         k 

-^  e'  erfc  — 

^s 

^s 

29.3.119 

Koiks) 

{k>0) 

29.3.120 

KoikV^) 

a->o) 

29.3.121 

le'^Kriks) 

(^>0) 

1 

29.3.122 

^^K.ik^) 

(^>0) 

29.3.123 

h^-^(!) 

(^>0) 

\ 

29.3.124 

ire- ''I  oiks) 

{k>0) 

1 

29.3.125 

e-'^Ixiks) 

(k>0) 

9 


9 


^s  ^f1r(t+k) 

7       \  sin  2k^'t 


7        -Le-''^ 
■\irt 

1 


u(t-k) 


1  /      k'X 

It  ^-"-p  \-rt) 


2t 


9       ■J^^t{t-^2k) 


I  ^-""P  (-^) 


9       -^Ko{2^2kt) 


yt{2k-t) 
k-t 


1 


irkyt{2k—t) 


[u{t)-u{t-2k)] 
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29.3.126 


m 

e'"Ei(as)         (a>0) 


29.3.127  --se'"Ei(as)         (a>0) 

a 


Fit) 
1 


t-ha 
1 


29.3.128  a'-"e'"E„{as)        (a>0;n=0,l,2, . . .)     5 

29.3.129  r^-Si(s)"[  cos  s+Ci(s)  sins  5 


1 

1 


29.4.  Table    of    Laplace-Stieltjes   Transforms  * 

ct>(s)  ^(t) 


29.4.1 

r- 

"(^$(0 

-^(0 

29.4.2 

e-^ 

(^>0) 

u(t-k) 

29.4.3 

1 

(A:>0) 

S  u{t-nk) 

n=Q 

1-e-** 

29.4.4 

1 

(^>0) 

^  (~\yu{t-nk) 

71=0 

1  +  6-*^ 

29.4.5 

1 

(^>0) 

2^  u[t-{2n-\-l)k] 

7J=0 

sinh  ks 

29.4.6 

1 

(^>0) 

2T,{-iru[t-(2n^l)k] 

71=0 

cosh  ks 

29.4.7 

tanh  ks 

(^>0) 

71  =  1 

29.4.8 

1 

0     ^^>^) 

2X)  e-'2''+i'«w[^-(2n+l)A:] 

n=0 

sinh  (ks+i 

29.4.9 

e-'" 

(^>0,  A>0) 

2  2  ^-'=="+''^^-^-(2^+1)^:] 

71=0 

sinh  (ks+a) 

29.4.10 

sinh  {hs-\-b) 
sinh  (A:s+a) 

(0<A<^) 

71=0 

-^271+ DA:]} 

29.4.11 

Sfln^-V 

(0<^o<^i<...) 

^aMt—K) 

71=0 


71=0 


For  the  definition  of  the  Laplace-Stieltjes 
transform  see  [29.7].  In  practice,  Laplace-Stieltjes 
transforms  are  often  written  as  ordinary  Laplace 
transforms  involving  Dirac's  delta  function  8{t). 
This   "function"  mav  formallv  be  considered  as 


the  derivative  of  the  unit  step  function,  du{t)  =  5{t) 

d^  so  that  J'    duit)=j'    ^(')^'  =  {l  (x>0). 
The    correspondence    29.4.2,    for    instance,    then 

/»  00 

assumes  the  form  e"**=  I     e~"8{t—k)(lt. 


*  Adapted  by  permission  from  P.  M.  Morse  and  II.  Feshbach,  Methods  of  theoretical  physics,  vols.  1,  2,  McGraw- 
Hill  Book  Co.,  Inc.,  New  York,  N.Y.,  1953. 
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invariants 629 

Legendre's  relation 634 

lemniscatic  case 658 
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(a)„     =r(a  +  n)/r(a)  (Pochhammer's  symbol) 256 

Oriq)     characteristic  value  of  Mathieu's  equation _.  722 

A{x)      =2P(z)  —  l  normal  probability  function 931 

Ai(3)     Airy  function 446 

A.G.M.     arithmetic-geometric  mean 571 

am  z     amplitude  of  the  complex  number  z 16 

antilog     antilogarithm  (log~')-_ 89 

arcsin  2,  arccos  z     inverse  circular  functions 79 

arctan  z,  arccot  z 

arcsec  z,  arccsc  z 

arcsinh  z,  arccosh  z     inverse  hyperbolic  functions..  86 

arctanh  z,  arccoth  z 

arcsech  z,  arccsch  z 

&Tg  z     argument  of  z 16 

briq)     characteristic  value  of  Mathieu's  equation..  722 

B„     Bernoulli  number 804 

B„(x)     Bernoulli  polynomial 804 

ber^,  beipX,     Kelvin  functions 379 

Bi(z)     Airy  function 446 

cd,  sd,  nd     Jacobian  elliptic  functions 570 

c.d.f.     cumulative  distribution  function 927 

ccriz,  q)     Mathieu  function 725 

en     Jacobian  elliptic  function 569 

Cn,  Dn,  Sn     integrals  of  the  squares  of  Jacobian 

elliptic  functions 576 

cs,  d^.  ns     Jacobian  elliptic  functions 570 

C(x)     TVesnel  integral 300 

C„(i)     Cheb^'shev  polynomial  of  the  second  kind..  774 

C{x,  a)     generalized  Fresnel  integral 262 

Cer{z,  q)     modified  Mathieu  function 732 

Ci(z),  C2(z)     Fresnel  integrals 300 

Cn'-'^ix)     ultraspherical  (Gegenbauer)  polynomial..  774 

Chi(z)     hyperbolic  cosine  integral 231 

Ci(z)     cosine  integral 231 

Cin(2)     cosine  integral 231 

Cinh(z)     hyperbolic  cosine  integral 231 

colog     cologarithm 89 

covers  A,     coversine  A 78 

dc,  nc,  sc     Jacobian  elliptic  functions 570 

dn  =  ^(^)     delta  amplitude  (Jacobian  elliptic  func- 
tion)    569 

D,{x)     parabolic    cylinder    function     (Whittaker's 

form) 687 

e\,  €2,  ez     roots  of  a  polynomial  (Weierstrass  form)..  629 

e*     exponential  function 69 

^n{z)     truncated  exponential  function 262 

E{<p\a)     elHptic  integral  of  the  second  kind 589 

E{a,x)     parabolic  cylinder  function 693 

E,(z)     Weber's  function 498 

E/'"'>iz)     Weber  parabolic  cylinder  function 509 

E{m)     complete    elliptic    integral    of    the    second 

kind 590 
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Ei(x)     exponential  integral 228 

Ei(z)     exponential  integral 228 
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gix) 928 

Ein(z)     modified  exponential  integral 228 

Bn     Euler  number 804 

En(x)     Euler  polynomial 804 

En(z)     exponential  integral 228 

erf  z     error  function 297 
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K{m)     complete  elliptic  integral  of  the  first  kind.-  590 

ker,i,  kei^x     Kelvin  functions 379 
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function 504 
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^(z)     Weierstrass  elHptic  function 629 

ph  z     phase  of  the  complex  number  z 16 

P{a,x)     incomplete  gamma  function 260 

P(x»     probability  of  the  x^- distribution 262,940 

Pv(z)     associated  Legendre   function    of  the    first 
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Pni^)     shifted  Legendre  polynomial 774 
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^n^"'    Stirling  number  of  the  second  kind 824 

SBriz,  q)      Mathieu  function 725 
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Scriz,  q)     modified  Mathieu  function 733 

S{x,  a)     generalized  Fresnel  integral 262 
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Si(2)     sine  integral 231 

S„(x)     Chebyshev  polynomial  of  the  first  kind 774 
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S^^lic,  ri)     angular  spheroidal  wave  function 753 

si (2)     sine  integral 232 

sin  2,  cos  2,  tan  2     circular  functions 71 

cot  2,  sec  2,  esc  2 72 

sinh  2,  cosh  2,  tanh  2     hyperbolic  functions 83 

coth  2,  sech  2,  csch  2 83 

T{m,n,r)      Toronto  function 509 
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kind 774 
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kind '- 774 
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vers  A,     versine  A 78 

V(a,  x)     Weber  parabolic  cylinder  function 687 

10(2)     error  function 297 

W(a,  i)     Weber  parabolic  cylinder  function 692 

Wk,ix(,z)     Whittaker  function 505 

W\fix),  g{x)\{=f{x)g'ix)-f'{x)g{x))  Wronskian re- 
lation    605 

[xo,  Xi,  .  .  .  ,  Xk]     divided  difference 877 

yniz)     spherical  Bessel  function  of  the  second  kind.  437 

Y,{z)     Bessel  function  of  the  second  kind 358 

y^iOtv)     surface  harmonic  of  the  first   kind 332 

Z(i)     normal  probability  density  function 931 
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a     modular  angle  (elliptic  function) 590 

a^{z)      ={"  t'e-"dt 228 

/3«(z)      =r   t"e-"(f< 228 

^(n)      =Xi(-l)*(2fc+l)~" 807 

k=0 

Bt{a,h)     incomplete  beta  function 263 

B{z,  w)     beta  function 258 

7     Euler's  constant 255 

-y(o,  i)     incomplete  gamma  function  (normalized)  _  260 

7i  =  —     coeflBcient  of  skewness 928 

-y2=-:  — 3     coeflRcient  of  excess 928 

(T* 

r(z)     gamma  function 255 

T{a,  x)     incomplete  gamma  function 260 

Sii     Kronecker  delta  (  =  0  if  tVA;  =1  if  i  =  k) 822 

5i(/»)     central  difference 877 

A     difference  op)erator 822 

A     discriminant  of  Weierstrass'  canonical  form 629 

A(/,)     forward  difference 877 

Ax     absolute  error 14 

f(i)     Riemann  zet a  function 807 

f(z)     Weierstrass  zeta  function 629 

Z{u\m)     Jacobi's  zeta  function 578 

vin)     =X:(-1)'-'^-" 807 

'7a     =  f  (wa)     Weierstrass  elliptic  fimction 631 

H(u),  Hi(w)     Jacobi's  eta  function 577 

«>,(2)     theta  function 576 

it eU\a) ,d 4(e\a) ,     Neville's  notation 578 

for 

t>,(e\a),T?,(e\a[)  theta   functions 
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0 (u|  m)     Jacobi's  theta  function 677 

c»     nth  cumulant 928 

It*?,'     joining  factor  for  spheroidal  wave  functions..  757 

X(n)=X)(2*+l)-- 807 

t=o 

X„,     characteristic  value  of  the  spheroidal  wave 

equation 753 

Ao(^\a)     Heuman's  lambda  function 595 

m(/»)     mean  difference 877 

fiin)      Mobius  function 826 

ftn     nth  central  moment 928 

fi'n     nth  moment  about  the  origin 928 

t(x)     number  of  primes  <z 231 

t,(x)  =  (i-io)(t-Zi)   .  .  .   (i-z„) 878 

II(n;^\a)     elhptic  integral  of  the  third  kind 590 

n(2)     factorial  function 255 

p     correlation  coefficient 936 

p„{xo,Xi,  .  .  .,!«)  reciprocal  difference 878 

p„(»',  x)     Poisson-CharUer  function 509 

<r     standard  deviation 298 

o^     variance 928 

a{z)     Weierstrass  sigma  function 629 

a  tin)     divisor  function 827 

T,(x)     tetrachoric  function 934 

.p=am  u,  amplitude 569 

<p{n)     Euler-Totient  function 826 

,p{t)=Eie'^^     characteristic  function  of  X 928 

*(a;  6;  z)     confluent  hypergeometric  function 504 

f(2)     logarithmic      derivative      of      the      gamma 

function 258 

''^(a;  c;  z)     confluent  hypergeometric  function 504 

w  a     period  of  Weierstrass  eUiptic  functions 629 

w,.,(i)     Cunningham  function 510 
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[flit]     determinant 19 

[a,]     column  matrix 19 

V"     Laplacian  operator 752 

A.*    forward  difference  operator 877 

■r-  partial  derivative 883 

i    (=  ^/-l) 70 

(I)     binomial  coefficient 10 

n!     factorial  function 255 

(2n)!!     =2-4-6  .  .  .  (2n)=2»n! 258 

(wi,n)     greatest  common  di\isor 822 

(».  *)     =  r, w w  ?  "^  ^\  N  (Hankel's  svmbol) 437 

(n;  ni,  n?;  .  .  .,  n„)     multinomial  coefficient 823 

[x]     largest  integer  <x 66 
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<x>     nearest  integer  to  X 222 

i     complex  conjugate  of  z  (=x— it/) 16 

z=x  +  iy     complex  number  (Cartesian  form) 1..  16 

=  re**     (polar  form) 16 

\z\     absolute  value  or  modulus  of  2 16 

S     overall  summation 822 

2'     restricted  summation 755 

S  n  sum  or  product  taken  over  all  prime  numbers  p .  807 

2  n  sum  or  product  overall  positive  divisors  d  of  n._  826 

c 

-.-     Cauchy's  principal  value  of  the  integral 228 

«     approximately  equal 14 

~     asymptotically  equal 15 

<,  >,  <   >     inequality',  inclusion 10 

9^     unequal 12 
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